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A Branch and Bound Algorithm for Biobjective Mixed Integer Quadratic
Programs*

Pubudu L.W. Jayasekara, Margaret M. Wiecek!

Abstract. Multiobjective quadratic programs (MOQPs) are appealing since convex quadratic programs have
elegant mathematical properties and model important applications. Adding mixed-integer variables
extends their applicability while the resulting programs become global optimization problems. We
design and implement a branch and bound (BB) algorithm for biobjective mixed-integer quadratic
programs (BOMIQPs). In contrast to the existing algorithms in which the Pareto set is approxi-
mated, the proposed algorithm provides the exact Pareto set in closed form. The algorithm relies
on three fundamental modules of the BB scheme: solving node problems, branching, and fathoming;
and a newly developed module of set dominance. Continuous relaxations of the BOMIQP are solved
at the BB nodes with the mpLCP method that provides exact efficient solutions to MOQPs. The
branching module is extended to be applicable to BOMIQPs and is integrated with the mpLCP
method. Selected fathoming rules are implemented in a new way to account for the properties of
the Pareto set of the BOMIQP. In the module of set dominance, Pareto sets are compared under
incomplete information to yield the resulting nondominated set and eventually produce the Pareto
set of the BOMIQP. Numerical results are provided.

Key words. Biobjective mixed integer optimization, Parametric linear complementarity problem, Branching,
Fathoming, Set dominance, Polynomial equations.

AMS subject classifications. 90C29, 90C20, 90C11

1. Introduction. Multiobjective programs (MOPs) with mixed-integer variables have re-
cently been the objects of numerous studies since they model decision-making problems arising
in many areas of human activity and their Pareto sets have interesting mathematical prop-
erties. Consequently, the development of algorithms for computing these sets has been the
main goal of those studies. Multiobjective mixed-integer nonlinear programs make up a class
of MOPs for which various algorithms have already been developed. Branch and bound (BB)
methods to approximate the Pareto set for such problems are proposed in [8, 9, 27], while
the biobjective case is examined in [10]. Some authors go further and assume nonconvexity
of the functions on top of variable integrality. In [23], a BB type algorithm is proposed for
nonconvex MOPs with continuous or mixed-integer variables, while in [7] the general case of
bounded objective functions and disconnected feasible sets is addressed.

In this paper we continue the research direction to compute the Pareto set for the convex
quadratic case. Multiobjective quadratic programs (MOQPs) are appealing since they have
elegant mathematical properties and model important applications such as regression analy-
sis, portfolio optimization, predictive control, and others. We design and implement a BB
algorithm for biobjective mixed-integer quadratic programs (BOMIQPs). In contrast to the
studies above, in which the Pareto set is approximated or represented by computing specific
points, the proposed algorithm provides the exact Pareto set in closed form. We emphasize
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2 P.L.W. JAYASEKARA, M.M. WIECEK

that there have been so far three classes of MOPs whose exact Pareto set can be computed
in closed form, namely, multiobjective linear programs (e.g., [28, 20]) including the case of
mixed-integer variables ([3]), and multiobjective quadratic programs (refer to [17] for a re-
view). BOMIQPs now join this “elite” group of MOPs as the current paper appears to be the
first study making it possible.

The algorithm relies on three fundamental modules of the BB scheme: solving node prob-
lems, branching, and fathoming; and a newly developed module of set dominance. Continuous
relaxations of the BOMIQP are solved at the BB nodes with the recently developed mpLCP
method, which solves MOQPs as multiparametric linear complementarity problems (mpLCPs)
and provides the exact efficient solutions to MOQPs in parametric form [2]. The branching
module is extended to be applicable to BOMIQPs and is integrated with the mpLCP method.
Selected fathoming rules are implemented in a new way to account for the properties of the
Pareto set of the BOMIQP. In the module of set dominance, Pareto sets are compared under
incomplete information to yield the resulting nondominated set and eventually produce the
Pareto set of the BOMIQP.

The paper consists of eight sections and an appendix. In Section 2, the BOMIQP is
formulated and accompanied by related auxiliary biobjective quadratic programs (BOQPs),
and the methods for solving these BOQPs are reviewed in the context of the BB algorithm. An
overview and the modules of the algorithm are presented in Sections 3-6, while the complete
algorithm and numerical results are given in Section 7. The paper is concluded in Section 8.
In the appendix, some theoretical results, the details of solving an example BOMIQP with
the BB algorithm, and figures in support of the algorithm are included.

2. Preliminaries. We begin with notation and define nondominated points in an arbi-
trary set. We then formulate the BOMIQP, define the related concepts and present auxiliary
optimization problems and solution methods that are needed for the BB algorithm.

Let n,peNand 0 < p <n. Let R”, RP C R™ be Euclidean vector spaces, and Z"P C R"
be the set of all integer vectors. For y',y? € R? the following binary relations are defined: y' <

2ifand0nlyifyk < ykfork =1,2;y' <y? 1fand0nlyifyk < yk,fork = 1,2 and y! #
y2 y! < y? if and only if yk < yk for k=1,2.

Definition 2.1. Let S C R%. A point y' € S is said to dominate a point y* € S provided
y' < y?. A point y* € S is said to be nondominated provided there does not exist y* € S

such that y* < y*. Let Sy denote the set of nondominated points in S and N(-) denote the
operator on a set such that Sy = N(5).

We define R2 = {y € R? : y = 0} and the sets R2>, RZ are defined accordingly. We also
deﬁne]R2 :{yE]R2 y1 > 0,12 <0} R2 —]R2 \ {0} and]R2 {y € R?:y; > 0,2 < 0}.

For a set S C R? we define S> = S + R2 The sets S> and S are defined accordingly. In
addition, bd(S) and |S| denote the boundary and cardinality of S, respectively.
Consider the BOMIQP:
(2.1) P min f(x) = [fi(x) = 3x"Q1x +p1T>f7 fa(x) = 3x" Qax + pyx]
s.t. XxeX={xeRP xZ"P: Ax < b,x 2 0},
where f : R” — R?, Q1,Q2 € R™", p1,po € R", A € R™*" and b € R™. The spaces
RP x Z" P and R? are referred to as the decision space and the objective space to BOMIQP
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A BB ALGORITHM FOR BOMIQPS 3

(2.1), respectively. Problem P (2.1), which includes p continuous and n — p integer variables,
is referred to as the original problem. We make the following assumptions.

Assumption 1. 1. The set X is nonempty and compact.
2. The function f; is strictly convez, i.e., matriz Q;,1 = 1,2, is positive definite (PD).
3. Each integer variable is bounded, i.e., aj, < x; < ay,, for some ay,, ay; € Z,i = p+1,...,n.

Based on Assumption 1, the following uniqueness property is immediate.

Proposition 2.2. There exists a unique optimal solution to min{ f;(x) = %mTQim—i—piTm, xE
X} fori=1,2.

For BOMIQP (2.1), the outcome (attainable) set, ), in the objective space is defined as

Y= (X) = {y€R2 'y = (fl(X),fQ(X)),X S X}

The elements of ) are referred to as outcome or criterion vectors. Solving BOMIQP (2.1) is
defined as finding its efficient solutions in X and Pareto outcomes in ).

Definition 2.3. A feasible solution ' € X is said to be an efficient solution to BOMIQP
(2.1) provided there does not exist ¥* € X such that f(x*) < f(z'). The outcome y* = flz')
is said to be a Pareto (or nondominated) outcome in Y. The sets of efficient solutions and
Pareto outcomes to (2.1) are denoted by Xg and Yp, respectively.

For (2.1), the notions of Pareto and nondominated outcomes in ) are used interchangeably
because Yp = N()). For (2.1), we also define the ideal point y! = (y{,yf) € R?, where
yl = mingex fr(z) = mingeyyy for & = 1,2, and the nadir point vV o= @V, v)) € R?,
where y{c\/ = MaXxex, fr(T) = maxyey, y;, for k =1,2.

In the next section we formulate auxiliary BOQPs for which we define the efficient and
Pareto sets maintaining the notation of Definition 2.3. For each BOQP we denote the efficient
set and the Pareto set, respectively, by attaching the subscripts £ and P to the symbol
denoting this problem’s feasible set and this problem’s image of the feasible set, respectively.

2.1. Auxiliary Biobjective Quadratic Programs. Given BOMIQP (2.1), four BOQPs are
introduced. Each of these four problems has the same two quadratic objective functions but
a different feasible set that is a subset or a superset of the set X.

Consider first Problem P being the continuous relaxation of BOMIQP (2.1),

P:min f(x)

s.t. xE)\?:{XGR”:Axib,XZO},
which is referred to as the relaxed BOMIQP. Let ) = f(X') denote the outcome set of P.

The second problem we introduce is the so-called slice problem P(x), which is also a

continuous BOQP obtained by fixing all the integer variables at some feasible values. Let
x € X N(RY x ZZ77), then the slice problem of BOMIQP (2.1) can be written as

P(x) : min f(x)

st. xeX(X)={xeRP xZ"P: Ax<b,x20,z;,=%;,i=p+1,...,n}.
The set X' (X) is referred to as a slice of the set X'. The slice problem is equivalent to a leaf
node problem in the BB tree, because all integer variables have been fixed and no branching

(2.2)

(2.3)
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4 P.L.W. JAYASEKARA, M.M. WIECEK

is necessary. Let Y(Z) = f(X (X)) denote the outcome set of P(x). Figure 5a ! depicts the
objective space of three slice problems and reveals that (2.1) is a global optimization problem
whose Pareto set, Vp, may be a nonconvex and disconnected curve that is neither open nor
closed. This set can be constructed as the nondominated set of the union of the Pareto sets
of all the slice problems. Consequently, a naive method to compute Vp is to solve all the slice
problems and perform this construction. The goal of this work is to design an algorithm to
compute this Pareto set in a more efficient way.

The BB tree recursively subdivides the feasible set and creates new BOMIQPs. The third
problem, which is the BOMIQP associated with a node s of the BB tree, can be written as

P?:min f(x)
(2.4) .
st. xeX°={xeRP xZ"P: A% < b®,x 2 0}.
and is referred to as the node problem P?®. The matrix A® and vector b° are obtained by
augmenting the original linear constraints with additional constraints in the form of bounds
on integer variables according to a branching rule.

Although P? is associated with a node s, the continuous relaxation, Ps , of this problem
is the BOQP that is repetitively solved and therefore plays the role of the engine of the BB
algorithm. P* is the fourth problem we consider and formulate as follows:

P*:min  f(x)

st xeX¥={xeR": A% <b5x>0}
P is referred to as the relaxed node problem. Let YV* = f(X*), X5 and yP = N(Y%) be the
outcome set, efficient set, and Pareto set of P*, respectively. The set V* is ]R2 -convex, i.e.,
the set ys +R> 1s convex [17]. The set, Y, p, is a continuous strictly convex curve with the end
points 71 = (i1 = i(%%), G5 = fo(%°1) and §2 = (52 = fi(%2), 552 = fo(x°2)), where
x5! = argming_ ¢, fi(x) for i = 1,2 (see Figure 5b). Let y*I and 3°V be the ideal and nadir

X
points of the relaxed node s problem, respectively, where y¥/ = (gjfl = g5t gjgl = 752), 5,3/\/’ =

@Y =552, N = 33).

