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Abstract

This paper introduces a spatial branch-and-bound method for the
approximate computation of the set of all ε-Nash equilibria of con-
tinuous box-constrained non-convex Nash equilibrium problems. We
explain appropriate discarding and fathoming techniques, provide a
termination proof for a prescribed approximation tolerance, and re-
port our computational experience.

1 Introduction

The basic solution concept for a collection of finitely many coupled opti-
mization problems was introduced by Nash [18,19] and is known as the Nash
equilibrium. For historical reasons the owners of the optimization problems
are termed players, and their feasible sets are called strategy sets.

The present paper considers a finite number of players ν = 1, . . . , N , whose
strategy sets are assumed to be boxes Ων ⊂ Rnν . With n =

∑N
ν=1 nν and

Ω := Ω1 × . . . × ΩN ⊂ Rn, each player ν’s objective function θν : Ω → R is
assumed to be continuous but, in contrast to the vast majority of literature,
we do not impose any convexity assumptions on θν .
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A Nash equilibrium is a point x̄ = (x̄1, . . . , x̄N) ∈ Ω such that

θν(x̄
ν , x̄−ν) ≤ θν(x

ν , x̄−ν) for all xν ∈ Ων

holds for all players ν = 1, . . . , N . This means that for each ν = 1, . . . , N
the point x̄ν solves the problem

Pν(x̄
−ν) : min

xν
θν(x

ν , x̄−ν) s. t. xν ∈ Ων .

The collection of the problems Pν(x
−ν), ν = 1, . . . , N , with x ∈ Ω is

called Nash equilibrium problem. The notation x = (xν , x−ν) with x−ν =(
x1, . . . , xν−1, xν+1, . . . , xN

)
∈ Rn−nν emphasizes the ν-th player’s decision

variables, but does not reorder the entries of the vector
(
x1, . . . , xν , . . . , xN

)
.

Subsequently it will be useful to consider, for each ν = 1, . . . , N , the set
Sν(x

−ν) of minimal points of Pν(x
−ν) as well as the graph gphSν = {(xν , x−ν) |

xν ∈ Sν(x
−ν)} of the corresponding set-valued mapping Sν . The set of Nash

equilibria E then coincides with the set
⋂N

ν=1 gphSν .

For a survey of theory and methods for continuous Nash equilibrium problems
we refer to [11], where also more general problem classes with not necessarily
box-constrained strategy sets are considered, which may even depend on the
other players’ decsions (so-called generalized Nash equilibrium problems).
Prominent solution techniques comprise the Karush-Kuhn-Tucker approach,
which aims at solving the joint Karush-Kuhn-Tucker systems of all play-
ers [10], and the variational inequality approach [11], which both rely on the
convexity of the players’ problems or even stronger convexity assumptions.
The Nikaido-Isoda approach from [22], on the other hand, does not need con-
vexity assumptions, but it depends on an intrinsically nonsmooth auxiliary
problem.

A common feature of all these methods is that they only compute a single
Nash equilibrium while, even under convexity assumptions, the set of Nash
equilibria does neither need to be a singleton nor convex, but is typically dis-
connected (see Section 6.2 for an illustration of this fact). We are only aware
of few algorithms which compute the whole set of equilibria for continuous
Nash equilibrium problems, namely the ones from [6] for convex quadratic
player problems with one-dimensional strategy sets, from [7] for problems
satisfying polyhedrality assumptions, and from [12] for jointly convex prob-
lems. For (mixed-)integer Nash equilibrium problems a branch-and-prune
approach for the computation of all equilibria was introduced in [23,25] and
generalized in [27].

So far, branch-and-bound approaches for continuous Nash equilibrium prob-
lems have not been proposed in the literature. The present paper intends
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to fill this gap where, as a first step, we consider box constrained problems.
Since our spatial branch-and-bound approach is heavily based on techniques
from global optimization, it is not only applicable to non-convex Nash equi-
librium problems, but it also approximately computes the whole set of Nash
equilibria.

For an introduction to global optimization we refer to the monographs [13,15,
26]. Spatial branch-and-bound methods rely on subsequently refined boxes
and suitable lower and upper bounding procedures that are applied over these
domains. In fact, there are several possibilities for bounding procedures avail-
able in the literature, which vary with regard to their assumptions. Hence,
although our method itself can be stated based on very mild assumptions
regarding the defining functions, depending on the concrete choice of bound-
ing procedure one might want to impose additional requirements such as,
e.g., differentiability. In principle, however, this is not needed and there are
many lower bounding procedures commonly used in global optimization that
work under our mild assumptions. In particular, the widely used interval
arithmetic as described, for instance, in the monograph [21] does not require
differentiability.

Well-known alternatives that might impose additional requirements are, for
example, the so-called αBB relaxation as described in [1–3], centered forms
as described in [5, 16], lower bounds based on duality concepts as examined
in [8, 9] or lower bounds based on linearization techniques (see [20, 26, 28,
29]). Basically all these approaches require that the defining functions are
factorable, i.e. composed of a finite number of operations such as +, −, sin,
cos, exp, etc.

This paper is structured as follows. In Section 2 we provide preliminaries that
are crucial for the development of the proposed branch-and-bound method,
like convergent lower bounding procedures and ε-Nash equilibria. Based
on these concepts, in Section 3 we provide a suitable discarding test and a
first, conceptual algorithm for computing all Nash equilibria of possibly non-
convex NEPs with box constraints. Section 4 addresses a fathoming step
which improves the performance of the branch-and-bound method. A more
suitable termination criterion than the one in the conceptual method from
Section 3 is presented in Section 5, where the appropriate modifications lead
to the second and final version of the proposed algorithm. After all these
theoretical considerations are established, the proposed method is illustrated
along some numerical examples in Section 6. Eventually, Section 7 closes
this paper with some final remarks.

Our notation and terminology is standard. In particular, we denote a box
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X ⊆ Rn by [x, x] with x, x ∈ Rn, x ≤ x. By the width of a box X we
mean its diagonal length diag(X) = ∥x− x∥2 with respect to the Euclidean
distance, and we denote its midpoint by mid(X) = 1

2
(x+ x).

2 Preliminaries

In this section we recall two concepts that will be important for our algo-
rithm. Section 2.1 deals with the notion of M -independent convergent lower
bounding procedures, which we will use to show convergence properties of
the two proposed methods. The first, conceptual version of the method only
includes a basic termination criterion. In order to improve it, we employ the
concept of ε-Nash equilibria (Section 2.2). It will turn out that this definition
leads to a natural termination criterion for our new method (cf. Section 5).

2.1 Convergent lower bounding procedures

In the following it will be important that lower bounding procedures as the
ones mentioned in Section 1 are M -independent and convergent [14]. For
convenience, we briefly review this concept here. In fact, a function ℓf from
the set of all sub-boxes X of Ω to R is called M-independent lower bounding
procedure for a function f , if it satisfies ℓf (X) ≤ minx∈X f(x) for all sub-
boxes X ⊆ Ω and any choice of f . Furthermore, we call an M -independent
lower bounding procedure convergent if

lim
k→∞

ℓf (X
k) = lim

k→∞
min
x∈Xk

f(x)

holds for any exhaustive sequence of boxes (Xk)k∈N and any choice of the
function f , respectively. A sequence of boxes (Xk)k∈N is called exhaustive
(see, e.g., [15]) if Xk+1 ⊆ Xk as well as limk→∞ diag(Xk) = 0 hold. The
concept of M -independent upper bounds is defined analogously.

We remark that for any exhaustive sequence of boxes (Xk) the set
⋂

k∈N X
k

is a singleton, say {x̃}. If we have xk ∈ Xk for all k, then in view of
limk→∞ diag(Xk) = 0 the sequence (xk) converges to x̃, and the convergence
of ℓf and continuity yield

lim
k→∞

ℓf (X
k) = lim

k→∞
min
x∈Xk

f(x) = f(x̃) = lim
k→∞

f(xk).
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2.2 The notion of an ε-Nash equilibrium

A crucial concept for the termination of global optimization methods is the
notion of an ε-optimal point. In order to extend spatial branch-and-bound
algorithms from nonlinear problems to NEPs, it is important to have an
analogy here as well. In the following let us briefly recall the notion of
an ε-optimal point for nonlinear problems. To this end, we consider an
optimization problem of the form

min
x∈Rn

f(x) s. t. x ∈ M

where f is a possibly non-convex function and M is a feasible set. Then, for
some ε > 0 a feasible point x∗ with f(x∗) ≤ f(x) + ε for all x ∈ M is said to
be an ε-optimal point. That means, although x∗ might not be a globally op-
timal point, other points can be at most slightly better. This idea possesses
a natural extension to ε-approximate Nash equilibria or, briefly, ε-Nash equi-
libria for NEPs (cf., e.g., [30]). In the following, note that we also use a strict
inequality in addition to the standard definition from the literature. While
for the mere existence of some ε > 0 this difference is irrelevant, this will be
helpful to describe certain inner and outer approximations in the remainder
of this article.

