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ABSTRACT

We consider the proximal-gradient method for minimizing an objective function
that is the sum of a smooth function and a non-smooth convex function. A feature
that distinguishes our work from most in the literature is that we assume that the
associated proximal operator does not admit a closed-form solution. To address
this challenge, we study two adaptive and implementable termination conditions
that dictate how accurately the proximal-gradient subproblem is solved. We prove
that the number of iterations required for the inexact proximal-gradient method to
reach a 7 > 0 approximate first-order stationary point is O(r~2), which matches
the similar result that holds when exact subproblem solutions are computed. Also,
by focusing on the overlapping group ¢1 regularizer, we propose an algorithm for
approximately solving the proximal-gradient subproblem, and then prove that its
iterates identify (asymptotically) the support of an optimal solution. If one imposes
additional control over the accuracy to which each subproblem is solved, we give an
upper bound on the maximum number of iterations before the support of an optimal
solution is obtained.

KEYWORDS
inexact proximal-gradient method; worst-case iteration complexity; support
identification; structured sparsity; overlapping group regularizer

1. Introduction

We consider the minimization of a function written as the sum of a smooth function
f:R™ - R and a non-smooth convex function r : R” — R, which can be written as

min f(x) + r(z). (1)

rER™

Many algorithms exist for solving such problems (e.g., see [2, [4]), which cover a wide
range of machine learning problems. A common choice for the regularizer r is the ¢4
norm [28], which is used to attain solutions to problem that have few nonzero en-
tries, i.e., a sparse solution. Computing such a solution is critical in machine learning
applications that use model prediction since it is only the nonzero entries in the solu-
tion that define the model, and therefore sparse solutions define simpler and easier to
interpret and understand models. Despite the successes of £1-norm regularization, its
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inadequacy for some modern applications has been observed. For example, since co-
variates often come in groups (e.g., genes that regulate hormone levels), one may wish
to select them jointly. Also, incorporating group information into the modeling process
can improve both the interpretability and accuracy of the resulting model [34]. There-
fore, new regularizers like the elastic-net [36] and group lasso [33] have been proposed
to address these issues, and have been successful in practice for genome-wide SNP
selection, predicting Parkinson’s disease, and gene microarray selection [1I, 8] 26l B35].

The proximal-gradient (PG) method and its accelerated variants (APG) (e.g.,
see [4]) form an important class of algorithms for solving problems of the form given
by . The core computation in a PG method is the evaluation of the proximal oper-
ator associated with the regularizer at a given point. In particular, given a proximal
parameter « > 0, the proximal operator associated with r(-) evaluated at u € R™ is
defined as the unique solution to the following optimization problem:

prox,, (u) := arglﬂélin = |z — uH; + r(z). (2)
TeR™

The most basic PG method sets v < = — oV f(z), where z is the current esti-
mate of a solution to problem , so that the PG method update takes the form
x < prox,, (r — aVf(x)). For relatively simple regularizers, such as the ¢; norm, the
solution to (2)) can be computed in closed-form. However, for more complicated regu-
larizers, such as the overlapping group ¢; norm [32], the solution to does not admit
a closed-form solution, and therefore an iterative algorithm (the iterations of which
are often called the inner iterations) is required to approzimately solve problem
each iteration. As mentioned in [25], many numerical experiments have shown that PG
methods often work well even when the proximal operator is computed inexactly by
approximately solving . Consequently, research has been devoted to understanding
how inexact evaluations of the proximal operator impact the convergence properties
of the PG method; we discuss these efforts next.

1.1. Related Work

Since the PG method solves problem by solving a sequence of subproblems of
the form , to guarantee convergence of an ineract PG method, the errors when
approximately solving must be carefully managed. There are two basic types of
strategies for controlling errors, an absolute criterion and an adaptive criterion.
Following the convention in [I5], an absolute criterion defines in advance the error
tolerance for subproblem that is acceptable during each iteration. For example, a
framework is analyzed in [25] that shows that if the error in solving ({2)) is decreased at
the rate of O(1/k%), where k is the iteration counter and § > 2 (respectively, § > 4) for
the PG (respectively, APG) method, then the inexact PG (respectively, APG) method
shares the same convergence rate as its exact counterpart. In that work, for € > 0,
the authors define & as an e-approximate solution to subproblem if and only if
it satisfies o= ||2 — u[|3 + 7(2) < mingern (55|12 — ul|3 + r(2)) + €. Other papers have
considered different ways of characterizing an inexact solution to subproblem ({2]).
For example, [30, Definition 2.1] defines & to be an inexact solution if and only if
(u— )/ € O.r(Z) for an appropriate choice of u (see Definition |3.1 for the definition
of the e-subdifferential d), and then use this notion to analyze the convergence rate of
the APG method. In [22, Definition 2.5], & is considered an inexact solution to (2) if
and only if & = prox,, (u + e) for an appropriate choice of u and where ||e|| < v/2ae,



and then analyze the convergence rate of primal-dual algorithms for solving a saddle-
point problem. These latter two notions are more stringent than the notion in [25],
and all three are different in how the error is decomposed among the e-subdifferential
of r(z) and 5 ||z — ul|? (for more details, see the discussion in [22, Lemma 2.6]).
The motivation for an adaptive criterion is to produce, given the current iterate
T, an approximate solution xp,; to subproblem such that f(zgi1) + r(xgsr) is
“significantly” less than f(zy) 4+ r(xy). A criterion of this type, by its nature, cannot
be define in advance (as is the case with an absolute criterion) because it must take
information about f 4+ r at zp into account, thus making it adaptive. Moreover, as
argued in [10], an absolute criterion may not be ideal for overall efficiency since the
actual goal is not to find x4 = prox,,, (u), but rather to find an x34 that signifi-
cantly reduces the objective function. The authors in [10] consider problem ({1)) for the
special case when f is ill-conditioned and r = 0, in which case the method is equivalent
to an inexact proximal-point method. In particular, given z; and oy > 0, they approx-
imately solve mingepn (52 ||z — ka; + f(z)), where x4 1 is acceptable as an inexact
solution if f(zy) — f(a:kﬂk) > IV f(@ps1)lls lze — 41l with 7 € (0,1). This work
is extended in [I5] to allow for nontrivial r and acceleration by approximately solving
mingegn (ﬁ |z — 2|3 + f(z) + r(z)), where zj11 is an acceptable inexact solution
if L oo — 2kl + f@ren) + (o) - mingene (4 o = 2l + f(2) + 7(2)) <
K||Tg+1 — a:k||§ for some k > 0. Relating a measure of error in the subproblem to
O(J|xg+1 — xk|l5) dates back to [23] and has been extensively studied for the proximal-

point method. To integrate second-derivative information, [14] proposed to approxi-
mately solve, for a symmetric matrix H, the subproblem

min V(e) (x — ) + 3(x — 2p)TH(z — ap) + r(2) — r(2g). (3)

When H = (1/ay)! and u = z;, — o,V f (), subproblem (3]) recovers subproblem (2)).
The vector x4 is considered an acceptable approximate solution to subproblem
if it achieves a decrease in its objective function that is at least some fraction of
that achieved by its exact solution. Verifying this adaptive criterion requires either
estimating a tight lower bound of the minimal value for subproblem or devising
(when problem is strongly convex) an algorithm with global linear convergence
for . Recently, [22] designed two adaptive criteria specifically tailored to FISTA [3].
When r is a sparsity-inducing regularizer, one is interested in a support identification
property (i.e., the iterates of an algorithm correctly identify the support of an optimal
solution to problem in finitely many iterations). It is shown in [20, 27] that when
problem ([2) is solved ezactly, the PG and APG methods have the support identification
property under non-degeneracy assumptionsE While support identification results are
proved in [I3] for a framework built upon subproblem , they either require the
explicit computation of the exact solution to or require its implicit computation
by making an assumption on the inexact subproblem solution obtained. To the best
of our knowledge, no research has explored the support identification property when
problem must be solved inezactly, which is a unique aspect of our paper.

1.2. Contributions

This paper makes the following contributions in the area of PG methodology.

1Support identification is called active-set identification in [20] and manifold identification in [27].



e We propose an inexact PG framework that allows for two practical adaptive
criteria for determining acceptable approximate solutions to the PG subproblem.
The adaptive criteria are easier to verify compared to most in the literature.
For example, compared with [I5], our criteria are easier to verify for regularizers
such as the overlapping group-¢1; to verify the adaptive criterion in [I5], one must
either evaluate the proximal operator of r exactly, which excludes the overlapping
group-/1, or estimate a tight lower-bound of min,egn 54— [l — ul|* 4 f(z) +r(x),
which can be as difficult as solving problem itself.

e We provide a unified worst-case complexity bound analysis of our PG framework
noted in the previous bullet point. Interestingly, the complexity result for our
inexact PG framework matches the result that holds for the exact PG method.

e For the special case of the overlapping group-¢; regularizer, whose proximal
operator does not admit a closed-form solution, we propose an enhanced PG
subproblem solver that is designed with support identification in mind. When
our PG framework uses our PG subproblem solver, we prove (under common
assumptions) a worst-case complexity result for the number of iterations until
optimal support identification occurs. To the best of our knowledge, this is the
first work that establishes such a result for a framework built upon implementable
(verifiable) conditions when the regularizer does not have a closed-form solution.

1.3. Notation and assumptions

Let R denote the set of real numbers, R™ denote the set of n-dimensional real vectors,

and R™*™ denote the set of m-by-n-dimensional real matrices. Let ||-|| denote the ¢y
norm. The set of nonnegative integers is denoted as N := {0,1,2,...} and for any
positive integer n, we define [n] := {1,2,...,n}. For a matrix A € R™*" and index

sets (I,1') C [m] x [n], we let A7 j denote the sub-matrix of A formed by taking rows
from the index set I and all columns, and A7 1, denote the sub-matrix of A formed by
taking rows in the index set I and columns in the index set I’. For a convex function
h : R" — R, denote its Fenchel conjugate as h*. Given z € R"™ and d € R", the
directional derivative of h at = in the direction d is denoted by Dp(x;d). Given a set
C C R” that is closed and convex, define the projection operator Proj. (-) : R” — C as

Projc (7) := argmin ||y — g2,
yeC

which then also allows us to define the distance of a vector § € R™ to the set C as
dist(y, C) := ||y — Proj¢ (7) [|.
For any £ € R" and & > 0, we define the PG update as

T(Z,@) = argmin ¢(z; 7, &) with ¢(z;Z, @) := 5= Hx —(z-avf( )H +r(x). (4)
TER™

Using the notion of e-inexactness from [25, equation (4)], we use T¢(Z, @) to denote
the set of e-PG updates, which is defined by

Te(z,q) := {2 e R" | ¢(&;7,a) < ¢(T(Z,®); T, @) + €}. (5)



Note that it follows from these definitions that 7o(Z, @) = {T(z, @)}.
Finally, we make the following assumption throughout the paper.

Assumption 1.1. Define £ := {z € R" : f(z)+r(z) < f(xo) +7(z0)} where ¢ is an
initial solution estimate to . The function f is continuously differentiable and V f
is Lipschitz continuous with constant L, on an open neighborhood containing £. The
function r is closed, proper, and convex. The function f + r is bounded below.

