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Abstract

In this paper, we study a method for finding robust solutions to multiobjec-
tive optimization problems under uncertainty. We follow the set-based minmax
approach for handling the uncertainties which leads to a certain set optimization
problem with the strict upper type set relation. We introduce, under some as-
sumptions, a reformulation using instead the strict lower type set relation without
sacrificing the compactness property of the image sets. This allows to apply vec-
torization results to characterize the optimal solutions of these set optimization
problems as optimal solutions of a multiobjective optimization problem. We end
up with multiobjective semi-infinite problems which can then be studied with
classical techniques from the literature.
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1 Introduction

In real-world applications of optimization, it is usually the case that the problem to
solve involves the minimization of different competing objectives simultaneously. Even
more, the data defining the problem is most of the time obtained through methods
that have known sources of errors, like the results of experiments or the measurements
of some technical equipment. As a consequence, the problem is, in these cases, not
completely available to the decision maker at optimization time. Traditionally, the
fields of multiobjective and robust optimization have dealt with these two difficulties
independently, namely the minimization of multiple objectives and the uncertainty in
the data, respectively. However, because of practical relevance, the combination of
techniques from both areas have received a lot of attention during the last decade.
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In robust optimization, the uncertainty of the data is modeled by identifying the
uncertain problem as a parametric family of (deterministic) optimization problems,
where every such problem is associated to one possible value of the uncertain vector of
parameters in the model. This space of possible parameters is usually called the uncer-
tainty set and must be specified before any optimization process can take place. Most
of the research in this area then focuses on the definition of suitable optimality con-
cepts and algorithms for finding solutions corresponding to those concepts. Typically,
the main ingredient in the definition of an optimality concept is the construction of a
deterministic optimization problem that represents, according to some specific criteria,
the parametric family already modeled. These problems are referred in the literature
as robust counterpart problems, and their solutions are called the robust solutions of
the uncertain problem (in the sense of the corresponding robust counterpart). Thus,
the robust counterpart problem plays a fundamental role as it completely specifies a
concept of robust solution.

For single-objective optimization problems under uncertainty, perhaps the most
popular concept is the one coming from the worst case or minmax approach [4]. There,
roughly speaking, the robust counterpart problem attempts to minimize the supremum
of the objective function over the uncertainty set while satisfying all possible constraints
associated to all possible values of the vector of uncertain parameters. Throughout the
years, two main extensions of this concept from the scalar case to the multiobjective
setting have been proposed in the literature, namely the so called point-based minmax
approach [15] and the set-based minmax approach [5]. In the point-based minmax ap-
proach, the robust counterpart problem minimizes the supremums over the uncertainty
set of every objective function individually. However, by doing this, the fact that every
objective function depends on a common number of uncertain parameters is missed
and, as a consequence, the obtained robust solutions may be too conservative to be
employed in practice. For a discussion on the price of robustness see [20]. This mod-
elling drawback is somewhat alleviated with the set-based minmax approach. There,
the robust counterpart problem is a set-valued optimization problem [13] in which a
set-valued mapping associating to every decision a set of possible vector costs is min-
imized, therefore giving greater flexibility to the decision maker. However, because of
the set-valued nature of the robust counterpart in this case, finding robust solutions
w.r.t. this approach is computationally more challenging. This is precisely the topic of
this paper.

Except for the branch and bound scheme described in [6] for the specific setting
of decision uncertainty, algorithms for uncertain multiobjective optimization are based
on some type of scalarization, see for instance [5, 9, 10, 12, 19]. The main drawback of
the scalarization-based methods is that, in general, they are not able to recover all the
solutions of the set optimization problem. In fact, the e-constraint method, which is
known to overcome this difficulty in standard multiobjective optimization, will fail in
this setting. Thus, algorithms that are able to deal with this problem are of interest.

Our main contribution to this aim is a generalization of the epigraphical reformula-
tion known from single-objective uncertain optimization to the multiobjective setting.
This approach consists of replacing the robust counterpart by a family of semi-infinite
multiobjective optimization problems. In particular, we show that by doing this the
structural difficulties of the set-valued robust counterpart are removed and, as a con-
sequence, in a second step the decision maker can tackle these problems by combining
classical techniques from multiobjective optimization and semi-infinite programming.



The paper is organized as follows. In Section 2 we collect the preliminaries including
the required concepts from multiobjective and from set optimization, and we recall the
vectorization results from [7] which are a main ingredient for our approach. Moreover,
we formulate the uncertain multiobjective optimization problem. In Section 3 we find
an equivalence between the different types of set relations which allows to make use of
the mentioned vectorization results. As a consequence, we can formulate in Section 4
the epigraphical reformulation and we can provide results on the relation between the
optimal solution sets of the reformulation and the uncertain multiobjective problem.
Under some additional assumptions we even guarantee exactness of the approximation.
We then conclude the paper in Section 5 with some final remarks.

2 Preliminaries

We begin this section by introducing the notation that will be used throughout the
paper. We write [p] for {1,...,p} forany p e N. Foraset A < R™, |A], cl A, int A, A°
denote the cardinality, the closure, the interior and the complement of A, respectively.
We denote by e the all-one vector of appropriate dimensions. | - | denotes, unless
otherwise stated, the Euclidean norm. Inequalities between vectors, i.e., < and <,
are understood in a component-wise sense, and if f : R" — R™, we denote by f; the

j*"-component of f.

2.1 Multiobjective Optimization

We now start by recalling the notion of a multiobjective optimization problem, together
with some of its optimal solution concepts. Let a nonempty set 2 € R™ and a vector-
valued function f: €2 — R™ be given. Then, the multiobjective optimization problem
associated to this data is defined as

s.t. x el (MP)

We say that z € Q) is a weakly efficient solution of (M) if there exists no x € {2 with
f(z) < f(x) and we denote the set of weakly efficient solutions by wargmin (M7P). We
say that z € 2 is an efficient solution of (MP) if there exists no x € Q with f(x) < f(z)
and f(z) # f(Z). Moreovoer, we say that = € € is a strongly efficient solution of (M)
if it holds for all = € Q that f(z) < f(x).
Closely related, for a set A < R™, we will denote by Min(A, R"") the set of all
efficient solutions of the multiobjective optimization problem
min y
s.t. ye A
Moreover, from the practical point of view it is important to consider different
notions of approximate solutions to multiobjective problems. For weakly efficient solu-
tions, the following concept was introduced by Kutateladze [16] and will be often used
in our results:

Definition 2.1 Let € > 0 be given. We say that x € ) is an e-weakly efficient solution
hreQ: f(z) < f(&) — ee.
The set of e-weakly efficient solutions is denoted by - wargmin (MP).

3



2.2 Set Optimization

Next we recall a class of problems that generalize multiobjective problems, and that
is referred in the literature as set optimization problems. There, we deal with the
minimization of set-valued mappings. This class of problems is of particular interest to
us because of two main reasons. On the one hand, they provide a unified way to define
the solutions of the uncertain multiobjective optimization problem (I/7), see page 0,
that we will treat in this paper. On the other hand, previous results derived for set
optimization problems will be a main tool in our work.

