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Abstract. Decision trees are a widely used tool for interpretable ma-
chine learning. Multivariate decision trees employ hyperplanes at the
branch nodes to route datapoints throughout the tree and yield more
compact models than univariate trees. Recently, mixed-integer program-
ming (MIP) has been applied to formulate the optimal decision tree
problem. To strengthen MIP formulations, it is crucial to introduce poly-
hedral characterizations of multivariate decision trees. A key component
of most MIP formulations is a specification of how to route datapoints
in the tree from the root to the leaves. Our goal is to characterize the
set of realizable routings, i.e., routings that can be realized using multi-
variate branching rules. We first focus on shattering inequalities, a class
of valid inequalities that can be used to strengthen almost any MIP for-
mulation and that have been shown to be computationally effective. We
prove that if all the feature vectors are in general position, then the
shattering inequalities defined for the root of the tree are facet-defining
for the convex hull of the realizable routings. We then show that every
facet-defining inequality of a depth one tree involving at least two vari-
ables is also facet-defining for trees of arbitrary depth. Finally, we show
that facet-defining inequalities characterizing realizable routings are also
facet-defining for a complete MIP formulation.

Keywords: optimal decision tree · mixed-integer programming · facet-
defining inequality.

1 Introduction

Interpretable machine learning (ML)–defined as the extraction of relevant knowl-
edge from a ML model concerning relationships either contained in data or
learned by the model [22]–is quickly becoming a requirement in many applica-
tion areas to promote transparency, ensure fairness, and meet regulatory require-
ments [13, 14]. Decision trees are among the most popular standalone techniques
for interpretable ML [10] and form the foundation for several more sophisticated
ML algorithms such as random forest [9, 20]. A decision tree is a binary rooted
tree where datapoints are directed from the root to the leaves depending on the
outcomes of tests performed at each branch (i.e., internal) node of the tree. Each
leaf is assigned a class k such that every datapoint routed to that leaf is classi-
fied as belonging to class k. An optimal decision tree maximizes the number of
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datapoints that are correctly classified, while limiting the tree complexity, e.g.,
the number of nodes in the tree or the number of tests performed.

The problem of learning optimal decision trees has attracted the attention of
several communities. Recent approaches range from mixed-integer programming
(MIP) [7, 1, 3, 11, 15, 19, 30, 29], to Boolean satisfiability [23, 6, 17, 25], constraint
programming [28, 27], and dynamic programming [24, 4, 5, 16, 21, 12]. Most works
focus on univariate decision trees, where each branch node tests only a single
feature. Less work [7, 31] has been done concerning the problem of learning op-
timal multivariate decision trees, where tests involve a linear combination of
the features. Even if multivariate tests are less easily interpretable, they pro-
vide more flexibility than univariate tests, which can only resort to axis-aligned
hyperplanes. As a consequence, multivariate decision trees can be much more
compact than univariate decision trees, i.e., the total number of tests needed to
achieve a target accuracy can be dramatically smaller.

Most non-MIP approaches proposed for learning univariate trees–including
heuristic methods–fail to carry over when considering multivariate trees. As a
result, MIP is the premier technique for learning multivariate decision trees.
Moreover, MIP has the advantage of providing a more flexible framework for
learning optimal decision trees, since its expressive power can be leveraged to
explicitly incorporate objectives of practical interest, such as fairness, robustness,
and feature selection. Our goal is to provide polyhedral characterizations of
multivariate decision trees that can be leveraged within MIP formulations to
compute optimal multivariate decision trees.

Related work. Although a number of MIP formulations for optimal decision
trees exist, to the best of our knowledge, there are only few polyhedral stud-
ies providing tools to strengthen these formulations. In the univariate setting,
Aghaei et al. [3] define a flow-based formulation that can be solved using Ben-
ders decomposition. This decomposition exploits the max-flow structure of its
subproblems by employing a tailored min-cut procedure, which produces facet-
defining cuts. This flow-based formulation serves as the backbone of a number
of subsequent works [2, 18]. In the multivariate setting, Zhu et al. [31] propose a
formulation based on the 1-norm support vector machine and provide different
classes of valid inequalities to further tighten the MIP model. Finally, Boutilier
et al. [8] have recently introduced a new class of valid inequalities for multivari-
ate trees, called shattering inequalities, that are used as feasibility cuts within
a Benders-like decomposition. Unlike general-purpose cutting planes, shattering
inequalities exploit the specific structure of the dataset to reveal critical sub-
structures within it. In fact, they have an interesting geometric interpretation,
being related to minimal subsets of datapoints that cannot be separated by lin-
ear classifiers. Another nice feature of shattering inequalities is that they involve
only the decision variables specifying how the datapoints are routed throughout
the tree. Such variables appear in almost every MIP formulation for optimal
decision trees, thus shattering inequalities can be used to tighten most MIP for-
mulations for multivariate trees. Experimental results using classic benchmark
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instances demonstrate that shattering inequalities can significantly reduce the
computational burden of learning optimal trees [8].
Our contributions. The key contributions of this paper aim at characterizing
the realizable routings of multivariate decision trees. Given a full binary tree of
depth D with 2D leaves, a routing specifies the path of every datapoint from the
root to a leaf. We define a routing to be realizable if, at every branch node, there
exists a hyperplane separating the datapoints that are routed to the left from
those that are routed to the right. Each realizable routing can be represented
as a binary vector and our goal is to study the convex hull WD of the realizable
routings.

Our first contribution is proving that certain shattering inequalities, specif-
ically those defined at the root of the decision tree, are facet-defining, provided
that the feature vectors of the datapoints are in general position. We remark
that datasets with numerical features, for which multivariate trees are particu-
larly well suited, typically satisfy this assumption. Thus, this result justifies why
shattering inequalities are computationally very effective, especially when deal-
ing with numerical datasets. However, shattering inequalities are not sufficient
to describe WD. Our second main result is that every facet-defining inequality
of W1 involving at least two variables is also facet-defining for WD. This shows
that, polyhedral characterizations of W1 are crucial to describe WD. Finally, we
prove that every facet-defining inequality of WD is also facet-defining for the
convex hull of the feasible solutions of the MIP formulation proposed in [8].

2 Problem setting

The input to the problem is a dataset consisting of N datapoints. Each datapoint
has p numerical features and belongs to one ofK classes. We assume w.l.o.g. that
each feature is in [0, 1]. For n ∈ N, we denote by [n] the set {1, . . . , n}. Thus, for
each i ∈ [N ], the datapoint (xi, yi) is in [0, 1]p × [K]. We also assume that the
feature vectors x1, . . . , xn are distinct, a mild assumption when working with
numerical features. Our goal is to build a decision tree that predicts the class of
a datapoint based on its features.

