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We consider stochastic optimization with side information where, prior to decision-making, covariate data

are available to inform better decisions. To hedge against data uncertainty while capturing the information

structure revealed from the conditional distribution of random problem parameters given the covariate

values, we propose a distributionally robust formulation based on causal transport distance. We derive a

dual reformulation for evaluating the worst-case expected cost and show that the worst-case distribution in a

causal transport distance ball preserves the conditional information structure from the nominal distribution.

When optimizing over affine decision rules, we identify cases in which the overall problem can be solved via

convex programming. When optimizing over all (non-parametric) decision rules, we identify a new class of

robust optimal decision rules when the cost function is convex with respect to a one-dimensional decision

variable.

Key words : Distributionally robust optimization; optimal transport; end-to-end learning; adjustable robust
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1. Introduction

Stochastic optimization with side information, also known as contextual stochastic opti-

mization or conditional stochastic optimization, addresses the following problem:

min
w∈D

E[Ψ(w,Z) |X = x], (1)

where the goal is to select a decision w from a feasible set D that minimizes the condi-

tional expectation of the cost Ψ(w,Z), dependent on both the decision w and a random

variable Z, given some side information, represented by a covariate X. The increasing use
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of side information from covariate data has significantly enhanced decision-making across

e-commerce and online platforms, enabling more personalized, informed strategies. The

performance evaluation often encompasses the entire covariate population; e.g., the man-

ager of an e-commerce company cares about overall performance across all customer types.

As such, we are interested in finding a decision rule that minimizes the expected cost over

the joint distribution of the covariate X and the random variable Z:

min
f∈F

E[Ψ(f(X),Z)]. (2)

The decision rule f offers an end-to-end map from the covariate space X to the decision

space D, chosen from a family F of functions—parametric or non-parametric—on X . Such

an end-to-end approach is often computationally efficient at deployment time, since the

decision for a new context x can be obtained by directly evaluating f(x). Moreover, the

complexity of the policy class F can be adjusted flexibly—ranging from simple parametric

forms such as affine decision rules to rich nonparametric families—allowing practitioners

to strike a desired balance between interpretability, flexibility, and statistical efficiency.

The formulation (2) covers many contextual optimization problems in operations

research and machine learning. For instance, suppose Ψ(w,z) = h(w − z)+ + b(z − w)+,

where w is the order quantity decision, z represents the demand of a product, (·)+ =

max(·,0), and h, b≥ 0 represent the overage cost and the underage cost, respectively, then

(2) is known as the big-data newsvendor model (Ban and Rudin, 2019). If F is the set

of all measurable functions on X , then the optimal order quantity equals the conditional

critical fractile f ⋆(x) = F−1
x ( b

h+b
), where Fx is the conditional cumulative distribution func-

tion of demand Z given X = x; and if F is the set of affine functions on X , then (2) finds

the optimal affine decision rule for the big-data newsvendor. As another example, when

Ψ(w,z) = (w− z)2 and F is the set of all measurable functions on X , the optimal solution

to (2) is f ⋆(x) = E[Z |X = x], and thus the formulation (2) finds the conditional mean of

Z given X. More examples will be given in Section 2.2. We note that this is not the only

formulation of contextual decision-making, and we discuss related work in Section 1.3.

Similar to classical stochastic optimization, the underlying joint distribution Ptrue of

(X,Z) is often not known exactly; instead, historical data from the distribution are avail-

able. In this case, a natural approach is to replace the unknown underlying distribution of

demands and features with their empirical counterpart. However, if the function class F
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contains all measurable functions, then the resulting empirical risk minimization problem

yields a degenerate decision rule that is defined only on the set of historical observations

of the contextual values. To overcome the degeneracy issue, it is reasonable to consider a

data-driven, distributionally robust contextual decision-making framework

min
f∈F

max
P∈M

E(X,Z)∼P[Ψ(f(X),Z)], (3)

a minimax formulation that hedges the data uncertainty, where M is a chosen uncertainty

set. At the core of the distributionally robust formulation is the choice of the uncer-

tainty set, and the presence of the side information adds new challenges beyond those for

classic stochastic optimization. Below, in Section 1.1, we review some existing choices of

uncertainty sets and discuss their potential issues.

1.1. Discussion on Some Existing Uncertainty Sets

To begin with, we would like to focus on distance-based uncertainty sets, as the other

popular choice—moment-based uncertainty sets—generally lacks statistical consistency.

Two classes of distance-based uncertainty sets have been widely studied in the literature.

The first class is the divergence family, deeply rooted in statistics, information theory, and

physics. Consider the following example.

Example 1 (KL robust solution is degenerate). Suppose M is a Kullback–

Leibler (KL) divergence ball, centered at the empirical distribution P̂ constructed from

K independently and identically distributed (i.i.d.) samples from a continuous underlying

distribution. Then with probability one, P̂ can be represented as 1
K

∑K
k=1 δ(x̂k,ẑk), where K

is the sample size and all (x̂k, ẑk)’s are different from each other. Let F be the set of all

measurable functions on X . Then, we claim that the KL robust optimal solution would

satisfy

fkl(x) =

{
argminw∈D Ψ(w, ẑk), if x= x̂k, k= 1, . . . ,K,

arbitrary value, otherwise.

Indeed, every distribution in the KL ball is supported only on the data points from P̂, but
may differ from it in the probability weights. On an in-sample data point x̂k, regardless

of its weight, the optimal decision would always be the minimizer of Ψ(·, ẑk) due to the

interchangeability principle (Shapiro et al., 2014, Section 9.3.4). Furthermore, since the

KL robust cost depends only on the function values on the in-sample data, the robust

optimal solution can take any value on out-of-sample data without changing the objective

value. ♣
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Example 1 shows that the KL robust optimal decision rule is degenerate with probability

one when the underlying distribution is continuous, regardless of the size of the uncertainty

set, the sample size, or the objective function. A similar phenomenon also holds for all

other divergence measures due to the structure of the worst-case distribution (Bayraksan

and Love, 2015).

The second class is Wasserstein, or transport cost distance, family. It is well-known

that the resulting uncertainty set avoids some degeneracy issues of the divergence sets in

stochastic optimization (Kuhn et al., 2019; Gao and Kleywegt, 2023). Nonetheless, it faces

new challenges when additional side information is presented. Let us consider the following

toy example.

Example 2 (Wasserstein set cannot capture conditional information). In

Figure 1, P̂ and P are two uniform distributions supported respectively on the blue and

green line segments with a common endpoint with x-entry x̂. The angle between the two

line segments is ε radian. Notably, the conditional distribution PZ|X=x is a Dirac measure

z

x

P̂
P

z

x

P̂
P

Figure 1 P̂ and P have completely different conditional information structures but with O(ε) Wasserstein distance.

If we restrict transport plans to causal ones, then two distributions are distinguished by an O(1) distance.

for x> x̂, which is apparently very different from the conditional distribution P̂Z|X=x̂ that

is uniform on the blue line segment. As will be calculated in Section 2, the Wasserstein

distance between P̂ and P is O(ε), and the optimal transport map is a rotation. This

means a Wasserstein ball centered at P̂ would always contain a distribution that has a

different conditional information structure than that of P̂, regardless of the value of ε. On

the other hand, as will be revisited in Section 2.1, by restricting to the causal transport

map (shown in the right plot) which, in this case, is the independent joint distribution
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P̂⊗ P, distributions with a different conditional information structure will be ruled out

from the uncertainty set. ♣
In practice, the following situation is often observed in the data: the conditional distribu-

tion can be estimated accurately for a number of covariate values, but is largely unobserved

for other values. For example, historical data may provide a good estimate of the condi-

tional demand distribution for the product sold at deployed vending machines, but demand

at new locations remains unexplored. Nonetheless, it is conceivable that the conditional

demand distribution should resemble that of similar locations. In such cases, it would be

reasonable to expect that the conditional distributions PZ|X=x and PZ|X=x̂ corresponding

to two similar values x and x̂ should be close in a certain way. Therefore, we would like

to choose an uncertainty set containing distributions with a similar conditional informa-

tion structure to the nominal distribution. Example 2 demonstrates that the Wasserstein

uncertainty set fails to preserve the conditional information structure and, in fact, the

same phenomenon also holds for the worst-case distribution, as will be shown in Section

3.2. This raises concerns about the conservatism of the Wasserstein formulation.

1.2. Our Contributions

To capture the conditional information, in this paper, we consider a distributional uncer-

tainty set based on causal transport distance, a notion that is related to Wasserstein dis-

tance but imposes an additional assumption on the transport plan; see Section 2.1 for its

definition and a more in-depth discussion. The causal transport distance uncertainty set

brings new computational challenges to the inner optimization over probability distribu-

tions in (3), which require new analysis of tractable reformulations and interpretations.

Moreover, when the outer minimization over the class of decision rules is performed over

a nonparametric class, additional computational challenges arise due to the associated

infinite-dimensional functional optimization. Our main contributions are as follows.

(I) We develop a strong duality reformulation for computing the worst-case loss of a

fixed decision rule (Section 3.1). Our proof is based on a new analysis of the worst-

case distribution, which demonstrates how our choice of distributional uncertainty set

captures the conditional information structure of the random variable given the side

information (Section 3.2).

(II) We study tractable reformulations for finding the optimal decision rule when opti-

mizing over (i) the affine class, (ii) reproducing kernel Hilbert space, and (iii) all
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(non-parametric) decision rules. We provide convex reformulations when Ψ(w,z) is

convex in the decision variable w, in paticular for (i) when Ψ is linear in w or bilin-

ear/quadratic in w and z (Section 4.1), for (ii) when Ψ is Lipschitz in w (Section 4.2),

and for (iii) when the decision w is one-dimensional. This provides a new class of deci-

sion rule with no sub-optimality gap for adjustable robust optimization (Section 4.3).

We illustrate our results with conditional mean estimation, feature-based newsvendor,

personalized pricing, and contextual linear optimization.

(III) We conduct numerical experiments to demonstrate that the causal transport distance

uncertainty set effectively utilizes conditional information, as compared to the Wasser-

stein uncertainty set, and compare the performance of different classes of decision

rules (Section 5).

1.3. Related Literature

On stochastic optimization with side information. In the literature, the frameworks for con-

textual optimization (with an offline data set) can be broadly classified into three categories

(Qi and Shen, 2022; Sadana et al., 2024): sequential learning and optimization, integrated

prediction and optimization, and decision rule optimization.

(I) Sequential learning and optimization (or two-step optimization) involves first esti-

mating the conditional distribution of Z given a new context X = x and then

optimizing for the conditional expectation minw∈D E[Ψ(w,Z) | X = x] (e.g., Tok-

tay and Wein (2001); Zhu and Thonemann (2004)). This approach has theoretical

guarantees discussed in El Balghiti et al. (2019); Hu et al. (2022). Recent advance-

ments in this area include approaches using Dirichlet processes (Hannah et al.,

2010), Nadaraya–Watson kernel regression (Hanasusanto and Kuhn, 2013; Ban and

Rudin, 2019; Srivastava et al., 2021), local regression and classification (Bertsimas

and Kallus, 2020; Bertsimas and McCord, 2019), trees and forests (Bertsimas and

Kallus, 2020; Bertsimas and McCord, 2019; Ban et al., 2019), and empirical residu-

als (Kannan et al., 2025, 2023). Additionally, robustness in optimization and regu-

larization have been explored in Tulabandhula and Rudin (2013); Zhu et al. (2022);

Bertsimas and Van Parys (2021); Loke et al. (2022); Esteban-Pérez and Morales

(2022); Van Parys and Bennouna (2022); Van Parys et al. (2021); Chenreddy et al.

(2022); Nguyen et al. (2025); Perakis et al. (2023). However, as noted in Liyanage

and Shanthikumar (2005); Ban and Rudin (2019), statistical estimation errors and
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model misspecifications can propagate through the optimization process, resulting

in suboptimal performance, while in the case of contextual linear optimization, Hu

et al. (2022) shows that the plug-in approach actually achieves faster regret conver-

gence rates than methods that directly optimize downstream decision performance.

(II) Integrated prediction and optimization avoids estimating the conditional distri-

bution by optimizing the parameterization of a contextual predictor to minimize

downstream expected costs, E[Ψ(w,Z) |X = x]. Various estimation techniques are

explored here, including models based on conditional distributions (Kallus and Mao,

2023; Qi et al., 2025), regret minimization (Estes, 2021), smart prediction-then-

optimization (Elmachtoub and Grigas, 2022; El Balghiti et al., 2019; Elmachtoub

et al., 2020; Ho-Nguyen and Kılınç-Karzan, 2022), bilevel optimization (Muñoz

et al., 2022; Cao and Gao, 2021; Hu et al., 2024), inverse optimization, etc. This

approach requires solving an optimization over the decisions for each individual

context.

(III) Decision rule optimization is an end-to-end formulation that finds a decision rule

prescribing the decision for every possible context. Due to the computational dif-

ficulty of this infinite-dimensional optimization, typically, the policies are param-

eterized by a finite-dimensional vector, such as coefficients in an affine function

of features (Brandt et al., 2009; Ban and Rudin, 2019; Bazier-Matte and Delage,

2020; Bertsimas et al., 2022) or in a reproducing kernel Hilbert space (Bertsimas

and Koduri, 2022), and weight matrices in a neural network (Oroojlooyjadid et al.,

2020; Qi et al., 2023; Liu et al., 2021; Rychener et al., 2023).

Our formulation falls into the third category, but our results in Section 4 do not neces-

sarily restrict the class of decision rules to a parametric family. In this respect, the closest

work to ours is Zhang et al. (2024), which considers robust optimization over decision

rules with the Wasserstein uncertainty set; see the last paragraph of the literature review

for a detailed comparison. We remark that in the online setting, stochastic optimization

with side information has also been considered under the umbrella of contextual bandits

and reinforcement learning, and there have been some studies of decision-dependent uncer-

tainty (Basciftci et al., 2021; Vayanos et al., 2025; Yu and Shen, 2022). These are beyond

the scope of this paper.
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On transport-distance based distributionally robust optimization. Distributionally robust opti-

mization (DRO) has received significant attention recently as a tool for decision-making

under uncertainty, and different approaches mainly differ in how the uncertainty set is con-

structed. We refer to Rahimian et al. (2019) for a thorough review of choices of uncertainty

set. Our choice of uncertainty set is aligned with DRO with transport distance, such as

Wasserstein distance (Pflug and Wozabal, 2007; Wozabal, 2012; Esfahani and Kuhn, 2018;

Blanchet and Murthy, 2019; Blanchet et al., 2019; Gao and Kleywegt, 2023; Gao et al.,

2024b; Gao, 2023) and nested distance (Analui and Pflug, 2014; Pichler and Shapiro, 2021;

Rüschendorf, 1985)—a symmetrized analogue of causal transport distance. The origin of

causal transport could be traced back to the Yamada–Watanabe criterion for stochastic

differential equations (Yamada and Watanabe, 1971; Jean, 1980; Kurtz, 2014). In optimal

transport theory, Lassalle (2013) investigated the transport problem in continuous time

under the causal constraints, and Backhoff et al. (2017) studied a discrete-time analogue.

Causal transport has been applied to continuous-time stochastic optimization in Acciaio

et al. (2020), as well as other areas such as stochastic control (Acciaio et al., 2019) and

machine learning (Xu et al., 2020). In discrete time stochastic programming, the nested

distance has been exploited to study the stability and sensitivity of multistage stochastic

programming (Pflug, 2010; Pflug and Pichler, 2012, 2014, 2015, 2016; Bartl and Wiesel,

2023).

Our problem can be viewed as a two-stage DRO with causal transport distance. After

our paper’s first draft appeared online, several works studied DRO with causal transport

distance. Gao et al. (2024a) studied the dynamic programming reformulation for multi-

stage DRO with nested distance. Jiang (2024) derives duality for the DRO problem with

causal transport penalty. Compared with their methodology, our constructive proof of

duality enables the characterization of the worst-case distribution, and we develop tractable

reformulations for decision-rule optimization.

Another related work is Shen et al. (2024), which proposes a 2-Wasserstein distribution-

ally robust contextual bandit framework that places a Wasserstein ball around the context

distribution together with a family of Wasserstein balls for the conditional reward distri-

butions. From this perspective, our dual reformulation is closely related. However, their

ambiguity sets impose hard constraints with a shared radius across all contexts, leading to

a two-level nested optimization.
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On decision-rule approach in adjustable robust optimization. In the literature for adjustable

robust optimization, different choices of decision rules have been thoroughly investigated,

including affine families (Chen et al., 2008; Bertsimas et al., 2010, 2011; Bertsimas and

Goyal, 2012; Iancu et al., 2013; El Housni and Goyal, 2021; Bertsimas et al., 2022;

Georghiou et al., 2025), k-adaptability (Hanasusanto et al., 2015, 2016; Subramanyam

et al., 2019), iterative splitting of uncertainty sets (Postek and Hertog, 2016), binary deci-

sion rules (Bertsimas and Georghiou, 2015), non-parametric Markovian stopping rules

(Sturt, 2023), etc. Most of these works do not consider side information in their prob-

lem formulations. Bertsimas et al. (2022) considers dynamic decision-making with side

information using affine decision rules, whereas we consider general decision rules in a

static setting; and Zhang et al. (2024) considers the newsvendor problem with Wasserstein

distance, whereas we consider a different uncertainty set, and we adopt a completely dif-

ferent proof strategy and obtain a broader class of optimal policies for adjustable robust

optimization that encapsulates the Shapley policy proposed therein.

The rest of the paper proceeds as follows. We introduce the causal transport distance

and corresponding robust model in Section 2. In Section 3, we develop a duality result

for evaluating the worst-case expected cost by exploiting the structure of the worst-case

distribution. In Section 4, we consider the outer optimization over affine decision rules and

over all decision rules. Finally, we present numerical results in Section 5 and conclude the

paper in Section 6. Proofs and additional results are deferred to the Appendices.

2. Distributionally Robust Optimization with Causal Transport
Distance

In this section, we briefly introduce notation and provide some background on distribu-

tionally robust optimization with causal transport distance.

Notation. Let (X ,∥·∥X ), (Z,∥·∥Z) be subsets of normed vector spaces. For notational

simplicity, the subscripts in ∥·∥X and ∥·∥Z will be omitted as long as they can be inferred

from the context. Let p∈ [1,∞) and denote by q its Hölder conjugate number, i.e., 1
p
+ 1

q
=

1. We denote by Pp(Z) the set of probability measures of Z with finite p-th moment,

namely, Q∈Pp(Z) if and only if EZ∼Q[∥Z∥p]<∞. The support of a distribution is denoted

by suppQ. The set of all possible transport plans between the given marginals Q1,Q2 ∈

P(X ×Z), on the product space (X ×Z)× (X ×Z), is denoted as Γ(Q1,Q2).
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2.1. Causal Transport Distance

Our motivation to adopt the causal transport distance in DRO is illustrated by the fol-

lowing example. Consider the feature-based newsvendor problem, where historical demand

for a product in a vending machine is influenced by covariates such as location, weather,

and economic conditions. In such a scenario, the causal relationship is directed: the distri-

butional uncertainty of the features can lead to uncertainty in the demand, but not vice

versa. Therefore, if we consider a data perturbation map

T : (X̂, Ẑ) 7→ T (X̂, Ẑ) =
(
T1(X̂, Ẑ), T2(X̂, Ẑ)

)
,

the perturbation of features (e.g., location, weather, economic state) should not depend

on the demand, but the perturbation of demand can be affected by the perturbation of

features. In other words, the perturbation map should have the form

T (X̂, Ẑ) =
(
T1(X̂), T2(X̂, Ẑ)

)
,

where X̂ is transported to T1(X̂), and given X̂, X = T1(X̂) is a constant. This implies that

X is conditionally independent of Ẑ, represented as X ⊥ Ẑ | X̂. Extending upon this notion

of conditional independence, we introduce the following definition of causal transport plan

and causal transport distance.

Definition 1 (Causal Transport Distance). A joint distribution γ ∈ Γ(P̂,P) is

called a causal transport plan if for ((X̂, Ẑ), (X,Z))∼ γ, X and Ẑ are conditionally inde-

pendent given X̂:

X ⊥ Ẑ | X̂.

We denote by Γc(P̂,P) the set of all transport plans γ ∈ Γ(P̂,P) that are causal. Let p ∈

[1,∞). The p-causal transport distance between P̂ and P is defined as

Cp(P̂,P) :=

(
inf

γ∈Γc(P̂,P)
E((X,Z),(X̂,Ẑ))∼γ

[
∥X − X̂∥p+ ∥Z − Ẑ∥p

])1/p

. ♢

The conditional independence condition in Definition 1 basically means that the desti-

nation X of a sample in a causal transport plan should depend only on the origin X̂ but

not on the associated information of Ẑ. There are other equivalent definitions of a causal

transport plan, which are provided in Appendix EC.1.
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Like the Wasserstein distance, the causal transport distance finds the minimal trans-

port cost between two distributions, where norms capture the geometry of the data space

and the similarity between samples. Nevertheless, causal transport distance differs from

Wasserstein distance in the involved class of transport plans: Wasserstein distance con-

siders all transport plans with given marginals, while causal transport distance restricts

causal transport plans as defined in Definition 1.