A distinctive feature of set optimization is the use of binary relations in order to
compare the images of the set-valued objective mapping. Therefore, we first need to
define those that will be used in our context. For these binary relations and the further
basic concepts of set optimization we refer to the recent book [13].

Definition 2.2 The following binary relations are defined on the class of nonempty
subsets of R™, i.e. for arbitrary nonempty sets A, B < R™:

(i) A<'B:<= Bc A+ int RT,
(ii)) A<'B:e= B< A+R",
(iii) A<"B:— A< B—int R,
(iv) A<"B:«<== A< B—R™

We write A «' B and A «* B if the inequalities A <' B and A <" B are not satisfied,
respectively. In a similar way, we write A €' B and A <" B.

The binary relations <!, <!, <* <" in Definition 2.2 are referred in the literature
as the lower type, strict lower type, upper type, and strict upper type set relations,
respectively. It is well known that <! and < are preorder relations, but that they are
not necessarily antisymmetric. Likewise, <! and <" are transitive, but in general fail
to be reflexive or antisymmetric.

Let now 2 € R™ be a nonempty closed set and F': €2 3 R™ be a given set-valued
mapping with F(z) nonempty for all z € . Then, the set optimization problem
corresponding to this data is

S
s.t. x €. (SP)

Definition 2.3 Let £ € Q and let » € {l,u}. We say that T is a *x-weakly efficient
solution of (SP) if there exists no x € Q with F(x) <* F(x). The set of x-weakly
efficient solutions of (SP) is denoted by wargmin* (SP).

In [7], the authors introduced a vectorization scheme for finding [-weakly efficient
solutions of (S7). There, for p € N, the multiobjective optimization problem
n
min
z,yl,... yP

v’ (VP,)

s.t. y' € F(x) for each i € [p],
x €l



is considered. Some of the main results in that reference that will be employed by
us are summarized in the theorem below. There, for ¢ > 0, the projection of the set
e-wargmin (V7)) onto R" is denoted by e- wargmin, (VF7,), i.e

e-wargmin, (VP,) := {2z’ e R" |3y, ...9P € F(2') : (a/,9",...,9") € e- wargmin (VP,)}.
We recall here Prop. 3.1(i), Theorem 3.5(i), Cor. 3.8(i), Theorem 4.4 and 4.5 from [7]:

Theorem 2.4 Suppose that the set-valued mapping F is compact-valued. Then, the
following statements hold:

i) For everye = 0, the sequence {¢-wargmin, (VP, 1s monotonically increasin
y g I p>]_ y g
in p with respect to inclusion, i.e.,

p1 < pp = e-wargmin, (VP,,) € e-wargmin, (VP,,).

(i) The following approximation property is true:

U wargmin, (V,) € wargmin' (S7) ﬂ U e-wargmin, (VP,).

peN e>0 peN

Furthermore, if F (Wargminl (873)) is bounded, then for each € > 0 we can find
p € N such that

wargmin, (VP,) € wargmin' (SP) € e-wargmin, (V7).

(1ii) Suppose that |} < 400 or that max IMin(F(z),R7)| < +0. Then, there exists
Te
p € N such that
wargmin, (VP,) = wargmin’ (S7P). (2.1)

Furthermore, in the first case (2.1) holds with p = || —1; in the second case with
p = mag NI (F ), 7).
xE

The existence of p € N such that (2.1) holds is known as the weakly minimal finite
dimensional vectorization property, see [7]. A version of this property will be introduced
in our context later on. The following theorem from [7, Theorem 3.9] is another result
on the approximation quality of wargmin, (V7,) which we need in the following.

Theorem 2.5 Suppose that 2 is compact, the mapping F is compact-valued, the set
F (Q) is bounded, and gph F is closed. Then,

VeeQdzed (U wargmin,, (VP,,)) : F(z) <' F(z).

peN

2.3 The Uncertain Multiobjective Problem

In the final part of this section, we introduce the main problem of the paper. This will
be done under the following setup:

Assumption A Let Q € R" and U < RF be nonempty and closed sets, withU compact.
Furthermore, let f : Q xU — R™ be a given continuous vector-valued function.
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Under Assumption A, we study the uncertain multiobjective optimization problem

Easar r

X
s.t. e

Thus, (/P) is formally represented as a parametric family of multiobjective optimiza-
tion problems, where there is one such problem for each possible scenario u € U. The
parameter u in this case represents those in a model which are not available at opti-
mization time, but for which we have as information that they belong to the uncertainty
set U. In a more general setting, there are also uncertainties in the constraints.

As mentioned in the introduction, the main ingredient needed in order to define
solution concepts for (/) by using the robust approach is the so called robust coun-
terpart problem. In this paper we follow the min-max set-based approach introduced
in [5] and consider the associated set-valued mapping Fy, : @ = R™ defined as

Fy(x) :={f(z,u) |uel}. (2.2)

For every x € , the set Fj,(x) represents the set of all possible vector costs associated
to the decision x. The robust counterpart of (/7)) is then the set optimization problem

min Fy(z)
z RC
s.t. xe . (RC)
Definition 2.6 (/5, Definition 3.1]) Let Assumption A hold and let T € Q. We say that
T is a robust weakly efficient solution of (UP) if it is a u-weakly efficient solution of
(RC), i.e.,
baxeQ: Fy(r) € Fy(z) — int R7,

or, equivalently,

VaoeQ: Fylx) " Fyu(z).
The set of robust weakly efficient solutions of (UP) will be denoted by wargmin (U P).

Note that, by definition, we have wargmin (//P) = wargmin" (RC). It is worth
mentioning that further concepts of robust efficiency and robust strict efficiency exist,
but they are out of the scope of this work. For a discussion on different concepts see,
for instance, [11, 20].

We concentrate here only on robust weakly efficient points as they have richer
theoretical properties, and we hope that a more detailed analysis for the other concepts
can be later pursued.

Remark 2.7 In the single-objective case, i.e., for m = 1, it can be shown that T €
wargmin (({P) if and only if T is an optimal solution of the problem

min su T, U
z ueLIl)f( ) (2.3)
s.t. x el

Problem (2.3) is well known as the classical robust counterpart problem of (UP) in
this case, see []]. Thus, (RC) is truly an extension of the min-max approach to the
multiobjective setting.



3 A Connection between Set Relations

The results in [7] are based on comparing sets with the lower type set relation and they
cannot be extended to other binary relations for sets in a straightforward way. For
robust weak efficiency, see Definition 2.6, we work with the upper type set relation.
For that reason we provide in this section results which give equivalent characterizations
of A <* B by using the set relation <'.

In [2, Proposition 3.1 (iv)] it was shown that for any nonempty sets A, B < R™ the
equivalence

A<"B« (A-R})* <! (B-R})"
holds.

However, we need an equivalent reformulation which is still based on comparing
compact sets as this is required for applying Theorem 2.4. For that reason we need
more complicated constructions in this section by introducing suitable intersections.
For the proofs we make use of the following functional.