For P* we define additional sets in the objective space R?. The set
3

(26) T°= {0y + 232+ X9 1> Ai=1,4>0foralli=1,2,3}
creates a closed triangle in R%. Two suibzslets in R? for k = s, are also defined
C”W (NI uLE )
= (TN I uLE ),
where L(y*!,y%!) and L(y°2,y*!) are open line segments joining the ideal point with each end
point of the Pareto set (see Flgure 5b).

(2.5)

(2.7)

2.2. Solving Biobjective Quadratic Programs. The traditional approach to solve MOPs
is by scalarization in which the problem is reformulated into a single objective program whose
optimal solution is efficient to the original problem. In the BB algorithm we employ three
well-established scalarizations to solve problems P and P%. This section can safely be skipped
by the reader who is familiar with scalarization techniques in multiobjective optimization.

!Figures 3-28 are included in the Appendix.
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A BB ALGORITHM FOR BOMIQPS 5

2.2.1. The Weighted-Sum Problem associated with BOMIQP(2.1). Consider the fol-

lowing weighted-sum problem associated with BOMIQP(2.1).
o oin 1T T
(2.8) P(A): min 5x'QN)x+p(A)'x
s.t. X E X,

where A € [0,1], Q(A) = AQi + (1 — A\)Q; and p(A) = Ap; + (1 — N)pj, i, =1,2,i # j.

Proposition 2.4. [14] Let A € [0,1]. If & = &(\) is an optimal solution to problem P(\)
(2.8), then & is efficient to BOMIQP(2.1).

In the BB algorithm, problem (2.8) is solved for a fixed set of values of the parameter A to
obtain an initial set of Pareto points of BOMIQP(2.1). For a fixed weight, problem (2.8) is a
single objective mixed integer quadratic program (SOMIQP) and commercial software such as
GUROBI can solve it. We emphasize that these SOMIQPs are solved only at the initialization
of the BB algorithm.

2.2.2. The Weighted-Sum Problem associated with BOQP(2.5). In the algorithm, the
relaxed weighted-sum problem, 738()\), which is associated with problem (2.5), is solved

() smin X" QN)x + (V) x

st. x€X°.

Analogously to Proposition 2.4, an optimal solution to problem 758()\) (2.9) is efficient to P’
(2.5). Problem (2.9) is solved in two different ways: for a fixed parameter A\ € [0,1] and
as a parametric optimization problem. In the parametric case, an optimal solution to (2.9)
is a function of A. Despite being a convex problem, (2.9) is challenging because it has a
parameter in the quadratic term of the objective function. Methods to solve (2.9) for its
optimal parametric solutions include the spLCP method [30], the mpLCP method [2] with a
MATLAB implementation available [1], and the algorithms in [21]. All these methods rely
on the well-known reformulation of the KKT optimality conditions for quadratic programs
into an LCP problem [4], which converts (2.9) into a single-parametric linear complementarity
problem (spLCP). The parameter space [0, 1] is partitioned into invariancy intervals over which
the solutions to the spLCP are computed providing also an optimal solution to (2.9). Based
on the comparisons in [17, 18], the mpLCP method emerges as the most universal method to
solve MOQPs and is used as a solver for (2.9) in the BB algorithm.

2.2.3. The Achievement Function Problem associated with BOQP (2.5). An achieve-
ment function can be used to scalarize BOQP (2.5) [31]. Consider the following problem that
is formulated for (2.5) with a reference point yit = (yf, ylt) € R2:

P(y"): minmax  {f(x) - y;}
s.t. x € X%

Theorem 2.5. [31] Let & € X5, If & = &(y") is an optimal solution to problem P(yF)
(2.10), then Z is efficient to P* (2.5).

(2.9)

(2.10)

75(yR), known as the achievement function problem, is used in the fathoming and set domi-
nance modules of the BB algorithm to check the location of a reference point y* with respect
to the Pareto set of a relaxed node problem. P(y’) is a SOQP and commercial software such
as MATLAB can solve it. The following result is immediate based on the strict convexity

This manuscript is for review purposes only.
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6 P.L.W. JAYASEKARA, M.M. WIECEK

assumption and Theorem 2.5.

Theorem 2.6. Let y'* € R2. Let &S(yR)Nbe an optimal solution to (2.10) and ¥ (y?) =
(f1(@ (y"), f2(2° (y"))) = (95,95), and let Y} be the Pareto set of problem (2.5).
(i) I 5 (y%) =y then y € Vp —R2
(ii) If ¥ (y") < 47 then y € Y3 +R2
(iii) If 95 <yt and g5 > y{* then y'* € Yp —RZ
(i) If §; > yf* and g5 < yf* then y® € Vp +RZ.

2.2.4. The e-Constraint Problem associated with BOQP (2.5). Another commonly
used scalarization technique to solve MOQPs is the e-constraint problem [15], which we apply
to BOQP~(2.5). The it? e-constraint problem, i = 1, 2, is formulated as:

P(e;) : min fi(x)
(2.11) st fi(x)<e j={1,2}, j#i
x € X

Theorem 2.7. [15] Let ¢; € R be fived and & € X°(¢j) = {z GNQ’E'S c fi(®) < €,) =
{1,2}, j #i} # 0. If z = a(¢;) is an optimal solution to problem P(e;) (2.11), then & is
efficient to problem P*(2.5).

Let y(e;) denote the image of X(e;) in the objective space of BOQP (2.5). If at optimality of
P(ej) (2.11) the e-constraint is active, i.e., fj(X(e;)) = €5, then y(e;) = (f1(%X(¢;)), f2(%(¢€))))-

P(e;) (2.11) is used in the set dominance module to discard the points of a Pareto set
that are dominated by another Pareto set. The parameter € is selected as a coordinate of an
end point of one of the two Pareto sets. For i,j = {1,2}, ¢ # j and v,w = {s,l},v # w, we
formulate a single objective quadratically constrained quadratic program

PFY): min  fi(x)
(2.12) st [ <§Y j=1{1,2}, j A
x € XY,
where g7 is the j™ coordinate of the j* end point of the v*" node problem. Commercial
software such as MATLAB can solve problem ﬁ(ﬂ;j ). Let fc(g]?j ) denote an optimal solution
to (2.12) and y(g}’j) denote its image in the objective space of BOQP (2.5). The following

proposition shows how to retrieve the weight A to be used in problem P*(\) (2.9) and obtain
the same efficient solution that is obtained by solving P(g;”)(2.12).

Proposition 2.8. [19] Let & = i(g]jj) be an optimal solution to ﬁ(g]}-jj)(Q.lQ) and 4 =
ﬁ(y];/j ) > 0 be the Lagrange multiplier associated with the constraint f;(x) < y]}/j. Then x is
a

u+1"

also an optimal solution to problem P*(\) (2.9) for X\ =

Having prepared the foundations for the development of the BB algorithm, in the next
section we give its overview and then focus on its modules.

3. Algorithm Overview. The following definitions and notations are used to develop the
BB algorithm for BOMIQP (2.1).

This manuscript is for review purposes only.
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1. Let ), C Y be the set of points and curves found so far by the BB algorithm as candidates
to be the elements in the Pareto set, Vp, for (2.1). ), is referred to as the incumbent set.

2. Let &, C X be the set of preimages of the points in ).

3. Let y?;. C Yp denote an initial subset of Yp and X0 C X be the set of preimages of the
points in J}P

Items 4, 5, and 6 below pertain to points y* = (yi,43) € Y, and y’/ = (yl, y2) € Y, such that
y1<y1andyz>y2 , :

4. The point y*/ = (yI,v4) is said to be the nadir point and the point ¥/ = (yi,43) is said to
be the ideal point implied by the points y*,y’ € ),. The set of all nadir points generated
by selected points in ), is denoted by YN

5. Points y*,y’/ € Y, are said to be adjacent in ), if their nadir point y*’/ and ideal point
™ satisfy ({y*}<) 0 ({59)7) 0130 = 0.

6. A nadir point y*/ € YV is said to be adjacent if it is implied by two adjacent points
v,y € Va.

7. Let Y C Y, be defined as Y5 = Y, N (T° —R2).

8. Let ym € yN . The set R® is defined as the rectangle spanned between }751 and yi’j,

R = {y*1}> n{y"}=.

The algorithm consists of the initialization and the main step. The following information is
available after the initialization step has been completed: (i) An initial subset of Pareto points,
VY, that are computed by solving the weighted sum problem (2.8) with a set of predetermined
weights. Then ), = y}; at the initialization, and y}l C Yo N Yp during the execution of the
algorithm. (ii) The set of nadir points implied by the adjacent Pareto points in yg.

At every main step of the algorithm the relaxed BOQP (2.5) associated with a node s is
solved for its efficient set, Xg = {x*(\) € R": A € [, AN'T}o<n av<1» Which is as a collection
of parametric efficient solution functions with the associated invariancy intervals. The Pareto
set V3, = f(X3) (or its subset y*(\) = f(x°()))), is a strictly convex curve (or a strictly convex
subcurve) that is available parametrically in the form (f1(x(\)), f2(x(A))) for A € [0, 1] (or
for A € [X,\]). Both sets, X3 and V3, are stored. The coordinates of specific points in
V3: (i) the end points §° = f( (1)) and y°2 = £(x*(0)); (ii) the points y°(\) = f(x*(\))
and y*(\") = f(x*()\")) associated with the end points of the invariancy intervals [\, \] for
0 < X, N < 1, are actively used during the execution of the algorithm.

The algorithm proceeds differently depending on the properties of X % and yP If the
entire set XE is feasible for (2.1), i.e. XE C Xg, then its image, yP, is added to Y, and the
resulting nondominated set is computed yien, Vo= N(Va U:)N/fg). This latter step is performed
in the set dominance module. Additionally, if j}f; satisfies certain conditions executed in the
fathoming module, then node s is fathomed. The set YV of all nadir points generated by
selected points in ), is used in this module.

In a similar way, if an efficient solution function x°(\) € X3, for some A € [\, \] is feasible
for (2.1), i.e., x5(\) € Xg for A € [N, )], then its image, y*(\) = f(x*(\)) for A € [N, \], is
added to ), and the resulting nondominated set is computed in the set dominance module.

If there exists an interval [\, \”] in the collection such that the corresponding parametric
solution is not feasible for (2.1), then the algorithm initiates the branching module.

The incumbent set ), is a union of points and strictly convex curves. The objective space
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8 P.L.W. JAYASEKARA, M.M. WIECEK

images of the newly obtained efficient solutions to relaxed node problems that are feasible for
(2.1) are added to Y, while this set remains nondominated. Because of the nondominance test,
an interval [\, \"] associated with the subcurve y(\) for A € [N, \”] may be partitioned into
subintervals such that a subcurve y()) for A € [A”, Af] is nondominated in )),, where A\* and
A are the parameter values associated with the end points of the subcurve that passed the
test. Consequently, we have Y, = Y3U{y(A) € R? : X € [N, M}oope yrey and Vo = N(Va).
As the algorithm progresses, ), keeps changing. As new curves or points are added, some
curves, subcurves, or points that have been elements of ), so far may be dropped.

