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Abstract

We establish the weak convergence of inertial Krasnoselskii-Mann iterations towards a common fixed point
of a family of quasi-nonexpansive operators, along with worst case estimates for the rate at which the residuals
vanish. Strong and linear convergence are obtained in the quasi-contractive setting. In both cases, we highlight
the relationship with the non-inertial case, and show that passing from one regime to the other is a continuous
process in terms of parameter hypotheses and convergence rates. Numerical illustrations for an inertial primal-
dual method and an inertial three-operator splitting algorithm, whose performance is superior to that of their
non-inertial counterparts.
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1 Introduction

Krasnoselskii-Mann (KM) iterations [28, 32] are at the core of numerical methods used in optimization, fixed point
theory and variational analysis, since they include many fundamental splitting algorithms whose convergence can be
analyzed in a unified manner. These include the forward-backward [30, 37] to approximate a zero of the sum of two
maximally monotone operators, and its various particular instances: on the one hand, we have the gradient projection
algorithm [24, 29], the gradient method [13] and the proximal point algorithm [33, 41, 10, 25], to cite some abstract
methods, as well as the [terative Shrinkage- Thresholding Algorithm (ISTA) [20, 18], to speak more concretely. KM
iterations also encompass other splitting methods like Douglas-Rachford [22], primal-dual methods [16, 3, 17, 43, 19]
and the three-operator splitting [21].

Convex optimization methods can be enhanced, by adding an inertial substep, motivated by physical considera-
tions [39, 34, 1]. Extensions beyond the optimization setting have been developed in [2] and, more recently, in
[31, 9, 4, 42, 27], to mention a few. Interest in this type of methods increased remarkably in the past decade in view
of theoretical advances in the convergence theory for the Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)
[3], obtained in [15, 5, 6].

The purpose of this work is to develop further insight into the convergence properties of inertial Krasnoselskii-Mann
iterations in their general form
{ Yr = Tk +ox(Tk — Tp-1) (1)
ey = (1= M)yr + Tk (yr),

where (T}) is a family of operators defined on a real Hilbert space H, and the positive sequences (ay) and (M) are
the inertial and relazation (or averaging) parameters, respectively.

The paper is organized as follows: in Section 2 we establish the weak convergence of the iterations towards a common
fixed point of the family of operators in the quasi-nonexpansive case, along with worst case estimates for the rate at
which the residuals vanish. Section 3 is devoted to the strong and linear convergence in the quasi-contractive setting.
In both cases, we highlight the relationship with the non-inertial case, and show that passing from one regime to
the other is a continuous process in terms of parameter hypotheses and convergence rates. In Section 4, we discuss
several instances of KM iterations, which are relevant to the numerical illustrations provided in Section 5, concerning
an inertial primal-dual method and an inertial three-operator splitting algorithm.



2 Vanishing residuals and weak convergence

An operator T': H — H is quasi-nonexzpansive if Fix(T) # () and | Ty — p|| < |ly — p|| for all y € H and p € Fix(T).
This implies, in particular, that

2(y—p, Ty —y) < [Ty —y|* (2)
for all y € H and p € Fix(T).
In this section, we consider a family (7}) of quasi-nonexpansive operators on H, with F' := (", Fix(T}) # 0, along
with a sequence (z,yx) satisfying (1), where (ay) is a nondecreasing sequence' in [0,1), and (\;) is a sequence in

(0,1) such that infx>1 Ay > 0.

To simplify the notation, given p € F', we set

v = (A1)
Ok = Vk—l(l - Oék—1)||$k - ﬂfk—1H2v (3)
Ar(p) = lzx—pl? = llze—1 —plII>, A1(p) =0

Ci(p) 2k = pl? — ak—1llzi-1 = pl* + 6k, Ca(p) = 21 —plI*.

The following auxiliary result will be useful in the sequel:

Lemma 1. Let (T}) be a family of quasi-nonexpansive operators on H, with F := (s, Fix(Ty) # 0, and let (xy, yx)
satisfy (1). For each k> 1 and p € F, we have B

A1 (p) + 1 + vio||lzrsr — 22k + 21 || < cnAi(p) + [ (1 + ) + vpon (1 — ag) ]|z — ze—a > (4)
Proof. Take p € F. From (1), it follows that
ki =21 = e = 21> + Aillue = Teywll® + 22 (ur — 2, Tevr — vr) < llyx = pI? = Ae(1 = M) llwe — Toyrll®, (5)
where the inequality is given by (2). From
lyr. = pl1* = llae = p + an(zr — ze-)|I” = llox = pl1? + afllzr — zx-a|® + 20 (2 — py 21, — 241)

and
20y (T — p, ok — Tp—1) = agllzr — pl|® + arllvr — ve—1||* — akllz—1 — p|?,

we deduce that
Iy —plI* = (1 + o) |la — plI* + (1 + o) [lar — a1 ||* — arllze— — pll*. (6)

By combining expressions (5) and (6), we obtain
lrsr = plI* < 1+ aw)llzrk — plI* + o (L + aw)llzr — ze-1]l* — arllzr-1 = plI* = Ae(1 = M)y — Tyn .
Recalling from (3) that Ay(p) = [lzx — pl|* — ||lzx—1 — p||*, we rewrite the latter as
Ary1(p) < axli(p) + ar(l+ an)llzr — zr-1]* = Xe(1 = o)y — Tyl (7)

In turn,
Mellk — Teyell® = llorsr — zll® + aillze — we—1)l® — 200 (@hg1 — Ty T — Th—1) (8)

and
=20 (Th1 — Thy Tk — Th1) = g |Tpr1 — 20k + o1 || — arl|Trgr — 2xl|? — arllze — zr-1]?,

together give
Mllye = Teyell® = (1 = o) |41 — zil]* — (1 — o) |we — 2o l|® + o l|wpsr — 225 + x|
By multiplying the latter by v = (1 — Ax)/Ak, and using the definition of dy in (3), we rewrite this as
k1 + veanl|zrer — 22k + 2p—1 ]| = veon (1 — o) |z — ze—1]1? + M (1 — M) llye — Tyl 9)

Summing (7) and (9), we obtain (4). O

1This is just to simplify the proof and is sufficiently general for practical purposes.



