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We study multistage distributionally robust linear optimization, where the uncertainty set is defined as a ball of
distribution centered at a scenario tree using the nested distance. The resulting minimax problem is notoriously
difficult to solve due to its inherent non-convexity. In this paper, we demonstrate that, under mild conditions, the
robust risk evaluation of a given policy can be expressed in an equivalent recursive form. Furthermore, assuming
stagewise independence, we derive equivalent dynamic programming reformulations to find an optimal robust
policy that is time-consistent and well-defined on unseen sample paths. Our reformulations reconcile two modeling
frameworks: the multistage-static formulation (with nested distance) and the multistage-dynamic formulation
(with one-period Wasserstein distance). Moreover, we identify tractable cases when the value functions can be
computed efficiently using convex optimization techniques.
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1. Introduction

Distributionally Robust Optimization (DRO) is an emerging paradigm for data-driven decision-making,
offering robust solutions that account for data uncertainty. For static problems, much significant
progress has been made recently in terms of computation (Delage and Ye 2010, Goh and Sim 2010,
Ben-Tal et al. 2013, Wiesemann et al. 2014, Esfahani and Kuhn 2018), regularization (Lam 2016, Duchi
and Namkoong 2019, Shafieezadeh-Abadeh et al. 2019, Gao et al. 2024), and statistical guarantees
(Delage and Ye 2010, Lam 2019, Duchi et al. 2021, Blanchet et al. 2019, Gao 2023), etc. However,
extending the paradigm to the multistage setting continues to be challenging, and the results obtained
so far have been limited and not entirely satisfactory.

In multistage problems, scenario trees are commonly used to represent data processes. There are
two main data-driven approaches for constructing scenario trees. The first approach is based on
Monte Carlo sampling techniques (Shapiro 2003), such as conditional sampling that includes stagewise
independent sampling as an important case. The second approach is based on scenario generation
and reduction (Dupacova et al. 2000, Hgyland and Wallace 2001, Dupacova et al. 2003, Henrion and
Romisch 2022), aiming at generating a reasonable number of scenarios that represent the essential
characteristics of the uncertainty. Scenario trees serve as discrete approximations of the underlying
true stochastic process and are utilized to formulate decision-making problems along the sample paths
within the tree. These problems are commonly known as scenario approximation or sample average
approximation (SAA). However, it is crucial to acknowledge that policies solved using SAA are not
defined for unseen sample paths. In most cases, heuristic policies developed for unseen sample paths
lack optimality guarantees (Ben-Tal et al. 2009, Note and Remarks 14.1). This limitation highlights the
challenge of data scarcity in multistage problems (Shapiro and Nemirovski 2005). Clearly, there is a
need for a distributionally robust model that can handle unseen sample paths in a principled manner.

1.1. Challenges in Choosing a Distributionally Robust Model

The formulation of a multistage distributionally robust model can be approached in various ways,
however, there is currently no consensus in the literature on the best approach. This lack of consensus
stems from the fact that different extensions of the single-stage formulation can result in different



frameworks, each with its own interpretation and perceived naturalness. As a result, continued debate
and exploration in the field persist, as highlighted in recent studies by Pichler and Shapiro (2021),
Shapiro and Pichler (2023).

One straightforward formulation, referred to as the multistage-static formulation, is a direct extension
of the standard single-stage formulation

T
inf Eg\ o , .
;Ielxﬂiggi £ir)~P ;f,(x, £ (1)

Here f;(x;,&,) denotes the per-stage cost associated with a T-stage sample path &7y :=
(é1,€5,...,€p) €E1 X --- X Er under a policy x = (x1,x2,...,x7)*. The formulation hedges against an
uncertainty set It of T-stage stochastic processes and optimizes the worst-case expected cumulative
cost over the set X’ of policies satisfying some feasibility and non-anticipativity constraints x; € X7,
x; € Xi(x,-1),t=2,...,T. Typically, the uncertainty set is constructed based on summary statistics
such as support and moment information (Bertsimas et al. 2019, Xin and Goldberg 2022), or based
on statistical distance such as relative entropy (Hansen and Sargent 2001), Wasserstein distance
(Bertsimas et al. 2023, Sturt 2023), and nested distance (Analui and Pflug 2014, Glanzer et al. 2019).
The multistage-static formulation (1) is conceptually simple and offers a clear interpretation as a
method to mitigate uncertainty in the data process. However, the multistage-static objective function
is not explicitly adjusted for dynamics of the decision process (Pichler and Shapiro 2021), making
it challenging to utilize dynamic programming recursions. This lack of adjustment may also raise
concerns about time inconsistency (Iancu et al. 2015), which is criticized in decision theory for its
violation of rational behavior.

An alternative formulation, referred to as the multistage-dynamic formulation, has been devised to
facilitate dynamic programming recursion and is routinely employed in computational studies. In this
formulation, the cost-to-go function takes on a recursive form

O:(x-1,&;)) = Inf ){ft(xz,ft)+ sup [EP,H[QHl(xt"f[ﬁl])]}’ re[T], (2)

X €X (xr-1 €1 ~Pri1 €M

and Qr+1(+,-) =0. Here the uncertainty set2 9,1 can be defined through composite distributionally
robust functionals and conditional distributionally robust functionals (Pichler and Shapiro 2021, Shapiro
and Pichler 2023) (see also conditional risk mappings (Ruszczynski and Shapiro 2006)). Of particular
interest is the stagewise independent setting, where these two functionals are equivalent. In comparison
to the multistage-static formulation (1), the multistage-dynamic formulation (2) is generally more
computationally friendly. Nevertheless, it should be noted that if not appropriately specified, it can be
overly conservative and lack interpretability. For instance, the composition of single-period Average
Value at Risk (AVaR) takes conditional tail expectations of conditional tail expectations. The resulting
multi-period risk measure does not offer the same straightforward interpretation as the single-period
AVaR (Shapiro 2012) and can potentially lead to overly conservative risk assessments (Iancu et al.
2015). Another example is seen in the formulation with composite distributionally robust functionals,
where different sample paths at different stages can be associated with different worst-case T-stage
distributions. This raises concerns about the pessimism of the resulting policy.

If we can find a choice of M such that the multistage-static formulation (1) can be equivalently
represented in a multistage-dynamic form (2), it opens up the possibility of solving (1) through

1 We use bold font for random variables and regular font for deterministic values like constants or elements in the sample
space. In line with the convention in stochastic programming literature, we consider the first-stage data £; as deterministic.
Therefore, in the sequel, we will interchangeably use x; and x1, and ¢; and &;. We simply set 1 ={£71}.

2 Note that the uncertainty set can be dependent on the history or some reference (nominal) data process. Here we omit such
a dependence for notational simplicity.



dynamic programming, yielding a time-consistent optimal robust policy. Conversely, if the multistage-
dynamic formulation (2) can be transformed into a multistage-static form (1) with an interpretable
uncertainty set I, it could help mitigate the issue of conservativeness by allowing us to work with
a more interpretable multi-period risk measure induced from the multistage-static counterpart. By
reconciling these two formulations, we can leverage the advantages of both approaches and obtain a
comprehensive understanding of the problem. Unfortunately, for generic multistage linear problems,
the only identified instances of M in the existing literature are limited to two extreme cases (Shapiro
et al. 2021, Remark 33): singleton (non-robust) and entirety (extremely robust).

In light of the discussion above, an important and open question arises:

Question 1 : Is there a modeling choice that can be easily interpreted from the viewpoint of the
multistage-static formulation (1), while simultaneously allowing for an equivalent decomposition
into the multistage-dynamic formulation (2) with interpretable one-period uncertainty sets?

In a nutshell, we will affirmatively address this question by showing that the multistage-static
formulation (1) with nested distance is indeed equivalent to the multistage-dynamic formulation (2)
with one-period Wasserstein distance.

1.2. Challenges in Solving Multistage DRO with Nested Distance

Given our answer to Question 1, the distributionally robust problem (1) with nested distance can
be solved using dynamic programming (2). However, before delving into our contributions, let us
first examine the computational challenges associated with problem (1) with nested distance. This
discussion also provides insights into the challenges involved in establishing the equivalence results.

Solving problem (1) with nested distance is believed to be complex (Pflug and Pichler 2014, Page
239). Indeed, existing algorithmic approaches Analui and Pflug (2014), Glanzer et al. (2019) involve
numerically searching over probability distributions in the uncertainty set and are computationally
expensive. To reduce the computational burden, these approaches fix scenario values and tree structures,
allowing changes only in the probability weights.

In essence, the computational challenges arise from both the inner robust risk evaluation and the
outer policy optimization. The inner robust risk evaluation involves optimizing an infinite-dimensional
space of probability distributions. In distributionally robust optimization literature, to make this
problem more tractable, a common approach is to reformulate it into a finite-dimensional one using
duality and conditioning techniques. However, the nested distance uncertainty set becomes non-convex
as soon as T > 3 (Pflug and Pichler 2014, Fig. 1.17). This non-convexity poses a challenge when using
duality-based arguments. Meanwhile, the outer policy optimization involves an infinite-dimensional
optimization over policies. In contrast to its non-robust scenario approximation counterpart, which
only specifies policy values on a finite number of sample paths, solving (1) requires specifying policy
values for all possible sample paths of distributions in the uncertainty set. Furthermore, even finding
the first-stage optimal decision in the case of 7 =2 is shown to be NP-hard in general (Hanasusanto
and Kuhn 2018, Xie 2020).

On the positive side, there have been some notable advancements in solving two-stage Wasserstein
DRO and multistage stochastic programming. For instance, for two-stage Wasserstein DRO, under
certain conditions, Hanasusanto and Kuhn (2018) develop co-positive program reformulations using
2-Wasserstein distance and linear program reformulations using 1-Wasserstein distance, and Xie (2020)
provides tractable convex program reformulations using co-Wasserstein distance. Moreover, for linear
and convex multistage (non-robust) problems, significant progress has been made recently in Stochastic
Dual Dynamic Programming (SDDP) (Birge 1985, Pereira and Pinto 1991); we refer to Lan and Shapiro
(2024) for an excellent review. Considering that our problem (1) with nested distance reduces to
a two-stage Wasserstein DRO problem when T = 2, and its dynamic formulation (2) reduces to its
multistage stochastic programming when the radius is zero, we aim to leverage these advancements to
enhance the computational tractability of our problem (1) or (2). We pose the following question:



Question 2 : Can we identify conditions under which there is a computationally tractable way to find the
optimal solution for the formulation (1) with nested distance or its equivalent reformulation (2)?

To address this question, we will identify conditions under which the optimal policy can be solved
using SDDP and convex optimization. These conditions extend from those for two-stage Wasserstein
DRO (Esfahani and Kuhn 2018, Hanasusanto and Kuhn 2018, Xie 2020).

1.3. Our Contributions

Our contributions are as follows.

(I) We derive dynamic programming reformulations for problem (1) with nested distance, providing
an affirmative answer to Question 1. In Section 3.1, we focus on the inner maximization of
(1), which evaluates the worst-case risk for a fixed policy. We show that it can be equivalently
decomposed into dynamic programs defined via one-period Wasserstein distance relative to the
nominal conditional distribution. In Section 3.2, we study the outer minimization of (1) under
the assumption of stagewise independence. We show that the multistage-static formulation (1)
with nested distance is equivalent to the multistage-dynamic formulation (2) with one-period
Wasserstein distance. To the best of our knowledge, this is the first non-degenerate uncertainty
set that reconciles both static and dynamic formulations for generic multistage linear programs.

(II) As a byproduct of our proof for the equivalence results, we derive a time-consistent optimal robust
policy that solves both (1) and (2). Notably, our formulations render a policy that is well-defined
for every possible sample path of the distributions in the uncertainty set with provable optimality
guarantees.

Furthermore, in Section 4, we identify conditions under which the value function can be
computed efficiently via convex optimization, providing a positive answer to Question 2. In
particular, in Section 4.1 we show that, when the uncertainty appears on the objective only, the
robust value function is equivalent to a norm-regularized SAA value function that penalizes large
norms on the decision variables. In Section 4.2 we show that, when the uncertainty appears on
the right-hand side only, the equivalent reformulation of the value function de-regularizes the
SAA value function by encouraging large norms on the dual variables. This leads to a solution that
hedges extreme perturbations of the right-hand side when p = co, and a solution that coincides
with the non-robust counterpart when p =1.

1.4. Related Literature

The study of multistage DRO with nested distance was first introduced by Analui and Pflug (2014)
(see also Pflug and Pichler (2014, Section 7.3)) and further explored in the follow-up work by Glanzer
et al. (2019). In comparison, our results differ from theirs in several major ways. First, we aim to
develop dynamic programming and convex tractable reformulations. In contrast, their successive
programming approach does not consider dynamic programming and has to deal with the non-
convexity of subproblems. Second, unlike their algorithms that essentially restrict the support of
sample paths, our approach does not impose extra restrictions on the stochastic processes while still
maintaining computational efficiency.

When the nominal stochastic process follows a fan-shaped distribution, namely, the conditional
distribution of §t +1 given .f, is a Dirac measure for all 7 > 2, the multistage-static formulation (1)
with nested distance coincides with the formulation using Wasserstein distance (Pflug and Pichler
2012, Remark 6). Consequently, in the case of p = o, our problem (1) reduces to the multistage-static
formulation with co-Wasserstein distance, which has been studied in Bertsimas et al. (2023). However,
their focus is on developing asymptotic optimality guarantees and solving it with affine policies and
finite adaptability, without assuming stagewise independence. Different from their work, our goal is to
find the optimal policy without restricting it to specific forms, while assuming stagewise independence.



As stagewise independence is a common assumption (Lan and Shapiro (2024), see also Shapiro et al.
(2021, Remark 5)), we believe our results are relevant for computational studies.

Below, we provide a review of some relevant literature that is not covered in the previously mentioned
works.

On nested distance. In stochastic programming literature, the nested distance was first introduced
and studied in the seminal works Pflug (2010), Pflug and Pichler (2012). Since then, it has been
applied to scenario generation/reduction, stability analysis and approximation of multistage stochastic
programming (Pflug and Pichler 2015, Maggioni and Pflug 2016, Kovacevic and Pichler 2015, Chen and
Yan 2018, HorejSova et al. 2020). Its statistical properties (Pflug and Pichler 2016, Glanzer et al. 2019,
Veraguas et al. 2020) and computational properties (Cabral and da Costa 2017, Pichler and Weinhardt
2022) have also been investigated. In the optimal transport and mathematical finance literature, the
nested distance is also called bi-causal transport distance or adapted Wasserstein distance (Backhoff-
Veraguas et al. 2020, Backhoff et al. 2022). Incorporating nested distance in multistage distributionally
robust optimization was first considered in Analui and Pflug (2014), Pflug and Pichler (2014) and then
in Glanzer et al. (2019) for a pricing problem. Unlike the algorithmic approach in these works, our
algorithm is more computationally friendly and enjoys similar tractability as its SAA counterpart. A
recent paper Yang et al. (2022) studies DRO with side information using causal transport distance,
which can be viewed as a convex relaxation of our problem in three stages. The idea of imposing
non-anticipativity constraints on the transport plan can be traced back to the Yamada-Watanabe
criterion for stochastic differential equations (Yamada and Watanabe 1971) as well as the causal
transportation in continuous time (Lassalle 2018) and in discrete time (Backhoff et al. 2017).

On other multistage distributionally robust models. In the introduction, we have provided a list of
some common uncertainty sets for the multistage-static formulation (1). Now let us briefly review
some choices of uncertainty sets for the multistage-dynamic formulation (2). These include the
AVaR (Ruszczynski and Shapiro 2006), entropic risk measure (Dowson et al. 2020), ¢-divergence
(Klabjan et al. 2013, Hanasusanto and Kuhn 2013, Park and Bayraksan 2023, Rahimian et al. 2022),
and Wasserstein distance (Shapiro and Pichler 2023). When assuming stagewise independence, both
moment-based sets (Shapiro and Xin 2020, Xin and Goldberg 2021, Yu and Shen 2020) and statistical
distance-based sets are widely considered. Examples of statistical distances include y2-divergence
(Philpott et al. 2018), L.,-norm (Huang et al. 2017), and Wasserstein distance (Duque and Morton 2020,
Zhang and Sun 2020, 2022).

In addition to enabling a dynamic programming reformulation and rendering a time-consistent
policy that is defined for every unseen sample path, our choice of the nested distance offers several
other appealing features from a modeling standpoint. (i) It fully utilizes the entire distributional
information, distinguishing it from moment-based and risk-measure-based sets that rely only on
partial data information like moments and tail risks. (ii) It provides effective protection against data
perturbations that extend beyond the support of the nominal scenario tree. This distinguishes it
from divergence-based sets, which impose strict restrictions on the support of relevant distributions
(Bayraksan and Love 2015). (iii) It defines a plausible family of stochastic processes, comprised of
non-anticipative perturbations of sample paths. This stands in contrast to the Wasserstein distance,
which permits perturbations dependent on future information. Further elaboration on this topic can
be found in Section 2.2.