The nodes of a decision tree are partitioned into branch nodes and leaf nodes.
The maximum depth D of the decision tree is the length of any path from the
root to a leaf. The tree depth is used as an input parameter to control the size of
the tree. The set of branch nodes is denoted by B = {1, . . . , 2D− 1}, where node
1 is the root. Each branch node t ∈ B has exactly two children, 2t and 2t + 1,
and is associated with a linear branching rule a>t x = bt. When a datapoint xi
reaches t, xi is routed to the left child 2t if a>t xi ≤ bt and to the right child
2t + 1 otherwise. Univariate branching rules require that only one component
of at is nonzero, while multivariate branching rules impose no restriction on the
support of at. The set of leaf nodes is denoted by L = {2D, . . . , 2D+1− 1}. Each
leaf t ∈ L is a terminal node (i.e., it has no children) and is assigned a class label
k ∈ [K]. All datapoints routed to leaf t are classified as belonging to class k. A
datapoint xi is correctly classified if the predicted class for xi coincides with yi.
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We focus on learning optimal multivariate decision trees: our goal is to con-
struct a decision tree of depth at most D maximizing the number of datapoints
that are correctly classified.
Realizable routings. Many optimal decision tree formulations rely on binary
variables indicating where in the tree each datapoint is routed. Let binary vari-
able wit be 1 if datapoint i ∈ [N ] is sent to node t ∈ B ∪L, and 0 otherwise. We
refer to the binary vector w as a routing. Clearly, a routing has to satisfy∑

t∈L
wit = 1 ∀i ∈ [N ] and wit = wi,2t + wi,2t+1 ∀i ∈ [N ], t ∈ B. (1)

We say that a routing w is realizable if in addition, for each branch node t ∈ B,
there exists a hyperplane a>t x = bt that strictly separates the datapoints routed
to 2t from those routed to 2t+ 1.

Many MIP formulations for decision trees contain the branching parame-
ters (at, bt)t∈B as variables, and link them with the routing variables w using
big-M constraints. This strategy has the disadvantage of producing weak linear
programming relaxations. Recently, Boutilier et al. [8] proposed an alternative
formulation that relies on a new class of valid inequalities, called shattering
inequalities. These inequalities are crucially used to characterize the realizable
routing vectors w. Let I be the set of pairs (IL, IR) ∈ [N ]2 such that: (i) IL and
IR are disjoint; (ii) The sets {xi}i∈IL and {xi}i∈IR are not linearly separable;
and (iii) For all j ∈ IL ∪ IR, the sets {xi}i∈IL\{j} and {xi}i∈IR\{j} are linearly
separable. The shattering inequalities at node t ∈ B are the packing constraints:∑

i∈IL

wi,2t +
∑
i∈IR

wi,2t+1 ≤ |IL|+ |IR| − 1, ∀(IL, IR) ∈ I, t ∈ B. (2)

Constraints (1) and (2) are sufficient to ensure that a routing w is realizable.
We denote by SD the set of all the binary vectors satisfying (1) and (2), and we
define WD = conv(SD).
Problem formulation. We adopt the formulation proposed in [8] to model
the optimal decision tree problem. Let ckt be a binary variable that is 1 if leaf
t ∈ L is assigned class label k ∈ [K], and 0 otherwise. Let zit be a binary variable
that is 1 if datapoint i ∈ [N ] is sent to leaf t ∈ L, and 0 otherwise. The problem
formulation is as follows.

maximize
w,c,z

∑
i∈[N ]

∑
t∈L

zit (3a)

subject to w ∈ SD (3b)∑
k∈[K]

ckt = 1 ∀t ∈ L, (3c)

zit ≤ min{wit, cyi,t} ∀i ∈ [N ], t ∈ L, (3d)
ckt ∈ {0, 1} ∀k ∈ [K], t ∈ L, (3e)
zit ∈ {0, 1} ∀i ∈ [N ], t ∈ L. (3f)
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The objective function (3a) maximizes the number of datapoints correctly clas-
sified. Constraints (3b) ensure that w is a realizable routing and constraints (3d)
model the condition that zit = 1 if and only if datapoint i is sent to leaf node
t and is correctly classified as yi. In particular, as w and c are binary vectors,
we have that at optimality zit = witcyi,t for all i ∈ [N ], t ∈ L. This immediately
implies that we can relax the integrality constraints on z, i.e., constraints (3f)
can be replaced with zit ∈ R for all i ∈ [N ] and t ∈ L. We now argue that we can
also relax the integrality constraints on the variables c by replacing constraints
(3e) with ckt ∈ R+ for all k ∈ [K], t ∈ L. To this end, we remark that relaxation
of (3) obtained by relaxing integrality on z and c always admits an optimal so-
lution that is integral. In fact, when we solve this relaxation we still have that
at optimality zit = witcyi,t for all i ∈ [N ], t ∈ L. Therefore, the objective (3a) is
equivalent to maximizing∑

i∈[N ]

∑
t∈L

zit =
∑
i∈[N ]

∑
t∈L

witcyi,t =
∑
t∈L

∑
k∈[K]

ckt
∑
i∈[N ]

yi=k

wit.

We observe that for each leaf t ∈ L the variables {ckt}Kk=1 can be viewed as
weights that we assign to each class label. For all t ∈ L define K(t) = {k ∈ [K] :
ckt > 0}. Suppose that for some t ∈ L we have |K(t)| > 1, i.e., each variable
ckt with k ∈ K(t) is fractional. It must hold that for each k ∈ K(t) the sum∑

i∈[N ]:yi=k wit has the same value. Then we can obtain an alternative optimal
solution by choosing an arbitrary k∗ ∈ K(t) and redefining ck∗,t = 1 and ckt = 0
for all k ∈ K(t) \ {k∗}.

3 Preliminaries

In this section we introduce some preliminary lemmas that are instrumental for
proving our main results. Denote by L̂ = L \ {2D} the set of leaves excluding
the leftmost leaf. For w ∈ WD, we denote by ŵ the subvector of w consisting
only of the components wit such that i ∈ [N ], t ∈ L̂. Let ŴD be the orthogonal
projection of WD onto the variables wit with i ∈ [N ], t ∈ L̂. Since the equality
system (1) has full row rank, WD and ŴD are isomorphic polyhedra. We denote
by φ(·) the affine function which maps a vector ŵ ∈ ŴD to the vector w ∈ WD

that satisfies wit = ŵit for all i ∈ [N ], t ∈ L̂. From our discussion we obtain the
following lemma.

Lemma 1. Let w1, . . . , wq ∈ WD. The vectors w1, . . . , wq are affinely inde-
pendent if and only if their orthogonal projections onto the variables wit with
i ∈ [N ], t ∈ L̂ are affinely independent vectors.

First, we determine the dimension of WD.

Lemma 2. For D ∈ N, dim(WD) = N(|L| − 1).