To any nonempty compact set A < R™, we define the functional 14 : R™ — R by

Y4(y) := min max{y; — a;}, (3.1)

acA je[m]

which is related to minimizing a special case of the well-known Tammer-Weidner func-
tional [21]. We need this functional and its properties for proving our results on the
binary relations for sets. Note that, in particular, we have 1o (y) = max;epm{y;}. For
simplicity, we will write ¢ in place of 1g. Furthermore, it is clear that

—RY ={yeR™|¢(y) <0}, —int RY = {yeR™[(y) <0} (32)

Lemma 3.1 Let A € R™ be nonempty and compact, and consider the associated func-
tional 14 given in (3.1). Then, the following statements hold:

(i) ¥4 is Lipschitz continuous on R™, i.e., there exists a constant L > 0 such that
Yyl y? e R™: [Waly') — valy)l < Lly' =),

(ii) Ya is R™-monotone, i.e., ¥V y',y* e R™ : y* < y? = a(y') < ¥a(y?),
(7ii) V4 satisfies the translation invariance property with respect to e, i.e.,

vyERmatER:wA(y+te):¢A(y)+ta

(iv) A—RT ={yeR™|a(y) <0},
(v) cdl (A—R7)" = {yeR™ | pa(y) = 0},

Proof. (1), (ii), (iii) If A = {0}, it is easy to see that 1 satisfies the properties. For the
general case we can take into account that A is compact to deduce these properties
from those of the functional .

(iv) Let y € A —R7. Then, y = a — k for some a € A and k € RY'. Taking into
account (3.2), we now deduce that

Yaly) <y —a) =(=k) <0.



Thus, A —R7 < {y e R™ | ¢Y4(y) < 0}.

Suppose now that y € R™ is given with ¥ 4(y) < 0. Then, because A is compact
and v is continuous, there exists a € A such that ¥ 4(y) = ¥ (y — a). Therefore, we get
Y(y — a) <0, which implies y € {a} — R} <€ A — R} according to (3.2).

(v) From statement (iv), we have cl (A — RT)C = cl{y e R™ | ¥(y) > 0} . There-
fore, in order to finish the proof, we just need to show that

cl{y e R™ [Ya(y) > 0} = {y e R™ | ¥a(y) = 0}.

The inclusion cl{y € R™ | ¥4(y) > 0} < {y € R™ | ¥4(y) = 0} follows from the conti-
nuity of 14 in statement (i). In order to see the second inclusion, fix y € R™ such that
Ya(y) = 0. If a(y) > 0 there is nothing to prove. Suppose now that ¥ 4(y) = 0. Then,
according to statement (iii), for every ¢ > 0 we have

va(y +te) =a(y) +t=1t>0.

Thus, y + te € {y € R™ | ¥4(y) > 0} for any ¢ > 0. By letting ¢ — 0, we deduce that
yecl{ye R™|a(y) > 0}, as desired. O

By using sublevel sets of this functional we can give a first reformulation for the set
relation <".

Lemma 3.2 Let A, B < R™ be nonempty compact sets. Then,

A<*B<«—=3e>0: A-RT < {yeR™|¢p(y) < —¢}.

Proof. Suppose first that A <* B and set ¢ := —sup,.4 ¥p(a). We claim that ¢ > 0.
Indeed, because A is compact and ¥p is continuous according to Lemma 3.1 (i), there
exists an element a € A such that

Yp(a) = sup Yp(a). (3.3)

aceA

Now, since A <* B, we can find an element b € B such that @ < b. It then follows from
(3.3) and (3.2) that

e = —¢p(a) = —min¢(a—b) > —(a—b) > 0.

Next, by the definition of ¢, we get that A < {y e R™ | ¢5(y) < —¢}. Using the R}~
monotonicity of g from Lemma 3.1, we then deduce that

A—RP c{yeR™ | ¢p(y) < —¢}. (3.4)

Conversely, assume that for some € > 0 the inclusion (3.4) holds and fix a € A.
Then, from Lemma 3.1 (iii) and (3.4) we find that

Ypla+ee) =pla) +e < —e+¢e=0. (3.5)
3.9

According to Lemma 3.1 (iv), the inequality in (
Thus, we obtain that

5) now implies that a +ce € B —R".

a=a+ce—cece< B—RY —{ee} < B—int R (3.6)

Since a was arbitrarily chosen in A, the inclusion (3.6) proves that A <" B. ]
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In the rest of the paper, for a closed, convex, pointed and solid cone C' € R™ and
arbitrary elements ¢!, y? € R™, we define the sets

v 9], = ({¥'} +C) n ({v"} —RT),

and

(yl,yg)c = ({y"} +int C) n ({y’} — int RT).
Recall that a set C' < R™ is a cone if A = 0 and ¢ € C imply Ac € C. It is called pointed
if C n (—=C) = {0} and solid if int C' # ¢J. For the cone C' we will make use of a set
which is strictly contained in the ordering cone R’ in the sense that C'\{0} < int R".
As a consequence, the above sets satisfy [y', 2], < [y, v?] == {y e R™ | y' <y < y?}
and (', 9%)c S {y e R™ |y' <y <y?}.

Lemma 3.3 Let A < R™ be nonempty and compact, and C < (int RT) u {0} be a
closed, converz, pointed and solid cone. Suppose that the elements €b,ub(A) € R™ are

such that A < (¢b,ub(A)) . Then,
(A=R7) n ({b} + C) < (1 (A—R7)  [lb,ub(A)],) + R

Proof. Lety € cl (A —R™)°n({¢b} + C) . Then, we have v := y—(b € C and, according
to Lemma 3.1 (v), that ¥ 4(y) = 0. Furthermore, since A < {¢b} + int C' and A is
nonempty, we can take an element a € A to deduce that

Yaly —v) = Pa(th) < p(lb —a) <0, (3.7)

where the last inequality follows from (3.2) and the fact that int C' < int R?". Applying
now the intermediate value theorem, we get the existence of ¢ € [0,1) such that g :=
y — tv satisfies 14(y) = 0. Thus, from Lemma 3.1 (v), we obtain that § € cl (A — ]RT)C :
Applying also Lemma 3.1 (iv), we get that y € A — R < {ub(A)} — R?'. Furthermore,
because t < 1, we find that

y—lh=y—tv—lb=y—tly—0b) — b= (1—-1t)(y—Lb)=(1—-tveC.

This shows that € cl (A — R7") n [¢b,ub(A)], . The statement then follows from the
fact that y —y = tv e C' and C < R O

Proposition 3.4 Let A < R™ be nonempty and compact. Then,
d(A-R7) = (A—int RT)".

Proof. First, from A —int RT < A —R"" we deduce that (A — RT)C c (A — int RT)C .
Therefore, by taking the closure on both sides of this inclusion we obtain

d(A-R7) < (A—int R})".