1.4. Organization

In Section [2, we describe the inexact PG method that uses adaptive termination
criteria for solving problem . The convergence analysis and support identification
result is presented in Section [3land Section [4] respectively. Numerical results are given
in Section [5} and concluding remarks are presented in Section [6]

2. Algorithm

Our proposed inexact PG method is stated as Algorithm [l Given the kth iterate
xp and proximal parameter «y, the algorithm computes an €x-PG update 11 €
Te, (zx, ar) and associated step sp = ZTxy1 — Xk, where the value for €, depends on
the value of the input parameter option € {option_1,option 2}. In particular, if
option = option_1, then €; = cl|sx||?> with c; chosen in Step |5, while if option =
option_2, then € = o (qb(a:k;xk,ak) - (;S(T(xk,ak);xk,ak)) with 9 € (0,1/2]. Next,
Ay is set to a value that depends on the value of option (see Steps [7| and . The
choices for Ay and ¢ and the restrictions on v; and 7, in Algorithm [I] ensure that
sk is a descent direction for f + r at xj (see Lemma , and that the line search
performed in Steps [13| gives a decrease in the objective function proportional to
apXx2 when the unit step is accepted (see Lemma (1)) where

Xk = || T (vk, o) — 2| /o (6)

is a measure of first-order optimality for problem at xp (see [3, Theorem 10.7]
for more details on xj). Finally, in Steps the proximal parameter for the next
iteration is set to a fraction of its current value anytime j > 0 (i.e., anytime the unit
step size is not accepted during the linesearch).

To successfully implement Algorithm|[T} for each k € N, one must be able to compute
the triple (Zxy1, Sk, €x) needed in Steps |§| and @ As long as zj is not optimal (i.e., as
long as x > 0), the existence of such points is guaranteed, although computing one is
challenging for nontrivial regularizers. We consider this practical question in Section [4}

3. Convergence Analysis

In this section we analyze Algorithm|[I} In particular, in Section[3.1], we give preliminary
results related to e-PG updates, and in Section we present a complexity analysis.



Algorithm 1 Inexact PG Method for solving problem .
1: Input: Initial estimate xp € R” and option € {option_1,option _2}.
2: Constants: {5777, C} - (07 1)7 Qo € (Ov OO)v "€ (072)7 and Y2 € (07 1/2}
3: for k=0,1,2,... do
4: if (option = option_1) then

5 Choose ¢, € ( i (\/(lJr'yi \/07») }

6: Compute a triple (Zx1, Sk, €x) satisfying the conditions

Er1 € Top (T, o), S = Bpy1 — 2, and e = cg|si]|.

Set Ag = —o- [lskl® + v/(2/ar)er [Isull + ex-

else (option = option_2)
Compute a triple (Zx1, Sk, €x) satisfying the conditions

Epr1 € Too(@h, o), Sk = Tpp1—xk, and e = Yo (d(z; 2, ) — (T (Th, g ); Tho, k) ) -

10: Set Ay, < r(xp, + s1) — r(zk) + Vf(2p) T 5.
11: end if

12: Set j < 0 and :p}ﬁrjrall 0 < Tk + Sk

13: while f(x}gfllj) + T(ﬂ;}gfll]) > f(xg) +7(zg) +n&f Ay do
14: Set j < j+ 1 and xzrfll] — x4+ E sy

15: end while

16: Tht1 < x}ﬁrall]

17: if j =0 then

18: ap+1 < o and flag; < same_o.

19: else

20: ap+1 < Cai and flag;, < decrease_a.

21: end if

22: end for

3.1. Preliminary results

In this section, we discuss the e-subdifferential of a function, and characterize the
properties of the e-PG update. We begin with the definition of the e-subdifferential.

Definition 3.1 (e-subdifferential). [7, Section 4.3] For a given convex function h :
R™ — R, vector € R"™, and scalar ¢ > 0, the e-subdifferential of h at x € R™ is

deh(z) := {d € R™ | h(z) > h(x) + d* (z — z) — € for all z € R"}.

We now bound the difference between an e-PG update and the exact PG update.

Lemma 3.2 ([24]). Letz € R", @ > 0, and € > 0. It holds that
|T(z, @) — &|* < 2ae for all &€ T(Z, ).

Proof. Note that ¢(z; T, @) (see (4])) is strongly convex as a function of x with strong



convexity parameter greater than or equal to 1/@. Therefore, we may conclude that
e > ¢(4;7,a) — ¢(T(Z,0);7,0) > 5= |T(z, @) — Z||* for all & € T(Z, @)

where the last inequality follows from 0 € 0¢(T(z,@);z, @) (i.e., it follows from the
optimality conditions for problem ) O

Part (i) of the next result constructs two upper-bounds on the directional derivative
of the objective function f+r at T along the direction associated with the e-PG update.
This result suggests that by choosing e sufficiently small, the directional derivative will
be negative. For additional insight, the reader should compare them to the definition
of Ay in lines [7] and [I0] of Algorithm [I} The second part of the next result bounds the
change in f + r that results from taking the step along the direction.

Lemma 3.3. Letz € R", @ >0, and ¢ > 0. If & € T (T, @), then s = & — T satisfies
the following results.

(i) The directional derivative of f + 1 at T in the direction s satisfies

Dyr(@s) < —2 s 4+/Z lsll+e and Dy (F:s) < r(@+s)—r(@+V (@) s.

(ii) A bound on the change in the objective function after taking the step s is

F@+s)+r(@+s) < f@) +r@) = (5= 3) s+ /% sl +e.
Proof. Let & € T(Z,a). It follows from [25, Lemma 2] that there is a w € R™ so that
||l < V2Ge and g, ::é[f—an(f)%—w—i] € 0r(%). (7)
From g¢. € 0.r(%) and convexity of r(x), it follows that
r(Z) > (&) + g7 (T — &) — e and r(&) > r(Z) + gL (2 —7) for all g, € Ir(Z). (8)
Let us now proceed to prove part (i). Adding the two inequalities in together

gives (g — ge)T (2 — ) < € for all g, € (). This inequality may then be combined
with s = & — Z, the definition of g., the Cauchy-Schwarz inequality, and to obtain

s'(VF(@) +g,) = (@ —0) (V@) +9,) = (@~ D) (3T~ 2 +w) + g — ge)
= —2lE -z’ + ;@ - 2w+ (@ —2)" (9 — go) (9)
< —Ls|® + Lv2ac|s| + ¢ for all g, € or(7).

By the definition of the directional derivative, the fact that f(x) is differentiable,
convexity of 7, the result in [I8, Theorem 2.87], and (9), it follows that

Dyir(Ty8) = sTVF@) + sup sTg < —L|s|*+ /2 ||s]| +e,
g-€0r(T)

which completes the proof of the first inequality in part (i). The proof of the second
inequality in part (i) follows directly from the proof in [14, Lemma 1].



To prove part (ii), we can use the Lipschitz continuity of V f with Lipschitz constant
L, (see Assumption [1.1), £ = T + s, and the first inequality in to obtain

F@+s)+r@+s) < f(@) + V@ s+ 5 s + (@) + g7s + e
= f(@) + (@) + (V@) + 90)Ts + 5 |Is]* + e

Combining this inequality with @ and the Cauchy-Schwarz inequality gives

f@E+s)+r@+s) < f@) +7(@) — Ls—w)s+ s> +e
< @) +r@ = (L= %) 1sI” + L lwl sl + ¢
< @) +r@) - (= %) IsI” + 2v2ae)s| + e,
which completes the proof. ]

3.2. Global Complexity

In this section, we analyze the worst-case iteration complexity of Algorithm (1] for iden-
tifying an approximate stationary point of problem . Specifically, given a tolerance
7 € (0, 1], we derive an upper bound on the number of iterations until y; < 7. We will
assume throughout, for each k € N, that yi > 0 since if x; = 0 then x; would be an
ezact first-order solution. The next result gives an upper bound on Ay, which in turn
gives an upper bound on the directional derivative of f + r at zp in the direction sy.

Lemma 3.4. For each k € N, the directional derivative of f 4+ r satisfies

L 4f option = option_1,

Dyir(wpisk) < Ay < —Bagxi <0 where = { 2

U (10)
7 if option = option 2.

Proof. We start by discussing properties of 25,1 and ¢ that hold regardless of the
value of option. It follows from @ and the triangle inequality that 51, satisfies

T (xg, k) — Thy1 + Tht1 —a:k||2 11
g (11)
k

Xi =

) 2 . . . 2
< 1Tk, an) = Epga | +2HT(3«"1€,0%) g |1 Zr1 — 2| 4 |Zr1 — x| .

= 2 2 2
Qg Qg Qg

Also, since 11 € Te, (xg, o), we can apply Lemmawith T =2k, T =Tk, @ = Qy,
and € = € to get

1T (zg, o) — :Ek.+1||2 < 2a€. (12)

Now, let us consider the two cases determined by the value of the parameter option.
Case 1 (option = option_1). It follows from , , and s = Ty41 — o) that

21/ 2au€r || sk n s3]

k
Qg Qg

apxr® < 2e; + (13)



Next, it follows from Step [6] and how ¢ is chosen in Step [f that

i = cxllsnl? € (0.3 (/errirm — /2) ).

Using the fact that ¢, lies in this range, it can be verified that

<2akek+2\/72ake lsell + [l ) < L sl = /25 sl e (14)

Next, it follows from Step , and that

AL = — (alk l|swl|* — 26’“ IIskll — ek> < — (2akek + 2V 2a€r ||sk|| + | skl )
=2 (2€k + QVQQQZkIISkII + IIZcJI >

< —%Oékaz- (15)

Finally, we can combine the equality in (15]) with Lemma [3.3(i) to obtain

Dy oo (s 50) < ( il = /25 1si] - ek> _ A

This result together with completes the proof for this case.
Case 2 (option = option_2). From Zyy1 € T, (xk, ax) and the definition of € in
Step [9, we have

P(Tri1; Ths ar) < O(T(wp, e ); Ty k) + V2( (k5 Ty k) — G(T' (w85 k)5 Ty 1))

By adding the term —¢(zy; zk, ax) to both sides of the equation, rearranging terms,
and then using the definition of €4 in Step [9] we obtain

(Tt T, o) — dags 2, o) < (v2 — L)(P(ws Ths ) — (T (e, ok ); Tk i)
= (=) e (16)
Using algebraic simplification and the definition of Ay in Step [I0] we obtain

S(wk; Ty k) — G(Eryr; s ar)) = =V f(r) s — g [lsell” + 7 (wr) — r(Er11)

— —Ak — Qék HSMP

By combining this equality with and recalling that v2 € (0,1/2], we get

—Ap = ¢(xp; Th, k) — G Ty 15 Thy ) + 5o EAR

1=
2( v)e,ﬁm sk ll* > e + 5= llskll?- (17)

Applying Young’s inequality to the product of norms in and using , we obtain

2 2||T (g o T 2||s 4 2||s
< Altenentunl® | 2l o do y sl (18)



Multiplying both sides of by aj/4, and then applying , using the definition
of Ay in Step and Lemma i) with & = Zg41, T = 2k, S = Sk, and € = ¢, gives

%X% <€+ ﬁHSkHQ < —Ag

= —(r(wp + sp) — r(z) + VI(@p) sk) < —Dppr(wp; s1). (19)

Multiplying this inequality by a negative one completes the proof for this case.
It follows from ay € (0,00) and x; > 0 that —Bayxi < 0, as claimed in (10). O

It is convenient to define the following partition of iterations performed by Algo-
rithm [I] that depend on the status of the PG parameter:

K. :={k e N: flag;, = same_« in Line and
K, :={k € N: flag; = decrease_« in Line [20]}.

Note that K, N K, = 0 and that every iteration of the algorithm is in K, UK. Using
these sets, the next result shows that the while loop in Algorithm [T] always terminates
and that the new iterate produces a useful decrease in the objective function f + r.

Lemma 3.5. For each k € N, the while loop in Step[13 terminates finitely. Also, the
following hold:

(i) If k € K, then agpy1 = ap and, with B defined in , it holds that
F@per) +r(@pn) < flaew) + () + 0l < fzx) +r(2r) — nBaxi-

(i1) If k € K, then oyy1 = Coy and f(zpy1) +r(zps1) < f(zx) + (k).

Thus, the objective function f + r is monotonically strictly decreasing over {xy}.

Proof. From Lemma we have Dy, (x;s,) < 0 so that standard results for a
backtracking Armijo linesearch ensure that the while loop starting in Step will
terminate finitely, thus proving the first claim.

