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1 Introduction

This paper discusses a new line search for the unconstrained optimization problem

min f(x)
s.t. x ∈ Rn,

(1)

where f is continuously differentiable with Lipschitz continuous gradients g(x) = f ′(x)T

satisfying the following assumptions (A1) and (A2):
(A1) The function f is bounded below, i.e.,

f := inf
α≥0

f(x(α)) > −∞. (2)
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(A2) The function f is continuously differentiable on Rn, and its gradient is Lipschitz
continuous with Lipschitz constant γ, i.e.,

∥g(x) − g(x′)∥∗ ≤ γ∥x− x′∥ with γ > 0. (3)

Here ∥ · ∥ is an arbitrary norm an ∥ · ∥∗ is its dual norm, satisfying the generalized
Cauchy–Schwarz inequality

|yT s| ≤ ∥y∥∗∥s∥
We call a point x̂ ∈ Rn a strong local minimizer of f if f is twice continuously differen-
tiable in a neighborhood of x̂, the gradient g(x̂) of f at x̂ vanishes, and the Hessian G(x̂)
of f at x̂ is positive definite.

For any sequence x0, x1, x2, . . . of feasible points and ℓ = 0, 1, 2, . . ., we write

fℓ := f(xℓ), gℓ := g(xℓ),

sℓ := xℓ+1 − xℓ, yℓ := gℓ+1 − gℓ. (4)

We refer to the sℓ as steps.

1.1 Related work

The unconstrained optimization problem has a very long history which we do not trace here;
for the history and basic techniques see, instead, the books by Fletcher [7] or Nocedal
& Wright [15]. Here we only discuss the state-of-the-art concerning line search conditions
used in this context.

Robust optimization procedures based on a line search must ensure appropriate line search
conditions that guarantee that good step sizes are chosen. The standard convergence theory
requires that the line search must be efficient in the sense of Warth & Werner [20].
This means that it always returns a step size α for which the quotient

(f(x) − f(x+ αp)) ∥p∥2

(g(x)Tp)2

remains bounded from below by a fixed positive number. Warth & Werner proved the
following basic result.

1.1 Theorem. Given an optimization method that uses search directions pℓ satisfying the
angle condition

(gℓ)Tpℓ

∥gℓ∥∗∥pℓ∥
≤ −δ < 0 for ℓ = 1, 2, . . . (5)

and computes its points by
xℓ+1 = xℓ + αℓp

ℓ, αℓ > 0. (6)
(i) If the line searches are efficient then

inf
ℓ

∥gℓ∥∗ = 0.
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(ii) If the xℓ converge to a strong local minimizer then convergence is globally linear, i.e.,
there are constants q ∈ ]0, 1[ and c, c′ > 0 such that, for all sufficiently large ℓ,

fℓ+1 − f(x̂) ≤ q2(fℓ − f(x̂)), (7)

∥xℓ − x̂∥ ≤ cqℓ, ∥gℓ∥∗ ≤ c′qℓ. (8)
⊓⊔

Many of the current optimization methods employ the Wolfe conditions (Wolfe [21]) for
line searches along a ray x+ αp (α > 0), where x is the current iterate and p is a descent
direction, a vector satisfying

g(x)Tp < 0. (9)
The Wolfe conditions are said to hold (for fixed µ′ and η) if both the Armijo condition

f(x+ αp) ≤ f(x) + αµ′g(x)Tp with 0 < µ′ < 1 (10)

(Armijo [1]) and the curvature condition

g(x+ αp)Tp ≥ ηg(x)Tp with µ′ ≤ η < 1 (11)

are satisfied. Note that given the data at the current iterate x, checking the Armijo condition
requires a function evaluation at the trial point x+αp, and checking the curvature condition
requires an additional gradient evaluation at x+ αp.

This contrasts with line searches based on the Armijo condition and backtracking, or based
on satisfying the Goldstein conditions (Goldstein [9])

f(x) + αµ′′g(x)Tp ≤ f(x+ αp) ≤ f(x) + αµ′g(x)Tp, (12)

for fixed 0 < µ′ < µ′′ < 1, which do not need additional gradient evaluations before the new
iterate is determined by the line search. These line searches guarantee efficient step sizes
and hence can be used to design globally convergent algorithms. However, backtracking
techniques and Goldstein conditions often behave poorly in strongly nonconvex regions, a
problem partially overcome by the Wolfe conditions.

Cartis et al. [4] proved a complexity result for a non-monotone gradient-related descent
algorithm using a Goldstein line search condition. They proved that their algorithm needs
at most O(ε−2) iterations to reach a point x with

∥g(x)∥∗ ≤ ε. (13)

This line search enforces (12) by a construction of extrapolation, backtracking, or arithmetic
mean bisection. If backtracking or extrapolation cannot find a step size satisfying (12), one
finds instead a bracket [α, α] with 0 < α < α < ∞ that contains an interval of points
satisfying the Goldstein conditions. Then bisection is performed by taking the midpoint of
α and α, while updating α or α, until (12) is violated.