On the computation of multistage DRO with transport distance-based sets. There are several compu-
tational works that directly solve the multistage-dynamic formulation (2) without considering the
multistage-static formulation (1). For the formulation (2) with stagewise independent 1-Wasserstein
uncertainty sets, Duque and Morton (2020) propose an SDDP algorithm while restricting the support
of scenarios on a pre-specified finite set. Zhang and Sun (2020) propose dual dynamic programming
algorithms and analyze their complexity while assuming finitely-supported distributions. This issue is
resolved in a recent work by Zhang and Sun (2022). However, these works do not provide a policy or



the output policy does not come with provable optimality guarantees. In contrast, our formulation
yields a policy with robust optimality guarantees for generic multistage robust linear problems, which
also justifies the use of some heuristic policies that extend from sample paths within the scenario tree to
those outside the tree (Thénié and Vial 2008, Shapiro et al. 2012, Defourny et al. 2013, Keutchayan et al.
2017). For two-stage robust and distributionally robust optimization, the optimality of affine decision
rules has been investigated in Bertsimas and Goyal (2012), El Housni and Goyal (2021), Georghiou
et al. (2021). Optimal robust policies have also been studied in other multistage DRO problems, such as
robust control (Bertsimas et al. 2010, Iancu et al. 2013, Tagkesen et al. 2024), robust optimal stopping
(Sturt 2023), robust contextual optimization Zhang et al. (2023). These techniques, however, do not
extend to our settings straightforwardly. Finally, it is worth mentioning that in this paper, we are
content with a reformulation that is as tractable as multistage SAA, although the latter alone may have
many computational issues (Shapiro et al. 2021, Chapter 5.8) that are beyond the scope of this paper.

On the concept of time consistency. Various concepts of time consistency have been discussed in
economics literature (Strotz et al. 1955, Hansen and Sargent 2001, Epstein and Schneider 2003, Etner
et al. 2012), in mathematical finance literature (Wang 1999, Féllmer and Schied 2002, Artzner et al.
2007, Roorda and Schumacher 2007, Cheridito and Kupper 2009) and in robust control literature
(Iyengar 2005, Nilim and El Ghaoui 2005, Wiesemann et al. 2013). Our notion of time consistency is
more aligned with the stochastic programming literature (Ruszczynski and Shapiro 2006, Shapiro 2012,
2016, Shapiro and Xin 2020, Xin and Goldberg 2021, Pichler et al. 2022). In general, the multistage-static
formulation (1) does not have a time-consistent optimal policy due to a lack of dynamic programming
representation (Pichler and Shapiro 2021). For certain classes of problems in inventory control, it has
been shown that the multistage-static formulation (1) with some moment-based uncertainty sets has a
time-consistent optimal policy under certain conditions (Shapiro 2012, Xin and Goldberg 2021, 2022).
In contrast, our result on time consistency holds for generic multistage linear programs.

The rest of the paper is organized as follows. In Section 2, we introduce the distributionally robust
linear multistage program and provide a quick overview of the nested distance used for constructing the
ambiguity set. In Section 3, we develop dynamic programming reformulations for both risk evaluation
and policy optimization. In Section 4, we specialize our result into cases that admit tractable convex
reformulations. In Section 5, we apply our result to the portfolio selection problem using an SDDP
algorithm. We conclude the paper in Section 6. All proofs are deferred to the Appendices.

2. Multistage Distributionally Robust Optimization with Nested Distance

In this section, we present the distributionally robust formulation and discuss the nested distance via
examples.

2.1. Multistage Stochastic Programming and its Distributionally Robust Counterpart

Consider a T-stage stochastic linear optimization problem

inf E T T AT
Lt Ee [cixi+eyxa+-+ejxr],
S.t. A1x1=b1, x1 20,
th,_1+Atxt=bt, x,ZO, t:2,...,T,
where &, := (A;,B;,¢;,b;) €E; CR%, t € [T]:={1,...,T}, are data vectors and matrices, some or
all of which may be random. For ¢ € [T], we denote by &} := (£;,...,§,) € E;] :=E1 X ---E; the

history of the data process up to time ¢. Let P(Z[;]) be the set of probability distributions on Z;,
t € [T]. For any distribution P € P(Z(r)) of a stochastic process &1, we denote by P[] the marginal
distribution of £ ;) under P, and by P, ¢, ,, the conditional distribution of £, given the history &{,_;.



The minimization is performed over the set of non-anticipative policies x, =x,(§|,), each of which is
measurable with respect to o(£ 1), the o-algebra induced by £/,;. To ease notations, we denote the
feasible regions
X1:={x1>20: Aix1=b1},
Xz(.xt_l,ft) = {.xt > 0: Atx, = bt - tht—l}, t= 2, e ,T.

We will always assume X; # @. The multistage problem above admits a dynamic programming
formulation

Q:(xr-1,€1)) = x,eX,i(r)lcf_l,gf,) {Ctht +Ep g, [Qrr1 (00, € 4] } re[T],

with Q7,1 =0 and X; (xo,&1) = X1. We represent the set of non-anticipative and feasible policies as
X = {(x1,x2(),....x7 () s %, € Xy (x,00), 1€ [T]}

Here the shorthand notation x; € A;(x;_1) is interpreted as x,(&[;)) € X;(x;-1(£[s-1]),&;) for all
11 €Epr)-

Quite often in practice, the data-generating distribution of the random process £ 7 is not known
exactly. A common approach is to replace the underlying data-generating distribution with a scenario
tree P, which is typically constructed using conditional sampling or scenario reduction. Let us denote by
.f (7] the stochastic process with a finitely-supported distribution P and by E, the support of ft, te[T].
To account for the distributional uncertainty, we consider the following multistage distributionally
robust optimization

1nf sup Ep
X pem

Z ¢ xt(f[z]) (Pstatic)
telT]
and the distributional uncertainty set 9t specifies a set of T-stage distributions to hedge against. In
particular, we consider the following uncertainty set

W= {PeP(Er): D,(FP)<bf, (3)

where ¢ > 0 is the radius of the uncertainty set, and D,, is the p-nested distance proposed by Pflug
(2010), Pflug and Pichler (2012). As will be elaborated on in Section 2.2, the choice of the nested
distance takes account of the information evolution in the multistage problem. We will also consider a
soft robust formulation when p € [1, o0)

Z c;—xt(f[t])

XEX PeP(Er)) te[T]

inf  sup { Ep

- /IDZ (ﬁ9 [FD)} ’ (Pstatic'soﬂ)
for some fixed 1 € (0, ).

2.2. Nested Distance

Similar to the Wasserstein distance, the nested distance is based on an optimal transport problem.
But in addition to the marginal constraints on the transport plan as in the definition of Wasserstein
distance, it also requires that the transport plan should be non-anticipative with respect to the filtration
o (&) ®0 (7). In otEer words, the nested distance calculates the minimum cost needed to transport

probability mass from P to [° among a set of non-anticipative transport plans.

Let d(-,-) be a metric on E[r;. For any P,Pe P(E(r]), we denote by F(@,P) the set of joint

distributions on & H[T] with marginals P and [P. For a joint distribution y € I'(P, P), we use yg |G )

to denote the conditional distribution of ft given (.f[, 17> €z-17) under y. Recall that [FD (e denotes

the conditional distribution of §t given £ [r—17 under P.



DEFINITION 1 (NESTED DISTANCE). Define the set of non-anticipative transport plans

—~

Ppe(P.P) = {7 cr®.p): y§t+1|(g|z],§[t|) - Pl+1|g|z]’ y§z+1|(E[t|,§|1]) - Pt"'llf[t]’ vi=1,....T - 1} - @

The nested distance D p(M/PT, ) between P and P is defined as

. ~ 1/p
(I0f, ety 0.0 E @y 10y [9E 1600071 peLo0).

D,(P,P):=
mf?’erhc(@,[@) y-esssup d(f[T]’f[T])s p = 0o,

(5)

¢

The non-anticipativity constraints (4) can be equivalently stated as follows. Under the joint
distribution v,

30 1€ |E[z]’ (6a)
Sy L&l €y (6b)

namely, £, and Et +1 are conditionally independent given E[,]; and E (0] and &4 are conditionally
independent given § (] Suppose there exists a transport map T=(Ty,...,Tr) from P to P, then (6a)
implies that where g [¢] is transported (i.e., £, = r[t (f (r1)) i 1ndependent of the future §t +1 Thereby,
T satlsﬁes (6a) if and only if it is of the form T(f[T]) = (Tw(&), rz(g[z )y T (€ [1)s- -5 IT (& 1)
VE| (T] € E. Similarly, the condition (6b) indicates that where £, is transported should not be dependent
on the future information &,,,. Thereby, if T;, r=1,...,T, are invertible, then T satisfies (6b) as well

(Backhoff et al. 2017, Remark 3.4). The equivalent definition (6) of non-anticipative transport plans (4)
provides a convenient way to check whether a transport plan is non-anticipative or not.
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Figure 1 Tlustration of anticipative (left) and non-anticipative (right) transport plans.

In Figure 1, we illustrate the difference between an anticipative transport plan (left) and a non-
anticipative transport plan (right). In both figures, the four solid sample paths are transported to
the four dashed sample paths. In the left figure, the four solid sample paths from top to bottom are

transported to the four dashed sample paths from top to bottom respectively. In part1cular (fz 53) is
transported to (§2, & 3) whereas ({,—‘2 & 3) is transported to (f {;‘3) This means where .f,-‘ 5 is transported
(namely, 52 or fz ) depends on the realization in the third stage (namely, §3 or 53). In contrast, in the

~1 =1
right figure, &, is always transported to .f;‘% and & % is always transported to &, regardless of the value
in the third stage.
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In the literature, a transport plan from P to P is termed causal if it satisfies the non-anticipativity
constraint (6a), and is termed bi-causal if it satisfies both non-anticipativity constraints (6). When only
the first set of constraints in (4) is imposed, the resulting distance is called causal transport distance
(Backhoff et al. 2017), denoted as C, (P, P). If we replace I';,. by I', then (5) becomes the defining
expression for the Wasserstein distance. Note that Tpe(P,P) is always a non-empty subset of r(P,P),
containing at least the independent transport plan, namely the product distribution with marginals P
and P.

Let us illustrate these concepts with the following examples.
EXAMPLE 1 (NON-ANTICIPATIVE DATA PERTURBATIONS). In many applications, the data process &7
often adheres to a causal relationship, as represented by the following causal diagram

This relationship can be observed in various scenarios, such as the demand process for a product or
the return rate process of financial assets. The data uncertainty of £, can arise directly from errors like
sampling or measurement inaccuracies in &,. Alternatively, it might be indirectly influenced by errors
in statistical modeling or data processing propagated from historical data £|,_;,. Consequently, it is
logical to consider data perturbations that exhibit historical dependencies. However, such perturbations
should not be dependent on future uncertainties, as these are typically unknown. This rationale
provides a justification for the non-anticipativity constraints in Definition 1. »

D)
orodNGC =
o e

P
Figure 2 The p-Wasserstein distance between Pand P is 0O (¢e) whereas the nested distance D (P,P) = o(1).

Nj=

N|—=

EXAMPLE 2 (TREE STRUCTURES IN THE WASSERSTEIN AND NESTED DISTANCE BALL). (cf. Heitsch
et al. (2006, Example 2.6), Pflug and Pichler (2012, Example 17)) Consider two stochastic processes [P
and P€ represented by the two scenario trees plotted in Figure 2:

=~ 1 1

P=-0 +=9000.0.-1)
9 7(0.0.1) 75 9(0,0.-1)
1

1
Pe = 56(0,—6,1-1-6) + 56(0,6,—1—6)'
The two processes P and P¢ have different evolution of information. For P, conditional on observing
&, =0, &, takes +1 with equal probability; while for P with any € > 0, conditional on observing &,, the
value of &5 is certain: P§ _ =P ~
§3=ltelfr=—€ " Fi=—1-€lé,=c

Suppose d(g[g],f[g]) = ||§[3] —&p31llp- Thgn we have W,,(@,IP’E) =21/P¢ for all p € [1,00]. On the

€ ; € —1_, . _
other hand, a causal transport plan y from P to P€ should satisfy I]:DZ:3 E0" 2 Ve, 6,20.6," Hence the

only feasible transport plan is the independent product distribution 7(5[3],5 31) = % for all pairs of
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p-1

—~ —~ 1/p
£31- €137, which is in fact bi-causal. Thus we have D, (P,P<) = (% -2(2eP +€P +(2+ E)P)) >27P .
As such, the nested-distance ball centered at P with radius 1 would not contain P€ with any e > 0.

Consider a function
Z(£13)) = €2 - &3]

Let My be the co-Wasserstein ball centered at P with radius ¢ = €, where € € (0, 1). Using the duality
for Wasserstein DRO (e.g., Zhang et al. (2022)), it is easy to check that the Wasserstein robust risk
equals

_osup Jea—ésl|=1+2e,
[&2-E51<€,|&3-E3]<€
with the worst-case distribution being [P€. On the other hand, let 9, be the co-Wasserstein ball centered

at P, with radius 9 = ¢, t =2, 3. For the nested distance uncertainty set MM, we will show that

sup Ep[Z(£(3)]=
PeMw

SUP Ep[Z(£(3))] = sup Ep,

P2 eMy

sup Ep, [|§2 §3|]]

P3eMs

For any &5, it holds that R
sup Ep,[|&2 - €3]] =Ep, [|162 - &3] +€

P4 69323
and

sup 5 [162-Zal| =5 sup 16-11+162+1]=
|£2-0[<e |&2]<e

It follows that

sup Ep[Z(£(s)] = sup Eg [l2—&sl|+e=1+e,
PeM |&-0]<e

with the worst-case distribution being

1 1
55(0,§,1+e) + 55(0,5,—1—5)-

where £ € [—¢, €]. Observe that this distribution has the same information structure as P. *

EXAMPLE 3 (NON-CAUSAL, CAUSAL, AND BI-CAUSAL TRANSPORT PLANS). InFigure 3 we plot two three-
stage scenario trees, with labels along the edges indicating the conditional probabilities of realizing a
scenario given their parent nodes. Specifically, define the sample paths

Ely = (a.b.d), &= (a.b.¢), &, =(a.2. /),
13] = (asb, d)’ 6[23] = (a’ca e)a 6[33] = (a’ C,f),

where a sample path is represented by a triple of nodes. Then the two trees represent probability

distributions on the three sample paths
1 1 1 1

-0z +— 6 +- 6 P=-8,1 +-0,2 +-0,3,
"6 E 6 fm 3 & 2760 4 fh 44

where 9, indicates a Dirac mass at a sample path £.

'@)

Consider the following three transport plans between the two trees, represented by a joint distribution
with marginals P and P:

1/6 0 0 1/241/8 0 1/24 1/16 1/16

y=| 0 1/6 0 |, y.=|1/241/8 0 |, yp.=|1/241/161/16
1/31/12 1/4 5/12 0 1/4 5/12 1/8 1/8
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1
2
1
2

Figure 3 Two three-stage scenario trees

@)

In each matrix, its element in the i-th row and the j-th column represents the probability mass
transported from the path &3 1O the path fJ i,j=1,2,3. We have the following observations.

(D) The transport plan y is not causal, as both causal constraints in (6) are violated. Indeed, £y = ,=b
is transported to b if §3 =d and to ¢ if .fg = ¢. This means that the future value of §3 affects the
value of £5. On the other hand, £, = ¢ is transported to ¢ if £3 = f and is split to ¢ and hifés=e.

(I1) The transport plan y,. is causal from P to P, but not from P to P. Indeed, regardless of the
value of &3, b splits 1/24 probability mass to b and 1/8 probability mass to ¢, and ¢ splits 5/12
probability mass to b and 1/4 probability mass to c¢. On the other hand, (6b) is violated, as &€, =¢
is transported to b if é3=candtocifé;=f. R

(III) The transport plan vy, is bi-causal. Indeed, regardless of the value of &3, b splits 1/24 probability
mass to b and 1/8 probability mass to ¢, and ¢ splits 5/12 probability mass to » and 1/4 probability
mass to c¢. Furthermore, regardless of the value of &5, b splits 1/12 probability mass to b and 5/12
probability mass to ¢, and ¢ splits 1/8 probability mass to b and 1/8 probability mass to &. &

Setup. In the rest of this paper, we will assume E,; is a non-empty subset of some normed space
(R% |||, t € [T]. Note that the norm in each stage can be chosen differently, but we omit such
dependence for the ease of notation. We set

—~ 1/p
—~ _ 14 —~
d(f[r],§[r]):{(ZZE[T]“& ¢l ) cPelle) v B e B,

maXte[T]”é:t_é:lH, p =0,

and we use overloaded notation d(& (1]-€[¢1) for the distance between sub-sample paths.

2.3. Statistical Guarantees

Using recent concentration results on the nested distance (Backhoff et al. 2022, Acciaio and Hou 2022),
in this subsection, we develop a finite-sample guarantee for (1). Suppose we are given N i.i.d. sample
paths from the underlying true distribution P*, let us choose the nominal process P as the adapted
empirical measure constructed in (Acciaio and Hou 2022, Definition 2.5). Essentially, this is a finite
scenario based on nearest-neighbor clustering of the empirical scenario tree. An illustration is given in
Figure 4.

