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1 Introduction

This paper discusses a new nonlinear conjugate gradient methods for the unconstrained
optimization problem

min f(x)
s.t. x ∈ Rn,

(1)

satisfying the following assumptions (A1) and (A2):
(A1) The function f is bounded below, i.e.,

f := inf
α≥0

f(x(α)) > −∞. (2)

(A2) The function f is continuously differentiable on Rn, and its gradient g(x) = f ′(x)T is
Lipschitz continuous with Lipschitz constant γ, i.e.,

‖g(x)− g(x′)‖∗ ≤ γ‖x− x′‖ with γ > 0. (3)

Here ‖ · ‖ is an arbitrary norm and ‖ · ‖∗ is its dual norm, satisfying the generalized
Cauchy–Schwarz inequality

|yT s| ≤ ‖y‖∗‖s‖.

We call a point x̂ ∈ Rn a strong local minimizer of f if f is twice continuously differen-
tiable in a neighborhood of x̂, the gradient g(x̂) of f at x̂ vanishes, and the Hessian G(x̂)
of f at x̂ is positive definite.

For any sequence x0, x1, x2, . . . of feasible points and ` = 0, 1, 2, . . ., we write

f` := f(x`), g` := g(x`),

s` := x`+1 − x`, y` := g`+1 − g`. (4)

1.1 Related work

The unconstrained optimization problem has a very long history which we do not trace
here; see, instead, the books by Fletcher [6] or Nocedal & Wright [16]. Here we only
discuss the state-of-the-art concerning nonlinear conjugate gradient (CG) methods used in
this context.

1.1.1 Standard convergence theory and complexity

We say that the search directions p` (` ≥ 1) satisfy the bounded angle condition if

(g`)Tp`
‖g`‖∗‖p`‖

≤ −δ < 0 for ` = 1, 2, . . . . (5)
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The reason for this terminology is that if the norms are Euclidean, the ratio is the cosine
of the angle between g` and p`.

Warth & Werner [20] call a line search efficient if it always returns step sizes for which
the quotient

(f(x)− f(x+ αp)) ‖p‖2

(g(x)Tp)2

remains bounded by a fixed positive number. The following basic result is a simple conse-
quence of their result.

1.1 Theorem. Given an optimization method that uses search directions satisfying the
angle condition (5) and computes its points by

x`+1 = x` + α`p
`, α` > 0, (6)

where p` is a descent direction.

(i) If the line searches are efficient then

inf
`
‖g`‖∗ = 0. (7)

(ii) If the x` converge to a strong local minimizer x̂ then there are constants q ∈ ]0, 1[ and
c > 0 such that

‖x` − x̂‖ ≤ cq`, ‖g`‖∗ ≤ γcq` for all ` ≥ 0. (8)

Proof. (i) (7) follows directly from the angle condition and Lemma 2.1 and Satz 2.2 of [20].

(ii) The assumption implies that f is uniformly convex in some neighborhood M of x̂. By
assumption, there is an index k such that x` ∈ M for all ` ≥ k. Then, by the proof of
Lemma 2.1 in [20],

f`+1 − f(x̂) ≤ q2(f` − f(x̂))
holds for some 0 < q < 1 and all ` ≥ k, so that

f` − f(x̂) ≤ q2(`−k)(fk − f(x̂)) for ` ≥ k.

Now (3) and the arguments in the proof of Lemma 2.1 of [20] imply that (8) holds for
some c > 0 and all ` ≥ k (a self-contained proof is in the preprint [14, Theorem 4.2]). By
increasing c, (8) for all `. ut

Recently, Neumaier & Kimiaei [15] proposed a new line search method CLS, which guar-
antees that the sufficient descent condition

µ(α)|µ(α)− 1| ≥ β, with fixed β > 0 (9)

holds for the Goldstein quotient (Goldstein [8])

µ(α) := f(x+ αp)− f(x)
αg(x)Tp for α > 0. (10)
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In the first iteration, if µ(α) < 1 holds, CLS computes the step size

α̂ = α

2(1− µ(α)) (11)

to ensure termination with at most two function evaluations when f is almost quadratic.
Until (9) does not hold, CLS performs a simple bisection scheme since f is far from quadratic
and bounded. CLS performs either interpolation with (11), or extrapolation with a constant
factor q > 1, to obtain a bracket [α, α] with α > 0 and α < ∞. Once CLS finds such a
bracket, the geometric mean of α and α is chosen as a new step size in the next iteration.
After CLS terminates with α > 0 satisfying (9), then the condition

f(x)− f(x+ α′p) ≥ 2β
γ

(g(x)Tp)2

‖p‖2 (12)

is satisfied for any step size α′ with f(x+ α′p) ≤ f(x+ αp) ([15, Theorem 3.1]). Here γ is
from (3).

