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We consider stochastic optimization with side information where, prior to decision-making, covariate data are
available to inform better decisions. To hedge against data uncertainty while capturing the information structure
revealed from the conditional distribution of random problem parameters given the covariate values, we propose a
distributionally robust formulation based on causal transport distance. We derive a dual reformulation for evaluating
the worst-case expected cost and show that the worst-case distribution in a causal transport distance ball preserves
the conditional information structure from the nominal distribution. When optimizing over affine decision rules,
we identify cases where the overall problem can be solved by convex programming. When optimizing over all
(non-parametric) decision rules, we identify a new class of robust optimal decision rules when the cost function is
convex with respect to a one-dimensional decision variable.
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1. Introduction

Stochastic optimization with side information, also known as contextual optimization or conditional
stochastic optimization, addresses the following problem:

mi% E[¥(w,Z)| X =x], 1)

where the goal is to select a decision w from a feasible set D that minimizes the conditional expectation
of the cost ¥(w, Z), dependent on both the decision w and a random variable Z, given some side
information, represented by a covariate X. The increasing utilization of side information from covariate
data has significantly enhanced decision-making in areas such as e-commerce and online platforms,
allowing for more personalized and informed strategies. The performance evaluation often encompasses
the entire covariate population — for example, the manager in an e-commerce company cares about
the overall performance across all customer types. As such, we are interested in finding a decision rule
that minimizes the expected cost over the joint distribution of the covariate X and the random variable
VA

min E[¥(f(X).2)]. @
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The decision rule f offers an end-to-end map from the covariate space X’ to the decision space D,
chosen from a family F of functions — parametric or non-parametric — on X'. The choice of F can



vary from small parametric classes like affine decision rules to large non-parametric classes and even
all measurable functions to suit different analytical needs and operational constraints.

The formulation (2) covers many contextual optimization problems in operations research and
machine learning. For instance, suppose ¥(w, z) = h(w — 2);+ + b(z — w),, where w is the order quantity
decision, z represents the demand of a product, and 4,5 > 0 represent the overage cost and the
underage cost respectively, and then (2) is known as the big-data newsvendor model [7]. If F is the set
of all measurable functions on X, then the optimal order quantity equals the conditional critical fractile
f*(x)=F! (ﬁ), where F, is the conditional cumulative distribution function of demand Z given
X =x; and if F is the set of affine functions on X, then (2) finds the optimal affine decision rule for the
big-data newsvendor. As another example, when W(w, z) = (w —z)? and F is the set of all measurable
functions on X, the optimal solution to (2) is f*(x) =E[Z | X = x], and thus the formulation (2) finds
the conditional mean of Z given X. More examples will be given in Section 2.2. We remark that this is
not the only formulation for contextual decision-making, and we will discuss other related works in
Section 1.3.

Similar to the classical stochastic optimization, the underlying joint distribution Py, of (X, Z) is
often not known exactly, but instead, historical data from the underlying distribution are available. As
such, it is reasonable to consider a data-driven, distributionally robust contextual decision-making
framework

min max E ~p[Y(f(X),Z2)],

minmax Ecx.z)-¢[¥(/(X). 2)] 3)
a minimax formulation that hedges the data uncertainty. At the core of the distributionally robust
formulation is the choice of the uncertainty set, and the presence of the side information adds new
challenges beyond those for classic stochastic optimization. Below, in Section 1.1, we review some
existing choices of uncertainty sets and discuss their potential issues.

1.1. Discussion on Some Existing Uncertainty Sets

To begin with, we would like to focus on distance-based uncertainty sets, as the other popular choice
— moment-based uncertainty sets — lacks statistical consistency in general.

Two classes of distance-based uncertainty sets have been widely studied in the literature. The first
class is the divergence family, deeply rooted in statistics, information theory, and physics. Consider the
following example.

ExaMPLE 1 (KL ROBUST SOLUTION IS DEGENERATE). Suppose I is a Kullback-Leibler (KL) diver-
gence ball, centered at the empirical distribution P constructed from K independently and identically
distributed (i.i.d.) samples from a continuous underlying distribution. Then with probability one, P
can be represented as + XX_ 84, .,), where K is the sample size and all (Xx,Zx)’s are different from
each other. Let F be the set of all measurable functions on X'. Then, we claim that the KL robust
optimal solution would satisfy

Fux) = argmin, .p Y(w,zx), ifx=xi, k=1,...,K,
k)= arbitrary value, otherwise.

Indeed, every distribution in the KL ball is supported only on the data points from P, but may
differ from it in the probability weights. On an in-sample data point X, regardless of its weight, the
optimal decision would always be the minimizer of ¥(-,Zx) due to interchangeability principle [76].
Furthermore, since the KL robust cost depends only on the function values on the in-sample data,
the robust optimal solution can take any value on out-of-sample data without changing the objective
value. *



Example 1 shows that the KL robust optimal decision rule is degenerate with probability one when the
underlying distribution is continuous, regardless of the size of the uncertainty set, the sample size, or
the objective function. A similar phenomenon also holds for all other divergence measures due to the
structure of the worst-case distribution [10].

The second class is Wasserstein, or transport cost distance, family. It is well-known that the resulting
uncertainty set avoids some degeneracy issues of the divergence sets in stochastic optimization [52, 36].
Nonetheless, it faces new challenges when additional side information is presented. Let us consider
the following toy example. R

EXAMPLE 2 (WASSERSTEIN SET CANNOT CAPTURE CONDITIONAL INFORMATION). In Figure 1, P and
P are two uniform distributions supported respectively on the blue and green line segments with a
common endpoint with x-entry x. The angle between the two line segments is £ radian. Notably, the
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Figure 1 P and P have completely different conditional information structures but with O (&) Wasserstein distance. If we
restrict transport plans to causal transport plans, then two distributions are distinguished with O(1) distance.

conditional distribution [Ij’g| «-, is a Dirac measure for x > X, which is apparently very different from

the conditional distribution ﬁz‘ x—5 that is uniform on the blue line segment. As will be calculated
in Section 2, the Wasserstein distance between P and P is O(¢), and the optimal transport map is
a rotation. This means a Wasserstein ball centered at P would always contain a distribution that
has a different conditional information structure than that of P regardless of the value of . On the
other, as will be revisited in Section 2.1, by restricting to the causal transport map (shown in the right
plot) which, in this case, is the independent joint distribution P ® P#, distributions with a different
conditional information structure will be ruled out from the uncertainty set. *

In practice, the following situation is often seen from data: the conditional distribution can be
estimated accurately under a number of covariate values but is largely unobserved for other values.
For example, historical data may reveal a good estimate of the conditional demand distribution of
the product sold at deployed vending machines, but the demand at new locations is unexplored.
Nonetheless, it is conceivable that the conditional demand distribution should share some resemblance
among similar locations. In such cases, it would be reasonable to expect that the conditional distributions
Pzx=x and Pz x_z corresponding to two similar values x and x should be close in a certain way.
Therefore, we would like to choose an uncertainty set containing distributions that share a similar
conditional information structure with the nominal distribution. Example 2 demonstrates that the
Wasserstein uncertainty set fails to preserve the conditional information structure and, in fact, the
same phenomenon also holds for the worst-case distribution, as will be shown in Section 3.2. This
raises the concern of the conservativeness of the Wasserstein formulation.

1.2. Our Contributions

To capture the conditional information, in this paper, we consider a distributional uncertainty set based
on causal transport distance, a notion that is related to Wasserstein distance but imposes an additional



assumption on the transport plan; see Section 2.1 for its definition and a more in-depth discussion.
The causal transport distance uncertainty set brings new computational challenges to the inner

opt

imization over probability distributions, which require new analysis of tractable reformulations and

interpretations. Moreover, when the outer minimization over the class of decision rules is performed
over a non-parametric class, additional computational challenges are presented due to the involved
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nite-dimensional functional optimization. Our main contributions are as follows.

We develop a strong duality reformulation for computing the worst-case loss of a fixed decision
rule (Section 3.1). Our proof is based on a new analysis of the worst-case distribution, through
which we demonstrate how our choice of distributional uncertainty set helps to capture the
conditional information structure of the random variable given the side information (Section 3.2).
We study tractable reformulations for finding the optimal decision rule when optimizing over
(i) the affine class and (ii) all (non-parametric) decision rules. In the former case, we provide
convex reformulations when the cost function ¥(w, z) is linear in the decision w or bilinear in w
and z (Section 4.1). In the latter case, we provide convex reformulations when the cost function
¥ is convex in a one-dimensional decision w. This provides a new class of decision rule with no
sub-optimality gap for adjustable robust optimization (Section 4.2). We illustrate our results with
conditional mean estimation, feature-based newsvendor, personalized pricing, and contextual
linear optimization.

We conduct numerical experiments to demonstrate that the causal transport distance uncertainty
set effectively utilizes conditional information, as compared to the Wasserstein uncertainty set,
and compare the performance of different classes of decision rules (Section 5).

1.3. Related Literature

On stochastic optimization with side information. In the literature, the frameworks for contextual

opt

imization (with an offline data set) can be broadly classified into three categories: separate prediction

and optimization, conditional stochastic optimization, and optimization over decision rules.

(

(I

(I) Separate prediction and optimization is a classical two-step process that first estimates a
conditional distribution of Z given a new context X = x, and then optimizes for the conditional
expectation min,,p E[¥(w, Z) | X =x] (e.g., [80, 92]). There are some theoretical guarantees
in this approach discussed in [27, 44]. One main issue of this framework, as discussed in [56, 71,
is that the statistical estimation error and model misspecification error may propagate to the
decision optimization model and thus lead to sub-optimal performance. Recent developments in
contextual decision-making highlight the need for integrating prediction and optimization [16].

II) Conditional stochastic optimization avoids estimating the conditional distribution by directly
estimating the conditional expected objective E[W(w, Z) | X = x]. Various estimation approaches
have been studied, for example, based on Dirichlet process [42], Nadaraya—Watson kernel regres-
sion [41, 7, 771, local regression and classification [16, 18], smart prediction-then-optimization
[30, 27, 29, 43], trees and forests [16, 18, 6, 49], robustness optimization and regularization
[81, 93, 20, 57, 32, 83, 82, 26, 59, 71, 61], regret minimization [33], empirical residuals [50, 51],
bilevel optimization [58, 24, 45], etc. This approach requires solving a decision optimization
problem for each individual context.

IT) Optimization over decision rules is an end-to-end formulation that finds a decision rule
prescribing the decision for every possible context. Due to the computational difficulty of
this infinite-dimensional optimization, typically, the policies are parameterized by a finite-
dimensional vector, such as coefficients in an affine function of features [23, 7, 11, 19] or in a
reproducing kernel Hilbert space [17], and weight matrices in a neural network [60, 72, 55, 75].

Our formulation falls into the third category, but our results in Section 4 do not necessarily restrict

the

class of decision rules on a parametric family. In this respect, the closest work to ours is [37],

which considers robust optimization over decision rules with the Wasserstein uncertainty set; see



the last paragraph of the literature review for a detailed comparison. We remark that in the online
setting, stochastic optimization with side information has also been considered under the umbrella of
contextual bandits and reinforcement learning, and there have been some studies of decision-dependent
uncertainty [9, 84, 9o]. These are beyond the scope of this paper.

On transport-distance based distributionally robust optimization. Distributionally robust optimization
(DRO) has received significant attention recently as a tool for decision-making under uncertainty, and
different approaches mainly differ in how the uncertainty set is constructed. We refer to [73] for a
thorough review of choices of uncertainty set. Our choice of uncertainty set is aligned with DRO with
transport distance, such as Wasserstein distance [63, 85, 31, 22, 21, 36, 35, 34] and nested distance
[3, 68, 74] — a symmetrized analogue of casual transport distance. The origin of causal transport could
be traced back to the Yamada-Watanabe criterion for stochastic differential equations [89, 47, 53]. In
optimal transport theory, Lassalle [54] investigated the transport problem in continuous time under
the causal constraints, and [5] studied a discrete-time analogue. Causal transport has been applied to
continuous-time stochastic optimization in [2], as well as other areas such as stochastic control [1] and
machine learning [86]. In discrete time stochastic programming, the nested distance has been exploited
to study the stability and sensitivity of multistage stochastic programming [62, 64, 65, 66, 67, 8].

Our problem can be viewed as a two-stage DRO with causal transport distance. After our paper’s
first draft appeared online, several works studied DRO with causal transport distance. [4] studied the
dynamic programming reformulation for multi-stage DRO with nested distance. [48] derives duality
for DRO problem with causal transport penalty. Compared with their methodology, our constructive
proof of duality enables the characterization of the structure of the worst-case distribution, and we
develop tractable reformulations for decision rule optimization.