In the fathoming module, a subset ), C ), containing only specific points in ), is used
because the information about only these points is sufficient to run this module. We define
(3.1) Va=YpU{y(\\) eR*: A=\ MY 30 arey and Yy = N(Va).

In the subsequent sections, the three modules of the algorithm are presented in detail.

4. Branching. In the branching module, at the parent node s, the mpLCP method solves
BOQP (2.5) for the efficient set, /'?bsj If this set is not feasible to BOMIQP (2.1), i.e., there
exists an interval [\, \’] and the corresponding parametric solution with an integer variable
x;(A\), for some i € {p+1,...,n}, that is equal to a function of X for X\ € [N, "], then this
variable is selected for branching. The range of values this variable takes for A € [\, \”]
is then computed. Let Z™" and Z'%* be the smallest and largest value the variable z;(\)
respectively assumes for A € [\, \’]. To obtain these bounds we solve Z!™" = miny{z;(}) :
A e [N, N} and 2" = maxy{xz;(\) : A € [N, \']}. Since x;(\) are rational functions of
A, a specialized solution method for polynomial fractional optimization should be used [11].
However, because adopting that method into the BB algorithm requires further research,
in this first implementation, these optimization problems are solved by discretization. The
interval [\, \”] is discretized, the values of z;(\) are computed for each value of A\, and the
minimum and the maximum values, a’:;’"” and z7"**, are found.

Let ¢} = |2""| and ¢/ = [27""*]. Then the constraints of problem P*(\)(2.9) are
extended with bounds on the integer variable z;, and two new node problems, P**1()\) and
P5t2(N), are created and solved for each integer ¢; € [¢, ¢].

1
PN : min ixTQ()\)x +p(\)Tx
(4.1) s.t. xe)es:{xeR”:A5x§bs,xi§qﬁi,x20}
A€ 0,1],
1
PST2(\) : min ixTQ(/\)x +p(\)Tx

(4.2) st. xeX ={xeR": A°x <b%,z; > ¢; 4+ 1,x = 0}

A e [0,1].
The first new node problem has the constraint z; < ¢, while the last new node problem has
the constraint z; > ¢7. Using these bounds on the integer variables that have not assumed
integer values we ensure that no efficient solution to BOMIQP (2.1) is excluded.

This procedure is applied to every invariancy interval in the collection that carries the
infeasibility to the original BOMIQP. Once all such invariancy intervals associated with a
node problem have been processed, the efficient set of another node problem is checked for
feasibility and if needed, the above process is repeated. Note that a newly generated node
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problem may be identical to a previously obtained node problem. If so, such a new node
problems is discarded. The branching process is started at the root node with problem (2.2)
and may continue until leaf nodes have been reached with slice problem (2.3).

5. Fathoming. The goal of the fathoming module is to decide whether a node problem
can be discarded. A fathoming rule gives a condition for discarding a subset of the feasible
set that contains no efficient points to (2.1). Until the termination of the BB algorithm, one
may not know whether an efficient solution to a node problem, which is feasible to (2.1), is
also efficient to (2.1). Regardless of whether that solution is efficient or not, one can still use
the feasibility of that solution for dominance purposes.

Fathoming rules make use of the feasibility or infeasibility of a node problem and of domi-
nance between bound sets. The first fathoming rule uses infeasibility. If node problem (2.5) is
infeasible, then the corresponding mixed-integer problem (2.4) has no efficient solutions, i.e.,
if X5 =) then X* = (). The second fathoming rule is based on the slice problem. If the node
problem is a slice problem, then this node problem can be fathomed. If these two rules are
not applicable, the fathoming rules based on bound sets become relevant.

5.1. Bound Sets. In the biobjective case, the bound sets are subsets of the objective
space R? and determine a region within which the Pareto set to BOMIQP (2.1) is located. In
the literature, different bound sets have been proposed and generally presented as pairs (U B,
LB®) where UB C R? is the upper bound set and LB* C R? is the lower bound sets at node s
[13, 5, 26]. Having examined the bound sets introduced in the literature, we select the pair in
which the upper bound set is first proposed in [6], while the pair is also used in [5, 8, 26, 3].
(51) UB=Y% and LB® =Y}~ where Y5© = Y3 + R2.

A general sufficient condition for a node s to be fathomed is that that node’s lower bound
set does not contain the Pareto points of BOMIQP (2.1) [5]. In our work, using the sets in
(5.1) we apply the equivalent condition [3]:

(5.2) If LB® C UB,then node s can be fathomed.

In the next section, we discuss how to make a fathoming decision based on bound sets
(5.1). Since obtaining the lower bound set using 5)153 is a challenging task, we intend to make
a fathoming decision without obtaining the complete )7;2

5.2. Practical Fathoming Rules. We develop fathoming rules based on the condition in
(5.2), which, in the context of the BOMIQP, can be written as 371532 C y%, or equivalently,
5/}? C y(i? meaning that each point in 5); is dominated by at least one point in V¢ [3]. Recall
that Y, C YV, is a set of points containing the initial Pareto points in y?) and the end points of
the strictly convex curves and subcurves stored in ),. Given ),, we define the set 372 C Yi:
(5.3) V5 =Van(T°—RZ)
and use it for fathoming. Let y' = (yi,74) € VSN CW and y/ = (y{,y%) € YVinCss.
The points y* and y’ are said to be the closest points to the point §¥/ = (g5, 552) if yi =

arg min (gjfl — yl) and y% = argmin (gj§2 — yz). Since Y? contains a finite number
y1y€(Vzncsw) y2:y€(Y5NCsS)
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of points, we have the fathoming rule:

(5.4) ItYpC U {y}Z |, then node s can be fathomed.
yeys
Based on this rule, two practical fathoming rules are now introduced.

Raile 1: If there exists y* € V% such that y' € {5,31 }5, then node s can be fathomed.

=
at

346
347
348
349
350
3

—_

w
[\)

5
5¢
e

3

w

In Rule 1, Y5 C {y’}= C ( U {y}2> (see Figure 6a). Note that if Rule 1 does not hold
yeVa
and YN C*W = or YN C* =, then node s cannot be fathomed (see Figure 7).

Rule 2 is constructed using the following information. Assume YN NT5 % §. Let the
nadir point y*/ € YN be implied by the points y* € VN C*W and y/ € Y3 n C* that are
the closest points to the point ¥%/. Note that these closest points y* and y’ do not have to be
adjacent because there might be other points y € Y% located in R®. We examine the adjacent
nadir points y®" in R® implied by the adjacent points y*,y" € (:)7;; N RS) U{y‘}U{y’}. Note
that the nadir point y*/ is also included in R*. Using these nadir points in R®, Rule 2 can be
written as follows (see Figure 8).

Rule 2: If y®7 € ()7815 — RQZ) for all nadir points y®" € R?®, then node s can be fathomed.

w W
~J

w
ot Ot Ot Gt
C 0g)

360
361
362
363
364
365

366

367

368

369

370

However, if there is at least one nadir point such that y™" € (JNJ; + ]R2>> then node s cannot be

fathomed. Implementing Rule 2 is not straightforward as the complete set 5)1% is not available.
To check the location of the nadir points with respect to 37153, we solve the achievement function
problem (2.10) 75(yR) with y* = y*", where y*" is a nadir point in R®. A fathoming decision
is then made based on the following proposition.

Proposition 5.1. Let ¢ = (yi,v5) € YN CW and v = (y{,y%) € YN C*S be the points
that are the closest to the point L, y*" = (y7",y5") € R® be a nadir point, &*(y") be an
optimal solution to (2.10) P(y") with ¢y = y*", and i (y") = (f1(@(y), f2(2° (y1))). If
¥ (y") € {y™"}2 for all y*" € R® then node s can be fathomed.

Proof. Assume y*(y't) € {y"™"}Z for all y*" € R*, then by Theorem 2.6(i) y*7 € Y5 —R2
for all y*" € R®. Therefore,

65 Ypc |{¥IFulytru U Fu U v
yEYVENRS yrneERS
Note that

Go) | U ) c [ viFurFe U or

y©neRs yEYVENRS
From (5.5) and (5.6) we have Y% C ({y"}2 u{y’}2u U {y}2>, and then
yEYVENRS

Vi < U {y}=. Hence by the rule in (5.4), node s can be fathomed. [ ]
yeVs
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Based on Proposition 5.1, problem (2.10) has to be solved with each nadir point y*" € R®.
Consequently, there are many but a finite number of optimization problems to be solved for one
node. Although these are single objective problems, solving them may be time-consuming.
The following strategy may allow one to speed up this process by solving fewer problems.
Consider again the points y* € Y5 N C*" and y7 € Y N C*¥ that are the closest points to
the point ¥*/, and the nadir point y*/ implied by these two points. If y*/ € T, then we
check whether y*/ ¢ (JNJ; — R%) If this holds, then without considering the other nadir
points we can conclude that node s can be fathomed (see Figure 6b). To check whether

y e (:)7; — R%), we solve achievement function problem (2.10) with yf = y%J. Otherwise,

if y"J ¢ T or y*/ ¢ (37; — Ri), the process cannot be speeded up and problem (2.10) has
to be solved with each nadir point in R®.

The steps of the resulting fathoming module are given in Algorithm 5.1. The points in
Y% and the points y*! and y*? in 5)}3 are the input to this module. The adjacent nadir
points implied by the points in Y2, the ideal point y*/, and the sets T°, C*W C*% R*® are
computed. A sequence of conditions are checked. First, by Rule 1, if there exists a point
y' in Y® such that y* € {§*/}=, then node s can be fathomed. Otherwise, the sets C*" or
C%% are checked whether they contain points in :)7;; If )75 NCW = or :)7; NCOssS = (), then
node s cannot be fathomed (lines 3-6). Figures 7a and 7b depict this case. If Y5 N C*W # ()
and )75 nCss # (), then the points in 37; N C*W and )75 N C*%° that are the closest to }75] are
found. Let y'i € V5N W and y? € Y5 N C*Y be the closest points to y*/. The nadir point
yhi = (y7”, y5”) implied by y* and y’ is computed and its location with respect to the set T is
checked. If y*/ € T*, the achievement function problem (2.10) 75(yR) is solved with y*t = y®J.
Let 3°(y') be the image of an optimal solution to problem (2.10). If y*(y®) > y»J, then node
s can be fathomed (lines 8-13). If this condition does not hold or y*/ ¢ T* (see Figures 9a
and 9b), problem (2.10) is solved with all adjacent nadir points y*" = (y{"7,y5"") € R® and
the condition y*(yf*) > y™" for all y"™7 € R® is checked, where y*(y®) is the image of an
optimal solution to problem (2.10) for a given nadir point. If this condition holds for every
nadir point, then by Rule 2, node s can be fathomed. Otherwise, node s cannot be fathomed
(lines 15-29) (see Figure 10).

6. Dominance Between Sets. The goal of this section is to address the dominance be-
tween two Pareto sets, :)Nifg and )7;3 in Rz, that are associated with the corresponding relaxed
node problems as given in (2.5). We start with general definitions pertaining to two sets S}
and Sy in R%. Assume (S;)y # 0 for i = 1,2. Following [32], the following definitions of
(non)dominance for sets are used.