Proof. Since the system defined by equality constraints (1) has full row rank, we
have dim(WD) ≤ N(|L| − 1). To show that dim(WD) ≥ N(|L| − 1), we exhibit
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N(|L|−1)+1 affinely independent routing vectors w0, . . . , wN(|L|−1) in WD. We
denote by ŵ0, . . . , ŵN(|L|−1) their projections onto ŴD.

Recall that x1, . . . , xN are assumed to be distinct. There exists a vector
a ∈ Rp such that a 6= θ(xi − xj) for any i, j ∈ [N ], i 6= j and θ ∈ R, i.e., a is
distinct from xi− xj even up to scaling. Furthermore, for b ∈ R, the hyperplane
a>x = b contains at most one point in x1, . . . , xN . Therefore, we can assume
without loss of generality that x1, . . . , xN are ordered such that for all i ∈ [N−1],
the first i points x1, . . . , xi can be strictly separated from the last N − i points
xi+1, . . . , xN by a hyperplane, i.e., there exists bi ∈ R such that a>xj < bi for
all j ≤ i, and a>xj > bi for all j > i.

First, we define the routing w0 that sends all the datapoints to the leftmost
leaf 2D. Note that this routing is realizable and ŵ0 = 0. Moreover, for every
i ∈ [N ] and t ∈ L̂ we construct a routing vector wi,t that sends datapoints
j ≤ i to leaf t, and datapoints j > i to leftmost leaf 2D. For each i ∈ [N ]
we thus obtain |L| − 1 routings. Note that the routings are realizable since,
by construction, x1, . . . , xi can be separated from xi+1, . . . , xN by a hyperplane
and so only one branch node of the decision tree applies a non-trivial split using
a>x = bi as its branching hyperplane. Precisely, for each i ∈ [N ] and t ∈ L̂, ŵi,t

is such that

ŵi,t
ju =

{
1 if j ≤ i and u = t

0 otherwise.

We partition ŵ ∈ ŴD by grouping the entries indexed by each i ∈ [N ] and
ordering the variables as follows:

ŵ = (w̃1, . . . , w̃N ), where w̃i = (wi,2D+1, wi,2D+2, . . . , wi,2D+1−1) ∀ i ∈ [N ].

In particular, for each j ∈ [N ] and u ∈ L̂, ŵi,t
ju is the ((2D − 1)(j − 2) + u− 1)-

th component of ŵi,t. Next, we form a N(|L| − 1) × N(|L| − 1) square matrix
where, for each i ∈ [N ], t ∈ L̂, the vector wi,t is the ((2D − 1)(i− 2) + t− 1)-th
row of the matrix. Since the ((2D − 1)(i − 2) + t − 1)-th component of ŵi,t is
1, and all subsequent components of ŵi,t are 0, the matrix is lower triangular
and has nonzero diagonal. This implies that the vectors ŵi,t, i ∈ [N ], t ∈ L̂, are
linearly independent. Thus, these vectors and ŵ0 = 0 are affinely independent.
The result then follows by Lemma 1. �

Let (IL, IR) ∈ I. It will be crucial to determine whether I = IL ∪ IR has the
following property: for each datapoint i /∈ I, there exists a hyperplane a>x = b
that traverses xi and correctly separates all but one datapoint in (IL, IR). This
is formally stated in the next definition. For all k ∈ I we define an indicator
variable σI

k that is 1 if k ∈ IL and is −1 otherwise.

Definition 1. Let (IL, IR) ∈ I and I = IL ∪ IR. We say that (IL, IR) is a good
partition if, for every i ∈ [N ] \ I, there exist a ∈ Rp, b ∈ R, j ∈ I such that
a>xi = b, σI

j a
>xj > σI

j b, and σI
ka
>xk < σI

kb for all k ∈ I \{j}. A good partition
is called very good if, in addition, a>xk 6= b for all k ∈ [N ] \ (I ∪ {i}).
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The next lemma establishes that every good partition is also a very good parti-
tion. Let a>x = b be an hyperplane for which (IL, IR) ∈ I satisfies the definition
of good partition and let i ∈ [N ] \ (IL ∪ IR). By slightly tilting the hyperplane,
we can ensure that the only datapoint traversed by the hyperplane is xi.

Lemma 3. If (IL, IR) ∈ I is a good partition, then it is a very good partition.

Proof. Let I = IL∪IR. Let i ∈ [N ]\I be arbitrary, and let a ∈ Rp, b ∈ R, j ∈ I
satisfy the definition of a good partition. Define the set K = {k ∈ [N ] \ (I ∪
{i}) : a>xk = b}. If K = ∅, then (IL, IR) is a very good partition and we are
done. Otherwise, we iteratively apply an algorithm that tilts the hyperplane
a>x = b about the point xi so that at least one point xk, k ∈ K is removed
from the hyperplane, while also ensuring that the points in {xh}h∈[N ]\(K∪{i})
not originally contained in the hyperplane continue to remain outside and to the
same side of it. Since K is finite, we can construct the desired hyperplane by
iterating this procedure. More formally, the algorithm takes as input a, b, and
an index k ∈ K, and returns as output ã and b̃ such that the following conditions
are met:

1. ã>xi = b̃
2. ã>xk 6= b̃
3. For all h ∈ [N ]\(K∪{i}), if a>xh < b, then ã>xh < b̃, otherwise if a>xh > b,

then ã>xh > b̃.

We now describe how to compute ã and b̃. Let r = xk−xi. We define ã = a+ εr
and b̃ = b+ εr>xi, where ε > 0 is a scalar that can be set arbitrarily small. We
claim that for sufficiently small ε, ã and b̃ satisfy the three conditions above. It
can be easily checked that condition 1 holds for any ε > 0, r ∈ Rp. For condition
2, we have

ã>xk = a>xk + εr>xk = b+ ε
(
‖xk‖22 − (xi)>xk

)
(4)

and
b̃ = b+ ε

(
(xk)>xi − ‖xi‖22

)
. (5)

We next prove that ã>xk > b̃ for any ε > 0. From (4) and (5), this is equivalent
to proving

‖xi‖22 + ‖xk‖22 > 2(xi)>xk. (6)

Inequality (6) follows directly from the assumption xi 6= xk and the following
basic claim.

Claim 1. Let x, y ∈ Rp, x 6= y. Then 2x>y < ‖x‖22 + ‖y‖22.

Proof of claim. By the Cauchy-Schwarz inequality, we have x>y ≤ ‖x‖2‖y‖2,
where equality holds if and only if y = λx for some λ ≥ 0. For scalars α, β ∈ R,
we have 2αβ ≤ α2 + β2, where equality holds if and only if α = β (this can be
shown by studying the inequality (α− β)2 ≥ 0). Therefore,

2x>y ≤ 2‖x‖2‖y‖2 ≤ ‖x‖22 + ‖y‖22.
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We require at least one of the above two inequalities to be strict. Suppose the
Cauchy-Schwarz inequality holds at equality. Then y = λx for some λ ≥ 0. As
x 6= y, it must be the case that ‖x‖2 6= ‖y‖2, implying that the second inequality
is strict. �

We finally prove that condition 3 holds for some sufficiently small ε > 0. Let
h ∈ [N ]\ (K∪{i}). We have either a>xh < b or a>xh > b. We deal with the case
where a>xh < b as the other case follows similarly. We further assume without
loss of generality that coefficients are scaled so that a>xh < b− 1. We have

ã>xh = a>xh + εr>xh

< b− 1 + εr>xh

= b̃+ εr>(xh − xi)− 1.