To prove part (i), suppose that k& € K. From the definition of X_, we know that
flag;, = same_cv, and thus from Step [I§|that a1 = oy and that j = 0 when Step [I7]is
reached. This latter fact means that the inequality in Step [I3] does not hold for j = 0,
meaning that the computed z,; satisfies xp41 = :v?jfll,o = xf + s and f(zp41) +

r(zk41) < f(zx) + r(xg) + nAg. Combining this inequality with Lemma gives

Flapsr) +r(@re) < faw) + (o) + 0k < fae) + r(ze) — nBorxi

as claimed, thus completing the proof of part (i).

To prove part (ii), suppose that £ € K. From the definition of K| we know that
flag, = decrease_a, and therefore from Step [20| we have that ap+1 = (ay and that
j > 0 when Step is reached. Moreover, the linesearch in Steps produces a

vector :Eirfll e Tt &s;, that, with Lemma satisfies

Fliia ) + (@il ) < fan) +r(@e) + 08 Ak < fa) +r(ze) — 1€ Barxi.  (20)

10



Combining this with zp,q1 < x}crj_all o O > 0, and x > 0 establishes that

F@r) +r(ae) = fd ) +r(@iil ) < flae) +rlae) —né Barxi < f(aze) +r(a),

which completes the proof of part (ii).
Finally, the objective function f + r is monotonically strictly decreasing over {zj}
as a consequence of parts (i) and (ii), n € (0,1), 8 > 0, oy, > 0, and x;, > 0. O

We now show that the PG parameters are bounded away from zero, thus implying
that the unit step size is accepted for all iterations with sufficiently large index.

Lemma 3.6. For all k € N, the PG parameter oy, satisfies

. 31¢(1— . ) ]
e min - s
min {040, w} if option = option 2.

Moreover, a bound on the number of times the PG parameter is decreased is given by

log(min/a0)
Kl <cfi=—=2 "~
fal =< log ()

Proof. We consider the two cases depending on the value of option.
Case 1 (option = option_1). To prove (21I), we first establish the following:

(22)

. 3v1(1— L
if ap < 22U then (L flsel)® — /2 [lsell —er) < (2 —52) llsill® — /2 [[se ]l — e

L,(1+7) a2
(23)
Using basic algebra, it may be shown that is equivalent to establishing that
. 3 (1— L, 2 €x
if o, < LZ(§+7:))) then (O%k — 72(1;77)) skl > 207 |5kl + €. (24)

Note that by rearranging , one can obtain

2— 2
st ar Iswll® > /5 llsell + ex. (25)
: : 3y, (1— L, 2 2— 2 .
Next, notice that if ag < LZI(LMZ) then (aik - m) llskll® > 52— |Isk||, which

2 1+"/1)Olk
together with proves that (24) holds (equivalently, that holds). Combin-
ing with xzrfl 0 = Tk + S = Tp4+1, Lemma (ii) with & = Zr11, T = ok, € = €,
and @ = ay, and Step [7] yields

. 371 (1— i i
if g < P then f(afltl o) + r(aiil )
L, 2
< flan) +r(an) = (& = 5) Isel” + /2 sl + e
< Sa) + r(we) =0 el = /22 llsel] - ex )
= f(zk) +r(zk) + nAy.

This inequality implies that the condition checked in Line [13|for 7 = 0 will not hold
so that j = 0 when Line [17|is reached, meaning that the update oy < af will take
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place. Summarizing, we have shown that, for any k € N satisfying ap < % it

holds that agy1 = . Combining this observation with the fact that the ag input
to the algorithm can be any positive number, and that anytime the PG parameter is
decreased it is by a factor ¢ (see Step . allows us to conclude that holds.
Case 2 (optlon = option_2). Note that the inequality in still holds, and
thus —Ay > HSkH with Ay defined in Step [10 Comblmng this 1nequahty with the

Lipschitz cont1nu1ty assumption on Vf (see Assumption , a:zrfllo = x} + Sk, and

the definition of Ay in Step one obtains

f(z ;crfllo) + T(I}erfll 0)
< f(x) + V(xp)t sk—i— o |55 ||? —i—r(a:k—i-sk)
f(zg) + r(xg) + Vf(:ck) sk + 7‘ lsill* + r(zx + si) — r(xz)
Fl@r) +r(@n) + Ap+ 2 [sill” < Flan) + (@) + Ap(1 — axLy). (26

From this inequality and A < 0 (see Lemma , we can observe that if aj <
(1 —mn)/Lg, then f(:c}fjrallo) + r(x}ﬁallo) < f(zk) + r(xk) + nAg, which means that the
condition checked in Line [[3] for j = 0 will not hold, which in turn means that j =0
when Line [I7] is reached so that the update a1 < oy would take place. Combining
this observation with the fact that the ag input to the algorithm can be any positive
number, and that anytime the PG parameter is decreased it is done so by a factor of
¢ (see Step .D allows us to conclude that . ) holds.

As for , an upper bound on |K| is the smallest integer ¢ such that ag(’ < cmin.
Solving thls 1nequahty for ¢ shows that the result in . ) holds. O

The main theorem is now stated. It gives an upper bound on the number of iterations
performed by Algorithm [I] before an approximate first-order solution is found.

Theorem 3.7. For any 7 € (0,1], the size of the set K, := {k € N : x; > 7} satisfies

f(zo) +7(wo) — infreprn (f(37) + 7”(95)) (27)

nﬁamin

where (B is defined in (10) and amin is defined in Lemma . Moreover, combining
this result with Lemma and the definition of c{ in shows that

Ko MK < cpgm 2 with  cpy =

IKr| < cff + CpgT 2. (28)

Proof. Let us define vy, = f(xg) + r(z) — (f(@k+1) + r(@k+1)). This definition,
Lemma Lemma and the definition of K,, it holds for arbitrary k € N that

f(wo) +r(zo0) — (f(chH) + 7"(55124-1))

vz Y we= > nBarxi® = Y nBomt’.

0<k<k keKLNK,  kek,NK, keKNK;
0<k<k 0<k<k 0<k<k

Taking k — oo and using the monotonicity of the objective values in Lemma gives

f(xo) +r(wo) — inf (f(z)+r(@)) > K N Kr|nBaminT?, (29)

r€R
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which proves (27). Finally, (27), |K;| = |[K5 N K|+ |K, N K|, and gives (2§8). O

Theorem shows that the worst-case iteration complexity for our ineract PG
method is O(772), which is the same result that holds for the eract PG method.

4. Sparse Regularizers and Finite Support Identification

In this section we focus our attention on the case when r is chosen as the overlapping
group-f; regularizer, whose associated proximal operator does not admit a closed-form
solution. This regularizer, which is studied in [12], [21], and [32] is defined as

Ng

r(z) = [N lllzlg,

i=1

(30)

where ny € N\ {0} denotes the number of groups, A\ € R™ is a vector of strictly
positive weights for the groups, and, for each i € [ny], we use g; C [n] to denote the
index set of the variables for the ith group and [z],, € RI%! to denote the subvector of
x that corresponds to the elements in group g;. Next, we denote the jth entry of the
ith group by g; ; for every i € [ng] and j € [|g;|]. Finally, we assume that every variable
is included in at least one group, i.e., we assume that U.?,g; = [n]. This regularizer
imposes structured sparsity on the set of solutions to problem (also see [21]).

Since this choice of r is a special case of the more general regularizer considered
in the previous section, we know that the worse-case iteration complexity of Theo-
rem holds. Although this result is comforting, it does not shed light on whether
the iterates generated by our inexact PG method can identify the support of an opti-
mal solution. In this section, we shall see that consideration of this topic is somewhat
delicate. Indeed, no matter how accurately problem is approximately solved, it
is not guaranteed that the approximate solution returned by Algorithm [1] is sparse.
Rather, one needs to exploit the geometric structure of r(z) and design a specialized
algorithm for approximately solving subproblem .

Let us formally define the support and the support identification.

Definition 4.1 (support and support identification property). The support of a point
x € R™ with respect to r in is

S(x) = {i C [ng] | [z]g, # O}

We say that an algorithm has the support identification property if and only if it
generates iterates {zy} satisfying S(zx) = S(z*) for some solution z* € R™ to (1f) and
all sufficiently large k.

It is desirable that an algorithm has the support identification property. First, an
algorithm with the support identification property is appropriate for identifying the
most “important” variables in a regression problem; an algorithm without such a
property needs to perform ad-hoc post processing to obtain a sparse estimate. Second,
a solver that possesses the support identification property is an appropriate choice to
be used within second-order subspace acceleration methods (e.g., see [9]), which are
known to be extremely efficient when the PG problem can be solved exactly.
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Our method for approximately solving the PG subproblem, which will be proved
to have the support identification property, is based on sufficiently reducing a certain
primal-dual gap and using a special projection. We describe the dual formulation next.

4.1. A dual formulation of the PG subproblem

The PG subproblem with regularizer r given by that is approximately solved
during the kth iteration of Algorithm [1] (see Line [6 Line[9] and (F]) is given by

g
), = al‘géélin (w5 wp, ap) with (w;ap, ap) = 5= o —wil* + > [Nill[2]g, | (31)
€T n i:1
with u, = 2, — a4,V f (). By comparing the definition of z} with (4, we have
5 = T, o). (32)

Introducing a vector of auxiliary variables z € R™s, subproblem (31)) is equivalent to

min ﬁ”x —ug)®? + 2Tz st [Mg] € K; for all i € [ng]

[2]i

with
Ki:= {[Z} lveR9 geR, and |jv| < 9} for all 7 € [ngy]

so that /C; is a second-order cone for each i € [n,]. Denoting the characteristic function
by 0k, : RI%I+1 = {0, 00}, which is defined as o, (w) = 0 if w € K; and is equal to oo
otherwise, allows us to write this problem as

) - |,
i il —unl® + 47+ 3 [ ]). )

Introducing a set of auxiliary vectors {p;},*; with p; € RI%! for each i € [n,] and an
auxiliary vector ¢ € R™, we may now rewrite in the equivalent form

7

zzng)n} qﬁ”x—ukHz—FATz—i—Z oK, ([[2”) s.t. ¢ =z and p; = [z],, for all i € [ng].
b i=1

(34)

If we define dual vectors 7 € R™ and {y;};2, with y; € RI% for each i € [n,], then
the Lagrange function associated with the optimization problem takes the form

Ek(l’,Z, {pi}¢Q77T’ {yz}) (35)

= ahelle =P+ 3T+ 30 (|1 ]) 4 a2 S~ fe)
i=1 =1
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The dual function is then given by

'Dk(ﬁ, {yz}) = inf ﬁ(m,z, {pi}7Q>7Tv {yl})

x727{pi}7q

= inf { gl — up|? + ATz - gyﬂx]m —zm) - {z‘%fq i; (‘ [[iﬂ T [[Z]] o (hﬂ))
— %Cr}zf{ﬁﬂx —ug|?+ ATz — gyﬂ g =2 )= Z o <‘ [W]]T [m Ok, ([[5]]))

=g§§{ﬁcllx—ukll2+ATz—gy?[ g — 2T} - ;;ﬁfﬁﬁ{ [ } [[f;]] ' [[Z]] EICZ}'

If, for each i € [ng], we define y; € R" so that [y;]4, = y; and all other elements equal
to zero, then it follows from the optimality conditions for the infimum problem above
and the structure of the second-order cone IC; appearing in the supremum that

¢ K; for any i € [ng],

[7];

ak sz lyzH —UZ(Z?L?Z) if m =\ and [yi

[7];

—00 ifﬂ%kor[yi

Dk(ﬂ-’ {yl}) =

€ K; for all i € [ng].