Let us use the following example to visually explain a causal transport plan.

Example 3 (Causal Transport between Colored Images). Let X =

{1,2, . . . ,H}2, where H represents the width of a squared image, and let Z = {R,G,B},
representing the three color channels, red (R), green (G), and blue (B). One can identify

Z with the three basis vector of R3. A bitmap image stores the position-color information

of an image via an H × H × 3 tensor A = (Aijk)i,j∈{1,2,...,H},k∈{1,2,3}. Its (i, j, k)-th entry

Aijk ∈ {0,1, . . . ,255} represents the 8-bit indexed color at pixel position (i, j) in the

k-th channel. With a normalizing constant M =
∑

i,j,kAijk, the tensor A/M represents a

probability mass function on X ×Z. Let us equip norms ∥·∥X = ∥·∥ℓ1 and ∥·∥Z = cH∥·∥ℓ∞,

where c is a scaling parameter.

Figure 2 An image (a) and its variations by shifting the position (b), adjusting the hue (c), or splitting the RGB

channels (d)

Figure 2 contains four images of a cat: (a)(b)(c) can be viewed as real natural images

with different poses or lighting conditions, whereas (d) can be viewed as an artificial image

in which the pose exhibited via the red channel is different from that via the green/blue

channel.
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(I) The movement of the cat yields a causal transport plan from (a) to (b), as under

such movement, the destination (X,Z) in (b) of a position-channel pair (X̂, Ẑ) in (a)

depends only on its original position X̂ but not on the channel information Ẑ, or put

it differently, all channels are moved in the same way from X̂ to X without changing

the channel value Ẑ. This matches precisely the definition of causal transport.

(II) The cats in (a) and (c) have identical poses but different hue values. Changing the

hue values of an image would affect its RGB values and, in turn, the distribution on

Z. Such color adjustment (changing RGB values while fixing the position) defines a

causal transport plan from (a) to (c). Indeed, under such a movement, a position-

channel pair (X̂, Ẑ) in (a) keeps its position in c, namely, X = X̂, regardless of the

value of Ẑ. Note that in a causal transport plan, we allow the destination Z of Ẑ to

depend on both X̂ and Ẑ, that is, at each position in the image, changes in color are

permitted.

(III) The green and blue channels of (d) have the same pose as (a), whereas the red channel

of (d) has the same pose as (b). If we consider a transport plan that keeps a position-

channel pair (X̂, Ẑ) if Ẑ ∈ {G,B}, and transport it according to the cat’s movement if

Ẑ =R, then such a transport plan is not causal, because given X̂, where this position-

channel pair is transported, depends on the channel information Ẑ.

Table 1 Distance between Figure 2(a) and the other three variations

Variations (b) (c) (d)

Wasserstein distance 2.434 2.109 0.677

Causal transport distance 2.543 2.161 7.489

In Table 1, we compute the Wasserstein distance and causal transport distance between

Fig. 2(a) and the other three variations, with H = 32 and c= 4. We find that the causal

transport distance between Fig. 2(a) and the artificial image Fig. 2(d) is much larger

than that between Fig. 2(a) and natural images Fig. 2(b)(c). In contrast, the Wasserstein

distance fails to capture such an intuition. ♣
As hinted in Example 3, one of the main advantages of causal transport distance over

Wasserstein distance is that it captures the structure of the conditional distribution. To

further illustrate this, let us revisit the toy Example 2.
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Example 2 (revisited). We compute the causal transport distance and the Wasser-

stein distance between P̂ and P shown in Example 2. Since the conditional distribution of P

is a Dirac measure for every x, the causal transport distance between P̂ and P is uniformly

bounded from below by a positive constant for all ε > 0. In fact, it is not hard to see that

the only causal transport plan is the independent joint distribution P̂⊗P, so

Cp(P̂,P)p =
1

sin ε

∫ sin ε

0

|x− 0|p dx+ 1

cos ε

∫ 1

0

∫ cos ε

0

|ẑ− z|p dz dẑ

=
sinp ε

p+1
+

1+cosp+2 ε− (1− cos ε)p+2

(p+1)(p+2)cos ε

=
(
(1+ p)(1+

p

2
)
)− 1

p
+O(ε).

As a result, P would not belong to the uncertainty set induced by the causal transport

distance with a small radius. This is consistent with our intuition. In contrast, for the

Wasserstein distance, observe that the optimal transport plan is simply the rotation trans-

form, thereby the Wasserstein distance is (p+ 1)−
1
p (sinp ε+ (1− cos ε)p)

1
p = O(ε), which

is small whenever the angle between the two line segments is small. Consequently, any

Wasserstein uncertainty set with a positive radius contains infinitely many distributions

with dramatically different conditional information structures from the nominal one, and

therefore may lead to an overly conservative solution. ♣

Next, we point out an important property of the uncertainty set constructed using the

causal transport distance: for any P̂ ∈ P(X ×Z) and ρ > 0, the set M= {P ∈ P(X ×Z) :

Cp(P̂,P)≤ ρ} is convex, as indicated in the following lemma.

Lemma 1 (Convexity). If γ(0) and γ(1) are two causal transport plans from P̂ to P(0)

and P(1) respectively, then for any q ∈ [0,1], γq := (1−q)γ(0)+qγ(1) is also a causal transport

plan from P̂ to P(q) = (1− q)P(0) + qP(1). Moreover, everything follows even if we replace q

by any measurable function q :X → [0,1].

We remark that the direction of the transport plan matters: if γ(0) and γ(1) are two

causal transport plans from P̂(0) and P̂(1) to P respectively, we cannot assert that their

convex combination γ(q) is also a causal transport plan. For a counterexample, please refer

to Fig. 1.17 in Pflug and Pichler (2014).
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2.2. Distributionally Robust Formulation

Based on the definition in the previous subsection, we study the following distributionally

robust optimization problem with causal transport distance

vP := inf
f∈F

max
P∈M

E(X,Z)∼P[Ψ(f(X),Z)], where M=
{
P∈P(X ×Z) : Cp(P̂,P)≤ ρ

}
. (P)

Below, we list a few examples.

Example 4 (Conditional Mean Estimation). The conditional mean of Z given X

can be estimated by minimizing the square loss (f(X)− Z)2. Thus, we consider the fol-

lowing robust conditional mean estimation problem

inf
f∈F

sup
P∈M

E(X,Z)∼P
[
(f(X)−Z)2

]
. ♣

Example 5 (Feature-based Newsvendor). Let h and b represent the unit overage

cost and the unit underage cost, respectively, and let Z be the random demand and X

be the covariate features. The goal is to minimize the newsvendor cost function Ψ(w,z) =

h(w− z)++ b(z−w)+. Consider

inf
f∈F

sup
P∈M

E(X,Z)∼P
[
h(f(X)−Z)++ b(Z − f(X))+

]
.

Note that this model also serves as the conditional b
b+h

-quantile estimation. In particular,

when h= b= 1, this is the conditional median estimation. ♣

Example 6 (Personalized Pricing). Consider an affine demand model D(w) =

z1w + z2 = Z⊤

w
1

, where w is the price and z are unknown coefficients, with z2 > 0

representing the demand at zero price and z1 < 0 representing the price sensitivity coeffi-

cient, which is the rate at which the price affects the demand. In practice, both coefficients

z1 and z2 may exhibit heterogeneity across populations. As such, we model it as a two-

dimensional random variable Z that is affected by the contextual information X, which

the decision maker can use to adjust the price directly or indirectly through personalized

promotion. The revenue is calculated as w(Z1w+Z2). Consider revenue maximization with

personalized pricing

inf
f∈F

sup
P∈M

E(X,Z)∼P

−f(X)Z⊤

f(X)

1

 . ♣
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In the last example, we consider a contextual linear optimization problem where the

decision rule is restricted to be affine.

Example 7 (Contextual linear optimization with affine decision rule).

Consider a contextual linear optimization problem in which one minimizes the loss

function Ψ(w,z) =w⊤z. Take a linear policy class FΘ defined by

FΘ =
{
x 7→B⊤x+ δ : (B,δ)∈Θ

}
, where Θ=

{
(B,δ)∈Rd×m ×Rm : B⊤x+ δ ∈D,∀x∈X

}
,

(4)

so that f(X )⊂D for each f ∈ FΘ. The robust contextual linear optimization problem is

given by

inf
f∈FΘ

sup
P∈M

E(X,Z)∼P
[
f(X)⊤Z

]
. ♣

3. Evaluating the Worst-case Expectation

In this section, we develop a tractable reformulation for the inner maximization of (P)

based on strong duality. As a byproduct of our proof, we also derive the structure of the

worst-case distribution, demonstrating that our choice of a distributional uncertainty set

based on causal transport distance helps preserve the conditional information structure of

the nominal distribution in the worst case.

Throughout this paper, we make the following assumption, which focuses on the data-

driven setting where the nominal distribution is discrete, although our proof technique can

be extended to a general metric space with additional technical treatment.

Assumption 1. X , Z, D are subsets of normed vector spaces. The cost function Ψ :

D×Z →R is measurable. The nominal distribution P̂ ∈ P(X ×Z) is a discrete probability

measure

P̂=

K∑
k=1

nk∑
i=1

p̂kiδ(x̂k,ẑki), with
K∑
k=1

nk∑
i=1

p̂ki = 1.

3.1. Strong Duality Reformulation

We begin by developing a tractable reformulation by deriving its strong dual. For a fixed

decision rule f , we define the primal problem as

vfP :=max
P∈M

E(X,Z)∼P[Ψ(f(X),Z)], (Pf)
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and the dual problem as

vfD := inf
λ≥0

{
λρp +EP̂

X̂

[
sup
x∈X

{
EP̂

Ẑ|X̂

[
sup
z∈Z

{
Ψ(f(x), z)−λ∥z− Ẑ∥p

}
| X̂
]
−λ∥x− X̂∥p

}]}
.

(Df)

The dual variable λ corresponds to the Lagrangian multiplier of the causal constraint in

the primal problem. We will show that (Pf) and (Df) are equal, leading to the main result

of Theorem 1 by taking the infimum over f .

To prove the strong duality, we first develop a relatively straightforward weak duality

result.

Proposition 1 (Weak Duality). Let f : X →D be a measurable function. Then vfP ≤

vfD.

Proof. The proof is based on an application of Lagrangian weak duality. First, we derive

from the Lagrangian weak duality the following

vfP = sup
P

{
E(X,Z)∼P[Ψ(f(X),Z)] : Cp(P̂,P)p ≤ ρp

}
= sup

P
inf
λ≥0

{
E(X,Z)∼P[Ψ(f(X),Z)]−λ

(
Cp(P̂,P)p− ρp

)}
≤ inf

λ≥0
sup
P

{
E(X,Z)∼P[Ψ(f(X),Z)]−λ

(
Cp(P̂,P)p− ρp

)}
.

Since for any γ ∈ Γc(P̂,P),

E(X,Z)∼P[Ψ(f(X),Z)] =E((X,Z),(X̂,Ẑ))∼γ[Ψ(f(X),Z)],

so we can write

E(X,Z)∼P[Ψ(f(X),Z)]−λ
(
Cp(P̂,P)p − ρp

)
= λρp+ sup

γ∈Γc(P̂,P)
Eγ

[
Ψ(f(X),Z)−λ∥X − X̂∥p−λ∥Z − Ẑ∥p

]
.

By the tower property,

Eγ[·] =EP̂
X̂

[
Eγ

X|X̂

[
Eγ

Ẑ|(X̂,X)

[
Eγ

Z|(X̂,Ẑ,X)

[
· | X̂, Ẑ,X

]
| X̂,X

]
| X̂
]]

=EP̂
X̂

[
Eγ

X|X̂

[
EP̂

Ẑ|X̂

[
Eγ

Z|(X̂,Ẑ,X)

[
· | X̂, Ẑ,X

]
| X̂,X

]
| X̂
]]
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where we use γẐ|(X̂,X) = P̂Ẑ|X̂ for a.e.-(X̂,X) because γ is causal. Therefore we have

Eγ

[
Ψ(f(X),Z)−λ∥X − X̂∥p−λ∥Z − Ẑ∥p

]
=EP̂

X̂

[
Eγ

X|X̂

[
EP̂

Ẑ|X̂

[
Eγ

Z|(X̂,Ẑ,X)

[
Ψ(f(X),Z)−λ∥X − X̂∥p−λ∥Z − Ẑ∥p | X̂, Ẑ,X

]
| X̂,X

]
| X̂
]]

≤EP̂
X̂

[
sup
x∈X

{
EP̂

Ẑ|X̂

[
sup
z∈Z

{
Ψ(f(x), z)−λ∥z− Ẑ∥p

}
| X̂
]
−λ∥x− X̂∥p

}]
.

This completes the proof of the weak duality. □

The strong duality result states as follows.

Theorem 1 (Strong Duality). Let f :X →D be a measurable function. Then vfP = vfD.

Proof Sketch. The proof idea is to construct a nearly worst-case distribution of the pri-

mal problem based on the first-order optimality condition of the weak dual problem (Df).

Conceptually, the duality of Causal transport DRO shares common ideas with the duality

proof of Wasserstein DRO (Gao and Kleywegt, 2023): both establish duality by construct-

ing a nearly worst-case scenario via the first-order optimality conditions of the weak dual

problem. However, the construction in our setting differs in several key aspects. Unlike

standard Wasserstein DRO—where the decision variable typically interacts symmetrically

with the joint distribution—our formulation requires handling the asymmetric roles of the

variables X and Z under causally ordered constraints. This asymmetry introduces new

technical challenges in characterizing admissible perturbations and conditional transport

maps. As a result, the worst-case distribution in our framework involves a two-layer con-

struction: first over marginal perturbations, and then over conditional distributions. The

dual characterization must therefore simultaneously account for both layers while ensuring

measurability and feasibility under causal constraints. This layered structure, combined

with the topological and measurability requirements inherent in causal transport, makes

our duality proof technically nontrivial and distinct from existing formulations.

The worst-case distribution maximizes the expected loss within a given transport budget.

With a fixed dual variable λ, the worst-case distribution for the soft constraint problem

max
P∈P(X×Z)

E(X,Z)∼P[Ψ(f(X),Z)]−λCp(P̂,P)p

is obtained by moving ẑki toward the maximizer of the innermost maximization problem

of (Df)

Υ(λ;x, ẑki) := sup
z∈Z

{
Ψ(f(x), z)−λ∥z− ẑki∥p

}
,
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and moving x̂k toward the maximizer of the maximization problem

sup
x∈X

{
EP̂

Ẑ|X̂
[Υ(λ;x, Ẑ) | X̂ = x̂k]−λ∥x− x̂k∥p

}
.

One can see that such a transport plan is causal: the maximizer x is the perturbation

of x̂k in the transport plan, and x is solely determined by x̂k, independent of which ẑki

it is associated with. If both maximizers over x and over z exist and are unique at the

critical λ∗ dual to the given transport distance ρp, then the transport plan would induce a

worst-case distribution. If the maximizer does not exist or is not unique, two alternative

transport plans are considered: one produces a feasible but suboptimal distribution, and

the other, although infeasible, achieves a higher objective value. Interpolating between

these distributions allows for a near-optimal solution to the primal problem.

As can be seen from the definition of Υ, the worst-case distribution for the soft con-

straint problem is obtained by moving mass with loss-to-distance “efficiency” higher than

λ. Efficiency here refers to the ratio of gain (or loss reduction) to the p-th power of dis-

tance. Specifically, the efficiency of moving x̂ to x is E[Υ(λ;x,Ẑ)]−E[Υ(λ;x̂,Ẑ)]
∥x−x̂∥p , in which Υ already

incorporated the efficiency of moving ẑ to z, calculated by Ψ(f(x),z)−Ψ(f(x),ẑ)
∥z−ẑ∥p .

There are several possibilities where the near-optimal distribution is located, depending

on the critical threshold λ∗ that minimizes (Df). Indeed, the dual objective function

h(λ) := λρp+EP̂
X̂

[
sup
x∈X

{
EP̂

Ẑ|X̂

[
sup
z∈Z

{
Ψ(f(x), z)−λ∥z− Ẑ∥p

}
| X̂
]
−λ∥x− X̂∥p

}]
(5)

is an extended-real-valued convex function of λ. h(λ)−λρp is monotonically decreasing in

λ and coincides with the above soft constraint problem. Let κ ∈ [0,+∞] be the smallest

value such that the dual objective is finite in (κ,+∞). The infimum over λ in (Df) can

have several possibilities:

• Case 1: κ = +∞, so the dual objective is +∞ for any λ > 0. This means that by

transporting an arbitrarily small distance, one can generate an arbitrarily large loss.

• Case 2: κ<+∞ and minimization over λ in (Df) is achieved in the interior of (κ,+∞).

The dual objective can be arbitrarily large if λ is smaller than κ, but it would require

transporting mass that exhausts the transport distance budget. We interpolate two

transport plans: moving all the masses with “efficiency” above λ1 <λ∗ (superoptimal

but infeasible) v.s. moving all the masses with efficiency above λ2 > λ∗ (feasible but

suboptimal).
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• Case 3: κ<+∞ and vfD is minimized at κ. Moving all the mass with efficiency strictly

above κ does not exhaust the transport distance budget. This is further divided into

■ Case 3.1: κ= 0. Any positive λ corresponds to a finite soft loss. We simply move

all the mass with positive efficiency.

■ Case 3.2: κ > 0. We again interpolate two transport plans: moving all the masses

with efficiency above λ2 > λ∗ (feasible but suboptimal) v.s. moving some of the

masses with efficiency above κ1 < λ∗ (superoptimal but infeasible). We can only

move the latter up to some distance, in contrast to Case 2, because moving them

all would travel an infinite distance.

We refer to the next subsection for a more detailed construction of a worst-case distribution

and Appendix EC.3 for a complete proof. □

Remark 1 (Comparison with Wasserstein DRO). Recall the Wasserstein DRO

problem

sup
P

{
E(X,Z)∼P[Ψ(f(X),Z)] : Wp(P̂,P)≤ ρ

}
,

which has the following equivalent dual form (Gao and Kleywegt, 2023; Zhang et al., 2025)

vfWD := inf
λ≥0

{
λρp +EP̂

[
sup
x∈X
z∈Z

{
Ψ(f(x), z)−λ∥z− Ẑ∥p−λ∥x− X̂∥p

}]}

= inf
λ≥0

{
λρp+EP̂

X̂

[
EP̂

Ẑ|X̂

[
sup
x∈X

{
sup
z∈Z

{
Ψ(f(x), z)−λ∥z− Ẑ∥p

}
−λ∥x− X̂∥p

}
| X̂
]]}

.

Comparing it with the dual problem (Df) of causal transport distance DRO, the difference

is the swap of supremum over x and the conditional expectation of Ẑ given X̂. Hence,

if the switching does not change the objective value, which holds, for instance, when the

conditional distribution P̂Ẑ|X̂ is a Dirac measure for every X̂, then the Wasserstein DRO

dual problem and causal transport distance DRO dual problems are equal. From a primal

point of view, if P̂Ẑ|X̂ is Dirac for every X̂, then every transport plan from P̂ to P is causal.

In this case, the causal transport distance DRO and Wasserstein DRO coincide. Intuitively,

if every conditional distribution P̂Ẑ|X̂ is Dirac, then the nominal distribution does not have

any meaningful conditional information structure to exploit, and thus the causal transport

distance DRO reduces to Wasserstein DRO.

Without considering the causality constraint, the optimal strategy is the greedy one.

When a unit of mass is moved from (x̂, ẑ) to (x, z), it generates a “revenue” of Ψ(f(x), z)−
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Ψ(f(x̂), ẑ), while incurring a transport distance ∥x− x̂∥p + ∥z − ẑ∥p. Here, the “revenue”

refers to the gain (increase in the objective) relative to the cost of moving the mass. The

efficiency of this transportation is thus Ψ(f(x),z)−Ψ(f(x̂),ẑ)
∥x−x̂∥p+∥z−ẑ∥p . It will move (x̂, ẑ) to a destination

with the (near-) highest efficiency, and (x̂, ẑ) is moved only after all other sources (x̂′, ẑ′)’s

with higher efficiency have been depleted. This greedy strategy is reflected in vfWD. The dual

objective computes the net profit of transporting all the mass with efficiency higher than

threshold λ with transport cost multiplied by a factor of λ (toll rate), and vfWD computes the

revenue by reimbursing the transport cost λρp and then searches for the critical threshold

λ∗. ♢

3.2. Worst-case Distribution

In this subsection, we investigate the structure of the worst-case distribution and its exis-

tence conditions. Compared with the results in Section 3.1, in the following result, we

require X and Z to be finite-dimensional and thus locally compact and require some con-

tinuity assumptions on Ψ so that the maximizers are attainable.