For any descent optimization algorithm using CLS, Neumaier & Kimiaei proved in Theo-
rem 4.2 a complexity of O(ε−2) for the number of iterations and function evaluations under
the condition that for fixed tuning parameters 0 < κ < λ < ∞ the initial step sizes αinit
and the maximum step size αmax satisfy the condition

κ|g(x)Tp|
‖p‖2 ≤ αinit ≤ αmax ≤

λ|g(x)Tp|
‖p‖2 . (13)

1.1.2 Nonlinear CG methods

In the literature, nonlinear CG methods are generally described in terms of search directions
of the form

d` = −g` + β`−1d
`−1 (14)

and corresponding updates
x`+1 = x` + γ`d

`. (15)
The first nonlinear CG method, introduced by Fletcher & Reeves [7], uses (14) with

β`−1 := ω`
ω`−1

, ω` = (g`)Tg`. (16)

For a quadratic function f(x) = 1
2x

TAx− bTx with symmetric positive definite Hessian A,
they showed the equivalence with the CG method of Hestenes & Stiefel [10] for solving
the linear system of equations Ax = b, and hence finitely terminates with g` = 0 for ` ≤ n.

Many other formulas for the βs, sharing this property, are in use. The most prominent
examples are, with y`−1 := g` − g`−1,

βFR` = (g`)Tg`
(g`−1)Tg`−1 (Fletcher & Reeves [7]),
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βPR` = (y`−1)Tg`
(g`−1)Tg`−1 (Polak & Ribiere [17]),

βP` = max(0, βPR` ) (Powell [18]),

βCD` = (g`)Tg`
(y`−1)Td`−1 (Fletcher [6]),

βHS` = (y`−1)Tg`
(y`−1)Td`−1 (Hestenes & Stiefel [10]).

Further variants can be found in the thorough survey of nonlinear CG methods by Hager
& Zhang [9] and for recent variants, e.g., see Ibrahim et al. [11], Lotfi & Hosseini
[13], Liu et al. [12], Aminifard & Babaie-Kafaki [1], and Yuan et al. [22].

For the optimization of quadratic functions, all these formulas are equivalent in exact arith-
metic. But they have different properties in finite precision arithmetic and in generalizations
to the optimization of nonquadratic functions. In particular, on nonquadratic problems,
some of these formulas may exhibit convergence difficulties such as jamming, where many
consecutive excessively small steps are taken. In addition, in order that the search direc-
tions generated are descent directions, restrictions on the previous step sizes are needed.The
survey by Hager & Zhang discusses these problems in more detail.

The survey [9] also gives derivations of the global convergence results known at the time.
Almost all previously known globally convergent nonlinear CG methods determine their step
sizes γ` by enforcing some version of the Wolfe conditions [21], thus involving gradients at
each trial points. Practical CG methods use a restart strategy in which the CG direction is
replaced by the steepest descent direction, to achieve a minimizer of a quadratic function
after at most n iterations. Powell [19] gave three reasons why the traditional restart
procedure is not good, and used a two-terms CG direction instead of the steepest descent
direction for restart iterations. Then, Beale [3] retained the restart procedure of Powell
for restart iterations and used the three-terms CG directions for non-restart iterations.
Dai & Yuan [5] used these two restart procedures as an algorithm called the Beale &
Powell restart algorithm, and showed by example that this algorithm may not converge.
To obtain convergence results for the Beale & Powell restart algorithm, they restricted
the CG parameters (generate only positive values) and constructed a modified Beale &
Powell restarted algorithm. The Beale & Powell restart algorithm initializes the
restart counter t = 1 and then updates this counter by t = `−1 if `− t ≥ n or the condition∣∣∣(g`−1)Tg`