Thus, the dual problem obtained by maximizing the function Dj can be written as

nax — ug, (Zyz> s.t. [ l} € K; for each i € [ng]. (36)

Next, note that if we define the matrix A € R X2 19 such that
[A](gi,j),jJrZ;f;} g =1 forallie [ng] and j € [|gil] (37)

and all other entries of A are set equal to zero, then it follows that

Aj=3"7; where §:=(yf,yf,....y0 )T € RES o, (38)
i=1

Introducing the set-valued mapping M : {1,2,...,ns} = {1,2,...,>.1, |gi|} so that

i1 i1 i—1
Z{Zngl,Z\ng?, Znglgi\}’ (39)

=1 =1 =1
it follows that y; = [§] pq(s) for all i € [ny]. Using and yields the dual problem

ﬁ(xk,ak) = Al:gr;lax ba(U; g, o) with og(y; xp, o) == —%HA@)HQ — U, Ay (40)
YyeSq
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where we recall that up =z — oV f(z) and we define the dual feasibility set
Fa = {§ € REZ1| 1]l < [N for each i € [ng]}. (41)

We use capital “Argmax” in to emphasize that )Ai(xk,ak) is a set. Note that
strong duality holds for the primal problem and dual problem since Slater’s
condition holds for problem (since the components of A\ are all strictly positive).

We now establish results related to the dual solution set ﬁ(mk, ay,) of problem .
The first lemma establishes an important equation (the linking equation) that connects
a dual solution to problem and the primal solution xj, to problem .

Lemma 4.2. The following results hold for the set of dual solutions.
(i) The set of dual solutions Y(xy, ay,) for problem satisfies

~

V(wg, ar) = {9 € Fa | AJ = (z, — ug)/ax}, (42)

where A is defined in and xj, is the primal solution defined in .
(it) The solution x} to problem satisfies xy, = up + o Ay for all §; € V(xg, o).
(iii) If i € [ng] and §; € Y(w, ax) satisfying ||[J5]am || < [Nis then [a}]g, = 0.

Proof. We begin with part (i). To prove we first show that Y(zx,az) C {§ €
Fa | Ay = (x} —ug)/ag}. To this end, let g} € J>(a:k, o), and thus g; € Fy (see (40)).
Since x is the unique solution to the primal problem, we know that (7,95 ) is a primal-
dual solution pair. Therefore, it follows from first-order necessary optimality conditions
obtained by setting the derivative (with respect to z) of the Lagrangian to zero
that x} = up + o Ag;, where A is defined in . Since this equality and §; € Fy
imply that ¢, belongs to the set in the right-hand side of , we have proved the first
inclusion. Now, to establish the inclusion Y(zy, ap) D {§ € Fu | Aj = (v} — wg)/ax},
let g; satisfies g € Fq and Ag; = (x} —ug)/ay. Since xj, is the unique solution to the
primal problem and strong duality holds for the primal-dual pair, we know that there
must exist g1 € JA)(xk, ay). Combining this with the inclusion that we already proved
shows that g, must satisfy Ayl = (v} — uk)/ax. Combining this with the definition
of the dual function ¢q(-; zx, ax) and Ay = (x} — ug)/og shows that

Ga(G; Ty an) = — %5 | AGE|1* — uf Ag;
= =% |I(2f — wr)fewl® — i (2} — ug) /o,
= _%”AQSOIH2 - uzAgsol = de(gsol; Ly ak)-
This equation and g; € Fy imply that g; € j)(l‘k, ay), thus completing the proof of
this inclusion. Since we have established both inclusions, we know that holds.
For (ii), let g; € Y(xy, o). Then, (i) implies Ag; = (x} — ux)/o so that (ii) holds.
For (iii), let i € [ng] and g5 € Y(xk, ax) satisfy ||[J5]lm@|| < [Ni From g; €
ﬁ(xk, ay), first-order optimality conditions for , and

[5];mey|| < [Ali we have
Vi ol T 00) = 0 = [AT (AT + ui)] ) = 0. (43)

The definition of A gives Ay rq;) = I and Age aq(s) = 0, where [ is the identify matrix
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of size |g;| and gf is the complement of g;. Combining these facts with gives
0 = [AT (apAg}, + uk)] sy = (AT Mi).gr [on ADE + url,y, = [anAGy + ul,, -

Combining this equation with x} = uj + oAy} implies that [z}],, = 0, as claimed. [
We now bound the distance between feasible points and the solution set ) (xg, ag).

Lemma 4.3. The set JA)(xk, ag) is compact and convex, so that in particular the pro-

jection operator Projy,. .\ () and dist(-, YV(zk, o)) are well defined. Moreover, there
exists vy, > 0 and pr > 0 such that

dist (9, Y(xx, ax)) < vil|Ag — Ay||P* for all (§,y) € (Fa, V(xp, ).

Proof. From the definition of Y(zy, oy) in it is clear that Y(zx, ay) is compact
and convex, which proves the first part of the lemma. Next, by applying [16, Theorem

. ng ol o . . 2 . )
2.2] with X = REA el X = Fy, fi(g) = H[y]M(Z)H - [)‘]12 for all i € [ng], g(9) =
Ay — (2} — ug)/ayg, it follows that there exists v, > 0 and p > 0 such that

dist(y, Sk) < v [|AY — (wf — ug) /o ||”* for all § € Fq,

where S, = {§ € REZilol | fi(g) < 0foralli € [ng] and g(y) = 0}. Since S, =
JA/(:Ek, ay,) (see ([42)), one can use the previous equality and Lemma (ii) to conclude

dist (g, V(xx, o)) < v || AG — (wf — ) /o]
= VkHAQ - Ag)kak fOI' a'll (@7 QZ) € (fdaj)(xk7ak))7

thus completing the proof. d

4.2. A new algorithm for approrimately solving the PG subproblem

During the kth iteration of Algorithm [I] it is necessary to compute Zj,; satisfying
Trp+1 € Te,(xp, ) for a particular value of e;. One way to perform this task is to
apply an iterative solver to the dual subproblem while monitoring the primal-
dual gap. For example, can be approximately solved by the projected gradient-
ascent algorithm with arc search [0, Section 2.3] armed with an appropriate early
termination test. Unfortunately, the straightforward application of such a method to
the dual problem is insufficient for discovering the support of an optimal solution
to the primal problem. Therefore, in this section we present Algorithm [2] which is
an enhanced projected gradient-ascent algorithm that we prove terminates with an
Ti+1 € Te, (xg, o) and (asymptotically) to correctly identify the support of an optimal
solution to problem under a nondegeneracy assumption.

Since we propose to use Algorithm [2] as the subproblem solver to be used during
the kth iteration of Algorithm [} we denote its primal and dual iterate sequences by
{Zkts Ukt }e>0 where t is the iteration counter of the subproblem solver. Given the
tth dual iterate ¢ ;, motivated by Lemma we compute a group index set Pp,
a primal trial iterate xj;, and a projected primal trial iterate Zj; in Line |§| and
Line [7, The group index set Py, holds the groups predicted to be zero at a primal
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solution, and Z; is constructed by zeroing out all groups in Py, so that Zj, is at
least as sparse as x;. We draw your attention to the usage of €;,_, appearing in the
definition of Py in Line @ which is critical to ensuring that Algorithm [2[is well posed
and that our ultimate complexity result for support identification holds. Lines
check for termination of the subproblem solver, the conditions of which are chosen to
ensure that ;41 € T, (zk, ax) anytime termination occurs (see Lemma below and
Lines |§| and |§| in Algorithm . If termination does not occur during the tth iteration, a
standard projected gradient-ascent search is performed from Lines to compute
Ukt+1- (There is nothing special about us using the projected gradient-ascent search;

we simply need the sequence {y ¢ }+>0 to converge to the solution set ﬁ(mk, ag).)

Algorithm 2 An enhanced projected gradient-ascent method for solving problem .

1: Input: An initial dual solution estimate ;o € RE 19l

2. Constants: {n2,&2} C (0,1) and {o,¢} C (0,00)

3: Values from Algorithm [1} xx, ag, ck, €x_1, option, and vs.

4: Set t < 0, define A as in , and set ug < x — oV f(xg).

5: fort=1,2,... do

6 Set Pry < {i € [ng] | [[[Ir.dmell < [N — €,_} with M defined in (39).
7 Define the trial primal iterate and trial projected primal iterate as

0 if ¢
’ 0 € P, for each i € [ng].

Thy < up + opAgry and [Trglg, .
I [xk,t]gia if i ¢ Pt

8: if (option = option_1) then

9 if (Zk4; T, k) — a( ke T, ) < Cil| ks — 1] then

10: return g1 = Y and Tp1 = Tpy

11: end if

12: else (option = option_2)

13: if ¢(Zp; n, k) — Ga(Gr,: Ths o) < Ya(d(@n: Tpy ) — Pa(Ur s T, ) then
14: return gk-i-l = Qk,t and i‘k+1 = i‘kﬂg

15: end if

16: end if

17: 7+ 0.

18: loop '

19: Set the trial step length oy, + 0&j.

20: Set the trial iterate gy 41 < Projz, (Jr,t + 0kt VOa (U t; Ty k).

21: if (i 415 T ) > G (G ts T, k) +12V (it Thor k) (i 41— Gt ) then
22: break the inner loop

23: end if

24: j+—J+1

25: end loop

26: end for

We conclude this section by proving that Algorithm [2|is well posed.

Lemma 4.4. For each k € N, if x; does not satisfy the first-order optimality
conditions for problem with regularizer given by , then Algorithm @ termi-
nates finitely with 11 € Te, (g, ar) with € defined in Line |6 of Algorithm |1 if
option=option_1 or with € defined in Line[9 of Algorithm[1] if option=option 2.
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Proof. For a proof by contradiction, assume that Algorithm [2] never terminates, and
thus it generates an infinite subsequence of iterates {g}+>0 that is equivalent to the
sequence generated by the projected gradient-ascent with arc search algorithm by [6,
Section 2.3]. It is well known (e.g., see [11]) that such an algorithm when applied to
a concave optimization problem will satisfy limy_soo @a(Ur.t; 2k, k) = Ga(yy; T, o),
for any ¢;; that is an optimal solution to the dual problem . Combining this with
the linking equation (see Lemma [4.2[(iii)) and Line [7] of Algorithm [2] it follows that
im0 ¢(@py; T, k) = O(); Tk, ) where &7 is the optimal solution to the pri-
mal problem . Therefore, since strong duality holds for our primal-dual problems
(Slater’s condition holds for problem ), we can conclude that

im (¢(zht; Th, k) — a(Git: Thy k) = 0. (44)

t—00

Next, we claim that there exists a subsequence 7 such that lim;e7 21 = x}. For
a proof by contradiction, suppose that no such subsequence T exists. Combining this
supposition with lim;_,o x5 = «}, (this follows from and the fact that the primal
proximal subproblem has a unique solution), we can conclude that there exists an
ix € [ng], t« € N, and constants € and G such that

>e>0 and |[zg; — x}]g,.

| [@kt — Tht]ge. <e. forallt>t,. (45)

The first inequality in together with the definition of &1 in Line |7| shows that
ix € Py for all t > t,. Using this fact, the definition of Py, and gives

< [N, — €}, forall t > t,. (46)

s

ix € Pry and |[[Gx,t]min)

Using limy_, o dist (g)k,t, JAJ(xk, ozk)) =0, eg—1 > 0, and (46), we know that there exists
ay; € V(xk, ) satisfying 1yilman I < [Ali.. This fact and Lemma (iii) it follows
that [x}]y, = 0. Using this equality with the triangle inequality, i, € Py for all t > ¢,
(see (46])) meaning that [Zx]s, = [x}]g,. , and the second inequality in yields

ke —ndlg,, || < Nl —atla. |+ 1ok — 2o | = 2t —ardg., || < € for all £ > ¢,
which contradicts the first inequality in . Therefore, our claim must be true, namely
that there exists a subsequence 7T such that limse7 2y = 7.