Definition 2.1. Given a Nash equilibrium problem and some ε > 0, we say
that a point (x̄1, . . . , x̄N) ∈ Ω is an ε-Nash equilibrium, if for every player
ν = 1, . . . , N it holds

θν(x̄
ν , x̄−ν) ≤ θν(x

ν , x̄−ν) + ε for all xν ∈ Ων . (1)

We denote the set of all ε-Nash equilibria by Eε.

If inequality (1) holds strictly, we refer to (x̄1, . . . , x̄N) ∈ Ω as a strict ε-Nash
equilibrium. Moreover, the set of all strict ε-Nash equilibria is denoted by
E<

ε .

Although there might be an incentive for some players to deviate from a
(strict or non-strict) ε-Nash equilibrium, this incentive is rather small, de-
pending on the choice of ε.

3 A conceptual algorithm for non-convex NEPs
with box constraints

In this section we first introduce the main idea of our new method, which is
based on a so-called discarding criterion that helps to recognize sets that do
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not contain any Nash equilibria. This is described in Section 3.1 and allows
us to establish the conceptual version of our new algorithm in Section 3.2.
While its finite termination is easily seen, a convergence property with regard
to the set of Nash equilibria is studied in Section 3.3.

This first version of the method is preliminary in the sense that we do not
yet include fathoming steps here, so that the described approach might not
be efficient. Moreover, the termination criterion is very simple and is not
based on the notion of ε-Nash equilibria yet. These features will be added in
the remaining sections, as improvements of the basic version of the method
described here.

3.1 Basic idea of a discarding criterion

A main idea of this article is to establish and apply a criterion that helps to
exclude boxes that cannot contain any Nash equilibria. In order to derive
this, let us start by considering a single point (x1, . . . , xN) ∈ Ω. Moreover,
we consider a player ν and a point (y1, . . . , yN) ∈ Ω with y−ν = x−ν and
θν(y

ν , x−ν) < θν(x
ν , x−ν). Then the point x = (x1, . . . , xN) cannot be a Nash

equilibrium, and we say that y is ν-dominated by x.

Let us now extend this concept to an entire box X. Hence, we assume that
for some ν and every point x ∈ X there is a point y(x) ∈ Ω that ν-dominates
x, that is, y−ν(x) = x−ν and θν(y

ν(x), x−ν) < θν(x
ν , x−ν) hold. Then the

box X cannot contain any Nash equilibria. These considerations motivate
the following result.

Proposition 3.1. Let a box X ⊆ Ω as well as a set Z ⊆ Ω be given.
Furthermore, let us assume that there is at least one player ν such that the
following two conditions hold:

• For the projections prx−ν X of the box X and prx−ν Z of the set Z onto
the x−ν-space we have the relation prx−ν X ⊆ prx−ν Z.

• There is a lower bound ℓθν (X) at the function θν over the box X and
an upper bound uθν (Z) at the function θν over the set Z such that the
inequality ℓθν (X) > uθν (Z) holds.

Then, the box X does not contain any Nash equilibria.

Proof. Due to prx−ν X ⊆ prx−ν Z, for every point x ∈ X there is a point
z(x) ∈ Z with z−ν(x) = x−ν . Moreover, it holds

θν(x) ≥ ℓθν (X) > uθν (Z) ≥ θν(z(x))
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and, thus, the point z(x) is ν-dominated by x. Since x is chosen arbitrarily
in X there cannot be a Nash equilibrium in this box and, thus, the assertion
holds.

The role of the set Z in Proposition 3.1 is reminiscent of the incumbent
in classical branch-and-bound algorithms. There, the incumbent is some
feasible point, and a box is discarded if a lower bound over this box exceeds
the objective value at the incumbent (because the incumbent possesses a
better objective value than all points from the box). Since in NEPs different
players may have different incumbents, and these may even depend on the
other players’ decisions, the generalization of this bounding concept is the
main challenge in the design of a branch-and-bound method for NEPs. The
next section will introduce our approach to this problem, where the single
incumbent from the classical setting is replaced by a list of boxes which may
be used for discarding purposes.

3.2 Formal description of the algorithm

The main idea of the branch-and-bound method for finding Nash equilibria
is to iteratively refine a list N of boxes that might contain Nash equilibria.
The list is initialized to N := {Ω} and, since Ω contains all feasible points,
clearly, this is a superset of all Nash equilibria. During the algorithm boxes
from this list are chosen and divided into sub-boxes along a longest edge.
For all these sub-boxes we check whether they can be excluded from further
consideration using a discarding criterion based on Proposition 3.1.

It remains to be clarified how a set Z in Proposition 3.1 may be suitably
chosen. Whereas, in classical branch-and-bound algorithms for solving non-
convex problems, as incumbents we can use feasible points with good objec-
tive values to discard boxes from the list, in the setting of NEPs this is not
possible, as motivated above. The reason is that, in order to rule out a box,
we need at least one single player ν who has an incentive to unilaterally devi-
ate from all points within this box, and this fact forms the challenge for the
design of a branch-and-bound method for NEPs. In our new algorithm this
is reflected by the existence of a second list L. In this list we keep boxes that
can be used to exclude other boxes from the list of possible Nash equilibria
N , where points contained in boxes of the list L may or may not be Nash
equilibria.

In order to improve the list N and drive it closer to an approximation of the
set of all Nash equilibria, as common in spatial branch-and-bound algorithms
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we choose boxes from this list and divide those in order to compute improved
bounds at functions over these boxes. In addition to this, boxes in the list
L must be refined as well, in order to obtain improved bounds for excluding
boxes in N . Moreover, since every player might have a reason to deviate
and, thus, every player might provide a reason to exclude boxes, for every
player ν = 1, . . . , N we may choose a different box from the list L and divide
all these boxes. In the following, the selection of boxes is described more
precisely.

In fact, in every iteration we start by choosing a box X = X1×. . .×XN with a
largest diagonal length in the list N , divide it into two sub-boxes and compute
improved bounds at the functions θν . Using this, we try to discard these sub-
boxes of X by applying a criterion based on Proposition 3.1. That means
that we search for possibilities to deviate for every player ν = 1, . . . , N . At
least in theory we could do so by using a second branch-and-bound algorithm
and try to compute a kind of globally optimal deviations for every player ν =
1, . . . , N . However, from the computational point of view this is prohibitive.
For this reason, the idea is to use the boxes that are already available in the
list L.

More precisely, in every iteration we consider the sub-lists

Lν = Lν(X) :=
{
Y ∈ L

∣∣ ( prx−ν Y
)
∩
(
prx−ν X

)
̸= ∅
}
, ν = 1, . . . , N,

(2)
of L containing boxes that are of interest for player ν, since they may contain
points which unilaterally improve points x ∈ X in the player variable xν .

Now, for every player ν we search for a box Y ν in Lν that provides a smallest
lower bound ℓθν (Y

ν) over all boxes Y ∈ Lν . After doing so we treat the
ν-part ŷνof the midpoint ŷ of this box as a possible deviation for player ν,
depending on the objective value of this point. However, a single point in
the box Y ν cannot be used to apply a discarding criterion as described in
Proposition 3.1. Thus, based on this current approximation, we construct
yet another box Zν which results from X by replacing its ν-part with the
singleton [ŷν , ŷν ], that is, we put

Zν := X1 × . . .×Xν−1 × [ŷν , ŷν ]×Xν+1 × . . .×XN .

In view of prx−ν X = prx−ν Zν the lower-dimensional box Zν is formally
suitable for a discarding test based on Proposition 3.1. Moreover, its choice
is promising for the calculation of a small upper bound.

In addition to this, it is also important to refine boxes in the list L in order
to obtain improved approximations at globally optimal points for the player
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problems Pν(x
−ν) later on in the algorithm. To this end, in the same iteration

for each player ν = 1, . . . , N we divide the boxes Y ν from the previous
construction. We divide these boxes into sub-boxes along the midpoint of a
longest edge, which enables us to compute improved bounds at functions in
subsequent iterations. After doing so, these sub-boxes are added to the list
L again.