Theorem 2 (Worst-case Distribution). Suppose X ,Z are finite dimensional, and

Ψ(f(·), ·) is upper semi-continuous. If the optimal value of (Df) is attained at some λ∗ > κ

for κ specified in Lemma EC.2, then a worst-case distribution exists and has the following

form

P∗ =
∑
k ̸=k0

nk∑
i=1

p̂kiδ(x∗
k,z

∗
ki)

+

nk0∑
i=1

p̂k0i

(
qδ(xk0

,zk0i)
+(1− q)δ(xk0

,zk0i
)

)
,

where 1≤ k0 ≤K, 0≤ q≤ 1, (x∗k, z
∗
ki) = (xk, zki), and for every k and i,

xk, xk ∈ argmax
x∈X

{
EP̂

Ẑ|X̂

[
sup
z∈Z

{
Ψ(f(x), z)−λ∗∥z− Ẑ∥p

}
| X̂ = x̂k

]
−λ∗∥x− x̂k∥p

}
,

zki ∈ argmax
z∈Z

{Ψ(f(xk), z)−λ∗∥z− ẑki∥p} , zki ∈ argmax
z∈Z

{Ψ(f(xk), z)−λ∗∥z− ẑki∥p} .

From Theorem 2, we see that there exists a worst-case distribution P∗ supported on

at most N + nk0 points, and its marginal P∗
X is supported on at most K + 1 points. We

demonstrate the structure of the worst-case distribution in Figure 3 (left). In this plot, the

support of P̂ is represented by ‘•’, and we have K = 3, nk = 3, k= 1,2,3 and k0 = 2. These

points are transported to ‘⋆’s, which form the worst-case distribution P∗. For k = 1,3, we

observe that x̂k is transported to x∗k, and the conditional distribution P∗
Z|X=x∗

k
has the same
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structure as the conditional distribution P̂Ẑ|X=x̂k
, both supported on 3 points with identical

probability mass function (p̂ki)i=1,2,3. Furthermore, x̂2 is split into two values x2 and x2, and

the conditional distributions P∗
Z|X=x2

, P∗
Z|X=x2

have the same structure as the conditional

distribution P̂Ẑ|X=x̂2
, both supported on 3 points with identical probability mass function

(p̂2i)i=1,2,3.

x

z

—
x∗
1

—

x̂1

—
x2

—

x̂2

—

x2

—

x̂3

—
x∗
3

causal transport DRO

x

z

—

x̂1

—

x̂2

—

x̂3

Wasserstein DRO

Figure 3 Structure of the worst-case distributions

As a comparison, on the right side of Figure 3, we plot the worst-case distribution

resulting from Wasserstein DRO. According to Gao and Kleywegt (2023), the worst-case

distribution can be supported on N + 1 points, and points with the same x-value could

have different x-values after transportation or splitting. The conditional distributions of

the worst-case distribution change completely, each of which is a Dirac measure. This

example illustrates that the worst-case distribution of the causal transport distance DRO

preserves the conditional information structure of the nominal distribution, whereas the

Wasserstein DRO fails to do so.

We illustrate the worst-case distributions under Wasserstein DRO and causal transport

DRO for the mean estimation problem as follows.

Example 4 (revisited). Consider the conditional mean estimation problem in Exam-

ple 4. We compare the worst-case distributions with 2-Wasserstein DRO and 2-causal

transport DRO when the decision rule f = ftrue is the true conditional mean, and the

uncertainty set radius is ρ= 0.2. As shown in Figure 4, in the worst-case Wasserstein DRO,

the conditional information structure is not preserved. ♣
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Figure 4 Structure of the 2-Wasserstein (left) v.s. causal (right) worst-case distributions for mean estimation.

4. Finding the Optimal Decision Rule

In this section, we study the outer optimization over decision rules in (P). As a direct

consequence of Theorem 1, problem (P) is equivalent to the following:

vD := inf
f∈F
λ≥0

{
λρp +EP̂

X̂

[
sup
x∈X

{
EP̂

Ẑ|X̂

[
sup
z∈Z

{
Ψ(f(x), z)−λ∥z− Ẑ∥p

}
| X̂
]
−λ∥x− X̂∥p

}]}
.

(D)

In particular, if we define ∥z − ẑ∥Z := ∞1{z ̸= ẑ}, which is often used when the side

information is relatively accurate, then (D) is simplified to

vD := inf
f∈F
λ≥0

{
λρp+EP̂

X̂

[
sup
x∈X

{
EP̂

Ẑ|X̂

[
Ψ(f(x), Ẑ) | X̂

]
−λ∥x− X̂∥p

}]}
. (6)

The tractability of the optimization over f ∈F depends on the class of decision rules F .

If F admits a finite-dimensional parameterization, such as an affine class, then the problem

(D) is a finite-dimensional optimization, and we identify cases where the overall problem

can be solved by off-the-shelf convex programming solvers (Section 4.1). Otherwise, if F is a

non-parametric class, and particularly the class of all decision rules, then the optimization

over F is an infinite-dimensional functional optimization, yet still, we identify cases where

the overall problem can be solved efficiently (Section 4.3).

4.1. Optimizing over Affine Decision Rules

In this subsection, we provide tractable formulations when F is an affine class. Suppose

affine functions in F are parametrized by Θ:

FΘ =
{
x 7→B⊤x+ δ : (B,δ)∈Θ

}
(7)

where Θ is a finite-dimensional convex set.
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Our first result shows that (6) is tractable when Ψ is affine in the decision variable w.

The proof can be found in Appendix EC.4.

Corollary 1. Suppose F =FΘ as defined in (7), and Ψ(·, z) is affine for every z, that

is, there exist functions β(·), b(·) such that

Ψ(w,z) = β(z)⊤w+ b(z).

Set

p̂k :=

nk∑
i=1

p̂ki, βk :=EP̂
Ẑ|X̂

[β(Ẑ) | X̂ = x̂k], bk :=EP̂
Ẑ|X̂

[b(Ẑ) | X̂ = x̂k].

Then, the dual problem (6) is equivalent to the following convex programs. When p= 1, (6)

is equivalent to

inf
(B,δ)∈Θ

ρp ·max
k∈[K]

∥Bβk∥∗+
K∑
k=1

p̂k
(
β⊤
k (B

⊤x̂k + δ)+ bk
)
.

When p∈ (1,+∞), (6) is equivalent to

inf
λ≥0,(B,δ)∈Θ

λρp +
K∑
k=1

p̂k

(
β⊤
k (B

⊤x̂k + δ)+ bk +λ(p− 1)

(
∥Bβk∥∗
λp

) p
p−1

)
.

Here ∥·∥∗ is the dual norm of ∥·∥X .

As a special case, we assume further that Ψ(w,z) is bilinear. When p = 2, the above

convex program can be written as a positive semidefinite program.

Corollary 2. Suppose F =FΘ as defined in (7) and Ψ(w,z) is bilinear:

Ψ(w,z) =w⊤Az+ β⊤w+α⊤z+ b.

Set

p̂k =

nk∑
i=1

p̂ki, z̄k =EP̂
Ẑ|X̂

[Ẑ | X̂ = x̂k]. (8)

Then (D) with p= 2 is equivalent to the following positive semidefinite program

inf
(B,δ)∈Θ

λ≥0,{yk}k⊂R

λρ2+
K∑
k=1

p̂kyk

s.t.


λI −1

2
BA −1

2
Bβ−λx̂k

−1
2
(BA)⊤ λI −1

2
(A⊤δ+α)−λz̄k

−1
2
(Bβ)⊤−λx̂⊤k −1

2
(A⊤δ+α)⊤−λz̄⊤k yk − β⊤δ− b+λ∥z̄k∥2+λ∥x̂k∥2

⪰O, k ∈ [K].

Here O stands for the zero matrix and I represents the identity matrix.
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Example 7 (revisited). We revisit the contextual linear optimization problem in

Example 7, where the decision is restricted to a polygon D= {w ∈Rm : Cw≤ c}, and the

contextX is bounded in an ellipsoid X =
{
x∈Rd : (x− x0)

⊤Σ(x−x0)≤R
}
. Here Σ∈Rd×d

is symmetric and positive definite, x0 ∈ Rd, R > 0, C ∈ RL×m, and c ∈ RL. Cw ≤ c means

C⊤
ℓ w ≤ cℓ, where C

⊤
ℓ is the ℓ-th row of C and cℓ is the ℓ-th entry of c, for each ℓ ∈ [L].

Θ defined by (4) is convex. Using Corollary 2, (D) with p= 2 can be reformulated as the

following positive semidefinite program

inf
B∈Rd×m,δ∈Rm

λ≥0,{yk}k∈RK

{µk}k≥0,{νℓ}ℓ≥0

λρ2+

K∑
k=1

p̂kyk

s.t.


λI +µkΣ −1

2
B −λx̂k −µkΣx0

−1
2
B⊤ λI −1

2
δ−λz̄k

−λx̂⊤k −µk(Σx0)
⊤ −1

2
δ⊤−λz̄⊤k

yk +λ∥z̄k∥2+λ∥x̂k∥2

+ µkx
⊤
0 Σx0−µkR

⪰O ∀k ∈ [K],

 νℓΣ −1
2
BCℓ − νℓΣx0

−1
2
C⊤

ℓ B
⊤− νℓ(Σx0)

⊤ −C⊤
ℓ δ+ cℓ + νℓx

⊤
0 Σx0− νℓR

⪰O ∀ℓ∈ [L].

Recall p̂k and z̄k are defined in (8). Detailed computations are provided in Appendix

EC.5. ♣

Our second result shows (D) is tractable when the loss function Ψ is quadratic and p= 2.

We study the Example 4 in detail, and we provide the proof in Appendix EC.4.

Corollary 3. We revisit the conditional mean estimation problem in Example 4.

Assume X = Rd, Z = Rm, and Θ= Rd×m ×Rm. Each space is equipped with the Euclidean

norm ℓ2. With quadratic loss Ψ(w,z) = ∥w− z∥2 and affine policy f(x) =B⊤x+ δ, the dual

problem (D) can be formulated as the following positive semidefinite program

inf
(B,δ)∈Θ
λ≥1,t≥0
{yk}∈RK

W∈Rd×d,u∈Rd

λρ2+λ
∑
k

p̂kyk

s.t.

 (λ− 1)I −W −(λ− 1)x̂k +Bµk −u

−(λ− 1)x̂⊤k +µ⊤
k B

⊤ −u⊤ (λ− 1)(yk + |x̂k|2)− t+2δ⊤µk − |µk|2− σk

⪰O ∀k ∈ [K],
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W B u

B⊤ I δ

u⊤ δ⊤ t

⪰O.

Here µk = E[Ẑ | X̂ = x̂k] and σk = Var[Ẑ | X̂ = x̂k] represent the conditional mean and the

conditional variance. ♣

4.2. Optimizing over RKHS Decision Rules

Restricting decision rules to affine functions of the contexts, as in Section 4.1, can be

suboptimal. To address this limit, in this subsection, we consider the decision rule space

F to be a vector-valued reproducing kernel Hilbert space (Carmeli et al., 2010). This

class of policies can be interpreted as affine functions applied to nonlinear transformations

of the contexts, where the nonlinear transformations are specified implicitly through a

kernel function. The kernel function measures similarity between contexts and is often

more interpretable than explicitly specifying the nonlinear transformation itself. Moreover,

when the kernel function is universal, the corresponding RKHS policies are asymptotically

optimal.

Specifically, let F = H ⊂ {h : X → Rm} be a vector-valued reproducing kernel Hilbert

space (RKHS) equipped with an inner product ⟨·, ·⟩H and a kernel K :X ×X →Rm×m, such

that the following reproducing property holds: the j-th component of h can be expressed

by

hj(x) = ⟨h,K(·, x)ej⟩H, ∀j ∈ [m], x∈X ,

where ej is the j-th unit vector of Rm. Define a map φ : X →Hm via φj(x) :=K(·, x)ej,

j ∈ [m], which lifts the state space X to the feature space Hm. Under this definition, the

above expression can be written as

h(x) = ⟨h, φ(x)⟩H := {⟨h, φj(x)⟩H}j∈[m],

and the true loss of a policy h can be rewritten as

E(X,Z)∼Ptrue[Ψ(h(X),Z)] =E(X,Z)∼Ptrue[Ψ(⟨h, φ(X)⟩H,Z)]

=E(Φ,Z)∼Qtrue[Ψ(⟨h,Φ⟩H,Z)],
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where Qtrue = (φ⊕ idZ)#Ptrue ∈P(Hm×Z) is the true joint distribution between the lifted

feature Φ and the random parameter Z. Recall that # denotes the push-forward of a

measure, and the direct sum φ⊕ idZ : X × Z → Hm ×Z is defined as (φ⊕ idZ)(x, z) :=

(φ(x), z).

We now define the causal transport robust formulation, following a way similar to the

RKHS-based 1-Wasserstein uncertainty sets proposed in Shafieezadeh-Abadeh et al. (2019).

Define the nominal distribution as Q̂ := (φ⊕ idZ)#P̂, representing the joint nominal dis-

tribution of the feature Φ and the random parameter Z. For ρ > 0, define the 1-causal

transport uncertainty set on the space of feature distributions:

M=
{
Q∈P(Hm ×Z) : C1(Q̂,Q)≤ ρ

}
.

We consider the following problem

vP = inf
h∈H

max
Q∈M

E(Φ,Z)∼Q[Ψ(⟨h,Φ⟩H,Z)]. (9)

Note that both the inf and max problems are infinite-dimensional, as they are optimizing

over functions and probability distributions, respectively.

We derive the following finite-dimensional convex reformulation of (9). For simplicity,

we equip Z with infinity metric d(z, z′) =∞1{z ̸= z′}.

Corollary 4. Suppose Ψ(·, z) is convex and Lipschitz in the decision variable. Define a

constant

L := sup
x̂∈supp P̂

X̂

∥∥∥EẐ∼P̂
Ẑ|X̂

[
Ψ(·, Ẑ) | X̂ = x̂

]∥∥∥
Lip
.

Then vP equals

vD = min
{βk}k⊂Rm

E(X̂,Ẑ)∼P̂

Ψ
∑

k∈[K]

K(X̂, x̂k)βk, Ẑ

+ ρL

 ∑
j,k∈[K]

β⊤
j K(x̂j, x̂k)βk

 1
2

 .

(10)

Moreover, the optimal h that solves (9) is given by

h⋆ =
∑
k∈[K]

K(·, x̂k)β⋆
k ,

where β⋆ is the minimizer of (10).
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This result demonstrates the tractability of the robust formulation (9). A key com-

putational advantage is that it reduces the infinite-dimensional minimax problem to a

minimization over only mK real variables, with the robust loss naturally serving as a norm

regularization. The proof is provided in Appendix EC.4. At a high level, the argument

builds on the proof of Shafieezadeh-Abadeh et al. (2019, Theorem 28), which applies the

Representer Theorem for RKHS, and extends the analysis to vector-valued functions and

the causal transport distance.

4.3. Optimizing over All (Non-parametric) Decision Rules

In this subsection, we consider F to be unrestricted and contain all measurable functions

{f : X →D}. In general, this infinite-dimensional problem is hard to solve. Nonetheless,

below, we provide a tractable way to find the optimal decision rule for this problem in

certain settings.

Recall that our dual reformulation in Theorem 1 states that

vD = min
f :X→D

min
λ≥0

{
λρ+EP̂

X̂

[
sup
x∈X

{
φ(f(x);λ, X̂)−λ∥x− X̂∥

}]}
, (11)

where φ(w;λ, x̂) := EP̂
Ẑ|X̂

[
supz∈Z

{
Ψ(w,z) − λ∥z − Ẑ∥

}
| X̂ = x̂

]
. By replacing X with

supp P̂, we define the in-sample dual problem as

vD̂ := min
f :X→D
λ≥0

{
λρ+EP̂

X̂

[
max
1≤k≤K

{
φ(f(x̂k);λ, X̂)−λ∥x̂k − X̂∥

}]}
(12)

=min
f̂∈F̂
λ≥0

{
λρ+EP̂

X̂

[
max
1≤k≤K

{
φ(f̂(x̂k);λ, X̂)−λ∥x̂k − X̂∥

}]}
, (13)

where the second equality holds because the objective value in (12) depends only on the

value of f on supp P̂. Note that (13) is a finite-dimensional convex optimization problem

with K +1 decision variables in the outer minimization.

Theorem 3. Suppose p= 1, D⊂R is convex, and Ψ(w,z) is convex in w. Let (λ∗, f̂ ∗) be

a minimizer to the in-sample dual problem (13). Denote φk(w) := φ(w;λ∗, x̂k), wk := f̂ ∗(x̂k),

and ϕk :=maxj{φk(wj)−λ∗∥x̂k − x̂j∥}. For x∈X , define

Ik(x) := {w ∈D : φk(w)≤ λ∗∥x− x̂k∥+ϕk} .

Then the intersection of Ik(x)’s is nonempty, and every decision rule f ∗ ∈ F satisfying

f ∗(x) ∈ ∩kIk(x) for all x ∈X is a minimizer to (11). Moreover, let (λ∗, f ∗) be a minimizer
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to the dual problem (D), then (λ∗, f̂ ∗) is a minimizer to (13), and f ∗(x) ∈ ∩kIk(x) defined

above.

Theorem 3 shows that problems (11) and (13) share the same optimal dual variable λ∗,

and to solve the infinite-dimensional optimization over decision rules (11), it suffices first to

solve a finite-dimensional robust in-sample optimization (13) and then extend the robust

optimal in-sample decision rule to X \supp P̂ such that it is optimal to the original problem.

Note that once the in-sample problem (13) is solved, the values wk, ϕk are immediately

available, and the set Ik is defined precisely. There may be more than one way to extend

the in-sample robust optimal decision rule f̂ to the entire space, as long as it belongs to

the range of ∩kIk(x).

Proof Sketch. The idea behind proving Theorem 3 is as follows. To show the optimality

of the decision rules that lie within the intersection ∩kIk, the key step is to show vD = vD̂.

Observe that vD ≥ vD̂, since the inner supremum in (11) is taken with respect to a larger

set compared with the maximization in (12). To see the other direction, the main step is

to show that Ik(x) has a nonempty intersection. Once this is shown, it is easy to verify

by simple algebra that f ∗(x) ∈ ∩kIk(x) attains the value vD̂, thereby vD is dominated by

the objective value of f ∗ which equals vD̂. Thus we have vD = vD̂. To show Ik(x) has a

nonempty intersection, since they are one-dimensional intervals, it suffices to show they

pairwise intersect. This can be established using the convexity of φ. The necessity of the

above interval condition, i.e., for any optimal policy f ∗, f ∗(x)∈∩kIk(x), could be justified

by contradiction. The detailed proof can be found in Appendix EC.4. □

Remark 2. The one-dimensional assumption of the decision space D is crucial. The

following example shows that it is impossible to use the form in Theorem 3 to construct an

optimal policy as soon as the decision dimension becomes two. Specifically, let us consider

a two-dimensional decision space D and a linear loss function Ψ(w,z) =w⊤z, where D=B1

is the unit disk in R2, and X =Z =R2. Suppose P̂ satisfies

P̂X̂ =
1

3

3∑
k=1

δx̂k
, x̂k =

(
cos

2kπ

3
, sin

2kπ

3

)
, E

[
Ẑ | X̂

]
=

2
√
3

3
X̂,

where X̂ = {x̂1, x̂2, x̂3} consists of three points on the unit circle that form an equilateral

triangle (see Figure 5). We can show that the intersection of Ik(x) defined in Theorem 3
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is empty, although the in-sample dual problem is explicitly solvable. Detailed calculations

are available in Appendix EC.4.

x̂1

x̂2

x̂3

x

w⊤x̂1 = 1

w⊤x̂1 =−1
2

w⊤x̂2 = 1

w⊤x̂2 =−1
2

w⊤x̂3 = 1 w⊤x̂3 =−1
2

Figure 5 Intersection of Ik(x) when x= 0 is empty. I1(x) is the red region, I2(x) is the orange region, and I3(x)

is the blue region.

Remark 3 (Comparison with the Shapley Policy in Zhang et al. (2024)).

In Zhang et al. (2024), the authors study (3) with Wasserstein uncertainty sets, focusing

on the newsvendor cost. They show that when optimization over all decision rules, the

optimal decision rule, called Shapley policy, can be found by first solving for the in-sample

Wasserstein robust optimal decision rule f̂W, then extending to the entire space by solving

fW(x)∈ argmin
w∈R

max
k

|w− f̂W(x̂k)|
∥x− x̂k∥

, (WLip)

which minimizes the maximal slope. Using the same idea, if we define

f∞(x)∈ argmin
w∈R

max
k

|w− f̂ ∗(x̂k)|
∥x− x̂k∥

, (CLip)

where f̂ ∗(x̂k)’s are defined in Theorem 3, then it can be verified that f∞(x) ∈ ∩kIk(x).

Therefore, this shows that f∞(x) is a robust optimal decision rule for (11). Note that we use

the subscript ∞ to indicate the ∞-norm (maximum) of the slope function k 7→ |w−f̂∗(x̂k)|
∥x−x̂k∥

.

Differently, we can define another decision rule that minimizes the 1-norm of the slope

function,

f1(x)∈ argmin
w∈R

∑
k

|w− f̂ ∗(x̂k)|
∥x− x̂k∥

. (CTV)
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The resulting decision rule may not be optimal, but we can always truncate its values to

ensure they fall within ∩kIk(x) and thereby make it robustly optimal. Namely, if we use

I(·) and I(·) to represent the upper and lower bound of the region ∩kIk(x), then we define

f̄1(x) :=max
(
I(x), min

(
f1(x), I(x)

))
. (CTV-trunc)

We denote the truncated decision rule as f̄1(x).