On decision-rule approach in adjustable robust optimization. In the literature for adjustable robust
optimization, different choices of decision rules have been thoroughly investigated, including affine
families [25, 14, 15, 13, 46, 28, 19, 38], k-adaptability [39, 40, 79], iterative splitting of uncertainty
sets [70], binary decision rules [12], non-parametric Markovian stopping rules [78], etc. Most of
these works do not consider side information in their problem formulations. [19] considers dynamic
decision-making with side information using affine decision rules, whereas we consider general decision
rules in a static setting; and [37] considers the newsvendor problem with Wasserstein distance, whereas
we consider a different uncertainty set, and we adopt a completely different proof strategy and obtain
a broader class of optimal policies for adjustable robust optimization that encapsulates the Shapley
policy proposed therein.

The rest of the paper proceeds as follows. We introduce the causal transport distance and cor-
responding robust model in Section 2. In Section 3, we develop a duality result for evaluating the
worst-case expected cost by exploiting the structure of the worst-case distribution Section. In Section
4, we consider the outer optimization over affine decision rules and over all decision rules. Finally,
we present numerical results in Section 5 and conclude the paper in Section 6. Proofs and additional
results are deferred to Appendices.

2. Distributionally Robust Optimization with Causal Transport Distance

In this section, we briefly introduce notation and provide some background on distributionally robust
optimization with causal transport distance.

Notation. Let (X, ||-||x), (Z,|||]|z) be subsets of normed vector spaces. For notational simplicity,
the subscripts in ||-||x and ||-||z will be omitted as long as they can be inferred from the context. Let
p € [1,00) and denote by ¢ its Hélder conjugate number, i.e., + + % =1. We denote by P, (Z) the set of
probability measures of Z with finite p-th moment, namely, Q € P, (2) if and only if E,.g[||z]|"] < co.
The support of a distribution is denoted by supp Q. The set of all possible transport plans between the
given marginals Q;, Q; € P(X X Z), on the product space (X x Z) X (X x Z), is denoted as I'(Q1,Q3).



2.1. Causal Transport Distance

Our motivation to adopt the causal transport distance in DRO is illustrated by the following example.
Consider the feature-based newsvendor problem, where the historical demand for a product in a
vending machine is affected by covariates such as location, weather, economic state, etc. In such a
scenario, the causal relationship is directed; the distributional uncertainty of the features can lead to
the uncertainty of the demand, but not vice versa. Therefore, if we consider a data perturbation map

T:(X,2)~T(X,2) = (Tx(X,Z).Tz (X, Z)),

the perturbation of features (e.g., location, weather, economic state) should not depend on the demand,
but the perturbation of demand can be affected by the perturbation of features. In other words, the
perturbation map should have the form

T(X,Z) = (Tx(X),Tz(X, Z)),

where X is transported to Tx (X) and given X, X = T1(X) is a constant. This implies that X is
conditionally independent of Z, represented as X 1 Z | X. Extending upon this notion of conditional
independence, we introduce the following definition of causal transport plan and causal transport
distance.

DEFINITION 1 (CAUSAL TRANSPORT DISTANCE). A joint distribution y € [(P,P) is called a causal
transport plan if for ( (X 7),(X,2)) ~ v, X and Z are conditionally independent given X:

X1Z|X.

We denote by FC(@, P) the set of all transport plans y € (P, P) that are causal. Let p € [1, ). The
p-causal transport distance between P and P is defined as

1/p

C,(P,P):=| inf

f 1X = X7 +112-Z)1 |
yelc (P,P)

E((x.2).(%.2))~y

The conditional independence condition in Definition 1 basically means that the destination X of
a sample in a causal transport plan should depend only on the origin X but not on the associated
information of Z. There are other equivalent definitions of a causal transport plan, which are provided
in Appendix EC.1.

Like Wasserstein distance, causal transport distance finds the minimal transport cost between two
distributions, where norms capture the geometry of the data space and similarity between samples.
Nevertheless, causal transport distance differs from Wasserstein distance in the involved class of
transport plans: Wasserstein distance considers all transport plans with given marginals while causal
transport distance restricts causal transport plans as defined in Definition 1.

Let us use the following example to visually explain a causal transport plan.

EXAMPLE 3 (CAUSAL TRANSPORT BETWEEN COLORED IMAGES). Let X ={1,2,..., H}?, where H rep-
resents the width of a squared image, and let Z = {R, G, B}, representing the three color channels, red
(R), green (G), and blue(B). A bitmap image stores the position-color information of an image via an
H x Hx3 tensor A= (Ajjk)i,je{1,2,...H},ke{1,2,3}- Its (i, j, k)-th entry A;;x € {0,1,...,255} represents
the 8-bit indexed color at pixel position (i, j) in the k-th channel. With a normalizing constant
M =3 j r Aijk, the tensor A/M represents a probability mass function on A x Z. Let us equip norms
[|ll2 =Ill1 and ||-||z = c1{- # 0}, where c is a scaling parameter.
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Figure 2  Animage (a) and its variations by shifting the position (b), adjusting the hue (c), or splitting the RGB channels
@

Figure 2 contains four images of a cat: (a)(b)(c) can be viewed as real natural images with different
poses or lighting conditions, whereas (d) can be viewed as an artificial image in which the pose
exhibited via the red channel is different from that via the green/blue channel.

(I) The movement of the cat yields a causal transport plan from (a) to (b), as under such movement,
the destination (X, Z) in (b) of a position-chanr}gl pair (X, Z) in (a) depends only on its original
position X but not on the channel information Z, or put it differently, all channels are moved in
the same way from X to X without changing the channel value Z. This matches precisely the
definition of causal transport.

(I) The cats in (a) and (c) have identical poses but different hue values. Changing the hue values
of an image would affect its RGB values and thus the distribution on Z. Such color adjustment
(changing RGB values while fixing the position) defines a causal transport plan from (a) to (c).
Indeed, under such movement, a position-channel pair (X, Z) in (a) keeps its position in ¢, namely,
X = X, regardless of the value of Z. Note that in a causal transport plan, we allow the destination
Z of Z to be dependent on both X and Z, that is, at each position of the image, changes in the
color are permitted.

(III) The green and blue channels of (d) have the same pose as (a), whereas the red channel of (d) has
the same pose as (b). If we consider a transport plan that keeps a position-channel pair (X,Z) if
Z € {G, B}, and transport it according to the cat’s movement if Z =R, then such a transport plan
is not causal, because given X, where this position-channel pair is transported depends on the
channel information Z.

Table 1 Distance between Figure 2(a) and the other three variations

Variations ‘ (b) © (d)

Wasserstein distance ‘2.303 2.044 0.495
Causal transport distance ‘ 2.767 2.535 6.388

In Table 1, we compute the Wasserstein distance and causal transport distance between Fig. 2(a) and
the other three variations, with H =32 and ¢ =4. We find that the causal transport distance between
Fig. 2(a) and the artificial image Fig. 2(d) is much larger than that between Fig. (a) and natrual images
Fig. 2(b)(c). In contrast, the Wasserstein distance fails to capture such an intuition. ')

As hinted in Example 3, one of the main advantages of causal transport distance over Wasserstein
distance is that it captures the structure of the conditional distribution. To further illustrate this, let us
revisit the toy Example 2.



EXAMPLE 2 (REVISITED). We compute the causal transport distance and the Wasserstein distance
between P and P® shown in Example 2. Since the conditional distribution of P¢ is a Dirac measure
for every x, the causal transport distance between P and P¥ is uniformly bounded from below by a
positive constant for all £ > 0. In fact, it is not hard to see that the only causal transport plan is the
independent joint distribution P ® P, so

1 sin & 1 1 cos &
C ([P’ P& = — |x=0|” dx + / / |7-2z|P dzdz
sme Jo cose Jo 0
_sinfe 1 +cosP*2 g — (1 —cosg)P+?
p+1 (p+1)(p+2)cose

- ((1 +p)(1+ g))_’l’ +0(z).

As a result, P would not belong to the uncertainty set induced by the causal transport distance with a

small radius. This is consistent with our intuition. In contrast, for the Wasserstein distance, observe

that the optimal transport plan is simply the rotation transform, thereby the Wasserstein distance
1

is(p+ 1)_% (sin” e+ (1 -cose)?)r =0(&), which is small whenever the angle between the two line
segments is small. Consequently, any Wasserstein uncertainty set with a positive radius contains
infinitely many distributions with dramatically different conditional information structures from the
nominal one, and therefore may lead to an overly conservative solution. *

Next, we point out an important property of the uncertainty set constructed using the causal
transport distance: for any P e P(X' x Z) and p > 0, the set M={PeP(Xx 2Z): C (|]3> P) < p}is
convex, as indicated in the following lemma.

LEMMA 1 (Convexity). If y(© and ¥ are two causal transport plans from P to P and P®
respectively, then for any q € [0,1], ¥2 := (1 - q)y© + gy"V is also a causal transport plan from P to
P@ = (1-¢q)PO + 4¢P, Moreover, everything follows even if we replace g by any measurable function
g: X —[0,1].

We remark that the direction of the transport plan matters: if y(® and yV) are two causal transport
plans from P(® and PV to P respectively, we cannot assert that their convex combination y (%) is also
a causal transport plan. For a counterexample, please refer to Fig. 1.17 in [65].

2.2. Distributionally Robust Formulation

Based on the definition in the previous subsection, we study the following distributionally robust
optimization problem with causal transport distance

vp = flnffglax Ecx.z)-p[¥(f(X),Z)], where M= {P e P(X x 2): C,(P,P)<p}. P)

Below, we list a few examples.

ExaMPLE 4 (CONDITIONAL MEAN EsTIMATION). The conditional mean of Z given X can be estimated
by minimizing the square loss (f(X) — Z)2. Thus, we consider the following robust conditional mean
estimation problem

}relf sup Ex,z)~ P[(f(X) Z) ] *

ExaMPLE 5 (FEATURE-BASED NEWSVENDOR). Let & and b represent the unit overage cost and the

unit underage cost, respectively, and let Z be the random demand and X be the covariate features.
The goal is to minimize the newsvendor cost function ¥(w, z) = h(w — z)+ + b(z — w),. Consider

inf sup E(x.z)-p[h(f(X) = 2)s+b(Z = F(X).].
feF pem
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Note that this model also serves as the conditional b_’i—h-quantile estimation. In particular, when h=b=1,
this is the conditional median estimation. &

1
where w is the price and z are unknown coefficients, with z, > O representing the demand at zero price
and z; < 0 representing the price sensitivity coefficient, which is the rate at which the price affects
the demand. In practice, both coefficients z; and zp may exhibit heterogeneity among populations.
As such, we model it as a two-dimensional random variable Z, which is affected by the contextual
information X, based on which the decision maker can adjust the price directly or indirectly through
personalized promotion. The revenue is calculated as w(Z;w + Z,). Consider revenue maximization

with personalized pricing

In the last example, we consider a contextual linear optimization problem where the decision rule is
restricted to be affine.

EXAMPLE 7 (CONTEXTUAL LINEAR OPTIMIZATION WITH AFFINE DECISION RULE). Consider a contex-
tual linear optimization problem in which one minimizes the loss function ¥(w, z) = wz. Take a linear
policy class Fg defined by

ExAMPLE 6 (PERSONALIZED PRICING). Consider an affine demand model D(w) =ziw+z2=2Z" (W),

inf sup E -

Fo={x+>B'x+5: (B,5) €O}, where ®={(B,5) eR”"xR: B'x+5€D,Vxe X}, (4)
so that f(X) c D for each f € Fg. The robust contextual linear optimization problem is given by

inf supE - X)'z]. *
fef@peg; (X.,2) [F"[f( ) ]

3. Evaluating the Worst-case Expectation

In this section, we develop a tractable reformulation for the inner maximization of (P) based on strong
duality. As a byproduct of our proof, we also derive the structure of the worst-case distribution, which
demonstrates how our choice of causal transport distance-based distributional uncertainty set helps to
preserve the conditional information structure of the nominal distribution in the worst case.

Throughout this paper, we make the following assumption, which focuses on the data-driven setting
where the nominal distribution is discrete, although our proof technique can be extended to a general
metric space with additional technical treatment.

AssUMPTION 1. X, Z, D are subsets of normed vector spaces. The cost function ¥ : DX Z — R is
measurable. The nominal distribution P € P(X X Z) is a discrete probability measure

—~ K ni K ng
P=>> Pridezm,  With 23> pri=1.
k=1 i=1 k=1 i=1

3.1. Strong Duality Reformulation

We begin by developing a tractable reformulation by deriving its strong dual. For a fixed decision rule
f, we define the primal problem as

f. f
:=max E plY(f(X),2)], P
Vp Pea&m x.2)~p[Y(f(X),Z)] (P/)
and the dual problem as

fo_; PLE.
VG - gg{/lp +[EP}?

sup {[E@ZD2 [ig ($(f(x),2) - Allz-Z|I”} | )?] ~Aflx - )?||P}} } (D)

xeX
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The dual variable A corresponds to the Lagrangian multiplier of the causal constraint in the primal
problem. We will show that (P/) and (D/) are equal, leading to the main result of Theorem 1 by
taking the infimum over f.

To prove the strong duality, we first develop a relatively straightforward weak duality result.

f f
PSVD.