Using limse7 21 ¢ = 3, we find that

lim (P(&ts T, k) — Pa(Ge41; Ths ) = 0. (47)
Moreover, since by assumption xj does not satisfy the first-order optimality conditions
for problem (), we know that there exists a constant § > 0 such that min{cy||2x; —
2|, Yo (d(wk; 2k, k) — Ga(Dpr1; Th, )} > 8 > 0 for all sufficiently large t € 7.
This fact may be combined with to conclude that the conditions in Lines |§| and
will both hold for all sufficiently large ¢ € T, therefore proving that Algorithm [2] will
finitely terminate (regardless of the value of option), which contradicts our original
supposition, and thus Algorithm [2| finitely terminates.
Next, suppose that option = option_1. In this case, Algorithm [2| will finitely ter-
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minate in Line [0 and return the vector ;1 satisfying

D(Eps1; T, )= S(T (T, ); Ty k) < A(Ehy 15 Ths ) —Pa(Ts1; Ty k) < k|1 — ]2

This inequality and show that @11 € T¢, (xx, ax) With ex = g [|Zhe1 — z1]|® as
defined in Line [6] of Algorithm [T} which completes the proof for this case.

Finally, suppose that option = option_2. In this case, Algorithm [2] will finitely
terminate in Line 13| and return the vector Zx,1 satisfying

A(Zt1; Tk, k) — Gd(Urs1; Th k) < Y2 (d(@g; Ty ) — Pd(Yht1; Thos U))-

Rearranging terms and using v2 € (0,1/2] and weak duality gives
O(Trs1; Thy k) =720 (Tk; Tk, ) < (1=92) Ba(Grr 15 T, k) < (L=y2) (T (wk, e ); T, )

Thus, ¢(Zky1; Tk, o) — O(T(2k, ) Tk, ) < Y2 (P(@h; T, o) — (T (s ); Tk )
so that Zp11 € T, (x, o) with e = ya(P(xk; 2k, ) — (T (zk, ak); Tk, ) as defined
in Line [9] of Algorithm [} which completes the proof for this case. O

4.3. Support Identification

In this section, we prove that Algorithm [, when paired with Algorithm [2] as its
subproblem solver, has a finite support identification property. This result is proved
under the following two assumptions.

Assumption 4.5. The function f is strongly convex with strong convexity parameter
py > 0. Thus, problem with regularizer defined by has a unique minimizer x*.

Assumption 4.6. The parameter v; € (0,2) from Algorithm [1] is chosen to satisfy
371/(1+71) <1, and the initial PG parameter is then chosen to satisfy

(07 3;“(514_71’))} if option = option_1,
op €

(0, L—q} if option = option 2.

Assumption is made to simplify the presentation, since it ensures that the se-
quence {aj} is constant and smaller than 1/L, (regardless of the value of option)
as shown in Lemma [£.7] Otherwise, the analysis below holds for all iterations beyond
some fixed iteration, as a consequence of Lemma |3.6

The following limits hold as a consequence of Assumption 4.5 and Assumption

Lemma 4.7. Under Assumption[{.5 and Assumption[].6, with o := ay, it holds that

lim e, =0, lim |sgl| =0, lim zp =2 lim 2}, =2, and
k—o0 k—o0 k—o0 k—o0

ap=0a" =ag € (0,(1 —n)/Ly] for all k € N.

Proof. The fact that oy, = a* = « for all k € N follows from Assumption[4.6] the defi-
nition of o, and the proof of Lemmal[3.6] The inclusion ag € (0, (1—7)/Lg] follows from

Assumption Next, Lemma [3.5(i) and Lemma [3.6]imply that f(zg41) + r(zg41) <
fxr) + r(zk) + nAg < f(zg) + r(zg) — nBarxi for all k € N. These inequalities
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and the fact that {f(zx) + r(xk)} is bounded below because of Assumption
show that {xx} — 0 and {Ax} — 0. Using these limits and Lemma it follows
from when option = option_1 and from when option = option_2 that 0
= limg_, o0 € = limg_, ||Sk||, which are the first two limits we aimed to prove. Next,
it follows from {xx} — 0, the fact that yj is a first-order optimality measure for ()
(see [3, Theorem 10.7]), and Assumption that limg_,so 2x = 2*. Next, combining
{ex} — 0, Lemma 3.2 and Lemma [3.6] proves that {||lz} — x|} — 0. Combining this
lmit with {z} — 2 and [[a 2| £ 12} — i+ [[2 —*] gives iy oo 2 = 27, O

We now show that the dual solutions to problem are given by 37(95*, o).

Lemma 4.8. Under Assumption the solution set to the dual of problem 18

Vymain . main . main A\ . - Y Ay
Y = max () with ¢7*"(9) = inf (f(z) — 2" Ag). (48)

Also, if Assumption holds, then the dual solutions satisfy ymain = y(m*, ).

Proof. Following a similar derivation as that which led to the dual for the PG

subproblem , one can see that the dual problem for can be written as .
Before proving Y™main = JA)(ac*, a*), we consider a shifted version of the dual (40

with (zg, o) = (2%, @*) and u* = z* — a*V f(2*) where a* is defined in Lemma

shift / ~
49
mex og" (9) (49)

where

O (9) = =S 1Al — () Ag+ f(@") — SV
= inf (gllz - u|P = 2T AG + f(z) = & IV
This shifted dual problem serves as a bridge between problems and , and has

two important properties. First, j}(l‘*? o) is the solution set of problem since it
is also the solution set to problem (see Lemmal[d.2](i)). Second, the following hold:

(bilhift(ﬂ) _ f(.’L‘*) . (x*)va(x*) and A — Vf(x*) for all 7w € 3}(3;*,04*)’ (50)

which can be seen to hold from the following argument. Let m € 37(1‘*, o). Since z* is
a solution to problem , it is easy to show that xz* is also a solution to problem .
Therefore, (x*, ) is a primal-dual solution pair for the proximal problem and its dual
with (zj, ) = (z*, ). We can now apply Lemma[4.2[(ii) to conclude that z* = u* +
a*Am = o*—a*V f(x*)+a* Am, which implies the second equality in . It now follows
from the second equality in and the definition of u* that ¢5 () = — % || Ax||? —
(W) AT+ f(2*) = 5|V f (@) = —a*[|V f(*)[? = (2" ~a*V f(2*)) TV f(a*) + f(2*) =
f(z*) — (2*)TV f(x*), which establishes the first equality in .

We first prove that )7(30*,04*) C Yymain_ Ty that end, suppose that §* € y(x*,a*)
and define (see the function inside the infimum in the definition of ¢5f) the vector

7 := argmin sam e — u|? — 2T Ag* + f(a*) — 5 |V ()]
xeR™
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First-order optimality conditions for this problem show that - (Z — 2*) + V f(z*) =
Ay*, which combined with Ag* = V f(z*) (see (b0)) proves that z = z*. It is also
straightforward to verify using first-order optimality conditions and Ag* = V f(x*)

that 2* = argmin (f(z) — 27 Ag*), so that
T€R"

Ga (7)) = f(a*) — (a*)T A" = f(2*) — ()T V f("). (51)

Next, it follows from the definition of u*, Assumption a* € (0,(1 —n)/Lg] (see
Lemma[4.7), and n € (0,1) that

sarllz =P + f(a*) = & [V f(=))?
= f(2*) + (x — )TV f(2*) + 52= ||z — 2*||> > f() for all 2 € R™.

Substracting #7 Ag from both sides of the previous inequality and then taking the infi-
mum over x € R", we find that quh‘ft( ) > ¢ (g) for all § € Fy. Using this inequality,

(1)), (50), and §* € V(z*,a*) (recall that we earlier commented that ) (z*, o) is also
the solution set to problem (49)) that

¢ma1n(mk) ¢sh1ft(A*) — f(x*) . (m*)TVf(x*) > ¢sdhift( ) ¢ma1n( ) for all © je de’

which shows §* € Y™ and completes the proof for this inclusion.
Next, we prove the inclusion Y™™ C Y(z* a*). Let g* € Y™™ If we denote
AN = argming . (f(z) — 27 Ag*), then first-order optimality conditions give

Vf(2™m) = Ag*. (52)

Since (z*, §*) is an optimal primal-dual solution palr for problem . ) and its dual (48] .,
it follows that Ag* = V f(z*). Together with (52) shows that Vf(z*) = V f(z™a™),
which combined with f being strongly convex Wlth parameter py > 0 (see Assump-
tion to obtain 0 = HVf(ac*) - Vf(:l;main)H > Hx* - xmainH, so that z™an = g*,
Using the definition of ™" p™Main — z* and Ag* = V f(z*), we have that

(bzlnain(y*) — f(xmain) o (wmain)TAg* — f(.%'*) _ (:E*)va(x*) (53)
Next, using Ag* = V f(2*) and the definition of u*, it follows that
() = ~ 1A ~ ()T A" + f() @I

= —a*|Vf(@")|? - (¢ — "V f(a*)TV f(@*) + f(z") (54)
= f(@") = (") V f (")

Taking any 9’ € Y(z*, *), it follows from that oS (9) = f(z*) — (2*) TV f(2*),
which together with and implies

G () = gmain () = gshift (/) > gshift gy for all § € Fy.

Since this inequality means §* € )A)(a:*, a*), we conclude that ymain C j}(l‘*, a*). O
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Since we established in Lemma that y(x*,a*) is the set of dual solutions to
problem , we may now present our non-degeneracy assumption, which uses the
support of x*. Note that each i € [ng] and § € Y(z*, ") together satisfy ||[9] el <

[A]; by the definition of y (z*, a*). Therefore, the following non-degeneracy assumption
is a strengthening of this inequality for all groups not in S(z*).

Assumption 4.9. The quantity

§og = mingeg}(x*7a*),igs(x*) ([)‘]z - H[@]M(z)”) if S(z*) ; [ng],
R if S(z*) =

satisfies d,q > 0. It follows that 6* := min{1,d,q} € (0, 1].

The essence of the previous assumption is that, for each i ¢ S(z*), the set
{[9] M(i)}geji(x* o) is bounded away from the boundary of the two-norm ball centered

at zero of radius [A];. This non-degeneracy assumption is crucial for proving support
identification results, where we note that a similar assumption has been used in [9, 27].
In fact, Assumption is an extension of the assumption used by these authors that
is applicable to the overlapping group-#; case.

We also need minimal control over the sequences {vy} and {py} from Lemma

Assumption 4.10. The sequences {v}} and {p;} defined in Lemma[4.3|can be chosen
to satisfy SUPj>0 Vk =: Vmax < OO and infz>0 pr. =: Pmin > 0.

Let us also choose any v* € (0,00) and p* € (0, 00) satisfying
dist(g),j/(m*,a*)) < VF||Ag — Ay||P” for all (§,y) € (]—"d,j)(x*,oz*)), (55)

which are guaranteed to exist because of Lemma with (zg, o) = (z*,a*). Using
these quantities, we may now bound the distance between any ezact solution of the
dual problem and Y(z*, o), and the distance between the inezact solution of
computed by Algorithm |1{ and the set y(mk, Q).

Lemma 4.11. Under Assumptions[{.5H4.10 the following hold.
(i) With v* and p* from and o from Lemma we have for each k € N that

A . P N
dist(g5, Y(z*, a*)) < v* (”%Txn + (Lg + a%) lxk — x*H) for all g, € Y(xg, ag).
(i) The gp41 returned by Algorithm @ satisfies

) R R ¢ Pk/2
dist (Jrr1, V(@k, ar)) < v <k> .

093

*

Proof. To prove part (i), let g7 € Y(x,on). We may now define y* =
Projj . o (95)- It now follows from with (9,y) = (9,y"), Lemma i), the
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triangle inequality, and Assumption that
dist (g, V(z*, o))

<Vt ||Agy — AyH|” = v

* *

p p

TE—ur  (z¥—u¥)
g a*

. p* * ok P
< (M + Lg ||z —$*||> <v* (”x’“if“ + (Lg + o%k) (B $*||> )

:]j*

B |V f(ap) — VF(¥)

« «

which establishes the claim in part (i) to be true.