An important step during classical branch-and-bound methods is the fath-
oming step which removes boxes from the maintained lists that have become
superfluous after the improvement of bounds, and that we have not consid-
ered up to now. While we try to discard boxes from N as often as possible,
so far we never exclude boxes from L. For now, it is sufficient to understand
that it is, indeed, possible to rule out certain boxes in L, as long as we en-
sure that there are sufficiently good points contained in boxes of this list.
Clearly, globally optimal points of problems Pν(x

−ν) can serve this purpose.
Formally, this can be required as follows.

Assumption 3.2. In every iteration of the algorithm the union of the boxes
in the list L contains all pairs (xν , x−ν) for which xν is a globally minimal
point of Pν(x

−ν), ν = 1, . . . , N , that is,

N⋃
ν=1

gphSν ⊆
⋃
Y ∈L

Y

holds.

In our conceptual algorithm Assumption 3.2 is simply guaranteed by never
removing a box from the list L at all. We will address this topic in more
detail in Section 4. Under Assumption 3.2 it is clear, however, that the list L
may be not interpreted as a list of incumbents which approximates the set of
Nash equilibria

⋂N
ν=1 gphSν upon termination, which would be the analogy

the classical branch-and-bound methods. Instead, this task will be achieved
by the list N , as we will see in the next section.

Formally, the algorithm as described so far is stated in Algorithm 1.

3.3 A convergence property

For a termination tolerance τ > 0 Algorithm 1 terminates after a finite
number of iterations, since we always choose a largest box from the list N ,
and dividing boxes along longest edges drives their width to zero. Moreover,
using Proposition 3.1 it is ensured that only boxes are excluded from N that
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Algorithm 1: Branch-and-bound algorithm for non-convex, box-
constrained NEPs
Input: Non-convex NEP with box constraints, termination

tolerance τ > 0
Output: List N of boxes with width below τ , whose union forms a

superset of the set of all Nash equilibria
Initialization: Put list L := {Ω}, list N := {Ω};
while ∃X ′ ∈ N with diag(X ′) > τ do

Step 1: Choose box: Choose some X ∈ N with
diag(X) ≥ diag(X ′) for all X ′ ∈ N ;

Step 2: Remove X from the list N ;
Step 3: Divide X along the midpoint of a longest edge into X1

and X2;
Step 4: Add X1 and X2 to the list N ;
Step 5a: Try to discard box X1:
for ν = 1, . . . , N do

Find a box Y ν ∈ Lν(X
1) with ℓθν (Y

ν) ≤ ℓθν (Y ) for all
Y ∈ Lν(X

1);
Denote the corresponding midpoint mid(Y ν) by (ŷ1, . . . , ŷN);
Put Zν := X1

1 × . . .× [ŷν , ŷν ]× . . .×X1
N ;

if ℓθν (X
1) > uθν (Z

ν) then
Remove X1 from the list N ;

end
end
Step 5b: Proceed analogously for box X2;
Step 6: Improve boxes for discarding criterion:
for ν = 1, . . . , N do

Remove Y ν from L;
Divide Y ν along a longest edge into sub-boxes;
Add both sub-boxes to the list L;

end
Step 7: Fathoming step for L (according to Assumption 3.2);

end
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do not contain any Nash equilibria. For that reason it is straightforward
to see that in any iteration, and thus also upon termination, the union of
all boxes in the list N forms a superset of the set of all Nash equilibria.
While this shows the finite termination of Algorithm 1, so far it is not clear
whether for termination tolerances τ tending to zero the set

⋃
X∈N X actually

converges to the set E of all Nash equilibria in some sense. This is indeed
the case and will be discussed in the current subsection.

The following lemma will be helpful.

Lemma 3.3. We consider the infinite branch-and-bound procedure of Al-
gorithm 1 corresponding to τ = 0 with an M-independent and convergent
lower bounding procedure. Moreover, we assume that the fathoming step ful-
fills Assumption 3.2. Then, there is an exhaustive sequence of boxes (Xs)s∈N
created by the algorithm with Xs ∈ N for all s ∈ N as well as a point
(x1, . . . , xN) ∈ Xs for all s ∈ N.

Furthermore, for any such sequence (Xs)s∈N with corresponding (x1, . . . , xN)
and for every player ν ∈ {1, . . . , N} there are also exhaustive sequences of
boxes (Xν,t)t∈N and (Y ν,t)t∈N created by the algorithm with (yν , x−ν) ∈ Y ν,t

for all t ∈ N and yν ∈ Sν(x
−ν) and where (Xν,t)t∈N is a sub-sequence of

(Xs)s∈N.

Proof. Since the algorithm does not terminate for τ = 0, there are at least
one exhaustive sequence of boxes (Xs)s∈N and a corresponding unique point
(x1, . . . , xN) ∈

⋂
s∈N X

s. We continue to establish the existence of the as-
serted exhaustive sequences of boxes (Y ν,t)t∈N for ν = 1, . . . , N . Based on
this, we shall prove that there are minimal points yν of Pν(x

−ν) with the
asserted property.

Let us consider an exhaustive sequence of boxes (Xs)s∈N as well as a fixed
player ν. Moreover, without loss of generality we limit our consideration to
iterations where a box Xs from the exhaustive sequence of boxes is chosen
from the list Ns, which denotes the list N in iteration s. Then, in the same
iteration we choose boxes from the list Lν(X

s). Furthermore, we have

⋃
Y ∈Lν(Xs)

Y ⊆
⋃

Y ∈Lν(X ŝ)

Y for ŝ < s.

Since the list Lν(X
s) contains only a finite number of elements, there is indeed

such an exhaustive sequence of boxes (Y ν,t)t∈N. This can be seen as follows.
For a fixed iteration ŝ there is a finite number of boxes in Lν(X

ŝ) and every
such box can be interpreted as a node of the branch-and-bound tree. Further
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subdividing these boxes leads to a new but still finite number of boxes that
partitions the set

⋃
Y ∈Lν(Xs) Y . Thus, in view of the aforementioned inclusion

property on every level of the branch-and-bound tree there is a finite number
of boxes. Since in the infinite branch-and-bound procedure an infinite number
of boxes is created, there must be a nested sequence of boxes (Y ν,t)t∈N and
in view of the box division rule we also have limt→∞ diag(Y ν,t) = 0. This
line of arguments is standard in the theory of global optimization. For a
more formal explanation we refer to the literature (see, e.g., the proof of
Theorem IV.1. as well as Corollary IV.1. in [15]).

Next, as for any exhaustive sequence of boxes, there is a point (y1, . . . , yN) ∈
Y ν,t for all t ∈ N. We complete the proof by showing y−ν = x−ν and the
minimality of yν for Pν(x

−ν). Let us assume that there is some µ ̸= ν such
that yµ ̸= xµ. Then, due to lims→∞ diag(Xs) = 0 and limt→∞ diag(Y ν,t) = 0,
for s and t sufficiently large we have(

prx−ν Xs
)
∩
(
prx−ν Y ν,t

)
= ∅

and, by (2), it follows Y ν,t /∈ Ls
ν . This, however, contradicts the choice of

Y ν,t and proves y−ν = x−ν .

It remains to be shown that yν ∈ Sν(x
−ν) holds. In order to see this,

assume that there is a minimal point ŷν of Pν(x
−ν) with θν(y

ν , x−ν) >
θν(ŷ

ν , x−ν). Due to the convergence of the lower bounding procedure we
have limt→∞ ℓθν (Y

ν,t) = θν(y
ν , y−ν) = θν(y

ν , x−ν) and therefore ℓθν (Y
ν,t) >

θν(ŷ
ν , x−ν) for some sufficiently large t. On the other hand, by (ŷν , x−ν) ∈

gphSν and since in view of Assumption 3.2 we never exclude a box from
L that contains an element of gphSν , there is a box Ŷ ∈ Lt

ν that contains
the point (ŷν , x−ν), yielding ℓθν (Y

ν,t) > θν(ŷ
ν , x−ν) ≥ ℓθν (Ŷ ). Thus, the box

Ŷ ∈ Lt
ν would have been chosen for further subdivision in Step 5 and 6 of the

algorithm and, thus, the sequence (Y ν,t) is not created at all, which contra-
dicts our assumption. For every player ν the asserted sub-sequence (Xν,t)t∈N
is now obtained by omitting those elements of the sequence (Xs)s∈N where
no corresponding element (Y ν,t)t∈N is chosen.

We can now prove the announced approximation property for the set E of
Nash equilibria.