If r>(xh − xi) ≤ 0, we will have ã>xh < b̃ for any ε > 0. Otherwise if r>(xh −
xi) > 0, we have ã>xh < b̃ for ε ∈

(
0, 1

r>(xh−xi)

]
. Therefore, it is always possible

to pick a sufficiently small ε > 0 such that ã>xh < b̃. �

Let (IL, IR) ∈ I be a very good partition and let i ∈ [N ]\(IL∪IR). In the next
lemma, we consider a hyperplane H = {x ∈ Rp : a>x = b} for which (IL, IR)
satisfies the definition of very good partition. For a sufficiently small value ε > 0,
we can translate H and obtain two hyperplanes H+ = {x ∈ Rp : a>x = b + ε}
and H− = {x ∈ Rp : a>x = b − ε} such that no datapoint x1, . . . , xN lies in
either H+ and H−, and, with the exception of the point xi, the hyperplanes H+

and H− partition x1, . . . , xN identically.

Lemma 4. Let (IL, IR) ∈ I be a very good partition. For all i ∈ [N ] \ (IL ∪ IR),
there exists two binary routing vectors wi− and wi+ in W1 that satisfy at equality
the shattering inequality (2) associated with (IL, IR) and t = 1 and such that,
for all t ∈ {2, 3}, wi−

it = 1− wi+
it and wi−

jt = wi+
jt for all j 6= i.

Proof. Let I = IL∪IR. Let i ∈ [N ]\I be arbitrary, and let a ∈ Rp, b ∈ R, j ∈ I
satisfy the definition of a very good partition. We deal with the case where j ∈ IL,
as the other case where j ∈ IR follows similarly. Let 0 < ε < mink∈[N ]\{i}|a>xk−
b|. Then

b− ε <a>xi < b+ ε,

b+ ε <a>xk ∀k ∈ IR ∪ {j},
a>xk < b− ε ∀k ∈ IL \ {j},
a>xk /∈ [b− ε, b+ ε] ∀k ∈ [N ] \ (IL ∪ IR).

Using the multivariate split parameters (a, b−ε) at the root results in the routing
wi−, and using the multivariate split parameters (a, b+ ε) at the root results in
the routing wi+. By construction, datapoint i is routed left to leaf node 2 in wi+

and it is routed right to leaf node 3 in wi−. All the other datapoints are routed
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identically in wi− and wi+. Note that both wi− and wi+ satisfy at equality
the shattering inequality (2) associated with (IL, IR) and t = 1 since, with the
exception of datapoint j, all the datapoints in I are partitioned as prescribed by
(IL, IR). �

We recall that a finite set of points X in Rp are in general position if no n points
in X lie in an (n − 2)-dimensional affine subspace for n = 2, . . . , p + 1. If the
points in X are in general position, then every subset of at most p+1 datapoints
in X is affinely independent. We say that the dataset is in general position if
x1, . . . , xN are in general position. The next lemma follows from a classic result
in statistical learning theory related to the notion of VC dimension [26].

Lemma 5. If the dataset is in general position, then every (IL, IR) ∈ I is such
that |IL|+ |IR| = p+ 2. Equivalently, each shattering inequality (2) has exactly
p+ 2 nonzero coefficients.

Next, we present two technical lemmas providing geometric properties of
points partitions that can be linearly separated. For a finite set of points X
in Rp, we denote by cone(X) and aff(X) the conic hull and affine hull of X,
respectively.

Lemma 6. Let {xk}k∈JL
and {xk}k∈JR

be two sets of points in Rp, and let
z ∈ Rp. If {xk}k∈JL

and {xk}k∈JR
can be strictly separated by a hyperplane

traversing z, then

cone({xk − z}k∈JL
) ∩ cone({xk − z}k∈JR

) = {0}. (7)

If the points {xk}k∈JL∪JR
∪ {z} are in general position and both JL and JR are

nonempty, then the converse holds.

Proof. The points {xk}k∈JL
and {xk}k∈JR

can be strictly separated by a hy-
perplane containing z if and only if there exist a ∈ Rp, b ∈ R satisfying

a>xk − b ≤ −1 ∀k ∈ JL,
a>xk − b ≥ 1 ∀k ∈ JR,
a>z = b.

By exploiting the last equality, we can rewrite the above system as

a>(xk − z) ≤ −1 ∀k ∈ JL, (8)

a>(xk − z) ≥ 1 ∀k ∈ JR. (9)

By Farkas’ lemma, the system (8)-(9) is feasible if and only if the system∑
k∈JL

qk(xk − z) =
∑
k∈JR

qk(xk − z),
∑

k∈JL∪JR

qk > 0, q ∈ RJL∪JR
+ (10)

has no solution.
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Suppose there exists x̄ ∈ cone({xk−z}k∈JL
)∩cone({xk−z}k∈JR

)\{0}. This
implies the existence of a solution to (10), equivalently {xk}k∈JL

and {xk}k∈JR

cannot be strictly separated by a hyperplane containing z.
Now assume the points {xk}k∈JL∪JR

∪ {z} are in general position and both
JL and JR are non-empty. If (7) is true, we distinguish two cases. In the first
case, (10) has no solution, thus {xk}k∈JL

and {xk}k∈JR
can be separated by a

hyperplane containing z. In the second case, (10) has a solution in which∑
k∈JL

qk(xk − z) =
∑
k∈JR

qk(xk − z) = 0.

Without loss of generality, assume the system∑
k∈JL

qk(xk − z) = 0,
∑
k∈JL

qk > 0, q ∈ RJL
+

is feasible. By scaling q, it follows that 0 ∈ conv({xk − z}k∈JL
), equivalently

z ∈ conv({xk}k∈JL
). Since the points {xk}k∈JL∪JR

∪ {z} are in general posi-
tion, it must be the case that |JL| ≥ p + 1. The general position assumption
also implies that conv({xk}k∈JL

) is a full-dimensional set with z in its interior.
Thus, cone({xk − z}k∈JL

) = Rp. Finally, we observe that cone({xk − z}k∈JR
)

has dimension at least one, since JR is non-empty and, since the points are in
general position, each point in JR is distinct from z. This implies that cone({xk−
z}k∈JL

) ∩ cone({xk − z}k∈JR
) \ {0} 6= ∅, a contradiction. �

Note that when the points {xk}k∈JL∪JR
∪ {z} are not in general position, the

converse may not hold. For example, consider the following example in R2: JL =
{1, 2}, JR = {3}, x1 = (1, 0), x2 = (−1, 0), x3 = (0, 1), z = (0, 0).