Royer & Wright [19] proved complexity results for two second-order descent algo-
rithms. In each iteration, theses algorithms used a backtracking line search condition using
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−µ′α2∥p∥3 instead of µ′αg(x)Tp in (10). The first algorithm is deterministic, computing ex-
act Newton-like directions and exact smallest eigenvalue τmin of Hessian matrix G, requiring
at most

O
(

max(ε−3ε3, ε−3/2, ε−3)
)

(14)

iterations ([19, Theorem 5]) to find a point x with

min(∥g(x)∥∗, ∥g(x+ αp)∥∗) ≤ ε, τmin(G(x)) ≥ −ε for given ε, ε ∈ (0, 1). (15)

The second algorithm computes inexact Newton-like directions while performing a ran-
domized Lanczos process to approximate the smallest eigenvalue of Hessian matrix in each
iteration. This algorithm needs, with high probability, at most (14) iterations ([19, Theorem
14]) to find a point x satisfying an approximate variant of (15).

1.2 An overview of our method

The present paper analyzes a new line search method called CLS, formally specified in
Algorithm 1 below. Some of the results of this paper are taken from our unpublished
manuscript [14].

Compared to the traditional approaches, there are several new features:

• CLS uses a new sufficient descent condition, more liberal than Goldstein or Wolfe line
searches.

• The sufficient descent condition, (32) below, is a variation of the Goldstein condition (12).
It is easier to satisfy than (12), but still forbids accepting step sizes that are too small or
too large, and therefore still leads to a reasonable reduction of the function value.

• CLS is an efficient line search in the formal sense (Theorem 3.1, below), without requiring
additional gradient evaluations.

• CLS behaves well in strongly nonconvex regions. Indeed, for certain functional shapes
(see, e.g., case (vi) of Figure 1, below), it accepts a much larger range of meaningful step
sizes than Goldstein or Wolfe conditions.

• For strictly convex quadratic functions, termination after at most two iterations is guar-
anteed.

• We prove a complexity bound on the number of function evaluations needed in CLS
(Section 4). In particular, the sufficient descent condition, (32) below, together with a
weak condition on the search directions, is sufficient for global convergence.

• The line search and its analysis are formulated for the case of searching along an arbitrary
search path that need not be a ray but starts at the current iterate tangentially to a descent
direction.

The new line search was implemented in Matlab as part of the bound-constrained optimiza-
tion software LMBOPT, whose excellent practical performance is documented in Kimiaei et
al. [13].
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2 Variations on a theme by Goldstein

A line search proceeds by searching points x(α) on a directionally differentiable curve of
feasible points parameterized by a step size α ≥ 0 starting at the current point x = x(0).
If the gradient g = g(x) is nonzero, the existence of an α > 0 with f(x(α)) < f(x) is
guaranteed if the tangent vector

p := x′(0) (16)
is a descent direction. The goal of a line search is to find a value for the step size such that
f(x(α)) is sufficiently smaller than f(x), as measured by the efficiency criterion (39) below.
In particular, for a straight line search,

x(α) = x+ αp,

and (39) reduces to the efficiency criterion discussed in Section 1.1. If straight line searches
in the directions p are used then s = αp, where α > 0 is the step length accepted. However,
application may require other search paths. For example, the bound constrained solver
LMBOPT [13] uses our line search for a piecewise linear search path x(α).

2.1 The Goldstein quotient

A good and computationally useful measure of progress of a line search is the Goldstein
quotient

µ(α) := f(x(α)) − f(x)
αg(x)Tp

for α > 0, (17)

first considered by Goldstein [10]. The Goldstein quotient can be extended to a contin-
uous function µ : [0,∞] → Rn by defining µ(0) := 1 since, by l’Hôpital’s rule and (16),

lim
α→0

µ(α) = lim
α→0

f ′(x(α))x′(α)
g(x)Tp

= f ′(x)x′(0)
f ′(x)p = 1.

A practical, easily checkable condition can be given in terms of curvature information about
the graph of

ψ(α) := f(x+ αp).
Such curvature information is contained in the magnitude of the second order divided
differences

ψ[α1, α2, α3] := ψ[α1, α2] − ψ[α1, α3]
α2 − α3

, (18)

where
ψ[α1, α2] := ψ(α2) − ψ(α1)

α2 − α1
= ψ[α2, α1] (19)

defines the slopes (first order divided differences) of ψ. Using ψ[α, α] := ψ′(α), the divided
differences make also sense when two of the arguments coincide; clearly the above result
remains valid in this confluent case. In particular,

ψ[0, 0] = g(x)Tp, ψ[0, α] = µ(α)g(x)Tp, (20)
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ψ[0, α, α′] = ψ[0, α] − ψ[0, α′]
α− α′ = µ(α)g(x)Tp− µ(α′)g(x)Tp

α− α′ = µ(α) − µ(α′)
α− α′ g(x)Tp, (21)

(µ(α) − 1)g(x)Tp = ψ[0, α] − ψ[0, 0] = αψ[0, 0, α]. (22)

2.1 Proposition. For arbitrary α1, α2, α3 ∈ R, we have

|ψ[α1, α2, α3]| ≤ γ

2∥p∥2. (23)

In particular, for a straight line search x(α) = x+ αp,

f(x+ αp) = f(x) + αg(x)Tp+ α2ψ[0, 0, α], |ψ[0, 0, α]| ≤ γ

2∥p∥2 (24)

holds and the Goldstein quotient is Lipschitz continuous

|µ(α) − µ(α′)| ≤ Γ|α− α′| (25)

and satisfies
|µ(α) − 1| ≤ Γα for α > 0, (26)

where
Γ := γ∥p∥2

2|g(x)Tp|
(27)

with γ > 0 from (A2).