We now prove part (ii). If we define hi(z) = < | 2]|> + u}z, then it follows
that ¢q(y; xp, ) = —hi(Ag). Also, to simply notation, let us define pgy; :=
Projj;(xk’ak) (Jk+1)- Using this notation, we can observe from the properties that the
Jk11 returned by Algorithm [2 must satisfy that

Ga(Pri1; Th, k) — Ga(Tkt15 Thr k) < Q(Thy1; Th, k) — Pa(kr15 Ths k) < €
Combining this inequality with strong convexity of hy and priq € JAJ(xk, ay) gives

€k > Gd(Pr+1; Thy k) — Gd(Urt15 s k) = hi (A1) — hi(Aprs)
> Vhi(Apry1) T AGrr1 — prr1) + % | AGks1 — Apraa )
> —Vha(pri1; T k)’ (Jrt1 — Pra1) + % [ AGerr — Apea|* > % [ AGer — Apea |-

The previous inequality, Lemma with (9,y) = (Yk+1, Pk+1), and Lemma gives

Qg

. v/2
dist (Gr11, V(xr, ar)) < v (| AGrt1 — ApkHHZ)pk/2 < (ﬂ)p ,

thus completing the proof of part (ii). O

For the remainder of this section, our analysis applies to two difference scenarios
that are defined below based on the rate at which {ex} — 0. The first scenario uses

0:=(1—aopys) €[n,1), (56)

with the inclusion following from Lemma [A.7 and py < L, since they imply that
1>0=1—apur>1—((1—-n)/Ly)Ly =n. We can now state our two scenarios.

Strategy 1. For some 1) € (0,1), we have ¢ < min{%,?*62(k+D)} for all k € N.

Strategy 2. For some w € (0,1), we have ;41 < w?e;, for all k € N with ¢y < ag/2.
By applying this bound recursively, it follows that €, < w?*¢y < /2 for all k € N.

We consider both of these scenarios for the following reasons. To implement Strat-
egy [I] the value of 8 must be known, which means that the strong convexity parameter
ps must be known. (Of course, in practice, one could also attempt to estimate pi¢.) If
this parameter is known, this strategy may be a good choice. On the other hand, Strat-
egy [2| can be implemented without any knowledge of the strong convexity parameter,
which is an advantage, but we shall see that our support identification result depends
on the size of w relative to 6. Finally, let us note that implementing either strategy
requires controlling the size of each element of the sequence {ex}. This can be done

24



for each k € N by checking the value of € returned by Algorithm [2] when called by
Algorithm [I] If the value returned is not small enough, then Algorithm [I| could recall
Algorithm [2| but this time using as an initial iterate the value returned the previous
time it was called. This “recall if necessary” procedure can be repeated as necessary
until a sufficiently small ¢ is obtained as required by the chosen strategy.

We now prove a rate of convergence for both x} and xj; to the solution x*.

Lemma 4.12. Let Assumption[I.1] and Assumption[{.5 hold. It follows that
|y — ¥ < OFF1 (on — ¥ + V2 Z 9”21) forallk e N (57)
1=0

where 0 is defined in . Consequently, the following rates of convergence hold:
(i) If the sequence {e} satisfies Stmtegy then

|zper — || < OF L (Jlwo — ™| + V2a0/(1 — %)) for allk €N and (58)
|z — z*| < FF! (Jlwo — 2*[| + V200 /(1 — ¥) + V2a0t) for all k € N. (59)

(ii) If the sequence {e} satisfies Strategy[3, then the following hold:
(a) If w < 0, then

|psr — 2| < 9k+1( lwo — 2| + ﬂaofe) for all k € N, (60)

|z} — 2*|| < ek“( o — || + Y2250 4 —Vzg) for all k €N, (61)

(b) If w >0, then

k+1( lzo — ™| + m) for all k € N and (62)
k+1(

[2h4r — 27| <w

|zo — || + Y2e00 4 VEW<) for gll k€ N. (63)

log = 2% < w

(c) If w =10, then

|lrgsr — || < 9k+1( lxo — ™| + (k + 1)~ 20‘060) for allk € N and (64)

zf — 2*|| < 08 (||lzo — 2*|| + (k + 1) 23060 + V2a96ow")  for all k € N.
(65)

Proof. We first prove using a procedure similar to [25, Proposition 3|. It follows
from Lemma optimality of z*, and defining py = prox,., (rx — a*V f(z)) that

lzker = ** = [[@rs1 — pr + pr — Proxge, (& — a*V f(2")|*. (66)

This equality, the Cauchy-Schwarz inequality, and non-expansivity of the proximal
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operator yields

l2ksr — 2*)° < llwrrs — pell® + ok — prox,., (z° — @V f(2*
+ 2 |21 — prll [Pk — Proxge, (z* — &V f(z*

< lzgsr — pull® + lJon — 2% — @ (V f(z) — V()]

+ 2||wps1 — pill |z — 2" — " (V f(2g) = VF(27))]-

Combining this inequality, Lemma and the fact that, for all & € N, we know
ap = o and x4 = Tgy1 returned by Algorithm 2] satisfy xp41 € Te, (zg, o) yields

|21 = 27| < 207 e + ag — 2" = o (Vf(2r) = Vf ("))
+2v20% e ||lze — 2" — o (V (i) = V("))

To bound the norm that appears in the previous inequality, we may use the Cauchy-
Schwarz inequality and [19, Theorem 2.1.12] to obtain

ok — 2" — o (V (i) — Vf (")
= ok — 27| + (@) [V () — VF (@) — 207 (ax — ) (Vf(ax) — Vf (a))
< lax — 2|7 + ()2 [V fax) — V£ ()]

= 20" (L oy — P + A IV f () = VI @)?)

= (1= 22 ) o — 2 I 4 0" (o = 30 ) IV F@) - VIGHIP. (67

From 7 € (0,1) and Lemma [4.7] we have o* € (0, (1 —1n)/Ly] C (0,1/L,). Combining
this with py < L, we have o* < 2/(Ly + ps), and from strong convexity of f that
|V f(xx) — V()] > ,u?c |z — 2*||>. Combining these two facts with gives
lzk —a* — o™ (V f(ar) — Vf(z))]
< (1= B2t oy — o + a*pid (0" = 22 oy — 2P
= (1 (3ha + 2250) 4+ (@203 lan — o P

* * (12
= (1= a*pp)? oy — 27|° = 6% |2y, — 27|,

(68)

where the last equality follows from Lemma Combining and gives

* * * * * 2
ks — o7 < 02 g — | + 2v3aed |l — 2™ + 2076 = (0]|oy — a°| + V2aTer ).

Taking the square root of the previous inequality and applying it recursively shows

k
|zhir — x*|] < 05T ||m — || + Z@k*i\/Qaiei for all ke N.
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If we now use basic algebra and the fact that a; = «q for all i € N, we arrive at

k
&
|ppr — || < 0FFL <||;p0 — ¥ + V2 Z (ﬁ) for all k€N,

1=0

which proves that the inequality in holds.

Before proving the remaining results, let us make a few observations. First, since
ar = o for all kK € N (see Lemma it follows from the construction of Algorithm
that xpy1 = Zxyq for all £ € N. Combining this fact with the triangle inequality,
Lemma with zg41 = @1 € Te, (zk, @) (which holds by construction of Algo-
rithm , and the fact that ap = ag for all k¥ € N shows that

o = 2|l < llzg = zhall + onsr = 27| < V2a0€p + [lopa — 27| (69)

We now consider specific choices for the sequence {€;} to derive the remaining results.

Part (i). Let {¢;} satisfy the bound in Strategy [I} Applying this bound on ¢ for all
k € N to the right-hand side of (57)) leads to a geometric sum with factor v, from
which follows. Combining ith the assumed bound on ¢, for all £ € N, ,
and 1 € (0,1) proves that holds.

Part (ii). Let {¢;} satisfy Strategy so that € < w?*¢g. This fact and gives

k .
" " 2a€ w\?
|psr — || < 95+ (on — o+ YR Y (5) ) . (70)

=0

We can now consider the three sub-parts (a), (b), and (c) in turn. A
To prove part (ii)(a), suppose that w < 6. It follows that Zf o (w/8) <
Yoo (w/0) = /0 Combining this inequality with . shows that (60) holds.

Combining Wlth (69), ex < w?ep, and w < 6 gives , completing this proof.
To prove part (ii)(b), suppose that w > 6. Let us first observe by using basic algebra
and the fact that a geometric series with factor #/w € (0, 1) is finite that

. k W i k+1 k+1 i . k 0 N k@ k+19
0 — = w"0 — ] <W"0 .
;(6) Z( ) “ Z;(w) Z( ) 1—9/w w—~0
This inequality can be combined with and w > 0 to conclude that

V2 V2
Oéogo < Wkl (on — 2| + a060> :
w

w — —0

lzker — 2| < O 2o — 2| + o

thus proving that (62]) holds. Then, combining (62)) with . and e, < w?eq gives (63)).

(]

To prove part (ii)( ), suppose that w = 9 In thls case, we know that Zl 0 (9) =
k+ 1. Comblnlng this equality with (| estabhshes the inequality in . Then,
combining (64) with . and ¢ < wzkeo gives , thus completing the proof O

Lemma 4.13. Let Assumption [{.5 and Assumption [{.9 hold. Then, for all k € N,
the vector 41 returned by Algorithm [ satisfies the following bounds:
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(i) If the sequence {e} satisfies Strategy[1], then

dist (41, V(2™ @) = |Jks1 — Projyy e ooy (Gk41) |
= O([pm e Y for all k € N,

(ii) If the sequence {ex} satisfies Strategy[d, then

dist (Qkﬂ,y(x*?a*)) = ngkJrl — Proj)}(z*’a*) (ng)H
@) ([max{wp"““, 6°" }]k) if w <8,

=<0 ([wmin{pmimp*}]k> wa > 97
O ((kek;)min{pmm,ﬂ*}) qu) = 0

Proof. Let us define ppi 1 = Projy(xmak) (Jk+1) and py = Projy(m*7a*) (pk+1)- The
triangle inequality and non-expansiveness of the projection operator shows that

HZQkH = Projy . o0 (391@+1)H

= l9k+1 = Prs1 + Prtr — Pryr + Pr1 — Projye ooy () |

< Gk+1 = Prrll + [1Petr = Py |+ 191 — Projype ooy (Grra) |l

< 2/|Gk1 — P || + Iprs1 — Pt | = 2dist (s, Y(@p, ar)) + dist (prr1, V(*, a*)).

This inequality, Lemma and aj = o* for all k£ € N (see Lemma show that

Pk — *
Hﬁkﬂ = Projy . o0 (??k+1)H <2 (22)2 40 (”x'“T_QCH + (Lg + =) lzp — 2| )p .
(71)
Note that regardless of which case in the statement of the lemma we are considering
(i.e., Strategy [1] for part (i) or Strategy [2] for part (ii)), we know that e, < ag/2 = a*/2
for all £ € N. This bound, , and Assumption together show that

pmin
26k

N . N p"
Hyk—}-l - Pro«])}(x*,oa*) (yk—i—l)” S 2Vmax (?) 2 .

ot (B (Lt ) e — 2] )
(72)
We can now consider the two cases in the statement of the lemma.
For part (i), {e} satisfies Strategy [1] so that €, < min{ag/2, 20>+ for all
k € N. Combining this bound, (72), Lemma [1.12[i), 6 € [,1), and ¢ € (0, 1) gives

Hngrl o Projj}(z*@*) (ngrl)H — O[(wk0k+1)pmin] + [O(9k+1) 4 O(ek)]p*
=0(#"" )+ 0 1) = O ([ ),

which completes the proof for part (i) of this lemma.
For part (i), {¢;} satisfies Strategy [2|so that e < w?!¢q for all k € N. This bound,
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(72), and Lemma yield

Hym Projy . oy Ukt H
Of (wk)™™" ] + [0(9k+1)+o 6" if w <9,
= FO[(")™ ] + [0 (@) + 0@wh)]” if > 0,
O (wk)"™ ]+[0(k+10’f+1)+0(k9k)} if w=0,

@) ([max{wpmi“,ﬁp }]k> ifw<#,

=190 ([wmin{pm;n,p*}]k) ifw>0,
O ((ko*)min{pmin.r"}) if w =0,
which completes the proof for part (ii) of this lemma. O

We are now ready to present our main support identification theorem.