Definition 6.1. Let S1 and Sz be two nonempty sets in R%. Sy is said to (strictly, weakly)
dominate So C R?, or equivalently, Sy is said to be (strictly, weakly) dominated by Sy, denoted
by S1(<, <) < Sa, provided for each point y* € Sy there ewists a point y' € Sy, such that
y'(<, ) <o

For two Pareto sets 3753,5/;, Figures 11a and 11b depict the dominance and the weak
dominance, respectively, while Figure 12 depicts the strict dominance.

Definition 6.2. Let S and Sy be two nonempty sets in R?. Sy is said to be nondominated
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Algorithm 5.1 Fathoming procedure.

1: INPUT: All points in V¢, y*!,5°2 € D%,
2: OBTAIN: Adjacent nadir points implied by points in Y3, 5!, 7%, C*W C*S, R®
3. if Iyl € Y9 sit. y' € {§°/1= then
4: Fathom
5: else if YN CW =0 or Y$ N C* =) then
6: Not fathom
7: else
8 Find y' € YN C*W and y/ € Y5 N C*5 that are the closest points to point §°/
9 Obtain y*’
10: if y'J € T® then
11: Solve P(y™) (2.10) with y® = y* and obtain y*(y’) € 5{5
12: if y°(y®) > y*/ then
13: Fathom
14: else
15: Find all adjacent nadir points y®"7 € R®
16: Solve P(y") (2.10) with y® = y*" and obtain y*(y*)
17: if y°(yf®) > y™" V y"*" then
18: Fathom
19: else
20: Not fathom
21: end if
22: end if
23: else
24: Find all adjacent nadir points y*"7 € R®
25: Solve P(y™) (2.10) with y® = y"" and obtain y*(y')
26: if y°(yf) > y®" V y*" then
27: Fathom
28: else
29: Not fathom
30: end if
31 end if
32: end if

33: OUTPUT: Fathoming Decision

with respect to Sy provided there does not exists a point y* € Sy such that y* < y' for each
1
y €5].

For our purposes we introduce a definition of partial dominance between two sets.

Definition 6.3. Let S; and Sy be two nonempty sets in R?. Sy C R? is said to partially
(weakly) dominate So C R2%, or equivalently, So is said to be partially (weakly) dominated
by Si, denoted by S1(Sp) <p S2, provided there exists a nonempty subset Sy C So such that
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S1(S) < S and the subset Sz \ Sy is nondominated with respect to Si.

The partially strictly dominated sets are not defined as if there exists a subset S C So
such that S; < S5, then there does not exist a subset Sy \ S5 that is nondominated with
respect to S1. For two Pareto sets 3753,37153, Figures 13 and 14 depict the partial dominance
and partial weak dominance, respectively. The subsets that are associated with the partially
dominated sets and nondominated are defined as follows.

Definition 6.4. Let S1,S2 C R?, and (S1 U S2)n # 0. A set S;n C S; is called a nondomi-
nated subset of S; for i = 1,2 provided S;y = (51U S2)n N (Si)n-

Based on these definitions the following properties hold.

Proposition 6.5. Let S C R?, Sy # 0 and be externally stable [12]. Then Sy < S.

Proof. By Definition 6.1 we show for each y € S there exists y' € Sy such that y! <'y.
Since y € S, we consider two cases: (1) Let y € Sy. Then y <y. (2) Let y € S\ Sy. Then
since Sy is externally stable, there exists y' € Sy such that y! <y. Hence Sy < S. |

Proposition 6.6. Let S1, S C R2, (S; + R%)N # () and be externally stable for i =1,2.

(i) The set S1 dominates the set Sa, S1 < S;, if and only if Sy + ]RQZ C S1+RZ.
(i) The set S1 weakly dominates the set Sy, S1 < Sa, if and only iftS'g + R% C 3’1 + RQZ.

35 (i43) The set Sy strictly dominates the set So, S1 < So, if and only if So + Ri c S+ ]RZ.

Proof. The proof is included in the Appendix. |

6.1. Dominance Between Two Pareto Sets: Theory. We now analyze the mutual loca-
tion of two Pareto sets, 5)53 and 5)]83, in R? to conclude about the (partial) dominance between
them. We assume that each Pareto set is a strictly convex curve for which only limited infor-
mation is available in the form of the end points y*' and y*2, and the ideal point ¥/ ¢ 5)]’?,,
k =1,s,1 # s. We therefore define the triangles T", k = I, s,l # s, as given in (2.6). The
presented results address numerous mutual locations of two Pareto sets in the objective space.

Proposition 6.7. Let T'NT* = (). The triangle T' (strictly) dominates the triangle T*, Tl~(<)
< T%, if and only if the Pareto set :))53 (strictly) dominates the Pareto set V3, y}(<) < JVp.

Proof. = Assume Ijl(<) < T°. Then for each y* € T* there exists y! eT ! such that
yl(<)~§ y®. We have y}a c T! and Yp C T and~theref0re~for each y* € YV} there exists
vt e yf; such that ' (<) <y°. Thus, by definition ))fi(<) <JVp. ) )
< Assume yjp(<) < Y. Then from Proposition 6.6 (y;g+R22 C ij+R2>) yf3+R22 C ny+]R2>.
Because T'NT® = (), we have (T*+R% C T'+R2) T°+R2 - T'+R2. Then from Propositic:n
6.6((ii1)) (i) we have TH(<) < T*. - B m

In the following propositions, the cases conceiving the possible mutual locations of 3753

and )7153 are listed. Although the statements are immediate and therefore not proved, they are
helpful in the development of a set dominance procedure.

Proposition 6.8. Let 5)53,}7153 be the Pareto sets of two instances of BOQP (2.5).
(i) If 9l y} —HRQE, then y}D < Y% (Figure 12).
(i) If 2 € CW or it € C'5, then :)7;3 <p :)753 (Figure 13).
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Proposition 6.9. Let 575;, 5/1% be the Pareto sets of two instances of BOQP (2.5). If one of
the following holds
(i) ¥ € 5)53 —R2 and y¥ € J~)§D+R2> fori,j € {1,2},i#j (Figure 1/),
(i) g € CW(CY), w2(7!) € Y5+ R2 and ¥ (¥?) € V3 + R2 (Figure 15),
(iii) 1 e CW(C19), 't € ¥'-RL(y” € PP+RL), 9(P) € VL—R2 and ¥ (¥?) € Yp—R2
(Figure 16),
then the Pareto sets intersect and each Pareto set is partially weakly dominated by the other
one.

The following two propositions cover special cases. Proposition 6.10 addresses a special case
of Proposition 6.9 (4).

Proposition 6.10. Let ﬁ;, 5/}% be the Pareto sets of two instances of BOQP (2.5). If #*' €
5/%;, Y e jﬂfp +R2 and (37;; \ Q“) ﬂjfllp =0 fori,j € {1,2},i # j, then jillp < 37;3 (Figure
17).

Proposition 6.11. Let 5/53, 37153 be the Pareto sets of two instances of BOQP (2.5). If #! €
bd (g/? n R%) (_1732 € bd (@” . R%)), then Y <, V% (Figure 18).

6.2. Dominance Between Two Pareto Sets: Methodology. In this section, we develop a
set dominance procedure to make a dominance decision between two Pareto sets and compute
the resulting nondominated set. We first give an overview of this procedure and then present
its components.

6.2.1. Overview. A parametric representation of each efficient set in the form of rational
functions is available from the mpLCP method before the set dominance procedure is started.
One could use this representation and solve the resulting polynomial equations to find the in-
tersection points between two Pareto sets or decide there is none. However, solving polynomial
equations is computationally costly while finding the intersection points is not sufficient to
determine the nondominated set resulting from two Pareto sets. Additionally, there are many
cases of mutual location of these sets with no intersection points when solving the polynomial
equations is obviously unnecessary. Keeping this mind, in the proposed dominance procedure
we postpone solving the polynomial equations and first investigate the mutual location of the
Pareto sets. When the existence of the intersection point is confirmed or at least is highly
probable, we solve the polynomial equations.

The inputs to the procedure are y'1,y1? € jfl and y°!,y%? € 5/13 We then obtain the
associated ideal points v,y and the triangles Tl and 7. In this description, we assume
the Pareto set yP has already been stored in the set ),, while the Pareto set yP is being
introduced to Y,.

We use the achievement function problem (2.10) to check the location of a point with
respect to the Pareto set of (2.5) and the e—constraint problem (2.12) to recognize the non-
dominated subsets to store.  If the Pareto sets are partially dominated, then only their
nondominated subsets are stored in ), and the e—constraint problem (2.12) is used to iden-
tify these subsets. In general, the nondominated set to store is the nondominated set of the
union of the two original Pareto sets. Let 57]5\% denote the nondominated set obtained after
applying the set dominance procedure to Pareto sets 37153 and )753 Then )731 =N ()7}53 U )N)]lp)
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The set dominance procedure leads to one of the three decisions, one Pareto set (strictly,
weakly) dominates the other, or one Pareto set partially (weakly) dominates the other, or
both Pareto sets are nondominated. The nondominated set resulting from the first decision
is sl = yP with x = s or kK = [. The second decision is made either with yp N yp =0 or
yP N yP # (). The nondominated set associated with the latter decision is ysl = yP U yP

To report the subset of the Pareto set to store, the following notation is used. For any
two points y', y? and the associated Pareto set 371’2, k= s,1, let €°[y',y? C 521’3 denote the
closed strictly convex curve and €*(y!,y?) C 5/1'3 denote the open strictly convex curve from
y' to y*. Also, let %”(y v’ = ¢y, ¥’ ]\ {y'} and €*[y',y?) = €"[y",y*] \ {y*} such
that €% (y',y?],¢"[y',y?) C V5.

T*nT!=0 \’
Dominance
/ [)ECiSiOn
AT %0 Subprocedure 1

Subprocedure /
Su bprocedure 2 / Intersect
Subprocedure 3 /

Figure 1: Flowchart for the set dominance procedure

The set dominance procedure consists of four subprocedures as depicted in Figure 1 and
starts with checking whether the triangles T° and T intersect or not. If the triangles do
not intersect, then a dominance decision is made. Otherwise, the mutual locations of the end
points of the Pareto sets 5)1% and 5)} are examined in Subprocedures 1-3 that are independently
initiated and rely on solving the achievement function problem. In some cases, a dominance
decision can be made directly from Subprocedure 1. Otherwise, the three subprocedures
continue to Subprocedure Intersect to check for and compute intersection points between two
Pareto sets. In all cases at the end of the entire process, a dominance decision is made and
the resulting nondominated set is computed based on solving the e-constraint problem.

6.2.2. Subprocedures. In this section, the subprocedures of the set dominance procedure
given in Figure 1 are presented in detail. These subprocedures are leading to several different
cases based on the locations of the end points of two Pareto sets. In each case, the locations
of end points, the associated dominance decision, and the nodminated set yﬁ% are discussed.

1 Let T'NT® = 0.
L If 75 € {3} - Ré or T € {y?} + Ré, then both Y% and V4 are nondominated.

Hence Y3t = JN)fDUJNJf:,. Figure 19 depicts this case. In particular, if y%? € bd (Sf” — R%)

<
(3 € ba (32 + B2 )) then by Proposition 6.11, Y <, Y% and ¢ = (Y\7°2)UPh
(ysl =y \yHu y@). Figure 18 depicts this case.
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I1. Otherwise, if T° C T'+R2 (T' C T*+R2), then T' < T* (T* < T'), and by Proposition
6.7, Vb < V% (Vp < Vh). Then Vgt = YL (V3) and Vi (Vb) is discarded. Figure 20
depicts this case.