Theorem 3.4. We consider the infinite branch-and-bound sequence of Al-
gorithm 1 corresponding to τ = 0 with an M-independent and convergent
lower bounding procedure, where we assume that the fathoming step fulfills
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Assumption 3.2. Moreover, we put

Ek :=
⋃

X∈Nk

X,

where Nk denotes the list N in iteration k of the algorithm. Then with the
Hausdorff metric δ we have limk→∞ δ(Ek, E) = 0.

Proof. Assume that there is a point x̃ = (x̃1, . . . , x̃N) outside of E (i.e., x̃
is not a Nash equilibrium) which is never discarded by Algorithm 1 after a
finite number of iterations, even for the infinite branch-and-bound sequence
corresponding to τ = 0. In view of the box selection in Step 1 of Algorithm 1
there must then be an exhaustive sequence of boxes (Xs)s∈N created by the
algorithm with x̃ ∈ Xs for all s ∈ N.

By Lemma 3.3 there is also an exhaustive sequence of boxes (Y ν,t)t∈N created
by the algorithm with a point (yν , x̃−ν) ∈ Y ν,t for all t ∈ N which satisfies
yν ∈ Sν(x̃

−ν). Thus we have limt→∞ mid(Y ν,t) = (yν , x̃−ν). Moreover, there
is a sub-sequence (Xν,t)t∈N of Xs

s∈N and for the convergent lower bounding
procedure we obtain lims→∞ ℓθν (X

s) = limt→∞ ℓθν (X
ν,t) = θν(x̃). Since x̃ is

not a Nash equilibrium, we obtain

θν(y
ν , x̃−ν) < θν(x̃

ν , x̃−ν). (3)

Similarly, for every box Xν,t there is a box Zν,t created by the algorithm
such that prx−ν Xν,t = prx−ν Zν,t. From 0 ≤ diag(Zν,t) ≤ diag(Xν,t) and
limt→∞ diag(Xν,t) = 0 we obtain limt→∞ diag(Zν,t) = 0. Moreover, we
have limt→∞mid(Zν,t) = (yν , x̃−ν), since limt→∞mid(Y ν,t) = (yν , x̃−ν) and
limt→∞ mid(Xν,t) = (x̃ν , x̃−ν)).

We now consider the sequence of boxes (Ẑν,t)t∈N that are defined as the small-
est boxes that contain all points in Zν,t as well as the point (yν , x̃−ν), which
is an exhaustive sequence of boxes with (yν , x̃−ν) ∈ Ẑν,t for all t ∈ N. Thus,
for every convergent upper bounding procedure we have limt→∞ uθν (Ẑ

ν,t) =
θν(y

ν , x̃−ν). Moreover, we have

uθν (Ẑ
ν,t) ≥ uθν (Z

ν,t) for all t ∈ N

and in view of inequality (3) we have for sufficiently large t (i.e., sufficiently
small boxes) the inequality

ℓθν (X
ν,t) > uθν (Ẑ

ν,t) ≥ uθν (Z
ν,t).
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Thus, using Proposition 3.1 we see that the box Xν,t cannot contain a Nash
equilibrium for sufficiently large t and, hence, it is removed from the list N by
Algorithm 1 in Step 5. Moreover, since (Xν,t)t∈N is a sub-sequence of (Xs)s∈N
this holds for these boxes analogously, in contradiction to our assumption.

Finally, we have E ⊆ Ek for all k ∈ N. Since the algorithm removes every
point x̃ which is not a Nash equilibrium after a finite number of iterations,
we have limk→∞ δ(Ek, E) = 0.

4 Fathoming steps

An important step in classical branch-and-bound methods is the fathoming
step, which is crucial in order to obtain suitable performance. So far, al-
though we try to discard boxes from the list N , we never exclude any boxes
from the list L. However, from the theory of global optimization we know
that it is important to accelerate these methods and, thus, we also include
such a fathoming step in our new algorithm for the computation of Nash
equilibria.

So far, in our current version of the algorithm as stated in Algorithm 1 we
always have

⋃
Y ∈L Y = Ω, because whenever we remove some box Y from L

in order to divide it, we immediately add the resulting sub-boxes to L again
within the same iteration. However, one may ask if it is really necessary to
consider all these boxes, since from a computational point of view it would
be beneficial to exclude some of them.

In fact, in order to make sure that a single point x = (xν , x−ν) is not a Nash
equilibrium, it is sufficient to show that there is at least one single globally
minimal point x̄ν of Pν(x

−ν) that yields an incentive for this player to deviate.
Conversely, if a box Y ∈ L does not contain a point (xν , x−ν) ∈ gphSν for any
player ν = 1, . . . , N , that is, Y ⊆

⋂N
ν=1(gphSν)

c =
(⋃N

ν=1 gphSν

)c
holds, we

may safely delete this box from L, as long as we make sure to always keep
boxes that contain points that might solve at least one problem of a player ν.
Note that by doing so we ensure Assumption 3.2. Since this is an important
observation, we state it in the following remark.

Remark 4.1 (Fathoming criterion). Let Y ∈ L be a box such that for every
ν = 1, . . . , N and for every (xν , x−ν) ∈ Y we have xν ̸∈ Sν(x

−ν). Then Y
can be deleted from the list L.

The question is, how such a box Y ∈ L can be recognized. To this end, we
may apply a similar idea as already used in the proof of Theorem 3.4. For
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every ν ∈ {1, . . . , N}, in anology to (2) we may construct the list

Lν(Y ) =
{
Y ′ ∈ L

∣∣ ( prx−ν Y ′
)
∩
(
prx−ν Y

)
̸= ∅
}
.

Next, we find a box Y ν ∈ Lν(Y ) with ℓθν (Y
ν) ≤ ℓθν (Y

′) for all Y ′ ∈ Lν(Y ).
Then, analogously to what is done in Algorithm 1 for a box X from the list N ,
we may proceed for the box Y = Y1×. . .×YN from the list L. Hence, denoting
the midpoint of Y ν by (ŷ1, . . . , ŷN) we put Zν = Y1× . . .× [ŷν , ŷν ]× . . .×YN .
If we have

uθν (Z
ν) < ℓθν (Y )

for all ν = 1, . . . , N , then the box Y cannot contain a minimal point of
Pν(y

−ν) for any (yν , y−ν) ∈ Y , since we have

min
xν∈Ων

θν(x
ν , y−ν) ≤ uθν (Z

ν) < ℓθν (Y ) ≤ θν(y
ν , y−ν).

Note, however, that this fathoming step is much more elaborate than classical
fathoming steps for nonlinear problems in global optimization. This holds
especially in view of the fact that this has to be checked for all players
ν = 1, . . . , N . Most likely it takes a substantial amount of time to proceed
like this, and so there might be a trade-off between whether it takes more
time to search in the complete list of boxes or to use this fathoming step that
might help to shorten the list. Moreover, this can be expected to be highly
dependent on implementation details. It might be beneficial to not use this
fathoming step in every iteration.

Formally, the fathoming step is described in Algorithm 2, which may be used
in Algorithm 1 in Step 7. Note that the proof of convergence is not affected
by this, since Assumption 3.2 continues to hold, and so this situation has
already been taken into consideration.

We remark that in principle also a fathoming step for the list N could be
added to Algorithm 1, in analogy to Algorithm 2. We expect, however,
that the additional computational effort of checking all boxes X in N , in-
cluding the computation of the sublists Nν(X) in analogy to (2), would be
prohibitive, so that we refrain from this in the present study.

5 A suitable termination criterion

So far, our conceptual method as presented in Algorithm 1 does not include
a convincing termination criterion. Instead, we simply stop as soon as all
boxes have become sufficiently small. This, however, does not provide any
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Algorithm 2: Fathoming step for branch-and-bound algorithm for
non-convex, box-constrained NEPs
Input: Non-convex NEP with box constraints, current list L of

Algorithm 1
Output: Possibly fathomed list L
Every box in L is checked:
for Y ∈ L do

Try to exclude box Y :
Set remove_from_L:=true;
Check for all player specific problems:
for ν = 1, . . . , N do

Find a box Y ν ∈ Lν(Y ) with ℓθν (Y
ν) ≤ ℓθν (Y

′) for all
Y ′ ∈ Lν(Y );

Denote the corresponding midpoint mid(Y ν) by (ŷ1, . . . , ŷN);
Put Zν := Y1 × . . .× [ŷν , ŷν ]× . . .× YN ;
if ℓθν (Y ) ≤ uθν (Z

ν) then
remove_from_L:=false;

end
end
if remove_from_L then

Remove Y from the list L;
end

end
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information regarding the approximation quality for the set of Nash equilib-
ria, except that we know that we compute supersets. In the current section
we improve this behavior of the algorithm, which, however, comes at the cost
of computing ε-Nash equilibria instead of exact Nash equilibria.