In order to see the other inclusion, take any y € (A — int RT)C and consider the
sequence {y + k~'e}ren. Then, {y + k~le}ren € (A — RT)°. Otherwise, for some k € N
we have y + k~'e € A — R, which would imply y € A —R” — {k~'e} € A—int R, a
contradiction. Since y = limy_,., ¥ + k~'e and y was chosen arbitrarily, it follows that
(A—int R7) = cl(A-R7)". O



The next theorem gives the desired reformulation of the binary relation <* by using
<!, for compact sets A and B for which a strict common lower bound ¢b € R™ w.r.t.
C' exists in the sense that A < {¢b} + int C and B < {¢b} + int C'. The existence of
upper bounds ub(A) and ub(B) with A < {ub(A)} —int R} and B < {ub(B)} —int R7
is not restrictive, as the sets A and B have been assumed to be compact and one
can take for ub(A), for instance, a point u € R™ which is component-wise defined by
u; = (maxgea a;)+7 for j € [m] and some v > 0. For an illustration of the equivalence
of the strict binary relations of sets from the next theorem see Figure 1.

ub(B)

0b

Figure 1: Illustration of the equivalence in Theorem 3.5

Theorem 3.5 Let A, B < R™ be nonempty compact sets. Suppose that there exists
a closed, conver, pointed and solid cone C' < (int RT) U {0}, together with elements
0b,ub(A), ub(B) € R™, such that A = (¢b,ub(A)), and B < (¢b,ub(B)), . Then, the
following statements are equivalent:

(i) A <" B,
(ii) cl (A —R7T)" n [b,ub(A)], <' cl (B —RT)" A [lb,ub(B)], .
Proof. Note that from Lemma 3.1 (v) we have
cl (B = RT)" n [lb,ub(B)], = {y € R™ | ¢p(y) = 0} N [, ub(B)],, . (3.8)

We start by showing that (i) implies (ii) and hence we suppose that A <* B. Then,
according to Lemma 3.2, we can find € > 0 such that A—R7" < {y e R™ | ¢¥p(y) < —¢}.
Taking complements and closure in this inclusion, we get

c{y e R™ | ¢p(y) > —e} Sl (A—R7})". (3.9)
Furthermore, arguing similarly to the proof of Lemma 3.1 (v), we find that

cH{y e R™ [¥p(y) > —e} = {y e R" [ ¥p(y) = —<}.
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Thus, (3.9) is equivalent to the inclusion
{yeR™ | ¢p(y) = —e} =l (A—R7)", (3.10)
which implies
(e R | vp(9) > <) [t ub(A)]o € o (A~ ET)" [t ub(A)]. (311)

Fix now y € cl (B — R7) N [(b, ub(B)] and the element v := y—¢b € C. Then, because
B < {{b} + int C, it is clear that (b € B —int R7T. As y € ¢l (B —R™")", we have by
Proposition 3.4 that v # 0, and, as v € C' < (int R7") u {0}, that v € int R"".

Now, according to (3.8), we know that ¥g(y) = 0. Therefore, using the continuity
of 5 by Lemma 3.1 (i), we deduce the existence of t € (0, 1) such that the vector
y =y — tv satisfies ¥p(y’) = —e. On the other hand, for such ¢, we also get

y —lb=y—tly—b)—tb=(1—-t)weC. (3.12)

Thus, the element ¥’ satisfies ¢p(y') = —e and y' € {¢b} + C. Taking into account
(3.10), we then obtain
yecd(A=RP) n({b}+O). (3.13)

We can now apply Lemma 3.3 to find an element € cl (A — R™)° n [¢b, ub(A)], such
that y < ¢'. Since v € int R'?, this then implies § < ¢’ < y, as desired. As y was chosen
arbitrarily we are done with showing that (i) implies (ii).

It remains to show that (ii) implies (i). For doing so, we prove that A € B implies
that (ii) is not satisfied. If A «" B, it is possible to find a € A such that a ¢ B—int R
Thus, by Proposition 3.4, we have a € cl (B — RT)Cm({fb} + C) . Applying now Lemma
3.3, we find @ € ¢l (B —R7)" n [¢b,ub(B)], such that @ < a. In order to finish the
proof, it suffices to show that

aé (cl(A—R7) A [lb,ub(A)],) +int R,

This is indeed the case, as otherwise there exists y € cl (A — RT)C N [€b, ub(A)] such
that § < a. Therefore, we can find a sequence {y*}reny < (A — RT)C such that y* — 7.
Because y < @, we then have that y* < a for k large enough. We then deduce that

y* e {a} —int R” < {a} —R” —int R” < A - R”,
a contradiction. The proof is complete. O]

The following example shows that the use of a cone C' < (int R7") U {0} is essential
for the result in Theorem 3.5.

Example 3.6 For A= {yeR? | [y—(=1,0)"|a <1} and B = {y e R? | [y—(2,0)7 |2 <
2} it holds A <* B. For C = R™ and (b = (—2.1,-2.1)7, ub(A) = (0.1,1.1)", and
ub(B) = (4.1,2.1)" we have that A = (¢b,ub(A))c and B < (€b,ub(B))c, but only
cl (A—R7)" A [eb,ub(A)], <" el (B—R7T)" n [tb,ub(B)], and not cl(A—R7)"
[6b, ub(A)] <" el (B —RT)" n [¢b,ub(B)],
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4 Epigraphical Reformulations

This section is devoted to the formalization of an epigraphical reformulation for (2/7P)
and the description of its main properties. As a motivation we start by recalling that
for uncertain single-objective optimization problems we have that
i
st flz,u) <y Yuel, (4.1)
x e

is an equivalent formulation of the already discussed (single-objective) robust counter-
part (2.3). This is meant in the sense that some point Z solves (2.3) if and only if there
exists some gy € R such that (Z, y) solves (4.1). Considering (4.1) instead of (2.3) has the
important theoretical advantage that semi-infinite methods can be applied in general
nonconvex settings. Moreover, in case of convexity, reformulations of the semi-infinite
constraints are possible and already well studied, see for example [3, 4].

Thus, such an epigraphical reformulation is very attractive from the computational
point of view. The issue is that (RC) is now a set optimization problem and it is not
clear what the epigraphical reformulation is in this more general case. In order to ex-
tend (4.1) to deal with the more general robust counterpart (72C) in the multiobjective
setting, the following concept of proper boundedness will be important for being able
to apply the results from Theorem 3.5.

Definition 4.1 Let Assumption A hold. We say that the function f is properly lower
bounded on ) x U if there exists £b e R™ and a closed, convex, pointed and solid cone
C such that C < (int RT) U {0} and f (2 xU) < {¢b} + int C. In that case, we also
say that f is properly lower bounded on 2 x U with respect to £b and C.

Remark 4.2 There are already boundedness concepts for functions which are related
to the above definition of proper boundedness. The function f is called lower bounded
on Q x U if there exists a point {b € R™ such that f (Q x U) < {£b} +int R7. Moreover,
the function f is said to be bounded on Q2 x U if the set f(Q x U) is a bounded subset
of R™.

It is then easy to verify that it holds under our assumptions that:

(i) If the function f is properly lower bounded on QO xU, then it is also lower bounded.