Proof. The proof is based on an application of Lagrangian weak duality. First, we derive from the
Lagrangian weak duality the following

v =sup {Eqx 22 [P(f(X).2)]: C,(B.P)" < o'}

ProprosiTION 1 (Weak Duality). Let f: X — D be a measurable function. Then v

=sup inf {Exp[¥(£00.2)] - (C,p (B R)” - p7) |
< inf sup {[E(x,z)Num [W(f(X).2)] -4 (CP(@’ P)? _pp)} '
U P

Since for any y € . (P, P),

|:E(X,Z)~[P’ [lP(f(X), Z)] = E((X,Z),()?,Z)%y [lP(f(X)’ 7)],
SO wWe can write

Ex. -0, 2)] = (C,(BP)P = pP ) = ap” +  sup  E, [¥(£(X),2) = AIX = RI” - |Z-Z))”|.
yere(P,P)

By the tower property,

Eyll= Ep, [[nylﬁ? [[Eyio?,m [[Eyzl(iiX) [1X.2.x] 1 x. X] |XH

[EVXP2 [EﬁZi [[Eyz\o?,z,m [ | X’Z’X] X, X] | X”

where we use YZRx) = P for a.e.-(X, X) because v is causal. Therefore we have

Z|IX
E, [¥(£(x),2) - 1X - X117 - 12 - Z |

=Ep_ [[EW [E@A a [Eyz‘@,z,x) [W(f(X),2)-AIX - X|P - A|Z-Z||” | X, Z, X] | )?,x] | )?H

ZIX
<E;_|sup {[E@A |sup {‘P(f(x),z) “ Az Z||P} | )?] ~Ax - )?||PH .
X |xex ZIX |zezZ
This completes the proof of the weak duality. m]

The strong duality result states as follows.

THEOREM 1 (Strong Duality). Let f : X — D be a measurable function. Then v{; = vé.

Proof Sketch. The proof idea of Theorem 1 is to construct a nearly worst-case distribution of
the primal problem based on the first-order optimality condition of the weak dual problem (D/).
Conceptually, it shares some similar aspects to the duality proof for Wasserstein DRO [36], but differs
from it in terms of the construction of a nearly worst-case distribution.

The worst-case distribution maximizes the expected loss within a given transport budget. With a
fixed dual variable A, the worst-case distribution for the soft constraint problem

Ecx o-p[Y(£(X).Z)] - P,P)?
S Ecxz)- WU (X),2)] =, (P.P)
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is obtained by moving z;; toward the maximizer of the innermost maximization problem of (D)
Y(x,Zi) o= sup {P(/ (0),2) = Allz = Zuall”.
Z€Z
and moving x; toward the maximizer of the maximization problem

sup {Ep__[Y(4;,2) | ¥ =% - e - %17},

xeX zix

One can see that such a transport plan is causal: the perturbation of X is solely determined by itself,
independent of Zj;. If both maximizers over x and over z exist and are unique at the critical 1* dual to
the given transport distance p?, then the transport plan would induce a worst-case distribution. If
the maximizer does not exist or is not unique, two alternative transport plans are considered: one
produces a feasible but suboptimal distribution, and the other, although infeasible, achieves a higher
objective value. Interpolating between these distributions allows for a near-optimal solution to the
primal problem.

As can be seen from the definition of Y, the worst-case distribution for the soft constraint problem is
obtained by moving mass with loss-to-distance “efficiency” higher than A. Efficiency here refers to the

ratio of gain (or loss reduction) to the p-th power of distance. Specifically, the efficiency of moving x to
E[Y (4x.2)]-E[Y(4:%.2)]

xis Txx? , in which Y already incorporated the efficiency of moving 7 to z, calculated
by LU (x).2)¥(f (x).2)
y =2 '

There are several possibilities where the near-optimal distribution is located, depending on the critical
threshold A* that minimizes (D/). Indeed, the dual objective function is an extended-real-valued,
monotonically decreasing convex function of A. It coincides with the above soft constraint problem. Let
k € [0,+00] be the smallest value such that the dual objective is finite in («, +c0). The infimum over A
in (D/) can have several possibilities:

* Case 1: k = +00, so the dual objective is +oo for any A > 0. This means that by transporting an

arbitrarily small distance, one can generate an arbitrarily large loss.

* Case 2: k < +00 and minimization over A in (D/) is achieved in the interior of («,+c0). The dual
objective can be arbitrarily large if A is smaller than «, but it would require transporting mass
that exhausts the transport distance budget. We interpolate two transport plans: moving all the
masses with “efficiency” above 4; < A* (superoptimal but infeasible) v.s. moving all the masses
with efficiency above 15 > 1* (feasible but suboptimal).

e Case 3: k < +co and vé is minimized at x. Moving all the mass with efficiency strictly above « does
not exhaust the transport distance budget. This is further divided into

= Case 3.1: k =0. Any positive A corresponds to a finite soft loss. We simply move all the mass
with positive efficiency.
= Case 3.2: k > 0. We again interpolate two transport plans: moving all the masses with efficiency
above 15 > A* (feasible but suboptimal) v.s. moving some of the masses with efficiency above
k1 < A* (superoptimal but infeasible). We can only move the latter up to some distance, in
contrast to Case 2, because moving them all would travel an infinite distance.
We refer to the next subsection for a more detailed construction of a worst-case distribution and
Appendix EC.3 for a complete proof. o

REMARK 1 (CoMPARISON WITH WASSERSTEIN DRO). Recall the Wasserstein DRO problem

sup {Ex,2)~p[P(f(X),2)]: W,(P,P) <p},
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which has the following equivalent dual form [36, 91]

f {Ap? +E5
i o

sup {¥(/(x),2) = Alz = ZII” = Al - X||P}]}

zeZ

1nf{/1pp+[EA [[EA [sup{sup{‘l’(f(x) 2) = Allz=Z|IP} - Allx - X||P}|XH}
120 xeX ‘zeZ

Comparing it with the dual problem (D/) of causal transport distance DRO, the difference is the swap
of supremum over x and the conditional expectation of Z given X. Hence, if the switching does not
change the obJectlve value, which holds, for instance, when the conditional distribution P 7% is a Dirac
measure for every X, then the Wasserstein DRO dual problem and causal transport distance DRO dual

problems are equal. From a primal point of view, if IPZ| ¢ is Dirac for every X, then every transport plan

from P to P is causal. In this case, the causal transport distance DRO and Wasserstein DRO coincide.
Intuitively, if every conditional distribution [F°Z| ¢ is Dirac, then the nominal distribution does not have
any meaningful conditional information structure to exploit, and thus the causal transport distance
DRO reduces to Wasserstein DRO.

Without considering the causality constraint, the optimal strategy is the greedy one. When a unit of
mass is moved from (x,%) to (x,z), it generates a revenue of ¥(f(x),z) —¥(f(x),z), while incurring a
transport distance ||x —x||? + ||z —Z]|P. The efficiency of this transportation is thus W(ﬁf}ﬁg:ﬁg E(ﬁ‘ }Z’Z)
It will move (x,Z) to a destination with the (near-) highest efficiency, and (x,7) is moved only after all
other sources (x’,7’)’s with higher efficiency have been depleted. This greedy strategy is reflected in

vé. The dual objective computes the net profit of transporting all the mass with efficiency higher than

threshold A with transport cost multiplied by a factor of A (toll rate), and v-é computes the revenue by
reimbursing the transport cost 1p” and then searches for the critical threshold 1. o

3.2. Worst-case Distribution

In this subsection, we investigate the structure of the worst-case distribution and its existence conditions.
Compared with the results in Section 3.1, in the following result, we require X and Z to be finite-
dimensional and thus locally compact and require some continuity assumptions on ¥ so that the
maximizers are attainable.

THEOREM 2 (Worst-case Distribution). Suppose X, Z are finite dimensional, and ¥(f(-),-) is upper
semi-continuous. If the optimal value of (D/) is attaineat some A* > k for k specified in Lemma EC.2, then
a worst-case distribution exists and has the following form

nko

Pr= 2" Zpk15<x Zk)+2pkol (q5(xk0 Zio) T (1 =D (x, 2 ))
k#ko i=1

where 1 < ko <K, 0<¢q <1, (x},2;;) = (X, ki), and for every k and i,

%1, cargmax (Ep | sup {¥(£(x),2) - X'llz = ZI7} | X =% | - e =%l
xeX XL zez

ki € argrgax{‘P(f(fk),Z) —Vllz=zwill”}, oz, € arg max {Y(f(x0),2) = Vllz=Zwill P} -
F4S Z€E

From Theorem 2, we see that there exists a worst-case distribution P* supported on at most N + n,
points, and its marginal P}, is supported on at most K + 1 points. We demonstrate the structure of
the worst-case distribution in Figure 3 (left). In this plot, the support of P is represented by ‘o’, and
we have K =3, n;, =3, k=1,2,3 and kg = 2. These points are transported to ‘4’s, which form the
worst-case distribution P*. For k =1, 3, we observe that X} is transported to x;, and the conditional
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distribution P* . has the same structure as the conditional distribution @ZI x-=.» both supported on

Z|X=x K
3 points with identical probability mass function (py;);=1.2.3. Furthermore, x5 is split into two values X,
and x,, and the conditional distributions IP’*Z| Xex.s [P’*Z| X=x%, have the same structure as the conditional
—_ _72 -
distribution PZx-x, both supported on 3 points with identical probability mass function (p2;)i=1,2.3-
< z
~ . .
° o/ \.
v 2R ° / /
/o . / Y S
b T4 —H—X | | | x
X x1 X2 X2 X2 X3 X3 X1 Xo X3
causal transport DRO Wasserstein DRO

Figure 3  Structure of the worst-case distributions

As a comparison, on the right side of Figure 3, we plot the worst-case distribution resulting from
Wasserstein DRO. According to [36], the worst-case distribution can be supported on N + 1 points,
and points with the same x-value could have different x-values after transportation or splitting. The
conditional distributions of the worst-case distribution change completely, each of which is a Dirac
measure. This example illustrates that the worst-case distribution of the causal transport distance DRO
preserves the conditional information structure of the nominal distribution, whereas the Wasserstein
DRO fails to do so.

We illustrate the worst-case distributions under Wasserstein DRO and causal transport DRO as
follows using the mean estimation problem.

EXAMPLE 4 (REVISITED). Consider the conditional mean estimation problem in Example 4. We
compare the worst-case distributions with 2-Wasserstein DRO and 2-causal transport DRO when the
decision rule f = fie is the true conditional mean, and the uncertainty set radius is p = 0.2. As can be
seen from Figure 4, in the worst case of Wasserstein DRO, the conditional information structure is not

preserved. *
4 - training data 4 - training data
true conditional mean true conditional mean
3 support of distribution 3 » support of distribution
> worst case distribution 2 «  worst case distribution
. H " :
1 " 1 ¥
N = : N [ 4
0 0
-1 s -1 5
-2 -2
-3 -3
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
X X

Figure 4  Structure of the 2-Wasserstein (left) v.s. causal (right) worst-case distributions for mean estimation.
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4. Finding the Optimal Decision Rule

In this section, we study the outer optimization over decision rules in (P). As a direct consequence of
Theorem 1, problem (P) is equivalent to the following:

VD ::}gg{appﬂE@g
220

sup {Ep | sup {¥(£(0),2) = Allz=ZI"} | X| = Allx - X117}
xeX XL zez

}. (D)

In particular, if we define ||z —Z]|z := 01 {z # 7}, which is often used when the side information is
relatively accurate, then (D) is simplified to

:= inf {1p? + E5
VD fe]—'{ Y Pe
>0

sup {E5,[¥(/0.2)1%] - ate- %} ). )

xeX ‘

The tractability of the optimization over f € F depends on the class of decision rules F. If 7 admits
a finite-dimensional parameterization, such as affine class, then the problem (D) is a finite-dimensional
optimization, and we identify cases where the overall problem can be solved by off-the-shelf convex
programming solvers (Section 4.1). Otherwise, if F is a non-parametric class, and particularly the class
of all decision rules, then the optimization over F is an infinite-dimensional functional optimization,
yet still, we identify cases where the overall problem can be solved efficiently (Section 4.2).

4.1. Optimizing over Affine Decision Rules
In this subsection, we provide tractable formulations when F is the affine class. Suppose affine
functions in F are parametrized by ©:

Fo={x—> B x+5: (B,5) €O} (6)

where O is a finite-dimensional convex set.
Our first result shows that (5) is tractable when ¥ is affine in the decision variable w. The proof can
be found in EC.4.

COROLLARY 1. Suppose F = Fg as defined in (6), and Y(-, z) is affine for every z, that is, there exists
functions B(-), b(-) such that
Y(w,z)=B(z)"w+b(z).

Set

ni . R e e
Pk = Pkis Bi = [E@ZD? [B(Z) | X =Xkl bi:=Ep, [b(Z) [ X =X].
i=1

|X

Then, the dual problem (5) is equivalent to the following convex programs. When p =1, (5) is equivalent
to

K
inf P . max ||BBill«+ > Dk (BT (BTXr +6) +by) .
sle P kE[K]H Bl ;Pk (BL(B Xk +6) +by)

When p € (1,+0), (5) is equivalent to

inf
120,(B,6)cO <~

BBkl P
ApP + g P |BL(B Xk +6)+br+A(p—1) (/l—) .
Here || || is the dual norm of ||-|| x.