In the next subsection we present the main idea to achieve this. Based on
this, we finally describe our complete branch-and-bound algorithm including
the improved termination criterion formally in Section 5.2. In Section 5.3
we show that our improved termination criterion is fulfilled after a finite
number of iterations so that the algorithm terminates, provided that some
mild assumptions hold.

5.1 Inner and outer approximations

As already indicated at the beginning of this article, we now aim at the
computation of ε-Nash equilibria. To this end, let us consider a box X ∈ N
as well as upper bounds uθν (X) for all players ν = 1, . . . , N . Moreover, we
consider the player specific lists

Lν(X) =
{
Y ∈ L

∣∣ ( prx−ν Y
)
∩
(
prx−ν X

)
̸= ∅
}
, ν = 1, . . . , N

from (2). Recall that Lν(X) contains the boxes from L which are of interest
for player ν, since they may contain points which unilaterally improve points
x ∈ X in the player variable xν .

In particular, in view of Assumption 3.2 the list L is maintained in such a
way that for every player ν and for every (xν , x−ν) ∈ X, each minimal point
yν of Pν(x

−ν) satisfies (yν , x−ν) ∈ Y for some Y ∈ Lν(X). Thus, we have

min
Y ∈Lν(X)

ℓθν (Y ) ≤ θν(y
ν , x−ν) ≤ θν(x

ν , x−ν) ≤ uθν (X) (4)

for all (xν , x−ν) ∈ X and all ν = 1, . . . , N . If, in addition, the difference
between the upper bound uθν (X) and minY ∈Lν(X) ℓθν (Y ) becomes sufficiently
small, then we know that there is at most a small incentive for player ν to
deviate from any point (xν , x−ν) ∈ X. In fact, if we have

uθν (X)− min
Y ∈Lν(X)

ℓθν (Y ) < ε

for all players ν = 1, . . . , N , then all points in X are strict ε-Nash equilibria,
since we may then rearrange (4) to

θν(x
ν , x−ν) ≤ uθν (X) < min

Y ∈Lν(X)
ℓθν (Y ) + ε ≤ θν(y

ν , x−ν) + ε
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for any x ∈ X and ν = 1, . . . , N .

Analogously to spatial branch-and-bound algorithms in global optimization,
where one aims at ε-minimal points of nonlinear problems, here we are satis-
fied with the computation of (strict) ε-Nash equilibria as well. For this reason
we copy these boxes into another list Ñ . Boxes in this list are considered to
be valid solutions of our branch-and-bound algorithm and will not be further
sub-divided in the course of our method, but only those from N \ Ñ .

Unfortunately, we cannot expect that sooner or later all boxes from N are
either excluded or added to the list Ñ . In fact, it is possible that for a given
ε > 0 even very small boxes contain, both, strict ε-Nash equilibria as well as
points that are not ε-Nash equilibria. For that reason we consider the union
of the boxes in the list Ñ as an inner approximation of the set E<

ε of all strict
ε-Nash equilibria and the union of all boxes in N as an outer approximation
of the set Eε of all ε-Nash equilibria, that is, we have⋃

X∈Ñ

X ⊆ E<
ε ⊆ Eε ⊆

⋃
X∈N

X.

We may terminate if the Hausdorff distance

δ

 ⋃
X∈N

X,
⋃

X̃∈Ñ

X̃

 = max
x∈

⋃
X∈N X

min
x̃∈

⋃
X̃∈Ñ X̃

∥x− x̃∥2

= max
X∈N

max
x∈X

min
X̃∈Ñ

min
x̃∈X̃

∥x− x̃∥2

between the outer and inner approximation of Eε and E<
ε falls below a pre-

scribed termination tolerance τ > 0. Unfortunately, this formula itself is too
costly to be evaluated in every iteration of the branch-and-bound method.
However, the special structure of this formula allows the construction of an
upper bound that is suited as a termination criterion for our algorithm. This
is shown in the following result where, following a usual convention, a mini-
mum over the empty set is considered the extended real value +∞.

Lemma 5.1. For N ≠ ∅ the Hausdorff distance between the inner and the
outer approximation is bounded above in the form

δ

 ⋃
X∈N

X,
⋃

X̃∈Ñ

X̃

 ≤ max
X∈N

min
X̃∈Ñ

∥∆(X, X̃)∥2,

where for boxes A = [a, a] and B = [b, b] the entries of the vector ∆(A,B)
are

∆i(A,B) = max{0, bi − ai, ai − bi}, i = 1, . . . , n.
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Proof. In the case Ñ = ∅ the bound formally holds, since both terms coincide
with the extended real value +∞. Thus, in the following we may assume
Ñ ̸= ∅. Due to

δ

 ⋃
X∈N

X,
⋃

X̃∈Ñ

X̃

 = max
X∈N

max
x∈X

min
X̃∈Ñ

min
x̃∈X̃

∥x− x̃∥2

≤ max
X∈N

min
X̃∈Ñ

max
x∈X

min
x̃∈X̃

∥x− x̃∥2

it remains to explicitly compute the term maxa∈Aminb∈B ∥a − b∥2 for two
boxes A,B ⊆ Rn. We have(

max
a∈A

min
b∈B

∥a− b∥2
)2

= max
a∈A

min
b∈B

n∑
i=1

(ai − bi)
2

=
n∑

i=1

max
ai∈Ai

min
b∈Bi

(ai − bi)
2

=
n∑

i=1

(
max
ai∈Ai

min
b∈Bi

|ai − bi|
)2

,

where for each i the term maxai∈Ai
minb∈Bi

|ai − bi| is the maximal distance
of points in Ai from Bi. Since the latter is easily seen to coincide with
∆i(A,B), we arrive at maxa∈A minb∈B ∥a− b∥2 = ∥∆(A,B)∥2 and, thus, the
assertion.

5.2 Formal description of the branch-and-bound algo-
rithm

In this section we discuss some more details of our new branch-and-bound
procedure and describe the entire algorithm formally.

We start with a brief consideration of the box selection rule. In our con-
ceptual version of the branch-and-bound in Algorithm 1 we always choose
a largest box from the list N for further subdivision. This is in contrast to
classical box selection strategies for spatial branch-and-bound algorithms in
global optimization where it is common, for instance, to choose a box with
a smallest lower bound, i.e. a box where the termination criterion is most
violated. Other box selection rules are possible as well and also for our new
method to compute ε-Nash equilibria we allow for some more flexibility in
the following.
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In fact, at least two aspects are required for a suitable box selection rule.
First, if a box X ∈ N contains a point which is no ε-Nash equilibrium, then
we need to ensure that this box is selected sooner or later in order to make
sure that our outer approximation is improved. Second, if a box contains
a strict ε-Nash equilibrium but is not contained in Ñ yet, then it must be
selected after a finite number of iterations as well, because otherwise the inner
approximation cannot be improved. In the sequel we shall prove that this is
not only necessary but also sufficient for the convergence of our branch-and-
bound procedure. Formally, it is stated in the following assumption.

Assumption 5.2. Given a box X ∈ N such that one of the two conditions

• X contains a point which is no ε-Nash equilibrium,

• X contains a strict ε-Nash equilibrium and X is not contained in Ñ ,

holds, then this box must be subdivided after finitely many iterations.

Note that the simple box selection rule from Algorithm 1, where we always
choose a largest box in N , fulfills this requirement.

The final version of our new branch-and-bound algorithm for the computation
of all ε-Nash equilibria is described formally in Algorithm 3. This includes
the improved termination criterion, possible fathoming steps as well as the
more general box selection rule.

With regard to the usage of the two tolerances ε and τ in Algorithm 3 we
remark that in classical branch-and-bound algorithms the termination tol-
erance ε on the gap between upper and lower bounds yields a measure for
the approximation quality of the terminal incumbent, in the sense that it is
an ε-minimal point. If there one aimed at computing even the whole set of
ε-minimal points, one would need to fix ε, introduce an approximation toler-
ance τ for this set and modify the branch-and-bound algorithm accordingly.
In particular, ε served as an approximation tolerance in the image space, and
τ as an independent approximation tolerance in the decision space.