(ii) If the function f is bounded on  x U, then it is properly lower bounded. In
particular, if  is compact, then f is properly lower bounded on 2 x U.

(7ii) If m = 1, then the concepts of lower boundedness and proper lower boundedness
of f on Q x U coincide.

In this section we work under the following assumption.

Assumption B In addition to Assumption A, let b € R™ and a closed, conver,
pointed, solid cone C' < int R U {0} be given, and suppose that f is properly lower
bounded on ) x U with respect to b and C.

12



Next we consider the vector-valued map ub : 2 — R™ defined by

sup fi(z, u)
ueld

ub(x) = : +e (4.2)

sup fm(xa U)
ueld

and the set-valued mapping F : 2 =2 R™ defined by
F(z) == cl (Fy(z) = R7?)" A [£b, ub(z)], . (4.3)

Remark 4.3 It is worth mentioning that the map ub(-) already plays an important
role in the context of robust multiobjective optimization when choosing the point-based
minmaz approach. There, more concretely, the map ub(-) := ub(-) — e completely
defines the associated robust counterpart problem, see [15]. In the setup of this paper
however, ub(-) is used only as an upper bound map for constructing an appropriate
compact-valued set-valued mapping.

Note that, due to the continuity of f and the compactness of U, the map ub is well
defined. Consequently, the mapping F' in (4.3) is well defined. Moreover, from the
proper boundedness of f, the definition of F, in (2.2) and of F'in (4.2), it follows that

VaoeQ: Fylx) < (b,ub(z))c. (4.4)

We can then introduce the following parametric family of multiobjective problems
indexed by p € N which will be our epigraphical reformulation as we discuss next.

Y
I{lin :
Y., yP yp
} (MPy)
s.t. m[m] {fi(z,u) - y;} <0 Vuel,ie[p],
jE[m
y' —tbe C, Vie|p],
x €.

In the single-objective case, i.e., m = 1, we have, for p = 1 and C' = R, that
(MP,) is equivalent to (4.1). Thus, the parametric family {(M7,)} _ extends (4.1)
to the multiobjective setting. However, as we will see throughout the remaining of
the section, unlike for uncertain single-objective problems, just considering (MP,) for
p = 1 may not be enough in the general case.

4.1 Approximation Properties

We start by collecting some basic properties of the auxiliary set-valued mapping F
from (4.3).

Proposition 4.4 Let Assumption B hold. Then for F' as defined in (4.3) it holds
(i) F(x) is nonempty and compact for all x € €,
(i) if Q < Q is nonempty and f(Q x U) is bounded, then F(Q) is bounded,

13



(7ii) gph F' is closed,
(iv) ¥z, € Q: Fy(z) < Fy(a') <= F(x) <! F(2'),
(v) Va2 eQ: F(x) <! F(2') = Fy(z) <" Fy(a').

Proof. Statement (i) follows immediately from the definition.

For (ii), if (€ x ) is bounded, we can find in particular a vector Z € R™ such that
f(Q xU) € {z} —R7. By taking into account the definition of F and the definition of
ub(x) in (4.2), it then follows that

F() c ({0} +R?) n ({Z+ ¢} —RT),
which is a bounded set. Thus, F(Q) is bounded.

In order to show (iii), i.e. the closedness of gph F, we fix a sequence {(z*, y*)}ren S
gph F such that limy_,(z*,y*) = (Z, 7). Then, by the definition of F, we have for all
k € N that y* € [¢b,ub(z*)]c. By Proposition 3.4, we further have for all k € N that
y" ¢ Fy(z*) — int R7 and thus for all u € U that y* « f(z"*, u). Now, since Q is closed,
in particular z € Q. Moreover, because of Berge’s Maximum Theorem [1, Theorem
17.31], we have that ub is continuous. This, combined with the closedness of C, allows
us to take the limit in y* € [¢b, ub(z*)]c for k — oo to obtain

7 € [0b, ub(7)]e. (4.5)

Now we consider y* & f(2*, u) for all u € U. First, fix some u € U. We have for all
k € N that there exists at least one i € [m] with f;(z*, u) < y*. By taking suitable
subsequences and the continuity of f into account, we obtain for at least one i € [m]
that f;(z,u) < 7;. As a consequence, for all uw € U, we have y ¢ Fy(z) — int R
According to Proposition 3.4, this is now equivalent to y € cl(F, () —R’")°. From this
and (4.5), it then follows that y € F'(z), which shows the closedness of F'.

To see (iv) note that from the continuity of f and the compactness of U, it is clear
that Fy is compact-valued. The statement is then an immediate consequence of (4.4)
and Theorem 3.5.

In order to see (v), fix z,2’ € Q such that F(z) <! F(2'). Suppose now that
Fy(x) £ Fy(2'). Then, there exists y € Fy(2) n (Fy(2') — R7)°. Therefore, according
to (4.1), we have that y € ({¢b} + int C) n (Fy(2’) — R7")°, an open set. Consequently,
we can find some small ¢ > 0 such that y—te € ({(b} + C)ncl (Fy(2') — RT). It follows
now from Lemma 3.3 the existence of ¥’ € F'(z’) such that 3’ < y — te. Moreover, since
F(z) <! F(2'), there exists z € F(z) such that z < y/. Thus, in particular, z < y — te.
However, this would imply that

z e Fy(x) — {te} — R < Fy(z) —int R,

which, taking into account Proposition 3.4, contradicts the fact that z € F(z). The
statement follows. O

The following proposition shows an important connection between (S7) (from now
on with F given by (4.3)) and the robust weakly efficient solutions of (/P).

Proposition 4.5 Let Assumption B hold and F be given by (4.3). Then it holds that

wargmin (/) = wargmin’ (S7).

14



Proof. 1t is an immediate consequence of Proposition 4.4 (iv). [

Proposition 4.5 opens the door to apply the results from Theorem 2.4 to our context.
The first step in this direction is the following lemma.

Lemma 4.6 Let Assumption B hold. Then,

V:EEQ:CI(FM(ZL‘)—RT)CZ{ZJERW in
j€[m

min {f;(z,u) —y;} <0 Vuel/{}.

Proof. Fix x € Q. Then, taking into account that Fy,(x) is compact, Lemma 3.1 (v),
(3.1) and the definition of Fy; in (2.2), we deduce

ol (Fu(z) —R?)" = {yeR™| =g, (y) <0}

= {yeRm|—mm vy —y') O}

y'eFy(z)
— {yeR" |~ minu(y - f(z,u) <0}
- {yeRm%x—w(y—f(x,u)Ko}
— {yeR" | ~Y(y— f(z,u) <O Vueu},
as desired. O

For our analysis in the rest of the section, we will follow the notation employed in
Theorem 2.4 for the projections of the sets e- wargmin (MP,) onto R™, i.e.,

e-wargmin, (M7P,) = {2z’ e R" |3 y',...y* e F(z') : (2/,y",...,y") € e- wargmin (MP,)}.