Proof. If the αj are distinct, the functions ϕ2 and ϕ3 defined by

ϕj(t) := ψ(α1 + t(αj − α1))
αj − α1

for j = 2, 3 satisfy

ϕ′
j(t) = ψ′(α1 + t(αj − α1)) =

(
g(x+ (α1 + t(αj − α1))p)

)T
p.

By the generalized Cauchy-Schwarz inequality and (A2) for the gradient,

|ϕ′
2(t) − ϕ′

3(t)| =
∣∣∣(g(x+ (α1 + t(α2 − α1))p) − g(x+ (α1 + t(α3 − α1))p)

)T
p
∣∣∣

≤
∥∥∥g(x+ (α1 + t(α2 − α1))p) − g(x+ (α1 + t(α3 − α1))p)

∥∥∥
∗
∥p∥

≤ γ∥t(α2 − α3)p∥∥p∥ = γ|t(α2 − α3)| ∥p∥2.

Therefore, the derivative of

ϕ(t) := ϕ2(t) − ϕ3(t)
α2 − α3

is bounded by γt∥p∥2
2 for t ≥ 0. This implies

|ψ[α1, α2, α3]| = |ϕ(1) − ϕ(0)| =
∣∣∣ ∫ 1

0
ϕ′(t)dt

∣∣∣ ≤
∫ 1

0
|ϕ′(t)|dt ≤

∫ 1

0
tγ∥p∥2

2dt = γ

2∥p∥2
2
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and proves (23) when the αj are distinct. Taking limits, (23) follows generally. From (20)
and (22) we conclude that

f(x+ αp) − f(x) = αµ(α)g(x)Tp = αg(x)Tp+ α2ψ[0, 0, α].

From this and (23), (24) follows. (25) is obtained from (20) and (23),

|µ(α) − µ(α′)| = |ψ[0, α, α′]| |α− α′|
|g(x)Tp|

≤ γ∥p∥2
2

2|g(x)Tp|
|α− α′| = Γ|α− α′|.

In particular, choosing α′ = 0 and using µ(0) = 1 and (25), we find (26). ⊓⊔

2.2 Proposition.
(i) If α, α′, α′′ are distinct then

ψ[α, α′] = (α̃− α)ψ[α, α̃] + (α′ − α̃)ψ[α′, α̃]
α′ − α

, (28)

ψ[α, α′, α′′] = (α̃− α)ψ[α, α′′, α̃] + (α′ − α̃)ψ[α′, α′′, α̃]
α′ − α

. (29)

(ii) Suppose that
α0 ≤ α1 ≤ . . . ≤ αm.

Then ∣∣∣ψ[αi, αj, αk]
∣∣∣ ≤ max

l=1:m−1

∣∣∣ψ[αl−1, αl, αl+1]
∣∣∣ for i, j, k = 0, . . . ,m. (30)

Proof. (i) (28) is verified directly by expanding both sides using (19). By expanding the
definition (18), we see that

ψ[α, α′, α′′] = ψ[α, α′] − ψ[α, α′′]
α′ − α′′ =

ψ(α′) − ϕ(α)
α′ − α

− ψ(α′′) − ψ(α)
α′′ − α

α′ − α′′

= (α′′ − α)(ψ(α′) − ψ(α)) − (α′ − α)(ψ(α′′) − ψ(α))
(α′ − α)(α′′ − α)(α′ − α′′)

= (α′ − α′′)ψ(α) + (α− α′)ψ(α′′) + (α′′ − α)ψ(α′)
(α′ − α)(α′′ − α)(α′ − α′′)

= ψ(α)
(α− α′)(α− α′′) + ψ(α′)

(α′ − α)(α′ − α′′) + ψ(α′′)
(α′′ − α)(α′′ − α′)

is a symmetric function of α, α′, α′′. Now (29) follows for fixed α′′ from (28) applied to
ϕ(α) := ψ[α, α′′] in place of ψ(α) since

ψ[α, α′, α′′] = ϕ[α, α′].

(ii) We only need to prove the case where the αi are distinct and i < j < k, since the general
result then follows by symmetry and by taking confluent limits. Under this restriction we
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prove (30) by induction on k − i. Clearly, k − i ≥ 2. If k − i = 2 then i = j − 1, k = j + 1,
and (30) holds trivially. Thus assume that (30) holds when k − i < d. The case where
k − i = d can be reduced to the case k − i < d by applying (29) with α = αi, α′ = αk,
α′′ = αj, and α̃ = αh with i < h < k and k ̸= j and using the triangle inequality. Thus
(30) holds generally. ⊓⊔

2.2 A sufficient descent condition

Since by assumption gTp < 0, we have f(x(α)) < f(x) iff α > 0 and µ(α) > 0. Restrictions
on the values of the Goldstein quotient define regions where sufficient descent may be
achieved.