The same idea is implemented in Algorithm 3 for the computation of a τ -
approximation of the set of ε-Nash equilibria. As opposed to classical branch-
and-bound methods, here the computation of only a single ε-Nash equilib-
rium as the algorithmic output would not be satisfactory. This explains the
presence of the two tolerances ε and τ .
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Algorithm 3: Branch-and-bound algorithm for non-convex, box-
constrained NEPs
Input: Non-convex NEP with box constraints, ε > 0, τ > 0
Output: Outer approximation

⋃
X∈N X at the set of all ε-Nash

equilibria and inner approximation
⋃

X̃∈Ñ X̃ at the set of
all strict ε-Nash equilibria with approximation quality τ ,
or certificate N = ∅ that there are no ε-Nash equilibria

Initialization: Put list L := {Ω}, list N := {Ω}, list Ñ = ∅;
while N ̸= ∅ and maxX∈N minX̃∈Ñ ∥∆(X, X̃)∥2 > τ do

Step 1: Choose box: Select X ∈ N according to some rule that
fulfills Assumption 5.2;

Step 2: Remove X from the list N ;
Step 3: Divide X along a longest edge into X1 and X2;
Step 4: Add X1 and X2 to the list N ;
Step 5a: Process box X1:
Set add_to_Ñ :=true;
for ν = 1, . . . , N do

Find a box Y ν ∈ Lν(X
1) with ℓθν (Y

ν) ≤ ℓθν (Y ) for all
Y ∈ Lν(X

1);
Denote the corresponding midpoint mid(Y ν) by (ŷ1, . . . , ŷN);
Put Zν := X1

1 × . . .× [ŷν , ŷν ]× . . .×X1
N ;

if ℓθν (X
1) > uθν (Z

ν) then
Remove X1 from the list N ;
add_to_Ñ :=false;

else if uθν (X
1)−minY ∈Lν(X) ℓθν (Y ) ≥ ε then

add_to_Ñ :=false;
end

end
if add_to_Ñ then

Add X1 to the list Ñ ;
end
Step 5b: Proceed analogously for box X2;
Step 6: Improve boxes for discarding criterion:
for ν = 1, . . . , N do

Remove Y ν from L;
Divide Y ν along a longest edge into sub-boxes;
Add both sub-boxes to the list L;

end
Step 7: Fathoming step for L (according to Assumption 3.2);

end
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5.3 Proof of convergence for the branch-and-bound al-
gorithm

In this section we prove that the inner and outer approximations converge
to each other under mild assumptions and, thus, Algorithm 3 terminates
after finitely many steps. To this end, we start with the convergence of the
inner as well as convergence of the outer approximation. Finally, we combine
these results in order to show termination of the proposed branch-and-bound
algorithm under mild assumptions.

By construction, in every iteration k of the algorithm the union of the boxes
in the list Ñk is an inner approximation of the set of strict ε-Nash equilibria
E<

ε . We now show that this approximation is not only improved in the course
of the algorithm but also converges to the set of strict ε-Nash equilibria.

Proposition 5.3. We consider a Nash equilibrium problem with E<
ε ̸= ∅

for some ε > 0 and the possibly infinite branch-and-bound procedure of Al-
gorithm 3 corresponding to τ = 0, where we assume that a convergent and
M-independent lower bounding procedure as well as some box selection rule
fulfilling Assumption 5.2 are used. Then, if the algorithm does not terminate,
we have

lim
k→∞

δ

E<
ε ,
⋃

X̃∈Ñk

X̃

 = 0

where Ñk is the list Ñ of the algorithm in iteration k.

Proof. We assume that the assertion does not hold and derive a contra-
diction. Hence, let us assume that there is a strict ε-Nash equilibrium
x̄ = (x̄1, . . . , x̄N) and some σ > 0 such that

dist

x̄,
⋃

X̃∈Ñk

X̃

 := min
x∈

⋃
X̃∈Ñk

X̃
∥x− x̄∥2 > σ

holds in every iteration k of the algorithm. Then, in each iteration s, the
point x̄ is contained in some box Xs ∈ N which is neither discarded nor
copied to Ñ . In view of the box selection rule and Assumption 5.2 this box
is branched in some later iteration, so that there is an exhaustive sequence
of boxes (Xs)s∈N with x̄ ∈ Xs for all s.

By Lemma 3.3 for every player ν there are also exhaustive sequences of
boxes (Xν,t)t∈N and (Y ν,t)t∈N created by the algorithm such that the following
conditions holds:
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• The sequence (Xν,t)t∈N is a sub-sequence of (Xs)s∈N and for this reason
we also have x̄ ∈ Xν,t for all t.

• There is a point (yν , x̄−ν) ∈ Y ν,t for all t ∈ N, where yν is a globally
minimal point of the problem Pν(x̄

−ν).

Since x̄ is assumed to be a strict ε-Nash equilibrium, we also have

θν(x̄
ν , x̄−ν)− θν(y

ν , x̄−ν) < ε.

For this reason, due to convergence of the bounding operations we obtain for
every ν and for t sufficiently large the inequality

uθν (X
ν,t)− ℓθν (Y

ν,t) < ε. (5)

Moreover, the boxes Y ν,t are chosen such that ℓθν (Y ν,t) = minY ∈Lν(Xν,t) ℓθν (Y )
holds and, thus, inequality (5) represents exactly the criterion that is used
to add the box Xν,t to the list Ñ . For this reason, this box will not be
divided any further and, hence, neither the exhaustive sequences of boxes
(Xs)s∈N nor the sub-sequence (Xν,t)t∈N are created by the algorithm, which
contradicts our assumption.

We now consider the outer approximation of the set of ε-Nash equilibria
Eε. By construction, this may be obtained by taking the union of the boxes
in the list N . However, it still needs to be shown that this approximation
eventually converges as well, which is done in the following.

Proposition 5.4. We consider a Nash equilibrium problem with Eε ̸= ∅ for
some ε > 0 and we consider the possibly infinite branch-and-bound procedure
of Algorithm 3 corresponding to τ = 0, where we assume that a convergent
and M-independent lower bounding procedure as well as some box selection
rule fulfilling Assumption 5.2 are used. Then, if the algorithm does not ter-
minate, we have

lim
k→∞

δ

( ⋃
X∈Nk

X,Eε

)
= 0

where Nk is the list N of the algorithm in iteration k.

Proof. We assume that the assertion does not hold and derive a contradiction.
Hence, let us assume that there exists a point x̄ = (x̄1, . . . , x̄N) ∈

⋃
X∈Nk

X
for all iterations k that is not an ε-Nash equilibrium. Then, in view of
Assumption 5.2, every box that contains x̄ must be divided sooner or later
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and, thus, there is an exhaustive sequence of boxes (Xs)s∈N with x̄ ∈ Xs for
all s.

Again, similar to the proof of Proposition 5.3, by Lemma 3.3 for every player
ν there are also exhaustive sequences of boxes (Xν,t)t∈N and (Y ν,t)t∈N created
by the algorithm such that the following conditions holds:

• The sequence (Xν,t)t∈N is a sub-sequence of (Xs)s∈N and for this reason
we also have x̄ ∈ Xν,t for all t.

• There is a point (yν , x̄−ν) ∈ Y ν,t for all t ∈ N, where yν is a globally
minimal point of the problem Pν(x̄

−ν).

By the minimality of yµ for Pµ(x̄
−ν), and since x̄ is assumed to not be an

ε-Nash equilibrium, there are at least one player µ and some ỹµ ∈ Ωµ with

θµ(y
µ, x̄−µ) ≤ θµ(ỹ

µ, x̄−µ) < θµ(x̄
µ, x̄−µ)− ε.

Due to convergence of the lower and upper bounding procedures, for t suffi-
ciently large we obtain

uθµ(Y
µ,t) < ℓθµ(X

µ,t)− ε.

With the same line of arguments as in the proof of Theorem 3.4 we may
construct the corresponding boxes Zµ,t and, again, analogously to this proof
we obtain

uθµ(Z
µ,t) < ℓθµ(X

µ,t)− ε.

Therefore, for t sufficiently large a box Xµ,t is excluded by the algorithm and,
thus, neither the exhaustive sequences of boxes (Xs)s∈N nor the sub-sequence
(Xµ,t)t∈N is created by the algorithm, which contradicts our assumption.

Hence, from Proposition 5.3 we obtain convergent inner approximations of
the set E<

ε and from Proposition 5.4 we also have convergent outer approxi-
mations of the set Eε. For this reason, it is also ensured that both approxima-
tions converge to each other, provided that the Hausdorff distance δ(Eε, E

<
ε )

is zero. Formally, this is stated in the next result.