The subplot (a) shows a fan-shaped empirical scenario tree with an equally weighted distribution on 4
sample paths; the relative location of each node is consistent with the value of the outcomes associated
with the each node. We cluster each node to one of the centroid +5 based on the nearest-neighbor
rule. For example, nodes with positive values are clustered into the center at 5. The resulting clustered
scenario tree is shown in the subplot (b), with the edge probabilities calculated based on the clustering.
The scenario tree (b) is called the adapted empirical measure. It has been shown that this measure
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(b)

Figure 4  TIllustration of adapted empirical measure (b) constructed from an empirical scenario tree (a)

converges to the underlying true distribution in nested distance as N goes to infinity (even when the
true distribution is continuous).

ProPOSITION 1. Let p=1andd;=d, t=2,...,T. Define D(d) =d when d > 3 and D(d) =d+1 when
d=1,2. Assume that

(I) There exists 5 > 2 such that Ep- [exp(||£]|7)] < co.
(IT) There exists L > 0 such that for every f[t],f’[t] €Ei)

Wi, Praae, ) < LI§ = £

(II) For t € [T —1], there exist u; : E[;] — RY, ¢, : En)—Reandv:Ep — P(R?), such that for every
E1r1 € B
Prye,, ~ He ) + s (Epen

where ¢ (1)) < k|11 for some g > 0 and k >0, sup; ez Evig,)) [€xp(1€41117)] < o0, and
err ~ v

Then there exists ¢, C, K > 0 such that for any B € (0,C/e), by setting P as the adapted empirical measure
and

[ \log(C/p)JeN-V2 + KN D@, =0,
(log(C/B)/c)T* IN-12 4 KN D@, ¢ >0,
it holds with probability at least 1 — 8 that
inf Ep-
xXe

Z c:x,(f[t])

te[T]

D elxi (€| < in/f\, sup Ep
te[T] XEX pep

The assumption are adopted from Acciaio and Hou (2022, Theorem 2.19). Assumption (I) requires
the ground truth P* has finite exponential moment; Assumption (II) requires that the underlying
transition probability kernel is L-Lipschitz in the history; and Assumption (III) means that the transition
probability kernels have uniform exponential moments with polynomial growth rate. The proof follows
directly from the concentration of the adapted empirical measure; see Appendix EC.1. This bound
exhibits a non-parametric rate O (N ‘d%), which is unavoidable without additional assumptions, given
that we are optimizing over infinite-dimensional policies on an (infinite-dimensional) policies on
an O(dT)-dimensional space. In Section 3.2, we will show that the dependence on 7 can be further
improved under the assumption of stagewise independence.
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3. Dynamic Programming Reformulations

In this section, we develop dynamic programming reformulations for (Pgtatic). In Section 3.1, we focus
on the inner maximization of (Pgtatic), Which evaluates the worst-case risk of a fixed policy, and we
discuss the outer minimization over policies in Section 3.2.

3.1. Robust Risk Evaluation

We first consider p = co. The following theorem provides a dynamic programming equivalent reformu-
lation for the inner supremum in (Pgtatic)-

THEOREM 1. Let p = co. Define fol”] =0 and

Er Ef-f-
Vi (E ) =l xi(Ehy) +Ez 5 sup VeI (E &) | 1e(T] 7)

e fmlEEHl:”le—EwlHfﬂ
Assume Vf[" (.f[t_l], -) is lower semi-continuous. Then the inner supremum of (Pgtatic) equals Vfl (é1).

In Theorem 1, the value function Vf "1(.) is defined with respect to the nominal realization E[t]. It
assesses the current cost along with the next-stage risk relative to the nominal conditional distribution

P -
t+1|§ltj
current-stage cost, c:xt(f[t]) ; (ii) the risk-to-go, which evaluates the worst-case value of the risk

. More specifically, the risk Vf g []) at stage 7 is broken down into two components: (i) the

. &1
function Vi

distribution E, a~P

(£[41>+) in a ¥-neighborhood of EM, and then averaged over the nominal conditional

(M The continuity assumption on Vf[’] () means that given the history £[,_q;
and the nominal sample path E[t], the value function is continuous with respect to the current-stage
uncertainty &,. This is a mild assumption and is satisfied for the optimal value function, as will be
shown in Section 3.2. When ¢ =0, (7) reduces to the standard Bellman recursion. When 7T = 2, the
two-stage DRO with co-nested distance becomes the two-stage DRO with co-Wasserstein distance, and

the result in Theorem 1 is consistent with Xie (2020, Theorem 2).

The proof idea of Theorem 1 can be summarized as follows. Due to the non-convexity of the nested
distance uncertainty set, directly dualizing the inner supremum in (Pgtc) is not a viable approach.
To overcome this challenge, we first consider a convex relaxation of (Pgatic), replacing the nested
distance uncertainty set with the causal distance uncertainty set MC := {P € P(8) : Cw(ﬁ, P) < 9}.
Using the conditional independence in the causal constraint (6a) and the tower property of conditional
expectation, we are able to derive a dynamic programming reformulation for the relaxed problem.
Next, we show that this convex relaxation is, in fact, tight. By modifying the worst-case distribution
within the causal distance ball, it is shown that there exists a distribution whose nested distance to P

is approximately equal to the causal distance, and it yields an objective value that is approximately

equal to the worst-case risk over the causal distance ball, thanks to the continuity assumption on Vf e,
Thereby, the expression holds for the nested distance ball as well. A complete proof can be found
in Appendix EC.2.1. We remark that (Pflug and Pichler 2014, Section 7.3.1) also considers a convex
relaxation of the nested distance uncertainty set, but their construction of the convex hull is based on

compounding finite trees and does not lead to a dynamic programming recursion.

Next, we consider the case p € [1, ). We have the following result that establishes the nested
reformulations of both (1) and its soft variant.
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THEOREM 2. Let p € [1,00). Set Vﬁ[fl*” =0 and

f[,] (&) =¢; xt(«f[,])+ £,,~P {Vi[iﬂ](f[z]’fﬁl)_/l||§t+1_Et+1||p}]9 re[T].

i 1‘§[t] [§r+l €-—t+1
_ _(®
Assume Vf g [-1]>") I lower semi-continuous. Then the inner supremum of (Pgtatic-SOft) equals Vfl (&1)
and the inner supremum of (Pstatic) equals

min /129P+CIX1 +[Eﬁ
>0

sup Ve (1,60 - ﬂnfz—fzup}]}

&2€Ey

The reformulation (8) of the soft problem is often convenient to work with when it comes to time
consistency; see Section 3.2. The interpretation of the risk-to-go function is similar to the previous case
of p = o0, except that the risk is now measured by the p-Wasserstein distance penalty. The proof idea
is similar as well, except that the approximately worst-case distribution is constructed differently. A
detailed proof can be found in Appendix EC.2.2.

Below, we discuss how the formulations derived in Theorems 1 and 2 are related to other formulations
in the literature.

REMARK 1 (CONNECTION WITH DyNAMIC Risk MEASURES). The dynamic recursions (7) and (8) are
conceptually related to the conditional risk mappings introduced in Ruszczynski and Shapiro (2006).
Specifically, a coherent conditional risk mapping can be represented as

priey o |ZE )] = sup Egop, [Z(€],1).€))].
P, €M,

where Z is any measurable function on Z(;, and a convex conditional risk mapping can be represented

as

Py [ZE)] = sup {Eg,-p,[Z(€111.€)] —M(P»},

P, eP (5,

E[t—lj

where J; is a convex functional on P(Z,). In our setting, let us define a mapping p o, via
"

£y (2 .
Pt (ZEe(g )]

Sup%er(@t@[kl],-) {[E(Et,gt)~yt [me (f[t])] : yr-esssupl|§, — &, < ﬁ}, p =00, (9)

3 {[E(MM [Z8 &) -G ., (16 —€17] } pell, ),

Supy, er(@t‘g“_l] 5

where F(ﬁ (i ,+) is the set of joint distributions on Z2 whose first marginal distribution is P -
t—

With this deﬁmtlon, (7) and (8) can be rewritten as

£ Sy
vl ](f[t])=c:xt(§[z])+0ti1}|§h (Ve (€]

It is important to note that in the original definition of a conditional risk mapping, Pri¢,,_,, considers
only the filtration generated by &, However, in our case, it extends to involve the filtration generated

by the nominal stochastic process & 7. Note that in (9), when p = oo, the uncertainty set is equivalent
to a one-period co-Wasserstein ball EIRg“ U= (P, € P(E)) : WalP
nominal conditional distribution P 1 with radius ¢, and pig””
t 11—
when p € [1,00), the penalty term is equivalent to a one-period p-Wasserstein distance penalty

K P)=W,(®,z PP, and p

1y

tlE[H]’P’) < ¥} centered at the

defined a coherent risk measure;

()’ - ] defines a convex risk measure. )
t— -1
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REMARK 2 (STAGEWISE INDEPENDENT NOMINAL TREE). Suppose the nominal scenario tree P is
stagewise independent, that is, P =P, forall t=1,...,T — 1. Then (7) and (8) become

] t+1|E[,J
respectively
V (f[ ]) = C;rxt (f [t]) + [EEH-IN@Hl Sngtﬂ EE‘I+1:”‘§I+1_EI+1 || < Vt+1 (f[z] ’ fH—l)] ’ p = OO’
t t L -~
X E) g, 5 | WPg ez, {Vir (o) = Al =P} |, pelle).
—~ (10)
Set iIRt = {[p)t S P(EZ) . Woo(lpt, Pl) < 0}, and
[ ] Supﬂ])t Eﬁnt [Elpt []’ p =09, ( )
= = 11
pr SUPp, ep(5)) {[EP, [-] =AW, (P, Pz)p}, p€[1,0),
Then using the duality for Wasserstein DRO (e.g., Zhang et al. (2022)), (10) can be rewritten as
Vi€ ) =€/ %0 (€) +prs1 [Vis1 (€112 ) ] (12)
In Section 3.2, we will discuss this setting in more detail. R R )
REMARK 3 (NOMINAL TREE WITH TRIVIAL FILTRATION). Suppose P is a scenario fan, that is, P 1)

is a Dirac measure for all r=1,...,T — 1. Then by expanding (7) and (8), we obtain that

T
sup. zc:xt@m]
& €Ep: | &€, |9 1=2

t=2,..., T

sup Ep
PeM

> C:xr(f[t])] =cyx1+Ep,

te[T]

and

T T .
sup {Z%Txt(fm) N3 —lelp}]-
t=2 =2

& €EE,
t=2,...,T

sup {[Ep[ D c:x,(f[t])] —/lDS(@,IP)}:CleHE@Z
PeP(E) te[T]

Notably, they coincide with the dual formulation of Wasserstein DRO. Now suppose the underlying
stochastic process has a density and let P be its empirical counterpart. Then with probability one, P is
a scenario fan. As a result, under mild conditions on the value function, the statistical consistency of
the worst-case risk under the nested distance follows from that of Wasserstein DRO (Esfahani and
Kuhn 2018, Bertsimas et al. 2023), even though the nested distance itself does not have statistical
consistency (Pflug and Pichler 2016, Proposition 1). *

REMARK 4 (RECTANGULARITY). Let Z*(& [T]) be the cumulative cost associated with a policy x. Then
(12) implies that
sup[Z*]= sup Ep,
PeM Py ESIRZ
If we set IMX := {ﬁl XPyXPgx - xPr:P, €My,1=2,...,T} and 3 be the set of cumulative cost
functions of all feasible policies whose value function satisfies the continuity assumption in Theorem 1,
then the above equality indicates that the co-nested distance set M is a rectangular set associated with
the product of one-period co-Wasserstein distance sets, 9t*, and 3, in the sense of Shapiro (2016). &

sup Ep,|-+ sup EPT[Z"]---]].
IP3€§IR3 PTESIRT

3.2. Time-Consistent Policy Optimization under Stagewise Independence

In numerical studies on multistage DRO, the following problem is often considered

) ) . £
inf ¢c1x;+ inf Ix + inf [21 [ Ix oo
x1ez”(1clx1 xzeXz(x1)p2 €2%2(2) x3€;(3(x2)’03|§[2] ¢3¥3(E 1)

pé?[r—ll [c}xr(fm)]”'”'

inf
xeXr (xr_1) T r-1)

(13)

+
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In general, this is just a lower bound of our considered problem (see Remark 1)

. T T € [ 7 L Em LT ]
x,eX,(xEIS,VtE[T]Cl)Cl +p2 ngz(fz)+/?3|§[2] c3x3(§3)) + Ty [c7xr (§17)] ], (14)
as it involves an exchange of minimization and expectation. Indeed, (13) allows different policy values
under different realizations of the nominal process, whereas in (14) the policy does not depend on the
realization of the nominal process.

Nevertheless, we will show that the two problems are equivalent when the nominal scenario tree P
is stagewise independent.

AsSUMPTION 1 (Stagewise independence). The nominal scenario tree Pis stagewise independent,
namely, Ptlg[zfl] =P, forall t € [T].
In the remainder of the paper, we make the following assumption (c.f. Shapiro et al. (2021, Definition
3.1)).

AssumpTION 2 (Relatively complete recourse). For every r=2,...,T and every sequence of feasible
decisions (x1,...,X;-1), the set X;(x;-1,&;) is non-empty for every &; € B,.
Without this assumption, the worst-case risk is always infinite for p € [1,0). And for p = o0, E; can be
replaced with UE,esuppﬁ, {& € B ||é =€, < 9).

The following assumption is needed for applying existing Wasserstein DRO duality in our analysis.

AssuMpTION 3 (Sufficiently expensive recourse). For any feasible x1, we have

inf
X2,X3,...XT €

> —00.,

T —
Zc:—xt(f[z‘])
t=2

X[E@

In other words, this subproblem started from the second stage is dual feasible. For a two-stage problem,
this assumption reduces to
inf _ c3x2(€3)) > —o,
X2€X5(x1.€2)
for any feasible x;, which is the same as the sufficiently expensive recourse assumption in previous
works (Hanasusanto and Kuhn 2018, Xie 2020). Since P is finitely supported, by Assumption 3, it is
easy to show by induction that for any s € [T — 1], for any feasible x|}, we have

inf

[EA
xs+1,...xTeX P

T —
Z C;rxt(.f[[])] > —00.

t=s+1

This result helps establish strong duality in the proof of Theorem 3 and the corollaries in Section 4.

Define the dynamic programming formulation
Qr+1:=0,
Q-1 f[t_l]) = Xy (f[r])iEI}ffr (xr-1,7) pr [C;—x, (f[t]) +Qm (xt (f[t])’ §[t] ) ] ’

Q1:= inf {c]m+Qa(m)},

(denamic)

where p, is defined in (11).

In the next theorem, we show that this dynamic programming formulation is equivalent to (Pgtatic)
when p = 0o and (Pgatic-S0ft) when p € [1, o). The proof can be found in Appendix EC.3.
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THEOREM 3. Suppose Assumptions 1, 2 and 3 hold. Then the optimal value of the dynamic program
(Pdynamic) equals the optimal value of (Pstatic) when p = co and the optimal value of (Pstatic-s0ft) when
p € [1,00). Moreover, set Q7.1 =0 and

SUP ., cs, 6, , | <0 INEv e (v {70 +Es [Qa (€]} p=eo,

SupftEEt infxtext(xt—l’ft) {C;r'xt +[E@t+1 [Qt+1 (-xt’ft-f-])] _/l“é:t _gt”p}9 p € [1,00)’
(15)

Qt(xt—la Et) = {

for t=2,....T. Then it holds that Q;(x;-1,€[,_1)) = Eg [Q:(x,-1.))].

Theorem 3 shows that expected risk-to-go function Q, defined in (Pgynamic), which involves functional
optimization over x,(£,_13,), can be evaluated through the expectation of the risk-to-go function
Q;, which involves only a finite-dimensional problem. Note that due to the stagewise independence
Assumption 1, the risk-to-go function Q,(x,_1,-) depends only on the current-stage uncertainty and the
expected risk-to-go function Q,(x,_1,-) is a constant function. Thus, we can omit the second argument
of Q; and denote it as Q;(x;_1). Also note that when p € only the soft-formulation

REMARK 5 (OPTIMAL TIME-CONSISTENT POLICY FOR (Pgynamic)). Suppose the optimal policy for
(Pdynamic) exists. Then an optimal policy x* = (x7,...,x}) is given recursively by

x7 € argmin {c]x; + Eg, [02(x1)]1},
x16X1 ( 6)
- 1
X7 (§) € argmin {C:xt"‘[EUSM [Qt+1(xl,§t+1)]}, & €Bpt=2,....T
Xt €Xy (x:,l(f[t—l])’fl‘)

This policy x* is time-consistent, satisfying the robust Bellman equation (10). It is important to note
that x* is defined on the entire sample space, marking a significant difference from its non-robust
counterpart, which yields a solution defined solely on the sample paths within the nominal scenario tree.
The optimal robust value function associated the dynamic formulation satisfies lower semi-continuity
condition in Theorems 1 and 2 (see Proposition EC.5 in Appendix EC.3), thereby we conclude that x*
has the same worst-case expected cost in (Pgtatic) and (Pstatic-s0ft), respectively, which means that x*
is the optimal policy for these problems. *

The next example demonstrates that the formulation with Wasserstein distance is not time consistent
even under stagewise independence.