We are now in a position to show that the sequence (z,) remains anchored to the set F', while both the residuals
lyx — Ty || and the speed ||x), — zx_1|| tend to O faster than 1/v/k, as occurs with standard KM iterations.

Proposition 2. Let (T}) be a family of quasi-nonexpansive operators on H, and let (xy,yr) satisfy (1). Take
p € F =\ Fix(Tk).

i) Assume that there is kg > 1 such that
ar(l+ap) + (0 = Dag(l = ax) = (A, = D1 —ag-1) <0 (10)

for all k > ko. Then, the sequence (C’k (p)) is nonincreasing and nonnegative, thus klim Ci(p) ezists.
—00

k>ko
ii) Assume further that

limsup [ag(1+ ax) + (A" = Dar(l —ag) — (A, — 1)(1 — ax—1)] <0. (11)

k—oc0

Then, the series > apllzer: — 22k + 211, 2 llze — 2k_1ll?, D 6k and > |lyx — Tryrl|® are convergent.
k=1 k>1 k>1 k>1

Moreover, lim |z — p|| exists, and
k— o0
lim kllyx — Tiyel|* = lim kl|lzy — e [* = 0.
k—o00 k—o0

Proof. With either (10) or (11), there exist ¢ > 0 and kg > 1 such that
ar(l+ap) + (0 = Dar(l —ar) < N = D1 —ag1) —¢ (12)

for all kK > ko (if (11) holds, then & > 0; otherwise, ¢ = 0). Without any loss of generality, we may assume that
ko = 1. Combining this with (4), we obtain

= apAg + 0 —¢||lxg — J)k_1H2. (13)

Api1 + g1 + viollzigr — 20k + 21 ||? < a4 [e-1(1 — ag—1) — €] |lor — zp—1]?

On the one hand, (13) immediately gives
Ak-{-l < apAg + 0. (14)

On the other, since (o) is nondecreasing, we have
Crr1(p) = Cr(p) = As1 — (ekllze — plI* — ar—1llzi—1 — plI*) + Skg1 — Ok < Apyr + Spg1 — g — ..
Therefore, (13) implies
Cr1(p) + vio||Trs1 — 225 + zp—1]? + ellzr — 2p-1* < Cr(p). (15)

It ensues that (Ck (p)) is nonincreasing. To show that it is nonnegative, suppose that Cj, (p) < 0 for some k; > 1.
Since (Ck(p)) is nonincreasing,

s = pl|* = ax—1lzr—1 = plI” < Cr(p) < Ci, (p) <O
for all k > ky. If follows that |z — p||* < ||zk—1 — p||* + Ck, (p), and so
0 < flok = pl* < llzx—r = pl* + Cry (p) < -+ < |z, — plI* + (k — k1)Ch, (p)

for all k > k;, which is impossible. As a consequence (Ck (p)) is nonnegative, and klim Cr(p) exists.
— 00

For ii), Inequality (12) holds with € > 0. The summability of the first two series follows at once from (15). The third
one is a consequence of the second one, since infy>; Ay > 0. For the last one, we use (8).
Now, denoting the positive part of d € R by [d]4, we obtain from (14) that

A1l < afAg]y + 0,



where a := sup;~; ax < 1 by virtue of (11). Iterating this inequality, we deduce that

[Aj], < Zoﬂ k6,

and so

oo 1 oo
Z J+1+*1_a [A1]++Z(Sﬂ
j=1

j=1
Now, write hy, = ||z — p||* — Zle [Aﬂ—&-' We have
hitr = he = Dpgr — [Appa], <0,
from which we conclude that klim ||zr — p|| exists. Finally, from (13), we deduce that
— 00

[Arg1]t + 0rr1 < [Ax]y + 0
We have already shown that

Z ([Ak]+ + 5k) < 00.

k=1
An elementary property of real sequences (see Lemma 5 below) implies that hm k[Ak]+ = hrn kd, = 0, which
allows us to conclude. U

Remark 3. Inequalities (10) and (11) are closely related, but different, from the hypotheses used in [4] for forward-
backward iterations. In the non-inertial case a = 0, (11) is just limsup,_, o Ax < 1. On the other hand, since (ay)
is nondecreasing and bounded, we have ay, — a € [0,1]. If Ay — A, then (11) is reduced to

M1 —a+2a?) < (1-a) (16)
For each a € [0,1), there is A, > 0 such that (16) holds for all A < A,.

In order to prove the weak convergence of the sequences generated by Algorithm (1), we shall use the following
nonautonomous extension of the concept of demiclosedness.

The family of operators (I — Ty) is asymptotically demiclosed at 0 if for every sequence (zx) such that zp — z and
2zt — Trzi, — 0, we must have z € F' = ﬂk21 Fix(Ty).

Of course, if T : H — H is nonexpansive and Ty = T, then I — T} is asymptotically demiclosed. We shall discuss
other examples in the next section.

Theorem 4. Let (T}) be a family of quasi-nonexpansive operators on H, with F = (\,~, Fix(T) # 0. Let (xy, yx)
satisfy (1), and assume (11) holds. If (I —Ty) is asymptotically demiclosed at 0, then both x) and y converge weakly,
as k — oo, to a point in F.