We illustrate the two robust optimal decision rules defined above using a conditional

median estimate problem with Z = µ(X) + ε, ε∼N (0,1), µ(x) = sin(2x) + 2exp(−16x2),

as demonstrated in Figure 6. Based on the blue training data, one seeks to learn the con-

ditional median expressed by the dashed line. After solving the in-sample causal problem,

CLip and CTV extend the same in-sample policy to different decision rules f∞ and f1. f∞ is

always in the optimal region, but f1 needs to be clipped to fit in the optimal region.

3 2 1 0 1 2 3
x

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0
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training data
true conditional median
CLip decision
optimal region
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true conditional median
CTV trunc decision
optimal region

Figure 6 Two robust optimal decision rules f∞ and f̄1 of a median estimation problem. The horizontal axis

represents x, and the vertical axis represents z. The dashed line represents the true conditional median

z = µ(x).

Example 5 (revisited). Consider the feature-based newsvendor problem in Example

5. When h = b = 1, this is equivalent to conditional median estimation. As detailed in
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Appendix EC.5, the in-sample dual problem (13) can be transformed into a linear pro-

gramming problem

inf
{wk}k,{yk}k⊂R
{ckji}kji⊂R,λ≥1

λρ+

K∑
k=1

yk

s.t. yj ≥
nj∑
i=1

p̂ki(ckji −λ∥x̂k − x̂j∥) ∀j, k ∈ [K],

ckji ≥wk − ẑji ∀k, j ∈ [K], i∈ [nj],

ckji ≥ ẑji−wk ∀k, j ∈ [K], i∈ [nj].

This is a linear programming withK(n+2)+1 variables andK(2n+K)+1 constraints. ♣

Example 6 (revisited). Consider the personalized pricing problem in Example 6. By

Theorem 1, its strong dual problem can be written as

inf
f :X→R
λ≥0

λρp +EP̂
X̂

sup
x∈X

EP̂
Ẑ|X̂

sup
z∈Z

−f(x)z⊤
f(x)

1

−λ∥z− Ẑ∥p
 | X̂

−λ∥x− X̂∥p

 .

In the case of p= 1, we notice that f is real-valued and Ψ is convex in w, so we may use

Theorem 3 to reformulate the problem as

inf
f̂ :X̂→R
λ≥0

{
λρ+EP̂

X̂

[
max
1≤k≤K

{
φ(f̂(x̂k);λ, X̂)−λ∥x̂k − X̂∥

}]}
.

where

φ(w;λ; x̂) =EP̂
Ẑ|X̂

sup
z∈Z

−wz⊤
w
1

−λ∥z− Ẑ∥

 | X̂ = x̂

 .
In particular, it can be reformulated as the following

inf
{wk}k,{ck}k,λ≥0

λρ+
∑
k∈[K]

p̂kck

s.t. cj +
(
w2

k wk

)
z̄k +λ∥x̂k − x̂j∥ ≥ 0 ∀j, k ∈ [K],

∥(w2
k wk)∥∗ ≤ λ ∀k ∈ [K].

(14)

where p̂k =
∑nk

i=1 p̂ki and z̄k = EP̂
Ẑ|X̂

[Ẑ | X̂ = x̂k]. Here ∥·∥∗ is the dual norm of ∥·∥Z . When

Z = R2 is equipped with ℓ1 or ℓ∞ norm, (14) can be reduced to a quadratic program,

whereas when the ℓ2 norm is chosen, (14) can be written as a second-order conic program.

A detailed calculation can be found in Appendix EC.5. ♣
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5. Numerical Experiments
5.1. Feature-based Newsvendor

5.1.1. Synthetic Data In this section, we illustrate our proposed approach in the con-

text of a feature-based newsvendor. We consider a similar setup as in Zhang et al. (2024),

where the demand Z depends on X in a nonlinear way:

Z = f(β⊤X)+ ε, f(λ) := c[sin(2λ)+ 2exp(−16λ2)+ 1],

where ε ∼ N (0,1) is a standard Gaussian variable independent from β and X. Let the

coefficient vector β ∈ R100, with each component independently sampled from a uniform

distribution U([−0.1,0.1]). The covariateX is sampled from a 100-dimensional multivariate

normal distribution N (0, (σij)ij), with mean zero and covariate matrix defined by σij =

0.5|i−j| with i, j = 1, . . . ,100. The constant c = 1.7 is chosen such that the signal-to-noise

ratio is approximately 3:1. Since the demand should be positive, we reject all samples with

Z < 0.

We experiment with different unit overage cost h ∈ {0.2,0.5,0.8,1} while fixing the

unit underage cost b = 1. To understand the effect of the sample size, we choose K ∈

{10,30,100,300} and nk ∈ {1,3,10,30,100}. The testing data size is 10000. The hyper-

parameters are tuned based on 5-fold cross-validation. We set ∥·∥X = ∥·∥2 and ∥·∥Z =

∞·1{z ̸= ẑ}. To generate the boxplots, we run 20 repeated experiments (except for K = 10,

we run 50 experiments to get a more accurate depiction). All experiments are performed in

Ubuntu 18.04 using Python 3.6.9 with a convex optimization solver Gurobi 9.1.1, on a Dell

Precision 5820 Tower Workstation with Intel® Xeon® W-2125 CPU (32 cores) and 32GB

RAM (DDR4 2666MHz). Due to constraints associated with the solver’s capabilities, the

experiments with nk = 30, K = 300 and nk = 100, K = 100,300 are not included in the

comparison.

In our first set of experiments, we delve into the effects of adopting different distributional

uncertainty sets of the inner worst-case expectation, namely, the Wasserstein DRO with

Shapley extension (WLip) in Zhang et al. (2024) versus causal transport DRO with Shapley

extension (CLip). Both approaches incorporate the Shapley extension to extend the in-

sample optimal policy. Figure 7 shows the relative difference in the out-of-sample expected

cost between CLip and WLip with the same training and testing data set—a negative number

indicates that CLip outperforms WLip.
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Figure 7 Boxplots of the relative differences in the out-of-sample performance between WLip (baseline) and CLip

We have the following observations.

(I) When each covariate group contains only a single sample (nk = 1), CLip and WLip have

the same performance because the two formulations are equivalent (Remark 1).

(II) As the sample size per covariate group increases beyond a single sample, CLip begins to

exhibit a performance advantage over WLip, particularly when dealing with skewed loss

functions (h= 0.2,0.5,0.8). This edge is most pronounced at lower sample sizes nk =

3,10, which shows the value of (even a little) conditional information. The marginal

benefit provided by CLip tends to diminish with larger sample sizes per covariate group

(nk = 30,100). One explanation is that the worst-case distribution of WLip does not sig-

nificantly degrade the conditional information structure when there are many samples

at the same covariate value.

(III) The comparative advantage of CLip over WLip generally amplifies with the increase in

the number of covariate groups K. An explanation is that when K is large, CLip can

fully take advantage of the conditional information to extrapolate other conditional

distributions.



34 Yang et al.: Decision-making with Side Information: A Causal Transport Robust Approach

In addition to our main comparisons above, we further investigate two supplementary

scenarios. The first one compares the Shapley extension versus non-Shapley extensions in

the nonparametric setting, as discussed in Theorem 3 and Remark 3. The second compares

truncated versus non-truncated causal transport DRO solutions, as identified in Theorem

3. We refer the two additional experiments in Appendix EC.6.

5.1.2. Real Data We use a real-world dataset from a meal delivery company (Asun-

cion et al., 2007; Qi et al., 2024), which records 145 weeks of historical weekly demand.

The company fulfills customer meal orders using perishable ingredients, making its weekly

procurement planning naturally fit into a newsvendor framework. In addition to demand

data, the dataset includes contextual features such as checkout price, promotion email

indicators, and whether the meal was featured on the company’s homepage. We compare

the empirical performance of our proposed CLip against several benchmarks, including:

empirical risk minimization using affine policy with ℓ1 and ℓ2 regularization (ERM2 (ℓ1/ℓ2))

and kernel-weights optimization (KO) in Ban and Rudin (2019); conditional stochastic

optimization using random forests (RandForest) and k-nearest neighbors (kNN) in Bertsi-

mas and Kallus (2020); and stochastic optimization forests with different splitting criteria

(StochOptForest (apx-soln/apx-risk)) in Kallus and Mao (2023).

We train all models on the most recent one year (52 weeks) of data using a rolling

window, then test them out-of-sample on subsequent periods with planning horizons of

1, 4, and 12 weeks—corresponding to weekly, monthly, and quarterly re-optimization. In

Figure 8, we compare differences in testing cost across competing methods under three

levels of h= 0.1,0.25,0.5—which are chosen to reflect the practical scenarios—and three

planning horizons. The y-axis represents the cost difference relative to our CLip (red dashed

line at zero), with positive values indicating higher cost (worse performance) compared to

CLip.

From Figure 8, we see that CLip achieves consistently strong performance across all

nine configurations (three h values × three planning horizons), both in terms of mean

performance (white circle) and median performance (black line). For small h, ERM2 (ℓ1/ℓ2)

sometimes attains better performance, though without consistency. In the weekly planning

horizon, forest-based methods (StochOptForest (apx-soln/apx-risk), RandForest) sometimes

obtain lower median costs than CLip at h= 0.1 and 0.25, but this comes with much higher
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variability and worse mean performance. Overall, the results indicate that CLip consistently

delivers strong, stable out-of-sample performance.
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Figure 8 Boxplots of the relative differences in the out-of-sample performance between CLip and other

benchmarks

5.2. Contextual Linear Optimization

This section presents numerical experiments on the contextual linear optimization problem

from Example 7, examined in the setting of portfolio optimization. The goal is to determine

the optimal weights w ∈Rm across m assets in order to maximize the portfolio return w⊤Z,

where Z ∈Rm denotes the random return. To align with the setting in (1), we recast it as

a minimization problem by defining the loss function Ψ(w,z) = −w⊤z, i.e., the negative

of the portfolio return. The allocation weights are subject to three constraints. First, the

budget constraint requires w⊤1= 1. Second, short-selling is permitted but limited, in the

sense that no individual position may be shorter than 30%. Finally, the m= 10 assets are

grouped into three sectors– {1,2,3}, {4,5,6,7}, {8,9,10}–and the average weight within

each group must be nonnegative, preventing systematic shorting of an entire sector.

The contexts are uniformly sampled from the ellipsoid X = {x ∈ Rd : x⊤Σx ≤ 1}, with
Σ = (σij) where σij = 0.5|i−j| with i, j = 1, . . . , d, where d = 5. Given a context X, the

random variable Z ∈Rm is generated according to the following nonlinear model inspired

by Feng et al. (2024):

Zi =
d∑

j=1

f (βij)(Xj)+σ

(
d∑

j=1

f (4)(Xj)+ 1

)
· εi, i∈ [m].
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Here, the nonlinear functions are defined as

f (1)(x) = sin(2πx), f (2)(x) = 0.5expx, f (3)(x) = 1.5|(x− 0.4)(x− 0.6)|, f (4)(x) = x cos(2πx).

The indices βij are independently sampled from {1,2,3} at the beginning of each experi-

ment and remain unchanged within that experiment. The noise scaling factor σ ∈ {1,3,10}

controls the signal-to-noise ratio. The noise εi follows a t-distribution with 3 degrees of

freedom. We generate K context samples of X. For each sample x̂k, we then generate nk

samples of Z, resulting n=
∑

k∈[K] nk data pairs (x̂k, ẑki).

nk = 10 nk = 30 nk = 100
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Figure 9 Experiment with fixed number nk of z per x chosen in {10,30,100}, with noise level σ ∈ {1,3,10} and

number of contexts K ∈ {20,50,100}. They are compared with a baseline scenario which applies ERM1

algorithm on a much larger training data set.

To further investigate the comparison between Wasserstein and causal transport uncer-

tainty sets with affine policy class, we vary the number of context samplesK ∈ {20,50,100},

the number of outcome samples per context nk ∈ {10,30,100}, and the noise level σ ∈

{1,3,10}. Figure 9 reports boxplots of the out-of-sample cost of W-DRO and C-DRO, com-

pared with an oracle model using ERM1 algorithm introduced in Ban and Rudin (2019) on

a training data set of 107 samples. Across nearly all settings, C-DRO outperforms W-DRO

in terms of median cost, with the performance gap widening as the noise level increases.

At a low noise level, the gap narrows as the number of contexts increases. Consistent

with the newsvendor experiments in Section 5.1.1, when a moderate amount of conditional

information is available, C-DRO achieves a clear advantage over W-DRO. In contrast, when
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conditional information is either scarce or overly abundant, the difference between the

two methods diminishes. This is likely because, in the former case, C-DRO cannot exploit

the limited conditional information, while in the latter case, the worst-case distribution of

W-DRO does not significantly distort the underlying conditional structure.

We also investigate the impact of the distribution shift. Fixing σ = 1, nk = 30, we use

the same data above to train the model, but the testing data distribution has a different

conditional distribution Z |X (known as concept shift):

Ztest
i =

d∑
j=1

f (βij)(Xj)+σ

(
d∑

j=1

f (4)(Xj)+ 1

)
· εi+ σshift · εshifti , i∈ [m].

where σshift ∈ {1,3,10} is a scaling factor of the distributional shift, εshifti ∼N (µshift
i , σshift

i )

are independent normal random variables, with context-dependent mean and variance

given by

µshift
i =

d∑
j=1

f (βmean
ij )(Xj), σshift

i =
d∑

j=1

f (βvar
ij )(Xj),

where βmean
ij and βvar

ij are uniformly sampled from {1,2,3}, independently from βij and each

other, but are fixed within each experiment.
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Figure 10 Experiment with concept shift, with shift level σshift ∈ {0,1,3,10} and number of contexts K ∈

{20,50,100}.

Figure 10 reports boxplots of the out-of-sample cost of W-DRO and C-DRO, compared

again to the baseline using ERM1 algorithm with 107 samples. We observe that C-DRO
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consistently outperforms W-DRO, especially with a large concept shift σshift and a large

number of contexts K. This demonstrates the improved robustness of C-DRO in hedging

against shifts in the conditional distributions.

6. Concluding Remarks

In this paper, we propose a new distributionally robust decision rule optimization for

decision-making with side information based on the causal transport distance. These results

open up new research directions for distributionally robust optimization and adjustable

robust optimization. For future work, it would be interesting to investigate the performance

guarantees of the proposed framework.
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e-companion to Yang et al.: Decision-making with Side Information: A Causal Transport Robust Approach ec1

Proofs of Statements

EC.1. Causal Transport Distance

Lemma EC.1 (Equivalent Definition). Let γ ∈ Γ(P̂,P) be a transport plan. Then the

following are equivalent.

(I) γ ∈ Γc(P̂,P).

(II) For P̂-almost every (X̂, Ẑ)∈X ×Z,

γX|(X̂,Ẑ) = γX|X̂ .

(III) Let ProjX : X × Z → X be the projection into X coordinate. For P̂-almost every

(x̂, ẑ1), (x̂, ẑ2)∈X ×Z,

(ProjX)#γ(dx|x̂, ẑ1) = (ProjX)#γ(dx|x̂, ẑ2).

(IV) For P̂X̂-almost every X̂ and PX-almost every X,

γẐ|(X̂,X) = γẐ|X̂ = P̂Ẑ|X̂ .

(V) Let ProjẐ : Z ×Z → Z be the projection into Ẑ coordinate: ProjẐ(ẑ, z) = ẑ. For P̂X̂-

almost every x̂∈X and PX-almost every x1, x2 ∈X ,

(ProjẐ)#γ(dẑ|x̂, x1) = (ProjẐ)#γ(dẑ|x̂, x2).

Moreover, γ ∈ Γ(P̂,P) plus any one from the above is equivalent to γ ∈P((X ×Z)×(X ×Z)),

satisfying

(VI) γ has a decomposition into successive regular kernels

γ(dx̂dẑ dxdz) = γ1(dx̂dx)γ2(dẑ dz|x̂, x)

satisfying

γ1 ∈ Γ(P̂X̂ ,PX),

(ProjẐ)#γ2(dẑ|x̂, x) = P̂Ẑ|X̂(dẑ|x̂) for γ1-almost every (x̂, x),

(Proj(X,Z))#γZ|X(dz|x) = PZ|X(dz|x) for PX-almost every x.

That is,

γ1 ∈ Γ(P̂X̂ ,PX), γ2 ∈ Γ(P̂Ẑ|X̂ ,Q
(X̂)) where EX̂∼(γ1)X̂|X

[Q(X̂)|X] = PZ|X .
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Proof. The equivalence of (I), (II), and (IV) follows from the definition. It is also easy

to check from the definition that (II) is equivalent to (III), and (IV) is equivalent to (V).

Suppose (VI) holds, then projecting γ onto (X,X̂, Ẑ) coordinate, we have

(Proj(X,X̂,Ẑ))#γ(dxdx̂dẑ) = γ1(dx̂dx) · (ProjẐ)#γ2(dẑ|x̂, x) = γ1(dx̂dx)P̂Ẑ|X̂(dẑ|x̂).

Projecting onto (X̂, Ẑ) yields

(Proj(X̂,Ẑ))#γ(dx̂dẑ) = (ProjX̂)#γ1(dx̂)P̂Ẑ|X̂(dẑ|x̂) = P̂X̂(dx̂)P̂Ẑ|X̂(dẑ|x̂) = P̂(x̂, ẑ).

As for the other marginal,

(Proj(X,Z))#γ(dxdz) = (ProjX)#γ1(dx)·(Proj(X,Z))#γZ|X(dz|x) = PX(dx)PZ|X(dz|x) = P(dxdz).

So indeed we have γ ∈ Γ(P̂,P). □

Proof of Lemma 1. Since γ(q) are transport plans starting from P̂,

γ
(q)

(X̂,Ẑ)
= P̂, γ

(q)

X̂
= P̂X̂ , ∀q ∈ [0,1].

Together with

γ
(q)

(X,X̂,Ẑ)
= (1− q)γ

(0)

(X,X̂,Ẑ)
+ qγ

(1)

(X,X̂,Ẑ)
, γ

(q)

(X,X̂)
= (1− q)γ

(0)

(X,X̂)
+ qγ

(1)

(X,X̂)
,

we know that

γ
(q)

X|(X̂,Ẑ)
= (1− q)γ

(0)

X|(X̂,Ẑ)
+ qγ

(1)

X|(X̂,Ẑ)
, γ

(q)

X|X̂
= (1− q)γ

(0)

X|X̂
+ qγ

(1)

X|X̂
.

Because γ(0) and γ(1) are causal, by equivalent definition (II), for P̂-almost every (X̂, Ẑ)∈
X ×Z,

γ
(0)

X|(X̂,Ẑ)
= γ

(0)

X|X̂
, γ

(1)

X|(X̂,Ẑ)
= γ

(1)

X|X̂
.

Therefore

γ
(q)

X|(X̂,Ẑ)
= γ

(q)

X|X̂
,

so γ(q) is also causal.

Proof. With probability one, each x̂ in the support of P̂ corresponds to only one ẑ, so

that

P̂Ẑ|X̂=x̂k
= δẑk .

Now let γ ∈ Γ(P̂,P). Because

EX|X̂ [γẐ|(X̂,X)] = γẐ|X̂ = δẐ ,

the only choice is γẐ|(X̂,X) = δX̂ , for (γ1)X|X̂-a.e. X. Therefore, γ is causal. □
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EC.2. Supremum of Convex Functions

In this subsection, we provide several auxiliary results on the properties of the supremum

of a family of convex functions. Analysis in this subsection will be used in the proof of

Theorem 1.

Lemma EC.2 (Dual Objective Function). Recall the dual objective function h(λ)

defined in (5). Let I = {λ∈ [0,∞) : h(λ)<∞}. Then it has the following properties:

(I) There exists κ≥ 0, such that either I = (κ,∞) or I = [κ,∞).

(II) h is convex and continuous in I.
(III) h(λ)→∞ as λ→∞.

(IV) h has a minimizer λ∗ ∈ [κ,∞).

Proof. (I) h(λ)− λρp is monotonically decreasing in λ, therefore we can find κ such

that h is infinite for smaller λ, and finite for greater λ.

(II) h is a combination of supremums and expectations of convex functions, and therefore

h is convex. Since h <∞ in I, h is continuous in I with only a possible exception at

κ∈ I. Now we verify its lower semi-continuity at κ.

lim inf
λ↓κ

h(λ) = κρp+ lim inf
λ↓κ

EP̂
X̂

[
sup
x∈X

{
EP̂

Ẑ|X̂

[
sup
z∈Z

{
Ψ(f(x), z)−λ∥z− Ẑ∥p

}
| X̂
]
−λ∥x− X̂∥p

}]
≥ κρp+EP̂

X̂

[
lim inf

λ↓κ
sup
x∈X

{
EP̂

Ẑ|X̂

[
sup
z∈Z

{
Ψ(f(x), z)−λ∥z− Ẑ∥p

}
| X̂
]
−κ∥x− X̂∥p

}]
≥ κρp+EP̂

X̂

[
sup
x∈X

{
lim inf

λ↓κ
EP̂

Ẑ|X̂

[
sup
z∈Z

{
Ψ(f(x), z)−λ∥z− Ẑ∥p

}
| X̂
]
−κ∥x− X̂∥p

}]
≥ κρp+EP̂

X̂

[
sup
x∈X

{
EP̂

Ẑ|X̂

[
lim inf

λ↓κ
sup
z∈Z

{
Ψ(f(x), z)−λ∥z− Ẑ∥p

}
| X̂
]
−κ∥x− X̂∥p

}]
≥ κρp+EP̂

X̂

[
sup
x∈X

{
EP̂

Ẑ|X̂

[
sup
z∈Z

{
lim inf

λ↓κ
Ψ(f(x), z)−λ∥z− Ẑ∥p

}
| X̂
]
−κ∥x− X̂∥p

}]
= κρp+EP̂

X̂

[
sup
x∈X

{
EP̂

Ẑ|X̂

[
sup
z∈Z

{
Ψ(f(x), z)−κ∥z− Ẑ∥p

}
| X̂
]
−κ∥x− X̂∥p

}]
= h(κ).