EXAMPLE 4 (TIME INCONSISTENCY OF FORMULATIONS WITH WASSERSTEIN DISTANCE). Suppose
T = 3 Cl1=Ca= 0 Cc3 = 1, :2 = R.,., :3 = R and let Xz(xl,fz) {X2 = ()Q],ng) € R% X21 — sz —fg}
Xs(xz,frs) ={x3>0: x3>x2 —Xa2 — &3, X3 > &3 — X271 + X2} Let P =Py x Ps, where P, = 8o,
ng = —5 1+ 161 Let # € (0, 1). Define SIJZW as the co-Wasserstein ball centered at P with radius 9J, and
M, as the co-Wasserstein ball centered at [P’, with radius . The formulation (1) with co-Wasserstein
ball reads

inf sup Ep[x3(£3)], (a7)

X2€X(x1),X3€X3(X2) Py,

and the min-max-min-max dynamic formulation (Pgynamic) with co-Wasserstein distance reads

inf sup Ep,
x2€X2(xX1) Py e,

inf sup Ep,|x . (18)
x3€X3(x2) P’seiDpis ’ [ 3(§ 3])]]
We have that

V3(x2,63) = inf  x3=|x21 —x22 —&3].
x3€X3(x2,£3)

Using Wasserstein DRO duality (Zhang et al. 2022), (17) is equivalent to

inf [E@

X2

sup lx21(&2) —x22(&2) — &3] | =2+ 7.

|&2-&5|<0,|£3-E5| <0
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On the other hand, (18) is equivalent to

inf sup | sup Ep,[V3(x2(£;).63)]| =Ep,| sup Ep, [1£2 —Egl] +9|=1+9.
X2 pyeMiy |P3eMs |&2-&,1<0
This demonstrates that (17) is not time consistent in the sense of Shapiro (2016). )

Thanks to Theorem 3, using statistical guarantees for single-stage Wasserstein DRO (Kuhn et al.
2019), we can improve the bound in the finite sample guarantee when there is stagewise independence.
Suppose that for each stage r =2,...,T, we are given N i.i.d. samples that forms an empirical
distribution P, .

PROPOSITION 2. Let p € [1,00) and d; =d, t=2,...,T. Suppose the true distribution P* has stagewise
independent marginals . Assume there exists n > p such that Ep: [exp(]|,[|")] < oo. Let g € (0,1). Then

-1 —~ —
there exists ¢, C > 0 such that for any N > %, by setting P = xthzlpt and

log(C(T -1)/B) )min(i},b

oy (B)= (T -1 (=

it holds with probability at least (1 — 8) that

2 el xi(€ppy)

te[T]

PIRZEA I

tel[T]

inf [E[p*
xe

< inf sup Ep
XX pegn

The proof for the proposition is provided in Appendix EC.4. Compared with Proposition 1 that suffers
from curse of dimensionality in both d and T, the bound in Proposition 2 has only a nearly-linear
dependence on T when p = 1. Besides, Proposition 2 applies for all p € [1, ).

4. Tractable Policy Optimization

In Section 3.2, we have derived dynamic programming reformulation (Pgynamic) to solve for the optimal
policy. Observe that the maximization over &, in (15) may not always be tractable. Nevertheless, in
Section 4, we will explore cases where tractable solutions are possible, by identifying cases where the
risk-to-go function Q, can be computed efficiently. Note that when 7T =2, (1) (or (Pgynamic)) reduces
to two-stage Wasserstein DRO, for which exact tractable reformulations have been established when
p € {1,00} and the uncertainty appears in the objective or right-hand side (Esfahani and Kuhn 2018,
Hanasusanto and Kuhn 2018, Xie 2020). Below, we will show that these results can be extended to
multistage problems. All results assume Assumptions 1, 2, 3 in the previous section hold.

4.1. Objective Uncertainty Only

We first consider problems with objective uncertainty only, in which case we identify &, with ¢,;, and
the constraint set X, (x;-1,&;) = X;(x;-1) = {x; > 0: A;x, = b; — B;x,_1} is deterministic once x,_7 is
given. The following theorem shows an equivalent expression of (15).

COROLLARY 1. Suppose B, = (R% ||-||) for t=2,...,T. Then Q, defined in (15) can be computed as

infy,ex, (x,1), x|l <2 {E;Txr +Ep, (@141 (x1,€011) } , p=1,

+1

—~ . ~ 1 £ —
Q:(xi-1,¢4) = lnfx,eX,(xt-l) {c:—xt +(1- 1/1’)(#)”_1 [l [1.5 Lt [EﬁpTM [Qt+l (xt,ct+1)] } , PE(1l,0),

inf, (v 0) {€ %0+ Dbl +Es, | [Qrn (8} p=oo.

+1
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Corollary 1 shows that when the uncertainty appears only in the objective, (10) is equivalent to a
scenario approximation problem with norm regularization on each x,. The regularization is a hard
constraint when p =1 and a soft penalty when p € (1, oo]. The proof is based on an additional duality
argument; see EC.5.1 for details.

We remark that the optimal robust policy may not be unique, as demonstrated in the following
result.

PROPOSITION 3. Set

. ~T —~
ArgMiNy, e x, (%,_1 @(r-11))» Ix [l <2 {Ct x+Ep [Qi1(xs.€141) | } p=1,
P

~ o~ . ~ 1 i —~
xt(c[t]) € argmlnxrEXt(ft_l(E[t_”)) cl-‘rxt + (1 - %)(%)p_l “)Ct“»f7 ! + Eﬁnl [Ql‘+1(-xtact+1)] }s p € (1900)a

. ~T —~
arg mlnxt EX; (Et—l (E[t—l])) ct xt + ﬂ”xl‘ ”’F + E@t [Qt+1 (xla ct+1)] }’ p =00,

+1

and set recursively ¢] := ¢ and

argmin (&%, (€,_1),€) +Ep_ [Qre (1 (€, 11,€0),€1) | + AIE - crl1”)}, pell,e),
~C ._ ) c;esupp P,
c L . ]~ —_ —_ —_ — ¢ —_ —_
' arg min c:x,(?f,_l],c,)+l?||xt(5ft_1],ct)||*+[E@t+1 [Qt+l(xl(cft_l],ct)’cl+1)]v p = 0.

¢resuppPr: |6, —ct || <
Then the policy ¥;(cs]) :=X;(¢{;)) is also optimal for (15).

The policy ¥ = (X1,...,¥7) is defined for every sample path in Z;7} when p € [1,00) and in
{cir1 € Ery i ller) —€rylle < 9} when p = co. The sample path Efr] represents the best in-sample
path, with regard to the norm-regularized cost-to-go, within a ¢#-neighborhood of c¢{7| when p = o, or
within a A-soft neighborhood of ¢} when p € [1, ). Notably, the computation of the policy X requires
knowledge of only the optimal robust policy values on sample paths from the nominal scenario tree,
contrasting with the policy x* defined in (16) that requires the entire cost-to-go function Q,(-,¢;). Its
optimality is obtained by verifying that the worst-case risk of ¥, does not exceed the risk-to-go as
defined by Q;. For a detailed proof, please refer to Appendix EC.5.1.

4.2. Right-hand Side Uncertainty Only

Next, we consider problems with right-hand side uncertainty only. To ease the presentation, we
consider either &€, = b, or &, = B;. The following result provides an equivalent reformulation of (15) for

p=co.
COROLLARY 2. Suppose p =co, and &, =b;, E, = (R%, ||-||), or €, = B;, & = (R*™ ||-|]), t=2,...,T.
Set Y, (xy) :==c/x; + Es,,, [Qt+1 (xt,§,+1)] +1{x; > 0}. Then Q; defined in (15) can be computed as

Q:(xr-1,b;) = max {(b, - thz—l)T)’t + Dyl — lﬁ:(A:)’t) ) ift§, =by,
eR4
yr t
- - (19)
Q:(xt-1,B;) = Helg}j {(bt - tht—l)Tyt +19||)’tx;r_1||* - W;(A;ryt)} , if& =B;.
Vi .
When ||| = ||-|l1, it holds that
Qt(xt—la bl‘) = je[dtfléae)il’_]_} xltnzf() {C;rxt + IE@Hl [Qt+1 (xt, bt+1)] . A,x, = bl‘ - thZ_l + 196@]} ,
where ¢ is the j-th unit vector. When ||-|| = ||-lop, where ||Bllop = supy,j<11|Bvl1, it holds that
Qt(xt—l’gt) :je[d ]méfgl _1}xin>f0 {Ctht + IE@M [Qt+1(~xt’§t+1)] tAxe=b, - Etxt—l +05||xt—1||ej} :
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The risk-to-go function Q, encourages a large norm of the dual variable y,. It also penalizes a
large norm on the primal variable x, when the uncertainty is present in B,. Note that solving (19)
involves maximizing a convex norm function, which can be hard in general (Xie 2020, Proposition 6).
Nevertheless, it becomes tractable when the dual norm entails an inf-norm, which can be represented
as a component-wise maximum absolute value; see Appendix EC.5.3. The resulting reformulation
of O, involves solving 2d, problems in total, each of which perturbs the constraints of the scenario
approximation problem by a unit vector with a magnitude proportional to ©#. When T = 2, this is
consistent with Xie (2020, Theorem 3). We will apply this result to a dynamic portfolio selection
problem in Section 5. The next result provides an equivalent reformulation of (15) for p =1, whose
proof can be found in Appendix EC.5.4.

COROLLARY 3. Suppose Z; = (R% |||, t=2,...,T, and p = 1. Set Yr.1 = {0}, and for t € [T], define
recursively

S; = {y, e R : 3y;41 € Vis1 sit. A;)’z +B:+1[Eﬁt+1 e ()] < Ct}?

where ), is the space of functions from Et to S;. Set QT+1(x,,E[t+1]) =0 and
Qi(xi-1,€)= inf _ {C,sz +E5 [éHl (Xt,gm)] } s 1=2,....T.
X €Xy (-xt—la‘ft)

Then R _
Qi (xr-1,b:) = Qs (x1-1,b;) + 00 1{/1 < s=maXT m%x ||)’||*}e if £ = b,

ly.oo, YESs
Qt(xt—l’ﬁt) = Qt(xt—l,ﬁt) +oo-1

and the optimal value of (1) equals

—_——
v

[l
~

A< max maxllx,yTII*}, if§, =By,

..... T yeS

inf { Tx1+E5 [Q2(x1,b }+19- max ma ” if £, =b,,
o 161 5,[Q2(x1,b2)] hax_ yeS?fH)’H & =b; o)
nf {eTa+Ep, (0201, Bo)l} 49 max max ey, if€, = B.

Note that Q, is the cost-to-go function for the (non-robust) scenario approximation problem. The
first term of (20) is the optimal value of the scenario approximation problem, while the second term of
(20) is a linear function of ©, whose value is independent of the policy x. Consequently, (20) share
the same optimal policy values as the scenario approximation problem on each sample path from the
nominal scenario tree. We would like to emphasize that the optimal robust policy for (10), as in (16),
is defined for all sample paths in Z[7|, whereas the optimal policy for the scenario approximation
problem is only defined for the sample paths within the scenario tree. In this respect, the robust
formulation induces a safe way to extend the optimal solution to the scenario approximation problem
across the entire sample space and justifies the heuristic policy in the literature (Shapiro et al. 2012,
Keutchayan et al. 2017, Ding et al. 2019, Zhang and Sun 2022).

Corollary 3 generalizes the results for two-stage Wasserstein DRO (Hanasusanto and Kuhn 2018,
Duque et al. 2022). Below we give an example in the context of the multistage newsvendor problem. A
similar observation was made in Esfahani and Kuhn (2018) for the static newsvendor problem.

ExaMPLE 5 (NEWSVENDOR). Consider a multistage distributionally robust newsvendor model. Let
x, be the inventory level after having ordered in stage ¢ but before the demand £, in that stage is
realized. Let ¢;, ¢? and c" be the ordering, back-order penalty and holding costs per unit in stage ,
respectively. The multistage newsvendor is given by

inf ~ sup Ep Z cr(Xr —x1-1 +§z—1)+c?(xt—1_ft—1)++c?(§t—1_xt—1)+
x:,t€[T] peyn te[T]

s.t. x; le—l_fl—l’
Xy = 0.
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With additional auxiliary variables z,, we can rewrite it as a multistage linear program with right-hand

uncertainty
inf sup [E[FD [c1x1+zZ+---+zT]
X2, t€[T] PeMm

st. —x;+x,1<&,_q,
CrXr—2 + (C? —c)x-1 < (C? —c)éi1s
ciXt =2 — (¢t +C?)xz—1 <—(c; +C?)§,_1,
x,>0.

Then Corollary 3 indicates that the Wasserstein robust solution and the non-robust solution coincide
on sample paths within the nominal scenario tree. *

5. Application in Dynamic Portfolio Selection
5.1. Problem Formulation

We consider a portfolio selection problem of an investor who seeks to minimize the dis-utility of the
terminal wealth. Given some initial wealth W1, she invests in n assets. The monetary value of all n
investments are represented using a vector, x; € R". The return rate at time period ¢ is modeled by a
random variable &, € R;. At each stage before the terminal, she may re-balance her wealth by taking
long-only positions across the n investments. Suppose the investor’s terminal dis-utility function is
given by U(Wr) := max(—ag — roWr,—a1 — r1Wr), where ag, a1, ro,r1 are used to encode the investor’s
preferences. We can write the robust portfolio selection problem as
inf max Ep[U(x7)]
X1,eens x7-120,x7 Pet
Ty —

1Txt=§;rxt_]_, t=2,...,T—1,

xr =€rx7-1.
Using Corollary 2, we obtain the following reformulation, whose proof is given in Appendix EC.6.1.

COROLLARY 4. Using the setup in Corollary 2, the dynamic programming reformulation of (21) is given
by

~ =T pl
Or (-1, €1r)) i= max, maX(_ao—ro§TXT—1+ﬁ(1—Z)5IIXT—1||’ —a1-n ‘foT—”ﬁZ‘s”xT‘l”)’
e >
6e{l,-1}
Qt(xt,l,g (1) i= max inf Es [Qt+1(~xt’gt | t=2,....T-1,
R VR P e
XtZO
Q1:= inf Ez [Qz(xl,gz)]-
1" x1=W; &2
x1>0

5.2. Experiment Setup
Let ag=0, a1 = W1, ro =1, r1 = 3, which corresponds to the dis-utility

_(-wr, Wr < W,
UWr) := {—W1 —(Wr =W1), Wr>Wi.

Suppose the investor starts with an initial wealth of W; = 10000 units, and can invest the wealth across
the following 5 assets, iShares MSCI Emerging Markets ETF (EEM), iShares 20+ Year Treasury Bond
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ETF (TLT), Schwab US TIPS ETF (SCHP), SPDR S&P Oil & Gas Equipment & Services ETF (XES), and
ProShares UltraShort Financials ETF (SKF). We simulate the monthly asset returns using a log-normal
distribution with mean and covariance estimated using adjusted closing prices from January 1, 2018 to
June 30, 2021; see Appendix EC.6.2 for estimation results. We assume stage-wise independence, for the
convenience of the out-of-sample test.

We describe our out-of-sample testing procedure as follows. The training dataset is a T-stage scenario
tree, where at stage r=2,...,T there are N, independent scenarios. The testing dataset is another
T-stage scenario tree, independent from the training tree, where at stage ¢ =2,...,T there are N,
independent scenarios. The reformulated problem in Corollary 4 can be viewed as a regularized SAA
problem, so we solve it using a modified SDDP algorithm; see Algorithm 1 in Appendix EC.6.3 for
details. Since the SDDP algorithm does not provide a policy but only the first-stage decision, we need
to resolve the remaining subproblems to obtain subsequent robust decisions.

Training Tree Testing Tree

Figure 5  Illustration of the out-of-sample testing procedure for a 3-stage problem. In the last tree, the second-stage
decision is computed using the training scenarios in the third stage after observing a testing scenario in the
second stage.

To describe our out-of-sample testing procedure, consider a 3-stage problem as an example, illustrated

R . . .. =1 =N . .

in Figure 5. First, we use the entire training tree {(&,,...,¢&, t)},zz,___,r to obtain a first-stage robust
decision xi"b and evaluate the first-stage cost. Next, at stage 2, we observe a sample & from the
second-stage scenarios in the testing tree (5%, . ,gg’ %), and use all scenarios in the remaining stages

. o . .. ~1 ~N.
(i.e., stage 3 in this setting) from the training tree (&3, ...,&3 *) to solve for the second-stage robust

decision xg"b and evaluate its second-stage cost. At stage 3, we draw a sample 5;3 from the third-stage

scenarios in the testing tree (f;, . .,.fév *), and use all scenarios in the remaining stages from the
training tree (i.e., none in this setting) to solve for the third-stage robust decision x!°® and evaluate its
third-stage cost. After going through all stages, we sum up the per-stage costs in all stages, which gives
a realization of the out-of-sample cost d with the testing sample path (£7’,£2’). To get an estimate of
the expected out-of-sample cost, we follow the procedure above to sample M testing paths and average
over them. We refer to Algorithm 2 in Appendix EC.6.3 for a pseudo-code for general T-stage problems.