Lemma 7. Suppose that the dataset is in general position and that p ≥ 2. Let
J ⊆ [N ] be the indices of p − 1 points, partitioned into JL and JR such that
|JL| ≤ |JR|. Let i ∈ [N ] \ J and z = xi.

1. The affine hull of {xk}k∈J ∪ {z} is a hyperplane, i.e., aff({xk}k∈J ∪ {z}) =
{x ∈ Rp : π>x = γ} for some π ∈ Rp and b ∈ R.

2. If S ⊆ [N ]\ (J ∪{i}) is such that π>xk < γ for each k ∈ S, then there exists
a hyperplane traversing z that strictly separates {xk}k∈JR

and {xk}k∈JL∪S.

Proof. To prove 1 we observe that, since the datapoints {xk : k ∈ J} ∪ {z} are
in general position, then the affine hull of these p points has dimension p−1 and
it is a hyperplane in Rp, denoted by π>x = γ.

To prove 2, we distinguish two cases: (a) S is empty, and (b) S is nonempty.
We first consider case (a). When JL is empty, the statement follows trivially,
so suppose JL is nonempty. Note that CJ = cone({xk − z}k∈J) is a simplicial
cone, i.e., its generators are linearly independent. Thus, cone({xk − z}k∈JL

)
and cone({xk − z}k∈JR

) are two faces of CJ whose intersection is {0}. Since
{xk}k∈J ∪{z} are in general position, by Lemma 6 we conclude that there exists
a hyperplane traversing z that strictly separates {xk}k∈JL

and {xk}k∈JR
.
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We now consider case (b). By contradiction, suppose there does not exist a
hyperplane traversing z that strictly separates {xk}k∈JR

and {xk}k∈JL∪S . Since
p ≥ 2, both JR and JL ∪ S are nonempty, so by Lemma 6, there exists y 6= z
such that y − z ∈ cone({xk − z}k∈JR

) ∩ cone({xk − z}k∈JL∪S). Since y − z ∈
cone({xk − z}k∈JL∪S), we have

y − z =
∑
k∈JL

λk(xk − z) +
∑
k∈S

λk(xk − z), λk ≥ 0 ∀ k ∈ JL ∪ S. (11)

It cannot be the case that λk = 0 for all k ∈ S; this would imply y − z ∈
cone({xk − z}k∈JL

), and since we already have y − z ∈ cone({xk − z}k∈JR
), by

Lemma 6 we would have that {xk}k∈JL
and {xk}k∈JR

cannot be separated by
a hyperplane traversing z, a contradiction. Thus, λk > 0 for some k ∈ S. Recall
that {xk}k∈J ∪ {z} are contained in the hyperplane πTx = γ. From (11), we
have

π>y = π>z +
∑
k∈JL

λkπ
>(xk − z) +

∑
k∈S

λkπ
>(xk − z)

= γ +
∑
k∈S

λk(π>xk − γ) < γ,

where the last inequality follows from the assumption that π>xk < γ for all
k ∈ S and λk > 0 for some k ∈ S. This means y /∈ aff({xk}k∈J ∪ {z}), which
contradicts the fact that y − z ∈ cone({xk − z}k∈JR

). �

4 Strength of shattering inequalities for depth 1 trees

In this section we prove two sufficient conditions ensuring that a shattering
inequality is facet-defining for W1.

Theorem 1. Let (IL, IR) ∈ I be a very good partition. Then the inequality (2)
associated with (IL, IR) and t = 1 is facet-defining for W1.

Proof. Let I = IL ∪ IR. We will show that there are N affinely independent
vectors in W1 that satisfy the inequality (2) corresponding to (IL, IR), t = 1 at
equality. To do this, we define 2N − |I| vectors in W1 satisfying (2) at equality,
and we show that among them, N vectors are affinely independent.

Define a binary vector χI such that for all i ∈ I χI
i = 1 if and only if i ∈ IL.

Since I ∈ I, for each i ∈ I we can partition the datapoints in I by misplacing
only i. Precisely, there exists a binary routing wi ∈ W1 such that wi

j,2 = χI
j if

j ∈ I \ {i} and wi
i,2 = 1 − χI

i . We remark that wi satisfies (2) ((IL, IR), t = 1)
at equality. For each i ∈ I, we denote by ŵi the subvector of wi containing the
entries wi

j,2 indexed by j ∈ I. Note that ŵi
j = wi

j,2 for each j ∈ I.

Claim 2. The subvectors ŵi, i ∈ I, are affinely independent. Moreover, if |IL| ≥
2, they are linearly independent.
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Proof of claim. If χI
i = 0, then ŵi

i = 1 and ŵj
i = 0 for j ∈ I \ {i}, hence ŵi is

clearly not an affine combination of the other vectors. If χI
i = 1, then ŵi

i = 0 and
ŵj

i = 1 for j ∈ I \ {i}, so for ŵi to be an affine combination of the other vectors,
it should hold 0 = ŵi

i =
∑

j∈I\{i} λjŵ
j
i =

∑
j∈I\{i} λj = 1, a contradiction.

Now assume that |IL| ≥ 2, and suppose by contradiction that ŵi, i ∈ I are
linearly dependent. Then there exist scalars λi, i ∈ I not all equal to zero, such
that

∑
i∈I λiŵ

i = 0. For each i ∈ IR we have ŵi
i = 1 and ŵj

i = 0 for all j ∈ I\{i},
thus it must be λi = 0. Moreover, for each i ∈ IL we have ŵi

i = 0 and ŵj
i = 1

for all j ∈ I \ {i}. Thus
∑

j∈I λjŵ
j
i = 0 implies

∑
j∈IR λjŵ

j
i +

∑
j∈IL λjŵ

j
i =∑

j∈IL\{i} λj = 0. Summing up over all i ∈ IL, we obtain (|IL|−1)
∑

i∈IL λi = 0.
Thus

∑
i∈IL λi = 0, and since λi = 0 for all i ∈ IR we obtain

∑
i∈I λi = 0. This

contradicts the fact that ŵi, i ∈ I, are affinely independent. �

By arranging wi, i ∈ I as rows of a matrix, we obtain the block matrix[
A B C

]
, where A is a |I| × |I| matrix containing the subvectors ŵi, i.e., the

entries wi
j,2 for j ∈ I, B is a |I| × (N − |I|) matrix containing the entries wi

j,2

for j ∈ [N ] \ I, and C is a |I| ×N matrix containing the entries wi
j,3 for j ∈ [N ].