We repeatedly used the Fatou’s lemma and that minimax is greater than maximin.

By convexity, h is continuous in I.
(III) This is simply because we can pick x= X̂, z = Ẑ so

h(λ)≥ λρp +EP̂
X̂

[
EP̂

Ẑ|X̂

[
Ψ(f(X̂), Ẑ)−λ∥Ẑ − Ẑ∥p | X̂

]
−λ∥X̂ − X̂∥p

]
= λρp +EP̂

X̂

[
EP̂

Ẑ|X̂

[
Ψ(f(X̂), Ẑ) | X̂

]]
= λρp+EP̂

[
Ψ(f(X̂), Ẑ)

]
→+∞

as λ→+∞.
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(IV) It follows from (I)-(III). □

Lemma EC.3 (Exchange Sup and Derivative for Convex Functions). Let Λ be

an index set. Let {Fα}α∈Λ be a family of real-valued convex functions defined on an interval

I. Suppose its sup is pointwise bounded, Φ(λ) = supα∈ΛFα(λ)<∞. Denote fα(λ) = F ′
α(λ),

and ϕ(λ) = Φ′(λ). For any function f , we denote f ∗ [resp. f∗] to be the upper [resp. lower]

semicontinuous envelope of f . For every ε > 0, define the ε-argmax set Ωε and D,D by

Ωε(λ) := {α ∈Λ : Fα(λ)≥Φ(λ)− ε} ,

Dε(λ) := sup
α∈Ωε(λ)

f ∗
α(λ), D(λ) = lim

ε→0
Dε(λ),

Dε(λ) := inf
α∈Ωε(λ)

fα∗(λ), D(λ) = lim
ε→0

Dε(λ).

Then

(I) For every λ∈ I, D(λ)≤D(λ).

(II) For every λ,µ∈ I with λ< µ, D(λ)≤ ϕ∗(λ)≤ ϕ∗(µ)≤D(µ).

(III) Fix λ∈ I, δ > 0, ϵ > 0. If λ1 ∈ I such that λ1 <λ is sufficiently close to λ, then we can

find α ∈Λ such that

f ∗
α(λ1)≤ ϕ∗(λ)+ δ, Fα(λ1)≥Φ(λ)− ϵ.

If λ2 ∈ I such that λ2 >λ is sufficiently close to λ, we can find β ∈Λ such that

fβ∗(λ2)≥ ϕ∗(λ)− δ, Fβ(λ2)≥Φ(λ)− ϵ.

Proof. Φ is the sup of a family of convex functions, so Φ is convex. Since Φ and Fα are

convex and finite in I, they have locally Lipschitz, monotonously increasing derivatives ϕ

and fα. Monotonicity implies f ∗
α and ϕ∗ [resp. fα∗ and ϕ∗] are right [resp. left] continuous,

and thus convexity implies for λ< µ,

fα
∗(λ)≤ Fα(µ)−Fα(λ)

µ−λ
≤ fα∗(µ), ϕ∗(λ)≤ Φ(µ)−Φ(λ)

µ−λ
≤ ϕ∗(µ). (EC.1)

(I) ε-argmax set Ωε is never empty by definition. Therefore, Dε(λ)≤Dε(λ) holds for all

ε. As ε→ 0, Ωε(λ) shrinks, so Dε(λ) ↓D(λ), Dε(λ) ↑D(λ), we have D(λ)≤D(λ).

(II) Fix any ε > 0, and λ< µ. For any α∈Ωε(λ), β ∈Ωε(µ), using (EC.1) we have

Fα(µ)− ε≤Φ(µ)− ε≤ Fβ(µ)≤ Fβ(λ)+ (µ−λ)fβ∗(µ)≤Φ(λ)+ (µ−λ)fβ∗(µ),

Fβ(λ)− ε≤Φ(λ)− ε≤ Fα(λ)≤ Fα(µ)− (µ−λ)fα
∗(λ)≤Φ(µ)− (µ−λ)fα

∗(λ).
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By these two inequalities, we conclude

−ε+(µ−λ)f ∗
α(λ)≤Φ(µ)−Φ(λ)≤ ε+(µ−λ)fβ∗(µ),

⇒− ε

µ−λ
+ f ∗

α(λ)≤
Φ(µ)−Φ(λ)

µ−λ
≤ ε

µ−λ
+ fβ∗(µ).

By taking the sup over α ∈Ωε(λ), taking the inf over β ∈Ωε(µ), we have

− ε

µ−λ
+Dε(λ)≤

Φ(µ)−Φ(λ)

µ−λ
≤ ε

µ−λ
+Dε(µ).

Let ε→ 0,

D(λ)≤ Φ(µ)−Φ(λ)

µ−λ
≤D(µ). (EC.2)

We now combine (EC.1) with (EC.2) to show that ϕ∗(λ) ≤D(µ), D(λ) ≤ ϕ∗(µ). To

finish the proof of (II), we use the monotonicity ϕ∗(λ)≤ ϕ∗(µ), and

ϕ∗(λ) = lim
µ↓λ

ϕ(µ)≥ lim
µ↓λ

ϕ∗(µ)≥D(λ), ϕ∗(µ) = lim
λ↑µ

ϕ(λ)≤ lim
λ↑µ

ϕ∗(λ)≤D(µ).

(III) Since Φ is continuous in the interior of I, we can let λ1 and λ2 be close enough to λ

such that

Φ(λ1),Φ(λ2)≥Φ(λ)− ϵ

2
.

Let ε < ϵ
2
be small enough such that Dε(λ1)<D(λ1)+ δ, Dε(λ2)>D(λ2)− δ. Pick any

α ∈Ωε(λ1), β ∈Ωε(λ2), then

f ∗
α(λ1)≤Dε(λ1)<D(λ1)+ δ≤ ϕ∗(λ)+ δ,

fβ∗(λ2)≥Dε(λ2)>D(λ2)− δ≥ ϕ∗(λ)− δ.

Moreover, by the definition of Ωε(λ),

Fα(λ1)≥Φ(λ1)− ε≥Φ(λ1)−
ϵ

2
≥Φ(λ)− ϵ,

Fβ(λ2)≥Φ(λ2)− ε≥Φ(λ2)−
ϵ

2
≥Φ(λ)− ϵ. □

Lemma EC.4. With the same notations as the previous lemma, let Λ be an Euclidean

space. Suppose for each λ ∈ Int(I), Fα(λ) is upper semicontinuous in α, and |fα(λ)| →∞

as |α| →∞. Then



ec6 e-companion to Yang et al.: Decision-making with Side Information: A Causal Transport Robust Approach

(I) Ω0(λ) is nonempty.

(II) There exists α,β ∈Ω0(λ), such that

fα∗(λ) = ϕ∗(λ), f ∗
β(λ) = ϕ∗(λ), Fα(λ) = Fβ(λ) =Φ(λ).

(III) D0(λ) =D(λ) = ϕ∗(λ), and D0(λ) =D(λ) = ϕ∗(λ).

Proof. Let λ0 ∈ Int(I). Then we can find κ< λ0 <µ all inside Int(I). For some small δ,

κ′ = κ− δ and µ′ = µ+ δ are also inside Int(I).

(I) By Lemma EC.3 (II), ϕ∗(λ)≤D(λ)≤D(λ)≤ ϕ∗(λ), and since λ is in the interior of I,

Φ is locally Lipschitz, D(λ),D(λ) are finite. Thus for some small ε, Dε(λ) and Dε(λ)

are finite. This implies that Ωε is bounded, otherwise |fα(λ)| →∞ as α→∞. Because

Fα is upper semicontinuous, Ωε is also closed, so it is compact, thus

Φ(λ) = sup
α∈Λ

Fα(λ) = sup
α∈Ωε(λ)

Fα(λ)

is attainable, i.e.,

Ω0(λ) = argmax
α∈Λ

Fα(λ)

is nonempty.

(II) For every λ, since Ω0(λ) ⊂ Ωε(λ) for any ε, we know that Dε(λ) ≥ D0(λ), Dε(λ) ≤

D0(λ). Let ε→ 0 we have D(λ)≥D0(λ), D(λ)≤D0(λ). So for every α ∈Ω0(λ),

ϕ∗(λ)≤D(λ)≤D0(λ)≤ fα∗(λ)≤ f ∗
α(λ)≤D0(λ)≤D(λ)≤ ϕ∗(λ). (EC.3)

Let λn ↑ λ0 be an increasing sequence inside [κ,µ]. For each λn, Ω0(λn) is nonempty,

so we can find αn such that

Fαn(λn) =Φ(λn), ϕ∗(λn)≤ fαn∗(λn)≤ f ∗
αn
(λn)≤ ϕ∗(λn).

First, we claim that Fαn are uniformly bounded in [κ,µ]. The upper bound Fαn ≤Φ

is clear. As for the lower bound, we first use the convexity of Φ, for all λ∈ [κ,µ],

Φ(λ)≥Φ(κ)+ϕ∗(κ)(λ−κ), Φ(λ)≥Φ(µ)−ϕ∗(µ)(µ−λ).



e-companion to Yang et al.: Decision-making with Side Information: A Causal Transport Robust Approach ec7

then we use the convexity of Fαn, for λ∈ [λn, µ],

Fαn(λ)≥ Fαn(λn)+ f ∗
αn
(λn)(λ−λn)

≥Φ(λn)+ϕ∗(λn)(λ−λn)

≥Φ(κ)+ϕ∗(κ)(λn−κ)+ϕ∗(κ)(λ−λn)

=Φ(κ)+ϕ∗(κ)(λ−κ).

For λ∈ [κ,λn],

Fαn(λ)≥ Fαn(λn)− fαn∗(λn)(λn−λ) (EC.4)

≥Φ(λn)−ϕ∗(λn)(λn−λ)

≥Φ(µ)−ϕ∗(µ)(µ−λn)−ϕ∗(µ)(λn−λ)

=Φ(µ)−ϕ∗(µ)(µ−λ).

Therefore, for all λ∈ [κ,µ],

Fαn(λ)≥min{Φ(κ)+ϕ∗(κ)(λ−κ),Φ(µ)−ϕ∗(µ)(µ−λ)} .

Next, we claim that Fαn are equicontinuous in [κ,µ]. Since

Fαn(κ)≥min{Φ(κ),Φ(µ)−ϕ∗(µ)(µ−κ)}=Φ(µ)−ϕ∗(µ)(µ−κ),

by convexity of Fαn we have

fαn∗(κ)≥
Fαn(κ)−Fαn(κ

′)

κ−κ′
≥ Φ(µ)−ϕ∗(µ)(µ−κ)−Φ(κ′)

δ
.

Similarly, we have

f ∗
αn
(µ)≤ Fαn(µ

′)−Fαn(µ)

µ′ −µ
≤ Φ(µ′)−Φ(κ)−ϕ∗(κ)(µ−κ)

δ
.

fαn are increasing between κ and µ, so they are uniformly bounded, thus Fαn are

uniformly Lipschitz.

Since fαn are uniformly bounded, we know that {αn}n∈N is bounded by the assump-

tion of the lemma. Up to a subsequence, we may assume αn → α. Since Fαn are

uniformly bounded and equicontinuous in [κ,µ], by Arzelà–Ascoli Lemma it admits a
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subsequence uniformly converging to some F∞, and since Fα is upper semicontinuous

in α, we know that Fα ≥ limn→∞Fαn = F∞. Therefore, up to a subsequence,

Φ(λ0)≥ Fα(λ0)≥ F∞(λ0) = lim
n→∞

Fαn(λn) = lim
n→∞

Φ(λn) =Φ(λ0).

Thus α∈Ω0(λ0). Moreover, by taking n→∞ in (EC.4), for any λ∈ [κ,λ0) we have

Φ(λ)≥ Fα(λ)≥ F∞(λ) = lim
n→∞

Fαn(λn)− fαn∗(λn)(λn−λ)

≥ lim
n→∞

Fαn(λn)−ϕ∗(λn)(λn−λ) =Φ(λ0)−ϕ∗(λ0)(λ0−λ),

and they all equal at λ= λ0. So the left derivative at λ0

ϕ∗(λ0)≥ fα∗(λ0)≥ ϕ∗(λ0)

are equal. This shows that fα∗(λ0) = ϕ∗(λ0). The proof for the β part is exactly sym-

metric to the α, so we omit it here.

(III) This is the consequence of part (II) and (EC.3). □

The proofs in this appendix were inspired by the construction in Gao and Kleywegt

(2023). However, because of the two-layer structure of the causal transport distance, we

need Lemma EC.3 and EC.4, which cover more general scenarios than the ones considered

in Gao and Kleywegt (2023).

EC.3. Proofs for Section 3.1

Proof of Theorem 1. It suffices to prove the direction vfP ≥ vfD. We may assume

EP̂[Ψ(f(X̂), Ẑ)]<∞, (EC.5)

otherwise vfP =∞ because P̂ is feasible, and the strong duality holds automatically.

For each x∈X , ẑ ∈Z we denote

G(z)(λ;x, ẑ) :=Ψ(f(x), z)−λ∥z− ẑ∥p.

It is a linearly decreasing function of λ. Thus, the supremum over z

Υ(λ;x, ẑ) := sup
z∈Z

{
G(z)(λ;x, ẑ)

}
(EC.6)
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is a decreasing convex function of λ. Because the expectation of decreasing convex functions

are decreasing and convex, we have for each x̂∈X ,

F(x)(λ; x̂) :=EP̂
Ẑ|X̂

[
Υ(λ;x, Ẑ) | X̂ = x̂

]
−λ∥x− x̂∥p

is a family of decreasing convex functions of λ. Their supremum

Φ(λ; x̂) := sup
x∈X

{
F(x)(λ; x̂)

}
(EC.7)

is again convex and decreasing. Finally, the dual objective function

h(λ) = λρp+EP̂
X̂

[
Φ(λ; X̂)

]
is also convex. By Lemma EC.2, there exists κ ∈ [0,∞] such that h is finite in (κ,∞) and

infinite in [0, κ). Moreover, in the case κ <∞, h attains its global minimum at λ∗ ≥ κ.

Therefore, we can separate the following cases.

Case 1: κ=∞

This means h(λ) = ∞ for any λ ≥ 0, therefore vfD = ∞. Now fix λ > 0, then h(λ) = 0

implies

EP̂
X̂

[
Φ(λ; X̂)

]
=EP̂

X̂

[
sup
x∈X

F(x)(λ; X̂)

]
=∞.

Recall that P̂X̂ is a discrete measure. Therefore, for some x̂∗ in the support of P̂X̂ , Φ(λ; x̂∗) =

∞. For some large number N > 0 to be determined, by the definition of Φ(λ; x̂), one can

find x∗ ∈X such that F(x∗)(λ; x̂∗)>N . Define T1 :X →X by

T1(x) =

{
x x ̸= x̂∗

x∗ x= x̂∗
.

Then

EP̂
X̂

[
F(T1(X̂))(λ; X̂)

]
=EP̂

X̂

[
F(X̂)(λ; X̂)1{X̂ ̸= x̂∗}

]
+ P̂X̂({x̂∗}) ·F(x∗)(λ; x̂∗)

≥EP̂
X̂

[
F(X̂)(λ; X̂)1{X̂ ̸= x̂∗}

]
+ P̂X̂({x̂∗}) ·N

can be made arbitrarily large by selecting sufficiently large N . In particular, we can choose

N large enough to ensure

EP̂
X̂

[
FT1(X̂)(λ; X̂)

]
≥EP̂

[
Ψ(f(X̂), Ẑ)

]
+2λρp.
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Here we have used the assumption (EC.5). We may abbreviate as X := T1(X̂), so that

EP̂
X̂

[
FX(λ; X̂)

]
≥EP̂

[
Ψ(f(X̂), Ẑ)

]
+2λρp.

By the definition of F(x), we have

EP̂
X̂

[
EP̂

Ẑ|X̂

[
Υ(λ;X, Ẑ) | X̂

]
−λ∥X − X̂∥p

]
≥EP̂

[
Ψ(f(X̂), Ẑ)

]
+2λρp.

Rearranging the terms, we conclude

2λρp+EP̂
X̂

[
λ∥X − X̂∥p

]
≤EP̂

X̂

[
EP̂

Ẑ|X̂

[
Υ(λ;X, Ẑ)−Ψ(f(X̂), Ẑ) | X̂

]]
(EC.8)

=EP̂
X̂

[
EP̂

Ẑ|X̂

[
sup
z∈Z

G(z)(λ;X, Ẑ)−Ψ(f(X̂), Ẑ) | X̂
]]

We would like to construct T2 : X × Z → Z in two different scenarios. Fix x̂k in the

support of P̂X̂ and xk = T1(x̂k). The first scenario would be if Υ(λ;xk, ẑ∗) =∞ for some

ẑ∗ within the support of P̂Ẑ|X̂=x̂k
. Similar to the construction of T1, one can find some

one-point transport map T2(x̂k, ·) such that

EP̂
Ẑ|X̂

[
G(T2(x̂k,Ẑ))(λ;xk, Ẑ) | X̂ = x̂k

]
≥N

for any large N to be prescribed. The second scenario would be if Υ(λ;xk, ẑ∗) <∞ for

every ẑ∗ within the support of P̂Ẑ|X̂ . For each (x̂k, ẑki) pair, we can find zki ∈Z such that

G(zki)(λ;xk, ẑki)≥Υ(λ;xk, ẑki)−λρp.

Define T2(xk, ẑki) = zki, then

EP̂
Ẑ|X̂

[
G(T2(x̂k,Ẑ))(λ;xk, Ẑ) | X̂ = x̂k

]
≥EP̂

Ẑ|X̂

[
Υ(λ;xk, Ẑ) | X̂ = x̂k

]
−λρp.

Combine two scenarios and denote Z = T2(X̂, Ẑ), then we have

EP̂
X̂

[
EP̂

Ẑ|X̂

[
G(Z)(λ;X, Ẑ) | X̂

]]
≥EP̂

X̂

[
EP̂

Ẑ|X̂

[
Υ(λ;X, Ẑ) | X̂

]]
−λρp.

Indeed, if the first scenario happens for any x̂k, then the right-hand side can be made

arbitrarily large. Together with (EC.8), we have

λρp +EP̂
X̂

[
λ∥X − X̂∥p

]
≤EP̂

X̂

[
EP̂

Ẑ|X̂

[
G(Z)(λ;X, Ẑ)−Ψ(f(X̂), Ẑ) | X̂

]]
=EP̂

[
Ψ(f(X),Z)−Ψ(f(X̂), Ẑ)−λ∥Z − Ẑ∥p

]
.
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Assemble T1 and T2 yields a causal transport map T :X ×Z →X ×Z defined by T (x̂, ẑ) =

(T1(x̂), T2(x̂, ẑ)). It induces a causal transport plan γ1 = (T ⊗ idX×Z)♯P̂, with ♯ denotes push-

forward of a measure. Then ((X,Z), (X̂, Ẑ))∼ γ1. Denote the transportation cost between

(X̂, Ẑ) and (X,Z) via γ1 by

D=Eγ1

[
∥X − X̂∥p + ∥Z − Ẑ∥p

]
,

then

Eγ1

[
Ψ(f(X),Z)−Ψ(f(X̂), Ẑ)

]
≥ λρp +λD.

Let γ0 = (idX×Z ⊗ idX×Z)♯P̂ denote the joint distribution induced by identity transport

map. Let γθ = θγ1 + (1 − θ)γ0 be the transport plan which perturbs γ0 by moving θ :=

min{1, ρp
D
} portion of mass from (X̂, Ẑ) to (X,Z). By the convexity lemma 1, this transport

plan is causal. Denote Pθ = (γθ)(X,Z) to be the marginal of γθ. Then

Cp(P̂,P)p ≤Eγθ

[
∥X − X̂∥p+ ∥Z − Ẑ∥p

]
= θD≤ ρp,

So Pθ is primal feasible, and

EPθ
[Ψ(f(X),Z)]−EP̂[Ψ(f(X̂), Ẑ)] =Eγθ

[
Ψ(f(X),Z)−Ψ(f(X̂), Ẑ)

]
= θEγ1

[
Ψ(f(x),Z)−Ψ(f(x̂), Ẑ)

]
≥ θ (λρp+λD)

≥ λρp.