∣∣∣ > c1‖g`‖2
∗ for ` ≥ 2,

holds, where 0 < c1 < 1. Then the CG direction d` and corresponding updates x`+1 is
computed according to whether or not restart is required:
• If ` > t+ 1, the three-terms CG direction

d` = −g` + βHS` d`−1 + γ`d
t (17)

is computed, where γ` is βHS` with the difference that y` = g`+1 − g` is replaced by yt =
gt+1 − gt. As long as the condition

−c3‖g`‖2
∗ ≤ (d`)Tg` ≤ c2‖g`‖2

∗ with 0 < c2 < 1 < c3 <∞ (18)
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does not hold, t = ` − 1 is chosen and d` is recomputed by (17). Once the condition (18)
holds, d` is sufficiently downhill; hence the new point

x`+1 = x` + α`d
` (19)

is computed, where α` satisfies Wolfe conditions.
• If ` = t + 1, γ` = 0 is chosen and the two-terms CG direction d` is computed by (17),
regardless of whether or not the condition (18) holds, and the new point is computed by
(19).

An exception is the very recent nonlinear CG method by Chan-Renous-Legoubin &
Royer [4], which employs a backtracking line search and a nonstandard restart condition.
They restarted their algorithm if at least one of the two conditions

(g`)Td` ≤ −c1‖g`‖1+p
∗ , 0 < c1 ≤ 1, p ≥ 0 (20)

‖d`‖ ≤ c2‖g`‖q∗, c2 ≥ 1, q ≥ 0 (21)

is violated. They proved that O(ε−2) + O
(
ε−max{1+p,2(1+p−q)}

)
function evaluations are

sufficient for reaching a point x` with ‖g`‖∗ ≤ ε. The best complexity O(ε−2) is obtained
when p ≤ max(q, 1). This is the first, and at present only complexity result for a nonlinear
CG method. However, the restart conditions (20) and (21) may trigger a restart even when
the objective function is quadratic, thus possibly impairing the finite termination property
for quadratic functions.

1.2 An overview of our method

The present paper analyzes a new nonlinear CG method called NCG, formally specified in
Algorithm 1 below. Compared to the traditional approach, there are several new features:

• Search directions determined by a minimal zigzagging criterion.

• A global convergence analysis that does not involve Wolfe-like conditions.

• A restart condition that guarantees global linear convergence when converging to a strong
local minimizer, without impairing finite termination for quadratic functions.

• A complexity result for NCG matching that given in [4].

• NCG is the first nonlinear CG method with both finite termination on quadratics and a
complexity guarantee in the general case.

1.2.1 Search directions with minimal zigzagging

In each iteration, NCG uses a new nonlinear CG direction along which CLS is tried. Unlike
other CG directions (cf. Hager & Zhang [9]), our CG direction minimizes the squared
preconditioned distance to the previous search direction. As a consequence, the amount of
zigzagging in consecutive search directions is minimized.
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1.2.2 A restart condition guaranteeing global linear convergence

To enforce linear convergence when NCG converges to a strong local minimizer we guarantee
in Theorem 2.3 below the angle condition (5) using a restart procedure that decides when
to replace a poor search direction by a simplified Newton direction, using a symmetric and
positive definite preconditioner B.

Unlike the restart procedure of Chan-Renous-Legoubin & Royer [4], which restarts the
CG algorithm when the conditions (20) and (21) are violated, our restart is performed in the
`th iteration when at least one of the two conjugacy relations (30) and (31) is significantly
violated or the number m of non-restart iterations reaches n. Like Dai & Yuan [5], this
ensures that no restart is performed for quadratic functions.

1.2.3 A new convergence analysis

The global convergence of a new nonlinear CG method is proved in Theorem 2.3 that,
unlike traditional nonlinear CG methods that require line search methods satisfying the
Wolfe condition, uses the new gradient-free line search method. The new CG method is
motivated by the desire to reduce the inefficiency of line search methods due to zigzagging
of search directions discussed in Section 1.1.2. Our search direction is therefore chosen by
minimizing (Theorem 2.1) a preconditioned distance from the previous search direction.