II. If the above conditions do not hold, then by Proposition 6.8(ii), yP < yP F1gure 13
depicts this case. The complete Pareto set ))P and a subset of the Pareto set yP are
stored as the nondominated set. To obtain this subset of yp, P(752) (2.12) is solved
and the point y(75?) is obtained. Then Vi = V3 U €L(§(§52),5%]. Alternatively,
P(§5Y) (2.12) is solved and Vg = V5 U " [yll,y(yl )) is stored.

2. Let T'NT5 # (.
I. Without loss of generality, first check whether 7%  T*. If this holds, apply Subpro-
cedure 1.

II. Otherwise, check whether y*/ € T, If this does not hold, continue to Subprocedure 2.

If this condition holds, check whether y*! € 5)53 + ]RQZ by solving problem (2.10) with

point yft = y1. If 3¢/ ¢ )753 + ]RQZ, then by Proposition 6.8(i), 5/53 < 5);3 Figure 12
depicts this case. Then Y5t = 5)}, and 371% is discarded. Otherwise, apply Subprocedure
3.
Subprocedure 1: Let 7° C T". .
Solving problem (2.10) with y# = §*/, first check whether y*/ € YL + R2. If this holds,

by Proposition 6.8(i), J}P < 5)P Then Y3 = 5)P and 5)P is discarded. Figure 21 depicts
this case. Else, check whether ¥ € yP +R2 for i = 1,2. If both y%1,y°% € yP + R2, then
continue directly to Subprocedure Intersect. Flgure 22 depicts this case. If an mtersect point
does not exist, that is, )753 N )7153 = (), then Y5t = 37119 (Figure 22a). Otherwise, report the set
57 accordingly with the intersection points (Figure 22b).

¥ € Vb —R2 and 9 € YL + R2 for i # j, then by Proposition 6.9(i), V5 and
yP 1ntersect and each Pareto set is partlally weakly dominated by the other one. That is,
VL <, V3 and V5 <, Vb, Figure 14 depicts this case. Problem P(§51)(2.12) or P(§52)(2.12)
is solved to identify the nondominated subsets of yP. Subprocedure Intersect is used to find
an intersection point. Otherwise, that is, if both y*!,y%% € :)753 — R2>, then continue directly
to Subprocedure Intersect. Figure 23 depicts this case. If Subprocedure Intersect concludes
)753057]33 = (), then 5}153 <p 5)}3 For the case depicted in Figure 23a, problems P(¢51)(2.12) and
77(33 )(2 12) are solved and the points jf@fl), ¥(752) in Y are obtained, respectively. Then
Vi [ " &(ﬂl ) UJ)P U%l( (75%),5"%]. If Subprocedure Intersect concludes V% ﬂjﬂp # 0,
then yP yp and Y <, yP For the case depicted in Figure 23b, problems P(g51)(2.12)
and P(y5 )(2.12) are solved and the set y is reported accordingly with the two 1ntersection
points.
Subprocedure 2: Let 7% ¢ T' and y*/ ¢ T'.

1. Let ysI ysl c cw (ysI 52 ¢ CZS)

(i) If °2(y*') € YL 4+ R2, then by Proposition 6.9(i), the Pareto sets intersect and each
Pareto set is partially weakly dominated by the other one. Figure 24 depicts this case.
Subprocedure Intersect is used to find the intersection point;

(ii) else, that is, y*2(y°!) € 3713 ]RQ, continue to Subprocedure Intersect. Figure 25
depicts this case. If Subprocedure Intersect concludes 5)}3 N 5)}3 = (), then )7f> <p ;)Nﬂlp
For the case depicted in Figure 25a, problem P(g52)(2.12) is solved and point y(752) in
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yP is obtained. Then Y5 = V5 UG (y(752),52]. If Subprocedure Intersect concludes
yP N yP # (), then each Pareto set is partially Weakly dominated by the other one.
For the case depicted in Figure 25b, problem P(§52)(2.12) is solved and the set V3! is

reported accordingly with the two intersection points.
I Let y*' € C'W (3 € C'%) and y*' € Y — RL(y** € V), + R2).

() If( ll( l2)€yP+R2 andySQ( sl)eyP+R )

(y“(yl?) € Vi —R2 and y2(3°1) € Vb — Ri), then by Propositions 6.9(ii)(iii), the
Pareto sets intersect and each Pareto set is partially dominated by the other one.
Figures 15 and 16 depict these cases. Subprocedure Intersect is used to find the
intersection points. For the case depicted in Figure 16a, problems P(g{')(2.12) and
P(g52)(2.12) are solved, while for the case depicted in Figure 16b, P(g{1)(2.12) and
P(§52)(2.12) are solved to identify the nondominated subsets of Vb;
(ii) else continue to Subprocedure Intersect. Figures 26 and 27 depict some of these cases.
If Subprocedure Intersect concludes 5/}3 N JNJ}% =, and
(i) V5 <p Vb, then for the case depicted in Figure 26a, problem P(g5%)(2.12) is solved
and pomt y (93 2) in Y, is obtained. Then Y5 = V% U %l( (g 52),912]
(ii) yP <p yP, then for the case depicted in Flgure 27a, problem 73( 1)(2.12) is solved
and point y(7i') in Y% is obtained. Then V5! s[y51,§r(gjl ) U yp
If Subprocedure Intersect concludes ))P N yP # () (Figures 26b, 27b), then each
Pareto set is partially weakly dominated by the other one. Problem P(gi!)(2.12)
or P(752)(2.12) is solved and the set V3! is reported With the intersection points.
Subprocedure 3: Let 7% ¢ Tl vl e Tl and y*! € J7P
Check the locations of y* and y5? with respect to JN/P by solving problem (2.10) with
yi = y°1 and y® = 2. If both conditions y* € yP + R2 for ¢ = 1,2 are satisfied, then
proceed directly to Subprocedure Intersect. Figure 28 deplcts this case. If Subprocedure
Intersect concludes 5)}3 N )7;93 = (), then )751 = 5/53 (Figure 28a). If Subprocedure Intersect
concludes )7113 N 5})% # (), then each Pareto set is partially weakly dominated by the other one
(Figure 28b) and the set 5)}9\% is reported accordingly with the intersection points. Otherwise,
ie., if y% € 3753 + R2 for i € {1,2}, then by Proposition 6.9 (i) the Pareto sets intersect and
each Pareto set is partially weakly dominated by the other one. Subprocedure Intersect is
used to find the intersection point.The case in which both points satisfy y** € j}fp —R2 for
1 = 1,2 is addressed in Subprocedure 1.

When the dominance decision taken in Subprocedures 1-3 implies that two Pareto sets
intersect or are likely to intersect, Subprocedure Intersect is called.

Subprocedure Intersect: This subprocedure is used to compute the intersection points
between two Pareto sets. When this subprocedure is initiated, the existence of these points
may be unknown. Each of the two Pareto sets, 37153 and )753, being the input to this suprocedure,
is available parametrically in the form (f1(%X())), f2(x(X))) for A € [0,1], where x()\) is the
parametric optimal solution to problem (2.9) and is provided by the mpLCP method for
each invariancy interval in [0, 1]. Since an intersection point may be located in any invariancy
interval of each Pareto set, all pairs of invariancy intervals shall be checked. Let [A}, X}] C [0, 1]
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and [\, A3] C [0,1] be two invariancy intervals found for Y% and Y%, respectively. For the
pair ([AL; AS5], [Af; A3]), the following system of two polynomial equations is solved to identify
the parameter values, A\' € [A}; A\5] and A* € [\{; A\3], that determine the intersection point(s).
61 HEOD - FEOD) =0 =2

A€ AL N3], AT € AL, )
Let (A%, A) be a solution to system (6.1). Then the intersection point is given by y™" =
( FLE(XFY), fo(X(XF))) for k = s,1. Note that one invariancy interval may contain more than

one intersection point or even infinitely many intersection points if the two curves (partially)
coincide. The polynomial equation solver roots in MATLAB is used to solve (6.1). While the
solutions to (6.1) can be real or complex numbers, only the real solutions are reported. If a
real solution to (6.1) is not found or all solutions found are complex numbers for the examined
pair of invariancy intervals, we conclude that the Pareto sets do not intersect in that pair [29].
With the intersection points found from Subprocedure Intersect, the nondominated set
JN)]“{} can be constructed. For example, consider the case depicted in Figure 24 which has one
intersection point and let ¥ denote that point. Then Y5 = €*[y*', ] U €' [, 5'2].

7. Complete BB Algorithm. The four modules presented in the prior sections are now
integrated into a BB Algorithm 7.1 that computes efficient solutions and Pareto points to
BOMIQP (2.1). The algorithm is presented in the form of pseudo-code, its properties and
complexity are discussed, an example BOMIQP is solved, and numerical results on test in-
stances are presented. The details of solving the example are given in the Appendix.

7.1. Algorithm 7.1 . The data of problem P is the input to Algorithm 7.1. Four sets are
initiated: the set S contains all new node problems, the set A’ contains all invariancy intervals
associated with the solution to node ¢ problem, and the incumbent sets, X, and ),, in the
decision and objective space respectively, as defined in Section 3 (line 2).

The BB algorithm begins by computing an initial set of efficient and Pareto solutions, X2
and V%, as described in Section 3 (line 3). At the root node 0, all integer variables are relaxed

and problem P’ is solved for the parametrlc sets X]% and yp (line 5). If the set éf]% is feasible
to P, then P has been solved: X = X2 and Vp = V% (lines 6-7).

Else, all the invariancy intervals of P’ are added to A” and examined one at a time (lines
10-19).  Consider an invariancy interval [\, \”], and the associated solution x(\) and its
image y(\) for A € [N, \’]. If this solution is feasible to P, then y()) is added to the set ),
that is updated in the set dominance module to satisfy V, = N(),). Due to this update,
V. may contain y()\) for A € [\, AE] C [V, \"]. The set X, is then updated accordingly to
contain the preimage of the current ),. Otherwise, the branching is performed, i.e., node
problems are created for all variables x;(\) ¢ Z, i = {p+1,...,n} and added to the set S. If
there are more than one candidate for a branching variable, one can select a variable based
on the index of that variable choosing the one with the lowest (or the largest) index.

In the main step, a node problem, say node s problem from the set S, is solved for X o
and V% (line 22). The fathoming is applied next (lines 23-33). If the node is fathomed due
to infeasibility or based on rule (5.4), then it is deleted from S. Rule (5.4) is implemented
using Rule 1 and Rule 2 (see Section 5). If the node is fathomed due to integer feasibility,
then y*(\) for A € [0, 1] is added to the set ), that is updated in the set dominance module
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Algorithm 7.1 The branch-and-bound algorithm for BOMIQPs.