The next lemma shows that the e-weakly efficient solutions (projected onto R™) of
the multiobjective optimization problems (MP,) (our epigraphical reformulation) and
(VP,) (from the vectorization scheme) coincide.

Lemma 4.7 Let Assumption B hold. For p € N, consider the multiobjective optimiza-
D]

tion problem (V'P,) associated to the set-valued mapping F' given by (1.3). Then,
Ve>=0:e-wargmin, (MP,) = e-wargmin, (V7).

Proof. Because of the particular structure of the set-valued mapping F', we can apply
Lemma 4.6 to obtain that (VP,) can be rewritten as

Yy
I{lin :
Ty, yP yp
| (MP))
s.t. mm {fj T, u) — y;} <0 VYuel,ie[p],
j€[m
Y’ 6 [€b, ub(x)]., Vi€ [p],
x € Q.

The only difference to (M7P,) are the additional constraints y* < ub(x) for i € [p].
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Now, let Z € e- wargmin, (MP,), and choose {7',..., 7’} < R™ such that
(Z,9',...,9") € e- wargmin (MP,). (4.6)

Taking into account Lemma 4.6, the feasibility of (z,¢", ..., ") for (MP,) is equivalent
to
Vie[p]:y ecd(Fulz) —RY) n ({tb} +C).

Applying now Lemma 3.3, we obtain for all i € [p] that §° = ' + k? with &’ € R™ and
z e ol (Fy(z) — RT)" n [€b, ub(Z)]c.
In particular, for all i € [p] we have z' < ub(z) and (z, z', ..., 2P) is feasible for (MP;,).
It suffices now to show that (7,z!,...,2P) € e- wargmin (/\/177;,). Indeed, otherwise we
can find (x,y', ..., yP) feasible for (MP/)) (and thus feasible for (M7P,)) such that
Vie[p] :y' <z —ce <y — ce.

This would then contradict (4.6).
Suppose now that Z € e- wargmin,, (/\/177;)), and take elements 7%, ..., 7" € R™ such
that
(z,9,...,9") € &~ wargmin (MP). (4.7)

We claim that (z,3',...,9?) € e-wargmin (MP,). Indeed, otherwise we can find
(z,y', ..., yP) feasible for (MP,) such that

Vie[p] v <y — ee. (4.8)
Similarly to above, we can apply Lemma 4.6 to obtain
Vie[p]:y ec(Fylz) —R?) N (b+C).

Applying next Lemma 3.3, we get for i € [p], as above, 2¢ € R™ with 2 < y* and 2* <
ub(z) and 2" € cl (Fy(z) — R™)" A (¢b+ C). This would then imply that (z, 2!, ..., 2?)
is feasible for (/\/177;)) This, together with (4.8) and 2 < y*, implies for all 7 € [p] that
2t < ' — ee, which contradicts (4.7). O

We can now establish the main results of this section for our epigraphical reformu-
lation. They are applications of Theorems 2.4 and 2.5, respectively, which have been
made possible by the preceding results from this section.

Theorem 4.8 Let Assumption B hold. Then,

(i) For every e =0 and p1,ps € N we have:

p1 < pp = e-wargmin, (MP,,) < e-wargmin, (MP,,).

(ii) The following approximation property is true:

U wargmin, (M7P,) € wargmin (/) ﬂ U e-wargmin, (MP,).

peN e>0 peN

Furthermore, if f (wargmin (({P) x U) is bounded, then for each ¢ > 0 we can
find p € N such that

wargmin, (M7P,) € wargmin (U P) < e-wargmin, (M7P,).
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Proof. Statement (i) follows directly from combining Lemma 4.7 and Theorem 2.4 (i).
The first part of statement (i7) follows by combining Lemma 4.7, Theorem 2.4 (ii) and
Proposition 4.5. The second part of (ii) follows by Proposition 4.4 (ii), Theorem 2.4
(i1), Proposition 4.5 and Lemma 4.7. O

Remark 4.9 Theorem /.8 (ii) together with the first inclusion in Theorem 4.8 (i)
shows that the sets {wargmin, (/\/lpp)}peN form a parametric family of inner approxi-
mations of wargmin (UP). The quality of the approximation improves for higher values
of p. On the other hand, the equality in the right hand side of Theorem /.8 (ii) indi-
cates that, if all e-weakly efficient solutions can be computed, then every robust weakly
efficient solution of (UP) can be captured if we solve (MP,) for p high enough. Under
additional assumptions, the second part of Theorem /.8 (ii) then establishes that this
value of p can be chosen independently of the robust solution being considered.

Our last result shows that it is possible to focus only on computing robust weakly
efficient solutions of (Z/P) that come from the epigraphical reformulations. The reason
is that, image space-wise, no quality solutions are being lost by this procedure.

Theorem 4.10 Let Assumption B hold and suppose in addition that £ is compact.
Then,

Ve Jxec (U wargmin,, (MP,,))  Fu(x) <" Fy(x).

peN

Proof. Because of the continuity of f and the compactness of ) x U, we have in
particular that f(Q2 x U) is bounded. Therefore, according Proposition 4.4 (ii), F(Q)
is bounded. Moreover, from Proposition 4.4 (iii) we have that gph F is closed. Thus,
we can apply Theorem 2.5 and take into account Lemma 4.7 to obtain

VeeQ,dzec <U wargmin,, (MPP)> : F(z) < F(w). (4.9)
peN
The statement thus follows from (4.9) and Proposition 4.4 (v). O

4.2 Exactness of the Approximation

Under Assumption B we have that for any p € N it holds that wargmin, (M7P,) <
wargmin (/7). In this part of the section we show that in certain cases there is even
a finite p for which equality holds. This means that in these cases all robust weakly
efficient solution can be found by solving a certain multiobjective optimization problem.

Definition 4.11 Let Assumption B hold. We say that (UP) satisfies the weakly ef-
ficient finite dimensional vectorization property (WEDVP) if there exists some p € N
such that

wargmin,, (M7P,) = wargmin (/7).

In the scalar case, i.e., when m = 1, (UP) satisfies (WFDVP) with p = 1 as
in this case the epigraphical reformulation (4.1) is equivalent to (2.3). However, for
uncertain multiobjective problems, considering just p = 1 is in general not sufficient
which motivates our definition above.
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First, for our forthcoming proofs, we need to construct a polyhedral cone which
replaces the cone C' from Assumption B. For o« > m — 1, we consider the cone

C*:={yeR™| M%y < 0}, (4.10)
where
—a 1 1 1
1 —a ... 1 1
M= ¢ttt JeR™
1 1 —a 1
1 1 1 —«a

For instance, for m = 2 and o > 2 we get the cones C* = {y € R? | éyl <y < ayi}e
Proposition 4.12 The following statements hold:

(i) For any o > m — 1, the set C* is a closed, convez, pointed and solid cone.

(i8) Ups, C* = int RT U {0},

(iii) The family {C*}o=m—1 is monotonically increasing in o with respect to inclusion,
e, ap < ap = O < O,

() If C < int R U {0} is a closed cone, then there exists o € R such that C < C°.