1.2.4 A complexity bound

We prove in Theorem 3.3 complexity bounds on the number of iterations of NCG. We find
that NCG has the same order O(ε−2) of complexity as the CG method by Chan-Renous-
Legoubin & Royer [4], and the complexity improves to O(log ε−1) if f is strongly convex.

2 A class of search directions

From now on we use the pair of ellipsoidal norms

‖p‖ :=
√
pTBp, ‖g‖∗ :=

√
gTB−1g = ‖B−1g‖ (22)

defined in terms of a fixed symmetric positive definite matrix B ∈ Rn×n. Using a Cholesky
factorization B = RTR and a linear transformation p′ = Rp, g′ = R−Tg, where R−T denotes
the transposed inverse of R, it is easy to check that these form a pair of dual norms, so that

|gTp| ≤ ‖g‖∗‖p‖.

The case without preconditioning is obtained for the identity matrix B = I, where both
norms (22) become the Euclidean norm ‖s‖2 :=

√
sT s, which is its own dual.
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If a symmetric and positive definite preconditioner B approximating the Hessian near the
starting point is available, it is sensible to measure closeness in terms of distance in the
ellipsoidal norms (22) associated with B. In the absence of such curvature information we
may simply take B = I, giving the special case without preconditioning.

2.1 Search directions with minimal zigzagging

Starting with x0 =
(
ξ
ξ

)
, the steepest descent method (p` = −g`) with exact line searches

applied to the optimization problem

min f(x) = (x1 − x2)2 + εx2
2

s.t. x ∈ R2

yields the sequence

x2` = ξ(1 + ε)−`
(

1
1

)
, x2`+1 = ξ(1 + ε)−`−1

(
1 + ε

1

)
,

with arbitrarily slow linear convergence as ε ↓ 0. The reason is inefficient zigzagging of
the search directions. Thus linear convergence by itself is no quality criterion, and the angle
condition only serves as a guard against even slower sublinear convergence behavior (see
Theorem 2.2).

In order to avoid zigzagging we propose to choose the search direction p as a vector satisfying
gTp < 0 that is closest to the previous search direction pold.

In order that it is meaningful to compare two different search directions we note that for a
sufficiently small step size α we obtain a gain in the function value of

f(x)− f(x+ αp) = −αgTp+ o(α).

Hence the infinitesimal quality of a direction is fully characterized by ν := gTp. We therefore
compare only directions with the same value of ν; this is no restriction of generality since
we may rescale an arbitrary direction to match any given value of ν.

2.1 Theorem. Among all p ∈ Rn with gTp = −ν < 0, the squared preconditioned distance
(p− pold)TB(p− pold) becomes minimal for

p = pold − λB−1g, (23)

where
λ = ν + gTpold

gTB−1g
. (24)

Proof. This optimization problem can be solved using Lagrange multipliers. We have to
find a stationary point of the Lagrange function

L(p, λ) := 1
2(p− pold)TB(p− pold) + λgTp,
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giving the condition B(p− pold) + λg = 0, hence (23) holds. The Lagrange multiplier λ is
determined from the constraint gTp = −ν, and yields (24). ut

2.2 Global convergence

For a search direction of the form

p` = ρ`p
`−1 − λ`B−1g` (25)

we need
0 < ν := −(g`)Tp` = −ρ`(g`)Tp`−1 + λ`(g`)TB−1g`,

hence

λ` = ν + ρ`(g`)Tp`−1

(g`)TB−1g`
. (26)

For ρ` = 1, this agrees with the direction derived from the zigzagging avoiding argument in
Theorem 2.1; for ρ` = 0, we get the simplified Newton direction −B−1g`, up to a constant
factor. Thus search directions of the form (25) look like a flexible choice.

2.2 Theorem. Let ν > 0 and suppose that (25) and (26) hold for all ` with |ρ`| ≤ 1.
Then, for these `,

(p`)TBp` − (p`−1)TBp`−1 ≤ ν2

(g`)TB−1g`
. (27)

Moreover, if an efficient line search is used, the number L of iterations to reach

‖gL‖∗ < ε (28)

is bounded by
L ≤ 1 + ξε2(eC/ε2 − 1), (29)

where ξ := ‖s1‖/|(g1)T s1| and C := γ

2β (f0 − f).