For example, in a straight line search, the Armijo condition (10) is equivalent to µ(α) ≤ µ′,
and the Goldstein condition (12) is equivalent to

µ′ ≤ µ(α) ≤ µ′′. (31)

The curvature condition by Wolfe cannot be expressed in terms of the Goldstein quotient
since it depends on an additional gradient at the trial point x+ αp.

We consider here the sufficient descent condition (SDC)

µ(α)|µ(α) − 1| ≥ β (32)

with fixed β > 0. This condition requires µ(α) to be both not too close to one, forbidding
steps that are too short, and sufficiently positive, typically forbidding steps that are too long
by forcing f(x(α)) < f(x). The condition is easier to satisfy than the Goldstein condition
(12). Indeed, (12) is equivalent to (31); hence (32) holds with

β = µ′(1 − µ′′) > 0.

Conversely, with

µ′ = 2β
1 +

√
1 − 4β , µ′′ = 1 +

√
1 − 4β
2 , (33)

(32) implies that either (12) holds or the alternative fast descent condition

µ(α) ≥ µ′′′ (34)

holds with

µ′′′ = 1 +
√

1 + 4β
2 .

The Goldstein condition (31) can be interpreted geometrically: In the graph of f(x(α)), the
cone defined by the two lines through (0, f) with slopes µ′g(x)Tp and µ′′g(x)Tp cuts out a
section of the graph, which defines the admissible step size parameters. Similarly, equality
in (34) defines another line that determines the boundary of another section of the graph
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Figure 1: The sufficient descent condition with tuning parameter β = 0.1. Drawn in
each case are the lines with slopes µ′g(x)Tp, µ′′g(x)Tp, µ′′′g(x)Tp, and the resulting set of
acceptable step sizes.
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leading to admissible step size parameters. Some illustrative examples are given in Figure
1.

By the preceding discussion, satisfying the sufficient descent condition (32) guarantees a
sensible decrease in the objective function.

In all cases where for small α, the graph of f(x(α)) is – as in Figure 1(vi) – concave
and fairly flat, while for larger α, f(x(α)) is strongly increasing, the traditional Goldstein
condition (12) allows – unlike the present sufficient descent condition – only a tiny and
inefficient range of step sizes. This is one of the reasons why many currently used line
searches also involve the so-called Wolfe condition, which needs gradient evaluations during
the line search.

The present line search is gradient-free but still avoids this defect of the Goldstein condition.
Indeed, in the above cases, the range allowed by the sufficient descent condition (32) is
considerably larger than that of the Goldstein condition, since it includes the values where
(34) holds.

2.3 Satisfying the sufficient descent condition

We now show that the value µ = 1
2 has a special significance. Near a local minimizer,

twice continuously differentiable functions are bounded from below and, because of Tay-
lor’s theorem, almost quadratic. For a linear search path and a strictly convex quadratic
function,

f(x+ αp) = f(x) + αg(x)Tp+ α2

2 p
TG(x)p =: f + aα + bα2 = f − a2

4b + b(α− α̂)2

with
a < 0 < b, α̂ = − a

2b > 0.

This implies that

µ(α) = 1 + bα

a
= 1 − α

2α̂ < 1

for α > 0. In particular, µ(α̂) = 1
2 , and the minimizer

α̂ = α

2(1 − µ(α)) (35)

along the search ray can be computed from any α > 0.

Since the objective function is assumed to be bounded below (A1), a step size satisfying
the sufficient descent condition (32) can be found constructively:

2.3 Theorem. Let β ∈ ]0, 1
4 [, g(x)Tp < 0. The equation µ(α̂) = 1

2 has a solution α̂ > 0,
and any α sufficiently close to α̂ satisfies (32).
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Proof. By (2), f(x(α)) ≥ f and µ0 := inf
α≥0

µ(α). If µ0 > 0 then (17) implies for α > 0 the
inequality

f − f(x) ≤ f(x(α)) − f(x) = αg(x)Tpµ(α) ≤ αg(x)Tpµ0, (36)

but since g(x)Tp < 0, this is impossible for sufficiently large α. Therefore µ0 ≤ 0. By
continuity, µ(α̂) = 1

2 has a solution α̂ > 0. Since µ(α̂)|µ(α̂) − 1| = 1
4 > β, (32) holds for all

α sufficiently close to α̂. ⊓⊔

Without (A1), the argument in the proof shows that the result remains valid unless function
values with a arbitrarily large negative f(x) are sampled in the line search.

3 The new line search

Based on the theory so far it is natural to attempt to find a step size α with µ(α) ≈ 1
2 .