Therefore

vfP ≥EPθ
[Ψ(f(X),Z)]≥EP̂[Ψ(f(X̂), Ẑ)]+λρp,

and since λ can be arbitrarily large, we have

vfP =∞= vfD.
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Case 2: κ<∞, λ∗ >κ

Fix some small δ > 0, ε > 0. Applying Lemma EC.3 on (EC.7), for x̂ ∈ X we can find

x,x∈X such that

d

dλ+
F(x)(λ1; x̂)≤

d

dλ−
Φ(λ∗; x̂)+ δ,

d

dλ−
F(x)(λ2; x̂)≥

d

dλ+
Φ(λ∗; x̂)− δ,

F(x)(λ1, x̂)≥Φ(λ∗, x̂)− ε, F(x)(λ2, x̂)≥Φ(λ∗, x̂)− ε

for κ < λ1 < λ∗ < λ2 and λ1, λ2 sufficiently close to λ∗. Fix x ∈ X . Apply Lemma EC.3 on

(EC.6), for ẑ ∈Z we can find z, z ∈Z such that

d

dλ+
G(z)(λ3;x, ẑ)≤

d

dλ−
Υ(λ1;x, ẑ)+ δ,

d

dλ−
G(z)(λ4;x, ẑ)≥

d

dλ+
Υ(λ2;x, ẑ)− δ,

G(z)(λ3;x, ẑ)≥Υ(λ1, x, ẑ)− ε, G(z)(λ4;x, ẑ)≥Υ(λ2, x, ẑ)− ε

for κ < λ3 < λ1 < λ∗ < λ2 < λ4 and λ3, λ4 sufficiently close to λ1, λ2. Now suppose P̂ is

supported over a finite set of {(x̂k, ẑki)}ki, we know that for λ1, λ2, λ3, λ4 sufficiently close

to λ∗ we can find xk, xk, zki, zki such that the above are satisfied simultaneously. We denote

the transport map by xk = T 1(x̂i), zki = T 2(x̂k, ẑki), and T (x̂k, ẑki) = (xk, zki). We define T

similarly, so we can construct (X,Z) = T (X̂, Ẑ), (X,Z) = T (X̂, Ẑ). We denote the law of

((X,Z), (X,Z)) by γ = (T ⊗ idX×Z)♯P̂, and the law of (X,Z) is P = γ(X,Z) the marginal.

Similarly we define γ and P. We also define γ̂ = (idX×Z ⊗ idX×Z)♯P̂ to be the identity

transport plan. For convenience, denote the law of (X,X̂) to be γ1 = γ(X,X̂), and the law

of (X,X̂) to be γ
1
= γ

(X,X̂)
. Similarly define γ2 = γ(Z,Ẑ)|(X,X̂) and γ2 = γ

(Z,Ẑ)|(X,X̂)
to be the

conditional law of (Z, Ẑ) and (Z, Ẑ) given (X,X̂) and (X,X̂), respectively.

We know that h(λ) attains its minimum vfD at some λ∗ ∈ I, so h′(λ∗+)≥ 0 and h′(λ∗−)≤
0 (if λ∗ >κ), so

d

dλ−

∣∣∣∣
λ=λ∗

EP̂
X̂

[
Φ(λ, X̂)

]
≤−ρp ≤ d

dλ+

∣∣∣∣
λ=λ∗

EP̂
X̂

[
Φ(λ, X̂)

]
where

d

dλ−

∣∣∣∣
λ=λ∗

EP̂
X̂

[
Φ(λ, X̂)

]
=EP̂

X̂

[
d

dλ−

∣∣∣∣
λ=λ∗

Φ(λ, X̂)

]
≥E(X,X̂)∼γ

1

[
d

dλ+

∣∣∣∣
λ=λ1

F(X)(λ; X̂)

]
− δ

=E(X,X̂)∼γ
1

[
d

dλ+

∣∣∣∣
λ=λ1

{
EP̂

Ẑ|X̂

[
Υ(λ;X, Ẑ) | (X,X̂)

]
−λ∥X − X̂∥p

}]
− δ
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=E(X,X̂)∼γ
1

[
EP̂

Ẑ|X̂

[
d

dλ+

∣∣∣∣
λ=λ1

Υ(λ;X, Ẑ) | (X,X̂)

]
−∥X − X̂∥p

]
− δ

≥E(X,X̂)∼γ
1

[
E(Z,Ẑ)∼γ

2

[
d

dλ+

∣∣∣∣
λ=λ3

G(Z)(λ;X, Ẑ) | (X,X̂)

]
−∥X − X̂∥p

]
− 2δ

≥E(X,X̂)∼γ
1

[
E(Z,Ẑ)∼γ

2

[
−∥Z − Ẑ∥p | (X,X̂)

]
−∥X − X̂∥p

]
− 2δ

=−E((X,Z),(X̂,Ẑ))∼γ

[
∥X − X̂∥p + ∥Z − Ẑ∥p

]
− 2δ,

d

dλ+

∣∣∣∣
λ=λ∗

EP̂
X̂

[
Φ(λ, X̂)

]
=EP̂

X̂

[
d

dλ+

∣∣∣∣
λ=λ∗

Φ(λ, X̂)

]
≤E(X,X̂)∼γ1

[
d

dλ−

∣∣∣∣
λ=λ2

F(X)(λ; X̂)

]
+ δ

=E(X,X̂)∼γ1

[
d

dλ−

∣∣∣∣
λ=λ2

{
EP̂

Ẑ|X̂

[
Υ(λ;X, Ẑ) | (X,X̂)

]
−λ∥X − X̂∥p

}]
+ δ

=E(X,X̂)∼γ1

[
EP̂

Ẑ|X̂

[
d

dλ−

∣∣∣∣
λ=λ2

Υ(λ;X, Ẑ) | (X,X̂)

]
−∥X − X̂∥p

]
+ δ

≤E(X,X̂)∼γ1

[
E(Z,Ẑ)∼γ2

[
d

dλ−

∣∣∣∣
λ=λ4

G(Z)(λ;X, Ẑ) | (X,X̂)

]
−∥X − X̂∥p

]
+2δ

≤E(X,X̂)∼γ1

[
E(Z,Ẑ)∼γ2

[
−∥Z − Ẑ∥p | (X,X̂)

]
−∥X − X̂∥p

]
+2δ

=−E((X,Z),(X̂,Ẑ))∼γ

[
∥X − X̂∥p + ∥Z − Ẑ∥p

]
+2δ,

Therefore,

d :=E((X,Z),(X̂,Ẑ))∼γ

[
∥X − X̂∥p+ ∥Z − Ẑ∥p

]
≤ ρp +2δ,

d :=E((X,Z),(X̂,Ẑ))∼γ

[
∥X − X̂∥p+ ∥Z − Ẑ∥p

]
≥ ρp − 2δ.

Based on these, we construct a feasible primal solution. There exists qεδ ∈ [0,1] depending

on λ1, λ2, λ3, λ4, such that

ρp = (1− qεδ)
(
d− 2δ

)
+ qεδ (d+2δ) ,

ρp+2(1− 2qεδ)δ= (1− qεδ)d+ qεδd.

Let qδ := ρp

ρp+2(1−2qεδ)+δ
≤ 1. Define a transport plan γεδ by

γεδ := qδ
[
(1− qεδ)γ+ qεδγ

]
+(1− qδ)γ̂.
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Its marginal distribution Pε
δ = (γεδ)(X,Z) is given by

Pε
δ = qδ

[
(1− qεδ)P+ qεδP

]
+(1− qδ)P̂.

Then Pε
δ is primal feasible because

Cp(Pε
δ, P̂)p ≤E((X,Z),(X̂,Ẑ))∼γε

δ

[
∥X − X̂∥p+ ∥Z − Ẑ∥p

]
≤ qδ

[
(1− qεδ)d+ qεδd

]
≤ ρp.

In the meantime,

vfD −λ∗ρp = h(λ∗)−λ∗ρp

=EP̂
X̂

[
Φ(λ∗, X̂)

]
≤E(X,X̂)∼γ

1

[
F(X)(λ1; X̂)

]
+ ε

=E(X,X̂)∼γ
1

[
EP̂

Ẑ|X̂

[
Υ(λ1;X, Ẑ) | X̂

]
−λ1∥X − X̂∥p

]
+ ε

≤E(X,X̂)∼γ
1

[
E(Z,Ẑ)∼γ

2

[
G(Z)(λ3;X, Ẑ) | (X,X̂)

]
−λ1∥X − X̂∥p

]
+2ε

≤E(X,X̂)∼γ
1

[
E(Z,Ẑ)∼γ

2

[
Ψ(f(X),Z)−λ3∥Z − Ẑ∥p | (X,X̂)

]
−λ1∥X − X̂∥p

]
+2ε

≤E((X,Z),(X̂,Ẑ))∼γ

[
Ψ(f(X),Z)−λ3∥Z − Ẑ∥p −λ1∥X − X̂∥p

]
+2ε

≤EP [Ψ(f(X),Z)]−λ3d+2ε.

Similarly

vfD−λ∗ρp =EP̂
X̂

[
Φ(λ∗, X̂)

]
≤E(X,X̂)∼γ1

[
F(X)(λ2; X̂)

]
+ ε

=E(X,X̂)∼γ1

[
EP̂

Ẑ|X̂

[
Υ(λ2;X, Ẑ) | (X,X̂)

]
−λ2∥X − X̂∥p

]
+ ε

≤E(X,X̂)∼γ1

[
E(Z,Ẑ)∼γ2

[
G(Z)(λ4;X, Ẑ) | (X,X̂)

]
−λ2∥X − X̂∥p

]
+2ε

≤E((X,Z),(X̂,Ẑ))∼γ

[
Ψ(f(X),Z)−λ4∥Z − Ẑ∥p−λ2∥X − X̂∥p

]
+2ε

≤EP
[
Ψ(f(X),Z)

]
−λ2d+2ε.

Therefore,

vfP ≥E(X,Z)∼Pε
δ
[Ψ(f(X),Z)]

= qδ
(
(1− qεδ)EP

[
Ψ(f(X),Z)

]
+ qεδEP [Ψ(f(X),Z)]

)
+(1− qδ)EP̂

[
Ψ(f(X̂), Ẑ)

]
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≥ qδ
(
(1− qεδ)

(
vfD −λ∗ρp+λ2d− 2ε

)
+ qεδ

(
vfD−λ∗ρp+λ3d− 2ε

))
+(1− qδ)EP̂

[
Ψ(f(X̂), Ẑ)

]
≥ qδ

(
vfD −λ∗ρp +λ3((1− qεδ)d+ qεδd)− 2ε

)
+(1− qδ)EP̂

[
Ψ(f(X̂), Ẑ)

]
≥ qδ

(
vfD −λ∗ρp +λ3(ρ

p+2(1− 2qεδ)δ)− 2ε
)
+(1− qδ)EP̂

[
Ψ(f(X̂), Ẑ)

]
= qδ

(
vfD − (λ∗−λ3)ρ

p +2λ3(1− 2qεδ)δ− 2ε
)
+(1− qδ)EP̂

[
Ψ(f(X̂), Ẑ)

]
.

As δ→ 0, qδ → 1. Thus take the limit as λ3 → λ∗ and δ→ 0, it follows that

vfP ≥ vfD − 2ε.

Since ε can be taken arbitrarily small, vfP ≥ vfD.

Case 3: λ∗ = κ<∞
In this case, we can still choose x, z, and we still have

F(x)(λ2, x̂)>Φ(λ∗, x̂)− ε, G(z)(λ4;x, ẑ)>Υ(λ2, x, ẑ)− ε.

and

d=Eγ

[
∥X − X̂∥p + ∥Z − Ẑ∥p

]
≤ ρp+2δ.

We separate the cases κ= 0 and κ> 0.

Case 3.1: λ∗ = κ= 0

Let qδ := ρp

ρp+2δ
≤ 1. Define γεδ := qδγ + (1− qδ)γ̂, then its marginal is a distribution Pε

δ

given by

Pε
δ := qδP+(1− qδ)P̂.

Then it is primal feasible because

Cp(Pε
δ, P̂)p ≤Eγε

δ

[
∥X − X̂∥p + ∥Z − Ẑ∥p

]
≤ qδd≤ ρp,

thus

vfP ≥E(X,Z)∼Pε
δ
[Ψ(f(X),Z)]

= qδE(X,Z)∼P
[
Ψ(f(X),Z)

]
+(1− qδ)EP̂[Ψ(f(X̂), Ẑ)]

≥ qδ
(
vfD −λ∗ρp +λ2d− 2ε

)
+(1− qδ)EP̂[Ψ(f(X̂), Ẑ)]

≥ qδ
(
vfD − 2ε

)
+(1− qδ)EP̂[Ψ(f(X̂), Ẑ)]

using λ∗ = 0. Let δ→ 0, qδ → 1, we have vfP ≥ vfD−2ε, and by taking ε→ 0 we have vfP ≥ vfD.
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Case 3.2: λ∗ = κ> 0

Fix any 0<κ′ <κ. We have

EP̂
X̂

[
Φ(κ′; X̂)−Φ(κ; X̂)

]
= h(κ′)−h(κ) =∞. (EC.9)

We denote

X ∗(λ; x̂) :=
{
x∈X : F(x)(λ; x̂)≥ F(x̂)(λ; x̂)

}
.

Then X ∗(λ; x̂) is nonempty because x̂∈X ∗(λ; x̂). Since

Φ(κ′; x̂) = sup
x∈X

F(x)(κ
′; x̂) = sup

x∈X ∗(κ′;x̂)

F(x)(κ
′; x̂),

we can rewrite (EC.9) as

EP̂
X̂

[
sup

x∈X ∗(κ′;X̂)

F(x)(κ
′; X̂)−Φ(κ; X̂)

]
=∞.

Thus for any fixed R> 0, we can pick X = T 1(X̂)∈X ∗(κ′; X̂), which induces γ
1
, such that

R<E(X,X̂)∼γ
1

[
F(X)(κ

′; X̂)−Φ(κ; X̂)
]

≤E(X,X̂)∼γ
1

[
F(X)(κ

′; X̂)−F(X)(κ; X̂)
]

=E(X,X̂)∼γ
1

[
EP̂

Ẑ|X̂

[
Υ(κ′;X, Ẑ)−Υ(κ;X, Ẑ) | (X,X̂)

]
+(κ−κ′)∥X − X̂∥p

]
. (EC.10)

Moreover, because X ∈X ∗(κ′; X̂), we have

F(X̂)(κ
′; X̂)≤ F(X)(κ

′; X̂),

κ′∥X − X̂∥p ≤EP̂
Ẑ|X̂

[
Υ(κ′;X, Ẑ)−Υ(κ′; X̂, Ẑ) | X̂

]
,

E(X,X̂)∼γ
1

[
κ′∥X − X̂∥p

]
≤E(X,X̂)∼γ

1

[
EP̂

Ẑ|X̂

[
Υ(κ′;X, Ẑ)−Υ(κ′; X̂, Ẑ) | (X,X̂)

]]
.

(EC.11)

We denote

Z∗(λ;x, ẑ) :=
{
z ∈Z : G(z)(λ;x, ẑ)≥G(ẑ)(λ;x, ẑ)

}
.

Then Z∗(λ;x, ẑ) is nonempty because ẑ ∈Z∗(λ;x, ẑ). Since

Υ(κ′;x, ẑ) = sup
z∈Z

G(z)(κ
′;x, ẑ) = sup

z∈Z∗(κ′;x,ẑ)

G(z)(κ
′;x, ẑ),
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we can rewrite (EC.10) and (EC.11) as

R<E(X,X̂)∼γ
1

[
EP̂

Ẑ|X̂

[
sup

z∈Z∗(κ′;X,Ẑ)

G(z)(κ
′;X, Ẑ)−Υ(κ;X, Ẑ) | (X,X̂)

]
+(κ−κ′)∥X − X̂∥p

]
,

E(X,X̂)∼γ
1

[
κ′∥X − X̂∥p

]
≤E(X,X̂)∼γ

1

[
EP̂

Ẑ|X̂

[
sup

z∈Z∗(κ′;X,Ẑ)

G(z)(κ
′;X, Ẑ)−Υ(κ′; X̂, Ẑ) | (X,X̂)

]]
.

Thus we can pick Z = T 2(X̂, Ẑ)∈Z∗(κ′;X, Ẑ), which induces γ2, such that

R− ε <E(X,X̂)∼γ
1

[
E(Z,Ẑ)∼γ

2

[
G(Z)(κ

′;X, Ẑ)−Υ(κ;X, Ẑ) | (X,X̂)
]
+(κ−κ′)∥X − X̂∥p

]
≤E(X,X̂)∼γ

1

[
E(Z,Ẑ)∼γ

2

[
G(Z)(κ

′;X, Ẑ)−G(Z)(κ;X, Ẑ) | (X,X̂)
]
+(κ−κ′)∥X − X̂∥p

]
=E(X,X̂)∼γ

1

[
E(Z,Ẑ)∼γ

2

[
(κ−κ′)∥Z − Ẑ∥p | (X,X̂)

]
+(κ−κ′)∥X − X̂∥p

]
= (κ−κ′)d,

and simultaneously ensure

E(X,X̂)∼γ
1

[
κ′∥X − X̂∥p

]
− δ≤E(X,X̂)∼γ

1

[
E(Z,Ẑ)∼γ

2

[
G(Z)(κ

′;X, Ẑ)−Υ(κ′; X̂, Ẑ) | (X,X̂)
]]

≤E(X,X̂)∼γ
1

[
E(Z,Ẑ)∼γ

2

[
G(Z)(κ

′;X, Ẑ)−G(Ẑ)(κ
′; X̂, Ẑ) | (X,X̂)

]]
=E((X,Z),(X̂,Ẑ))∼γ

[
Ψ(f(X),Z)−κ′∥Z − Ẑ∥p−Ψ(f(X̂), Ẑ)

]
,

κ′d≤E((X,Z),(X̂,Ẑ))∼γ

[
Ψ(f(X),Z)−Ψ(f(X̂), Ẑ)

]
≤EP [Ψ(f(X),Z)]−EP̂

[
Ψ(f(X̂), Ẑ)

]
.

In conclusion, we have

R− ε

κ−κ′
< d≤

EP [Ψ(f(X),Z)]−EP̂

[
Ψ(f(X̂), Ẑ)

]
κ′

.

We can choose R= ε+(κ−κ′)Nρp for some N >> 1 to be specified later. Because

d− 2δ≤ ρp ≤ d

N
≤ d+2δ,

there exists qεδ ∈ [0,1] depending on λ2, λ4, κ
′, such that

ρp = (1− qεδ)
[
d− 2δ

]
+ qεδ [d+2δ] ,

= (1− qεδ)d+ qεδd− 2(1− 2qεδ)δ,

ρp+2(1− 2qεδ)δ= (1− qεδ)d+ qεδd.
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Let qδ := ρp

ρp+2(1−2qεδ)+δ
≤ 1. Define a distribution Pε

δ by

Pε
δ := qδ

[
(1− qεδ)P+ qεδP

]
+
(
1− qδ

)
P̂.

Then Pε
δ is primal feasible, because

Cp(Pε
δ, P̂)p ≤ qδ(1− qεδ)EP̂

X̂

[
EP̂

Ẑ|X̂

[
∥Z − Ẑ∥p | X̂

]
+ ∥X − X̂∥p

]
+ qδqεδEP̂

X̂

[
EP̂

Ẑ|X̂

[
∥Z − Ẑ∥p | X̂

]
+ ∥X − X̂∥p

]
≤ qδ

[
(1− qεδ)d+ qεδd

]
≤ ρp.

Therefore

vfP ≥E(X,Z)∼Pε
δ
[Ψ(f(X),Z)]

=EP
[
qδ(1− qεδ)Ψ(f(X),Z)

]
+EP

[
qδqεδΨ(f(X),Z)

]
+EP̂

[
(1− qδ)Ψ(f(X̂), Ẑ)

]
≥ qδ(1− qεδ)

(
vfD−κρp +λ2d− 2ε

)
+ qδqεδκ

′d

+
(
1− qδ + qδqεδ

)
EP̂

[
Ψ(f(X̂), Ẑ)

]
≥ qδκ′

(
(1− qεδ)d+ qεδd

)
+ qδ(1− qεδ)(v

f
D −κρp− 2ε)

+
(
1− qδ + qδqεδ

)
EP̂

[
Ψ(f(X̂), Ẑ)

]
≥ qδκ′(ρp +2(1− 2qεδ)δ)+ qδ(1− qεδ)(v

f
D−κρp− 2ε)+

(
1− qδ + qδqεδ

)
EP̂

[
Ψ(f(X̂), Ẑ)

]
.

As δ→ 0, we have qδ → 1. Moreover, because

ρp+2δ≥ (1− qεδ)d+ qεδd≥ qεδd≥ qεδNρ
p,

we know that qεδ ≤
1+2δρ−p

N
→ 0 as N →∞ and δ→ 0. Therefore, by taking these limits, we

have

vfP ≥ κ′ρp+ vfD −κρp− 2ε= vfD − 2ε− (κ−κ′)ρp.

