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Abstract

The superiorization methodology can be thought of as lying con-
ceptually between feasibility-seeking and constrained minimization. It
is not trying to solve the full-fledged constrained minimization prob-
lem composed from the modeling constraints and the chosen objec-
tive function. Rather, the task is to find a feasible point which is
“superior” (in a well-defined manner) with respect to the objective
function, to one returned by a feasibility-seeking only algorithm. We
telegraphically review the superiorization methodology and where it
stands today and propose a rigorous formulation of its, yet only par-
tially resolved, guarantee problem. The real-world situation in an
application field is commonly represented by constraints defined by
the modeling process and the data, obtained from measurements or
otherwise dictated by the model-user. The feasibility-seeking problem
requires to find a point in the intersection of all constraints without
using any objective function to aim at any specific feasible point.

At the heart of the superiorization methodology lies the mod-
eler desire to use an objective function, that is exogenous to the
constraints, in order to seek a feasible solution that will have lower
(not necessarily minimal) objective function value. This aim is less
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demanding than full-fledged constrained minimization but more de-
manding than plain feasibility-seeking.

Putting emphasis on the need to satisfy the constraints, because
they represent the real-world situation, one recognizes the “asym-
metric roles of feasibility-seeking and objective function reduction”,
namely, that fulfilling the constraints is the main task while reduc-
tion of the exogenous objective function plays only a secondary role.
There are two research directions in the superiorization methodology
that nourish from this same general principle: Weak superiorization
and strong superiorization.

Since its inception in 2007, the superiorization methodology has
evolved and gained ground, as can be seen from the, compiled and con-
tinuously updated, bibliography at: http://math.haifa.ac.il/yair/bib-
superiorization-censor.html#top.

Keywords. Superiorization, bounded perturbation resilience, feasibility-
seeking, constraints modeling, proximity function, basic algorithm, superi-
orized algorithm, dynamic string-averaging projections, guarantee problem,
derivative-free, proximity-target curve.
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1 Introduction

This paper is a tutorial/review but it does not follow the classical sense of
these notions. It mostly rather collects pieces from the published literature
creating a collage1. This collage brings together definitions and results about
the superiorization methodology, directs the reader to the existing liter-
ature, says a word about the history, and proposes a rigorous formulation of
its, yet only partially resolved, guarantee problem.

It is a tribute to Simeon Reich, friend, colleague and collaborator, whose
papers (with Butnariu and Zaslavski) [12, 13] paved the way for the supe-
riorization methodology, see Section 4 below, on the occasion of his 75th
birthday.

The fundamental underlying question considered here is what to do with
input that consists of a constraints set and an objective function? Do
constrained minimization or do superiorization?

There are many available routes toward doing constrained minimization.
These include, speaking generally, algorithms based on the use of Lagrange
multipliers or on the regularization approach. In the latter approach a prox-
imity function that measures constraints violation is appended to the ob-
jective function, along with a regularization parameter, and algorithms for
unconstrained minimization are applied to the resulting “regularized objec-
tive function”.

Other methods, like penalty methods and barrier methods, require a fea-
sible initialization point (i.e., a point in the constraints set) and perform
searches for the constrained minimum within the constraints set by “pre-
venting” the iterates of these searches from “leaving” the constraints set.

Recognizing that the two pieces of the input (the constraints set and
the objective function) are independent, there is the approach of handling
the constrained minimization problem as an unconstrained bi-objective (i.e.,
multi-objective with two objectives) problem for the original objective func-
tion and for a proximity function.

1As such, it inevitably includes some portions from previous publications which are all
clearly acknowledged.
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In the regularization approach, mentioned above, the user decides how
much importance should be attached to fulfilling the constraints versus min-
imizing the original objective function by defining the, so called, regular-
ization parameter, which determines how much weight is given to each of
the two tasks.