5.3. Numerical Results

5.3.1. Comparison With Sample Average Approximation In our first experiment, we set T €
{3,4,5}, Ny=---=N7y €{2,5,10}, Ny =--- = Ny =30, M =25. We are interested in how the out-
of-sample performance depends on different parameter values by varying ¢ € {0.1,0.3,0.5}. The
benchmark is chosen as the sample average approximation counterpart of our robust formulation.
We repeat the above out-of-sample testing procedure 30 times, each of which has an independent
instance, and we report the resulting boxplots in Figure 6.

The left column of Figure 6 shows the out-of-sample expected utility of the optimal SAA solution
and the optimal robust solution for different choices of 7' and N;. We have the following observations:
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Figure 6  Out-of-sample expected optimal utility yielding from robust and SAA formulations (left column) and their
differences (right column)

(D As ]V, increases, both the SAA solution and robust solutions achieve a higher out-of-sample
expected utility. This makes sense because a larger sample size yields a more faithful representation
of the underlying stochastic process.

(I) The average out-of-sample performance (as indicated by the circles) of the robust solution
is consistently better than that of the SAA solution, and the variability of the out-of-sample
performance (as indicated by the box length) of the robust solutions is consistently smaller than
that of the SAA solution. This shows the practical importance of having a robust formulation to
achieve better out-of-sample performance.

(11D When N; =2,5, a large radius ¢ = 0.5 has the best out-of-sample performance; whereas when
N; =10, a large radius does not have clear advantage anymore.

These observations are consistent with our intuition and hold for all choices of T.

To further investigate the impact of the sample size and the radius on the out-of-sample performance,
on the right column of Figure 6, we plot the instance-wise difference between SAA and robust solutions.
A positive value means the robust solution performs better than the SAA solution out-of-sample for a
particular instance. We have the following observations:

(I) The performance of the robust solution has a clear advantage over the SAA solution when the
sample size N; is small, and the advantage diminishes as the sample size becomes larger.

(I) The best radius decreases as the sample size ﬁ, increases and increases as T increases. This makes
sense because the distributional uncertainty reduces when more sample paths are observed and
amplifies when there are more stages.

These observations are also consistent with our intuition and validate the robust approach. In summary,
the numerical results demonstrate the clear advantage of our robust formulation as compared to the
sample average approximation.
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5.3.2. Comparison With Average Value at Risk In this experiment, we compare the out-of-sample
performance between the DRO model with nested distance and another commonly used approach,
Average Value at Risk (AVaR) (e.g., (Lan aEd Shapirq\ 2024)). The AVaR model can be solved by the SDDP
algorithm similarly. Set T € {3,5,7,9}, No =---=Np € {2,5,10}, No =--- =Ny =20, M = 20. For the
nested distance, set ¢ € {0.001,0.003,0.01,0.03,0.1,0.3,0.5}; for AVaR, set @ € {0.05,0.1,0.2,0.5}.
These hyper-parameters are tuned according to the best out-of-sample performance. We repeat the
procedure 30 times. Figure 7 shows the difference in the out-of-sample expected utility between the
robust model and the SAA model, for two robust approaches. We have the following observations:

2000 Ne=2 2000 Ne=5 2000 Ne=10

1500 1500 T 1500
1000

AT

-500 -500

Utility Difference

-500

-1000 -1000 -1000

—1500 —1500 —1500

Number of Stages (T)

rrrrrr SAA ] Nested I AvaR

Figure 7  Out-of-sample expected optimal utility difference yielding from nested and AvaR formulations

(I) Both approaches consistently outperform the non-robust approach in terms of the average
out-of-sample performance.

(I) When the training sample size is small, the model with nested distance has higher average and
median out-of-sample expected utilities. On the other hand, the model with AVaR has better
out-of-sample performance when the training sample size becomes larger.

In summary, the model with nested distance outperforms the model with AVaR when the sample
size is small. For larger sample sizes, although the model with nested distance has a lower average
expected utility, it offers better protection against worst-case scenarios.

6. Concluding Remarks

In this paper, we develop reformulations for distributionally robust optimization with nested distance.
These reformulations unveil equivalence between static and dynamic formulations of multistage
distributionally robust problems and can be viewed as sample average approximation with norm
regularization. For future work, it is interesting to study multistage problems with general convex
objectives and constraints and extensions to other sequential decision-making frameworks such as
stochastic control, as well as improve the finite-sample performance guarantees of the robust solution.
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Supplementary Material

EC.1. Proof for Proposition 1

Using (Acciaio and Hou 2022, Theorem 2.19(i)), when g = 0, there exists constants ¢, C, K > 0 such that
for all § > 0 and N € N, it holds that

P{Dl(P*,@N) > 6+KN‘W31>T} < Ce <N

Let B equals the right-hand side, solving for J5 (8) =6+ KN DT yields

I (B) = (logg#)% +KN_D(31)T_

Using the same cited result, when ¢ > 0, there exists constants ¢, C, K > 0 such that for all § > 0 and
N e N such that VN§ > 1, it holds that

1
q+1

1
P{D) (B, BY) 2 0+ KNP | < Come VNI 07,

Let B equals the right hand side, solving for ¥y (B) yields
log(C /,3))
C

1
PIN-12 4 KN“D@T

In(B) = (

Note that VN6 > 1 whenever 8 < eg Since D(d) > 2, we have D(d)T > 2. Thereby, with probability
no less than 1 — g, the true distribution falls in the ambiguity set 9t of radius dx (B). Consequently,
with probability at least 1 — 3, for every feasible policy x € X', we have

Ep- Z C,Txt(f[;]) < sup Ep Z c:xt(‘f[z]) .
te[T] Pek te[T]
Taking the infimum over x yields the result. O
EC.2. Proofs for Section 3.1
We consider a relaxation
sup Ep | D) ¢/x:(€17)] (EC.1)
Pemc te[T]

where the nested distance uncertainty set (3) is relaxed to the causal transport distance uncertainty
set
e = {P eP(E): C,(P.P) < ﬁ} .

We define
EUt([:t] = {[FD[I] € P(E[t]) : CP(P[,],P[,]) < 19}

and denote by I“([:t] the set of all causal transport plans from ﬁilt ] to the distributions in iIR[Ct].
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EC.2.1. Proof of Theorem 1

We have the following result for the relaxed problem (EC.1).
ProposITION EC.1. Let p = co. Then for any feasible policy (x1,...,x7), it holds that

sup Ep| D) ¢ xs(f[s])]
Pedt sell]
‘f +
= sup Eyui| D5 eixs(€p5) +Ep . [ sup VoI (E 1 ft+1)]]
Y[I]EF[ t] se(z] Por #1r] S €Enill &1 120

Proof of Proposition EC.1.  We prove this by induction. By definition, the case of =T holds trivially
from the definition of the causal transport distance. Suppose we have proved for the case of ¢, where
t=2,...,T, now we prove the result also holds for 7 — 1. Set

V:=sup Ep [ > szs(f[s])}

PeIRC se[T]

and

7 ’ Vs
Vi (610) = Bz .. B . sup Vil (€ §r+1)]

1 _ ~
e L &1 €81 €r—Epn <D

Then the induction hypothesis implies that

V= sup E,,, chsz(f[s])‘FVil (f[z])‘-

)/[,JEF[ 7] YG[tJ

For any causal transport plan y;] from @[,] to P[;}, by the tower property of conditional expectation,
it holds that

7[t|

Z 4 xs(f[s])"' +1 (f[r])]

se(t]
§ '
7[, 1] [Zl]c xs(f[s]) +|E7|,] 4 xl(f[l )+ t+|1] (f[l]):|
SE|t
7[: 1] 56[21] ¢ xé (f[s]) + lE)’[;-1] lﬂzygtl(glt—llvﬂt—l]) |:[E7§t(§|t],§[,_1|) [ t xt(f[t]) + t+1 (f[t])]:”
_ ] §[z]
- I]E’y[t_l] [ Z c;_xs(‘f[s])’ + EY[T—I] |:|E@t2,:\[t_1] |:IE’Y§T|@:\[”’§“_1|) [ t xt(f[[ ) + t+1 (f[[])]] ]7

se[t-1]

(EC.2)

where, in the last equations above, we have used the non-anticipativity of the causal transport plan.

Note that given the distribution P[;}, the causal transport plan y[;] is determined completely by y[,_1)
and Ve @)’ and the constraint

Y[r)-esssup max||§, — &l < I
se(t]

is equivalent to -~
Yir-1j-esssup max [[E,— £, <9
set—1]
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and
Ve By CSSSUP IS — .l <0, V€, €suppPre), & (1) € SUPP P ).

C

. .« . C . . . o . .
Thereby maximizing over y[;] € I“[t] is equivalent to maximizing over y[;_1] € I“[t_l] and Ve Aoy €

M, (£,) := {P, € P(E,) : P-esssupl|&; — &,|| < 9}. Observe that

sup [T (&) + Vi ()]

E, _
m (E y§t|(§[”,§[,_1j)
y§t\(’§\[,],§[t71])e +(§0)

& [t
= sup {C;rxt(f[t—l]’fl) +vl (§[z—1]7§t)}
& €Ei|| &€ 1<

£n
= sup V; o1y €0
& €Ei|| &€ 1<

Hence, together with (EC.2), it follows that

£
V= sup E,y, [ Z CIxs(f[s]) +Ep sup Vi . (f[t—l]?ft)]]?
V-1 €lG ) selr-1] ®i- ' g ez £, 1<
which completes the induction. O

Proof of Theorem 1. We prove the theorem by showing that for every feasible policy (x1,x2,--- ,x71),

it holds that
> xt<§m>} :

te[T]

sup Ep
PeM

= sup Ep
PeC

> el xi(€y)

te[T]

Since M c MC, the left-hand side is less than or equal to the right-hand side. It remains to prove the
other direction. Using Proposition EC.1, the right-hand side above equals

c1x1+Ep_ [ sup {c;xz(fz) +E5 [ sup {chg (ép3)) +- -+
2| gremlEy-&ll<o 221 g ems: 18- 4511 <0

|
PT|§[T—1]

sup c}xr(f[r])]m}]”.

&r €Er:|lEr-&rll<d

Denote f;(£[:]) = ¢/ x:(£[s1). Let T;" be the identity transport map. For 1 =2,...,T, for any ¢; > 0 that is
sufficiently small, there exists a transport map T, where T/ : E[I] — &y, such that || T (£,) - &,Il < 9,
and

fe (T, (&) +Ez sup {f,+1 (T[et’] (E[t]),gm) P

t+1|€ = z
L l‘ftﬂ €Erillr1— & lI<Y

Es . [ sup Jr (Tr[e,’] (f[t]),é“[m,r])} }]
L L N
Et t-1] /&
> Sllp Vt [ ](_H—E_f]] (§[l‘—1])’§t) — €.
& €Br|lE & ISP

Moreover, T;* can be chosen to be bijective. Indeed, if T;* (E[I]) =T (E'[t]) for some E[t] # E,[t] we can

modify the mapping to ensure bijectivity. Since Vf el (el

[1-1] (E[t_l]), -) is lower semicontinuous, there
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always exists another point &, such that: ||& — E[I || < ¥; it is distinct from any value in {T; (g [])
& (] € suppE[,1}; and setting T, (g (r]) =& satisfies the above inequality, provided that e, is sufficiently
small. We can apply this procedure to all coinciding values sequentially to redefine T, (-) as a bijective
function. It follows that T¢ = (T;*,...T;") is a bi-causal transport map as (T¢) ™! := ( ('[I") L@
is causal (Backhoff et al. 2017, Remark 3.4). Define

9

P =T,

It follows that

Dw(ﬁ,PE)=A sup €7~ T (§rpll < 0.
&rr1€suppP

Hence P€ is a feasible distribution. In addition, for t =2, ...,T, we have

[E@[,_H[ > elxs(TE(Ep)) +Ep

seft-1] 1 e-1)

£ ¢
sup Vi H( Et[ f]](ft 1) ft)“
& €B:ll-& <9

= [EUS[,_H[ Z ¢y xs (T (E[s]))‘*‘ﬂfﬁ ~ ft(T (f )+

se[r-1] 18 [e-1)
[Eﬁr W [ sup {ft+1 (—”—[ett] (f[r]),fwl) +
* \§[,] &4l EE:+13||§:1+1_§t+1||S19
B . [ sup Jr (T[E,t] (f[t]),f[m,r]) } ]
Cr-1 L g egr:ligr-&r <o
= Z c xs(TE(f s))+Ep sup {ft+1(7r (f ),§r+1)+
se(t] e §t+l€Et+l:”§t+1_§t+1”Sﬁ

Ep sup Jr (-I]—[E;](E[t])’é:[l‘+l,T]):| }”

P & [
T _ —_ -
-1l g ezy i -£r <0

l S elxu (TS ])”Eimgm[ sup VERT(TER . m)”

se(r] 1 €E:llEp G <P

Therefore by induction, we can show that

VE- 3 a3 B (T )| <Ee | 3 e

te[T] te[T] te(T]

Letting ey, ..., er | O completes the proof. m]

EC.2.2. Proof of Theorem 2
ProposITION EC.2. Let p € [1, ). Then for any feasible policy (x1,...,x7), it holds that

sup {[Ep[ e xt(fm)] ACL(P, IP’)}

PeP(E) telT]

EH— =
= sup rEm[Zc xo(E)+Es | sup {vtjl”(f[t],fm—anfm—fﬁlnp}]].
y[,]er[] se(r] [t] * &1 €8r1
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Proof of Proposition EC.2. We prove it by induction. By definition of the causal transport distance,
the case of ¢ =T holds trivially. Suppose we have proved for the case of r, where ¢ = 2
prove the result also holds for ¢ — 1. According to the induction hypothesis, we have that

14

= sup [EIP[Z c xs(f[s])]

., T, now we

PeMmc se[T]

= sup [Eym[zcxs(f[s) A N6 ~E N7 +Es | sup {vﬂr”(f[t],fm)—znfﬁl—aﬂnp}]l

7[,161“[ A seft] selt] e Lge8m

=1 sup [y, lz cgxg (£ -4 D NI€g - EIP+V fm(f t])]

t+1
yl,JeF[] se(t] se(r]

For any causal transport plan y[;] from M/PT[,] to P;}, by the tower property of conditional expectation,
it holds that

[E'Y[t]

D erxs (€)= D I €I+ fﬁ](f t])]

se(t] se(t]

:[E’}’[tl][ Z c.;rxs(f[s])_/l Z ||§S_Es”p

+Ey,
selr-1] selr-1]

t+1

c;—xt(f[z]) -1/, _Et“p +V f[t](f t]):|

:[EY[tl][ Z c.;rxs(‘f[s])_/l Z ||§S_ES”I)]
se[t-1]

se[t-1]

T _ _E P []
+Eyp, [[E)’g”(g[tl],g[tl]) |:|E7§t(§[t]’§[t1]) [ct x: (1) —AE - ENP + Vf+1 (f[r])]”
=By 3 elnE -1 X e -E7]

selr-1] selt-1]

+ [EYlt 1] [[E "gl " [[Eygt|(§[rj’§[t_1j) c:—xl (f[z]) _/l”fz _ft”p +V ilil (f[r )]H

(EC.3)

where, in the last equations above, we have used the non-anticipativity of the causal transport plan.

Note that given the distribution [P> (] the joint distribution y ;] is determined completely by y[,_1} and

Ve Gy Thereby maximizing over y;] € F[ is equivalent to maximizing over y[;_1; €I’
Ve, I(E[t]’g[t—l]) P(E;). Observe that

(1] and

T _ _A P ‘f[t]
N oo B IR AR A
&l e-1)) =t

= sup {c?xt@[,_u,f,) V€ oy &) - g -E 117}

&€,
= sup {VEU )0y 60— Al ~ 7).
& eE,

Hence, together with (EC.3), it follows that

V= sup E

Yit-1]
C
Yie-11€0

selt-1] &1 €5y

Z c) xs(é-‘[Y )+[E P [Sup{ f[t](‘f[t 1 JE) = A& — fz“P”]
[t 1]

which completes the induction.
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Proof of Theorem 2. We first show that

sup {[Ep[ D c,Txt(f[tJ)]—/lCﬂ(@,P)}: sup {[Ep[ D c:xt(flzj)]—ADg(@,P)}. (EC.4)

PeP(E) te[T] PeP(E) te[T]
Since M c MC, the left-hand side is less than or equal to the right-hand side. It remains to prove the

other direction. Using Proposition EC.2, the right-hand side above equals

sup {cgm(f[g]) oot
£3€E3

T —~
cix1+ [EIF,A2

sup {ngz(fz) + Eﬁgr

&2€8y 2

Ep sup {cfxr (€)= Agr —Er 1P} | =+ - Allés —Egup}] ~Alié —Eznf’}].

Pri ) [ &reEr

Denote f;(£[/1) = ¢/ x:(£[41)- Let 'I]'fl be the identity transport map. For r =2,...,T, for any ¢ > O that
is sufficiently small, there exists a transport map T,”, where T : Z(,; — &, such that

sup {fT(T[E;](E[t]),f[Hl,T])

€& (& (€
Je (T (&) + [E@,mé[r] [ e {ftﬂ (T[f] (f[”)’fﬂl) s eresr

&r+1€En Tl r-1

— AT (&) - €17

- Allér —ETHP}] == Al —E,+1||”}

Et t-1] (¢ -
= sup {Vt "l (—ﬂ—[e,[_ll]] (f[r—l])afz) - A& _szp} — €.