Since this is true for any κ′ <κ and ε > 0, we may take κ′ → κ and ε→ 0 so vfP ≥ vfD. □

Proof of Theorem 2. Since Ψ(f(·), ·) is upper semicontinuous, we know that for each

fixed x∈X , ẑ ∈Z, λ> κ, G(z)(λ;x, ẑ) =Ψ(f(x), z)−λ∥z− ẑ∥p is upper semicontinuous in

z. Moreover,

d

dλ
G(z)(λ;x, ẑ) =−∥z− ẑ∥p →−∞ as |z| →∞,
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By Lemma EC.4 (II), we can find z, z such that

d

dλ+
Υ(λ;x, ẑ) =−∥z− ẑ∥p, d

dλ−
Υ(λ;x, ẑ) =−∥z− ẑ∥p, Υ(λ;x, ẑ) =G(z)(λ;x, ẑ) =G(z)(λ;x, ẑ).

Now we claim that for each fixed ẑ ∈Z, λ > κ, Υ(λ;x, ẑ) is upper semicontinuous in x.

We prove it by contradiction. Assume otherwise, then we can find xk → x, such that

Υ(λ;xk, ẑ)>Υ(λ;x, ẑ)+ ε

for all k. We can find zk such that

Υ(λ;xk, ẑ) =G(zk)
(λ;xk, ẑ),

d

dλ−
Υ(λ;x, ẑ) =−∥zk − ẑ∥p.

If zk is bounded, then up to a subsequence it converges to z∞, and since G is upper

semicontinuous,

limsup
k→∞

Υ(λ;xk, ẑ) = limsup
k→∞

G(zk)
(λ;xk, ẑ)≤G(z∞)(λ;x, ẑ)≤Υ(λ;x, ẑ)

which is a contradiction. If zk is unbounded, then up to a subsequence, for λ′ ∈ (κ,λ),

Υ(λ′;xk, ẑ)≥Υ(λ;xk, ẑ)− (λ−λ′)
d

dλ−
Υ(λ;xk, ẑ)

≥Υ(λ;x, ẑ)+ ε+(λ−λ′)∥zk − ẑ∥p →∞

as k→∞. Therefore

lim
k→∞

F(xk)(λ
′, x̂) = lim

k→∞
EP̂

Ẑ|X̂

[
Υ(λ;xk, Ẑ) | X̂ = x̂

]
−λ′∥xk − x̂∥p

=EP̂
Ẑ|X̂

[
lim
k→∞

Υ(λ;xk, Ẑ) | X̂ = x̂
]
−λ′∥x− x̂∥p =∞.

This contradicts with Φ(λ′, x̂)<∞.

We can thus construct Z,Z which depends on λ, Ẑ and x. Now we have

F(x)(λ; x̂) =EP̂
Ẑ|X̂

[
Υ(λ;x, Ẑ) | X̂ = x̂

]
−λ∥x− x̂∥p.

It is upper semicontinuous in x because each Υ(λ;x, ẑ) is upper semicontinuous in x, and

the finite sum of upper semicontinuous functions is upper semicontinuous. Moreover,

d

dλ+
F(x)(λ; x̂) =EP̂

Ẑ|X̂

[
d

dλ+
Υ(λ;x, Ẑ) | X̂ = x̂

]
−∥x− x̂∥p =−EP̂

Ẑ|X̂

[
∥Z − Ẑ∥p | X̂ = x̂

]
−∥x− x̂∥p →−∞
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as x→∞. By Lemma EC.4 (II) we can find x and x such that

d

dλ+
Φ(λ; x̂) =−EP̂

Ẑ|X̂

[
∥Z − Ẑ∥p | X̂ = x̂

]
−∥x− x̂∥p, d

dλ−
Φ(λ; x̂) =−EP̂

Ẑ|X̂

[
∥Z − Ẑ∥p | X̂ = x̂

]
−∥x− x̂∥p,

Φ(λ; x̂) = F(x)(λ; x̂) = F(x)(λ; x̂).

By constructing these for every x̂ in the support of P̂X̂ , we have X, X, Z, Z such that

((X,Z), (X̂, Ẑ))∼ γ, ((X,Z), (X̂, Ẑ))∼ γ, where

γ =

K∑
k=1

nk∑
i=1

p̂kiδ((xk,zki),(x̂k,ẑki)), γ =

K∑
k=1

nk∑
i=1

p̂kiδ((xk,zki),(x̂k,ẑki)).

We use notations γ1, γ1, γ2, γ2 similar as in the proof of Theorem 1.

Now we have both

h(λ) = λρp+EP̂
X̂

[
Φ(λ; X̂)

]
= λρp+Eγ1

[
F(X)(λ; X̂)

]
= λρp+Eγ1

[
Eγ2

[
Υ(λ;X, Ẑ) | (X,X̂)

]
−λ∥X − X̂∥p

]
= λρp+Eγ1

[
Eγ2

[
G(Z)(λ;X, Ẑ) | (X,X̂)

]
−λ∥X − X̂∥p

]
= λρp+Eγ1

[
Eγ2

[
Ψ(f(X),Z)−λ∥Z − Ẑ∥p | (X,X̂)

]
−λ∥X − X̂∥p

]
= λ

(
ρp− d

)
+EP

[
Ψ(f(X),Z)

]
,

h(λ) = λ (ρp − d)+EP [Ψ(f(X),Z)] ,

and

d

dλ+
h(λ) = ρp +EP̂

X̂

[
d

dλ+
Φ(λ; X̂)

]
= ρp +Eγ1

[
−Eγ2

[
∥Z − Ẑ∥p | (X,X̂)

]
−∥X − X̂∥p

]
= ρp − d,

d

dλ−
h(λ) = ρp − d.

At λ = λ∗, h is minimized, so d
dλ−h(λ

∗) ≤ 0 ≤ d
dλ+h(λ

∗). Therefore there exists q∗ ∈ [0,1],

such that

q∗
(
ρp− d

)
+(1− q∗) (ρp − d) = 0.
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Then if we denote γ∗ = q∗γ+(1− q∗)γ, then

E((X,Z),(X̂,Ẑ))∼γ∗

[
∥X − X̂∥p+ ∥Z − Ẑ∥p

]
= q∗d+(1− q∗)d= ρp.

Therefore, P∗ = γ∗(X,Z) = q∗P+(1− q∗)P is feasible, and

EP∗[Ψ(f(X),Z)] = q∗EP[Ψ(f(X),Z)]+ (1− q∗)EP[Ψ(f(X),Z)] = h(λ∗) = vfD = vfP

it is optimal.

Note that this optimal solution is

P∗ =
K∑
k=1

nk∑
i=1

p̂ki
(
q∗δ(xk,zki) +(1− q∗)δ(xk,zki)

)
.

Now we first consider the following linear optimization problem,

sup
{qk}k⊂[0,1]

E(X,Z)∼P[Ψ(f(X),Z)]

where P=
K∑
k=1

nk∑
i=1

p̂ki
(
qkδ(xk,zki) +(1− qk)δ(xk,zki)

)
,

s.t. E((X,Z),(X̂,Ẑ))∼γ

[
∥X − X̂∥p + ∥Z − Ẑ∥p

]
≤ ρp

where γ =
K∑
k=1

nk∑
i=1

p̂ki
(
qkδ((xk,zki),(x̂k,ẑki))+(1− qk)δ((xk,zki),(x̂k,ẑki))

)
.

The feasible domain is not empty because qk = q∗ gives a feasible solution P∗. The con-

straints and the target function are all linear functions of qk, so the inf can be attained at

the vertices of the feasible domain, and thus we can find k0 such that qk = 1 or 0 whenever

k ̸= k0. So, we have found another optimal solution

P=
∑
k ̸=k0

nk∑
i=1

p̂kiδ(x∗
k,z

∗
ki)

+

nk0∑
i=1

p̂i0j

(
qδ(xk0

,zk0i)
+(1− q)δ(xk0

,zk0i
)

)
.

where (x∗k, z
∗
ki) = (xk, zki) or (xk, zki) depending only on k. Note that the marginal PX is

supported over at most I +1 points. □

EC.4. Proofs for Section 4

Proof of Corollary 1. Since Ψ(·, z) is affine for each z, Ψ can be written as

Ψ(w,z) = ℓz(w), ℓz(w) = βz⊤w+ bz.
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Here ℓz is an affine function with gradient βz ∈D∗ and intercept bz ∈R. Then

EP̂
Ẑ|X̂

[
Ψ(w, Ẑ) | X̂ = x̂k

]
=

1∑nk

i=1 p̂ki

nk∑
i=1

p̂kiΨ(w, ẑki) =
1

p̂k

nk∑
i=1

p̂kiℓ
ẑki(w)

Denote

βk :=
1

p̂k

nk∑
i=1

p̂kiβ
ẑki , bk :=

1

p̂k

nk∑
i=1

p̂kib
ẑki ,

and

ℓk(w) :=
1

p̂k

nk∑
i=1

p̂kiℓ
ẑki(w) = β⊤

k w+ bk, (EC.12)

which is an affine function of w. Therefore, EP̂
Ẑ|X̂

[
Ψ(w, Ẑ) | X̂ = x̂k

]
= ℓk(w) is affine. We

have

sup
x∈X

{
EP̂

Ẑ|X̂

[
Ψ(f(x), Ẑ) | X̂ = x̂k

]
−λ∥x− x̂k∥p

}
= sup

x∈X
{ℓk(f(x))−λ∥x− x̂k∥p} .

Suppose f :X →D is an affine decision rule, then f(x) =B⊤x+ δ, and

ℓk(f(x))− ℓk(f(x̂k)) = β⊤
k (f(x)− f(x̂k)) = β⊤

k B
⊤(x− x̂k).

Thus, the supremum over x can be computed explicitly as

sup
x∈X

{ℓk(f(x))−λ∥x− x̂k∥p}= ℓk(f(x̂k))+ sup
x∈X

{
(Bβk)

⊤(x− x̂k)−λ∥x− x̂k∥p
}

= ℓk(f(x̂k))+ sup
t≥0

{∥Bβk∥∗t−λtp} .

Define a convex function Rp :R2
+ →R∪{+∞} by

Rp(λ,µ) := sup
t≥0

{µt−λtp}=

∞1{λ< µ}, p= 1,

λ(p− 1)
(

µ
λp

) p
p−1

, p > 1.
(EC.13)

Then

sup
x∈X

{ℓk(f(x))−λ∥x− x̂k∥p}= ℓk(f(x̂k))+Rp (λ, |Bβk|) ,

EP̂
X̂

[
sup
x∈X

{
EP̂

Ẑ|X̂

[
Ψ(f(x), Ẑ) | X̂

]
−λ∥x− X̂∥p

}]
=

K∑
k=1

(
nk∑
i=1

p̂ki

)
[ℓk(f(x̂k))+Rp (λ,∥Bβk∥∗)] .
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Note that Rp is a convex function in λ and B, ℓk(f(x̂k)) = ℓk(B
⊤x̂k + δ) is affine in B and

δ, so the right-hand side of the last expression is convex in λ and B as well. Hence (6) is

a convex program:

inf
λ≥0,(B,δ)∈Θ

{
λρp +

K∑
k=1

p̂k
[
ℓk(B

⊤x̂k + δ))+Rp (λ,∥Bβk∥∗)
]}

,

where ℓk is an affine function defined by (EC.12). □

Proof of Corollary 2. We start with sup over z:

sup
z∈Z

{
Ψ(w,z)−λ∥z− ẑki∥2

}
=Ψ(w, ẑki)+ sup

z∈Z

{
(A⊤w+α)⊤(z− ẑki)−λ∥z− ẑki∥2

}
=Ψ(w, ẑki)+ sup

z̃∈Z

{
(A⊤w+α)⊤z̃−λ∥z̃∥2

}
.

By the linearity of Ψ in z,

EP̂
Ẑ|X̂

[
sup
z∈Z

{
Ψ(w,z)−λ∥z− Ẑ∥2

}
| X̂ = x̂k

]
=Ψ(w,EP̂

Ẑ|X̂
[Ẑ | X̂ = x̂k]) + sup

z̃∈Z

{
(A⊤w+α)⊤z̃−λ∥z̃∥2

}
=Ψ(w, z̄k)+ sup

z̃∈Z

{
(A⊤w+α)⊤z̃−λ∥z̃∥2

}
= sup

z̃∈Z

{
Ψ(w, z̄k + z̃)−λ∥z̃∥2

}
= sup

z∈Z

{
Ψ(w,z)−λ∥z− z̄k∥2

}
.

where we define z̄k = EP̂
Ẑ|X̂

[Ẑ | X̂ = x̂k]. Next, we take the supremum in x with decision

w= f(x) =B⊤x+ δ. Note that

Ψ(w,z) =
(
w⊤ 1

) A β

α⊤ b

z
1

 w=
(
B⊤ δ

)x
1

 =⇒ Ψ(f(x), z) =
(
x⊤ 1

)B 0

δ⊤ 1

 A β

α⊤ b

z
1

 .

We thus express the supremum in x by

yk := sup
x∈X ,z∈Z

Ψ(w,z)−λ∥z− z̄k∥2−λ∥x− x̂k∥2

= sup
x∈X ,z∈Z

(
x⊤ z⊤ 1

)
B 0

O 0

δ⊤ 1


O A β

0⊤ α⊤ b



x

z

1

−λ
(
x⊤ z⊤ 1

)
I O −x̂k
O I −z̄k

−x̂⊤k −z̄⊤k ∥x̂k∥2+ ∥z̄k∥2



x

z

1

 .

We have transformed (D) into

inf
(B,δ)∈Θ

λ≥0,{yk}k⊂R

λρ2+
K∑
k=1

p̂kyk

s.t. Xk ⪰O
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where

Xk := λ


I O −x̂k
O I −z̄k

−x̂⊤k −z̄⊤k ∥z̄k∥2+ ∥x̂k∥2

+ yk


O O 0

O O 0

0⊤ 0⊤ 1

− 1

2



B 0

O 0

δ⊤ 1


O A β

0⊤ α⊤ b

+


O 0

A⊤ α

β⊤ b


B⊤ O δ

0⊤ 0⊤ 1




=


λI −1

2
BA −1

2
Bβ−λx̂k

−1
2
(BA)⊤ λI −1

2
(A⊤δ+α)−λz̄k

−1
2
(Bβ)⊤−λx̂⊤k −1

2
(A⊤δ+α)⊤−λz̄⊤k yk − β⊤δ− b+λ∥z̄k∥2+λ∥x̂k∥2

⪰O.

(EC.14)

Since Xk is affine in λ, yk,B, δ, this is a semidefinite program. □

Proof of Corollary 3. We first study the dual formulation. For Ψ(w,z) = ∥w − z∥2, it
holds that

sup
z∈Z

{∥w− z∥2−λ∥z− ẑ∥2}=


λ

λ−1
∥w− ẑ∥2 λ> 1

0 λ= 1 and w= ẑ

∞ otherwise.

Restricting to λ> 1, the conditional expectation is

EP̂
Ẑ|X̂

[
sup
z∈Z

{∥w− z∥2−λ∥z− Ẑ∥2} | X̂
]
=

λ

λ− 1
EP̂

Ẑ|X̂

[
∥w− Ẑ∥2 | X̂

]
=

λ

λ− 1

(∥∥∥w−E[Ẑ | X̂]
∥∥∥2+Var[Ẑ | X̂]

)
.

With affine decision rule, w= f(x) =B⊤x+ δ. So

sup
x∈X

{
EP̂

Ẑ|X̂

[
sup
z∈Z

{∥B⊤x+ δ− z∥2−λ∥z− Ẑ∥2} | X̂
]
−λ∥x− X̂∥2

}
= sup

x∈X

{
λ

λ− 1

(∥∥∥B⊤x+ δ−E[Ẑ | X̂]
∥∥∥2+Var[Ẑ | X̂]

)
−λ∥x− X̂∥2

}
.

For each x̂k, define yk by

λyk = sup
x∈X

{
EP̂

Ẑ|X̂

[
sup
z∈Z

{Ψ(f(x), z)−λ∥z− Ẑ∥2} | X̂ = x̂k

]
−λ∥x− x̂k∥2

}
= sup

x∈X

{
λ

λ− 1

(∥∥∥B⊤x+ δ−E[Ẑ | X̂ = x̂k]
∥∥∥2+Var[Ẑ | X̂ = x̂k]

)
−λ∥x− x̂k∥2

}
.

Denote µk =E[Ẑ | X̂ = x̂k] and σk =Var[Ẑ | X̂ = x̂k]. The dual problem can thus be written

as

inf
(B,δ)∈Θ

λ≥1
{yk}∈RK

λρ2+λ
∑
k

p̂kyk

s.t. (λ− 1)yk ≥
∥∥B⊤x+ δ−µk

∥∥2+ σk − (λ− 1)∥x− x̂k∥2, ∀x∈Rd, k ∈ [K].
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The constraint can be written as a quadratic form of x, so it is equivalent to (λ− 1)I −BB⊤ −(λ− 1)x̂k +B(µk − δ)

−(λ− 1)x̂⊤k +(µk − δ)⊤B⊤ (λ− 1)(yk + ∥x̂k∥2)−∥δ−µk∥2− σk

⪰O k ∈ [K].

Using the standard lifting method, we rewrite it as (λ− 1)I −W −(λ− 1)x̂k +Bµk −u

−(λ− 1)x̂⊤k +µ⊤
k B

⊤ −u⊤ (λ− 1)(yk + ∥x̂k∥2)− t+2δ⊤µk −∥µk∥2− σk

⪰O ∀k ∈ [K],W −BB⊤ u−Bδ

u⊤− (Bδ)⊤ t− δ⊤δ

⪰O

for some W ∈Rd×d, u∈Rd, t∈R. The latter constraint is equivalent to
W B u

B⊤ I δ

u⊤ δ⊤ t

⪰O,

hence t≥ 0. The proof is thus completed. □

Proof of Corollary 4. Using Theorem 1, we can write (9) in the dual form:

vD = inf
λ≥0,h∈H

{
λρ+EΦ̂∼Q̂Φ

[
sup
ϕ∈Hm

{
EẐ∼Q̂

Ẑ|Φ̂

[
Ψ(⟨h, ϕ⟩H, Ẑ) | Φ̂

]
−λ∥ϕ− Φ̂∥

}]}
.

Here, we used the fact that the metric on Z is the infinity metric. Since Ψ(·, z) is Lipschitz

and convex, so is EẐ∼Q̂
Ẑ|Φ̂

[Ψ(·, Ẑ) | Φ̂ = ϕ̂] for Q̂Φ̂-a.e. ϕ̂. Moreover, ⟨h, ·⟩H is a bounded

linear map, so EẐ∼Q̂
Ẑ|Φ̂

[Ψ(⟨h, ·⟩H, Ẑ) | Φ̂ = ϕ̂] is also a convex Lipschitz function for Q̂Φ̂-a.e.

ϕ̂.. Therefore

sup
ϕ∈Hm

{
EẐ∼Q̂

Ẑ|Φ̂

[
Ψ(⟨h, ϕ⟩H, Ẑ) | Φ̂

]
−λ∥ϕ− Φ̂∥

}
=EẐ∼Q̂

Ẑ|Φ̂

[
Ψ(⟨h, Φ̂⟩H, Ẑ) | Φ̂

]
+∞1

{
λ< ∥EẐ∼Q̂

Ẑ|Φ̂
[Ψ(⟨h, ·⟩H, Ẑ) | Φ̂]∥Lip

}
.

We now compute this Lipschitz norm. We claim for any convex Lipschitz function ψ :Rm →

R, it holds that

∥ψ(⟨h, ·⟩H)∥Lip(Hm) = ∥h∥H∥ψ∥Lip(Rm).

It is trivial to see that the equality holds when ∥h∥H = 0, and that the left-hand side is

bounded by the right-hand side. To see that this bound is achievable, we first observe that



ec26 e-companion to Yang et al.: Decision-making with Side Information: A Causal Transport Robust Approach

⟨h, ah⟩ = ∥h∥2Ha for any a ∈ Rm, where ah = {aih}i∈[m]. We now take any a, b ∈ Rm and

a ̸= b, then

|ψ(a)−ψ(b)|
∥a− b∥

=

∣∣∣ψ(〈h, ah
∥h∥2H

〉)
−ψ

(〈
h, bh

∥h∥2H

〉)∣∣∣
∥a− b∥

≤ ∥ψ(⟨h, ·⟩H)∥Lip(Hm)

∥∥∥ ah
∥h∥2H

− bh
∥h∥2H

∥∥∥
∥a− b∥

= ∥ψ(⟨h, ·⟩H)∥Lip(Hm)
1

∥h∥H
.

Taking supremum over x, y ∈Rm yields the desired equality. Combined, we can simplify vD

to

vD = inf
λ≥0,h∈H

{
λρ+EΦ̂∼Q̂Φ

[
EẐ∼Q̂

Ẑ|Φ̂

[
Ψ(⟨h, Φ̂⟩H, Ẑ) | Φ̂

]
+∞1

{
λ< ∥EẐ∼Q̂

Ẑ|Φ̂
[Ψ(⟨h, ·⟩H, Ẑ) | Φ̂]∥Lip

}]}
= inf

h∈H

{
EΦ̂∼Q̂Φ

[
EẐ∼Q̂

Ẑ|Φ̂

[
Ψ(⟨h, Φ̂⟩H, Ẑ) | Φ̂

]]
+ ρ sup

ϕ̂∈supp Q̂
Φ̂

∥∥∥EẐ∼Q̂
Ẑ|Φ̂

[
Ψ(⟨h, ·⟩H, Ẑ) | Φ̂ = ϕ̂

]∥∥∥
Lip

}

= inf
h∈H

{
E(Φ̂,Ẑ)∼Q̂

[
Ψ(⟨h, Φ̂⟩H, Ẑ)

]
+ ρ∥h∥H sup

ϕ̂∈supp Q̂
Φ̂

∥∥∥EẐ∼Q̂
Ẑ|Φ̂

[
Ψ(·, Ẑ) | Φ̂ = ϕ̂

]∥∥∥
Lip

}

= inf
h∈H

{
E(X̂,Ẑ)∼P̂

[
Ψ(h(X̂), Ẑ)

]
+ ρ∥h∥H sup

x̂∈supp P̂
X̂

∥∥∥EẐ∼P̂
Ẑ|X̂

[
Ψ(·, Ẑ) | X̂ = x̂

]∥∥∥
Lip

}
.