Proof. Recall that klim lyr — Treyell = klim lzr — xk—1]] = 0, by part ii) of Proposition 2. From (1), we deduce
— 00 — 00

that (yx) and (zx) have the same (weak and strong) limit points. Suppose z,, — x. Then, y,, — x as well. Since

Ynp — TkYn, — 0, the asymptotic demiclosedness implies « € F. Opial’s Lemma [30] (see, for instance, [38, Lemma

5.2]) yields the conclusion. O

In the proof of Proposition 2, we used the following result concerning real sequences:

Lemma 5. Let ((;;) be a nonincreasing sequence of positive numbers such that >, ( < co. Then hm [k’ Ck] =0.
k>1

Proof. On the one hand, since (i) is nonincreasing, for each k > 1, we have

ke —(k—1)C—1 = G + (k= 1)(C — Ch—1) < G-
But k (x > 0 and the right-hand side is summable, so klim [k Ck] exists. On the other hand, since
—00

Z k(k Z(k<oo and Z%:oo,

k>1 k>1 E>1

we must have lim [k Ck] =0. O
k—o0



3 Strong and linear convergence

We now focus on the strong convergence of the sequences generated by (1), and their convergence rate. As before,
we assume that (aj) is nondecreasing but we do not assume, in principle, that infy>1 A > 0.

Given g € (0,1), an operator T : H — H is g-quasi-contractive if Fix(T) # 0 and | Ty — p|| < qlly — p|| for all y € H
and p € Fix(T). If T is ¢-quasi-contractive, then Fix(T) = {p*}.
Given A, ¢ € (0,1) and £ € [0, 1], we define

QN GE) =1 —-A+2%) +(1-HA =X+ X)* = (1= A+ X0)* +EA1 - N)(1—q)* (17)

Notice that Q(, g, &) decreases as A increases, or as either ¢ or £ decreases. The quantity Q(\, ¢, &) will play a crucial
role in the linear convergence rate of the sequences satisfying (1). The inclusion of the auxiliary parameter £ will
also allow us to establish convergence rates, with and without inertia, in a unified manner (see the discussion in
Subsection 3.2).

The following result establishes a bound on the distance to a solution after performing a standard KM step:

Lemma 6. Let T : H — H be q-quasi-contractive with fixed point p*, and let x,y € H and A > 0 be such that
x=(1—=XNy+ ATy. Then, for each £ € [0, 1], we have

Iz = p*II* < QA ¢,8)ly = p*II” = EAL = N[ Ty — y||>. (18)
Proof. On the one hand, the equalities
lz=p*I> = lly=—p*+XTy=wII* = lly—p*I?+NTy -yl + 2\ (y = p*, Ty — y)

“MTy—p*I? = “MTy—y+y—p1*> = =MTy—yll> = Ay —p*> =2\ (y —p*, Ty — v),
together give

lz =p*I> = (1= Nlly =" + ATy = p*[I* = X1 = N)|ITy — ylI?
< (L= A+ ly = PP = A1 = N Ty — y]*. (19)
On the other hand, we have
o =p*[[ =L =Ny —p") + ATy =)l < A= Nly = p"[| + ATy —p"[| < (L = A+ Ag)lly — p*|- (20)
Then, inequality (18) is just a convex combination of (19) and the square of (20). O

3.1 Convergence analysis

We now turn to the convergence of the sequences verifying (1). To simplify the notation, for each k € N, we set
Cr(p) = llzx — p"[* — ap—rllzg—1 = p*[> + €6 with  Ci(p") = [lz1 — p*|1*.

We have the following;:

Proposition 7. Let (T};) be a sequence of operators on H, such that Fix(Ty) = {p*} and T}, is q-quasi-contractive

for each k € N. Let (g, yx) satisfy (1), and let £ € [0,1]. Write Qr = Q(Ak, @k, &), where Q is defined in (17). For
each k € N, we have

ke = p*I7 + &0k < Qi [(1+ aw)llon — p7 |17 = anllor—r — p7|I?]

+[Qror (1 + ar) + Evpar(1 — )] [|ok — zr—1]>. (21)
If, moreover,
Qrak(l+ ar) + Evpar(l — ag) — EQrvr—1(1 —ag—1) <0 (22)
for all k € N, then
k
Cry1(p*) < HQ]’ lay —p*? (23)
j=1
and
k 4 J
|zxrs —p*lI* < ¥+ ok [H Qi] 1 — p*]|?. (24)
j=1 i=1



Proof. We use (1) and (18) to obtain
ki1 — p*I1” = Qullyr — p*II> — EXe(1 = M)l — T .
Now, by (6), we deduce that
lzrser = p*I1* < Qu [(1+ an)llan —p*|1° + an(L + )|z — zp—al” — anllzn—1 — p*I1*] — EX(L = Xo)llywe — Tieyel|?
On the other hand, from (9), we get
&1 < Evrar(1 — o)z — mroa [ + EM (1 — M) llye — Trwrl?,
and the last two inequalities together imply (21). For the second part, inequalities (21) and (22) together give
[@rs1 — p*II1° + Ehs1 < Qi [(1+ o) lzw — p*II° — anllar—1 — p*[I°] + £Qrdk-
Subtracting ag||zr — p*||?, we are left with
Crr1(p®) < (Qu(1+ ar) — ag)llzk — p*||> — e Qullzr—1 — p*||* + EQrdk
< Qille — p*11? = Qean—1llzr—1 — p*[I*> + EQu6k
= QuCr(p").