The superiorization methodology (SM) offers a different approach than
those mentioned above. Putting emphasis on the need to satisfy the con-
straints, since they represent the real-world situation, the SM recognizes
the asymmetric roles of feasibility-seeking and objective function reduction.
Namely, that the feasibility-seeking to fulfill the constraints, is the main task
while reduction of the exogenous objective function plays only a secondary
role.

In a nutshell, the SM does this by taking a convergent feasibility-seeking
algorithm and perturbing its iterates so that the objective function values
get reduced while retaining the overall convergence to a feasible point. The
question whether such “local” objective function reduction steps, that are
interlaced into the feasibility-seeking algorithm, accumulate toward a global
objective function reduction, not necessarily minimization, is the gist of the
yet not fully solved guarantee problem of the SM.

In the SM one takes an iterative algorithm, investigates its perturbation
resilience, and then, uses proactively such permitted perturbations, to force
the perturbed algorithm to do something useful in addition to what it is
originally designed to do. The original unperturbed algorithm is called the
basic algorithm and the perturbed algorithm is called the superiorized
version of the basic algorithm.

If the basic algorithm is computationally efficient and useful in terms of
the application at hand, and if the perturbations are simple and not expensive
to calculate, then the advantage of this methodology is that, for essentially
the computational cost of the basic algorithm, we are able to get something
more by steering its iterates according to the perturbations.

This is a very general principle, which has been successfully used in a va-
riety of important practical applications and awaits to be implemented and
tested in additional fields; see the recent papers in the, compiled and contin-
uously updated, bibliography of scientific publications on the superiorization
methodology and perturbation resilience of algorithms [15].

Although not limited to this case, an important special case of the supe-
riorization methodology is when the basic algorithm is a feasibility-seeking
algorithm for a family of constraints and the perturbations that are inter-
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laced into it aim at reducing, not necessarily minimizing, a given objective
function. This case is what drives the intuition behind the superiorization
methodology and is the subject matter of this paper2.

Superiorization has a world-view that is quite different from that of
classical constrained optimization. Both in superiorization and in classi-
cal constrained optimization there is an assumed domain Ω ⊆ Rn in the
n-dimensional Euclidean3 space and an exogenous objective (a.k.a. merit,
criterion, target4, etc.) function ϕ : Rn → R that maps Ω into R. In classi-
cal optimization it is assumed that there is a constraints set C ⊂ Ω and the
task is to find an x ∈ C for which ϕ(x) is minimal over C. In superiorization
the task is different: to find a feasible point in C which is “superior” (in a
well-defined manner) with respect to the objective function, to one returned
by a feasibility-seeking only algorithm.

There are two research directions in the superiorization methodology that
nourish from the same general principle. One is the direction when the
constraints are assumed to be consistent, C ̸= ∅ and the notion of bounded
perturbation resilience is used. In this case one treats the superiorized
version of the basic algorithm as a recursion formula, without a stopping rule,
that produces an infinite sequence of iterates and asymptotic convergence
questions are in the focus of study.

The second direction does not assume consistency of the constraints
but uses instead a proximity function that measures the violation of
the constraints. Instead of seeking asymptotic feasibility, it looks at ε-
compatibility and uses the notion of strong perturbation resilience.
The same core superiorized version of the basic algorithm might be investi-
gated in each of these directions, but the second is apparently more practical
since it relates better to problems formulated and treated in practice. We
use the terms weak superiorization and strong superiorization as a

2Support for this reasoning may be borrowed from the American scientist and Noble-
laureate Herbert Simon who was in favor of “satisficing” rather than “maximizing”. Satis-
ficing is a decision-making strategy that aims for a satisfactory or adequate result, rather
than the optimal solution. This is because aiming for the optimal solution may necessitate
needless expenditure of time, energy and resources. The term “satisfice” was coined by
Herbert Simon in 1956 [75], see also: https://en.wikipedia.org/wiki/Satisficing.

3We limit most of our discussion to the finite-dimensional Euclidean space in order to
present as clearly as possible our points although the notions and ideas can be carried over
to Hilbert space or other infinite-dimensional spaces.