This can be done by a simple bisection procedure, updating a bracket [α, α] containing α̂
with µ(α̂) = 1

2 , implemented in our new line search CLS.
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3.1 CLS, a curved line search

Algorithm 1 CLS, curved line search

1: Purpose: CLS finds a step size α with µ(α)|µ(α) − 1| ≥ β

2: Input: x(α) (search path), f0 = f(x(0)) (initial function value), ν = −g(x(0))Tx′(0)
(directional derivative)

3: Tuning parameters: αinit (initial step size), αmax (maximal step size), β ∈ ]0, 1
4 [

(parameter for efficiency), Q > 1 (factor for extrapolation and interpolation)

4: Requirements: ν > 0, 0 < αinit ≤ αmax ≤ ∞

5: Initialization: first=1; α = 0; α = ∞; α = αinit;

6: while 1 do
7: compute the Goldstein quotient µ(α) = (f0 − f(x(α)))/(αν);
8: if µ(α)|µ(α) − 1| ≥ β, break; end ▷ sufficient descent condition was satisfied
9: if µ(α) > 1

2 , α = α;
10: elseif α = αmax, break;
11: else, set α = α; ▷ linear decrease or more
12: end
13: if first, ▷ initially check whether function is almost quadratic or not
14: first = 0;
15: if µ(α) < 1, α = 1

2α/(1 − µ(α)); else α = αQ; end
16: else
17: if α = ∞, expand toα = αQ; ▷ extrapolation was done
18: elseif α = 0, compute α = 1

2α/(1 − µ(α)); ▷ interpolation was done
19: else, calculate α =

√
αα; ▷ interval was found; geometric mean was computed

20: end
21: end
22: restrict α = min(α, αmax);
23: end
24: end while
25: return α;

The complexity analysis in Theorem 4.1 suggests that we restrict αinit and αmax such that

κν

∥p∥2 ≤ αinit ≤ αmax ≤ λν

∥p∥2 (37)

holds for fixed tuning parameters 0 < κ < λ < ∞. Here ν is from line 2 of Algorithm 1.

The Boolean variable first in the while loop ensures that the quadratic case will be
optimally handled. In the first iteration we use the formula (35) whenever µ(α) < 1. If
the resulting next value for µ does not satisfy SDC, the function is far from quadratic and
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bounded, and we proceed with a simple bisection scheme: Until we know a bracket with
α > 0 and α < ∞, we either interpolate with (35) (interpolation step), or we extrapolate
with a constant factor Q > 1 (extrapolation step). The interpolation step after the
first iteration guarantees, for sufficiently large αmax, that for nearly quadratic objective
functions, the line search takes at most two function values.

Once a bracket [α, α] with 0 < α < α < ∞ is found, a geometric mean step is done by
taking the geometric mean of the lower bound α and the upper bound α updating α or α in
the next iteration. This is an improvement over the arithmetic mean bisection of Cartis
et al. [4] whenever the bracket spans several orders of magnitude. This may happen due to
the interpolation step after the first iteration with at most two function evaluations when
the objective function is nearly quadratic. We quit the line search once the stopping test
is satisfied and return the final step size α.

Because of Theorem 3.1, Algorithm 1 defines (for αmax = ∞) an efficient line search and
achieves a well-defined minimal reduction in the function value. A finite but large bound
on αmax is needed in practice to account for the possibility that f is unbounded below,
excluded in (A1) but possible in application.

Note that in a computer implementation, this idealized line search needs an extra stopping
test to ensure that it ends after finitely many steps even when f is unbounded below along
the search curve. In addition, one need to take measures that make the line search robust
in the presence of rounding errors by forbidding steps that are so small that the change in
function value is dominated by rounding errors. Details were discussed in the companion
paper Kimiaei et al. [13].

We need β < 1
4 in order that for a quadratic function a neighborhood of the minimizer is

accepted by (38). The best values for β and Q depend on the particular algorithm calling
the line search, and must be determined by calibration on a set of test problems. In LMBOPT
[13, Section 5.2], the default values used are β = 0.02 and Q = 25.

3.2 Bounding the gain in the objective function

The following result implies that, for straight search paths, CLS is an efficient line search.

3.1 Theorem. Suppose that the restriction of the search path to [0, α∗] is a ray.

(i) If, for any function f with Lipschitz continuous gradients, a line search procedure pro-
duces a step satisfying

(f(x) − f(x+ αp))
∣∣∣ψ[α1, α2, α3]

∣∣∣ ≥ β(g(x)Tp)2 (38)

for suitable α1, α2, α3 ∈ [0, α∗] and β > 0, then

(f(x) − f(x(α′)) ∥p∥2

(g(x)Tp)2 ≥ 2β
γ

(39)
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holds for any step size α′ ∈ [0, α∗] with f(x(α′)) ≤ f(x(α)). In particular, the line search
procedure is efficient.

(ii) (39) also holds if α ∈ [0, α∗] satisfies the sufficient descent condition (32).

Proof. (i) By Proposition 2.1 and (38),

(f(x) − f(x+ αp))∥p∥2
2

(g(x)Tp)2 ≥ 2
γ

(f(x) − f(x+ αp))|ψ[α1, α2, α3]|
(g(x)Tp)2 ≥ 2β

γ
.