1:
2:
3:
4:
5:
6:
7
8:
9

10:
11:
12:
13:
14:
15:
16:

17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:

43:
44:
45:
46:
47:
48:
49:

INPUT: Problem P

S =0, AL

Calculate

:(D,Xa:@,yaZQ
XD and VY (solve (2.8))

Xy X2 Vo Y

Compute X2 and Y% (solve (2.2))

if x;(\) €ZVi=p+1,....n, Ae[0,1] then
Xp = X% Vp =D

else

Add all invariancy intervals to A°

while

A £ () do

Select an invariancy interval [\, \”] € A°
if x,(\)eZVi=p+1,...,n, A€ [N,\] then

Vo = y(N), Vo= N(a)
X, + x(A) for A € AL AR C [N, V]

else

xi(N) ¢ Z

Branch: Create node problems on each x;(\) € X% for i = {p +1,...,n} s.t.

Add new node problems to S

end if
Delete the invariancy interval
end while

while

S # 0 do

Select problem P° from S and compute X R 5)}3
if P infeasible then

Delete P’ from S
Goto line 21

else if node fathomed due to rule (5.4) then

Delete P° from S
Goto line 21

elseif x}(\) € Z,Vi=p+1,...,n, A €[0,1] then

Va ¥ (N, Ya = N(V)

X, + x5(\) for A € [NF, AR C [0, 1]
Delete P’ from S

Goto line 21

else

Add all invariancy intervals to A®
while A® # ) do
Select an invariancy interval from [\, \”] C A®
if xS(\)€ZYi=p+1,...,n, A€ [N, \] then
ya «— ys()\), ya = N(ya)
X, + x(\) for A € A\L,AE] C [N, N
else
Branch: Create node problems on each z3$(\) € X5 for i = {p+1,...,n}

st. 23(\) ¢ Z

Add new node problems to S

end if
Delete the invariancy interval
end while
end if
end while This manuscript is for review purposes only.

end if
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to satisfy V., = N(),). Due to this update, ), may contain y*(\) for A € [AF, A%] C [0,1].
The set X, is then updated accordingly to contain the preimage of the current ), and the
node is deleted from S.

If the node is not fathomed, all the invariancy intervals of P’ are added to A* and examined
one at a time (lines 35-45). Consider an invariancy interval [\, \”], and the associated solution
x%(\) and its image y*(\) for A € [\, \]. If this solution is feasible to P, then y*(\) is added
to the set ), that is updated in the set dominance module to satisfy YV, = N(},). Due to
this update, ), may contain y*()\) for A € [AL, A\E] C [V, \’]. The set X, is then updated
accordingly to contain the preimage of the current ).

Else, the branching is performed on fractional variables (line 42). The current node is
deleted from S and the new node problems are added to S (lines 43-45). This process is
repeated until all the node problems in S have been examined. At termination, the current
sets X, and ), yield the solution sets, Xr and Yp, to P respectively.

7.2. Properties of Algorithm 7.1. We now prove that all Pareto points to BOMIQP (2.1)
are computed upon termination of Algorithm 7.1.

Theorem 7.1. Upon termination, the BB Algorithm 7.1 returns the complete Pareto set for
P (2.1), i.e., YVp = Va.

Proof. The proof is based on the properties of the three main modules of Algorithm 7.1,
the branching, fathoming and set dominance, which are responsible for performing the steps
of the BB scheme. During the execution of the algorithm, the incumbent sets ), and X,
are dynamically updated by adding elements that are feasible to problem P. These elements
are computed by solving the node problems that are created by the branching and fathoming
modules. At the initialization of the algorithm, an initial set of of efficient solutions, X’ g, and
their images, y%, are computed and stored in the incumbent sets X, and }),, respectively.

Note that the root node 0 is a special node of the BB tree. The following discussion
addresses the main step of the algorithm in which an arbitrary node s (including node 0)
of the BB tree is examined. At node s, problem P’ is solved and the fathoming module is
applied. If the node problem is infeasible or the set 5/;3 satisfies the condition in rule (5.4),
then this node can be fathomed. This guarantees that the infeasible solutions or the solutions
dominated by the incumbent set are excluded from the search. If the set (or a subset of) X )
is feasible to P, then 5)}3 (or a subset of j)}s;) is added to Y, so that ), remains nondominated.
X & is added to X, that is updated to be the preimage of the current ),. This guarantees that
no efficient solutions or the associated Pareto points are excluded from the search.

If the node is not fathomed, the branching module is applied to all invariancy intervals
whose integer variables x;,i € {p+1,...,n}, have fractional values. While this module creates
more node problems, some of them are new and some others may have been obtained earlier.
Only the new node problems are considered. The branching and fathoming procedures are
repeated until all the node problems have been examined. Since every node is generated
through branching, no feasible solutions to P are eliminated during the search. Each time
new elements are added to ),, the set dominance module is executed to filter and discard the
dominated points in Y, and keep YV, = N(V,).

The three main modules guarantee that only the Pareto points to P remain in ), and
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that ), contains all Pareto points to 7. The associated set X, is also updated accordingly to
contain only the efficient solutions to P. [ |

The complexity of Algorithm 7.1 originates mainly from solving three types of single
objective quadratic programs (QPs). First, the mpLCP method employed at the nodes as the
solver for P° solves parametric QPs and primarily contributes to the complexity. The number
of invariancy intervals is exponential in (n +m), where n and m are the numbers of variables
and constraints in P’ respectively, and a polynomial-time algorithm can never be developed
to solve the node problem [2]. The total number of node problems can be determined before
the algorithm runs based on the number of slice problems, while the actual number of these
problems being solved results from the branching module and remains unknown. Second,
mixed integer QPs are solved to compute an initial set of Pareto points and efficient solutions
at the initialization of Algorithm 7.1, and it can take an exponential time to solve them [24].
The number of these problems is decided by the user. Third, convex quadratically constrained
QPs (QCQPs), whose number is unknown at the beginning of the algorithm, are solved in the
fathoming and set dominance modules. Convex QCQPs are solvable in polynomial time [22].
Additionally, polynomial fractional optimization problems, which are solvable with algorithms
of limited complexity only for certain cases [11, 25], are solved in the branching module and
systems of two polynomial equations are solved in the set dominance module. Solving all
these problems contributes to the total run time of Algorithm 7.1.

7.3. Example. Consider the following BOMIQP with one integer variable.
P omin f(x) = [fi(x) = 3xT Qix+pix, fo(x)5x" Qox +pi x|

(7.1) st. XEX={XxER?*xZ:Ax<b,x 20,20 € Z, 25 < 4},
where
6 —6 6 0 2 -4 2 -1
Ql =|-6 14 —10 y P1 = -3 ’ QQ =|-4 16 -2 y P2 = -1 )
6 —-10 8 0 2 -2 4 1
A:[(l) (1) g],andb:[ﬂ.

Algorithm 7.1 computes the efficient and Pareto sets for this BOMIQP. Table 1 presents
this efficient set being the union of four subsets originating from three node problems. The
parameters \;,7 = 1,2,3 are the weights used to solve each of these problems. The efficient
solutions are associated with a single invariancy interval in the first two problems having the
integer variable x5 assume the values of 0 and 1, but with two invariancy intervals in the third
problem with xo = 2.

Figure 2 depicts the Pareto set being a disconnected nonconvex curve consisting of convex
subcurves. Two of the three subcurves are neither open nor closed in agreement with the
invariancy intervals. The reader is referred to the Appendix for more details on the example.

7.4. Numerical experiments. Algorithm 7.1 is implemented in the MATLAB program-
ming language and numerical experiments are performed. This implementation follows the
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Table 1: Efficient set, Xz, for BOMIQP (7.1)
1-X
T1= 9511
)A((/\l) = xeR3: 22=0 for \1 € [0, 1]
Tr3 = 0
r1 = 2>\Sﬁ - 5)\2 + 3
X(Ag) = ({xcR3: 72=1 for A2 € (0.85,1]
Tr3 = 5/\2 -3
—16A2+A3+9
11 = 2A33+13
x(A3) = x€eR3: z9=2 for A3 € (0.7317,0.7819]
xr3 = 8/\3 —4
xr1 = 0
x(\3) = ({xeR3: 12=2 for A3 € [0.7819,1]
_ 941
T3 = 30011)

pseudo-code of Algorithm 7.1 and uses the node problem solver implemented by Adelgren [1].
A set of randomly generated strictly convex BOMIQPs are solved. The tests have been
performed on a Lenovo Ideapad FLEX 4 with a 256 GB SSD storage, 6th Generation Intel
Core i5-6200U, 2.30GHz, 2401 Mhz, 2 Cores, 4 Logical Processors and 8 GB memory.
The obtained numerical results are summarized in Table 2. In the columns from the first to

Figure 2: Pareto set, Yp, for BOMIQP (7.1)
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the last one the following items are displayed: the dimension of the decision space, number of
integer or binary variables, number of instances, average number of invariancy intervals (ZZs)
in the root node problem, average number of nodes in the BB tree without the root node,
average number of invariancy intervals examined, and CPU time for solving the instances.
This time aggregates the total CPU time it takes to solve an instance.

nin—p no. of Average no. of | Average no. | Average no. of | Average time
instances | ZZs in root node of nodes I7s examined (seconds)
2 1 ) 1.4 3.2 2.8 87.7
3 1 ) 2.6 3.8 7.4 137.9
2 5 3.0 5.4 8.4 303.0
4 1 5 2.6 5.3 10.2 1002.3
2 ) 2.2 6.2 14.0 1479.2
5 1 3 2.3 8.3 18.3 3075.3
2 3 2.6 8.6 22.3 4243.6
6 1 3 3.0 10.3 23.6 4521.3
2 3 3.3 11.6 25.6 6135.3
7 1 3 3.0 11.3 30.6 8835.6
2 3 2.0 12.3 31.6 9343.6
3 1 3 2.0 11.3 33.3 10343.3
2 3 2.3 11.3 29.6 14445.3

Table 2: Summary of the results for BOMIQP instances solved with Algorithm 7.1

Since the implementation of the mpLCP method is recent and still at the stage of being
rudimentary, it is sensitive to adding branching constraints. Therefore only small-sized in-
stances with one or two binary or integer variables and up to eight variables total have been
solved. One can observe that as the number of integer variables increases, the total computa-
tion time also increases as expected. Because solving the node problems takes a big portion of
the total computational time, as the number of node problems increases, the run time of the
algorithm also increases. The total number of the node problems seems related to the number
of the examined invariancy intervals. Since BOMIQPs have previously been unsolved, there
are no instances in the literature to use, and there is no other algorithm to compare with.

8. Conclusion. We have developed the first algorithm to compute the exact Pareto set of
BOMIQP (2.1). The algorithm computes two solution sets in parametric form: the Pareto set
in the objective space and its pre-image, the efficient set, in the decision space. Since (2.1) is
a global optimization problem, the algorithm follows a BB scheme. The branching module is
integrated with the mpLCP method, a state-of-the-art algorithm employed as a node problem
solver. The new practical fathoming rules introduced in the fathoming module are based on
the bound sets established in a multiobjective setting. The new set domination module filters
the incumbent set to become the Pareto set of (2.1) at termination of the algorithm.

The appealing and valuable feature of providing the exact solution sets to BOMIQPs is
contrasted with the exponential complexity of the algorithm, which is reflected in an increase
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in computational time with an increase of the number of integer variables as well as node
problems even for BOMIQPs with up to eight variables.