Theorem 5.5. We consider a Nash equilibrium problem with E<
ε ̸= ∅ for

some ε > 0 and we consider the possibly infinite branch-and-bound procedure
of Algorithm 3 corresponding to τ = 0, where we assume that a convergent
and M-independent lower bounding procedure as well as some box selection
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rule fulfilling Assumption 5.2 are used. Furthermore, we assume δ(Eε, E
<
ε ) =

0. Then, if the algorithm does not terminate, we have

lim
k→∞

δ

 ⋃
X∈Nk

X,
⋃

X̃∈Ñk

X̃

 = 0

where Nk is the list N of the algorithm in iteration k and Ñk denotes the list
Ñ in the same iteration.

Proof. Due to E<
ε ⊆ Eε we know that Eε ̸= ∅ and, therefore, the assumptions

of Proposition 5.3 and Proposition 5.4 are fulfilled. Hence, for every τ > 0
and sufficiently large k we have the inequalities

δ

( ⋃
X∈Nk

X,Eε

)
≤ τ and δ

E<
ε ,
⋃

X̃∈Ñk

X̃

 ≤ τ,

as well as δ(Eε, E
<
ε ) = 0 by assumption. In a next step we intend to use the

triangle inequality for the Hausdorff metric which holds, however, only on
the set of nonempty compact subsets of Rn. Indeed, the sets

⋃
X∈Nk

X and⋃
X̃∈Ñk

X̃ are compact as finite unions of compact sets, and Eε is compact
as a closed subset of the compact set Ω, while the set E<

ε is in general not
compact. However, the Hausdorff distance only depends on the closure of
the involved sets, and the closure clE<

ε is compact.

Thus, the triangle inequality for the Hausdorff metric yields

δ

 ⋃
X∈Nk

X,
⋃

X̃∈Ñk

X̃

 ≤ δ

( ⋃
X∈Nk

X,Eε

)
+ δ(Eε, clE

<
ε ) + δ

clE<
ε ,
⋃

X̃∈Ñk

X̃


= δ

( ⋃
X∈Nk

X,Eε

)
+ δ(Eε, E

<
ε ) + δ

E<
ε ,
⋃

X̃∈Ñk

X̃


≤ 2τ.

Since τ > 0 can be chosen arbitrarily close to zero, the assertion must hold.

So far, from Theorem 5.5 we know that the inner and outer approxima-
tions converge to each other in the Hausdorff metric under mild assumptions.
However, since in the termination criterion of Algorithm 3 not the Hausdorff
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distance between the two sets is used, but an algorithmically more accessible
upper bound, it still remains to be shown that also this coarser termination
criterion is fulfilled after a finite number of iterations, and the algorithm
eventually terminates.

Corollary 5.6. We consider a Nash equilibrium problem with E<
ε ̸= ∅ for

some ε > 0 and we consider the branch-and-bound procedure of Algorithm 3
with τ > 0, where we assume that a convergent and M-independent lower
bounding procedure as well as some box selection rule fulfilling Assumption 5.2
are used. Furthermore, we assume δ(Eε, E

<
ε ) = 0. Then, the algorithm

terminates after a finite number of iterations.

Proof. Assume that the algorithm does not terminate. Then in each iteration
k the termination criterion is violated, that is, the lists Nk and Ñk satisfy
Nk ̸= ∅ and maxX∈Nk

minX̃∈Ñk
∥∆(X, X̃)∥2 > τ . While the first of the two

conditions must hold in view of

∅ ̸= E<
ε ⊆

⋃
X∈Nk

X,

the second condition is ruled out by the property

lim
k→∞

max
X∈Nk

min
X̃∈Ñk

∥∆(X, X̃)∥2 = 0.

To see the latter property, recall from the proof of Lemma 5.1 that for each
i = 1, . . . , n we have ∆i(A,B) = maxai∈Ai

minb∈Bi
|ai − bi|. This yields

∆i(A,B) ≤ min
ai∈Ai

min
b∈Bi

|ai − bi|+ (ai − ai),

so that the definition ∆′
i(A,B) := minai∈Ai

minb∈Bi
|ai−bi| leads to ∆(A,B) ≤

∆′(A,B)+(a−a) and, by the absolute monotonicity of the Euclidean norm,

∥∆(A,B)∥2 ≤ ∥∆′(A,B) + (a− a)∥2 ≤ ∥∆′(A,B)∥2 + diag(A).

Since with analogous arguments as in the proof of Lemma 5.1 one obtains

∥∆′(A,B)∥2 = min
a∈A

min
b∈B

∥a− b∥2,
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we arrive at

max
X∈Nk

min
X̃∈Ñk

∥∆(X, X̃)∥2 ≤ max
X∈Nk

min
X̃∈Ñk

(
min
x∈X

min
x̃∈X̃

∥x− x̃∥2 + diag(X)

)
≤ max

X∈Nk

min
X̃∈Ñk

min
x∈X

min
x̃∈X̃

∥x− x̃∥2 + max
X∈Nk

diag(X)

= max
X∈Nk

min
x∈X

min
X̃∈Ñk

min
x̃∈X̃

∥x− x̃∥2 + max
X∈Nk

diag(X)

≤ max
X∈Nk

max
x∈X

min
X̃∈Ñk

min
x̃∈X̃

∥x− x̃∥2 + max
X∈Nk

diag(X)

= δ

 ⋃
X∈Nk

X,
⋃

X̃∈Ñk

X̃

+ max
X∈Nk

diag(X).

The first of the two summands converges to zero by Theorem 5.5. Moreover,
in view of the box selection rule of the branch-and-bound algorithm, the
diagonal length of all boxes in N converges to zero as well, which can be seen
as follows. Let us assume for a moment that a box X ∈ N is not subdivided
any further. Then, in view of Assumption 5.2 this box only consists of non-
strict ε-Nash equilibria. This, however, violates δ(Eε, E

<
ε ) = 0 and, hence,

concludes the proof.

In spatial branch-and-bound algorithms in standard global optimization typ-
ically not only convergence to ε-optimal points for solvable problems is en-
sured, but also termination of algorithms with an empty list of boxes in case
there are no optimal points at all. We now derive an analogous result for our
branch-and-bound algorithm.

The next result follows with arguments similar to the ones in the proof of
Proposition 5.4.

Corollary 5.7. We consider the branch-and-bound procedure of Algorithm 3
with τ > 0. Moreover, we assume that a convergent and M-independent lower
bounding procedure is used and, furthermore, we assume Eε = ∅. Then, the
algorithm terminates after a finite number of iterations with N = ∅.

Proof. Let us assume that the assertion does not hold and that the algorithm
does not terminate. Then, there is an exhaustive sequence of boxes (Xs)s∈N
with Xs ∈ Ns created by the algorithm. By assumption none of the boxes
Xs contains an ε-Nash equilibrium. Then, analogously to the proof of Propo-
sition 5.4 we can show that sooner or later such a box must be excluded by
the algorithm and, thus, such a sequence of boxes cannot be created at all.
Hence, the list N becomes empty after a finite number of iterations.
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By Corollary 5.7, Algorithm 3 is able to detect the case Eε = ∅ and, by
Corollary 5.6, to otherwise approximate Eε with precision τ . We point out
that the assumption δ(Eε, E

<
ε ) = 0 prevents us from studying how the algo-

rithm behaves in the case δ(Eε, E
<
ε ) > 0. This situation, however, is ruled

out in presence of an appropriate constraint qualification in the set Eε.

6 Illustrative examples

In this section, we present the first concrete implementation of the branch-
and-bound method as a proof-of-concept. We illustrate the output of our
method and discuss its properties with three numerical examples from the
literature. At first, in Section 6.1, we look at a two-player potential NEP
with a unique equilibrium and use an implementation of the branch-and-
bound method without the termination criterion introduced in Section 5. In
Section 6.2 we consider an instance with multiple Nash equilibria and look
at the advantages of the suitable termination criterion from Section 5. In
Section 6.3 we illustrate the results for a three-dimensional instance. Previ-
ously, however, we will mention implementational details that are identical
in all of the following examples.

The algorithm was implemented in Python 3.10.8 and the experiments ran
on an Intel i7 processor with 3.60 GHz and 32 GB of RAM. All figures were
produced with Matplotlib 3.6.2.

There are some degrees of freedom in the implementation of Algorithm 3
which we will now address. In Step 5a, the lists Lν(X

1) are computed from
scratch in every iteration. Furthermore, the lower and upper bounds within
this step are computed by simple centered forms as described in [16]. For
practical reasons, we remove a box from N , if we add it to Ñ after Step
5a because it does not need to be further subdivided given Assumption 5.2.
Finally, we refrain from fathoming in Step 7 and fulfill Assumption 3.2 by
keeping all boxes in L. Explanations of Step 1 and the termination criterion
will be given in the following subsections.