Proof. (i) The closedness, convexity, and pointedness of C* are clear from the defi-
nition. The solidness is an immediate consequence of the fact that M“e < 0, which
implies e € int C'*.

(17) Let « > m — 1 and y € C. Then,

Vie[m] :Zyj < oy (4.11)
J#i

Adding these inequalities over ¢ € [m] we get (m — 1) Z;nzl y; < aY g, or equiva-
lently, 0 < (o — (m — 1)) X277, y;. This, together with the fact that o > m — 1, implies
for all i € [m]

0< Zyj :yﬂrZyj <y + ay; = (a+ 1)y;.
=1 i
Thus, y = 0. Suppose that y; = 0 for some i € [m]. Then, from (4.11) we find that
2.j#iYi < ay; = 0 and therefore y = 0. This shows that y € int R u {0}.
Take now any y € int R U {0}. Note that if y = 0 there is nothing to prove. Thus,
suppose that y > 0 and define

2. Yj

J#i
= max m, maX
1€[m] Y;

It is then straightforward to check that (4.11) holds, and therefore y € C*.

(24i) This follows from (4.11).

(iv) Assume this is not true. Then, there exists a sequence {c*}rcy S C such that
Ic*| = 1 and ¢* ¢ C™** for each k € N. In particular ¢* € int R? for all k. Since
{c*}ken is bounded, we can assume without loss of generality that it is convergent. Let
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¢ := limy_,o c*. Then, by the closedness of C, we have that ¢ € C. Further c #0 as
|¢] = 1 and hence, in particular, ¢ € int R™. On the other hand, since ¢* ¢ C™** for
every k € N, we can assume, without loss of generality, the existence of i € [m] such
that
VkeN: Zcf > ack > (m + k)cf. (4.12)
J#i

Then, taking the limit in (4.12) for k¥ — oo we obtain, as ¢; > 0,

Zc]/hm (m+ k)cF = oo,

k—o0
J#i
a contradiction. O]

The important consequence of Proposition 4.12 (iv) is that we can restrict our-
selves to consider proper boundedness of functions only with respect to cones in the
parametric family {C*} =1 :

Proposition 4.13 Let Assumption A hold. Then, f is properly lower bounded on 2 xU
if and only if there exists (b € R™ and o > m — 1 such that f is properly lower bounded
on Q0 x U with respect to b and C*.

We can now make use of the special structure of C*. The next lemma prepares a
result which is required for the proof of Lemma 4.15. That again is needed for applying
Theorem 2.4 (iii) to our setting.

Lemma 4.14 For a > m — 1, consider the cone C* given by (4.10). Let a,b € R™ be
such that a < b, and consider elements (,zZ € B := ({a} + C*) n ({b} — RY) such that
¢ < z. Then, for each i € [m], the multiobjective optimization problem

min
! Y

st. v =z (Pi(€,2))
ye B ({th+RY)

has a strongly efficient solution.

Proof. Fix i € [m]. Then, taking into account the structure of M*, (P;(/,~)) takes the
form

myiny
s.t. Yi; = ZZ .
Dy —a;) < olye —ax), V ke [m] (Pi(t, 2))
j#k
(<y<hb.

Consider now the mapping 7" : R™ — R™ defined by

2 (yj—ay)
max $ {y, , a + Z— if k # 1,

Z it k=u1.

VyeR™ ke m]: (T(y)), =

We divide the rest of the proof in several steps. First, as step 1, we show that

y feasible for (P;((,z)) = T'(y) feasible for (7;((,2)) and T(y) <y

19



We start by proving the inequality
T(y) <. (4.13)

Indeed, because of the feasibility of y for (P;(/. 2)), for k = i we have (T'(y)), = z = k-
Similarly, the feasibility of y for (7;(/, z)) implies

V ke [m]\{i}: ) (y; alye — az) and &, < y. (4.14)

j#k

From (4.14) it follows that

2 (y; —ay)

V ke [m\{i} : yx = max < b, a; + WT = (T(y)) -

This proves (4.13).

Next, we show that T'(y) is feasible for (7;(/, z)). Indeed, by the definition of T', we
have (T'(y)), = 2z and ¢ < T'(y). Moreover, from (4.13) it follows T'(y) < y < b. It thus
remains to show that

Vkelm]: Z((T(y))j —a;) < a((T(y))x — ax)- (4.15)

In order to see this note that, for k& = i, the inequality (4.13) and the feasibility of y
for (P;((.2)) imply

2((T(y>)j —a;) < Z(%’ —a;) < aly; —a;) = oz —a;) = (T(y)w — ar).

j#k J#k

Similarly, (4.13) implies for all k € [m]\{i}

2 (yj—aj)
2((T()—a;) < X(yj—a) =« (ak 2 ak>

17k 7k
S (v-a)
< o | max < b, ap + F——F — =a((T(Y))k — ax).

The feasibility of T'(y) follows.

Second, as step 2, we show that the mapping T has a unique fixed point ¢¢. This
will be an immediate consequence of Banach’s fixed point theorem, see, for example,
[14, Theorem 5.1-2]. Thus, we proceed to show that 7" is a contraction, i.e., there exists
a constant v < 1 such that for all y!,y* € R™ we have |T(y') — T(y*)|1 < v|y* — |1
Indeed, fix ', y?> € R™. Then,

2 (yj—aj) 2 (yF—aj)
max { lg, aj, + Z——— > —max < Uy, aj, + H—r

IV - <Y Y vt — 2

ki | j 7k k#i j#k

= I3y =2 = ("=2) |yt — v
k#1

1T =TW)h = X

k#1

N
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Therefore, taking into account that o > m — 1, the mapping T is a contraction with
v o= m?_l Applying now Banach’s fixed point theorem, we obtain the desired point ¢*.

Finally, as step 3, we show that ¢' is a strong minimizer of (7;(/, z)). Indeed, as a
consequence of Banach’s fixed point theorem, the feasibility of z for (7;(/, 2)) and the
statement proved in Step 1, we have that:

o (' = lin&) T (%), where we denote with 7" the r-times iterative application of
7 —

the mapping T,

e every point in the sequence {T()(z)} __ is feasible for (7;(/, 2)).

reN

In particular, due to the closedness of the feasible region of (7;(/,z)), we find that ¢
is also feasible for this problem. Take now a feasible point y. Then, again by Banach’s
fixed point theorem and the statement in Step 1 of this proof, we find that ¢ =
lim 7 (y) < y. The strong efficiency of ¢ for (7;(/, 2)) follows. O

r—0

As already mentioned, for applying Theorem 2.4 (iii), we need the next lemma
before we can formulate our main results on the exactness of the approximation.

Lemma 4.15 Let s € Nu {0} and o > m — 1 be given. For a,be R™, consider the set
B := ({a} + C*) n ({b} — RT). Then, for any S < int B such that |S| = s, the set

| A{a}, if s =0,
A(S) = { Naeg({z} —int R?) A B, otherwise

satisfies

IMin(A(S),RT)| < m®.