This gives (23), recalling that C1(p*) = ||lz1 — p*||?. Now, since ||zpy1 — p*||> — arllzr — p*||? < Cryi1(p*), we have

k k
s = o7l < anller — o7+ | [T Qs | ller =077 < allze — 7 + | TT @5 | lr =711,
j=1 j=1

which we then iterate to obtain (24). O
The preceding estimations allow us to establish the main result of this section, namely:

Theorem 8. Let (T}) be a sequence of operators on H, such that Fix(Ty) = {p*} and Ty is qx-quasi-contractive for
each k € N. Let (xy,yr) satisfy (1), and let € € [0,1]. Write Qr = Q(Ak, qx, &), and assume that (22) holds for all
k € N. We have the following:

i) If Y pey Ae(1 — ¢}) = 0o, then xy, converges strongly to p*, as k — oco.
i) If \g > A >0 and g < g <1 for all k € N, then x converges linearly to p*, as k — co. More precisely,

ak+1 B Q()‘vqag)k+1
o — Q(A7Q7§)

Proof. For part i), observe that if 3"5° | M\x(1—g7) = oo, then [[3, Qx = 0. By (23), limj_,00 Cx(p*) = 0. As in the
proof of Proposition 2, we can show that the sum of the first two terms in Cy,(p*), namely ||z, — p*||> — agp_1||zr_1 —
p*||?, is nonnegative. Therefore, limy_,oo ||z — p*||? — ax—1[lzk—1 — p*||?] = 0. If oy, = 0, the conclusion is straight-
forward. Otherwise, given any ¢ > 0, there is K € N such that

. = p*]1* < lzy = 0" = O (Q(A, ¢,6)") . (25)

loe = p*|I* < arl|lzp—1 —p*||* +¢
for all k > K, since «4 is nondecreasing. This implies
s, = p*|* < @4 K lleg = p*)? + (1 — 1),

so that limsup,,_, . [|zx — p*|| < e(1 — a;1)~!, and the conclusion follows.

For ii), we know that Q(Ag, gk, &) < Q(A,¢,§), because @ increases either if A decreases, and also if ¢ increases.
Gathering the common factors in the second and third terms on the left-hand side of inequality (22), we deduce that
Q > « (strictly if & > 0). Using (24), and observing that the case Q()\, ¢,€) = « is incompatible with inequality
(22), we deduce that

; lz1 = p*|1%,

lorss —p*IP < a

(Q(A,q,£)>j o2 = [ Qg 8
(0] _Q()‘aq7€)

k
=0

as claimed. O



3.2 Some insights into inequality (22) and the convergence rate

To fix the ideas, we comment on some special cases of inequality (22), especially with constant parameters:

1. In the non-inertial case ay = 0, (22) holds if either £ =0 or Ay, <1 for all k, as in (10). This is less restrictive
than (11) (see Remark 3). If we take & = 0, the best convergence rate is

2 = p*| = O(d"),

which is obtained from Theorem 8 with A\ = 1. If oy > 0 for at least one k, the case £ = 0 is ruled out. From
a theoretical perspective, this seems to be an argument against the use of inertia, since

However, the results above correspond to worst-case scenarios, and need not be representative of concrete
instances found in practice, in which inertia does improve the theoretical convergence rate guarantees (see
Subsection 4.2 below, and the commented references). Moreover, the numerical tests reported below show
noticeable improvements in the performance of the selected algorithms.

2. In the limiting case ¢ = 1, we have Q = 1. With constant parameters A\, = A, ay = a, (22) becomes
A(l+a) =1 -N)(1-a)?<0.

If
a1+ a) <
1-XN(1-a)2 7
then, there is £, x1 € (0,1) such that (22) holds for all £ € [{4,x1,1]. If € =1, it is precisely the constant case
in (10) (see (16) for a more direct comparison).

(26)

3. Keeping A\, = X € (0,1), ap = a € (0,1), and fixing & = 1, let us take ¢ = ¢ € (0,1). In this case, condition
(22) is equivalent to

YA =14+*)1-*)N -2+ (1-a)2—¢)A+(1—a)*>0 (27)

Observe that ¥(0) = (1 —«a)? > 0, while ¥(1) = —ag¢?(1 +«) < 0. Since ¥ is quadratic, the equation ¥(\) =0
has exactly one root in (0, 1), which we denote by A\, 4. It follows that, for each (o, q) € [0,1) x (0, 1), inequality
(27) holds for all A < Ay,4. The values of A, 4 on [0,1) x (0,1) are depicted in Figure 1. Once a value for the

0.05 0.1 0.15 0.2 0.25 0.3 035 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

s

Figure 1: Values of A, 4.

inertial parameter o has been selected, the best theoretical convergence rate is

Q(/\a,tp% 1) =1- Aa,q(l - q2)-



On the other hand, using the formula for the roots of a quadratic equation and some algebraic manipulations,
we deduce that

202 + (1 - )
{2042 +(1-a)2-¢)
for every (o, q) € [0,1) x(0,1). Therefore, Ao,y — Aa,1 as ¢ — 1, and there is no discontinuity as the contractive
character is lost.
The case £ € (0,1) is more involved. Lower values of £ make the constant @ smaller, but may also restrict the
possible values for o and A, in view of inequality (22). In the fully general case, if a, A and ¢ satisfy

{ua—AS)(t C—Y)AJ L - ;iquf a] b

:| )\a,l S )\a,q S )\a,l

then, there is {414 € (0,1) such that (22) holds for all £ € [{q x4, 1]. As ¢ — 1, we recover (26) as a limit case.

4 Examples

4.1 Averaged Operators
An operator T : H — H is y-averaged if there is a nonexpansive operator R : H — H such that T = (1 — v)I + yR.
In this case, Fix(T") = Fix(R).