This work immediately opens up numerous avenues for future research. It is desirable
to make the mpLCP solver more stable when solving the node problems that are encoun-
tered along the branches of the BB tree. Adopting methods to solve fractional programs will
enhance the performance of the branching module, while using a more robust solver for poly-
nomial equations will improve the set dominance module. More numerical studies are needed
to determine the tradeoff in the set dominance module between the solving of the polyno-
mial equations to determine intersection points between two Pareto sets and the solving of
single objective quadratic programs to examine their mutual location. In general, since the
proposed algorithm relies on solving four types of optimization problems as well as systems
of polynomial equations, improvements in each of the five directions will affect not only the
presented algorithm performance but will also advance polynomial, mixed-integer, integer,
and fractional optimization.
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Appendix for the manuscript entitled
“A Branch and Bound Algorithm for Biobjective Mixed Integer Quadratic Programs”
co-authored by
Pubudu L.W. Jayasekara and Margaret M. Wiecek

Appendix A. Supporting Information. This appendix consists of three sections and con-
tains additional information in support of the theory and methodology presented in the paper.
Some theory to accompany Section 6 and the steps of the BB algorithm on BOMIQP example
(7.1) are presented in the first two sections respectively. The last section contains figures
illustrating certain concepts defined in Section 2, the fathoming rules presented in Section 5
and the dominance procedure described in Section 6.

A.1l. Results from Section 6. Proposition 6.6 is quoted below as Proposition A.1 and the
proof follows.

Proposition A.1. Let S1,S, C R?, (S; + RZZ)N #+ () and be externally stable for i =1,2.
(i) The set S1 dominates the set Sa, S1 < 52: if and only if So + R2 C S;+R2.
(ii) The set S1 weakly dominates the set Sy, S1 < S, if and only if Sy + R2 C 5’1 +R2.

9 (i1i) The set Sy strictly dominates the set Sy, S1 < Sa, if and only if Sy + R2 C S+ ]R2

Proof. (i) = Assume S; < So. By Definition 6.1, for each y? € Sy there exists y' € S
such that y1 < y? Let z° € Sy + RQZ such that z2 = y2 + d? where y? € Sy and d?> 0.
We have yl4+d? < y2 +d?% = 22, which implies z2 = y! + d? + d? where d?> > 0. Then

=y! +d!, whered! =d?+d?>>0. Thenz? € S, —HR and hence 52+R22 C S +R2.
Note that by Definition 6.1, So + RQZ £ 5 +R2. - -
< Assume Sy + RQZ C S +RE. By_PropositiOH 6.5, (S1+ R2) <S8+ R , or equivalently,
for each y € 51 —;R there exists yt € (S + R? $)n such that yt < y Then for each
y € S1 + R2 there exists y! € (S + R? $)n such that ! <'y. By Proposition 2.3 in [12], we
have (57 + R2 $)N = (S1)n. Then for cach y € S + R2 there exists y! € (S1)y such that
y1 <vy. Because So + R C St + R>, for each y € Sy + ]R2 there exists y! € (S1)n such that
y! <y. Because Sy C S + RZ, for each y € S, there exists y! € (S1)n such that y! <y.
Since (S1)ny C Sy, for each y € 52 there exists y! € S such that y' <y and thus S; < Ss.

(4i) and (iii) The proofs are similar to the proof of part (i) and therefore omitted. [ ]

Proposition A.2 is included as an additional result, which is associated with the efficient
and Pareto sets of relaxed node problems of the same branch in the BB tree. However, this
proposition also pertains to the case of a general multiobjective optimization problem with
the feasible set reduced to a subset.

Proposition A.2. Let 755,75l be two relazed node problems (2.5) such that X! as.
L If XN X =0, then (i) XgNXL =0, (i) Vi < Vb
2. If/'f'g N X? £ 0, (i) then /'\N,’g Nx!'C 2@3, (ii) and /fg Nnxl c /'\?}E, then JNJ]% <p 3753
Proof. 1. (i) By definition XL, C X!, but Xg N X! =, therefore X3, ﬂ/’?l =0.
(i) From (i), if x € XL, then x ¢ X3 By Deﬁnltlon 2.3, there exists x' € X* such that
f(x!') < f(x) and then there exists x? € Xg such that f(x?) < f(x) with f(x?) = y? €
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(if)

yP Since x € XL, flx)=ye J~JP and therefore y2 <y. Since x € )Eﬁ; is arbitrary, so

isy € yP Then for each y € yp there exists y? € J}P such that y? < y. Therefore

by Definition 6.1, yp < yp

By contradiction, assume x € X &N X! and x ¢ X }3 The former implies x € X & and

x € X!. The latter implies either (a) x ¢ X', which is a contradiction, or (b) x € X

and there exists x! € XL such that f(x') < f(x). Then x' € X! and hence x' € X*.

This implies x ¢ X} 7> & contradiction.

We need to show Vi <, yp By Definition 6.3, we show there exists a nonempty

subset yP C yp such that (a) yP < yP; and (b) yp \ yp is nondominated with

respect to yP By Deﬁmtlon 6.1, part (a) becomes that for each y! € 5)531 there exists

y € yp such that y < y'. By Deﬁn1t1on 6.2, part (b) becomes that there does not

exist y € yP such that y <y’ for each y’ € yP \ yP. Below we continue part (a) and

(b) separately.

(a) From (i)7 if x € Xg N X! then x € XL, and therefore if f(x) = y € V3 N V! then
y € yp Because of the strict containment in the assumption, (al) there exists
x! € XL such that x! ¢ X5 N X and (a2) we can define 57531 =VL\ (VpnNIL) £ 0
and f(x!) = y!' € )7531 In (al), the former implies x' € X! which contradicts
the latter. We are left with x! ¢ )2 p meaning there exists x? € X* such that
f(x?) < f(x!). Then there also exists x> € X}, Such that f(x?) < f(x!), which using
(a2) can be written that there exists f(x ) = y € Y3 such that y3 < y'. Since
x' ¢ X} g \ (X 2N XY s arbltrary, so is y' € Y. Therefore, for all y' € Vi there
exists y> € Yp such that y3 <yl

(b) Using the identities of relative complements [16] in the set theory, Vb \ Vi =
5)13 \ (3713 \ (yP N yp)) 57p N 5)]3 Then, by Definition 2.3, there does not exist a
point y € V5 such that y <y’ for each y’ € yP N yP, as desired. |

A.2. Example. The BB algorithm relies on the initialization and four modules: solving a
node problem, branching, fathoming, and a dominance procedure. Each of these five proce-
dures is applied to an example BOMIQP for illustration. Consider the BOMIQP (7.1) with
one integer variable.

(A1)

where

P omin f(x) = [fi(x) = 3x"Qix +p{x, fo(x)5x" Qox +p; X]

st. xXEX={xER*XZ:Ax<b,x20,79 € Z, 22 < 4},
6 —6 6 0 2 —4 2 -1
Ql = |-6 14 —10 , P1 = -3 ) QQ =|-4 16 -2 , P2 = -1 )
6 -—10 8 0 2 =2 4 1

100 3
A_[O ! 0],andb—[4}

Initialization The set Y% for A = 0,0.1,0.2,--- ,1 where |Y%| = 11, is first computed and is
depicted in Figure 3. The sets ), = yg and X, = Xg are initialized.

Solving the root node problem The relaxed BOQP of (A.1), which is the root node
problem of the BB tree, assumes the form:

(A.2)

P min ) f(x)

st. xeX=X"={xecR?®: Ax < b,x >0}
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The weighted-sum problem associated with (A.2) is formulated
PON) : min A1(x) 4 (1= N) fa(x)
s.t. xeflz{xeR‘g:Axgb,ng},
Ae[0,1]

and solved with the mpLCP method that provides the optimal solution functions and the
associated invariancy intervals. At optimality of (A.3), the parameter space is partitioned
into three invariancy intervals. These intervals and the optimal solution functions, which are
also efficient solutions to (A.2), are given in Table 3.

(A.3)

Table 3: Efficient set for PO(\)

_ 3)X2—4)+10
T1 = 332111744
. 2
x(\) = {xeR3: =203 for A € [0,0.6747)
r3 — 0
\
( AN3—A—14)248
T1 =~ GxTAt1
. 1223 —7X2 )45
x(\) = x €R3: 22 m for A € [0.6747,0.8182]
Ta — 3A343402-8)—11
3 = T3(—6A3+BA+1)
( Ir = 0
. _ 8M3X%241
x(\) = x € R?®: T2 = 350 s for A € [0.8182,1]
__TA2415)0-7
T3 = 3(=6xZ+27+15)

Branching Consider first the solutions in the first invariancy interval, [0,0.6747]. To obtain
the range of the values for the integer variable xo on the associated 2interval, the following
polynomial fractional programs are solved: 5" = miny{zy = % : A €0,0.6747]}

| = max){z2 = % : A €[0,0.6747]}. Using discretization of the intervals,
mn

xh"" = 0.5902 and 25'** = 0.75 are obtained and therefore z9 € [0.5902,0.75]. Then [¢}, ¢4]
= [0,1]. With this range of x5, two new node problems are created. The first one, P'()),
with the feasible set X! = {x € R?: Ax < b,29 < 0,x = 0}, and the second one, P2(N),
with the feasible set X2 = {x € R? : Ax < b, x5 > 1,x > 0}. Both problems are solved with
the mpLCP method. The solution to P'(\) is given in Table 4 while the solution to P2()) is
given in Table 5.

and z5"**

This manuscript is for review purposes only.



937
938
939
940
941
942

943
944
945
946
947
948

A BB ALGORITHM FOR BOMIQPS 29

X

(A) =

x € R3:

Ir =

T2

3

Table 4: Efficient set for P*(\)

1-X
22+1

=0
=0

for A € [0,1]

In Table 4, z5 = 0 and hence the efficient solutions to P*()\) are feasible to P. These
efficient solutions and the associated Pareto outcomes are saved in sets X, and ),, respec-
tively. Then the set dominance procedure is applied to satisfy the condition ), = N(),) and
the setX, is updated accordingly to contain the preimage of the current )),. Based on the
feasibility, this node is fathomed. Since this node is a leaf node, branching cannot continue
along this branch.

x e R3:

x € R3:

xeR3:

x € R3:

I
L2

z3

I
L2

T3

x1
T2
T3
1
T2

T3

Table 5: Efficient set for P2(\)

_3
— 22F1

=1 for A €[0,0.6]

for A € [0.6,0.7974]
=5A—3

AN3—1402-)+8
—6A3+5X+1

= LAV 0 A € [0.7974, 0.8182]

3A3—34X2—8)A+11
3(—6A3+5A+1)

=0

A24+3)

__3(§6X§i2§i5) for A € KL8182,H
TA24+150—7

3(—6AZH+2)+5)

The solutions to P2(\) in Table 5 are now examined. In the first two invariancy intervals

x5 = 1 and hence the associated efficient solutions to P?()\) are feasible to problem P. These
efficient solutions and the associated Pareto outcomes are saved in sets X, and ), , respectively.