Theorem 4.14. Let Assumption [{.5-Assumption [{.10 hold, and define

1 otherwise.

CES {min{l’miniesm 2], 1} if S(a*) # 0,

Then, the following results hold:
(i) If {ex} satisfies Strategy[d], then S(zy1+1) = S(z*) for all k > K1 with

_ loz© log &
Ky = max {O <log9> O <log max { [Qmin{pman,ﬁ*}] 5 [‘Pﬁ]m}) } .

(ii) If {ex} satisfies Strategy[d, then S(zj11) = S(z*) for all k > Ky with

log © log 6* .
max (O (125 ),0 log(max{w(i%ninﬂp* szL})>> ifw<0,

— log © log §* .
Kz = § max (0 (159), 0 (it oy ) )o@ >0,
max (O(Ce), O(Cj+)) if w=40,

Ceo is the smallest nonnegative integer such that (k+1)w**1 < © for allk > Co,

and Cs- is the smallest nonnegative integer such that (kw® )™ {eminp™t 4,20k < g+
for all k > Cg-«.

Proof. The proof begins by establishing two claims, which we consider one at a time.

Claim 1. We claim that ||[fk41]a0)]| < [Ni — €,_; and [2341]g, = 0 for all i & S(z*)
and k£ > k1 with

log 6* . .
Tog max{[emm?%mmw*}],[\lfe]zL}) if Strategy [1] is used,
log 0% if Strate is used and w < 6
ki = 10g(max{wplog69" w2}) gy 2 ’ (73)

if Strategy [2]is used and w > 6,

log(max{w™im{Pmin-P* 20 })

O(Cs-) if Strategy [2]is used and w = 6.
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To prove this, note that if S(z*) = [ng] (i-e., if no ¢ ¢ S(z*) exists), then the claim
trivially holds for all & > 0, which agrees with the definition of k; since §* =
and Cs- = 0 in this case. Therefore, for the remainder of the proof, we assume that

S(z*) G [ng]. It follows from Lemma that

dist (a1, V() 0)) + €y

(’)([Qmi“{pmi"’p*}] )+ (( \IIH]QL)k> if Strategy [1] is used,
O ([max{wpm‘“ 67"} ) +0 ( w
O ([w min{pmin,p"}] %) + ((wm) ) if Strategy [2]is used and w > 6,
(@) ((k:@k)mm{pm‘“ P } +0 ((wm ) if Strategy [2]is used and w = #.

) ) if Strategy [2is used and w < 0,

Thus, there exists a constant k; satisfying that makes the right-hand side
of the previous inequality less than 0%, and therefore both ¢,_, < ¢* and
dist (Grr1, V(*, a*)) < 6* — €., must hold for all £ > ki. This second inequality im-
plies that, for each k > ki, there exists p} € V(z*, o) such that | Gk1—pp|| < 0 —€;_4.
This inequality and Assumption [£.9] together imply

k1 lm@ I < NGrs1lm) — PRl |+ PR ] < 8% — € + [Ali = 6% = [Ali — €y

for all i & S(x*) and k > k;, which proves the first part of the claim.

To prove the second part of the claim, first note from how g1 is computed in
Algorithm Ithat there exists an integer ¢, > 0 such that §x41 = Uz, - Combmmg this
fact with the ﬁrst part of the claim that we just proved, we find that H Uk 1] M) H =
H Uk t1,) M H < [A]i—€},_; foralli ¢ S(2*) and k > k. Using this inequality and Llne
of Algorithm it follows that [Zj+, ] = 0 for all ¢ ¢ S(2*) and k > k;. Thus, for all
i ¢ S(x*) and k > kq, we have [Zx11]g, = [+, = 0. This result and Assumption
imply that [xp11]g, =0 for all i € S(z*) and k > k; since zp41 = Tp41.

Claim 2. We claim that [zj41]y, # 0 for all i € S(z*) and k > ko with

O llc(’)gg? if (Strategy [1|is used) or (Strategy [2]is used and w < 6),

ke = O (189) if Strategy [ is used and w > 0, (74)

log w

O(Co) if Strategy [2]is used and w = #.

To prove this, note that if S(z*) = (), then the claim trivially holds for all £ > 0, which
agrees with the definition of ko since ©® = 1 and Cg = 0 in this case. Thus, for the
remainder of the proof, we assume that S(z*) # . It follows from Lemma that

[
O (6%+1) if (Strategy 1] is used) or (Strategy [2|is used and w < ),
=4 O (w1 if Strategy [2]is used and w > 6 hold,

O ((k+ 1)6%+1)  if Strategy [2] is used and w = 6 hold.

Thus, there exists a constant ko satisfying that makes the right-hand side of
the above inequality less that ©. The fact that ||xg11 — 2*|| < © for k > ko implies
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[zkt+1lg: — [27]g: ]| < © for all i € S(z*) and k > ko. This further suggests [z44+1]q, 7# 0
for all i € S(z*) and k > ks.
Parts (i) and (ii) follow since S(xp41) = S(z*) for all k > max{ki, ka}. O

We remark that if we do not make any assumption on the rate of convergence of {ej }
to zero (e.g., do not assume that a strategy such as Strategy |1| or Strategy [2| is used),
then a small modification of the above analysis establishes that support identification
still occurs. However, we are no longer able to give a bound on the maximum number
of iterations before support identification will occur.

5. Numerical Results

In this section, we discuss our numerical tests. In Section[5.1] we discuss the formulation
of the test problem, in Section [5.2] we discuss the details of our implementations, and
in Section [5.3] we discuss the tests performed and the results of those tests.

5.1. Problem Formulation

We focus on the learning task of binary classification. To this end, we consider prob-
lem where the function f is the binary logistic loss defined as

N
J(@) = & D log (14 e7ve"d),
=1

where d; € R" is the ith data point, IV is the number of data points in the data set, and
y; € {—1,1} is the class label for the ith data point. Such an approach is commonly
used in machine learning applications.

Data sets for the logistic regression problem were obtained from the LIBSVM repos-
itoryE| We excluded all multi-class (greater than two) classification instances, instances
with less than 100 features, and all data sets that were too large (> 8GB) to be loaded
into memory. For the adult data (ala-a9a) and webpage data (wla-w8a), we used only
the largest instances, namely a9a and w8a. This left us with the final set of 11 data
sets found in Table [1] If the source of the data indicated that a data set was scaled,
we used it without modification. When the website did not indicate that scaling for a
data set was used, we scaled each column of the feature data (i.e., feature-wise scaling)
into the range [—1, 1] by dividing its entries by the largest entry in absolute value.

We consider the group regularizer r defined in . As for defining the groups, we use
a similar strategy as that used in [29] to define different overlapping groups, where the
overlapping of groups is controlled by parameters ratio € (0, 1) and grpsize € N. The
product of ratio and grpsize determines the number of elements in each group that
overlap with its neighboring groups. For example, if n = 13, ratio = 0.2, grpsize = 5,
then the groups are g; = {1,2,3,4,5}, go = {5,6,7,8,9}, and g3 = {9,10,11,12, 13},
which have overlap of size 1 = ratio - grpsize. In addition, we consider different
solution sparsity levels, which are achieved by adjusting the parameters {{\];}2;.
Specifically, for each i € [ng], we define [A; = Ay/|g;| for some A < A, Where
Amin is the minimum positive number such that the solution to the problem with
Al = Amin\/@ for all ¢ € [ng] is © = 0. Since Apin cannot be computed analytically,

2https://www.csie.ntu.edu.tw/cjlin/libsvmtools/datasets
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we test a range of values and choose the smallest one that gives the zero solution; as
a starting guess for Api,, we use the one derived from the non-overlapping group-¢;
case as discussed in [31) equation (23)]. For the tests described later in this section,
we make specific choices for the parameters ratio, grpsize, and A.

Table 1. The first column (data set) gives the name of the data set. The second column (N) and third
column (n) indicate the number of data points and number of features (equivalently, the number of optimization
variables), respectively. The fourth column (scale) provides the feature-wise scaling used: each feature is either
scaled into the given interval or scaled to have mean zero (u = 0) and variance one (62 = 1). The fifth column
(who) indicates whether the data set came pre-scaled from the LIBSVM website (“website”), or whether it did
not come pre-scaled and we scaled it (“us”) as described in Section

data set N n scale who
a9a 32561 123 [0,1] website
colon-cancer 62 2000 (u,02) = (0,1)  website
duke breast-cancer 44 7192 (u,0%) = (0,1)  website
gisette 6000 5000 [-1,1] website
leukemia 38 7129 (u,02) = (0,1)  website

madelon 2000 500 [-1,1] us

mushrooms 8124 112 [0,1] website
news20.binary 19996 1355191 [0,1] website
rcvl.binary 20242 47236 [0,1] website
real-sim 72309 20958 [0,1] website
w8a 49749 300 [0,1] website

5.2. Implementation details

In Algorithm [1, the values of the input parameters that we use are £ = 0.5, = 1073
and ¢ = 0.8, and the remaining parameters v; and o will be described later since
they are tuned. We set zg < 0 and ap < 1. For both option = option_1 and
option = option_2, Algorithm [l| decreases the value of the PG parameter for the
next iteration using a multiplicative factor when flag, = decrease_a. In practice,
this strategy might be conservative as the PG parameter can become relatively small
after encountering several consecutive iterations that trigger a decrease in the PG
parameter. Instead, in our implementation, we update the PG parameter at the end
of each iteration of Algorithm [I| following an idea from [5]. Specifically, for the kth
iteration, if the inequality in Line is not satisfied with j = 0 (meaning that no
backtracking is performed), we increase the PG parameter as a1 < 1.1ag; otherwise,
we decrease the PG parameter as ajy1 < (ag. While this PG parameter update
strategy works better than the basic strategy in Algorithm [1} it is not covered by our
analysis in Section 3| However, a simple modification is to allow the PG parameter to
increase a finite number of times, which would be covered by our analysis with a larger
constant in the complexity result. We compare the two adaptive termination conditions
option_1 and option 2 with the absolute termination condition from [25], i.e., setting
€p = C"Ig%t for some positive number const (its value will be given later since it is
tuned), which we will refer to as option_3. For option_3, since there is no guarantee
that 41 — xx is a descent direction for f + r, we use a strategy considered in [25]
where the PG parameter is initially set to ag and every time the inequality f(Zg4+1) <
f@e) + V()T (Zpe1 —ar)+ O%k |#x41 — 21]|? is violated by the approximate solution
Zk+1, the PG parameter is decreased by setting apy1 <— Cay and we set i1 ¢ xk.
Let us discuss the four termination conditions that we use in Algorithm [T}

(1) Maximum time. Algorithm [1|is terminated if 12 hours is reached.
(2) Maximum iterations. Algorithm [1]is terminated if 10° iterations is reached.
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(3) Approximate solution found. Algorithm [Ifis terminated if

|Zr41 — x|l + \/2041@(¢(50k+1;33k,04k) — Ga(fk+1; Ths 1))

< :=107°
min(1, ag) = ol 07, (75)

which we proceed to justify. Note that strong duality implies that
the pair (Zxi1,Jk+1) returned by Algorithm satisfies @(Tgs1; Tk, k) —
AT (wh, ) Tpy ) < A(Tpr15 Ty k) — Ga( U1 The, ) s0 that Ty is by def-
inition (see ) an é&PG update with € = ¢(Zp11; Tk, k) — Od(Ukt1; Thy k). 1t
follows from this fact, the reverse triangular inequality, and Lemma that

1T (ks o) — wp|l = [|B541 — 2pl| < (T (ks k) — Tk + T4 — Tpega |
= | T (zk, k) — Epy1 | < V2056

Combining this with the definitions of xj and €, and , it follows that

_ T Gr, o) —wnll  NEker = 2ill | V20uE  [lEkr — 2ill + v201€
Xk o - o o min(1, o)

< €tol,
i.e., Ij is an approximate solution since xj < €y,. This justifies ([75]).