Since by assumption x(α) = x+αp for 0 ≤ α ≤ α∗, the left hand side is uniformly bounded
away from zero and (39) holds.

(ii) By setting (α1, α2, α3) = (0, 0, α), we conclude from the definition of µ(α), (32) and
(22) that

(f(x) − f(x+ αp))
∣∣∣ψ[α1, α2, α3]

∣∣∣ = (f(x) − f(x+ αp))
∣∣∣ψ[0, 0, α]

∣∣∣
= µ(α)|g(x)Tp||(1 − µ(α))g(x)Tp|
= µ(α)|1 − µ(α)|(g(x)Tp)2 ≥ β(g(x)Tp)2.

Hence (38) holds and (ii) follows. ⊓⊔

3.3 A Matlab implementation

A Matlab implementation of CLS was discussed as part of the bound constrained solver
LMBOPT (Kimiaei et al. [13]) by the present authors and B. Azmi. Since LMBOPT can
handle infinite bounds it can in particular be used to solve unconstrained problems. The
numerical results in [13, Section 7], from which Table 1 is taken, show that the new line
search is competitive with state-of-the-art solvers for unconstrained optimization.

• In the first row of this table, three stopping tests were used. The first test is the upper
bound for the gradient norm (in the unconstrained case), the second test is the upper bound
for time in seconds sec, and the third test is the upper bound for the function evaluations
plus twice the gradient evaluations nf2g.
• Denote by sec time in seconds, by nf the number of function evaluations, by ng the
number of gradient evaluations, and define nf2g = nf + 2ng. These parameters were used
as four percentage cost measures to determine the efficiency of the solver, the solver with
the lowest computational cost. They were also rounded to integers. As you can see in [13,
Section 5.4.1], performance profiles are available with respect to these cost measures.
• The first column of Table 1 contains the names of the compared solvers, whose details
can be found in [13, Section 5.3]. The second through sixth columns of the table contain
the number of solved problems by the solvers, the nf2g efficiency, the ng efficiency, the nf
efficiency, and the sec efficiency, respectively.

In summary, LMBOPT can solve 952 out of 1088 test problems, which is competitive with
others. As mentioned earlier, our line search is a gradient-free line search. Due to this
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Table 1: The summary results for all problems

stopping test: ∥g∥∞ ≤ 1e-06, sec ≤ 300, nf2g ≤ 20 ∗ n + 10000
990 of 1088 problems solved mean efficiency in %
dim∈[1,100001] for cost measure
solver solved nf2g ng nf sec
LMBOPT 952 59 70 43 13
ASACG 935 58 60 51 62
LMBFG-EIG-MS 924 60 57 60 34
LMBFG-EIG-curve-inf 918 60 56 59 34
ASABCP 900 41 36 44 46
LMBFG-DDOGL 896 60 56 59 33
CGdescent 895 54 56 47 55
LMBFG-EIG-MS-2-2 895 50 45 57 34
LMBFG-BWX-MS 888 51 45 58 32
SPG 840 34 34 31 9
LBFGSB 803 57 51 61 32
LMBFG-EIG-inf-2 753 50 47 49 28
LMBFGS-TR 733 48 44 48 36
LMBFG-MTBT 669 45 41 46 26
LMBFG-MT 657 45 39 48 32

advantage, LMBOPT has in 70% of the test problems the lowest relative cost for gradient
evaluations. Indeed, LMBOPT is highly recommended for solving problems with expensive
gradient evaluations.

3.4 Further possible improvements

As one can see from Figure 1(v), where the minimizing α̂ satisfies µ(α̂) = 1, the global
minimizer does not necessarily satisfy the sufficient descent condition (32). Hence this
condition is more demanding than just an efficient line search – they do not always allow
to accept all points close to a minimizer of f along the search direction.

For an efficient line search that does not suffer from this defect. We need to use the freedom
to choose α1, α2, α3 different from the step size α actually employed. Thus we can satisfy
(38) by setting f(x+ α′p) to the best function value found so far, and verifying

(f(x) − f(x+ α′p))ρ ≥ β(g(x)Tp)2, (40)

where ρ is the maximum over the ψ[αi, αj, αk] computable from the information accumu-
lated so far in the line search. Thus we can improve CLS by adding (40) as an early stopping
test. In this case, α′ is returned as the accepted step size.

In an implementation, one initializes ρ with zero, sorts the step sizes already tried as (29)
with α0 = α1 = 0. By Proposition 2.2, it is sufficient to compute the divided differences
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ψ[αl−1, αl, αl+1] for l = 1, . . . ,m − 1. Thus with each new function evaluation, one has to
compute at most three new divided differences.

If second derivatives are available, one can also compute

ψ[0, 0, 0] = 1
2ψ

′′(0) = 1
2p

TGp

from the Hessian matrix, and initialize κ with 1
2 |pTGp|. In this case, a quadratic model

ψ(α) = f(x) + αg(x)Tp+ α2

2 p
TGp suggests to begin with

αinit = min
(

−g(x)Tp

pTGp
, αmax

)

and skip lines 13–16 and 21 of Algorithm 1.