As a special case, we assume further that ¥(w, z) is bilinear. When p = 2, the above convex program
can be written as a positive semidefinite program.
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COROLLARY 2. Suppose F = Fg as defined in (6) and ¥ (w, z) is bilinear:
Y(w,z)=w'Az+B w+a z+b.

Set

pr=2 Pk u=Ep  [Z]X=Xi]. (7)

~
Il
—

Then (D) with p = 2 is equivalent to the following positive semidefinite program

K
inf 202+>° P
sy W ;pk)’k
A20,{yx }x CR
Al -3BA —3BB — Axk
s.t. -1(BA)T Al ~1(ATS+a) - A% >0, kelK].

(B,B)T Ax] —3(AT6+a)T -2z yi —ﬁT5 b+ || 2|1 + A[xk ||?
Here O stands for the zero matrix and I represents the identity matrix.

ExAaMPLE 7 (REVISITED). We revisit the contextual linear optimization problem in Example 7, where
the decision is restricted to a polygon D ={w € R™: Cw < ¢}, and the context X is bounded in an
ellipsoid X = {x e R?: (x —x0)TZ(x —xo) < R}. Here X € R is symmetric and positive definite,
xg€R?, R>0,CeRM™ and c € RE. Cw < ¢ means C]w < c¢, where C] is the ¢-th row of C and ¢,
is the ¢-th entry of ¢, for each ¢ € [L]. ® defined by (4) is convex. Using Corollary 2, (D) with p =2

can be reformulated as the following positive semidefinite program

K
. 2 —~
inf Ap*+ D> Dk
BeR4*m scR k=1
20, {yi }reRK
{mc 1 20,{ve }¢ 20

AL+ pcx _%B _/UC\k — Ui ZXxo
_1lpT 1 -
> - v 024 o vkelK),
—AX] — i (Exg) T =367 - Az Yk +’1||Zk|| + A%kl
+ piexg Xxo — piR
1
vex 2BCe—veZxo >
L].
(%C;BT_W’(ZXO)T C{)T(S_CZ"‘V[XJZXO—V[R z0 Vle L]
Recall p; and Zj are defined in (7). Detailed computation can be found in Appendix EC.5. &

4.2. Optimizing over All (Non-parametric) Decision Rules

In this subsection, we consider F to be unrestricted and contain all measurable functions {f : X — D}.
In general, this infinite-dimensional problem is hard to solve. Nonetheless, below, we provide a tractable
way to find the optimal decision rule for this problem in certain settings.

Recall that our dual reformulation in Theorem 1 states that

vp= min min /1p+[EA
f:X—>D A1>0

sup { (£ ()5 4, %) = Allx - xn}]} ®)
xeX

where ¢(w; A,X) :=Ez [supzez [¥(w,2)-Alz-Z||} | X = x] By replacing X with supp P, we define
the in-sample dual proi:lem as

f:X->D

v = min {/lp+[Eﬁ5)?[1maX {o(/ () 1.%) - znxk—xn}}} (9
>0
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:min{Ap%@A[ max {eo(f(xk);z,}?)—anxk—)?n}]}, (10)
feF X | 1<k<K
120

where the second equality holds because the objective value in (9) depends only on the value of f
on supp P. Note that (10) is a finite-dimensional convex optimization problem with K + 1 decision
variables in the outer minimization.

THEOREM 3. Suppose p =1, D C R is convex, and ¥(w, z) is convex in w. Let (/l*,f*) be a minimizer to
the in-sample dual problem (10). Denote i (w) 1= @(w; A", Xx), wi := f*(X), and ¢i :=max;{pr(w;) —
A*||xk —Xj||}. For x € X, define

I(x) :={weD: gr(w) <|lx = xill + i}

Then the intersection of I (x)’s is nonempty, and every decision rule f* € F satisfying f*(x) € Ng I (x)
for all x € X is a minimizer to (8). Moreover; let (1%, f*) be a minimizer to the dual problem (D), then
(A%, f*) is a minimiger to (10), and f*(x) € NI (x) defined above.

Theorem 3 shows that problems (8) and (10) share the same optimal dual variable 2*, and to solve the
infinite-dimensional optimization over decision rules (8), it suffices first to solve a finite-dimensional
robust in-sample optimization (10) and then extend the robust optimal in-sample decision rule to
X \ supp P such that it is optimal to the original problem. Note that once the in-sample problem (10)
is solved, the values wy, ¢ are immediately available, and the set I is defined precisely. There may
be more than one way to extend the in-sample robust optimal decision rule f to the entire space, as
long as it belongs to the range of Ny Ix (x).

Proof Sketch. The proof idea of Theorem 3 is as follows. To show the optimality of the decision
rules that lie within the intersection N I, the key step is to show vp = v5. Observe that vp > vg, since
the inner supremum in (8) is taken with respect to a larger set compared with the maximization
in (9). To see the other direction, the main step is to show that /i (x) has a nonempty intersection.
Once this is shown, it is easy to verify by simple algebra that f*(x) € N/ (x) attains the value vg,
thereby vp is dominated by the objective value of f* which equals vg. Thus we have vp =v5. To show
I (x) has a nonempty intersection, since they are one-dimensional intervals, it suffices to show they
pairwise intersect. This can be established using the convexity of ¢. The necessity of the above interval
condition, i.e., for any optimal policy f*, /*(x) € NgIx(x), could be justified by contradiction. The
detailed proof can be found in EC.4. m]

REMARK 2 (COMPARISON WITH THE SHAPLEY PoLIcy IN [37]). In [37], the authors study (3) with
Wasserstein uncertainty sets, focusing on the newsvendor cost. They show that when optimization over
all decision rules, the optimal decision rule, called Shapley policy, can be found by first solving for the
in-sample Wasserstein robust optimal decision rule fiy, then extending to the entire space by solving

fw (x) € arg min max L\ijk)l (Wiip)
wer k[l =Xl
which minimizes the maximal slope. Using the same idea, if we define
fo(x) € argmin max =@l , (Cuip)

wer kol =Xkl

where f* (xx)’s are defined in Theorem 3, then it can be verified that f.,(x) € Ng I (x). Therefore, this
shows that f(x) defined a robust optimal decision rule for (8). Note that we use the subscript co to
[w—f" (X))

indicate the co-norm (maximum) of the slope function k — =
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Differently, we can define another decision rule that minimizes the 1-norm of the slope function,

fi(x) €eargmin > Iw = "l

weR % llx — Xkl

(Crv)

The resulting decision rule may not necessarily be optimal, but we can always truncate its values to
force them to fall into N I (x) and thereby make it robust optimal. Namely, if we use /(-) and I(-) to
represent the upper and lower bound of the region Ny I (x), then we define

fie) = max (1(x), min (£1(x),7()) ). (Crvune)

We denote the truncated decision rule as fi(x).
We illustrate the two robust optimal decision rules defined above using a conditional median estimate
problem with Z = u(X) +&, £ ~N(0,1), u(x) =sin(2x) + 2 exp(—16x?).

4.0
« training data
331 . optimal region
3.0 s true conditional quantile
. 3 —— C-DRO-f, decision rule
2.5 A )
1

2.0 A .
1.5 4
1.0 A
0.5 A

gey ‘e
0.0 A i ] oo

-3 -2 -1 0 1 2 3
4.0
e training data
351 . optimal region
3.0 q . true conditional quantile
. 3 C-DRO-f; decision rule
251 k.
. K H 3 b ;
2.0 = . ¥ o o
H P
1.5 4 ° . ., [}
1.0 . . ..
i .
o . .

0.5 1 :I 2. L] ° :,:!

St 9P | ‘e
0.0 AT ] .

-3 -2 -1 0 1 2 3

Figure 5 Two robust optimal decision rules f., and f; of a median estimation problem

ExaMPLE 5 (REVISITED). Consider the feature-based newsvendor problem in Example 5. When
h =b =1, this is equivalent to conditional median estimation. As detailed in EC.5, the in-sample dual
problem (10) can be transformed into a linear programming problem

K
inf Ap+
{wi e vk pe €R P kZ:;)%
{iji }kjiCR,/lZ:l
nj
s.t. ;> > Prilckji— Xk = %) Vj,ke[K],
i=1
ijiZWk—Eji Vk,jE[K],iE[nj],
ijiZEji—Wk Vk,jE[K],iE[I’lj].

This is a linear programming with K(n+2) + 1 variables and K(2n + K) + 1 constraints. *
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ExaMPLE 6 (REVISITED). Consider the personalized pricing problem in Example 6. By Theorem 1,
its strong dual problem can be written as

sup -0z (747 - ane-2ie 1% - ane- 37} ).

inf {/lpp+[EﬁP7A
z€Z

f:X->R X
120

sup {[E@A ~

xXeX z|x

In the case of p =1, we notice that f is real-valued and ¥ is convex in w, so we may use Theorem 3 to
reformulate the problem as

Al[lf {/lp + [Eﬁp‘_
f:X-R X
>0

FE);4.%) - Al - X}
max {e(F(E054.%) - - X

——

where

e(w; 4;x)=Ep_ _

sup {—sz (V;) —/lllz—ZII} | X =x|.
21X ]

z€Z
In particular, it can be reformulated as the following

inf Ao+ D1C
{Wk}k,{Ck}k,/lZO p kez[[:{]pk k
st cj+ (W wi) e+ AT —% 1 =0 V), ke [K], (1)
(w2 wi)ll. <2 Vk € [K].

where py = Zl'f_kl priand Zx =E5_ _ [Z | X =%i]. Here ||-||. is the dual norm of ||-|| z. When Z =R is
= ZIX

equipped with ¢! or £ norm, (11) can be reduced to a quadratic constraint program, whereas when

£2 norm is chosen, (11) can be written as a second order conic program. A detailed calculation can be

found in EC.5. )

5. Numerical Experiments

In this section, we illustrate our proposed approach in the context of feature-based newsvendor. We
consider a similar setup as in [37], where the demand Z depends on X in a nonlinear way:

Z=f(B"X)+e, () :=c[sin(22) + 2 exp(-164%) + 1],

where £ ~ N(0, 1) is a standard Gaussian variable independent from 8 and X. Let the coefficient vector
B € R19 with each component independently sampled from a uniform distribution 2/([-0.1,0.1]).
The covariate X is sampled from a 100-dimensional multivariate normal distribution N'(0, (7)),
with mean zero and covariate matrix defined by oy; = 0.5/=71 with i, j=1,...,100. The constant
¢ =1.7 is chosen such that the signal-to-noise ratio is approximately 3:1. Since the demand should be
positive, we reject all samples with Z < 0.

We experiment with different unit overage cost i € {0.2,0.5,0.8, 1} while fixing the unit underage
cost b = 1. To understand the effect of the sample size, we choose K € {10,30, 100,300} and ny €
{1,3,10,30,100}. The testing data size is 10000. The hyper-parameters are tuned based on 5-fold
cross-validation. We set ||-||x = |||l and ||-||z = o - 1{z #Z}. To generate the boxplots, we run 20
repeated experiments (except for K = 10, we run 50 experiments to get a more accurate depiction).
All experiments are performed in Ubuntu 18.04 using Python 3.6.9 with a convex optimization solver
Gurobi 9.1.1, on a Dell Precision 5820 Tower Workstation with Intel® Xeon® W-2125 CPU (32 cores)
and 32GB RAM (DDR4 2666MHz). Due to constraints associated with the solver’s capabilities, the
experiments with n; =30, K =300 and n; =100, K =100, 300 are not included in the comparison.

In the following subsections, we want to deepen our comparative analysis across the following
dimensions:
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(I) Comparison among different distributional uncertainty sets, namely, the Wasserstein DRO with
Shapley extension (W\jp) in [37] versus causal transport DRO with Shapley extension (Cip).
(II) Comparison among different extensions of the in-sample optimal decision rule within the causal
transport DRO framework, specifically, the differences between the Shapley extension (Cijp) and
its 1-norm counterpart (Ctv-trunc), as defined in Remark 2.
(IT1) Comparisons between (Cty) and (Ctv.runc), and other decision rules alongside their truncated
variants, to further the insights of the optimal region as identified in Theorem 3.

5.1. Comparison of Cj, and Wy,

In our first set of experiments, we delve into the effects of adopting different distributional uncertainty
sets of the inner worst-case expectation. Specifically, we compare the performance of using the
Wasserstein distance (Wyjp) with the causal transport distance (Cyip). Both approaches incorporate the
Shapley extension to extend the in-sample optimal policy. Figure 6 shows the relative difference in the
out-of-sample expected cost between Cyj, and W\, with the same training and testing data set — a
negative number indicates that Cj, outperforms W-DRO.
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We have the following observations.
(D When each covariate group contains only a single sample (n; = 1), Crj, and W\, have the same
performance because the two formulations are equivalent (Remark 1).