A representer theorem for vector-valued RKHS can be derived similarly to the scalar-valued

version in (Shafieezadeh-Abadeh et al., 2019, theorem 27), thus the optimal h is given by

h⋆ =
∑
k

K(·, x̂k)βk, βk ∈Rm.

The proof is identical, so we omit the details. It is now a finite-dimensional convex opti-

mization problem over {βk}k∈[K]. To derive (10), we compute

h(x̂) =
∑
k

K(x̂, x̂k)βk,

∥h∥2H =
∑

j,k∈[K]

⟨K(·, x̂k)βk,K(·, x̂j)βj⟩=
∑

j,k∈[K]

β⊤
j K(x̂j, x̂k)βk.

We thus conclude (10). □

Proof of Theorem 3. First, we show that ∩kIk(x) is nonempty. To begin with, each Ik(x)

is nonempty, because the definition of ϕk implies

φk(wk)≤ ϕk ≤ λ∗∥x−xk∥+ϕk,
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so wk ∈ Ik(x). Note that each Ik(x) is an interval since it is the sub-level set of a convex

function φk. To prove they have a nonempty intersection, it suffices to show they pairwise

intersect. For instance, we show here that I1(x) and I2(x) intersect by contradiction. Sup-

pose I1 and I2 are disjoint. Since w1 ∈ I1(x), w2 ∈ I2(x), we know that I1 and I2 are disjoint

if and only if we can find w3 in between w1 and w2 outside both intervals. This implies

that

φ1(w3)>λ∗∥x−x3∥+ϕ1 ≥ λ∗∥x−x1∥+φ1(w1),

φ1(w3)>λ∗∥x−x3∥+ϕ1 ≥ λ∗∥x−x1∥+φ1(w2)−λ∗∥x1− x2∥,

φ2(w3)>λ∗∥x−x3∥+ϕ2 ≥ λ∗∥x−x2∥+φ2(w2),

φ2(w3)>λ∗∥x−x3∥+ϕ2 ≥ λ∗∥x−x2∥+φ2(w1)−λ∗∥x1− x2∥.

Since w3 is between w1 and w2, we can find α,β ∈ [0,1] with α+β = 1 and w3 = αw1+βw2.

By multiplying the first/fourth inequality with α and the second/third inequality with β

then taking the sum, we have

(φ1+φ2)(w3)>λ∗(∥x−x1∥+ ∥x− x2∥)+α(φ1+φ2)(w1)+ β(φ1+φ2)(w2)−λ∗∥x1− x2∥

≥ α(φ1+φ2)(w1)+ β(φ1+φ2)(w2),

using the triangle inequality. However, this contradicts the convexity of φ1+φ2.

Next, we prove that any decision rule in the intersection ∩kIk is optimal. For every f ∈F ,

let f̂ = f |X̂ ∈ F̂ be the restriction of f on the set X̂, then

inf
λ≥0

{
λρ+EP̂

X̂

[
sup
x∈X

{
φ(f(x);λ, X̂)−λ∥x− X̂∥

}]}
≥ inf

λ≥0

{
λρ+EP̂

X̂

[
max
x∈X̂

{
φ(f(x);λ, X̂)−λ∥x− X̂∥

}]}
= inf

λ≥0

{
λρ+EP̂

X̂

[
max
1≤k≤K

{
φ(f̂(xk);λ, X̂)−λ∥xk − X̂∥

}]}
≥ vD̂. (EC.15)

By taking the infimum over f ∈ F , we would have vD ≥ vD̂. On the other hand, for the

minimizer λ∗ and f̂ ∗ ∈ F̂ of (13), let f ∈F be an extension in ∩kIk(x), then for every x we

have

φk(f(x))−λ∗∥x− x̂∥ ≤ max
1≤k≤K

{
φ(f̂(x̂k);λ

∗, x̂)−λ∗∥xk − x̂∥
}
.
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Therefore,

λ∗ρ+EP̂
X̂

[
max
1≤k≤K

{
φ(f̂(xk);λ

∗, X̂)−λ∗∥xk − X̂∥
}]

≥ λ∗ρ+EP̂
X̂

[
sup
x∈X

{
φ(f(x);λ∗, X̂)−λ∗∥x− X̂∥

}]
≥ vD.

Thus vD = vD̂.

Finally, we show the necessity of the interval condition. Suppose f ∗ ∈ F is an optimal

policy to the problem (11) with optimal dual value λ∗. By (EC.15), λ∗ and the restriction

f̂ ∗ = f |X̂ ∈ F̂ are also an optimal dual value and an optimal policy to the problem (13). To

show that f ∗(x) ∈ ∩kIk(x), we prove by contradiction. Suppose for some x ∈ X and some

k ∈ [K], f ∗(x) /∈ Ik(x). This means

φ(f ∗(x);λ∗, x̂k) = φk(f
∗(x))>λ∗∥x− x̂k∥+ϕk = λ∗∥x− x̂k∥+max

j
{φk(wj)−λ∗∥x̂k − x̂j∥} .

That is, there exists k ∈ [K] such that for all j ∈ [K],

φ(f ∗(x);λ∗, x̂k)−λ∗∥x− x̂k∥>φ(f ∗(x̂j);λ
∗, x̂k)−λ∗∥x̂k − x̂j∥.

Then

vD = λ∗ρ+EP̂
X̂

[
sup
x∈X

{
φ(f ∗(x);λ∗, X̂)−λ∗∥x− X̂∥

}]
>λ∗ρ+EP̂

X̂

[
max
j∈[K]

{
φ(f ∗(x̂j);λ

∗, X̂)−λ∗∥x̂j − X̂∥
}]

≥ vD̂,

which contradicts with vD = vD̂. Therefore, we must have f ∗(x) ∈ ∩kIk(x) for all x ∈ X ,

which completes the proof of the theorem. □

Proof of Remark 2. Recall that we consider the linear loss function Ψ(w,z) = w⊤z,

where the decision space D=B1 is the unit disk in R2, and X =Z =R2. Suppose P̂ satisfies

P̂X̂ =
1

3

3∑
k=1

δx̂k
, x̂k =

(
cos

2kπ

3
, sin

2kπ

3

)
, E

[
Ẑ | X̂

]
=

2
√
3

3
X̂.

X̂ = {x̂1, x̂2, x̂3} consists of three points on the unit circle that form an equilateral triangle

(see Figure 5). Let us first solve the in-sample dual problem (13). Observe that

sup
z∈Z

{Ψ(w,z)−λ∥z− ẑ∥}=w⊤ẑ+∞1{∥w∥>λ},
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so we can find

φ(w;λ, x̂j) =EP̂
Ẑ|X̂

[
sup
z∈Z

{
Ψ(w,z)−λ∥z− Ẑ∥

}
| X̂ = x̂j

]
=w⊤E

[
Ẑ | X̂ = x̂j

]
+∞1{∥w∥>λ}

=
2
√
3

3
w⊤x̂j +∞1{∥w∥>λ}.

(13) becomes

min
f̂∈F̂

λ≥∥f̂(x̂k)∥

{
λρ+EP̂

X̂

[
max
1≤k≤3

{
2
√
3

3
f̂(x̂k)

⊤X̂ −λ∥x̂k − X̂∥

}]}

= min
{wk}k∈D
λ≥∥wk∥

{
λρ+

1

3

3∑
j=1

max
1≤k≤3

{
2
√
3

3
w⊤

k x̂j −λ∥x̂k − x̂j∥

}}

≥ min
{wk}k∈D
λ≥∥wk∥

{
λρ+

1

3

3∑
j=1

2
√
3

3
w⊤

k x̂j

}

≥min
λ≥0

{
λρ− 2

√
3

3
(λ∧ 1)

}
.

The last inequality used ∥wk∥ ≤ λ ∧ 1 and ∥x̂j∥ = 1. Provided 0 < ρ < 2
√
3

3
, the above is

minimized at λ= 1, and we obtain a lower bound ρ− 2
√
3

3
for (13). Note that ∥x̂k − x̂j∥=

√
31{j ̸= k}, and x̂⊤k x̂j = 1{j = k} − 1

2
1{j ̸= k}. One can directly check that this minimal

value is achieved by wk =−x̂k and λ∗ = 1, thus (13) is solved.

Now we show that the extension in Theorem 3 does not exist. By the definition of Ik(x),

we know w ∈ Ik(x) iff

φk(w)−λ∗∥x− x̂k∥ ≤ ϕk =max
j

{φk(wj)−λ∗∥x̂k − x̂j∥}.

With λ∗ = 1 and wj =−x̂j, we rewrite the above as

2
√
3

3
w⊤x̂k −∥x− x̂k∥ ≤max

j

{
2
√
3

3
w⊤

j x̂k −∥x̂k − x̂j∥

}
=max

j

{
−2

√
3

3
x̂⊤j x̂k −∥x̂k − x̂j∥

}
=−2

√
3

3
.

When x= 0, ∥x− x̂k∥= 1, so

Ik(0) =

{
w ∈D :

2
√
3

3
w⊤x̂k − 1≤−2

√
3

3

}
=

{
w ∈D :w⊤x̂k ≤

√
3

2
− 1

}
.

Since
√
3
2
−1< 0, no such w exists in ∩kIk(0), because x̂1, x̂2, x̂3 form an equilateral triangle.

One can also see from Figure 5 that the intersection of Ik(x) is empty. □
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EC.5. Proofs for Examples in Section 4

Proof of Example 5. Since f is real-valued and Ψ is convex in w, we use Theorem 3, so

it has the following reformulation

inf
f̂ :X̂→R
λ≥0

{
λρ+EP̂

X̂

[
max
1≤k≤K

{
φ(f̂(x̂k);λ, X̂)−λ∥x̂k − X̂∥

}]}

with

φ(w;λ; x̂) =EP̂
Ẑ|X̂

[
sup
z∈Z

{
|w− z| −λ∥z− Ẑ∥

}
| X̂ = x̂

]
.

For any λ < 1, the supremum over z is infinite, hence φ(w;λ, x̂) = ∞. For λ ≥ 1, the

supremum is attained at z = Ẑ, so

φ(w;λ; x̂) =EP̂
Ẑ|X̂

[
|w− Ẑ|

∣∣ X̂ = x̂
]
+∞1{λ< 1}.

Thus, we reach the following reformulation,

inf
f̂ :X̂→R
λ≥1

{
λρ+EP̂

X̂

[
max
1≤k≤K

{
EP̂

Ẑ|X̂

[
|f̂(x̂k)− Ẑ|

∣∣ X̂ = x̂
]
−λ∥x̂k − X̂∥

}]}
.

This can be transformed into a linear programming problem

inf
{wk}k,{yk}k⊂R
{ckji}kji⊂R,λ≥1

λρ+
K∑
k=1

yk

s.t. yj ≥
nj∑
i=1

p̂ki(ckji −λ∥x̂k − x̂j∥) ∀j, k ∈ [K],

ckji ≥wk − ẑji ∀k, j ∈ [K], i∈ [nj],

ckji ≥ ẑji−wk ∀k, j ∈ [K], i∈ [nj]. □

Proof of Example 6. Recall that the problem could be reformulated as

inf
f̂ :X̂→R
λ≥0

{
λρ+EP̂

X̂

[
max
1≤k≤K

{
φ(f̂(x̂k);λ, X̂)−λ∥x̂k − X̂∥

}]}
,

where

φ(w;λ; x̂) =EP̂
Ẑ|X̂

sup
z∈Z

−wz⊤
w
1

−λ∥z− Ẑ∥

 | X̂ = x̂

 .
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When Z is equipped with the usual ℓp norm ∥·∥Z , the supremum over z in the definition

of φ is infinite if ∥w
(
w 1
)
∥∗ > λ, where ∥·∥∗ is the dual norm of ∥·∥Z , otherwise the

supremum is achieved at z = Ẑ. Therefore

φ(w;λ; x̂k) =−
(
w2 w

)
z̄k +∞1{∥

(
w2 w

)
∥∗ >λ}.

Hence, we obtain the reformulation (14). Recall that the first component of z represents

the price sensitivity coefficient, which is negative.

When p= 1, this can be written as the following quadratic constraint program:

inf
{wk}k,λ≥0

λρ+
∑
j∈[K]

p̂jcj

s.t. cj +
(
w2

k wk

)
z̄k +λ∥x̂k − x̂j∥ ≥ 0 ∀j, k ∈ [K],

wk ≤ λ ∀k ∈ [K],

w2
k ≤ λ ∀k ∈ [K].

When p=∞, this can also be written as a quadratic constraint program:

inf
{wk}k,λ≥0

λρ+
∑
j∈[K]

p̂jcj

s.t. cj +
(
w2

k wk

)
z̄k +λ∥x̂k − x̂j∥ ≥ 0 ∀j, k ∈ [K],

w2
k +wk ≤ λ ∀k ∈ [K].

When p= 2, this is written as

inf
{wk}k,λ≥0

λρ+
∑
j∈[K]

p̂jcj

s.t. cj +
(
w2

k wk

)
z̄k +λ∥x̂k − x̂j∥ ≥ 0 ∀j, k ∈ [K],

w4
k +w2

k ≤ λ2 ∀k ∈ [K].

By introducing auxiliary variable yk =w2
k, this can be represented as a second-order conic

programming:

inf
{wk}k,{yk}k,λ≥0

λρ+
∑
j∈[K]

p̂jcj

s.t. cj +
(
w2

k wk

)
z̄k +λ∥x̂k − x̂j∥ ≥ 0 ∀j, k ∈ [K],

yk ≥w2
k ∀k ∈ [K],

y2k +w2
k ≤ λ2 ∀k ∈ [K]. □
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Proof of Example 7. (D) and (4) are reduced to

inf
(B,δ)∈Θ

λ≥0,{yk}k⊂R

λρ2+
K∑
k=1

p̂kyk

s.t.
(
x⊤ z⊤ 1

)
Xk


x

z

1

≥ 0, ∀k ∈ [K], x∈X , z ∈Z

(
C⊤

ℓ B
⊤ C⊤

ℓ δ− cℓ

)x
1

≤ 0, ∀ℓ∈ [L], x∈X .

where Xk is a symmetric matrix defined in (EC.14) with A= I, α= β = 0, and b= 0:

Xk =


λI −1

2
B −λx̂k

−1
2
B⊤ λI −1

2
δ−λz̄k

−λx̂⊤k −1
2
δ⊤−λz̄⊤k yk +λ∥z̄k∥2+λ∥x̂k∥2

 .

By the S-lemma Yakubovich (1977); Pólik and Terlaky (2007), two set of constraints are

equivalent to

inf
B∈Rd×m,δ∈R
λ≥0,{yk}k⊂R

{µk}k,{νℓ}ℓ⊂R+

λρ2+
K∑
k=1

p̂kyk

s.t.
(
x⊤ z⊤ 1

)
Xk


x

z

1

+µk((x−x0)
⊤Σ(x−x0)−R)≥ 0, ∀k ∈ [K], x∈Rd, z ∈Z

−
(
C⊤

ℓ B
⊤ C⊤

ℓ δ− cℓ

)x
1

+ νℓ((x−x0)
⊤Σ(x−x0)−R)≥ 0, ∀ℓ∈ [L], x∈Rd.

Constraints can be written as the semidefinite form:

Xk +µk


Σ O −Σx0

O O 0

−x⊤0 Σ 0⊤ x⊤0 Σx0−R

⪰O, −

 O 1
2
BCℓ

1
2
C⊤

ℓ B
⊤ C⊤

ℓ δ− cℓ

+ νℓ

 Σ −Σx0

−x⊤0 Σ x⊤0 Σx0−R

⪰O.

We thus completed the proof of this example. □
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We also formulate Example 7 with M being the Wasserstein ball. Together with strong

duality results for Wasserstein distributionally robust optimization (Gao and Kleywegt,

2023; Zhang et al., 2025), (4) can be written as

inf
(B,δ)∈Θ

λ≥0,{yki}ki⊂R

λρ2+

K∑
k=1

nk∑
i=1

p̂kiyki

s.t.
(
x⊤ z⊤ 1

)
Xki


x

z

1

≥ 0, ∀k ∈ [K], i∈ [nk], x∈X , z ∈Z

(
C⊤

ℓ B
⊤ C⊤

ℓ δ− cℓ

)x
1

≤ 0, ∀ℓ∈ [L], x∈X .

where Xk is a symmetric matrix defined in (EC.14) with A= I, α= β = 0, and b= 0:

Xki =


λI −1

2
B −λx̂k

−1
2
B⊤ λI −1

2
δ−λẑki

−λx̂⊤k −1
2
δ⊤−λẑ⊤ki yki+λ∥ẑki∥2+λ∥x̂k∥2

 .

Again by the S-lemma (Yakubovich, 1977; Pólik and Terlaky, 2007), two set of constraints

are equivalent to

inf
B∈Rd×m,δ∈R
λ≥0,{yki}ki⊂R

{µki}ki,{νℓ}ℓ⊂R+

λρ2+
K∑
k=1

nk∑
i=1

p̂kiyki

s.t.
(
x⊤ z⊤ 1

)
Xki


x

z

1

+µki((x−x0)
⊤Σ(x−x0)−R)≥ 0, ∀k ∈ [K], i∈ [nk], x∈Rd, z ∈Z

−
(
C⊤

ℓ B
⊤ C⊤

ℓ δ− cℓ

)x
1

+ νℓ((x−x0)
⊤Σ(x−x0)−R)≥ 0, ∀ℓ∈ [L], x∈Rd.

Constraints can be written in the semidefinite form:

Xki+µki


Σ O −Σx0

O O 0

−x⊤0 Σ 0⊤ x⊤0 Σx0−R

⪰O, −

 O 1
2
BCℓ

1
2
C⊤

ℓ B
⊤ C⊤

ℓ δ− cℓ

+ νℓ

 Σ −Σx0

−x⊤0 Σ x⊤0 Σx0−R

⪰O.

This is again a positive semidefinite program.
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EC.6. Additional Numerical Experiments
EC.6.1. Comparison of Shapley and Non-Shapley Extension

Next, in our second set of experiments, we aim to compare the performance among different

extensions of the in-sample optimal policy that are optimal to the DRO with causal trans-

port distance, as discussed in Theorem 3 and Remark 3. We first compare the performance

between CLip and CTV-trunc. Figure EC.1 shows the relative differences in out-of-sample

expected cost between CLip—a positive number indicates that CLip outperforms CTV-trunc.
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Figure EC.1 Boxplots of the relative differences in the out-of-sample performance between CLip (baseline) and

CTV-trunc

We observe that both CLip and CTV-trunc have their own competitive advantages. Specif-

ically, CLip demonstrates superior performance compared to CTV-trunc when dealing with a

relatively small sample size K, given the same n/K. On the other hand, for a fixed sample

size K, CLip outperforms CTV-trunc when the ratio of n/K is low. This can be attributed to

CLip minimizing the ∞-norm, which leads to a more conservative approach than that of

CTV-trunc. CLip is more adept at managing situations with sparse data per covariate group. It
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minimizes the impact of potential outliers or extreme scenarios, which is helpful when indi-

vidual covariate groups have fewer observations. However, this conservatism may reduce

its effectiveness when the sample size is large.

EC.6.2. Comparison of Truncated and Non-truncated Policy

Moreover, we want to investigate further the relationship between different policies versus

their truncated versions on the optimal region, as identified in Theorem 3. To begin with,

we compare the performance of CTV with CTV-trunc. Figure EC.2 shows the mean of the

differences of out-of-sample costs between CTV-trunc and CTV with the same training and

testing data set. A negative number implies that CTV is outperformed by CTV-trunc. In

general, CTV-trunc has an advantage over CTV, especially when the overage cost h is small or

n/K is small. Their differences are not very large in general, as CTV lies within the optimal

region under most covariate values.
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Figure EC.2 The differences in the out-of-sample performance between CTV and CTV-trunc

To deepen our understanding of the performance differences between policies and their

truncated counterparts, we also compare the performance of empirical risk minimization

using affine policy with ℓ1 and ℓ2 regularization (ERM2 (ℓ1/ℓ2)) in Ban and Rudin (2019)

and their truncated versions. The results are shown in Figure EC.3. Setting CLip as the

baseline, the enhanced performance of the truncated versions emphasizes the efficacy of

the optimal region.
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Figure EC.3 Boxplots of the relative differences in the out-of-sample performance between CLip (baseline) and

ERM2 (ℓ1/ℓ2)
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