Proof. By σ` := |(g`)T s`| > 0, we have

(p`)TBp` = ρ2
`(p`−1)TBp`−1 − 2ρ`λ`(g`)Tp`−1 + λ2

`(g`)TB−1g`

= ρ2
`(p`−1)TBp`−1 +

ν2 −
(
ρ`(g`)Tp`−1

)2

(g`)TB−1g`
.

By (26), (27) follows since ρ2
` ≤ 1. In terms of the ellipsoidal norms (22), (27) reads

1
ν2

(
‖p`‖2 − ‖p`−1‖2

)
≤ 1
‖g`‖2

∗
.
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Since s` = α`p
` and σ` = α`ν, we find

‖s`‖2

σ2
`

− ‖s
`−1‖2

σ2
`−1

≤ ‖g`‖2
∗.

If L is the first index with (28), we conclude that

‖s`‖2

σ2
`

− ‖s
`−1‖2

σ2
`−1

≤ 1
‖g`‖2

∗
≤ 1
ε2 for ` < L.

Summation over all steps gives

‖s`‖2

σ2
`

≤ ξ + `− 1
ε2 for ` < L.

Since the line search is efficient, by (12), we have

γ

2β (f` − f`+1) ≥ σ2
`

‖s`‖2 ≥
(
ξ + `− 1

ε2

)−1

= ε2

`− 1 + ξε2 for ` < L.

For any z > 0, we have

1
`− 1 + z

≥ log
(

1 + 1
`− 1 + z

)
= log(`+ z)− log(`− 1 + z),

L−1∑
`=1

1
`− 1 + z

≥ log(L− 1 + z)− log z = log
(

1 + L− 1
z

)
.

Summation over all steps gives

ε2 log
(

1 + L− 1
ξε2

)
≤

L−1∑
`=1

ε2

`− 1 + ξε2 ≤
γ

2β

L−1∑
`=1

(f` − f`+1) ≤ γ

2β (f0 − f) := C,

resulting in
L ≤ 1 + ξε2(eC/ε2 − 1).

ut

The bound (29) is extremely poor, and will be improved under additional conditions.

2.3 Enforcing the angle condition

2.3 Theorem. Under the conditions of Theorem 2.2, suppose that an efficient line search
is used and there are positive constants κ1 and κ2 such that, for all sufficiently large `,
either p` is parallel to the simplified Newton direction −B−1g` or the conditions

(g`)TB−1g` ≤ κ1(y`−1)TB−1y`−1, (30)
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(y`−1)Tp`−1 ≤ κ2ν (31)

hold (where y`−1 := g` − g`−1).

(i) If x̂ is a strong local minimizer then the angle condition (5) holds for some δ > 0.

(ii) If f has a strong local minimizer x̂ and no other stationary point then convergence is
globally linear and the number of iterations to reach a point x with

‖g(x)‖∗ ≤ ε (32)

is O(log ε−1). In particular, this is the case when f is strongly convex.

(iii) If the initial step sizes are chosen such that (13) holds and the line search CLS is used,
then the number of function evaluations needed to reach (32) is O(log ε−1).

Proof. (i) Since the eigenvalues of a positive definite matrix are positive, the requirements
on x̂ imply that there are positive constants γ, γ and a ball C around x̂ such that for all
x ∈ C, the eigenvalues of the Hessian G(x) are in [γ, γ]. The remainder form of Taylor’s
theorem now implies that for x, x′ ∈ C, the condition (3) and

1
2γ‖x

′ − x‖2 ≤ f(x′)− f(x)− g(x)T (x′ − x) ≤ 1
2γ‖x

′ − x‖2. (33)

Interchanging x and x′ in the first inequality of (33), adding the two formulas, and applying
the generalized Cauchy–Schwarz inequality gives

γ‖x′ − x‖2 ≤ (g(x′)− g(x))T (x′ − x) ≤ ‖g(x′)− g(x)‖∗‖x′ − x‖. (34)

Since x̂ is assumed to be a strong local minimizer, relations (3) and (34) apply for x, x′
sufficiently close to x̂, and give

γ‖g(x′)− g(x)‖∗ ‖x′ − x‖ ≤ γ(g(x′)− g(x))T (x′ − x).