Let R : H — H be nonexpansive and let (7;) be a sequence in (0,1). Setting T = (1 — vx)I + VxR, (1) can be
rewritten as
{ yr = T+ ok —2p-1) (28)
Tpr1 = (L= A)yk + AR (yk),

and (11) becomes

lim sup [ak(l +ax) + ((’Yk)\k)_l — 1)Oék(1 —ag) — (('kal)\kfl)_l — 1)(1 — Oék—l)] <0.

k—oc0

If vx A = n > 0, this is
n(l —a+2a?) < (1—a) (29)

It is not necessary to implement the algorithm using the operator R explicitly. However, the interval for the re-
laxation parameters is enlarged, and it may be convenient to over-relax. We shall come back to this point in the
numerical illustrations.

4.2 FEuler Iterations and Gradient Descent

An operator B is -cocoercive with 8 > 0 if (Bx — By,z —y) > (|| Bz — By|)? for all z,y € H.
Let B : H — H be cocoercive with constant 8, and let (px) be a sequence in (0,253). For each k > 1, set
Tk. =1- pkB.

Then, T}, is nonexpansive (thus quasi-nonexpansive) and (pi/28)-averaged. If p_ := infy>1 px > 0, the family
(I —Ty,) is asymptotically demiclosed. If Appr — o, (11) becomes

o(l—a+2a?) <28(1—a)

Now, let f : H — H be convex and differentiable, and assume V f is Lipschitz-continuous with constant L. Then,
B = V f is cocoercive with constant 5 = 1/L. If, moreover, f is strongly convex with parameter p and py < 2/(L+pu),
then T} is qx-quasi-contractive with

_2lpe o 2plp-
L+p — L+p

q. =1



Therefore, (T) is g-quasi-contractive. Considering the non-inertial case (o = 0), Ay = 1 and the fixed-sted choice
pr =2/(u+ L), the algorithm exhibits a rate of convergence

L Q-1\% ,
_ D x_- X
where Q = L/p is the condition number ([35, Theorem 2.1.15]. Introducing the inertial term, and using

ﬁ—m)

pr =1/L and ap =
/ (ﬁh/ﬁ

it turns into constant step scheme, IIT [35], which has a rate of convergence of

k
< i /K AL . )12
flaw) = f Smln{(l— L) ’(2ﬁ+k\/ﬁ)2}(f(m)_f + 5 leo — 2|

Here, (11) can be written as
< 20
1-vVQ+2Q’

which gives the condition for the convergence of Nesterov’s constant step scheme with constant relaxation .

A

4.3 Proximal and Forward-Backward Methods

Let M : H — 2’ be maximally monotone and let (p;) be a positive sequence. The prozimal method consists in
iterating
zhpr = (I + piM) ™z, (30)
for k > 1. The operator Tj, = J,, ar := (I + ppM)~! is nonexpansive, i-averaged, and Z = (., Fix(T}) = M 0.
If Ay — A, inequality (11) is reduced to -
M1 —a+20%) <2(1—a)?
As before, the family (I — T}) is asymptotically demiclosed at 0 if infy>q pr, > 0. To see this, let (z) be a sequence
in ‘H such that z; — z and zx — T2z — 0. We must show that 0 € Mz. By the definition of T}, we have
1
—(zk — Tkzk) € M(Tkzk)
Pk
The left-hand side converges strongly to zero, while Tz — z. We conclude by the weak-strong closedness of the

graph of M.

Let A : H — 2" be maximally monotone, let B : H — H be cocoercive with parameter 3, and let (py) be a sequence
in (0,25). For each k > 1, set
Tk = (I + pkA)fl(I — pkB)

Then, T}, is yy-averaged with v, = 28(48 — pr)~*. If pr — p and A\; — A, then (11) is equivalent to

A1 — o+ 2a2) < (2—%) (1-a)?.

As in the proximal case, the family (I — T}) is asymptotically demiclosed at 0 if infy>1 pr > 0.

4.4 Douglas-Rachford and primal-dual splitting

Let A, B : H — 2" be maximally monotone, and let (ry) be a positive sequence. The Douglas-Rachford splitting
method consists in iterating zx11 = Ty, 2, for k > 1, where

T, =Jrao (2Jrg —1I)+ (I - JyB) = %(I + (2Jpa = 1) o (2J,5 — I)). (31)



The second expression shows that 7). is averaged. Using the weak-strong closedness of the graphs of A and B, and
a little algebra, one proves that the family (I — Trk) is asymptotically demiclosed if infy>q 7, > 0. Finally, observe
that Zer(A + B) = J,.p Fix(T}.).

More generally, let X and Y be Hilbert spaces, and consider the primal problem, which is to find £ € X such that
0e€ Az + L*BLz,

where A: X — 2%X and B: Y — 2 are maximally monotone operators, and L : X — Y is linear and bounded. The
dual problem is to find § € Y such that
0€ B 'j— LA Y(~L*p).

The primal and dual solutions, namely & and gy, are linked by the inclusions
—L*je€ A and LieB™'y.

Remark 9. Let f: X - RU{+o0} and g: Y — RU {+o0} be closed and convex, and set A = df and B = Jg.
The inclusions above are the optimality conditions for the primal and dual (in the sense of Fenchel-Rockafellar)
optimization problems

min{f(z) +9(La)}  and  min{g"(y) + /*(~L7y)}, (32)

respectively. Douglas-Rachford splitting applied to A = d¢g* and B = 9(f* o (—L*)) yields the alternating direction
method of multipliers (see [23]).

In order to find a primal-dual pair, the primal-dual splitting algorithm (see [10]) iterates:
{ Thp1 = Jea(zi — 7L y) (33)
Yes1 = Jop—1(yr + 0LQ2xki1 — 7)),

with 7o||L||?> < 1. The algorithm can be expressed as (xpi1,yrs1) = T(Tr,yx), where T : X x Y — X x Y is a
1/2-averaged operator (see [7, Remark 4.24]).