(4) Numerical difficulties. Algorithm [1]is terminated if numerical difficulties are
encountered when the subproblem solver Algorithm [2] is called. In particular,
while running our initial tests, we occasionally observed € to be on the order
of 107'2 when the sequence {3} approached a stationary point. In this case,
Algorithm [2] was sometimes unable to return an approximate primal-dual pair
(Zk+1,Ur+1) that satisfied its approximate optimality conditions before reaching
its iteration limit of 5000 iterations; the resulting £141 in this scenario was often
dense. To address this numerical challenge, when Algorithm [2] is terminated
due to reaching its iteration limit, a reference point is used to (potentially) set
additional groups of 211 to zero. Concretely, we first define

ref(k) := max{k : k < k and Algorithm [2] terminated successfully in iteration k},

which allows us to define, for each i € [ng], the “corrected” iterate

[SAC%OHI‘eCted] I [iﬂk—i-l]gi if [$ref(k)]gi 7& 0,
M ” 0 if [xref(k)]gi =0.

We use the corrected iterate instead of zy; if it has a better objective value:

N {:&;‘:ﬁmd if (4500 oy, o) < (&gt s ),
+

Tht1 otherwise.

If two correction steps are needed, we terminate for numerical difficulties.

We now discuss Algorithm [2] The values for the input parameters are & = 0.5 and
no = 1073, Algorithm [2|is terminated when the inequality in Line |§| holds, the inequal-
ity in Line [13] holds, or 5000 iterations are performed. In the last case, a “correction”
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step is attempted as described above. For k = 0, we set 0 < 1 and §op < 0. For
all future iterations £ > 1, we set 0 <= or_1+ and Ji 0 < Yr—1,, Where t is the final
iteration of Algorithm [2| when called during iteration k£ — 1. Finally, when option_3 is
considered (see the discussion above in this section), Algorithm [2|is terminated when
the inequality in Line @ or Line [13| (with the right-hand sides replaced by const/k?)
holds since this implies that ;11 € Te, (T, ax) with e = const/k3, as needed.

5.3. Tests and results

We have a Python implementation that is available upon request. All experiments
were conducted on the Computational Optimization Research Laboratory (CORQL)
cluster at Lehigh University with an AMD Opteron Processor 6128 2.0 GHz CPU.

5.8.1. Comparison of the different termination conditions

We compare the performance of the three algorithm variants option_1, option_2, and
option_3. For this test, we generate overlapping groups as described in Section [5.1] us-
ing values ratio € {0.1,0.2,0.3}, grpsize € {10,100}, and A € {0.1Anin, 0.01Anin},
and the 11 data sets given in Table[l} In total, this gives 132 test instances comprised
of 12 different group constructions for each of the 11 data sets.

We tune values v, for option_1, 72 for option_2, and const for option_3 on the
72 test instances that correspond to the smaller data sets a9a, colon-cancer, duke
breast-cancer, leukemia, mushrooms, and w8a. We searched for best values for v; and
7o from the set {0.1,0.2,0.3,0.4,0.5}, and a best value for const from the set {107},
(these sets were chosen based on preliminary testing). When deciding the best values
for 1, 72 and const, we considered an algorithms performance on the 72 problem
instances in terms of CPU time (averaged over three runs to account for randomness
in the timings). This procedure resulted in the tuned values v; = 0.2, 72 = 0.5, and
const = 1000. Empirically, the performances of option_1 and option_2, which use
relative criteria each iteration, were less sensitive to parameter tuning when compared
to option_3, which uses an absolute criterion each iteration.

Using the above tuned parameters, we tested option_1, option_2, and option_3
across the entire 132 problem instances. A summary of the termination statuses (see
Section returned by the three algorithms is found in Table |2, These results show
that all three variants successful find an approximate solution to the majority of prob-
lem instances. We note that all three variants terminated due to the maximum iteration
limit on all 12 instances of the data set madelon, and that all instances for which an
algorithm reached the maximum time limit was for the data set news20.binary.

Table 2. Termination status summary for the algorithm variants option_1, option_2, and option_3 on the 132
test instances described in Section See Section for the precise meaning of each termination condition.

approximate maximum maximum | numerical

solution found | iteration limit | time limit | difficulties
option_1 108 16 7 1
option_2 107 15 8 2
option_3 107 16 9 0

Since Table [2] verifies that all three algorithm variants are relatively robust, we now
consider various performance metrics in detail. First we compare the computing times.

CPU time comparison. Figure |l| contains performance profiles based on [17] for
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comparing the computing times of two algorithms on a collection of problem instances.
For a plot that compares algorithms option_i and option_j for {i,j} C {1,2,3} with
1 # j, each bar corresponds to a problem instance, with the height of the bar given by

time required by option_i (76)
—lo .
B2 time required by option_j

Thus, an upward pointing (blue) bar indicates that option i took less time than
option_j to solve that test problem. In contrast, a downward pointing (red) bar means
that option_i took more time than option_j to solve that test problem. In either case,
the size of the bar indicates the magnitude of the outperformance. If both algorithms
fail to solve a problem instance, that instance is not included in the plot. For problem
instances that are successfully solved by only one of the two algorithms, the height of
the bar is set according to the following procedure. For each p € {1,2,---,132} and
i € {1,2,3}, let t, ; denote the time consumed by option_i on the pth problem and S; ;
denote the set of all problem instances that are successfully solved by both option_i
and option_j. Then, if exactly one of option_i and option_j fails on problem instance
p, the height of the associated bar is set as 1.5 maxjes, {|logs(tp,i/tp,j)|} pointing in
the direction of the algorithm that successfully solved the problem. For each given
plot, a single performance metric can be computed for each of the two competing
algorithms by computing the areas of their respective bars (the width of each bar is
one so the the area of each bar is equal to its height); theses areas are indicated in the
legend of each plot. As shown in Fig [l] the adaptive criteria used by option_1 and
option_2 outperforms the absolute criterion used in option_3.

Metric: Computational Time Metric: Ce Time Metric: Ci Time

M option_1 (area:41.837) B option 2 (area:34.519) B option_ 1 (area:26.874)
BN option_3 (area:29.752) BN option_3 (area:22.768) BN option_2 (area:26.025)

0 20 10 60 80 100 0 20 10 60 80 100 0 20 10 60 80 100

Figure 1. A performance profile for CPU time (seconds). In each plot, we exclude problem instances for
which both algorithms fail.

Final objective value and sparsity. For problem instance p € {1,2,...,132} and
algorithm option_i fori € {1, 2,3}, we let F}, ; denote the final objective value returned
by option_i when solving problem p. If F; — F; < —107%, then we say option_i
obtained a “better” objective value compared to option_j; if F; — F; > 1075, then
we say option_i obtained a “worse” objective value compared to option_j; and if
|F; — F;| <1075, then we consider them to have performed the “same”.

One must also consider the sparsity of the returned solutions. If the solution returned
by option_i is sparser than the solution returned by option_j, we say that option_i
performed “better” than option_j; if the solution returned by option_i is denser
than the solution returned by option_j, we say that option_i performed “worse”
than option_j; if the solutions returned by both algorithms have the same level of
sparsity, we say that the two algorithms performed the “same”.

The results from our tests can be found in Table |3 From these results, we may
first conclude that the adaptive termination criteria (option_1 and option_2) out-
perform the absolute termination criterion (option_3) in achieving a lower objective
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value. Second, the algorithms based on an adaptive termination criteria (option_1 and
option_2) slightly outperform the algorithm using an absolute termination criterion
(option_3) in terms of obtaining sparser solutions. Third, option_1 slightly outper-
forms option_2 in terms of achieving a better final objective value but at the expense
of being slightly outperformed by option_2 in terms of final solution sparsity.

Table 3. A comparison of solution sparsity and final objective value for option_1, option_2, and option_3
over the entire 132 problem instances. For example, the 6 in the first row (“option-1 versus option_3” )
indicates that option_1 returned a sparser solution (i.e., a “better” solution) than option_3 on 6 problem
instances. Similarly, the 24 in that same row means that option_1 returned a lower objective function value
(i-e., a “better” final objective value) than option_3 on 24 problem instances.

sparsity objective value
better same worse | better same worse
option_1 versus option_3 6 121 ) 24 103 )
option_2 versus option_3 8 118 6 23 103 6
option_1 versus option_2 4 118 10 10 115 7

5.3.2. Subproblem solver comparison: Algorithm[3 versus projected gradient ascent

We now explore the support identification property of our subproblem solver Algo-
rithm [2] Tt is clear from the previous section that Algorithm [I] with any option €
{option_1,option 2, option_3} is returns sparse solutions when Algorithm [2|is used
as the subproblem solver. Here, we compare the sparsity of the solutions produced
by Algorithm [I] when our proposed subproblem solver Algorithm [2]is replaced by a
projected gradient ascent (PGA) method. The results of our tests are in Table [4} we
only compare PGA to option_1 since option_1 and option_2 perform similarly.

For each data set in Table[I] we created a single test instance by first setting ratio <«
0.1 and grpsize + 10 (see Section [5.1). To ensure that a sparse solution existed for
each problem instance, we selected A (see Section differently for each data set as
indicated in the second column of Table [dl Note that the three largest data sets from
Table [I] are excluded from Table [] because the PGA subproblem solver was not able
to achieve any reasonable solution within the time limit (see Section [5.2).

Table[d]indicates that when Algorithm [T uses either Algorithm[2Jor the PGA method
as the subproblem solver the same objective value (up to 6 digits of accuracy) is
achieved. However, while Algorithm [2] consistently finds sparse solutions, the subprob-
lem solver PGA consistently finds dense solutions. Although it is possible to enhance
the PGA method through a post-processing step that forces blocks of variables with
small magnitude to zero, this would require the careful tuning of a threshold parame-
ter. Our method does not require any such post-processing to achieve sparse solutions.
Although not the focus of this section, we observed that Algorithm [I] converged in
fewer iterations when Algorithm [2]is used as the subproblem solver compared to when
PGA is used. It is clear that using Algorithm [2]is crucial to obtaining sparse solutions.

6. Conclusion

We proposed a PG framework to solve optimization problems that use a regularizer
whose proximal operator does not have a closed-form solution. To address this chal-
lenge, we proposed two adaptive criteria for approximately solving the PG subproblem,
and then proved a worst-case complexity result for the maximum number of iterations
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Table 4. The test results for Algorithm [I] when using Algorithm [2| or the PGA algorithm as its subproblem
solvers. Columns “#z”, “#nz”, and “F” give the number of zero groups, the number of non-zero groups, and
the final objective value, respectively.

Algorithm [2| (option_1) PGA

data set A #z F#nz F #z #nz F
ada 0.013458 | 12 2 0.508337 0 14 0.508337
colon-cancer 0.017751 | 213 10 0.336270 1 222 0.336270
duke breast-cancer 0.016198 | 779 13 0.246910 2 790 0.246910
gisette 0.012003 | 536 20 0.402671 2 554 0.402671
leukemia 0.020514 | 781 11 0.258627 0 792 0.258627
madelon 0.000402 | 19 37 0.666079 0 56 0.666112
mushrooms 0.009528 | 10 3 0.316138 0 13 0.316138
w8a 0.006687 | 24 10 0.429029 0 34 0.429029

before an approximate first-order solution is computed. We also designed an enhanced
solver for the PG subproblem when the group-¢; regularizer is used. When this sub-
problem solver is used within our overall PG method, we provide an upper bound
on the number of iterations before optimal support identification occurs. Numerical
experiments on regularized logistic regression problems illustrate the effectiveness of
our approach for efficiently finding structured sparse solutions.
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