Proof. We argue by induction on s. For s = 0 we have indeed [Min(A(g),R7)| = 1.
Suppose now that for some s € N the statement holds and let S < int B be such that
|S| = s+ 1. Fix z € S. Then, |S\{Z}| = s and, according to the induction hypothesis,
we have

[Min(A(S\{z}), RT)[ < m”.

Define D := {¢ € Min(A(S\{z}),R7) | ¢ < z} and, for every £ € D and each i € [m],
let us denote by ¢ the strongly efficient solution of the problem (7;(/,2)). Note that
(" is well defined because of Lemma 4.14. Set now

P:= | J{¢'|iem]}.

leD

Our next argumentation is based on the following three statements.

First, we have P < A(S). Indeed, otherwise there exists £ € D and ¢ € [m] such
that ¢* ¢ A(S). Thus, either ¢/ ¢ B or there exists z € S such that ¢' < z. However,
since ¢ is feasible for (7;(/, 2)), we have in particular that ¢’ € B. Thus, it can only be
that ¢’ < z for some z € S. Note that, because ¢ is feasible for (7;(/. Z)), we also have
(¢ = 7. Therefore, z € S\{z}. But then, again by the feasibility of ¢' for (P;(/,2)), we
find that ¢ < ' < z, a contradiction to the fact that £ € A(S\{z}).

Second, we show the inclusion Min(A(S\{z}), RT)\D < A(S). Therefore, take any
¢ € Min(A(S\{z}),R7"). Then, by definition, we have £ € B and ¢ « z for every
z € S\{z}. Moreover, since ¢ ¢ D, it also follows that ¢ « z. Thus, ¢ € A.
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Finally, as third statement, we prove A(S) < (P u (Min(A(S\{z}), RT)\D)) +R"".
Let y € A(S). Then, in particular, y € A(S\{z}). As external stability holds, see [18,
Theorem 3.2.10], there exists ¢ € Min(A(S\{z}),R7), with ¢ < y. Suppose first that
¢ ¥ z. Then, by definition ¢ ¢ D, and there is nothing to prove. Assume now that
¢ < z and, for t € [0, 1], set

t._
y =t + (1 —1t)y.

Then, because y and ¢ belong to the convex set B n ({¢} + R7), it follows that y' €
B ({£} +R7) for every t € [0,1] and, as ¢ < y, also y* < y. Moreover, since y < Z, for
some i € [m] we have y; > z;. Since y{ = y; = z; and y} = {; < %, it follows from the
intermediate value theorem the existence of ¢ € [0, 1) such that y! = Z;. Then, it follows
that the point ¢ is feasible for (P;(/, 2)). As £ is by Lemma 4.14 strongly efficient for
this problem, we find that ¢ < y* < y, as desired.

Now, according to these three statements, we deduce that

Min(A(S), R™) < P U (Min(A(S\{z}), RT)\D) .

Thus, taking into account that |P| < m|D|, |D| < m®, |[Min(A(S\{z}),R7")| < m®, we
find that

[Min(A(S),RY)[ < |P[+ [Min(A(S\{z}), RT")| — |D|
< m|D[+ [Min(A(5\{z}),R})[ — | D]
= (m—1)[D|+ [Min(A(5\{z}),RT)|
< (m—=1)m’+m’
_ ms-l—l’
and the induction step follows. This completes the proof. O

Remark 4.16 Note that by Proposition 5./ it holds

ﬂ({z} —int RT)n B = (S —int R})°n B = cl(S —int RT")° n B.
zeS

Now we are able to give conditions which ensure the exactness of the reformulation
(MP,), which provides in the general setting approximations only.

Theorem 4.17 Let Assumption B hold and suppose that at least one of the following
conditions is fulfilled:

(1) |9 < +oo,
(i1) U] < +o0 and C = C* for some a > m — 1.
(i) U = Uy % ... x Uy, where U; < RF are such that 2o ki =k and
fl(a:aul)

f(:r,u) = )
fm (2, u™)

with v € R¥ | and C = C% for some o > m — 1.
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Then,
(UP) satisfies (WFDVP).

Moreover, for (i) we can choose p = |Q| — 1, in case (ii) we can choose p = mU!, and
in (iii) the choice p = m is sufficient.

Proof. (i) This is a direct consequence of Proposition 4.5 and Theorem 2.4 (iii).

(i7) Note that under our assumptions |Fy(z)| < |U| < +oo for every = € €. There-
fore, applying Lemma 4.15 and Remark 4.16, we deduce that the set-valued mapping
F given in (4.3) satisfies

max IMin(F(z),R™)| < mM < 40,
xe

Thus, from Lemma 4.7, Theorem 2.4 (iii) and Proposition 4.5, we find that for p = m/“!
wargmin, (MP,) = wargmin, (VP,) = wargmin’ (57) = wargmin (1/P),

as desired.
(74i) Under our assumptions, we can consider the function f; : @ — R™ defined as

1
max fi(z,u’)

Ju(z) == :
max fp,(x,u™)

um Gum

Then, it is easy to see that fi(z) € Fyy(x) for each z € Q and that
VaeeQ: Fylx)—RT = {fu(z)} —RT. (4.16)

Therefore, taking into account (4.16), we can assume without loss of generality that
(U| = 1 and argue like in (i7). O

5 Conclusions

Within this paper we followed the set-based minmax approach for studying uncertain
multiobjective optimization problems. This leads to set-optimization problems for
which hardly solution methods exist so far. By constructing a new suitable set-valued
mapping with compact values, we found a reformulation as a set optimization problem
for which the strict lower type binary relation can be used. This allows to formulate a
multiobjective replacement problem for which the weakly efficient solutions and the e-
weakly efficient solutions approximate the robust weakly efficient solutions to a desired
accuracy. In addition to that, the approximation quality can be improved iteratively
as there is a hierarchy of the approximation quality due to monotonicity results.
Moreover, we found a reformulation of this multiobjective optimization problem
using semi-infinite constraints, which is the desired epigraphical reformulation in the
multiobjective setting and generalizes single-objective epigraphical reformulations. We
have provided conditions under which this problem even delivers all robust weakly
efficient solutions and not just an approximation of those, i.e., under which it is exact.
As the weakly efficient solutions of the problem (M7,) are good approximations,
the next step is to examine how to solve these multiobjective semi-infinite problems. An
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advantage of our method is that, since we removed the set-valued structure, techniques
from single-objective robust optimization can now be applied to the constraint set.
A possible idea is to derive reformulations of the semi-infinite constraints by using
duality theory, like Fenchel’s strong duality theorem [17, Theorem 31.1], which needs
to be combined with chain rules for the conjugation of compositions of maps, as in
[8, Theorem 2]. Specifically under additional assumptions, like linearity of f in both
the decision variable x and the scenarios u, one can expect to obtain multiobjective
optimization problems with a finite number of easier to handle constraints.

As a drawback of our method, we mention the need of some global information
(find ¢b and C) of the uncertain multiobjective optimization problem in order to derive
the new compact-valued set-valued mapping. Thus, some preprocessing with global
optimization techniques is needed.
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