4 Complexity results

In this section we prove a complexity result for CLS with tuning parameters αinit, αmax,
Q > 1, and β ∈ ]0, 1

4 [, applied to a straight search path x(α) = x + αp, where x, p ∈ Rn,
g(x)Tp < 0.

4.1 Line search complexity

4.1 Theorem. Suppose that 0 < κ < λ < ∞. If (37) holds then the number of function
evaluations in CLS is bounded by a constant depending only on Q, β, κ, λ, and γ. More
precisely:
(i) If µ(αinit) > µ′′, then CLS ends after at most LE +ME function evaluations, where

LE =
⌈
log Qλ

κ

/
logQ

⌉
, ME :=

⌈
log2

γλ logQ
2µ′′ − 2µ′

⌉
. (41)

(ii) If µ(αinit) < µ′, then CLS ends after at most LQ +MQ function evaluations, where

LQ :=
⌈
log(γλ)

/
log(2 − 2µ′)

⌉
, MQ :=

⌈
log2

γλ log(γλ)
2µ′′ − 2µ′

⌉
. (42)

(iii) Otherwise, CLS ends after a single function evaluation.

Proof. As long as no step size satisfying (32) is found, either the extrapolation phase or
the interpolation phase is performed until we find a bracket [α, α] with α > 0 and α < ∞.
Then, the geometric mean phase iteratively updates α or α by taking the geometric mean
of α and α, until we reach a step size αLM

that satisfies (32), i.e.,

0 < µ′ ≤ µ(αLM
) ≤ µ′′ < 1
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with 0 < µ′ < µ′′ < 1 from (33). Note that these are functions of β only.

Denote by [αℓ, αℓ] the bracket [α, α] after ℓ iterations of the geometric mean phase. By the
updating rule,

µ(αℓ) > µ′′ > µ′ > µ(αℓ) for ℓ = 0, . . . , LM . (43)
Using (25) and substituting ℓ = LM into (43), we

αLM
− αLM

≥ Γ−1(µ(αLM
) − µ(αLM

)) > Γ−1(µ′′ − µ′). (44)

By construction, αℓ+1 = √
αℓ+1αℓ+1 for ℓ ≤ LM with either αℓ+1 = αℓ, αℓ+1 = αℓ or

αℓ+1 = αℓ, αℓ+1 = αℓ. Therefore

rℓ := log αℓ

αℓ

> 0 for ℓ = 0, . . . , LM ,

satisfies
rℓ+1 = rℓ/2 for ℓ = 0, . . . , LM − 1. (45)

By induction and applying (44) to

rLM
= log αLM

αLM

> 1 −
αLM

αLM

= αLM
− αLM

αLM

,

we obtain
LM = log2

r0

rLM

≤ log2
αLM

r0

αLM
− αLM

≤ log2
αLM

r0Γ
µ′′ − µ′ . (46)

We now distinguish the three cases:

Case 1. µ(αinit) > µ′′ >
1
2.

Case 2. µ(αinit) < µ′ <
1
2.

Case 3. µ′′ ≤ µ(αinit) ≤ µ′.
Clearly, the main result follows from (i)–(iii). Since Case 3 is trivial, we need to consider
only Case 1 and Case 2.
Case 1. Here CLS begins with the extrapolation phase. We first prove that to find a
bracket, CLS takes at most LE function evaluations. Suppose that the extrapolation phase
takes LE iterations. Then

α1 > αinit, αk = Qαk−1 for k = 2, . . . , LE, (47)

µ(αLE
) ≤ µ′′ < µ(αLE−1). (48)

By (37) and (47), we have

QLE−1αinit < QLE−1α1 = αLE
≤ αmax ≤ λ|g(x)Tp|

∥p∥2 ≤ λαinit

κ
. (49)

Therefore QLE ≤ Qλ

κ
, giving

1 ≤ LE ≤ log Qλ
κ

/
logQ ≤ LE. (50)
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We now prove that once a bracket has been found, CLS uses at most ME function evalua-
tions. From

αinit ≤ αLE−1 = α0 ≤ αLM
≤ αLM

≤ αmax, (51)

we conclude that
r0 = log α0

α0
= log αLE

αLE−1
= logQ, (52)

αLM
≤ αmax ≤ λ

|g(x)Tp|
∥p∥2 ≤ γλ

2Γ . (53)

Here we used (27), (37), and (51) to obtain (53). By substituting (52), and (53) into (46),
we conclude that

0 ≤ LM ≤ log2
αLM

r0Γ
µ′′ − µ′ ≤ log2

γλ logQ
2µ′′ − 2µ′ ≤ ME.