&€l

Let T¢ = (T;,..., T;"). Define

Pe:=TEP.

Similar to the reasoning in the proof of Theorem 1, T,* can be chosen to be a bi-causal transport map,
so that

[E"M[ Z c:xz(f[,])]—AD?(@,PE)ZV;%_ Z er.

te[T] te[T]

Letting €3, ..., e7 | 0 completes the proof.
To prove the second part, define

R(6) := { SUPPeP (@) {lE[P’ [Zserriesxs (€] Cp(P,P)P < 9}, 62>0,
—00, 6 <0.

Note that the right-hand side equals to (EC.1) when 6 = ¢7”. It is not difficult to see that R(-) is upper
semi-continuous and concave. Taking the Legendre transform of —R gives that for any A4 > 0,

(=R)* (=) =sup{-10+R(0)}

020
=sup sup Ep| D) e]xs(€)|—10: C,(P,P)P <0
6>0PeP(E) se[T]

= sup SUP{[EP [ Z c;xs(§[s])] -6 Cp(ﬁ,ﬂm)p < 9}

PeP(E) 620 s€[T]

= sup {[E[plz c;rxs(‘f[s])

—AC,(P,P)P }.
PeP(E) se[T]
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Note that for 1 =0, it also holds that (~R)*(0) = suppcpz) Ep [ZSG[T] csTxS(f[S])] and (-R)*(-21) is
+o00 when A < 0. By Fenchel biconjugation theorem, we have that,

R(O)=—-(-R)™(0) =—sup{-10-R"(-A)} = mln{/16+ sup {[E[p
1=0 PeP(B)

> chs(g[s])] —Acp(rﬁ,um)ﬁ}}.

se[T]

Using Proposition EC.2, we obtain that

sup [EIP[ > c:xt(f[z‘])]

PeIRC te[T]

= min{ A9’ +c{x1+E5
1>0 P2

sup {ng2(§2)+[E*3r | sup {cTxa(éps+--

&r€Ey 2 - &3€k3

+Ep . [ sup {cimfm)—ﬂnﬁ—’f}nf’}]~~-—ﬂ||fg—’§‘3||f’}]—AH@—EQHI’}]}.

P
Tr-11  &reEr

Finally, we show that

sup Ep Z cixs (€| = sup Ep| D] ejx (£ |-
PeMm se[ PeMmc se[T]
The remaining argument is similar to the first part of the proof. o

EC.3. Proof of Theorem 3

The proof is structured similar to the proof of Theorem 1 and 2. We first consider a relaxed problem
where the nested ambiguity set is replaced by the causal ambiguity set, and prove its equivalence
to (Pgynamic) in Proposition EC.3 and EC.4, for p = o0 and p € [1, ), respectively. We then show in
Propositions EC.5 that the optimal robust cost-to-go function is lower semicontinuous, a condition
analogous to the assumption imposed in Theorem 1 and 2. Finally, we complete the proof by establishing
the equivalence of the relaxed problem and (Pgtatic) or (Pstatic-S0ft), respectively.

ProposITION EC.3. For p = oo, under the setup in Theorem 3, the problem

1nf sup Ep
X peme

> elxi (€ t])] (EC.5)

te|T]
is equivalent to (Pgynamic)-

PrOPOSITION EC.4. For p € [1, o), under the setup in Theorem 3, the problem

inf  sup Ep| > ¢/ x: (&) —/ng(ﬁ, P) (EC.6)
XEXPeP(Eir)) te[T]
is equivalent to (Pgynamic)-
ProrosiTioN EC.5. The value function
Vi (xi-1, &) = x,eX,i(I)lc:f_l,gt {C;rxt + [E@m [Qt+1 (xz, §t+1)] }
is lower semicontinuous in &,.
Note that by expressing Q; in terms of V;, we have that
infy e, (xi1.6) cf E@Hl [Sup||§z+1—gr+1 l<® Vl’:—l (xf’fl"'l)] }’ p =00,

V;((xt—l’é‘:t) = . T * —~
lnfx,EX,(x,_l,ft) Ct Xt + IEﬁH.l [Sup.le Vz+1(~xl" §t+1) _/l||§l+1 _§t+1”p] }’ p € []-a OO)
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EC.3.1. Proof of Proposition EC.3
Using Proposition EC.1 and Remark 2, problem (EC.5) is equivalent to

sup {C§x3(§[31)+

sup {chg(fz) + [Eﬁ3 u
£3-€3ll<®

ll&2-€,ll <9

o+, [ ||&f§f||gﬂC}xT (f[T])] }]}

inf chl +[Eﬁ
x,€X; (x,-1),Vte[T] 2

}.

sup {ng3(§[31)+
£3-€311<?

With slight abuse of notation, define

sup {C;xz(fz) +Eg,
[[&2-€5ll<P

---+[E@T[ sup c}xr(f[r])] }H

lér—€r <9

v, (x[-1]) = inf {Cle + [E@Z

xs€Xs(x5-1),5=t,...T

}.

Let us show recursively that for fixed x;_1],

Vi(x(r-17)
=cix1+ Es, sup {chz(gz) +Ep, [ sup {C;x?,(f[g]) Feet
[I&2-€2 1< I€&3-€5ll<d
[E@t_l[ sup {C;r_lxz—l(f[t—l])"‘Qt(xt—l(f[t—l])af[t—l])}] }]H (EC.7)
1&—1-&,q 1<
=cix1+ Ep, sup {chz(gg) +Ep, [ sup {C;x?,(f[g]) Feet
[I&2-€211< I&3-€5ll<?

Ep 1 [ sup {C;r_lxz—l (€1e-11) + [EHSI [Qt (x7-1 (f[r—l])’gt)] }] e } } . (EC.8)
H PR P

We first prove (EC.8). The case of t =T + 1 holds trivially. Suppose it holds for some t+1,r=2,...,T,

then

sup {C;x2(§2)+ﬂ5@3[ sup {c§x3(§[31)+--~+

Vi (x [1-1]) = inf {C-lrxl + [E|152 be -~
l&2-€, 1< l&3-¢3l<?

X €X;(x4-1)

Bp,| sup {elwi ¢ +Es [Qun (i) )]} - }H
& -¢, 1<

We next show it holds also for ¢. To this end, define g, (x;,&[;]) : R% x E[;) > R U {+c0} as
g (X, €)= {Ctht + [E@m [Qt+1 (xt’§t+1)]’ if x; € ')‘(t (x-1(€-11), 1),
+00, otherwise.

Then g is random lower semi-continuous (Shapiro et al. 2021, Definition 9.47). Denote by Z|;) the
space of measurable functions from Z;} to R and define R, : Z;) = RU {0} as

'R[t] (v):= Cle + [E@2

sup {C§x3(§[3])+
l&3-¢3l<?

+Ep | sup v(E) }M

&€ <9

sup {C;xz(&) +Ep,
|&2-€21l<?



eco

By definition, R ;] is monotone and continuous with respect to the L*-norm. Let X; be a subset of
Rx: containing |J X (x,-1,&;) and X, be the set of measurable functions from Z;} to
X;. It holds that

inf Rp)(8:(x: (), "))
Xr€X;

Xr-1 eR%¥r-1 , &1 €Ey

. T
= inf {c¢c{x1+E5
Xt €X; { ! P2

sup {C;xz(fz)‘*[E@g[ sup {C§x3(§[3])+"'+
[[€2-6211< I&-€5l1<D

|

sup {ngz(fz)‘*[E@g[ sup {C§x3(§[3])+"'+
[€2-62l1< I&3-€5l1<D

[Eﬁ,[ sup & (x¢(€111)-€1e1) }]}
& —¢ 11<9

= inf chl +Ep
Xt (&) €X (x2-1(€pp-1)) &) 2

V&

[Eﬁt[ sup {C:Xt(f[t])‘i'[E@Hl [QHl(/\/f(g[t])’EHl)]H }]H}

&€, I<0

sup {c;xz(§2)+[E@3[ sup {chg(g[?)]).,_..._,_
1&2-& 110 I&3-&; 1<

x;€X (x-1)

_ : T N
= inf {cl X1+ [EP2

Bp, [ sup  {elx () +Es [Qn (i () )]} - }H
|&—€,1I<9

= Vt(x[z—l])-
Define v; € Z;) as
= inf , , e E,1.
Vi (f[t]) XrGXz(xtq(f[z_l]),fz)gt(Xt f[z]) f[t] [¢]

Using the interchangeability principle (Shapiro et al. 2021, Theorem 9.110), we have
Vi(xpi-11) = inf R(g:(xe(),) =R(v),
Xt €X;

and observe that

R(vi)=cix1+Ep, | sup {chz(fz) +Egp, [ sup {C;x:g(f[s]) +--+Ep, [0/ (x,-1.€,)] - }] H
|&2-€5l1<P 1&3-€3ll<P

This completes the induction for (EC.8), which also shows that the optimal value of (1) is

inf {c{xl +Ep, [Qz(xl,Ez)]} :

X1 EXl

Next, we prove (EC.7), or equivalently,

[E@t [Qt(xt_hgt)] = Qs (x;-1,€1-11)>

which, together with (EC.8), implies (EC.7). We prove it by induction. The base case r =7 + 1 trivially
holds. Suppose (EC.7) holds for some t+1,t=2,...,T, then

sup {cExz(fz)HEﬂgg[ sup {chg(g[g]).,_..._,_
1£2-E5 1< I1&3-&5 <0

[E[ﬁ,[ sup {c:xt(é‘[z])+Q,H(xt(g[,]),g[t])}]...}H
l&=&, <9

Vi (x [-1]) = inf {C—lrxl + [E@2

x;€X (x-1)

}.
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Exchanging infy, and Eg [sup, ], s=2,...,1—1, it follows that
Vi(x [-1])

> chl + [E[|3,2

sup {C;x2(§2)+[Eﬁ3[ sup {C§x3(§[3])+”'+

| &2-€5ll <9 ll£3-&5] <0
N e)lgl(fc )[E[f»,[ sup {C;sz(f[z])+Qz+1(xt(§[z]),§[t])}] ”}]
et AR
:ch1+[Eﬂ§2 sup {ch2(§2)+[E@3 sup {c;x3(§[31)+---+
ll£2-E ]l <9 1&3-E5ll <
inf sup e, [e] %0 (E ) + Qoo (60 (€11 £11)) | }]}
X164 (1) p, ep(2,) : Wa (B Pr) <8
=c]xi+Ep,|  sup {C;x2(§2)+[5u33 sup {c;x3<§[3])+---+Qt<x,_1(§[t_1]>,§[t_1]>---}m,
AR 1&-&5ll <o

where we have used the duality for Wasserstein DRO in the first equality above. This, together with
(EC.8), shows that

Ep, [Qz(xt—l,:f\t)] > Qr(xr-1,€-11)-

To prove the other direction, by definition of Q,, we have that

B, |01 (1,8

= [E@T [ sup inf {c,Tx, + [E@t+1 [Qt+1 (xt,§,+1)] }]
l&-E,ll<p ¥ & (1)
= sup Ep, [xteXti(r)lctf_1,§,) {C;—xt +Eg,,, [Qt+1 (xt’§t+1)] }]

P, €P(5,) Weo (P, ;) <

= sup
P, €P(2): Wi (By Py) <09 ¥t (-1

< sup [E[P’, [C;—xz(f[t—llaft)"'[EA [Qt+1(xt(é:[l—l]’ft)’gt+1)]]

in
< B
*e (811 €4 (Y1) p, ep(2,) W (B Py) <0 "

= Qt(xt—l’f[z—l])'

i~)n€f/’\f,(x,_1,~) Ep, [C;rxt(f[l‘—l]’ft) +Ep,, [ (xr(é:[t—1],§t),gz+1)]]

where the second equality follows from the duality of Wasserstein DRO (Zhang et al. 2022, Section 5),
where we use our Assumption 3 to validate Assumption 1 in Zhang et al. (2022). The third equality
follows from the interchangeability principle (Shapiro et al. 2021, Theorem 9.108). ]

EC.3.2. Proof of Proposition EC.4

The proof is similar to the case of p = oo, where we adopt notations such as X;, ¥; and Z|;;. Using
Remark 2, problem (Pgtatic-s0ft) is equivalent to

inf chl +Ep
X €X (x,-1), V[T ] 2

sup {C;—xz(fz) +Ep,

&2€Ey

sup {C§x3(§[3])+

&3€E3

<+ Eg, | sup {6}xr(§[TJ)—/l||§r—ETIIPH--~—/l||§3—é?3||"}]—ﬁllfz—§z||p}]}-

&r €Er
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Let us show recursively that for fixed x;_1],

Vi(x(i-11)

= inf chl +Ep
xs€Xs(x5-1),5=t,...T 2

&r€Ep

sup {C;xz(fz) +Ep,

sup {C§x3(§[31)+

£3€E3
< +Ep, | sup {cfxr (e - Aler ~EI17} |-l —Egnp}] - Allés —Eznp}]}
&T €21
:ch1+[E@2 sup {ch2(§2)+[E@ sup {c3x3(§[31)+ +Ep _1[ sup {ct 1Xi-1(Ep-1)+
£2€8 >l geEs Tl eE,
Q1 (¥1-1(€py-11)s 1)) = A1 =& 17} -+ = Al —Esllp}] - Allé2 —Ezllp}
(EC.9)
=cix1+Ez | sup {cjxa(&2)+Ez | sup {c§x3(§[3])+---+Eﬂg_ [ sup  {c; jx-1(€p-1)+
*| &eB, *l &3eEs ot

&r-1€E8i1

Ep, [0 (ki1 (€11 8]~ Agia €7} |-+ = Al —Egnp}] - Alié2 —Eznp} :

(EC.10)

The case of t =T + 1 holds trivially. Suppose (EC.10) holds for some r+1,¢t=2,...,T, now we prove for
t. Using the induction hypothesis, it holds that

Vi (x[t—l])

= xte/gl(ﬂril) {Cle +Eg, | sup {c;xz(fz) +Eg,

&£2€Ey

SUB {Cér.x,'g(f[g]) +-- 4

&3€E3

[Eﬁ [ SuP {ct x: (&1 )+[E [Qt+1(xt(§[t]) §t+1)] A& — fz |p}] _/1”63_53”17}] _/l”fZ_Ez”p}]}
Define

+00,

Ep i+ ’A+ -4 I_At pooif X (xr- t-11)61)»
ENTOE {Cfx” al@ren €] = AliE -l Ltﬁteimégt 1E)-&)

Ry (v) i=c{x1+ [Eng,

sup {c2x2(§2) + [EA

£2€Ey

sup {c§x3(§[31)+---+

&£3€E3

[EA[sug e - g - &1} |- —anfs—fgn"}]—anfz—’f‘znPH,

and

= inf , , =
Vi (f[t]) XreXz(xt-1(§[z_1]),§z)gt(Xt f[z]) f[r [z

Then g is random lower semi-continuous, R[;] is monotone and continuous with respect to the

L®-norm.
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Using the interchangeability principle (Shapiro et al. 2021, Theorem 9.110), we have that
Vi(xpe—1p) = inf Ry (8 (e (4),+))
Xt €X;
=R ()

sup {cJxs(Eap) + - +Ep, [Qs(x,1.E)] -+

&r€Ep &3€83

=cyx1+Ep, [ sup {ngz(fz) +Ep,

- Allés —’f}np}] - Allés —EZMPH.