Substituting x′ = x` and x = x`−1 and using (30), we find after division by α`−1 that

γ‖y`−1‖∗ ‖p`−1‖ ≤ γ(y`−1)Tp`−1 ≤ γκ2ν

for all sufficiently large ` for which (30) and (31) hold. For these `,

(g`)TB−1g` · (p`−1)TBp`−1 ≤ κ1(y`−1)TB−1y`−1 · (p`−1)TBp`−1

≤ κ1‖y`−1‖2
∗‖p`−1‖2

≤ κ1
(
γκ2ν/γ

)2
= cν2

for some constant c > 0. Now (27) implies

(p`)TBp`
ν2 ≤ (p`−1)TBp`−1

ν2 + 1
(g`)TB−1g`

≤ c+ 1
(g`)TB−1g`

.

11



Thus
ν2

(p`)TBp` · (g`)TB−1g`
≥ 1
c+ 1 (35)

for sufficiently large ` satisfying (30) and (31). But if (30) or (31) are violated, p` is the
simplified Newton direction, for which (35) holds trivially. Since 0 < ν = −(g`)Tp`, this
shows that the left hand side of (5) is bounded away from zero. Hence the angle condition
(5) holds.

(ii) By (i) and Theorem 1.1(ii), (8) is satisfied with 0 < q < 1. Thus, convergence is globally
linear and at most

` =
⌈

log γcε−1

log(1/q)

⌉
= O(log ε−1)

iterations are required to satisfy (32).

(iii) The number O(log ε−1) of function evaluations is the product of the number O(log ε−1)
of iterations and the number O(1) of function evaluations of CLS (see [15, Theorem 4.1]).

ut

3 A new nonlinear CG method

3.1 NCG

By Theorem 2.1, the new search direction is not too different from the old one. Thus, f is
expected to behave along the new search path like along the old one. The initial step size
αinit should satisfy the condition (13).

To start the iteration we take pold = 0. In order to guarantee linear convergence, we may
need to reset pold to zero also at suitable later stages. We call this a restart; the precise
restart conditions used come from Theorem 2.3. For B 6= I, i.e., if preconditioning is used,
one should store h` := B−1g` in the computation of ω`, for later use in the computation of
p`. Finally, note that, by Theorem 2.1, ν = −(g`)Tp` remains constant as long as no restart
is made. The result is Algorithm 1. It is a nonlinear CG method since by Theorem
3.2 below, it is for a quadratic function f with positive definite Hessian equivalent to the
preconditioned CG method for solving positive definite linear systems of equations.

Since in exact precision arithmetic ω` = 0 is guaranteed, line 7 of Algorithm 1 uses instead
the condition ω` = ‖g`‖2

∗ ≤ ε2 for a finite termination of NCG.

NCG uses (25)–(26) with ρk = 0 or ρk = 1, hence our convergence results apply. Theorem
2.2 and Theorem 2.3 imply the following global convergence result.

3.1 Theorem. The points x` produced by the nonlinear CG method of Algorithm 1 satisfy
(7) and in case of convergence to a strong local minimizer, the convergence is globally linear.
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Algorithm 1 NCG, nonlinear CG method

1: Purpose: NCG finds local minimizer of f(x) (or a stationary point only)

2: Input: x0 (starting point) and B (preconditioner)

3: Tuning parameters: κ1, κ2 > 1 (parameters for CG restart), ε (minimum threshold
for the gradient norm), 0 < αmax < ∞ (maximum step size), 0 < m < ∞ (parameter
for restart), 0 < κ < λ <∞ (parameters for the initial step size)

4: Requirements: B symmetric and positive definite

5: for ` = 0, 1, . . ., do
6: compute g` = g(x`), h` = B−1g`, and ω` = (g`)Th`;
7: if ω` ≤ ε2, break; end; . x` stationary
8: if ` = 0, restart = 1;
9: else . check whether restart is required