Case 2. Here CLS begins with the interpolation phase. We first prove that to find a bracket,
CLS takes at most LQ function evaluations. Suppose that the quadratic interpolation phase
takes LQ iterations. Then

αk = αk−1/(2 − 2µ(αk−1)) for k = 1, . . . , LQ, (54)

µ(αLQ
) ≥ µ′ > µ(αLQ−1). (55)

From (55) and (54), we obtain

αk ≤ αk−1

2 − 2µ′ for k = 1, . . . , LQ, (56)

inductively leading to
αLQ−1 ≤ αinit

(2 − 2µ′)LQ−1 . (57)

By (26) and (57), we have

(1 − µ′) < |1 − µ(αLQ−1)| ≤ ΓαLQ−1 ≤ Γαinit

(2 − 2µ′)LQ−1 . (58)

Hence from (27), (37) and (58) we obtain

(2 − 2µ′)LQ ≤ 2Γαinit ≤ γλ, (59)

so that
1 ≤ LQ ≤ log(γλ)

/
log(2 − 2µ′) ≤ LQ. (60)

We now prove that once a bracket has been found, CLS uses at most MQ further function
evaluations. From

αLQ
= α0 ≤ αLM

≤ αLM
≤ αLM

≤ αLQ−1 = α0 ≤ αinit, (61)
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(27), and (37), we conclude that

r0 = log
αLQ−1

αLQ

= log |2 − 2µ(αLQ−1)| ≤ log(2Γαinit) ≤ log(γλ) (62)

and
αLM

≤ αinit ≤ γλ

2Γ . (63)

From (46), (63), and (62), we conclude that

0 ≤ LM ≤ log2
r0αLM

Γ
µ′′ − µ′ ≤ log2

γλ log(γλ)
2µ′′ − 2µ′ ≤ MQ.

⊓⊔

4.2 Complexity of descent methods that use CLS

As a consequence of Theorem 4.1, we obtain a complexity result for descent methods that
perform straight line search along directions satisfying the bounded angle condition (5) and
choose the step sizes by CLS, where Q and β are kept constant.

4.2 Theorem. Given constants 0 < κ < λ < ∞, suppose that the search directions
satisfy the bounded angle condition (5) for some δ > 0 and the initial step sizes are chosen
such that (37) holds. Then:

(i) The number of function values needed to reach a point x with (13) is O(ε−2).

(ii) If the sublevel set {x ∈ Rn | f(x) ≤ f(x0)} is bounded then, starting with x0, some
subsequence of the points generated converges to a stationary point.

(iii) If f has a strong local minimizer x̂ and no other stationary point then the number of
function values needed to reach a point x with (13) is O(log ε−1).

Proof. We write fℓ := f(xℓ) and fℓ+1 := f(xℓ + αℓp
ℓ), and assume that the algorithm

terminates at xL; hence

∥g(xL)∥∗ < ε ≤ ∥g(xℓ)∥∗ for ℓ < L. (64)

(i) By Theorem 3.1 and since the search direction p satisfies the angle condition (5), we
have

fℓ − fℓ+1 ≥ 2β
γ
δ2∥g(xℓ)∥2

∗ ≥ 2β
γ
δ2ε2 for ℓ < L. (65)

Summing all inequalities (65) and using (2) gives

f0 − f ≥ f0 − fL =
L−1∑
ℓ=0

(fℓ − fℓ+1) ≥ 2β
γ
δ2ε2L,
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leading to
L ≤ Cε−2.

where C :=
γ(f0 − f)

2βδ2 . Together with Theorem 4.1, this implies that the number of function

evaluations is O(ε−2). This proves (i).

(ii) This follows by a standard compactness argument since infℓ≥0 ∥g(xℓ)∥∗ = 0 by (i).

(iii) Under this condition, Theorem 3.1 guarantees that Theorem 1.1(ii) can be applied.
Thus (8) holds for some 0 < q < 1. It follows that ∥g(xℓ)∥∗ ≤ ε if

ℓ =
⌈

log c′ε−1

log(1/q)

⌉
= O(log ε−1),

where c′ > 0 and 0 < q < 1. Again by Theorem 4.1 the number of function evaluations is
O(log ε−1). ⊓⊔

Note that the assumption in (ii) holds if f is strongly convex. But (ii) allows for noncon-
vexity away from the optimal point. This seems to be the first O(log ε−1) complexity result
under weaker assumption than strong convexity.

Cartis et al [4] proved a complexity of O(ε−2) for a method that uses search directions
satisfying

g(x)Tp ≤ −κ1∥g(x)∥2
∗, ∥p∥ ≤ κ2∥g(x)∥∗ for κ1, κ2 > 0.

Since these imply the bounded angle condition (5) with δ = κ1/κ2, their complexity result
is analogous to our result (i). Closer analysis of their proof shows that under the stronger
assumption on f stated in (ii) our strong complexity result (ii) also applies for their method,
since the argument given above extends to their situation.

5 Conclusion

In this paper, a new gradient-free line search algorithm (CLS) was discussed. CLS in each
iteration finds a suitable reduction of the function value. CLS is an improved version of
the Goldstein line search method, where the step sizes are controlled so that they are not
too small (leading to zero steps or even failure) and not too large (violating the descent
condition). Moreover, unlike the Armijo and Goldstein line search methods, CLS can realize
the cases where f(x(α)) is nearly quadratic and therefore, assuming that f(x(α)) is bounded
below the minimum points of the strictly convex quadratic functions are chosen as step sizes
to make the descent direction, like conjugate gradient direction, effective.
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