This completes the induction for (EC.8).
Next, we prove (EC.9) by showing that

[E@t [Qt(xt—l,gz)] = Qt(xt—l,é:[t—l])~

The base case t =T + 1 trivially holds. Suppose we have shown the case for some t+1, t=2,...,T.
Exchanging inf,, and Es, [supg, ], s=2,...,1—1, we obtain that

Vi (x[z—l])

> C—lr)q + [E@2

sup {chz(fz) +Eg,

&2€Ey

su {chg 31)+---+ inf
aep, 13 (¢1a1) x1€X; (x11)

&€l

B, | sup {elxi(€1) + Qo (e (€. £101) - Al €17} |-+~ s —Esnp}] —anfz—ézup}]

=cix1+Eg, | sup {C§x2(§2)+[En53 sup {C§x3(§[31)+”'+x e}n&_) sup {Ep, [¢/x:(£1-11.€1)
£2€8y £3€Es 1S X1 P eP ()
+ Qe (x4 (€11, €1 (i) £) | = VE (B P} - = s —Egnp}] - Alié2 —Ezllp}].
=cyx1+Eg, | sup {ngz(fz)HEusg sup {C;x3(§[3])+'"+Qt(xt—1(§[t—1]),§t—1)
&r€Ey £3€E3

= Allés —Egnp}] - Allé> —EZMP}],

(EC.11)
where we have used the reformulation for soft penalized Wasserstein DRO (Zhang et al. 2022) in the

first equality, where Assumption 1 in Zhang et al. (2022) is satisfied due to Assumption 3. Together

with (EC.10), this shows Eg [Q/(x/-1,§,)] > Q:(x;-1,&[s-17). To show that the above inequality holds
as equality, by definition of Q;, we have that

Es, |01 (xi-1,€))]

=Ep [sup _inf Aefx+Eg [0 ()] - allé - 17

& €8, Xt X (xp-1,&1)

= su E [ inf Tx; +E= £ ]—AWP@,IP }
PTGPFEz){ Pr X €X (X121, &1) {Ct & Pra [QHl(Xt §t+1)]} p( n o)

= sup inf {[EIPt [C:xt(f[z—u,ft)HE@ 1[Qt+1(xt(f[t-u,cf,),gm)]]—AWﬁ(@t,Pt)},
[FD,E’P(EI)xt(.f[t—l]s')EXr(xr—l,‘) t+
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where the second equality follows from the Wasserstein DRO reformulation (Zhang et al. 2022), and
the third equality follows from the interchangeability principle (Shapiro et al. 2021, Theorem 9.108).
Exchanging sup and min, we obtain

s, |01 (xi-1.8)]

< inf sup {[E[pt [C,Txt(f[t_1],§t)+[Eu5 1[Qt+1(xt(f[t—l],fz),gtu)]]_ﬂwg(ﬁt’[pt)}
X0 (E-11.) €X (xe-1.) P, eP(5,) "

= Qt(xt—l,f[z—l])'

This completes the proof of (EC.9). O

EC.3.3. Proof of Proposition EC.5
Set
F(xp, &) =cfxi + [Eﬁm [Qt+1 (xta§t+1)]-

By Assumption 3, F is bounded from below. In addition, the constraint set X;(x,_1,&;) satisfies the
relaxed Slater condition. Thereby, using convex programming duality,

Vt*(xt—hft) = inf )F(xtaft)

X €Xy (Xr-1, &

1nf{F(xt,.§-}) Xr 20, Apxy =b; — tht—l}

sup inf {F(x,,f,) - x, +ﬁ (A,x, - bt +tht—1)}
a>0,8 "t

: sup Go,p(&r).
a>0,p

Observe that F is concave and finite-valued in &, and G, g(&;) is expressed as the infimum of concave

and finite-valued functions of £;, hence G, g(¢;) is also concave and thus lower semicontinuous in &;.

Since the pointwise supremum preserves lower semicontinuity, V;* (x,-1, ;) is also lower semicontinuous

in &. O
Proof of Theorem 3. We first consider p = co. We prove the result by showing that

inf sup Ep
xYeX pegp

Z ctxt(f[t])‘ 1nf sup [EP[Z c xz(f[t )]

te[T] X pegnc te[T)

Since M c MC, the left-hand side is less than or equal to the right-hand side. It remains to prove the
other direction. Using Proposition EC.3, the right-hand side above equals

inf c{x1+ Eg, sup inf {chz(fz) +E; sup inf {
e | eyl <0 X2 182) *Liyesilig,- gl <o XM 0280
caxz(&3) +---+E5 [ su inf crxr ( T)]}]} .
e o .srear:||ETp—sT||sﬂ"T€XT o) T
For any & > 0, there exists a feasible policy x¢ = (x7,x5,...,x7) such that

sup Ep
Pet

> el x; ¢ (€ )l < 1nf sup Ep

te[T] Xpem

D elx (¢ t]>]+s

te|T]
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Denote f;(x;,&) =c/x;. Let Tfl be the identity transport map. For t =2,...,T, for any ¢ > O that is
sufficiently small, there exists a transport map T;* : E[;) — E,, such that | T7 (§,) - &,|| < 9, and

[iGef (T En)s T (Ep) +[Eua,+1[ sup inf {

_ N X, 1€X 1(x, 1
&1 €Em 1€~ & <977 e (X0 6101)

ft+1(xt+17§t+1)+"'+[E@T[ sup inf fT(xT,fT)

&r <Br: - £r || <9 T ST OT141)

= sup Vt*(xf—l(-ﬂ—[ft_u('f[t—l])),fz) — €.
&€Epi|lé &<

]

Let T€ = (T;,...,T;") and define P€ := T;@. Using the construction in the proof of Theorem 1, T;* can
be chosen to be a bi-causal transport map. It follows that € is a feasible distribution, and

sup Ep Ep ﬁ(xf,Tf(E[z]))

PeM

ZVl*— Z €r.

te[T]

Z ¢/ x; ('f[z])

te[T]

>[E[F"f[ Z 4 xt (f[z])} Z

te[T] te[T]

Letting £ | 0 and e, ..., er | O yields the desired result.
Next, we consider p = [1, ). We prove the result by showing that

inf  sup {[Ep [ Z C:xz(f[z])

XX pep(gir)) te[T]

—wg(uS,P)} inf  sup {[Ep chxt(g[,])]—acg(ﬁ,um)}.

XX pep(gir)) te[T]

Since M c MC, the left-hand side is less than or equal to the right-hand side. It remains to prove the
other direction. Using Proposition EC.3, the right-hand side above equals

inf c1 x1+ [EA
X1 EXl

sup inf {c;xz (£2) +Ep,

su inf {ch Foot
&yely X2€X2(x1,82 p ) 3 3(§[3])

£y€eby X3€X3(x2, &3

Es, | sup _inf ){c¥xr(5[T1)—A||fT—’f}np}]--~—A||53—Eg||f’}]—Aufz—’éznp}].

& €Ep X1 €Xr (Xr-1, €T

For any & > 0, there exists a feasible policy x® = (x{,x5,...,x%) such that

Z c;rxf(f[t])

te|T]

PIRZEACIN)

te|T]

/le(IP P): < inf sup Ep
xeX PeP(Eir))

sup Ep —/ICZ(@, P) ¢ +e.
PEP(E[T])

Denote f;(x;,&)=c/x;. Let Tfl be the identity transport map. For t=2,...,T, for any ¢ > O that is
sufficiently small, there exists a transport map T, : ;] — &, such that

fi(eE(TE Ep), T (Ep) +E

t+1

sup inf {ﬁ+1 (xt+1, §t+1) +o 4

&r41 €Epaq X1 € X1 (1, Er41)

E[ﬁr[sup inf {fT(xT,gT)---—angr—ETHP}}—Anftﬂ—aﬂnp}]

&r €8 XT €T (x7-1.4T)

> sup {Vt* (xf—l (-ﬂ—[ft_l] (E[f—l]))"ft) _/lel‘ _Et“p} — €.

&€l



ecis

Let T€ = (T;,...,T;") and define P€ := T;ﬁ. Using the construction in the proof of Theorem 2, T;* can
be chosen to be a bi-causal transport map. It follows that [P€ is a feasible distribution, and

Sup Ep | > ¢/ xf (£ |- 1CH(E.P)
PeP(E(r)) te[T]
> [E[P’E Z c:xf(f[t])] —/lcg(@, H:Dé)
te|T]
=2 E [fl(x;:’—l]—te (E[I])):| ~ACH(P, P°)
te[T]
ZVT— Z ET,
te[T]
Letting € | 0 and eo, ..., er | 0 yields the desired result. -

EC.4. Proof for Proposition 2
By Theorem 3, we have

inf sup Ep
xeX PeIn

Z c:xt(f[z])]

telT]

= inf A +cix+E5
1 P
x1€X7,4>0 2

sup inf : {chz(gz) +Ep,

&ely X2€X2(x1,82

su inf {CTXB s
&3 Egz x3€X3(xg.&5) | O (¢131)

&r B X1 €X7 (X7-1,47)

Es, | sup _inf {c¥xr<fm)—anfr—’f}np}]---—Anfs—égnp}]—Anez—é‘znp}].

Let us derive a lower bound of the problem above by allowing A to be different at each stage. Specifically,

introducing auxiliary variables A5 =- - - = A7, the problem above is equivalent to
p T
inf A +cix1+E5 | su inf {chz 5)+E5 | su inf {CT)Cg 31) +- o+
A x1€i(1 ~0 -1 é T P2 §Zeg2 XXy (x1.&) | 2 (62) Ps .ngIE)g X33 (x0. &) | (€1a1)
gmemAp >

&r €8y *1 €XT (X7-1,4T)

B, [ swp il {C;XT(f[T])—/lrllfT—ETIIPH"'—/13||§3—Es||p}]—/12||§2—Ez||p}]-

Dropping the alignment constraints Az = - - - = A7 and setting ¥, = (Tﬁ—_”l)l/ P we arrive at a lower bound
T
inf 297 +clx1+E5 | sup inf {chz(fz) +E5. | sup inf {chg(g 31) + -+
/lxl G/i\ﬁ;oé ! ! P2 &reby X2€X2(x1,82 2 Ps £3€8g X3€X3(x2,83) 3 3]
2see AT 2>

&r €By X1 €47 (X171, €7

B, | sup _inf ){c}xr(f[rp—ﬂruﬁ—ETHPH---—Asnfs—EgnP}]—Aznfz—%‘zn"}]

_ . T . T
= x1r€1£( cix1+ sup [Epz[x exlr(l)fc ¢ )c2x2+
1= Po:W(Py,P2) <9, 2Ea2Ae2

sup [E[ps[ inf  cixg+..+ sup Ep, [ inf c;xT] ”,
P3:W(ﬁ3sp3) <95 X3 €X3 (X2,§3) Pr :W(ﬁT,PT) <dr xr €Xr (xT—l’é:T)
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where the last equality uses duality result for Wasserstein DRO (Zhang et al. 2022).
Next, applying finite sample guarantee result for Wasserstein DRO (Kuhn et al. 2019) for each stage
independently, when N > w, by setting

log(C/B) )mm(H
cN
we have with probability at least (1 —8)7 1, it holds that

91w () =

>

inf [Ep*
xeX

Z c;—xt('f[tj)

inf  cixo+ sup Ep, [
te[T]

x2€Ap(x1.62) P3:W(P3,P3) <93

< inf cixi+ sup Ep,
x1€X] =
P21W(P2,P2)Sﬁ2

inf  c3xg+--+ sup Ep, inf c}xT]...] ,
x3€X3(x2,83) Pr oW (Br,Pr) <o xr €Xr (x7-1,€T)

Note that the probability (1 — 8)7 ! results from the fact that for P* to be in the nested ambiguity
set, it is sufficient to have each marginal distribution P} to be in the Wasserstein ambiguity set at
each stage, each of which has 1 — g probability by the finite sample guarantee result for Wasserstein
DRO. Using the elementary inequality (1 -8)7 ! > 1— (T - 1), we replace 8 with /(T — 1) in the
expression of ¥, n (fB) yields that the above holds with probability at least 1 — 3 by setting

log(C(T -1)/B) )mm%
cN

>

N (B) = (

.....

EC.5. Proofs for Section 4
EC.5.1. Proof of Corollary 1
Applying Theorem 3, we have that for p = oo,

_1,€)= su inf Tx; +E5 ,C,
Q¢ (xt-1,¢1) ||c,—E,Iﬂ519xt€Xt(xr—1) {Ct XetEp,,, [Qt+1 (xs z+1)]}
= infoswp {u+Ep, [QinrnE)])

Xt €A (xi-1) e, -8, || <8

= inf ¢ x; +0|x |+ +Es x,,C )
xl‘EXt(xtfl){ t Mt ” Z”* P [Qt+]( t I+1):|}

The second equality is due to Sion’s minimax theorem: the objective is convex and continuous in x;
(Shapiro et al. 2021, Section 3.2.1), as well as linear in ¢,;. In addition, both of the feasible sets are
convex with the feasible set of ¢, being compact.

For p € [1, ), define

L(6P) = sup inf : {c;rxt + [E@t+1 [Qt+1 (xtazt+1)] }

1 €8z lle, =€, ||P <6P Xt € (X1
Observe that £(6”) is a concave function. Consider the Legendre transform of —£
(=L£)" (=) =sup {(-=1)6” - (=L£)(6")}
520
=su su inf {—/161’+ch +E5 |Qs1(xs,¢ }
520 ¢ €, or-b P <67 < (1) i+ Ep,,[Qra i 8]

= su inf {—/l c; —C||1P +¢fx; +E5 X, C, }
c,eap,XzEXt(xt-l) llc =l t Xt tEp [Qt+1( t t+1)]

=0 (x;-1,€1).
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On the other hand, similar to the case of p = oo, using Sion’s minimax theorem,

L(67) = inf sup {C:xt + [E@Hl [Qt+1 (xt,Et+1)] }

X € (xi-1) ¢ €2z o€, |P <57
It follows that
Qr(x1-1,€1) = (=L£)" (=) = sup {(=0)s” = (-L)(s")}
62

. T —_
=sup inf sup { —A6P + ¢, x + Es,., [Qt+1 (xz, ct+1)] }
520Xt €Xe (X1-1) ¢, €8, ||y —E; |P < 6P

=sup inf {—/15”+5||xt||* +E;Txt+”5@ [Qt+1(xta5t+1)]}-
520Xt €Xt (xz-1) 1+
Define
Mo):= _inf {6||x, o+ €2 +Ep,_ [Qra1 (61 Era)] }

Xy €ty (X1

Since h is the pointwise infimum of a family of affine functions of ¢, it is concave and upper
semicontinuous. This implies that & is continuous, and particularly, lims o 2(6) = £(0). By Assumption
3, we have h(0) > —co. Define H(6) := —A6P + h(5). Then H(0) = h(0). With this definition, we have

Q;(x;-1,¢;) =sup H(J).
6>0

We consider two separate cases, Q;(x;-1,¢;) > h(0) and Q;(x;-1,¢;) = h(0).
For the first case, we have that for all sufficiently small 6o > 0, Q;(x;-1,¢;) =sups> so H(9). By
Assumption 2, there exists some x? € X;(x;-1). Define

¢ x)+Ep [Qr1(x),€41)] — h(0)

00 ’

Do =[x +

Then it follows that for any 6 > §¢ and x; with ||x;||. > Do,
~T —~
(S”Xt”* +ct X+ E@Hl [Qt+1 (xt,ct+1)]
> 0o/|x¢ |l +E;rxt + [EﬁpTM [Qt+1 (xz,zz+1)]
Sollx|l. +¢; x) +Eg 9. ¢1)] —h(0)+¢]x, +E5 c
> dollxy [« +¢; x; + B, [Qt+1 (x; ,Cz+1)] (0)+¢, x; + B, [Qt+1 (-xt,ct+1)]
> Sollxfll. + €/ xP +Ep  [Qr1(x7,€141)] = 1(0) + h(0)
> ol Nl +€; 57 +Ep [Qra1 (37, €11,

which shows that such x; cannot be a minimizer of the minimization problem defining /(5). Therefore
we have for any D > Dy,

Q:(x;-1,¢;) = sup H(5)

5>00
= su inf {—151’+5 X |l +€ x, +F5 X, € }
62§0xt€Xt(xt—l),”xt”*SD ” t” t At Piq [Qt+1( [ z+1)]

Letting d¢ | O, it follows that

X;-1,¢;) = lim su inf {—/16P+6x +¢/x; +E5 X¢,C }
Qrli1:€0 = 00 3P etitxe el 1o <D bl € x4+ B, [Qr (. Ern)]

= sup — 67+l + i +Ep, [ Qe (x0T |}

inf {
5>0 Xt €X; (x21), ||x¢ [« <D

= inf su {—/16”+6x +¢7x, +Ex X, }
e s Ixelle +€7 xe + g, [Qra1(xr,€1) ] |,
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where the third equality follows from Sion’s minimax theorem because of the boundedness of x;.
Viewing the inner supremum as a function of D, it is monotone decreasing in D and bounded from
below by Q,(x;_1,¢;). Therefore, letting D — oo yields that

Q:(x;-1,¢,)= inf  sup { A6P + 6 |x |« +Eszt +Ep [Qt+1 (Xt,Ez+1)] }
Xt €X¢ (X1-1) §>0 t+l

infy, e, (x,- 1>{ctxt+(1 1/p) (57 )"lllxtllfl+[E [Qz+1(xt,?z+1)]}, if p € (1,00),

infx,eé\,’,(x,,l),llxtll*sﬂ {ct Xr + [Eﬁm [Qt+1 (xt,Et+1)]} s ifp =1.
For the second case, it holds that

Q;(x;-1,¢,)=h(0)=  inf {E:Xt +Ep, | [Qt+1 (xtaEt+1)] },

Xt €X (x¢-1)

therefore we have for every ¢ > 0, H(6) < H(0), which implies that i(6) < h(0) + A6P. Moreover, by
Assumption 3, #(0) > —co. Consider the minimization problem defining 2(6), 6 > 0. As ||x;]|.« — oo, the
first term goes to infinity, and the sum of the second and third terms is bounded from below. Hence,
the minimizer is attained at some finite point, denoted as x,(5). Thus, we have

h(0) +467 = h(5) = 61lx: ()| +€] x, (8) + Ep_ [Qr+1(x1(6),€141)] = 6llx: (8) .+ (0),

which implies
|lx: (8) [l < 267" (EC.12)

When p € (1, ), letting 6 | 0, x,(6) — 0 € X;(x;_1). It follows that
Qr(x1-1,8) = h(0) =lim h(5) =1im o1l (O)I|. 48 x:(6)+ B [Qrv1 (1 (6).€s1)] =B, [Q11(0.Zua)].

Meanwhile,

A 1 L - -
h0)< inf {cfxt+(1—1/p)(§)v1||xt||,z1+E@,+1[Qt+1<xt,ct+l>]}s[E@M[Qm(o,cm)]=h<0>.