An inertial version of the primal-dual iterations is given by

Yk V) = (T, ur) + o [(T, ur) — (Tp—1, up—1)]

Prk+1 = J‘I’A(yk‘ - TL*'Uk) (34)
Qk+1 = Jop-1 (Vk + 0 L(2ppy1 — yk:))

(@ra1,ukg1) = (1 = M) Wk, vr) + Ae(Prt1, Grs1),

with appropriate sequences oy and \g.

In [12], the authors propose the Split Douglas-Rachford algorithm

v, = B(I—Jg1p) (L, + X yx)
T+l = JTA (:Z?k - TL*’Uk) (35)
Yryr = SL(Tpg1 — k) + o,

where T and X are elliptic linear operators that induce an ad-hoc metric and account for preconditioning.

4.5 Three Operator Splitting

Given three maximally monotone operators A, B, C' defined on the Hilbert space H, we wish to find & € H such that
0e€ Az + Bz + Cz. (36)
If C is B-cocoercive, the three-operator splitting method [21] generates a sequence (zx) by
xl? = JpB(21)
zt = Jya(228 — 2 — pCaP) (37)

Zhp1 = 26 + M2y — )
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starting from a point zg € H. Here p € (0,28), Ay € (0,1/7) and

_ 28
TTB =,

This recurrence is generated by iterating the ~y-averaged operator

(38)

TZI*JPBJerAO(QJpB*I*pCOJpB),

and we have Zer(A+ B + C) = J,g(FixT). Also, it gives the forward-backward method if B = 0 and the Douglas-
Rachford method if C'= 0. An inertial version is given by

u = 2z + o2k — 2p—1)
ka = Jpp(ug)

39
zp = Jya(228 — up — pCxP) (39)
Zep1 = up + A (2 — 2B),
for appropriate choices of ay, Ax. One particular instance is given by the optimization problem
min f(z) + g(x) + h(Lx), (40)

where f, g, h are closed and convex, h has a (1/3)-Lipschitz-continuous gradient, and L is a bounded linear mapping.

5 Numerical Illustrations

In this section, we test the performance of the algorithm given by iterations (1) in two of the settings described in
section 4. More precisely, we apply an inertial primal-dual splitting method to solve a TV-based denoising problem,
and an inertial three-operator splitting algorithm to in-paint a corrupted image.

5.1 Primal-Dual Splitting and TV-based Denoising

The algorithm will be tested in an image processing framework. Consider the problem

; v,y 1 2

otuin (@) = g (| Re = bIT + w [ Ve, (41)
where x € RN1*Nz2 i5 an image to recover from a noisy observation b € RMixMz R . RMxN2 _y RMixM: g 5 blyr
operator, w is a positive parameter, and V :  — Va = (D, Dox) is the classical discrete gradient, whose adjoint
V* is the discrete divergence. A formulation for the gradient and divergence operators can be seen on [14]. In these
experiments, R will be a Gaussian blur of size 9 x 9, standard deviation 4 and relative boundary conditions (see
[26] for details on the construction of the operator), and w = 10~*. Considering the original image # in Figure 3a
composed by 256 x 256 pixels, the observation b is generated as b = RZ + e, where e is an additive zero-mean white
Gaussian noise with standard deviation 1073 (Figure 3b).

Setting f =0, g : (u,v',v?) — 1 [lu— b|* + w |||, + w||v?|], and L : 2 — (R, Dyz, Dyx), the problem (41) can
be formulated as (32), and solved via (34). Since

u—ob vl v?
ProX g« : (u, v, v?) (M,vl — O ProXw (U) v2 — O ProXw |, (0_>> (42)

we are lead to Algorithm 1.
For a stopping criterion, we consider the relative error

|zr+1 — 2kl

R(l'k_H l’k) —>
’ [z

(43)
Since the involved operator is 1/2-averaged (see [11]), we may set Ay = A € (0,2), as explained in Section 4.1.

The algorithm is tested for 17 combinations of 7,0 satisfying the critical condition 7o ||L||*> = 1 (according to [17],
this tends to yield the best performance). The number ||L|| is computed using an adaptation of [10, Algorithm 12].
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Algorithm 1:

Choose zg,z1 € RN1XN2 gq 43 € RM1X™M2, vé,v},v%,v% € RN1XN2 (3 ) ey and (ag)ken such that hypotheses of
Proposition 2 are fulfilled, 7 and ¢ such that 7o ||L||> <1, >0 and ro > ¢ ;

while 7, > ¢ do

(T, Ugg, 0, 02) = (@, Up, V5 VE) + o [(@g, U, v}, 0E) — (@p—1, Up—1, 01,02

Prk+1 = T — ’I’}%’kﬁ]C - TDT'l_)i - TD;”L_)]%;

Qr+1 = (tr + oR(2pg41 — T) — ob) /(0 + 1);

wy ) =0+ 0D1(2pk+1 — Tk) — 0 Proxy .|, /o (U4/0 + D1(2pk41 — Tk));

wi+1 = ’l_)i + O’DQ(2pk+1 — fk) — Uproxw“,lll/a(ﬁi/o + D2(2pk+1 — fk)),

(@ht1s urs 1,515 Vg ) = (1= M) (Zks T, T, 07) + M (Pt 1, Q15 Wiy 1> WE 1) 5

rE = R((xk+1,uk+1,vi+1,v%+l), (Tho, Uk, V5 V)

end
t ( 1 2 )
return (rr41,Uk41, Uk+17vk+l

Comparison in terms of the parameters 7 and o. In a first stage, we compare the performance of the primal-
dual splitting algorithm given by (33) (that is, Algorithm 1 with aj = 0), and its inertial counterpart (34), with

Ar = 1. The sequence (ag)gen i8
1
ak:a(l—k?), (44)

with o = 1/(3 4 0.0001) (condition (29) with n = A/2 gives the constraint o < 1/3). Table 1 shows the execution
time, number of iterations, and the value for the objective value reached, using a tolerance ¢ = 1075, These results
are depicted graphically, along with the percentage of reduction, in Figure 2. The recovered images are collected in
Figures 3¢ and 3d.