Then the set dominance procedure is applied to satisfy the condition ), = N(),) and the set
X, is updated accordingly to contain the preimage of the current ),. Branching is applied to

the third and fourth invariancy intervals and is summarized in Table 6.
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Table 6: Branching for invariancy intervals 3 and 4 in P2(\)

Branching process

Invariancy intervals [\, \]

[0.7974,0.8182]

[0.8182, 1.0000]

. 1203 -7AZ-)\+5 8AZ+32+1
2 —6A3+5X+1 3(=6A2+2)+5)
Ty 1.0000 1.1858
xy 1.1651 3.9861

New child node problem constraints

22 <1, 290 >2

22 <1, w9 > 2
22 <2,2902>3
x2 <3, w9 > 4

In Table 6, the second row shows the invariancy intervals [A, A”]; the third row shows
the solution function z9; the third and fourth rows show the minimum and maximum values
assumed by z2(\) in each invariancy interval; the last row shows the pairs of branching

constraints that are generated for xy € [25V", 27

The eight child node problems reduce to

six since two pairs of problems have identical constraints.

Going back to P°()\), the first invariancy interval in Table 3 has been explored. The
second and third invariancy intervals, [0.6747,0.8182] and [0.8182, 1], are now examined and
a summary is given in Table 7.

Table 7: Branching for invariancy intervals 2 and 3 in 750()\)

Branching process

Invariancy intervals [\, A"

[0.6747, 0.8182]

[0.8182, 1.0000]

T 1203 -7A\Z-)\+5 8A+3AZ+1
2 —6A3+5A+1 3(=6X2+2)+5)
o 0.6355 1.0986
xy T 1.1210 3.9180

New child node problem constraints

22 <0, 22 >1

2 <1, 20 >2
x2 < 2,12 >3

22 <1, 10 >2

$2§3,$224

In this table there are ten child node problems. The problems with the constraints zo < 0
and x5 > 1 for A € [0.6747,0.8182] have already been added to the BB tree as problems P*(\)
and 752()\). The remaining eight problems are identical to those in Table 6. Based on Tables
6 and 7 and to avoid duplication, the following six new node problems are formulated:

P3(\) with the feasible set X3 = {x € R? : Ax < b,y < 1,x > 0};

PN
Po(A
PO(N
1240)

PB(A) with X8 = {x € R3:

)
)
)
)
)

with X4 = {x € R3
with X° = {x € R3
with X0 = {x € R?
with X7 = {x € R3

:Ax < b,xzo > 2,x 2 0};
: Ax S b,x < 2,x 2 0}
:Ax < b,z > 3,x = 0};
: Ax S b,z < 3,x 2 0};

Ax < b,z > 4,x 2 0}.

When needed, other node problems are generated with this branching procedure.
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Figure 3: Initial set of Pareto points, Y%, for BOMIQP (A.1) obtained by solving P°(\) for
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Figure 4: V9 and the Pareto sets of five leaf node problems for BOMIQP (A.1).
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968 Set Dominance The goal of this module is to add the Pareto sets of the node problems to
969 YV, such that YV, = N (V). )
970 Note that the solution to the node problem P!()) is feasible for problem P. We illustrate
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the set dominance procedure with this node. Initially, )V, = yg and X, = X?. By solving
PL(\) we obtain j}}), the Pareto set to P!. The ideal point ¥/ = (0, —0.25) for P! is computed
and the triangle 7" with vertices y!' = (0,0), y'2 = (0.75,-0.25), and y'/ = (0, —0.25) is
constructed. Here y'' and §'? are the end points of 57113 computed for A = 1 and A = 0,
respectively.

Based on Figure 3, three clusters of the Pareto points in y% can be identified. These
clusters are associated with the integer solutions xo = 0 (southeast cluster), zo = 1 (middle
cluster) and xo = 3 (northwest cluster). Let ygE ,yﬁ! , y{.Y W y}; denote the sets of points
that are contained in the southeast, middle, and northwest cluster, respectively. We have
Vo =V% =YFUuYM UYAW. To add Y} to Y, and have Y, = N(V,), the location of Y
and T" with respect to the current ), is examined. By solving P(y%) (2.10) with y® =y for
all y € y;_?,‘E, we obtain that all y € y,%E are in 37113 By solving P(y%) (2.10) with y® =y
for all y € y}f, and later for all y € ng, we discover that the points in y}!, y}!W, and 5/}3
are all nondominated. Therefore, ), is updated as Y, = yﬁ/l U y{DV LY 57]13, and the set X, is
updated accordingly.

When needed, the set dominance procedure is executed to filter the Pareto sets of the
other node problems.

Fathoming The bound set based fathoming is applied to the node problems that are not
discarded due to the fathoming rules relying on these problems’ feasibility or infeasibility
(cf. Section 5). In the example, having applied the set dominance procedure to 751, we have
YV, = yy U y{DV Vu 5)}1, The fathoming makes use of the set V,, the set of points containing
the initial Pareto points in y]% and the end points of the strictly convex curves and subcurves
stored in ), that is ), = {(—3.0, 35.0), (—2.24, 8.87),(-2.20, 8.46) , (0,0), (0.75, —0.25)}.

We illustrate the fathoming procedure with the node problem P2. By solving 752()\) we
obtain 5212;, the Pareto set to P2. The ideal point ¥ = (—3,0.75) for P2 is computed and
the triangle T2 with vertices y?!' = (—3,35), y??2 = (7.75,0.75), and y*/ = (-3,0.75) is
constructed. Here y2?! and y?? are the end points of )7123 for A = 1 and A = 0, respectively.
Then the set Y2 = Y, N (T? — R%) is obtained. Now Rule 1 (cf. Section 5) is checked. Since

there does not exist a point y* € Y2 such that y* € {y?/ }§, Rule 1 does not hold. Then the
conditions Y2 N C?W =) and Y2 N C?5 = () are checked. We have V2N C?W = (). Therefore,
node 1 cannot be fathomed.

When needed, the fathoming procedure is executed to decide whether a node problem can
be discarded or not.

Termination. Having examined all the invariancy intervals for all the nodes that required
investigation, the algorithm provides Vp = ), and Xg = X, as given in Figure 2 and Table 1
respectively.

Leaf Node Problems We also provide additional information on the leaf node problems for
example (A.1) to better illustrate the structure of the final Pareto set, Yp. Figure 4 depicts the
Pareto curves of five node problems solved for the integer variable xo = 0,1, 2, 3, 4. Each of the
curves for o = 2,3,4 is composed of three subcurves while the curve for xo = 1 is composed
of two subcurves. Each subcurve is associated with a different invariancy interval. The Pareto
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set for xo = 0 is associated with a single invariancy interval. Note that some Pareto points
computed during the initialization are located on the Pareto sets for xo = 0, 1, 2. In particular,
the entire Pareto set for zo = 0 has been computed during the initialization.

The final Pareto set, Vp, is composed of a nondominated subset of the Pareto set for
T9 = 2, a nondominated subset of the Pareto set for zo = 1, and the entire Pareto set for
T =0.
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1018 A.3. Figures.

1019 A.3.1. Figures lllustrating Preliminaries. .

Y2

(a) Outcome sets Y(z'),i = 1,2, 3; ideal (b) Pareto set with end points, ideal
point, nadir point and Pareto set for point, nadir point, triangle 7 for P*
BOMIQP (2.1). (2.5).

Figure 5: Objective Space and Pareto Sets of P, and Pareto Sets of P5.
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1020 A.3.2. Figures lllustrating the Fathoming Rules. .

y K
ytd_ )".\'2
y']T
ottt (b) The case which requires to solve
only one achievement function
problem (2.10) to make a fathoming
(a) Rule 1: node s can be fathomed. decision.
Figure 6: Fathoming Rules.
\
71N
!
|
vy
y"
¥
y” B
(a) (b)

Figure 7: Node s cannot be fathomed since Y3 N C*W = or Y3 N s = 0.

This manuscript is for review purposes only.



36

P.L.W. JAYASEKARA, M.M. WIECEK

Y RS

Figure 8: Fathoming Rule 2: node s can be fathomed.

(a) Node s can be fathomed (b) Node s cannot be fathomed

Figure 9: A fathoming decision is not immediate when the nadir point implied by the closest

nondominated points to ¥*! is not in 7.
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Figure 10: Node s cannot be fathomed since y*(y) # y™" for at least one y™".
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A.3.3. Figures lllustrating the Set Dominance Procedure. .

.
o
z,

<

Figure 11: Dominance and weak dominance between two Pareto sets.

1021

Figure 12: Strict dominance between sets: 5753 < 5/;3
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3 7

Figure 14: Two cases of Proposition 6.9(i): Pareto sets intersect, V5 <, Y5 and Vb <, V3.
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(a) 7L € CW and 3! € Y3 +R2 (b) ¥/ € C'5 and 32 € Y3 + R2

Figure 15: Two cases of Proposition 6.9(ii): Pareto sets intersect.

| 5‘_.:! o

(a) 77 € CW and 3! € Y3 —R2 (b) y*! € C' and 32 € Y3 —R2

Figure 16: Two cases of Proposition 6.9(iii): Pareto sets intersect.
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Figure 17: Proposition 6.10: YL < V3.

y.ﬂ - ysl |

52 ! ~ 52

Figure 18: Proposition 6.11: 5753 <p 52153
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12
S"” ¥

(a) T € {1} B2 (b) T € {512} + B2

Figure 19: Two cases for T'NT* =0 and Y3 = 371% U :)Nif;

> 12 " )
Yy

sl
y
(a) T* CT'+ R, V) < Vp and Vi = Vp (b) T' C T+ R, Yp < Vp and V3 = Vp

Figure 20: One Pareto set dominates the other.
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Figure 21: Subprocedure 1: 7% C T', 5)} < 37;3 and Y5t = 5)},

. (b) YL nYp # 0

Figure 22: Subprocedure 1.
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Figure 23: Subprocedure 1.

Figure 24: Subprocedure 2: T° ¢ T', 3%/ ¢ T, )753 <p 5/;3 and 5)153 <p 5)}
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(b) Yoy # 0

Figure 25: Subprocedure 2.

(b) VLN Yp # 0

Figure 26: Subprocedure 2.
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-y

(a) Yo YVp =10 (b) Vo Ny #0

Figure 27: Subprocedure 2.

.
I 2 -‘?hr &
’ N

% - oi2
X’” }'!‘) yU v

@) Ve 05 =0 (b) PN V5 #0

Figure 28: Subprocedure 3: y*!, y%2 € 5753 +R2.

This manuscript is for review purposes only.



	Introduction
	Preliminaries
	Auxiliary Biobjective Quadratic Programs
	Solving Biobjective Quadratic Programs
	The Weighted-Sum Problem associated with BOMIQP(2.1)
	The Weighted-Sum Problem associated with BOQP(2.5)
	The Achievement Function Problem associated with BOQP (2.5)
	The - .4 -Constraint Problem associated with BOQP (2.5)


	Algorithm Overview
	Branching
	Fathoming
	Bound Sets
	Practical Fathoming Rules

	Dominance Between Sets
	Dominance Between Two Pareto Sets: Theory
	
	Overview
	Subprocedures


	Complete BB Algorithm
	Algorithm 7.1 
	Properties of Algorithm 7.1
	Example
	Numerical experiments

	Conclusion
	References
	Appendix A. Supporting Information
	Results from Section 6
	Example
	Figures
	Figures Illustrating Preliminaries
	Figures Illustrating the Fathoming Rules
	Figures Illustrating the Set Dominance Procedure