(I) As the sample size per covariate group increases beyond a single sample, Cj, begins to exhibit
a performance advantage over Wy, particularly when dealing with skewed loss functions
(h=0.2,0.5,0.8). This edge is most pronounced at lower sample sizes n; = 3,10, which shows
the value of (even a little) conditional information. The marginal benefit provided by C,, tends to
diminish with larger sample sizes per covariate group (n; = 30, 100). One explanation is that the
worst-case distribution of W\, does not deteriorate the conditional information structure greatly
when there are many samples at the same covariate value.

(II1) The comparative advantage of Cyj, over W\, generally amplifies with the increase in the number
of covariate groups K. An explanation is that when K is large, Cyj, can fully take advantage of
the conditional information to extrapolate other conditional distributions.

5.2. Comparison of Shapley and Non-Shapley Extension

Next, in our second set of experiments, we aim to compare the performance among different extensions
of the in-sample optimal policy that are optimal to the DRO with causal transport distance, as discussed
in Theorem 3 and Remark 2. We first compare the performance between Cij, and Crv.yrunc. Figure
7 shows the relative differences in out-of-sample expected cost between Cij, — a positive number
indicates that Cyj, outperforms Cry.yrunc.
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We observe that both Cyj, and Crv.yrunc have their own competitive advantages. Specifically, Ciip
demonstrates superior performance compared to Cty.yunc When dealing with a relatively small sample
size K, given the same n/K. On the other hand, for a fixed sample size K, Cjp outperforms Crv.trunc
when the ratio of /K is low. This can be attributed to Cjp minimizing the co-norm, which leads to
a more conservative approach than that of Ctv.yunc. CLip is more adept at managing situations with
sparse data per covariate group. It minimizes the impact of potential outliers or extreme scenarios,
which is helpful when individual covariate groups have fewer observations. However, this conservatism
may reduce its effectiveness when the sample size is large.

5.3. Comparison of Truncated and Non-truncated Policy

Moreover, we want to investigate further the relationship between different policies versus their
truncated versions on the optimal region, as identified in Theorem 3. To begin with, we compare the
performance of Cty with Cry.trunc- Figure 8 shows the mean of the differences of out-of-sample costs
between Crv.trunc and Cry with the same training and testing data set. A negative number implies that
Crv is outperformed by Crvrunc. In general, Ctyv.yunc has an advantage over Cry, especially when the
overage cost 4 is small or n/K is small. Their differences are not very large in general, as Cry lies
within the optimal region under most covariate values.
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Figure 8  The differences (%o) in the out-of-sample performance between Cty and Ctv.trunc

To deepen our understanding of the performance differences between policies and their truncated
counterparts, we also compare the performance of empirical risk minimization using affine policy with
¢! and ¢? regularization (ERM2 (£!/¢2)) in [7] and their truncated versions. The results are shown in
Figure 9. Setting Cij, as the baseline, the enhanced performance of the truncated versions emphasizes
the efficacy of the optimal region.
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6. Concluding Remarks

In this paper, we propose a new distributionally robust decision-rule optimization for decision-making
with side information based on causal transport distance. These results open up new research directions
for distributionally robust optimization and adjustable robust optimization. For future work, it would
be interesting to investigate the performance guarantees of the proposed framework.
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Proofs of Statements

EC.1. Causal Transport Distance
LEmMA EC.1 (Equivalent Definition). Let y € I'(P,P) be a transport plan. Then the following are
equivalent.
D yeL(B,P). .
(IT) For P-almost every (X,Z) e X X Z,
Yx1(X,2) = Vx|X"
(II1) Let Projy : X X Z — X be the projection into X coordinate. For P-almost every (x,z71), (x,722) e X X Z,
(Projy ) #¥(dx[%, 71) = (Projy ) #¥ (dx[%, 52).
(IV) For @}?-almost every X and Px-almost every X,

YZ1X.x) = YZ|X X

(V) Let Projs : Zx Z — Z be the projection into Z coordinate: Proj;(z,z) =z. For ﬁig—almost every
X € X and Px-almost every x1,x3 € X,

(Projz)4y(dzlx, x1) = (Projz) 4y (dzlx, x2).

Moreover, y € T(P, P) plus any one from the above is equivalent to y € P((X x Z) X (X X Z)), satisfying
(VI) vy has a decomposition into successive regular kernels

y(dxdzdxdz) =1 (dx dx)y2(dzdz|x, x)

satisfying
71 €T(Pg.Px),
(Projz)#y2(dzlx, x) = @Zp?(daf) for y1-almost every (X, x),
(Proj x, z))#vz|x (dz|x) =Pz x (dz|x) for Px-almost every x.
That is,
7N el(PgPx),  y2€T(P55, Q%)) where ES (g [QP|X] =Py x.

Proof. The equivalence of (I), (II), and (IV) follows from the definition. It is also easy to check
from the definition that (IT) is equivalent to (III), gni (IV) is equivalent to (V).
Suppose (VI) holds, then projecting y onto (X, X, Z) coordinate, we have

(Proj x g 7))#y(drdTd2) = y1(dTdx) - (Proj;)y2(d2IR.x) = y1(dTd0) B 5 ¢ (d2[R).
Projecting onto (X,Z) yields
(Proj g z,)#y(d¥d2) = (Projg) 4y1(d¥)P 5 (d2I%) = P (d¥)P3 ¢ (d2I%) = P(%,2).
As for the other marginal,
(Projx,z))#y(dxdz) = (Projx)#y1(dx) - (Proj x z))#yz|x (dzlx) = Px (dx)Pzx (dz|x) = P(dx dz).

So indeed we have vy € F(ﬁ, P). m|
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Proof of Lemma 1. Since y'49) are transport plans starting from P,

@ _o (@ _mo
y(i,Z)_[FD, 7’55 _an qu[o’]-]
Together with
(q) —_(1_ (0) (1) (@ _(1_ (0) (1)
7<x,i,2)‘(1 q>7<x,§,z)+q7<x,§,z)’ Y x5 (1 Q)y(x,;?)””(x,;zy
we know that
(q) —(1_ (0) (1) (@ _(q1_ (0) (1)
7X|(§2)—(1 Q)VXK)?’Z)"‘CI)’XKE’Z), YxI% (1 Q)pr?“”xp?'

Because y'® and y! are causal, by equivalent definition (II), for P-almost every (X,Z)e XX Z,
(0) _ .0 (1) _,
7X|()2,Z) XX 7X|()?,Z) B yxp?
Therefore

(@) (q)

yxw?,i) - 7X|)?’

so y(@ is also causal.

Proof. With probability one, each ¥ in the support of P corresponds to only one Z, so that

PZ %=z, = %%

Now let y € F(@, ). Because
E

xi vz 1201 =721% =92

the only choice is Y7 1%.x) = 0% for (yl)xp;—a.e. X. Therefore v is causal.

EC.2. Supremum of Convex Functions

In this subsection, we provide several auxiliary results on the properties of the supremum of a family

of convex functions. Analysis in this subsection will be used in the proof of Theorem 1.

LemMa EC.2 (Dual Objective Function). The dual objective function h has the following properties.

Let T ={h < }. Then
(I) There exists k > 0, such that either Z = (k, o) or I = [k, o).
(IT) h is convex and continuous in Z.
(III) h(A) > o0 as A — oo.
(IV) h has a minimizer A* € [k, ).

Proof. (D) h(1)—ApP is monotonously decreasing in A, therefore we can find « such that % is

infinite for smaller A, and finite for greater A.

(I) h is a combination of supremums and expectations of convex functions, and therefore / is convex.

Since h < o0 in Z, h is continuous in Z with only a possible exception at « € Z. Notice that

lir/{llian(x) (4;%) = lir/{llinf [E"52|>? [ilelzp {G(z) (4;x, Z)} | X =3€] — k|lx —x]|?
lim inf sup {G(Z)(/l;x,Z)} |)?=3a} — k|lx—3?
| Alk 7eZ

5 |sup {liTlinfG(z) (ﬂ;x,Z)} | X =%| —«|lx = x||7
K

Z|X | zeZ

>FEp__ [sup {G<z>(l<;x, Z)} | )?=)?] —kllx =X||P = F(x) (1 %).

Z|X | zcZ
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Similarly

liminf 2(1) = kp? +liminf E+ Fio(1:X
0 = S, s )

e e,

> kp? +Eg_
X

sup { Fry (k3 )?)}} = h(x).
XeEX

Therefore 4 is continuous in Z. R R
(II1) This is simply because we can pick x =X, z=Z so

h(2) 2 A" +E5 [[E[ﬁz}2 [\P(f()?)j) —ANZ-Z)7 | )?] _A|IX - )?||P}
= ApP +Ep_ [[E@Ali [lp(f(;?), 2| )?H =1pP +E5 [\P(f()?), Z)] s 400

as A — +oo.
(IV) It follows from (I)-(III). O

LemMA EC.3 (Exchange Sup and Derivative for Convex Functions). Let A be an index set. Let
{F4}acn be a family of real-valued convex functions defined on an interval Z. Suppose its sup is pointwise
bounded, ®(1) =sup,ep Fo(d) < co. Denote fo(1) =Fl(2), and ¢(1) = ®’(A). For any function f we
denote f* [resp. f.] to be the upper [resp. lower] semicontinous envelope of f. For every & > 0, define the
g-argmax set Q and D, D by

QD) :={acA: Fo(l) 2D(1) —¢},

Do(1):= sup fa(d),  D()=1lim D.(),
@eQ (1) £-0

DW= inf fo(D,  D@=limD, ().

Then
(I) For every A€, D(1) < D(A).
(II) For every A,y €T with A < u, D(A) < ¢* () < ¢.(u) < D(p).
(II) FixAe€eZ, 6 >0, € >0. If 11 € Z such that 1, < A is sufficiently close to A, then we can find a € A such
that

fa(d1) < ¢ () +6, Fo(d2) 2 ®(Q) —€.
If A3 € T such that A3 > A is sufficiently close to A, we can find B € A such that

Ip.(12) 29" (1) =06,  Fp(la) 2D(D) —e.

Proof. @ is the sup of a family of convex functions, so @ is convex. Since ® and F,, are convex and
finite in Z, they have locally Lipschitz, monotonously increasing derivatives ¢ and f,. Monotonicity
implies f and ¢* [resp. f,. and ¢.] are right [resp. left] continuous, and thus convexity implies for
A<y,

D (p) - P(4)
u—A

< fax(p), ¢* () < < ¢. (). (EC.1)

f *(/l)S Fa(:u)_F(t(/l)
u—

A

(I) e-argmax set Q, is never empty by definition. Therefore, D (1) < D () holds for all £. As £ — 0,
Q. (1) shrinks, so D (1) | D(1), D_(1)TD(A), we have D(1) < D(A).
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(I) Fix any € >0, and A < u. For any a € Q.(1), B € Q. (u), using (EC.1) we have

Fo(u) —e <®(u) —& < Fg(p) < Fg(D) + (u =) fp, (1) < @() + (1 = ) f, (1),
Fg(A) —e @A) —e < Fo (1) < Fo (1) = (n =) fo (D) < ®(p) = (u =) fo" (1.

By these two inequalities, we conclude

—e+ (U= fo () S@(u) -P) <&+ (u-2) fp, (1),
& P -2 _ &

=T ) S TR <P )

By taking the sup over a € Q. (1), taking the inf over 8 € Q. (u), we have

O @) _ &

£ +D.()< +D_(u)
p—a ST T St

Lete — 0,

O (p) —P(1)

D)<= —

<D(p). (EC.2)

We now combine (EC.1) with (EC.2) to show that ¢*(1) < D (u), D(A) < ¢.(u). To finish the proof
of (II), we use the monotonicity ¢*(1) < ¢.(u), and

¢" (1) =lim ¢(p) > lim ¢, (1) > D (1), ¢.(p) =lim¢(2) <lim ¢ (1) < D(u).
pula ula ATu ATp
(III) Since @ is continuous in the interior of Z, we can let 4; and A5 be close enough to A such that
€
D(11),D(12) = P(A) — 5

Let £ < 5 be small enough such that D.(11) < D(A1) +6, D _(22) > D(A2) — 6. Pick any a €
QS(/ll)’ﬁ € QE(/IZ)J then

fi(A1) €D (A1) <D(A1) +6 < ¢ (1) +6,
f3.(A2) 2D _(12) > D(A2) =6 > ¢* (1) = 6.

Moreover, by the definition of Q. (1),
Fall) 2 (1)~ 2 O(1) - 5 2 D) -,
Fp(12) > ®(13) — &> B(Ay) — % > ®(1) —e. 0

LEMMA EC.4. With the same notations as the previous lemma, let A be an Euclidean space. Suppose for
each A € Int(Z), F,(A) is upper semicontinuous in «, and |f,(1)| — oo as || — oo. Then
(D Qo(A) is nonempty.
(IT) There exists a, 8 € Qo(A), such that

fa.(D)=¢. (1),  fpD)=¢"(D),  Fa(d)=Fp(l)=0().