Original algorithm Inertial algorithm

Case T o Time Iterations FTV(x) Time Iterations FTV(x)
1 0.0004  282.8427 72.59 1565 7.30 55.11 1095 7.13
2 0.0010 122.6475 115.66 2437 2.84 86.97 1741 2.66
3 0.0024 53.183 110.16 2330 1.35 83.98 1672 1.27
4 0.0054 23.0614 98.28 2077 0.7566 72.33 1446 0.7341
5 0.0125 10 94.80 2015 0.4624 69.59 1394 0.4537
6 0.0288 4.3362  105.19 2253 0.2975 77.83 1562 0.2928
7 0.0665 1.8803 122.23 2593 0.2107 89.83 1773 0.2091
8 0.1533 0.8153  156.34 3248 0.1592  112.09 2184 0.1589
9 0.3536 0.3536  140.91 2922 0.1428 101.69 1956 0.1427
10 0.8153 0.1533  139.50 2856 0.1350 98.97 1908 0.1350
11 1.8803 0.0665  151.08 3123 0.1312  107.72 2084 0.1312
12 4.3362 0.0288  108.08 2249 0.1303 78.03 1503 0.1303
13 10 0.0125 60.28 1238 0.1301 42.78 833 0.1301
14 23.0614 0.0054 47.61 983 0.1302 35.70 693 0.1302
15 53.1830 0.0024 70.78 1466 0.1302 54.61 1065 0.1302
16 122.6475 0.0010  119.22 2471 0.1302 89.91 1762 0.1302
17 282.8427 0.0004  179.22 3767 0.1302  150.52 2999 0.1302

Table 1: Execution time, number of iterations and final function value for the original primal-dual algorithm and
the inertial version, with tolerance ¢ = 1075,

Comparison in terms of the relaxation parameter \. For both algorithms, case 14 showed the best perfor-
mance in terms of iterations and execution time. We now assess the performance of the inertial algorithm with
different values for A\, = X\ € (0,2), and the corresponding inertial parameters fulfilling condition (29). The results
are shown in Table 2, along with the value of o used in (44). A graphic depiction is shown as heatmaps in Figure 4.
Larger values of the relaxation parameter A resulted in an improvement in the performance of both algorithms, but
limit the impact of inertia, as it reduces the feasible range for the limit o. A more thorough study on the selection
of these parameters is the object of a forthcoming article.

Finally, Figure 5 shows the evolution of the function values, the distance to the limit and the residuals, all in
logarithmic scale, for case 14. As stated in Proposition 2, the sequence k ||z — Tzk||2 tends to zero.

12



—— Original —— Original Iterations
3500 Inertial 160 Inertial Time

3000

2500

Percentage

S
8
8

Number of iterations.

1500

1000

12 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 12 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 12 3 4 5 6 7 8 9 1011 12 13 14 15 16 17
Case Case Case

Figure 2: Number of iterations (left), execution time (center), and percentage of reduction (right), from Table 1.
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Figure 3: Original, blurred and recovered images. Lowest recovered value F7V (z) = 0.1301 (case 13, both methods).

Original algorithm Inertial algorithm % Iterations % Time

A @ Time Iterations FTV(x) Time Iterations FTV(x) reduction  reduction
0.2 0.6534 119.16 2592 0.1303  49.23 992 0.1304 61.73 58.69
0.4 0.5425 74.44 1589 0.1302  40.45 799 0.1303 49.72 45.66
0.6 0.4619 62.28 1341 0.1302  39.06 773 0.1302 42.36 37.28
0.8 0.3943 54.05 1146 0.1302 33.94 730 0.1302 36.30 37.21
1.0 0.3333 46.12 983 0.1302  34.47 693 0.1302 29.50 25.26
1.2 0.2748 41.16 861 0.1301  35.17 684 0.1302 20.56 14.55
1.4 0.1352 38.22 771 0.1301  34.45 675 0.1301 12.45 9.86
1.6 0.0967 33.89 718 0.1301  33.59 655 0.1301 8.77 0.89
1.8 0.0535 32.28 679 0.1301  32.62 657 0.1301 3.24 -1.05

Table 2: Execution time, number of iterations, final function value and reduction percentage for the original primal-
dual algorithm and the inertial version (case 14), with tolerance ¢ = 1075,

3500 3000

3000
2500

2500
2000
2000
1500
1500

1000
- 1000

Figure 4: Average number of iterations performed by the original (left) and inertial (right) algorithms, with tolerance
e = 1072, for each value of A, and each case of 7 and o, from Table 2.
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Figure 5: Evolution to the distance to the computed solution (top left), objective function values (top right), residuals
|2x — Tz ||* (bottom left) and k ||z, — Tz||> (bottom right), for case 14.