6.1 A two-player potential NEP

As a first experiment, we execute Algorithm 3 without the stopping criterion
based on the distance between N and Ñ and use the while-statement from
Algorithm 1 instead. In Step 1, we always take the first element from the list
N and in Step 4 we append X1 and X2 to the end of the list. Consequently,
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the selected box in Step 1 is always one of the boxes with largest diagonal
length. The method terminates when this length falls below a specified value
τ . By finiteness of the list N , each box that is added to the end of the list
will be split again after finitely many iterations, given that it is not discarded
or added to Ñ . Hence, Assumption 5.2 is fulfilled.

We test this implementation on a potential Nash equilibrium problem taken
from [17]. In this problem class, the players unknowingly minimize the same
objective function in their respective variables. We have two players, each
controlling one variable. Player i = 1, 2 aims to minimize the function

θi(x
1, x2) =

(x1 + x2)2

4
+

(x1 − x2)2

9

over the interval Ωi = [−10, 10]. It is easy to verify that we have a player-
convex setting, meaning that θi is convex with respect to xi and Ωi is convex
for i = 1, 2. Thus we can illustrate the sets Si(x

−i) using first order optimality
conditions. Figure 1 illustrates the best response of player one (gphS1) in
orange and gphS2 in blue as well as some level lines of the common objective
function. The unique Nash equilibrium is the intersection point of both lines
at (0, 0).

With our procedure, we aim to inner approximate the set of all strict ε-Nash
equilibria E<

ε and outer approximate the set of all ε-Nash equilibria Eε. To
illustrate these approximations, we plotted the slim orange and blue lines,
which enclose all ε-best responses for both players with ε = 0.05. Indeed,
Eε is the set where both players give ε-best responses (cf. (1)). The lower
two images in Figure 1 show the output, when we execute the described
method with different termination criteria, namely τ = 0.1 on the left and
τ = 0.05 on the right. The boxes contained in Ñ are pictured in green and
the boxes in N \Ñ are black. We can observe that the desired approximation
properties hold in this example and that the approximations become more
accurate with smaller τ .

6.2 A two-player NEP with multiple equilibria

In this example, we consider a slight modification of Example 1.1 taken
from [4]. The objective functions are defined as

θ1(x
1, x2) =

(x1)2

2
− q(x2) · x1,

θ2(x
1, x2) =

(x2)2

2
− q(x1) · x2,
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Figure 1: Approximation of E<
0.05 and E0.05 by uniformly refining N \ Ñ .
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τ k |N \ Ñ | |Ñ | |L|
0.05 7145 3355 0 22837
0.02 22872 11155 0 73201
0.01 52782 28847 709 174794

0.005 129132 71376 11810 444998

Table 1: Approximation of E<
0.05 and E0.05 by uniformly refining N \ Ñ .

with q(x) = (x − 4)2 + 2 and the strategy sets are Ω1 = Ω2 = [0, 10].
Figure 2 again illustrates the best response of player one (gphS1) in orange
and gphS2 in blue. We can see that there are five Nash equilibria, i.e. points
in E = gphS1 ∩ gphS2. In the following, we approximate the strict and
non-strict ε-Nash equilibria for ε = 0.05 in two different ways.

Approximation of E<
0.05 and E0.05 by uniformly refining N \ Ñ .

At first, we solve this instance as outlined in the previous subsection and
terminate when the largest diagonal length of the boxes in N falls below
a given value. Table 1 shows the number of iterations k and the length of
all lists for different length parameters τ . Notably, the list Ñ is empty for
τ ∈ {0.05, 0.02}, so we are only receiving an outer approximation of E0.05 as
output for these parameters. For smaller τ -values the uniform box refinement
leads to a special behavior of the approximations E<

0.05 and E0.05. The results
for τ = 0.005 are plotted in Figure 2. Again, the boxes contained in Ñ are
pictured in green and the boxes in N \Ñ are black. We can see that for some
points in E we have plenty of green boxes which inner approximate E<

0.05 in
this area (upper right image). In contrast, there is not a single box in Ñ for
two other Nash equilibria as we can see in the lower two images of Figure 2.

Approximation of E<
0.05 and E0.05 by Algorithm 3.

As a next step, we approximate Nash equilibria with Algorithm 3 and use the
therein specified termination criterion from Section 5 based on the Hausdorff
distance between the inner approximation of E<

ε and the outer approximation
of Eε.

In Step 1, as long as Ñ is empty, we take the first box X from the list N and
append X1 and X2 in Step 4 to the end of the list. In this case, there is no
termination because the distance to an empty set is defined as the extended
real value +∞ > τ . As soon as Ñ is nonempty, we take the first box X from
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Figure 2: Approximation of E<
0.05 and E0.05 by uniformly refining N \ Ñ .
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Figure 3: Approximation of E<
0.05 and E0.05 by Algorithm 3 with τ = 0.5

N for which
min
X̃∈Ñ

∥∆(X, X̃)∥2 > τ (6)

holds in Step 1. After dividing X, we still append X1 and X2 in Step 4
to the end of the list. If there is no box for which (6) holds, Algorithm 3
terminates. It remains to be shown that the termination occurs after finitely
many steps. We can see in the while statement, that boxes X ′ for which
minX̃∈Ñ∥∆(X ′, X̃)∥2 ≤ τ holds are not preventing termination. This natu-
rally also holds for all boxes in Ñ . Due to Assumption 5.2 and Corollary 5.6,
the termination is ensured when we subdivide each box from N which sat-
isfies (6) after finitely many iterations. This is the case as we employ a first
in first out scheme for these boxes and the list N is finite. We remark that
various other strategies would also be possible, for example always selecting
a box which maximizes the left-hand side of (6).

For ε = 0.05 and τ = 0.5, the method terminates after 121520 iterations
with six boxes in Ñ and 64194 boxes in N \ Ñ . In Figure 3, the boxes from
N are plotted in black (left), the green crosses are markers for the six boxes
from Ñ which would not be visible in original size (right). In contrast to all
results obtained by uniformly refining N \ Ñ , we have at least one box in Ñ
near each Nash equilibrium.

6.3 A three-dimensional example

In this example, we consider a two-player oligopoly model. The first player
controls two variables and the second player can only set one variable. Each
variable represents the production quantities of a specific good. The objective
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Figure 4: Approximation of E<
0.01 and E0.01 by Algorithm 3 with τ = 0.1.

functions are defined as

θ1(x
1, x2) =

(x1
1)

2

2
+

(x1
2)

2

2
+ x1

1x
1
2 − x1

1x
2
1 − x1

1 − x1
2

θ2(x
1, x2) =

(x2
1)

2

2
+ x1

2x
2
1 − x2

1

and the strategy sets are Ω1 = [0, 1]2 and Ω2 = [0, 1]. The economic inter-
pretation of this instance is that the first and third good are complements
to each other while the second good is a substitute of the other goods and
vice versa. For more details, see Example 1 and 2 in [24]. The parameters
are slightly changed, so that this instance is not player convex. We apply
Algorithm 3 to this instance, in the same form as described in the previous
subsection. For ε = 0.01 and τ = 0.1, we receive 4377 boxes in N \ Ñ and
five boxes in Ñ as output. The results are illustrated in Figure 4, where we
plotted black dots as markers for boxes in N \ Ñ (left) and green crosses as
markers for boxes in Ñ (right). We can see that both approximations cluster
around the points (1, 0, 1)⊤ and (0, 1, 0)⊤. This indicates that, in Nash equi-
libria, either both players produce the goods which complement one another
or the first player produces only the substitute for both goods.

7 Conclusions

In this paper we proposed the first branch-and-bound algorithm for the com-
putation of all Nash equilibria of continuous non-convex Nash equilibrium
problems. A proof of convergence is given and numerical results on some
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illustrative examples are provided. However, there are a few issues we would
like to mention.

First we point out that our implementation is just meant as a proof-of-
concept. It is written in Python with a very simple lower bounding procedure.
No additional acceleration steps such as bound tightening are considered so
far. Furthermore, we think that the presented method would be ideally
suited to be run in parallel. For this reason, we think that the performance
of the proposed algorithm can be significantly improved by developing a more
sophisticated implementation. However, this is left for future research.

Moreover, in our current version of the branch-and-bound algorithm for non-
convex Nash equilibrium games we have not taken into consideration any
other constraints than box constraints. However, we expect that this is
possible and that even non-convex generalized Nash equilibrium problems
may be tackled by an appropriately adapted method. Again, these questions
are left for future research.
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