(1) Do(A) =D(A) =¢*(2), and Dy () = D(2) = ¢.(A).

Proof. Let Ag € Int(Z). Then we can find k < 19 < u all inside Int(Z). For some small §, k¥’ =k — &
and u’ = u+ 6 are also inside Int(Z).
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D

(1D

By Lemma EC.3 (II), ¢.(1) < D(1) < D(A) < ¢*(1), and since 1 is in the interior of Z, ® is locally
Lipschitz, D(1), D(A) are finite. Thus for some small &, D o(4) and D () are finite. This implies
that Q. is bounded, otherwise | f,(1)| — o as @ — . Because F, is upper semicontinuous, Q.
is also closed, so it is compact, thus

O(1) =sup Fo(1) = sup Fq(d)
aeA aeQg ()

is attainable, i.e.,

Qp(1) =argmax F,(A)
ael

is nonempty. . .
For every 4, since QO(Q C Q. (A) for any &, we know that D (1) > Do(1), D (A1) < D,(4). Let
g — 0 we have D(1) > Do(1), D(A) < D,(4). So for every a € Qq(1),

$+(1) < D(D) < Dy(A) < fau (D) < f3() < Do(d) < D(A) < ¢* (D). (EC.3)

Let A,, T Ao be an increasing sequence inside [k, ¢]. For each 1,,, Qy(4,) is nonempty, so we can
find «,, such that

Fan (/ln) = q)(/ln), ¢*(/1n) < fan*(/ln) < f;n (/ln) < ¢*(/ln)

First, we claim that F,, are uniformly bounded in [«, u]. The upper bound F,, < ® is clear. As
for the lower bound, we first use the convexity of @, for all A € [k, u],

D(2) 2 D(k) +¢" (k) (A=), D) 2 D(p) — g () (= ).
then we use the convexity of F,,, for A € [A,, 1],
F(ln (/l) 2 F(zn (An) + f;n (/ln)(/l - /ln)
2 (D(/ln) + ¢* (/ln)(/l - /ln)
> (k) +¢" (k) (An — k) + 9" (k) (1= )
=D(k)+¢" (k) (1—«).
For A € [k, 4,],
F(rn (/l) = Fan (/ln) - fa/n*(/ln)(ﬂvn - /l) (EC~4)
> ®(An) = " (An)(An = )

> ®(u) = ¢u () (u = An) = s () (A, = A)
=®(u) = () (u—A).

Therefore, for all A € [k, u],
Fa,, (A) 2 min{®(k) +¢" (k) (1 = k), P(p) = ¢s () (n = )} .
Next, we claim that F,, are equicontinuous in [«, u]. Since
Fq,, (k) > min{®@(k), ®(p) = ¢ (1) (1t = 6)} = P (1) — () (1 = ),
by convexity of F,, we have

Fa, (&) = Fa, (K') _ ®(4) = ¢ (1) (1 = 6) = P ()
K—K’ - 0 )

fozn*(K) 2
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Similarly, we have

Fo, (1) = Fa, (1) L Q) — (k) — 47 (k) (1 — )
p—p B 6 '

fa, are increasing between « and y, so they are uniformly bounded, thus F,, are uniformly
Lipschitz.

Since f,, are uniformly bounded, we know that {a@,},en is bounded by the assumption of the
lemma. Up to a subsequence, we may assume «, — a. Since F,, are uniformly bounded and
equicontinuous in [k, 1], by Arzela—Ascoli Lemma it admits a subsequence uniformly converging
to some Fo, and since F, is upper semicontinuous in «, we know that F, > lim,_,« Fy,, = Fe.
Therefore, up to a subsequence,

Jo, () <

®(10) 2 Fa(d0) = Fuo(do) = im Fo, (4,) = lim @(1,) =@ (o).
Thus @ € Qy(1p). Moreover, by taking n — o in (EC.4), for any A € [k, 19) we have
B(L) 2 Fol) 2 Foo() = M Fo, (4n) = fa, o (1) (A0 = 1)
2 lim Fo, () = ¢:(1n) (2n = ) = (o) = ¢+(10) (Ao = ),
and they all equal at A = Ag. So the left derivative at Ag

$+(20) = fa.(10) = ¢+(A0)

are equal. This shows that f,,(10) = ¢.(1o). The proof for the B part is exactly symmetric to the
a, so we omit here.
(III) This is the consequence of part (II) and (EC.3). O

EC.3. Proofs for Section 3.1

Proof of Theorem 1. It suffices to prove the direction vl > vf

p > Vp,. For each x € X, 7€ Z we denote

G () (4x,2) =Y(f(x),2) - Allz=Z]I".
It is a linearly decreasing function of A. Thus, the supremum over z

Y(4;x,2) :=sup {G ;) (4;x,2) } (EC.5)
Z€EZ

is a decreasing convex function of 1. Because the expectation of decreasing convex functions are
decreasing is convex, we have for each x € X,

Fro®) =5 [Y(4%,2) | X =%| = Al =517
ZIX

is a family of decreasing convex functions of A. Their supremum

®(4;%) :=sup {F(x)(1;%)} (EC.6)

xeX

is again convex and decreasing. Finally, the dual objective function

h(1) = Ap? +E5_ [db(/l; )?)]

X

is also convex. By Lemma EC.2, there exists « € [0, o] such that # is finite in («, o) and infinite in

[0, k). Moreover, in the case k < co, h attains its global minimum at 1* > «. Therefore we can separate
the following cases.
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Case 1: k=

This means /(1) = oo for any A > 0, therefore vé = c0. Now fix A > 0, then

[EDSA[Q(A;)?)]:[E@F supF(x)(/l;)?) =00,
X X |xex

We may assume L
Es[¥(f(X),2)] < o,

otherwise vg = o0 because P is feasible, and the strong duality holds automatically. For each X we can
find an X € X, denoted by X =T (X), such that

E5_ [Foo (45 0] 2 Es[W(£(0), 2)] + 2207,
[Y(/l; X,7)| )?] — X —)?||P] > E; [\P(f()?),i)] +210P,

2007 +Ep [AIX - K1 <Ep_ B, [Y(4X.2)-¥(£(%).2)|X]|

=E5_|Es.__ |supGo)(4;x,2) —P(f(X),Z) | X
X ZIX | zez

For each (X, Z) pair, we can find Z € Z, denoted by T»(X,Z), such that
ApP s |UX-RI7| <B5_[Bs [Gin(15X.2) - (£ (R).2) | X||
X X z|

=Ep [‘P(f(X),Z) ~¥(f(X),Z)-AllZ- Z||P]

Denote y; = ((T1,T2) ®id)(><g)ﬁ@, with # denotes push-forward of a measure. Then ((X, Z), (55, Z)) ~ Y1,
and denote the distance between (X, Z) and (X, Z) by

D=E, [IX-XIP+1Z-Z|"|.
then
By |2((X),2) - 9(£(X),2)| 2 4p” +2D.
Let yo = (idyxz ®id xx g)ﬂ@ denote the joint distribution induced by identity transport map. Let

g =0v1+(1—0)yo be the transport plan which perturbs yo by moving 6 := min ,—p} ortion of mass
yo=0y1+(1-0)yo be th port plan which perturbs yo by gl {L5)p

from (X,Z) to (X, Z). By the convexity lemma 1, this transport plan is causal. Denote Py = (y¢)(x,z)
to be the marginal of yg4. Then

C,(B.P)P <E,, |[IX-X||7 + ||z-2||P] —6D < pP,
So Py is primal feasible, and
Ep, [¥(f(X),.2)] - E5[¥(£ (). 2)] =y, [¥(£(X).2) - ¥(f(0).2) |

=0E,, [¥(£(1).2) - ¥(f 3. 2)|
>0 (1p” + D)
> ApP.
Therefore
vl 2 Ep, [Y(f(X),2)] 2 E5[W(f(X), 2)] + 40",
and since A can be arbitrarily large, we have

U &
Vp =00 =Vp.
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Case 2: Kk <oc0,A" >k
Fix some small § > 0, € > 0. Applying Lemma EC.3 on (EC.6), for x € X we can find X, x € X such
that

d d d d
g Fw(A33) < =@ (50 +6, - Fe (23 2 2 @(A75X) -6,
I;‘(ﬁ)(/llv-;c\)zq)(/1 755) &, F(})(/lz’f)zq)(/l ,5(?)—8

for k < 17 < A* < A3 and A1, A, sufficiently close to A*. Fix x € X. Apply Lemma EC.3 on (EC.5), for
ze€ Z we can find 7, z € Z such that

d d d d
EpE — Gy (13;x, A)<—Y(/11,X 2)+6, JG@(/M;X,E)Z dﬂ)fY(ﬂz;x,’@—&
G(g)(/lBJx>A) ZY(/ll,X,/) &, G(z)(/lz};X,E) ZY(/lZ,X,/Z)_s

for k < A3 < A7 < A* < A3 < A4 and A3, A4 sufficiently close to A1, 5. Now suppose Pis supported over a
finite set of {(Xk,Zx:)}xi, we know that for A1, A2, A3, A4 sufficiently close to A* we can find Xx, x, , 7k, 2
such that the above are satisfied simultaneously. We denote the transport map by X; = T1 1(x%0),
Zki = T2 (X, zk,) and T (Xk, Zxi) = (X, Zxi). We define T similarly, so we can construct (X, Z) = T(X Z)
(X,2)= T(X Z). We denote the law of ((X,Z), (X,Z)) byy= (T®1d)(xg)ﬂ[p and the law of (X, Z) is
P= Y (x.z) the marginal. Similarly we define Y and P. We also define ¥ = (id yxz ® id xx Z)ﬁIP to be the

identity transport plan. For convenience, denote the law of (X, X ) tobe y; = and the law of

(X, X) tobey =Y x.%
law of (Z, Z) and (Z, Z) given (X, X) and (X, X), respectively.

We know that 4(A) attains its minimum vg at some A* € Z,so h/(1*+) > 0 and A’ (1*-) < 0 (if 1* > k),
SO

Y(X,X)J

. Similarly define y, =y (Z.2)(X.%) and Y=Y 2.51x.5) to be the conditional

2| e |01, %)| <-p7 < - |21, %)
da- = Pz ’ =P = da+ —r Pg )
where
d d _
— o, X] B || ®(LX
dA” | [ (.5 [d/l ( )]
>Ey —|  Fx(;X)|-
= (x,xwlldﬁ . ) (45 X)
d p
i o], [ (M2 D100 - -
d = _ ..
:[E(X,}?)NZ [Eﬁzp} d/l+/l/lY(/l’X’Z)|(X’X) _HX—X” —
=A1
d = _ S
2Eix 80y, |Fz 2y, g Co@EDTEX) |- IX-XIP) =26
=A3
>Eiy 2y, |Ei2ry, |1Z-ZI7 1 (X 0)| - 1X - X117 -

-E X - RIP + 12~ Z)17| - 26,

(X.2).(R.2)~y ['
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d s d _
T+ IE'\ [@ /l,X:l:ﬂEA (D/l,X
]y, % (L% Pz [d’l+ A=ar ( )]
- (Y’§)~71 J (Y)( 5 ) +
L A=12
d — = _
=Ex %), ar|,, {[E@ZD2 [Y(/I,X,Z) | (X,X)] X=X } +5
L =A2
B |Bo, || YWRD)IED)| IR R [+
TEOT TP |, ’
d — e -
<Ex%) 7 |EzZ.2) 7 ar- . Gz (X 2) | (X.X)| X - X||P | +26
- =14
<Ex %7 |EZ.2)7, [—”Z—ZIIP | (X,X)] - ||X—X||P] 425
=~E (7,825 1X-KIP 412217 | + 25,
Therefore,

=E

(ST

(X.2).(X.2))~y

=Ex.2.%.2)~

|1 - X7 +1Z-Z17| < p +25,

|1X = X1 +1Z2- 21| 2 p7 - 26.

Based on these, we construct a feasible primal solution. There exists g5 € [0,1] depending on
A1,49,43, A4, such that

Let ¢9 :

_ oP <
T pP+2(1-2g3)+0 =

pP =(1-q%) (E—25)+q§ (d+20),

pP+2(1-2¢5)6=(1-q5)d+q5d.

1. Define a transport plan y$ by

v5i=q° [(1 - q§)7+q§z] +(1-4°)7.

Its marginal distribution P§ = (v§)(x,z) is given by

PS=gq

Then P% is primal feasible because

In the mean time,

*l(1-g9P+q5p|+(1-¢°)P.

CrPEBY <E (x5 %79y [IX = XI7 +1Z - Z)17

<q° [(1 - q§)3+q§d] <pP.

vé - pP =h(A*) - A"p?
=F5_ [cp(a*,)?)]

<E

(X.X) 7 [

F(X) (ﬂ.];)?)] +é&
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=Ex %)y, |Ep,q [T X.2) | K| - 0llX-XI7| +6

A

<Ex %y [Ez.21y, | G2 (13X 2) | (X 0)]| -l X - R +26

A

<Eix 2y, |Ez2ey, |[PFE. 2 = AlIZ =217 | (X.D)] -1l - 2117 | +26

<E(x 2,82y | P02 = 212 = ZIP = 11X - X7 | +26
<Ep [¥(f(X),2)] - Asd +2e.