5.2 Three-Operator Splitting and Image In-painting

Suppose that Z is a color image represented as a 3-D tensor where Z(:,:, 1), Z(:,:,2), Z(:,:,3) are the red, green and
blue channels, respectively. Consider a damaged image Y, with randomly erased pixels, represented by the white
color. The positions of the erased pixels are known. Denote A the linear operator that selects the set of correct
entries of Z (and so A* is the zero upsampling operator). The objective is to recover the image, by filling the erased
pixels. Following [21] we consider the following formulation of the in-panting problem:

(45)

|*’

. 1
min F(Z) = 3 [|AZ = V)| + w | Z) |, +w ]| Ze
where H is the set of 3-D tensors, Z(y is the matrix [Z(:,:,1) Z(:,:,2) Z(:,:,3)], Z(2) is the matrix [Z(:,:, nrz(,:
20T Z(:, 5, 3)T1T, |||l denotes the matrix nuclear norm and w is a penalty parameter, which we take equal to 1 here,
for simplicity. This problem fits in the context of (40), with f(Z) = g(Z) = || Z||, and h(Z) = £ || Z — Y3, In this
case, the operator V(h o A) is cocoercive with constant 1. With the error function R defined in (43), the iterations
defined by (39) lead to Algorithm 2.

Algorithm 2:

Choose Zp, Z1 € R™*" | (Ak)ren and (ag)ren such that hypotheses of Proposition 2 are fulfilled, p € (0,2), € > 0 and rg > ¢ ;
while 7, > ¢ do
Uy = Zi, + o (Zyy — Zi—1);
X7 = prox,, (Us);
Zypy = 2X] = Uy = pA*Vh(AX]);
Zigr = Up + M (prox,p (2, 1) = X{);
Trt1 = R(Zk11, Zx)
end
Return Z,41,X3;

As in the previous section, Algorithm 2 will be tested in the case oy = 0 (the algorithm studied in [21]) and, for the
inertial version,
1

where « satisfies the condition (29). The corresponding algorithms will be referred to as original and inertial, re-
spectively. Algorithm (2) returns both the value of Zj, and X}, since the latter represents the image solution of the
problem. Throughout this section, the initial points are both set to zero.

Comparison in terms of the number of erased pixels. Between 10000 and 250000 pixels are randomly erased
from the image in Figure 10a to obtain the one in Figure 10b. We compare the number of iterations and execution
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time needed by both methods with step size p = 1 and A\ = 1, for a tolerance of 1073. The results are shown in
Figure 6. The reduction stands between 12% and 22% in most cases, and the improvement seems to increase with
the number of erased pixels.

—— original —— original Iterations reduction
Inertial Inertial 2 Time reduction

Time (s)

Number of iterations

Percentage of reduction

3 50000 To0000 150000 200000 250000 3 50000 To0000 150000 200000 250000 3 50000 T00000 150000 200000 250000
Erased pixels Erased pixels Erased pixels

Figure 6: Number of iterations (left), execution time (center) and percentage of reduction (right) in terms of the
number of erased pixels, with step size p = 1 and relaxation parameter A\ = 1, for a tolerance of 1073.

Comparison in terms of the step size. Both algorithms are tested for the same image with 250000 randomly
erased pixels for Ay, = 1 and different values of the step size p. For the inertial version, the constant « in (46) is
adapted accordingly. The results are reported in Table 3 and depicted graphically in Figure 7. The percentage of
reduction is noticeably higher for lower values of p (always above 20% when p < 1). This is to be expected, since
larger values of p require lower values of o, which limits the effect of inertia.

Original algorithm Inertial algorithm
p  Time (s) Iterations Time (s) Iterations
0.1 119.80 524 70.04 301
0.2 64.25 281 39.28 169
0.3 44.61 195 28.55 122
0.4 34.88 150 22.67 98
0.5 28.20 123 19.80 83
0.6 23.90 104 17.17 73
0.7 21.13 91 15.46 66
0.8 18.46 81 14.08 61
0.9 16.74 74 13.68 58
1.0 15.81 69 13.25 56
1.1 14.87 65 12.94 56
1.2 14.60 64 13.24 56
1.3 14.34 63 13.23 57
1.4 14.67 64 13.39 58
1.5 14.55 64 13.90 60

Table 3: Execution time and number of iterations in terms of the step size p.

o0 —— original —— original Iterations
Inertial Inertial o Time

Number of iterations
Time (s)
% reduction

100

Figure 7: Number of iterations (left), execution time (center) and percentage of reduction (right) in terms of the
step size p.

Comparison in terms of the relaxation parameter. Finally, we fix the value p = 1, and compare the perfor-
mance of the two methods for different values of the relaxation parameter A, which, as before, limit the possible range
for the inertial parameter « in view of condition (29). The results are presented in Table 4, and shown graphically
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in Figure 8. As with the step size, the reduction is greater for lower values of A\, which is consistent with the loss of
the inertial character imposed by condition (29). Nevertheless, observe that over-relaxing with A = 1.2 or A = 1.4
gives better results (both in number of iterations and execution time) than keeping A in a neighborhood of 1.

Original algorithm Inertial algorithm
A Time (s) Iterations Time (s) Iterations
0.6 24.47 108 13.57 56
0.7 21.28 94 11.65 51
0.8 18.67 83 12.64 55
0.9 16.94 75 12.76 56
1.0 15.52 69 12.76 56
1.1 14.28 63 12.51 55
1.2 13.35 59 12.53 54
1.3 12.52 55 11.90 52
1.4 12.04 52 11.71 51

Table 4: Execution time and number of iterations for different values of .

Original Original Iterations
Inertial Inertial Time

Number of iterations
% reduction

Figure 8: Number of iterations (left), execution time (center) and percentage of reduction (right) in terms of the
relaxation parameter \.

The evolution of the function values, the distance to the limit and the residuals are shown (in logarithmic scale) in
Figure 9 for 250000 erased pixels, using p = 1 and Ay = 1. As in the previous example, the sequence k ||z, — Tz |
tends to zero, in agreement with Proposition 2. Finally, Figure 10 shows the original, corrupted (with 250000 erased

pixels) and recovered images.
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