10: ω′ = (h`)Tg`−1;
11: restart1 = (ω` > κ1(ω` − 2ω′ + ω`−1));
12: restart2 = (|(g`)Tp`−1 + ν| > κ2ν);
13: restart = (restart1 or restart2 or nng ≥ m);
14: end;
15: if restart, . restart was done
16: compute ν = ω` and p` = −h`; initialize ncg = 0;
17: else . no zigzagging CG direction

18: compute λ` = ν + (g`)Tp`−1

ω`
and p` = p`−1 − λ`h`; update ncg = ncg + 1;

19: end;
20: choose the initial step size αinit of CLS such that

κ|g(x`)Tp`|
‖p`‖2 ≤ αinit ≤ αmax ≤

λ|g(x`)Tp`|
‖p`‖2 ;

21: determine α` by CLS with x`+1 = x(α`) = x` + α`p
` and f`+1 = f(x`+1);

22: end for
23: return x`+1 and f`+1;
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Like all nonlinear CG algorithms, NCG can be implemented using very little storage only:
Apart from what is needed for a Cholesky factor of the preconditioner, we need 4 vectors
of storage (for x, g, p, and h = B−1g). Without preconditioning (B = I), even 3 vectors
suffice.

If no preconditioning is used (B = I) and all λ` are positive, our formulas can be cast into
the traditional CG form (14)–(15) if we use the scaled vectors

d` := λ−1
` p` = λ−1

` p`−1 − g` = −g` + λ`−1

λ`
d`−1 (36)

and the correspondence

β`−1 := λ`−1

λ`
, γ` := α`

λ`
.

Thus the two choices of search directions appear to be equivalent. However, directions of
the form (25) are more flexible than directions with the the traditional formula (14) since
no sign restriction applies to the λ`.

3.2 Finite termination on quadratics

3.2 Theorem. Applied to quadratic functions

f(x) = γ + cTx+ 1
2x

TGx, (37)

Algorithm 1 performs no restarts and produces the same sequence of x` as the nonlinear
CG method by Fletcher and Reeves. In particular, if m ≥ n then Algorithm 1 stops for
quadratic functions after at most n steps with a minimizer or with a direction of infinite
descent.

Proof. We have
p` = p`−1 − λ`B−1g`, x`+1 = x` + α`p

`.

For a quadratic function (37) we have g` = c+Gx`, hence

g` − g`−1 = G(x` − x`−1) = α`−1Gp
`−1.

For quadratic functions, CLS becomes exact, hence

α` = −(g`)Tp`
(p`)TGp` = ν

(p`)TGp`

as long as no restarts are made. Now ν = −(g`−1)Tp`−1, hence

λ` = (g` − g`−1)Tp`−1

ω`
= ν

ω`
> 0, β`−1 = λ`−1

λ`
= ω`
ω`−1

.

14



Since an exact line search is used, the result of the algorithm is the same for an arbitrary
rescaling of the search direction. Thus we may rewrite the iteration in terms of the d`

computed by (36) and get for B = I equivalence with the Fletcher-Reeves CG method.
Fletcher & Reeves [7] showed the equivalence with the CG method of Hestenes &
Stiefel [10] for solving the linear system of equations g(x) = c + Gx = 0. They proved
the well-known conjugacy properties

(g`)Tp`−1 = (g`)TB−1g`−1 = 0,

which imply that given the restrictions κ1, κ2 > 1, no restarts will be made for ` ≤ m.

Hestenes & Stiefel showed that for positive definite G, their algorithm stops after at
most n iterations with a solution of the linear system, hence with the minimizer of f(x). If
G is not positive definite, the algebra remains the same, except that it is now possible that
a line search ends with a direction of infinite descent. Thus, if m ≥ n, our CG method for
quadratic functions after at most n steps with a minimizer or with a direction of infinite
descent.

The case with a preconditioner is easily reduced to the case B = I by means of a lin-
ear transformation of the vector x of variables; hence the same properties hold for any
symmetric and positive definite B. ut

Since locally all twice continuously differentiable functions are well approximated by a
quadratic, the final remark in the proof also holds locally for general C2-functions with CLS.
Thus, close to a strong local minimizer, Algorithm 1 shares the excellent local convergence
behavior of the quadratic case. The latter is surveyed in Axelsson & Lindskog [2] of
the preconditioned linear CG method.