Similarly

vg —A'pP = [E@)? [@(/l*,f)]

IA

Ecx.5)3, |Foo (@2 9|+

E %27, |Epyg | T X D) | (X0 -l X - X7 | +2

IA

E®.5): [[E(zz)% [G@ (X, 2) | (X, X)] _ )X - X||P] +2¢

IA

E(x%.2),%.2)5 | YU (0.2) = 4lZ = ZIIP - 12X - K17 | + 26
<Ep [\P(f(i)j)] — od +2¢.
Therefore,
vl > Ex.z)ps [P(f(X),2)]
=4 ((1-49Es [¥(F(0.2) | +45Es [P(£(0). 2)]) + (1 - 405 [¥(/(D),2) |
q° ((1 -q%) (vg — A pP + Aod — 28) +q5 (vg —ApP +A3d - 28)) +(1- q‘s)ﬂfﬁ [‘P(f(f),f)]
g° (vh = 70" +25((1 - g§)d+ a5d) ~ 26) + (1= ¢)E5 | X(£ (%), 2)]

g° (vh =2 +2s(p +2(1-2q5)8) - 26) + (1- ¢")E5 |¥(£ (%), 2)]

\%

\2

\2

=q° (v = (X' = 23)pP +225(1 - 295)6 - 25) + (1 - ¢")E5 [¥(£(R), Z) |
As 6 — 0, ¢g° — 1. Thus take the limit as 13 — A* and § — 0, it follows that
v{; > vg —2e.
Since ¢ can be taken arbitrarily small, vf: >/

Vh-
Case 3: "=k <o
In this case, we can still choose x,Zz, and we still have

F(y)(/lg,;f) >q>(ﬂ*,®—8, G(g)(/l;ﬁX,E) >Y(/lz,)€,2)-8.

and
d=E; |IX-X|P+1Z - Z||P] < pP +26.

We separate the cases k=0 and « > 0.
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Case 3.1: /lfIKZO

Let g% := ‘(%125 < 1. Define y% := ¢°y + (1 -¢°)7, then its marginal is a distribution P% given by

P2 :=g°P+(1-¢°%)P.
Then it is primal feasible because
Cp(P5.B) <Eye [IX-RI7 +1Z- 27| <q°d <p”,
thus
vl > Ex.z)-ps [P(£(X), 2)]

=4’ E g 75 YD, D) |+ (1- 4" E5[¥(£ (). 2)]

> 4° (VJD” _ AP 4 dod — 28) +(1-¢)Es[¥(f(X).2)]

> ¢° (vh - 28) + (1 - 4" E5[P(£ (). 2)]

using 1* =0. Let § — 0, ¢° — 1, we have v’; > vé — 2¢, and by taking £ — 0 we have vlj: > vé.
Case 3.2: A1"=«>0

Fix any 0 < k” < k. We have
Fs_ [q>(,<';)?)—c1>(,<;5(‘)] = h(K") = h(x) = 0. (EC.7)
We denote
XH(;%) :={x € X F)(1;X) > Fz)(4;%)}.
Then X*(4;X) is nonempty because x € X'*(1;X). Since

¢(K';f)=SUEF(x)(K';f)= sup  F(n («';X),
X€

x€X*(K';X)

we can rewrite (EC.7) as

[E@)? sup R F(x)(K,;)?)—(D(K;)?) =00,
x€X*(k’;X)

Thus for any fixed R > 0, we can pick X =T (X) € X*(x'; X), which induces v, such that
R<Ex5y, [F@)(K’; X) - D («; )?)]
<Eaxp)y, [F@(K';X) —Fx) (x5 X)]

=E Y(5X,Z) - Y (x; X, Z) | (z,)?)] + (k=KX - X|I7|. (EC.8)

1y, [Eo |

Moreover, because X € X™*(«’; X), we have

F(g)(K';f) < F(X)(K,;)?),

CIX-XI7 <E5  [Y(W5X.2)-YW;X2) K],
ZIX

Ex ey, |[KIX-XI7| <Ey g, B, [TGX.D - YW XD 1X.D)||.  ECo)
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We denote
Z*(A;x,2) = {z €Z: Gpy(x,z) 2 G(g)(/l;x,i)} .
Then Z*(A;x,7) is nonempty because 7 € Z*(4;x,7). Since

Y(k';x,2) =supG () (k';x,2)=  sup Gy («';x,2),
z€Z z€Z*(k';x,2)

we can rewrite (EC.8) and (EC.9) as

R<Ejy gy [Es, | 9  GoWiX.2-YwX.2)|(XX)|+k-)IX-X|"|.
z€2*(k;X,Z)
Ex ey [FIX-XI7| <E g, [Es, | 59 Go®sX.2)-Y(:X2)|(X.5)
z€Z*(;X,Z)

Thus we can pick Z:ZZ(f, Z)e Z*(k"; X, Z), which induces y,, such that

R-s<E |G (K3 X.2) - Y (X, 2) | (X, B) |+ (k= k)1 X - X117

(X.%)~y, [E(;,Z>~zz
<Eix %y, [Ez21y, [0 KiX.2) =Gz (6 X.2) | (X.B)| + (= )IIX - X117

~E (k= KMZ=ZI7 | (XD |+ (k=) 1X - K7 |

Xy, [[E<z2)~zz [
= (K - K,)é’
and simultaneously ensure

Ex %)-y. [K'ng— X||P] ~5<Eiy gy [[E(LZ)NZZ [G@(//;g, 2)-Y(3X,2) | (X, X)”

<E G (K3X.2)-G 5, (W5 %.2) | (x.9)]

(X.%)~y, [[E(;,Z>~zz
=E (.2 %20y | Y X. D - KI1Z-ZI7 -9(£(%).2),
KA<E(x 7 %7y | Y X0.2) - ¥([(D.2)]
<Ep [¥(£(X).2)] - 5 [¥(£(2).2)].

In conclusion, we have

ke | ER[Y(U(X0.2)]-E [¥((X).2)|
<d< o .

K—kK’'

We can choose R =¢+ (k — k’)NpP for some N >> 1 to be specified later. Because

there exists ¢ € [0, 1] depending on A3, 44, «’, such that

pP =(1-4%) [3—26] +q%[d+26],
=(1-g¢5)d+q5d -2(1-245)s,
pP+2(1-2¢5)6=(1-q5)d+q5d.
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Let g% := /W—Zqﬁhé < 1. Define a distribution P% by

Pe = g° [(1 —g5)P+ ng] + (1 - q‘s) P
Then P¢ is primal feasible, because

Co(PePY <q°(1-a9Es_|Es__[1Z-Z17 1 %] +1X - %17

ZIX

+0°q5Es_ |Ep,  [1Z-ZI" |X|+1X-X|17|

<q®[(1-g5)d+q5d| <pr.
Therefore
vh 2 E(x.z)-ps [P(£(X), 2)]
=E5 |0°(1- g ¥(f (). 2) | +Ep [¢° a5 (X). )] +E5 | (1= 4" P(£(R). D)
>q°(1-q%) (vé —kpP + Aod — 28) +q°q5k'd
+(1-0°+a%5) E5 [¥(/ (D). 2) |
>¢°k (1-g§)d+a5d) +4° (145 (vh — kp? = 2¢)
+(1-9°+4°93) B3 [¥(£(%). 2) |
> g%k (p” +2(1-2q5)8) +4°(1 - 45 (v}~ kp” = 26) + (1= 4% + 45 ) B [P (/ (0. D).
As § — 0, we have g° — 1. Moreover, because
pP+26 > (1-q5)d+q5d>q5d > g5Np”P,

we know that g5 < % — 0 as N — o and § — 0. Therefore, by taking these limits, we have

vJ; > K’pp+v£ —kp? —28=VJ|; —2e—(k—«")pP.
Since this is true for any «’ < x and & > 0, we may take «” — «x and &€ — 0 so vl > vé. m|

Proof of Theorem 2. Since ¥(f(+),-) is upper semicontinuous, we know that for each fixed x € X,
7€ Z, 1>k, G(5)(A4;x,2) =¥(f(x),z) — Al|z—Z]|” is upper semicontinuous in z. Moreover,

d -
e ==llz-7" >-w  aslz oo,

By Lemma EC.4 (II), we can find z, z such that

d o d -
@Y(ﬁ;x,?F—IIZ—ZII”, JY(l;x@=—II§—ZI|”, Y(4;x,2) =Gz (4;x,2) = G (5)(4;x,2).

Now we claim that for each fixed 7€ Z, 1 > «, Y(4;x,7) is upper semicontinuous in x. We prove it
by contradiction. Assume otherwise, then we can find x; — x, such that

Y(A;xk,2) > Y(4;x,2) +&
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for all k. We can find z . such that

d
= Yx ) =~lz, —ZII”.

If z, is bounded, then up to a subsequence it converges to z_, and since G is upper semicontinuous,

Y(/I;Xk,z) = G(gk)(/l;xk,a,

limsup Y (2; xx,2 ”)_hmsqu(z ) (4x6,2) Gz ) (4;x,2) <X (4;x,2)

k—oo

which is a contradiction. If z g, 18 unbounded, then up to a subsequence, for A’ € (k, A),

d
Y(A'5x,2) 2 Y(2;x4,2) — (ﬂ—ﬁ')ﬁY(ﬂ;xk,a
2Y(ﬁ;x,f)+e+(ﬂ—ﬂ')||§k—EHP — 00
as k — oo. Therefore
. ’ — . - . = A:A N _ 7P
lim Fio (1.9 = lim B |Y(400.2) | X =%] = 2'llve =)

=Ep__ [liirgoY(ﬂ;xk,Z) | X =%

—A|lx=x||” =0
ZIX |k

This contradicts with ®(1’,X) < co. R
We can thus construct Z, Z which depends on 4, Z and x. Now we have

Fio(9) =Ep [Y(/l;x, 2 )?:55] —Ax=%)P.

It is upper semicontinuous in x because each Y(4;x,7) is upper semicontinuous in x, and the finite
sum of upper semicontinuous functions is upper semicontinuous. Moreover,

Y(4;x,7) | X =5| = |x=%|| = —E@“[nz 771X = x]—||x T — —o0

d d
D= [d/l+

as x — oo. By Lemma EC.4 (II) we can find x and x such that

d o d o
®(4;5) = —E5 [ Z-7|P X:A]— 3P, o _E; [ zZ-7|P X:A]— —3P,
LD = [IZ-ZIP|R=5] - Ix-71,  SpewD=-g [Iz-ZI71%=7|- -7

D(A;X) = Fx)(4;X) = Fz)(4;%).

By constructing these for every x in the support of ﬁ)?’ we have X, X, Z, Z such that (X, Z), (X, Z)) ~7,
((X,2),(X.Z)) ~y, where

K ng K ni
Y= /; D PkiS(Rez), ooz Y= ; 2 PriO (x.2,,)- (Fe.Zka))-
i=1 =1 1i=

We use notations 7y, Y, Y2 Y, similar as in the proof of Theorem 1.
Now we have both

W) = ApP +E5_ [cp(z; ;?)]
= 1pP +Ey, [F(Y) (1 )’Z)]

= ApP +[E5, [[E% [Yu;f, 2| (X, )?)] _AX-X|P
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= ApP +E5, [[E72 [G@ LX.2) | (X, )?)] ~AlIX - )?||P]
= Ap” +Ey, [Ey, [¥(/ (D). 2) - AZ-Z)17 | (X, %) | - X - X|1”|
) (pp —Z) +E [lp(f(f)j)] ,

B =1 (p" - d) +Ep [¥(£(X).2)].

and

d d

PLFE~
T =p" +E5 [(w@(ﬁ X)]

= p? +E3, |-, [IZ- 21 | (. %)| - 11X - X)1”|
-a

d
e —h() =p" -d.

At A= 2%, h is minimized, so d Fh(A") <0< 5 /l+h(/l ). Therefore there exists g* € [0, 1], such that

q (p” —d) +(1-4¢") (p? —d) =0.
Then if we denote y* =¢*y + (1 - q%)7s then

E(x.2).(R.Z)~y [”X ~X|IP+11Z - ZHP] =q"d+(1-q")d=p".
Therefore, P* = Yix.z)= q*P + (1 — ¢g*)P is feasible, and

Ep-[¥(f(X),2)] = ¢" E5[¥(f(X), 2)] + (1 - ¢ ) ER[¥(f(X),Z)] = h(X") = v =v]

it is optimal.
Note that this optimal solution is
K ng

P*= 30 3 Bk (00 m0 + (1= 40002,

k=1 =1
Now we first consider the following linear optimization problem,

sup Ex,z)~p[Y(f(X),2Z)]
{qr}xc[0,1]

K
where P = Z >\ Pri (Clk5(xk,zki) +(1- ‘Ik)‘s(ik’gkﬂ) ’
=1 i=1

st. E IX = X||P +|Z - Z||p]<p

(X.2),(X.Z))~y [

K ng
wherey =2, > Pk (4k5<<fk,zki>,<fk,zki>> +(1- 61k)5<@k,gk[>,<fk,zki>>) :
k=1 i=1

The feasible domain is not empty because g; = g* gives a feasible solution P*. The constraints and the
target function are all linear functions of gy, so the inf can be attained at the vertices of the feasible
domain, and thus we can find k¢ such that g, =1 or O whenever k # kg. So, we have found another
optimal solution

nko

P= Z Zpkzé(x 25 +Zp10] (qé(xko Zigi) +(1- q)é(xk 2o ))
k#ko i=1

where (x},z;,) = (Xk, Zki) or (x;,z,,) depending only on k. Note that the marginal Px is supported
over at most / + 1 points. O
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EC.4. Proofs for Section 4
Proof of Corollary 1. Since W(-, z) is affine for each z, ¥ can be written as

Y(w,z)=0*(w), 5(w) =B°Tw+b%.