By Claim 2, A has full affine rank.
Moreover, for each i ∈ [N ] \ I, we consider the routings wi−, wi+ ∈ W1

given by Lemma 4. Note that all of these routings satisfy the inequality (2)
corresponding to I, t = 1 at equality. We construct a (2N − 2|I|)× 2N matrix
D using the vectors wi+ as first N − |I| rows, and the vectors wi− as the next
N − |I| rows. As before, the first N columns are indexed by t = 2, and the last
N columns are indexed by t = 3. We further partition the first N columns into
those indexed by I and [N ] \ I. We now perform N elementary row operations
where, for each i ∈ [N ]\I, we replace wi+ with wi+−wi−. By Lemma 4, we have
that wi+−wi− = (ei,−ei), where ei denotes the i-th row of the N ×N identity
matrix IN . Let D′ be the matrix obtained after the elementary row operations.
We define a submatrix D′′ of D′, obtained by selecting the first N−|I| rows and
the first N columns of D′. We construct the N ×N block matrix

M =

[
A B
D′′

]
=

[
A B
0 IN

]
.

We now consider two different cases. In the first case |IL| ≥ 2. By Claim 2,
we have that A has nonzero determinant, implying that M had also nonzero
determinant. In particular, M has full affine rank. In the second case |IL| = 1.
Assume w.l.o.g. that IL = {1}. In this case we can choose w1 = 0, i.e., all the
datapoints are routed to the right towards leaf 3. As a consequence, the first
row of M has all zero entries. We then subtract the first row of M from all the
subsequent rows. By Claim 2, we know that A has full affine rank, thus we can
conclude that M has full affine rank. �

Theorem 2. If the dataset is in general position, then every (IL, IR) ∈ I is a
good partition.
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Proof. Let (IL, IR) ∈ I and I = IL ∪ IR. We prove that for every i ∈ [N ] \ I,
there exist a ∈ Rp, b ∈ R, j ∈ I such that a>xi = b, σI

j a
>xj > σI

j b and
σI
ka
>xk < σI

kb for all k ∈ I \ {j}. Recall that, since the dataset is in general
position, by Lemma 5 we have |IL| + |IR| = p + 2. We distinguish between the
cases min{|IL|, |IR|} = 1 and min{|IL|, |IR|} ≥ 2.
Case 1 (min{|IL|, |IR|} = 1). We assume |IL| = 1 (equivalently |IR| = p+1); the
case where |IR| = 1 (equivalently |IL| = p + 1) follows similarly. Let IL = {`}.
Since the dataset is in general position, the points {xk}k∈IR are the vertices of the
p-simplex P = conv({xk}k∈IR), and x` lies in the interior of P . If xi /∈ P , then
simply take j to be `. Any hyperplane separating xi from {xk}k∈IR can be pushed
towards xi until xi lies on it. If xi ∈ P , since x1, . . . , xN are general position,
xi lies in the interior of P . Let the system {Cx ≤ d} = {(ck)>x ≤ dk}k∈IR be
a minimal representation of P , where the inequality (ck)>x ≤ dk corresponds
to the facet of P that does not contain xk. Note that for each k ∈ IR, we have
(ck)>xk = minx∈P (ck)>x < dk and (ck)>xh = dk for h ∈ IR \ {k}, i.e., xk
minimizes (ck)>x over all x ∈ P , whereas the other points {xh}h∈IR\{k} do not.
We also have (ck)>xi < dk for k ∈ IR, as xi lies in the interior of P . Define
d = Cx`.

Claim 3. {x ∈ Rp : Cx ≤ d} = {x`}.

Proof of claim. Suppose there exists z ∈ Rp, z 6= x` such that Cz ≤ d. We have
C(z−x`) = Cz−d ≤ 0. For every x ∈ P and λ ≥ 0, we have C(x+λ(z−x`)) =
Cx + λC(z − x`) ≤ d, implying P is unbounded, a contradiction as P is the
convex hull of a finite set of points. �

Therefore, every x ∈ Rp \ {x`}, in particular x = xi, must satisfy (cj)>x > dj
for some j ∈ IR. Let a = cj , b = (cj)>xi. Note that, by definition of a and b,
a>xi = b. As (cj)>x` = dj and j is chosen so that dj < (cj)>xi, we also have
a>x` < b. Moreover, since xj is the only vertex of P minimizing (cj)>x, we
obtain a>xj < b and a>xk > b for all k ∈ IR \ {j}.
Case 2 (min{|IL|, |IR|} ≥ 2). Let z = xi. Define CR = cone({xk − z}k∈IR)
and CL = cone({xk − z}k∈IL). For each h ∈ IR, define CR(h) = cone({xk −
z}k∈IR\{h}), similarly for each h ∈ IL, define CL(h) = cone({xk − z}k∈IL\{h}).
We first prove the following claim.

Claim 4. There exists j ∈ IL ∪ IR such that if j ∈ IL, then CL(j) ∩ CR = {0},
otherwise if j ∈ IR, then CL ∩ CR(j) = {0}.

Proof of claim. Since |IL| + |IR| = p + 2, we have min{|IL|, |IR|} ≥ 2 implies
that |IL| ≤ p and |IR| ≤ p. Furthermore, since the dataset is in general position,
z = xi /∈ aff({xk : k ∈ IR}), moreover {xk−z}k∈IR are linearly independent and
CR is a simplicial cone of dimension |IR|. Since the cone is simplicial, for each
k ∈ IR, CR(k) is a facet of CR. Similarly, CL is a simplicial cone of dimension
|IL|, and for each k ∈ IL, CL(k) is a facet of CL. We remark that CL and CR

cannot have a generator in common. If this was the case, we would have three
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colinear datapoints (including z), a contradiction. This observation implies that
CL 6= CR. Next, we assume w.l.o.g. |IL| ≤ |IR|.
Case 2(a) (|IL| = 2, equivalently |IR| = p). Assume w.l.o.g. IL = {1, 2}. We
consider two subcases. In the first subcase, CL ⊂ CR. We claim that for each
j ∈ IR we have CR(j) ∩CL = {0}. By contradiction, suppose there exists y 6= z
such that (y − z) ∈ CR(j) ∩ CL. Since (y − z) ∈ CL, we have

y − z = r1(x1 − z) + r2(x2 − z), (12)

with r1, r2 ≥ 0 and at least one of r1, r2 is strictly positive. Since CL ⊂ CR, both
(x1 − z) and (x2 − z) can be obtained as conic combinations of {xk − z}k∈IR ,
i.e.,

x1 − z =
∑
k∈IR

λk(xk − z), x2 − z =
∑
k∈IR

µi(x
k − z), (13)

where λk, µk ≥ 0 for each k ∈ IR. Note that in the above conic combinations, λj
(resp. µj) must be strictly positive, otherwise x1 (resp. x2) would lie in the affine
hull of the p points {xk}k∈IR∪{i}\{j}, contradicting the fact that the dataset is
in general position. By combining (12) and (13) we obtain

y − z =
∑
k∈IR

(r1λi + r2µi)(x
k − z). (14)

Since r1λj + r2µj > 0, we have contradicted that (y − z) ∈ CR(j).