In particular, when a good starting point is available, no restarts are made. Far away from
a minimizer, however, a strong deviation from quadratic behavior may cause a restart.
In particular, whenever very little progress is made while the gradient is still large, g` ≈
g`−1, hence y`−1 ≈ 0, and a restart is made. Thus jamming, a problem for the standard
implementation of the nonlinear CG method by Fletcher & Reeves [7] is not possible.

3.3 Complexity of NCG

The following complexity result for NCG yields a bound on the number of iterations (=
number of gradient evaluations) and function evaluations of NCG.

3.3 Theorem. Given constants 0 < κ < λ <∞ and 0 < m <∞, suppose that the initial
step sizes are chosen such that (13) holds. Then:

(i) The number of function values needed by NCG to reach a point x with (32) is O(ε−2).

(ii) If the sublevel set {x ∈ Rn | f(x) ≤ f(x0)} is bounded then, starting with x0, at least
one subsequence of the points generated by NCG converges to a stationary point.
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(iii) If f has a strong local minimizer x̂ and no other stationary point then convergence is
globally linear and the number of function values needed by NCG with m ≥ n to reach a
point x with (32) is O(log ε−1). In particular, this is the case when f is strongly convex.

Proof. (i) Denote by R the index set of restart iterations and by Rc the index set of non-
restart iterations. For ` ∈ R, the search direction p` = −B−1g` satisfies the bounded angle
condition (5) since

(g`)Tp` = −(g`)TB−1g` = −‖g`‖2
∗, ‖p`‖ =

√
(p`)TBp` =

√
(g`)TB−1g` = ‖g`‖∗;

hence
((g`)Tp`)2

‖p`‖2 ≥ δ2‖g`‖2
∗ for ` ∈ R. (38)

Denote f` := f(x`) and f`+1 := f(x` + α`p
`), and suppose that the algorithm ends at xL

with
‖g(xL)‖∗ < ε ≤ ‖g(x`)‖∗ for ` < L. (39)

We now find an upper bound on the number L of iterations of NCG. Substituting (38) into
(12), we obtain

f` − f`+1 ≥
2β
γ
δ2‖g(x`)‖2

∗ ≥
2β
γ
δ2ε2 for L > ` ∈ R. (40)

For ` ∈ Rc, we have f` − f`+1 > 0 and so
∑
`∈Rc

(f` − f`+1) > 0. Hence (2) and (40) imply

f0 − f ≥ f0 − fL =
L−1∑
`=0

(f` − f`+1) =
∑
`∈R

(f` − f`+1) +
∑
`∈Rc

(f` − f`+1) ≥ 2β
γ
δ2ε2|R|,

leading to

|R| ≤ Cε−2 with C :=
γ(f0 − f)

2βδ2 .

Since |Rc| ≤ m|R|, this proves

L = |R|+ |Rc| ≤ (m+ 1)|R| ≤ (m+ 1)Cε−2.

By [15, Theorem 4.1], the number of function evaluations of CLS in each iteration is bounded
by a constant. Hence the number of function evaluations of NCG is O(L) = O(ε−2)

(ii) By (i), inf
`≥0
‖g(x`)‖∗ = 0, which together with a standard compactness argument gives

the result.

(iii) follows directly from Theorem 2.3(iii). ut
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4 Conclusion

In this paper, a new nonlinear CG algorithm (NCG) for unconstrained optimization problems
is discussed.

Compared to other nonlinear CG methods, NCG has three advantages. First, there is a
simple rule for a good initial step against zigzagging. Second, since λ` does not have to
be positive, the restrictions on line search were only the minimum efficiency requirement.
Third, NCG can use any efficient line search method in each iteration to find a suitable
reduction of the function value.

On the other hand, traditional nonlinear CG methods require stronger line search assump-
tions to achieve good performance; for efficient line search methods, many of them do not
even always lead to descent directions. As a result, the convergence analysis is usually more
complicated. Moreover, they do not possess optimality property in terms of zigzagging.

It has been shown that NCG needs at most O(ε−2) function evaluations to find a stationary
point. This bound is of the same order as the bound found by Chan-Renous-Legoubin
& Royer [4]. The complexity reduces to O(log ε−1) if f(x) has a strong local minimizer
and no other stationary point.
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