Here (% is an affine function with gradient 8% € D* and intercept b* € R. Then

= v -~ 1 Nk e - 1 ni . -
[Eﬁil)? [T(W, Z) | X ZXk] =S = Zpkiq}(W,Zki) = E Zpkigzk,(w)
i=1

2oy Pri i3
Denote
_ Zkl — 1 S bZkz
= —k zz1pk iB = P_k ;pk
and
e (w) = ,} Zpk f“'(w) Biw + bk, (EC.10)

Dk

which is an affine function of w. Therefore, [EPAP [‘P(w, )X :fk] ={ (w) is affine. We have
Z|X

sup {Ep_[W(/(1),2) | X =] = Alle = Fll?} = sup {6 (£(0)) = A =T’}
xeX zIx xeX

Suppose f : X — D is an affine decision rule, then f(x) =B"x+4, and

e (f (X)) = e (f (3k)) = B (f (%) = f(Xk)) = B BT (x — k).

Thus, the supremum over x can be computed explicitly as
sup {£ (f(x)) = Alx = x|} = € (f (xk)) + sup {(BB)T (x = k) = Allx =% 17}

xeX
=£’k(f(x/<))+Sglg{llBﬁkll*t— AP}

Define a convex function R, : R —» R U {+co} by

oo1{A < u}, p=1,
Rp(A,p) :=sup{ut — AP} = =

Ap-1) (f—p) Lop>L

t>0
Then
Sup {£5.(/ () = Alle = Fill”} = 6/ () + Ry (4, BB
~ o~ —~ K [ ng
p, | sup (Es, |¥(£(0.2) ||~ alle= K17} | =3 (Z ﬁki) [€c(F E0)+ Ry (L 1BB11)]
X€ k=1 \i=1

Note that R, is a convex function in A and B, (i (f(Xk)) = {x (B Xk + 6) is affine in B and 6, so the
right-hand side of the last expression is convex in A and B as well. Hence (5) is a convex program:

120,(B,5)€® o)

inf {/lpp+2pk [6c(BTx +6)) + Ry (A, | BBkl )]}

where ¢ is an affine function defined by (EC.10). O
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Proof of Corollary 2. We start with sup over z:

sup {¥(w,2) = Allz = Zxil1*} =P (W, Zxi) +sup {(ATw+a) " (z = Zki) — Allz = Zwil1*}
zeZ z€Z
=W(w,Zk) +sup {(ATw+a) T2 - A|Z]*} .
ZeZ

By the linearity of ¥ in z,

Es. _|sup {‘P(w,z) ~ Az Z||2} | X =% | =W(w.Es_ [Z|X=%¢])+sup {(ATw+a) - 1|22}
Z|X ZEZ Z|X EEZ
=W (w,Zx) +sup {(ATw+a) 7 - |Z]1?}
zeZ
=sup {¥(w,Zx +32) —/1||2||2}
zeZ
=sup {¥(w,z) - Allz -z}
z€ZX

where we define z; =E5_ _ [Z | X =Xx]. Next, we take supremum in x with decision w = f(x) = BTx +4.
ZIX
Note that

Y(w.2) = (wT 1) (;j‘ ff) (i) w= (BT 0) (’{) — (. =(T 1) (f (1)) (f 'f) (i)

We thus express supremum in x by

yei= sup  W(w,z)—Allz—Zll> = Al - X ]I
xeX,zeZ
B O X I O —Xi X
= sup (x7z"1) OO(OOT;‘T’g)z—/l(xTle) o I - z|.
xeX,ze2 67 1 1 X0 =70 Ikel®+11zell?/\1
We have transformed (D) into
, X
inf Ap® + D
S e kZ:;Pk)’k
20, {yx }x CR
s.t. X >0
where
I O —Xk O 00 B O o0
- 1 A BT
X, =1l 0 I ~Zx +ye| 0 0 0|~ oo(ooTan)+ATa(oT00T‘15)
=X, =7, Nzl + Xk I 0T 0" 1 5T 1 BT b
Al -1BA —1Bp - A%k
=l -3(BA)T Al —2(AT6 +a) — Az >0 (EC.11)
—3(BB)T A%} —3(AT6+a)T — Az} yi —B76 — b+ |z || + A[xk]|?
Since X} is affine in A, yg, B, 6, this is a semidefinite program. O

Proof of Theorem 3. First, we show that N, I (x) is nonempty. To begin with, each ; (x) is nonempty,
because the definition of ¢; implies

O (W) < pr < A%||Ix = x|l + i,
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so wy € I (x). Note that each I (x) is an interval since it is the sub-level set of a convex function ¢y.
To prove they have a nonempty intersection, it suffices to show they pairwise intersect. For instance,
we show here that 7;(x) and /(x) intersect by contradiction. Suppose /; and I are disjoint. Since
w1 € I1(x), wa € I2(x), we know that I; and I, are disjoint if and only if we can find w3 in between w1
and wy outside both intervals. This implies that

e1(w3) > |lx —x3|| + ¢1 > A ||x —x1|| + p1(w1),
©1(w3) > Alx —x3l| + ¢1 = A" lx —x1 ]| + @1(w2) — " |[x1 — x2]|,
2 (w3) > A||x = x3]| + 2 > A" ||x — x2[ + p2(w2),
02 (w3) > A¥[|x = x3]| + ¢ = A% ||x —x2| + p2(w1) = A[|Ix1 — x2][.
Since ws is between w; and wj, we can find «,8 € [0,1] with @ + 8=1 and ws = aw; + Bwa. By

multiplying the first/fourth inequality with @ and the second/third inequality with B then taking the
sum, we have

(p1+92)(w3) > A" (Ilx —x1ll + llx —x2) + @ (1 +@2) (W1) + B(@1 +@2) (W2) — A¥|lx1 —x2|
> a(p1+p2)(w1) +B(p1+p2) (W2),
using the triangle inequality. However, this contradicts with the convexity of ¢; + 2.

Next, we prove that any decision rule in the intersection N/ is optimal. For every f € F, let
f flz € F be the restriction of f on the set X, then

in {ﬂp+[E@§ ilelg{w(f(x);ﬂ,f)—ﬂllx—fll}]}
> gg{ﬂpﬂe ria;{so(ﬂxm,@—Anx—}?n}]}

gg{ﬂm[& [lmax (7t 2, %) - ke - X1}

} Vg (EC.12)

By taking the infimum over f € 7, we would have vp > vg. On the other hand, for the minimizer 4
and f* € F of (10), let f € F be an extension in NI, (x), then for every x we have

P (f () =2l =3 < max {e(F(F);475) = lxe =3}

Therefore,

Ap+ [E@}2 [12}52% {so(f(Xk);/l , X) = A" |xx —XII}]

[sup et D -2k - %1}
xXeX

> VD.

Thus vp = v;.

Finally, ng show the necessity of the interval condition. Suppose f* € F is an optimal policy to the
problem (8) with optimal dual value 1*. By (EC.12), 1" and the restriction f* = f|; € F are also an
optimal dual value and an optimal policy to the problem (10). To show that f*(x) € NI (x), we prove
by contradiction. Suppose for some x € X and some k € [K], f*(x) € Ix(x). This means

([ (x); 7, %k) = @ (f7(x)) > A [lx = x|l + i = 7| — X | + max {ox(w)) =" |I% =511} -
That is, there exists k € [K] such that for all j € [K],

o(f* ()40 = [k =Tl > @ (f* (5); 4", F) = ' 1% =551
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Then

— )* e
vp=A4 p+[E|]3,}2
xeX

sup {so(f*(xm*,i)—A*ux—fu}]
>A'p+Ep [Jrgg{x] fe(r @22 -1, —)?n}] >v5,

which contradicts with vp = vg. Therefore, we must have f*(x) € N/ (x) for all x € X, which completes
the proof of the theorem. i

EC.5. Proofs for Examples in Section 4

Proof of Example 5. Since f is real-valued and ¥ is convex in w, we use Theorem 3, so it has the
following reformulation

it {ap+ 5| max {67505 0.9) - 1w |

a
F:AoR 1<k<K
>0
with
e(w; ;%) =Ep_ _ |sup {IW—ZI —ﬂllz—fll} |55=55] :
Z|IX z€Z

For any A < 1, the supremum over z is infinite, hence ¢(w;A,x) = c. For A > 1, the supremum is
attained at z=Z, so

p(w; 59) =Ep [|w ~7| |)?:35] +ool{d <1}.

X

Thus, we reach the following reformulation,

inf {@HEE? [12}2% {Es,  [IFE0 - 21| X =5] - all%, —xn}]}
=1

This can be transformed into a linear programming problem

K
inf Ao +
e eheer ;y"
{crjitrjicR,A>1

nj
st y; = > prilerji = Allxe = %511 Vj.ke[K],
i=1
Ckji = Wk —Zji Vk,j€[K],i€[n;],
ijiZEji_Wk Vk,jE[K],iE[nj]. o

Proof of Example 6. Recall that the problem could be reformulated as

inf {/lp+[Eﬂ3A max {go(f(x‘k);a,)?)—/1||)?k—;?||}]}.
FAoR % [1<k<k
>0

where

@(w; ;%) =E5 sup{—sz (V{) —Anz—Zn} |}?=f] :

Z|IX 7€Z
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When Z is equipped with the usual ¥ norm ||-|| z, the supremum over z in the definition of ¢ is infinite
if lw (w 1)||. > A, where ||-||. is the dual norm of ||-|| z, otherwise the supremum is achieved at z =Z.
Therefore

e(w; 4;50) = = (w? w) Zi + 0o 1{[| (w? w) . > A}
Hence we obtain the reformulation (11). Recall that the first component of z represents the price

sensitivity coefficient, which is negative.
When p =1, this can be written as the following quadratic constraint program:

inf /1p+ Z ﬁjcj

{wi }k,120 je[K]
s.t. cj+(wi wi) g+ A|IXk = x;]1 = 0 Vj, ke [K],
wi <A Vk € [K],
wi <A Vk € [K].
When p = oo, this can also be written as a quadratic constraint program:
inf Ap+ pic;
{wi }i, 120 P jez[;é]pj !
st cj+ (w2 wi) Zx + Xk —X;]1 = 0 Vj, ke[K],
w%+wk£/l Vk € [K].
When p =2, this is written as
inf Ap + pici
ez jgﬂ 7
s.t. ¢+ (wE wi) Zg + Xk - X511 = 0 Vj, ke[K],
w2+wi5/12 Vk € [K].

By introducing auxiliary variable y; = wi, this can be represented as a second order conic programming:

{Wk}k,l{ryllf}k,/lzo /lp+j§qucj
s.t. ¢+ (wE wi) Zg + Xk - X5 = 0 Vj, ke[K],
Vi 2 wi Vk € [K],
y2+wr < A2 Vk € [K]. O

Proof of Example 7. (D) and (4) are reduced to

K
inf 102+ > b,
e ;pk)’k
A20,{yx }kr CR
X
st. (xT 2" 1) Xk|z|=0, Vke[K],xeX,z€ Z
1

X
(CTB™ CJ6—c;) (1) <0, Vee[L],x€X.
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where X is a symmetric matrix defined in (EC.11) with A=/, a=8=0, and b =0:

Al -1B — A%,
Xe=\-3BT Al 15—z,
AT -6 - Az yi+ Azl + A

By the S-lemma [87, 88, 69], two set of constraints are equivalent to

K
inf A 2 + Ak k

BeRP™M seR p ;p Y

ﬂZOs{yk}kCR

{tuc e {ve e cRy
X

st. (2T 27 1) Xp| z |+ pr((x —x0) "Z(x —x0) = R) >0, Vke[K],.xeR% zeZ

1

X

—(CTBT CJ6-co) (1

) +ve((x —x0) T 2(x—x0) —R) >0, Vle[L],xeR%.

Constraints can be written as the semidefinite form:
> 0 “Xxg

o 1pc, hY -2Xx0
2
Xitme| O O 0 =0, (lCT BT CT6—C[) +tve (_xTZ xT¥x0 - R =0.
—ngOTngxo—R 2v¢ e 070

We thus completed the proof of this example. m|
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