X €Xy (X¢-1)
This verifies the expression for Q,(x;_1,¢;). When p =1, (EC.12) means ||x; ()]« < A. It follows that
Q:(x;-1,¢;) =H(0) = 151?3 —167 + h(9)

=lim =167 + 81, (8) | +&31(8) + Eg,_, [ Qo (51(6).Euv)|

> inf e [0 ()]

X €Xp (X-1), 1% [l <A

But H(0) = h(0) =inf,, cx, (x, ) {c x: +Eg [Qt+1 (x£,€541)] } So the above inequality holds as equality;,
which verifies the expression for Q; (x;-1, c,)
Combining the two cases completes the proof. m|

EC.5.2. Proof of Proposition 3
We first prove for the case of p = co. Consider

sup {el & (cpu) + g, [Qrat (R (e G| .

lle:—ecll<?

By definition of x,, we have

¢/ % (c) +Ep, [Qri1 (% (cpi1)s€17) | =/ % (€7,p) + Es, . [Qi1 (% (€7, €11) |-
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Decompose the right-hand side as
/X, (€],y) +Ep  [Qrs1 (X (€, Cra1) ]
= (CI)TAt(C[z )+ (cr - Cz)Txt(C[z )+E5,, (0141 (%: (Efz]),zt+1)]
< (€7) "X (e} [,;]) + ﬂ||xt(c[t])”* + [Eﬁm [Qr+1 (E,(Z'\?t]),l'\,ﬂ)] .
By definition of Ef,], the last expression is upper bounded by

ATA

%1 (€180 + I (€ 1), €0 + B, | @it (B2 (€, 211,€0).Ean) | = 04 (Bt (€1, 0).
Therefore, we have shown that

sup {C:jt(c[l]) +Ep [Qz+1(ft(0[r]),?z+1)]} < Qi (®-1(c-1)),€r).

lle:—€: <

Taking the expectation over ¢; ~ P, and using Theorem 3, we obtain that

< Qi (xi1(cpe-17))-

[Euatl sup {C,Tiz(C[t])HEuam[Qt+1(ft(0[r]),5t+1)]}

ller—€cll<d
Hence we have

*(cp-1y.7) € argmin prlel xi(cpmay,e0) + Quaa (x4 (ce-115 €0)) ]
x:(c[e-11>) €X; (X1 (ce-17)57)

which shows the optimality of the policy (¥1,...,%7).
Next, we prove for the case of p € [1, o). Consider

sup {C;T-’Et(c[t]) + [E@m [Qt+1 (ft(c[t]),5t+1)] = Alle; —Eth}-

cr€g,
Using the expression for x,, we obtain
el % (e +Ep,, [Qua1 (®e(c1),€1n)] = ¢/ % (€) + Ep,, [Qra1 (%2 (€])), €re1) |-
Decompose the right-hand side as
% () + s, [0t (% (), Ernn) |

= (’cft])T.f, (Efz]) + (Ct —'EC)T-;C\t (Efz]) +Ep . [Qt+1 (551 (Efz]),zz+1)]

< @)@+ L (VP e~ )P + (1 - %><<pz>-”1’||xt<c[t]>|| )7

p
-1

@t+1 [Qt“'l ("x\l‘ (Eft])’/c\l‘+l):| 5

where the last inequahty follows from Young’s inequality. By definition of Eft], the last expression is
upper bounded by

_P_
-1

TR @iy e +Alle —ElllP +(1- —>(<pﬂ> VPR, (€51, el P T +Ep, [ Qrnn (1 (€511, E0) T |-

Thereby we have

sup {7 % (ciu)) +Es,,, [Orn (Fr(e(n),En)] - Alle, & 117}

cr €8y
L
-1

<c, xt(c [t— 1],Ct)+(1__)((P/U 1/p||xt(c[t 1],Ct)|| ) ﬁm [Qt+1(ft(’c\ft_”,a),aﬂ)]-

=0 (¥-1(C [t_1]),Cz)
=0 (¥;-1(cp-11)-€1),
which shows the optimality of the policy (¥1,...,%7). m|
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EC.5.3. Proof of Corollary 2

We first compute

X/ ,3 = su inf {ch +E5 X ,i; }
Qr(x1-1,b:) ||btj;tli§ﬂxtext(xt*1’bt) t Xt [Qt+l( t t+1)]

Observe that the objective ¢/ x, + [E@t+1 [Qt+1 (xt,5,+1)] is convex in x, (Shapiro et al. 2021, Section 3.2.1).
Since the feasible set A} (x;-1,b;) consists of only linear constraints, by Assumption 2, the relaxed
Slater condition is satisfied. In addition, by Assumption 3 the inner objective is bounded from below.
Therefore using convex programming duality, we obtain that

inf {C;—Xz + [E@m [Qt+1 (xt’ 3t+1)] }

X €Xy (X¢-1,br)

= Helﬁ)g {y,T(bt —Bix;-1) +xin>f0 {(Ct - A;r)’z)Txt + [EﬁpTM [Qt+1 (xt95t+1)] }} .
Yt ! t=

It follows that

O (x-1, i;t)

= sup ynelﬁ)ét {}’;—(bt = Bix;-1) + xin>f0 {(Ct —Aly) Tx + [E@M [Qt+1 B bt+1)] }
b =b.lI< " =

= max  sup {y,T(bt — B;x;-1) + inf {(Cz - A:)’t)Txt +Ep ) [Qt+1 (xtybt+1)] }}
R <0 =0 "

= max {y:(zt - Bix;-1) +9|ly;|l« + inf {(Ct - A;—yt)-rxt + [EDS [Qt+1 (xt,zt+1)] }}
v, €Rér x>0 41

= max {(b, —Brxi-1) Tye + 0l — 0 (AT )}
v €RY

When ||-|| = ||-]|1, we have

Hyelle = yello = max doely,.
el [yl L Vi

Therefore we have

max { (B - Bixi1) Ty + 9yl — v (AT vo)}
yi €Re

= max {(b, - B,x;1) "y, + max 95eTv, — (AT
yteR"t{( (= Bexi) e Jjeld:],6€{1,-1} ejye =¥ (Aryo)

= max max {(b, — Byx;_1+96e )Ty, —u (AT }
g max (b= By +90e) Ty~ (AT

_ . T _ 7 . _7 _ .
= je[d,]r%ae)?{l,—l}xl,nzfo {Ct X+ [Epm [Qt+1 (s, bt+1)] 2Ax=by — Bixi1 + 1953]} ,

where the last equality applies convex programming duality as the previous usage.
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The case of uncertainty in B, can be dealt with in a similar way. Using convex programming duality
we obtain that

O (x-1, Et)

= sup inf {C:xt +Ep [Qt+1 (xz, Bz+1)] }
||Bt—§t <o Xt €X; (X-1,Br) 1+l

= Ssup max {)’;r(bt - Byx;-1) + inf {(Ct - A:yt)Txt + [E@Hl [Qt+1 (xh §t+1)] }}
1B,-B, || <o Yt SRE *=0

= max  sup {y;r(bt - Byx;-1) + inf {(Ct —Aly) X + Ep [Qt+1 E% §t+l)] }}
e RY g, B, )< =0 "

= max {y? (b = Bex1) + 0lx 3]l + inf {(e = ATy) T+ |0 (x,,im)]}}
y, Rt x>0 r+1

= max {(b = Bo-) Ty + 91y - 07 (AT v}

y: €RY
When ||-|| = [|-||op, we claim that
max y/Ax;1 =9y;llellx-1ll= ~ max 6y/ ejllx-1l.
IAlop<0” " T e seu-ny

Indeed, using Holder’s inequality and the definition of the operator norm, it holds that
¥ Ax < [[ylleollAx]l1 < ([ llo | Allopllx]l-

Moreover, the inequality holds as equality at A = 9§%7, where %, 7 are such that ¥7x = ||x||, |||l =1
and 57y =|ylleo, IFll1 =1

IAllop = sup [[95%Tvll1 =8 sup [|511E7v| =9, yTAx=0yT5% x =8| yllcllx]l.
Ivii<1 Ivii<1

Therefore we have

max {(B; - Boxi-) T+ Bllvill. - v (AT )|
v R

= max {(b; — Bexe_1) v + max 96y e :||x,— A]
YIGRd'{( o~ Bi) jelme],6€{1,-1} ye el =i y,)}

= max max {(b; — B;x,_1 +95¢|x,1])T Al }
= g max, o max (b~ B+ 00 el Ty~ (A1)

= ]E[d,{n(sae)i]. 1};t11>f0 {C; X+ [E [Qt+1 (s, bz+1)] tAx;=b; — Bix; 1 +90e||x;1 ||} .

EC.5.4. Proof of Corollary 3

We only show the proof for the case of uncertainty in b,. The proof for the uncertainty in B, is similar.
Define a function ¢; : Z; — R as

ti(by) = max {y, (b = Bixi—1) =i (A, yt)}
We prove by induction that

0:i(x1.b) = inf  AcTx 4B [O (b f+e0- 1A < max 16l

Xt €X¢ (X¢-1,b¢)

.....
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Note that the objective ¢/ x; + Es,,, [Qm (x¢,€:41)] is convex in x, (Shapiro et al. 2021, Section 3.2.1).
Since the feasible set X;(x;_1,b,) consists of only linear constraints, by Assumption 2, the relaxed
Slater condition is satisfied. In addition, by Assumption 3 the inner objective is bounded from below.
Therefore using convex programming duality, we obtain that

inf {C:xt + IE@M [QHI (Xt, 3t+1)] }

Xt €X (x¢-1,b1)

= m%{% {J’;r(bz - Bx;-1) +xin>f0 {(Ct - A;ryt)sz + [EHSHI [Qt+1 (xlyi;t+1):| }} .
yte t t=

It follows that

O (x-1, ;;t)

=sup{ inf {elx+Ep, [Qm(xtfm)]}—A||bt—3,||}+oo-1{A< _max_[I6 )

byeE, | Xt €X; (x;-1,br) +l s=t+1,...,

Sup max {)’;r(bt - Bix;-1) +xin>f0 {(Ct - A:yt)sz + [E@m [Qt+1 (th;ml)” - Al|b; - Bt“}

by €E, yi €ER

+oo- 1{4 < max ||fs||up}
s=t+1,..., T

max  sup {y;r(bt - Bx;-1) +xin>f0 {(Ct - A:)’t)—rxt + [E[Tmm [ét+1 (xtazt+1)]} - Ab; - ;t ||}

yi €Rt b; €5,

+oo- 1< max_|itslhip|
s=t+1,..., T
= max sup {y] (b = Bixi1) = (A]y) = Allbr = bl +e0- 1A < _max_6llsp).
v €R¥ p B, s=t+1,....,T
Observe that the function ¢; is convex and Lipschitz. It follows that
sup {7 (s = Bre-1) = (A7 y) = Allbr = by}
b, €5,
_ ) SUPp, e5, {yf(bt - Bix;-1) — ‘ﬁ;(A;—)’t) = Alb; - bt”} , ifax ||5t||Lip,
0, otherwise.
Hence
Q(x;-1,b;) = max {(bt —Byx;-1) 'y - W:(A:)’t)} +oo- 1{/1 < max ||5s||Lip}
yr €Rdt s=t,...,T
= inf C:xt +Ep ) [Qt+1(xtazt+1)]} +00- 1{/1 < max ”{s“Lip}-
Xt €Xy (x-1,b¢) " 5=t T
Furthermore, we have the dual optimizer * = max,—> 7 ||{slLip-
It remains to prove
lelhip= sup Iyl domy; (A7) =S, (EC.13)

yedom ¢} (A] )
When =T, we have

vr (Apyr) =max{yr Arx —crx},
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which is zero when A yr < c7 and infinite otherwise. Thus dom y. (A]-) = {y € R : ATy < cr} =Sr.
Now suppose (EC.13) holds for some ¢+ 1, let us prove the case of ¢, where ¢ € [T — 1]. By definition of
¥;, we have

'ﬁf(AtT)’t)

= {Cni%( {)’;FAtxt - Ctht - [Eﬂ5,+1 [ max {(bt+1 - Bt+1xt)T)’t+1 - ¢;+1 (AZT+1)’t+1)}]}

Y+l eR%+1

V1€V

=max {y:Azxt —¢/x— max Ep [(3r+1 ~ Bra1x0) V41 (b)) — U1 (AT ¥ (Et+1))]}

=max min {YzTAzxz - Cszz - E@M [(bt+1 - Bt+1-xt)Tyt+1(bt+1) - '70;1 (AtT+1yt+1 (bt+1))]

Xt 20y,,1€Ve1

Observe that
l;cni%( {y;rAtxt - C;rxt - [EﬁpTM [(3t+1 - Bt+1xt)Ty,+1 (Bt+1)] }
—~T —~ —~
=-Fp,, [bt+1yl+1(bt+1)] +£Cn€>%( {(AzT)’t —cr) X - Es,., [_X;FB:+1yt+1 (bt+1)]}

~T —~ . —~
— _[Eﬁm [bt+1yt+1(bz+1)] . if Ay, +B;+1[E@z+1 [Yis1(brs1)] <4,
00, otherwise.

Hence, ¥ (A] y;) is finite if and only if there exists y,,; € V41 such that Ay, +BtT+1[EU3H1 (R (b)) <
¢;. Thus,

dom y; (A y,) = {y, eR¥ : Fy,,; €V st Ay, +B/,1Ep [y (b)) < Cz},

which completes the induction for (EC.13). O

EC.6. Additional Details for Section 5
EC.6.1. Proof of Corollary 4
Introducing variables x7., 51, s2 > 0 we rewrite the problem as

min max E[x} —x7]
X1seens XT-1 ZO,xi,WT Pek

S.t. lTxl =W,
T T
1 xt_1=§t_1xt_2, t=2,...,T,
T
Wr =&rxr-1,
+ - _ T
X; —Xp —s1=—ao—roépXxr-1,

Xy —x7 —sy=—a1—r1€rxr-1.
Then the result follows from substituting the following parameter values in Corollary 2:

A1=17,B1=0,b1=W1, c1 =0,
Al‘:lT’ Bt:_§:7 bt=0a Ct=07

Ar = (i :} _01 _01 ) ,Br = (roé1.rép)", br =(—ao,—a1)", cr =(1,-1,0,0)".
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EC.6.2.

Data

The estimated mean vector and covariance matrix are as the following.

EC.6.3.

EEM TLT SCHP XES SKF
1=[0.005142 0.006166 0.004729 —0.005437 —0.026391]

EEM TLT SCHP XES SKF
0.002862 -0.000634 0.000211 0.007217 -0.003882] EEM
__|-0.000634 0.001495 0.000231 -0.002881 0.001658| TLT
X=| 0.000211 0.000231 0.000111 0.000426 -0.000244| SCHP
0.007217 -0.002881 0.000426 0.030046 -0.013416| XES
—-0.003882 0.001658 -0.000244 -0.013416 0.010840] SKF

Algorithms

Algorithm 1 SDDP Algorithm for Robust Reformulation with Uncertainty in B,

Initialize: {Q;};¢r (initial lower approximation), X’g =0
1: while not converge do

2
3
4:
5
6

%

10:
11:
12:
13:
14:
15:

16:
17:
18:

19:
20:

21:
22:

Sample K scenario paths {E?T]}le
forr=1,....,T-1do > Forward pass
fork=1,...,K do
for (6,j)e{1,-1}x[m,] do

5/ &) . ~k_ )
(xt vid) < inf {ctx, + Qa1 (x): Apxy+ By 25 =b, + ﬁ5||xf_l||ej}
2>

> Optimal solution and optimal value

end for _ .
(6%,)*) < argmax s vfk]; ik <—xt6kj
end for
end for
forr=T7,...,2do > Backward pass

fork=1,...,K do
fori=1,...,N; do
for (6,j)e{1,-1}x[m,] do .
[ - / . =l _ —
v G0y = Inf e+ Qe () Ape 4 Bitt g =i+ 90l e

> Optimal value and optimal dual solution

end for 5 - -
* ok J. A (zk Jr. k J
(6 »J ) — argmax(&,j) Vn' ) Qtl (xt—l) — V”' b ﬂzi — ytik
end for

~ ~ _ - _ =i
O, (% ) — 2N 04 (s gk &2l 96*ak e VIR || - (B) Tk,
9, () max (Q,(), &, )+ (-5 ,))
end for
end for

23: end while
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Algorithm 2 Out-of-sample Test

Input: A training tree (El,{é’;}jjil, . ..,{EllT }gTzl), a testing tree (61,{5’;}2’;,--',{f’f}ﬁle),
number of testing paths M
Output: Average out-of-sample value Vayg

: Solve for the optimal first-stage decision x; using the training tree

1

2 form=1:M do

3: Vi <0 _ .

4: Sample a path (£1,£7,...,£7) from the testing tree

5: forr=2:T do o )
6: Solve for the optimal decision x, using x;_1 and the training sub-tree ({E? }2’;1 e {?17 }g )
7 Observe a testing scenario &;' .

8: Evaluate the per-stage out-of-sample cost C; at stage 7 using x, and &;'

9: Vin = Vi +Cy
10: end for

11: end for

Juy
N

1 M
t Vavg < 37 Lt Vi
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