Now we consider the subcase where CL ⊂ CR does not hold. Then we have
that exactly one among (x1 − z) and (x2 − z) lies inside CR; if it is (x1 − z),
then, CL(1) ∩ CR = 0, otherwise CL(2) ∩ CR = 0.

Case 2(b) (|IL| ≥ 3, equivalently |IR| ≤ p−1). We assume w.l.o.g. {1, 2, 3} ⊆ IL.
Let J = IL ∪ IR \ {1, 2, 3}, and note that |J | = p − 1. Consider the parti-
tion of J defined by JR = IR and JL = IL \ {1, 2, 3}. Note that p ≥ 2, since
min{|IL|, |IR|} ≥ 2. By Lemma 7 (1), the affine hull of {xk}k∈J ∪ {z} is a hy-
perplane π>x = γ in Rp. If {x1, x2, x3} are all on one side of the hyperplane
π>x = γ, then Lemma 7 (2) implies that {xk}k∈IL and {xk}k∈IR are separable, a
contradiction. Then, we assume w.l.o.g. that π>x2 > γ, π>x3 > γ and π>x1 < γ.
Since π>x2 > γ and π>x3 > γ, Lemma 7 (2) implies that {xk}k∈JL∪{2,3} and
{xk}k∈HR

can be strictly separated by an hyperplane traversing z. Then, by
Lemma 6, it follows that CL(1) ∩ CR = {0}. �

Let j ∈ IL be such that CL(j) ∩ CR = {0}. By Lemma 6, {xk}k∈IL\{j} and
{xk}k∈IR can be strictly separated by a hyperplane containing z = xi. Therefore,
there exist a ∈ Rp, b ∈ R such that a>xi = b, a>xk < b for all k ∈ IL \ {j} and
a>xk > b for all k ∈ IR ∪ {j}. If j ∈ IR is such that CL ∩CR(j) = {0}, through
analogous arguments the lemma follows. �

The next corollary is directly implied by Theorems 1 and 2.

Corollary 1. If the dataset is in general position, then the shattering inequali-
ties (2) are facet-defining for W1.
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5 Facets for arbitrary depth trees

Due to (1), any valid inequality forW1 can be expressed using only the variables
(wi,2)Ni=1. Thus, every facet of W1 can written in the form

N∑
i=1

fiwi,2 ≤ g. (15)

Of course, (15) is not only a valid inequality for W1, but more generally for WD.
Given a routing w ∈ WD, one can obtain a “symmetric” routing w̄ that

satisfies w̄i,2 = 1 − wi,2 for all i ∈ [N ]; this is done by flipping the orientation
of the branching hyperplane at the root. This observation yields the following
lemma.

Lemma 8. For D ∈ N, inequality (15) is a facet of WD if and only if the
“symmetric” inequality

N∑
i=1

fiwi,2 ≥
N∑
i=1

fi − g (16)

is a facet of WD.

Proof. If (15) is a facet ofWD, then there are q = N(|L|−1) affinely independent
vectors w1, . . . , wq ∈ WD that satisfy (15) at equality. Our goal is to construct
q affinely independent vectors w̃1, . . . , w̃q ∈WD that satisfy (16) at equality.

For the depth D = 1 case, this can be easily seen using the vectors {φ(1 −
ŵj)}Nj=1, which are contained in W1, affinely independent, and satisfy (16) at
equality. In other words, for each j ∈ [N ], we define w̃j such that w̃j

it = 1− wj
it

for t = 2, 3, i.e., the routing w̃j sends the points {xi : wj
i,2 = 1} to the right leaf,

and the points {xi : wj
i,3 = 1} to the left leaf.

The argument generalizes to the depth D ≥ 2 case, where we begin with q
affinely independent binary vectors w1, . . . , wq, and for each j ∈ [q], we construct
a routing w̃j by sending the points {xi : wj

i,2 = 1} down the right subtree in
the same manner they are sent down the left subtree by the routing wj , and the
points {xi : wj

i,3 = 1} down the left subtree in the same manner they are sent
down the right subtree by the routing wj Formally, for each j ∈ [q], we define
the routing w̃j (only the components w̃j

it, t ∈ L̂) as follows:

w̃it =

{
wi,t+2D−1 if leaf t is in the left subtree
wi,t−2D−1 if leaf t is in the right subtree.

�

We introduce our second main result. This result can be applied to shattering
inequalities as well as to any other facet-defining inequality (15) of W1.

Theorem 3. A facet-defining inequality of W1 involving at least two variables
is also facet-defining for WD, where D ≥ 2.
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Proof. Let (15) be facet-defining for W1. There exist N affinely independent
binary vectors w1, . . . , wN in W1 satisfying (15) at equality. Let ŵ1, . . . , ŵN be
their projections onto Ŵ1 We remark that aff(ŵ1, . . . , ŵN ) = {ŵ ∈ Rn : f>ŵ =

g}. Thus: (i) g = 0 if and only if 0 ∈ aff(ŵ1, . . . , ŵN ) and (ii)
∑N

i=1 fi = g if and
only if 1 ∈ aff(ŵ1, . . . , ŵN ). Our strategy is to construct |L| − 1 routing vectors
in ŴD using ŵi ∈ Ŵ1 as a starting point, for i ∈ [N ]. We partition w̃ ∈ ŴD by
grouping the entries indexed by each t ∈ L̂ and ordering the variables as follows:

w̃ = (w̃2D+1, w̃2D+2, . . . , w̃2D+1−1), where w̃t = (w1,t, . . . , wN,t) ∀ t ∈ L̂.

We first show that
∑N

i=1 fi = g = 0 cannot hold. By contradiction, suppose∑N
i=1 fi = g = 0, thus (15) is

∑N
i=1 fiwi,2 ≤ 0. By Lemma 8,

∑N
i=1 fiwi,2 ≥ 0 is

also a facet of W1. Thus
∑N

i=1 fiwi,2 = 0 for all w ∈W1, contradicting that (15)
and (16) are facets of W1. We consider three disjoint cases separately: (1) g 6= 0

and
∑N

i=1 fi 6= g; (2) g = 0 and
∑N

i=1 fi 6= g; and (3) g 6= 0 and
∑N

i=1 fi = g.
Case 1. Since 0 /∈ aff(ŵ1, . . . , ŵN ), the vectors ŵ1, . . . , ŵN are actually linearly
independent. Similarly, since 1 /∈ aff(ŵ1, . . . , ŵN ), we have 0 /∈ aff(1−ŵ1, . . . ,1−
ŵN ), thus the vectors 1−ŵ1, . . . ,1−ŵN are also linearly independent. We define
two N ×N nonsingular matrices L = (ŵ1, . . . , ŵN )> and R = (1− ŵ1, . . . ,1−
ŵN )> and and we construct an N(|L|−1)×N(|L|−1) matrixM using as blocks
L, R and the N ×N zero matrix. For i, j ∈ [|L|− 1] we denote by Mij the block
of M in position (i, j). We define

Mij =

L if i ∈ [|L|/2− 1], j = i
R if i ∈ [|L|/2− 1], j = |L| − 1 or i ∈ {|L|/2, . . . , |L| − 1}, j = i
0 otherwise.

Intuitively, for each routing wi, i ∈ [N ] of the depth 1 decision tree, we construct
|L|−1 routings for the depth D decision tree as follows. Denote by T i

2 and T i
3 the

datapoints that are sent to leaf 2 and to leaf 3, respectively, by wi. We construct
|L|/2 routings that send T i

2 to the leftmost leaf of the depth D decision tree and
T i
3 to one of the leaves of the subtree routed at node 3. Similarly, we construct
|L|/2 − 1 routings that send T i

3 to the rightmost leaf of the depth D decision
tree and T i

2 to one of the leaves of the subtree routed at node 2 that is not
the leftmost leaf. We claim that each row w̃ of M is such that φ(w̃) ∈ WD

and φ(w̃) satisfies (15) with equality. Indeed, φ(w̃) partitions the dataset at the
root identically to some routing among φ(ŵ1), . . . , φ(ŵN ), while at every other
branch node the datapoints are all routed together either to the left or to the
right. Note that M is a block triangular matrix and each block along the main
diagonal is nonsingular, therefore M is nonsingular. By Lemma 1, there are
N(|L| − 1) affinely independent vectors in WD that satisfy (15) with equality.
Case 2. Both L and R have affinely independent rows. However, while R is non-
singular, as 0 /∈ aff(1 − ŵ1, . . . ,1 − ŵN ), L is singular, as 0 ∈ aff(ŵ1, . . . , ŵN ).
W.l.o.g., assume that ŵ1 = 0. Thus ŵ2, . . . , ŵN are linearly independent. Ob-
serve that H = aff(ŵ1, . . . , ŵN ) = {ŵ ∈ RN : f>ŵ = 0} is a linear subspace of
RN of dimension N − 1, and the vectors ŵ2, . . . , ŵN span H.
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We note that the matrix L cannot have a column of all zeros. Suppose for a
contradiction that the ith column of L was a column of zeros. Then the vectors
ŵ1, . . . , ŵN satisfy wi,2 ≥ 0 at equality and thus lie on the face {w ∈W1 : wi,2 =
0}. Since (15) involves at least two variables, we conclude that ŵ1, . . . , ŵN are
at the intersection of two distinct faces of W1, thus they cannot span a linear
subspace of dimension N − 1.

As x1, . . . , xN are all distinct, we can pick some i ∈ supp(f) such that xi can
be strictly separated from {xj}j∈supp(f)\{i} using a hyperplane. Since L does not
have a column of zeros, there exists k ∈ [N ] such that wk

i,2 = 1, i.e., i is routed
to leaf 2 in wk. Let J = {j ∈ [N ] : wk

j,2 = 1} be all the datapoints that are
sent to leaf 2 in wk, and consider a partition JL, JR of J such that {xj}j∈JL

and {xj}j∈JR
are linearly separable, J ∩ supp(f) \ {i} ⊆ JL, and i ∈ JR. Let

w̄ ∈ {0, 1}N where w̄j = 1 if j ∈ JR and w̄j = 0 otherwise. Observe that w̄ /∈ H,
as f>w̄ = fi 6= 0, thus the vectors w̄, ŵ2, . . . , ŵN are linearly independent. We
define the N×N nonsingular matrix L̄ = (w̄, ŵ2, . . . , wN )>, obtained from L by
replacing the first row with w̄. We also define a vector w′ ∈ {0, 1}N where w′j = 1

if j ∈ [N ]\J and w′j = 0 otherwise and the matrix R′ = (w′,1−ŵ2, . . . ,1−wN )>.
We construct a N(|L| − 1)×N(|L| − 1) matrix M using as blocks L̄, R′, R and
the N ×N zero matrix as follows

Mij =


L̄ if i ∈ [|L|/2− 1], j = i
R′ if i ∈ [|L|/2− 1], j = |L| − 1
R if i ∈ {|L|/2, . . . , |L| − 1}, j = i
0 otherwise.

Intuitively, for each routing vector w2, . . . , wN of the depth 1 decision tree, we
construct |L| − 1 routing vectors for the depth D decision tree as in Case 1. We
construct |L|/2 additional routings that send all the datapoints to one of the
leaves of the subtree routed at node 3. Finally, we construct |L|/2 − 1 routings
that send [N ] \ J to the rightmost leaf of the tree, JL to the leftmost leaf of the
tree, and JR to a leaf of the subtree routed at node 2 that is not the leftmost leaf.
Similar to Case 1, by construction, each row w̃ ofM is such that φ(w̃) ∈W1 and
φ(w̃) satisfies (15) with equality. Moreover, M is nonsingular and, by Lemma l:
aff ind bijection, we obtain N(|L| − 1) affinely independent vectors in WD that
satisfy (15) with equality.
Case 3. By Lemma 8, we can equivalently prove that the symmetric inequality
(16) is a facet for WD. Because

∑N
i=1 fi − g = 0, we reduce to Case 2. �

We finally prove that every facet-defining inequality of WD is also facet-defining
for the convex hull of the feasible solutions of the MIP formulation (3).

Theorem 4. A facet-defining inequality of WD is also facet-defining for the
convex hull of the feasible set of (3).

Proof. Constraints (3c) imply that for each t ∈ L, the subvector (ckt)k∈[K]

lies in a (K − 1)-dimensional simplex, denoted by ∆t. The Cartesian product
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∆ =
∏

t∈L∆
t has thus dimension |L|(K − 1). Moreover, constraints (3d) imply

that each variable zit is at most either 0 or 1. Let S denote the feasible set of
(3) where c is relaxed to be continuous and nonnegative and z is relaxed to be
continuous. For u ∈ {0, 1}, let Su = SD × ∆ × (−∞, u][N ]×L. Recalling that
WD = conv(SD), have that conv(Su) = WD × ∆ × (−∞, u][N ]×L. Moreover,
S0 ⊆ S ⊆ S1 implies conv(S0) ⊆ conv(S) ⊆ conv(S1). Thus dim(conv(S)) =
dim(WD) + |L|(K − 1) +N |L|.

Let F̃ be a facet ofWD, and consider the corresponding face F = {(w, c, z) ∈
conv(S) : w ∈ F̃} of conv(S). We have that F̃×∆×(−∞, 0][N ]×L ⊆ F ⊆ F̃×∆×
(−∞, 1][N ]×L, thus dim(F ) = dim(F̃ ) + |L|(K − 1) +N |L| = dim(conv(S))− 1.
Therefore, F is a facet of conv(S). �
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