4We use “objective function” and “target function” interchangeably in the sequel.
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nomenclature for the first and second directions, respectively5.

2 Constraints oriented modeling

Let Rn be the n-dimensional Euclidean space where x ∈ Rn is represented
by its components x = (xj)

n
j=1. A constraint is a condition that restricts a

vector x to belong to given sets that are represented by functional inequali-
ties. Modeling is the process of representing a real-world problem, in some
field of application, in a mathematical language amenable to mathematical
analysis and to the development of tractable algorithmic solutions.

Constraints oriented modeling is a modeling process that represents
the real-world problem by a system of constraints. The “individual” con-
straints Ci ⊂ Rn, for all i = 1, 2, . . . ,m, are

Ci := {x ∈ Rn | qi(x) ≤ γi} (1)

where the function qi : R
n → R is a mapping into the reals and γi ∈ R and Ci

is the γi-level set of qi. This gives rise to the feasibility-seeking problem

find x ∈ C := ∩mi=1Ci. (2)

We assume that this feasibility-seeking problem is consistent, i.e., C ̸= ∅.
In the inconsistent case the statement x ∈ C is meaningless and alternative
solution concepts must be used, but we do not wander in this direction here,
see, e.g., [28] and references therein.

The word “find” in (2) is meant as either actually presenting such an
x ∈ C or generating an infinite sequence {xk}∞k=0, with xk ∈ Rn for all k ≥ 0,
that asymptotically converges such that limk→∞ xk = x∗ ∈ C. In strong
superiorization, however, “find” has another meaning, see Section 4.2 below.

A particular instance is when all constraints are convex sets represented
as level sets of convex functions. In that case (2) is the well-known convex
feasibility problem (CFP), consult [7] and [14, Subsection 1.3.4], which is,
in turn, a special instance of the common fixed point problem (CFPP)
of a family of operators, consult [8, Subsection 4.6].

In the constraints oriented modeling process the constraints functions
{qi}mi=1 are usually decided upon by the modeler to best represent the nature

5These terms were proposed in [31], following a private discussion with our colleague
and coworker in this field Gabor Herman.
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of the problem that is modeled. The level sets parameters {γi}mi=1 are com-
monly obtained through physical measurements or via prescriptions defined
by the user. Thus, {qi}mi=1 and {γi}mi=1 are the input for the feasibility-seeking
problem.

A question that might arise at this point is why not translate the feasibility-
seeking problem upfront to an unconstrained minimization of a proximity
function that measures the violation of the constraints or by using the indi-
cator functions of the individual sets? Or why not translate the feasibility-
seeking problem upfront to a constrained minimization of an objective func-
tion which is a constant over the constraints at hand? While these approaches
are legitimate they do not necessarily lead to the same “algorithmic terri-
tory”. It is not clear, and to our understanding doubtful, whether better
algorithms for the feasibility-seeking problem can be discovered when using
such translational approaches.

On the contrary, quite a few well-known algorithms for feasibility-seeking
were, and still are, discovered, developed and studied by using tools from out-
side mathematical optimization. for example, the feasibility-seeking problem
can be formulated as a special case of the common fixed point problem, men-
tioned above, for the case when the operators are projections, and as such
benefit from the large body of knowledge in the field of fixed point theory.
The excellent book of Cegielski [14] attests to this line of work.

3 Feasibility-seeking algorithms

We look at the convex feasibility problem (CFP) which is to find a fea-
sible point x∗ ∈ C when all sets Ci are convex and commonly also closed.
This prototypical problem underlies the modeling of a variety of real-world
problems in many fields, see, e.g., the pointers and references in Bauschke
and Borwein [7, Section 1] and in Cegielski’s book [14, Section 1.3].

If C ̸= ∅ does not hold then the CFP is inconsistent and a feasible point
does not exist, see, e.g., the review of inconsistent feasibility problems [28].
However, algorithmic research of inconsistent CFPs exists and is mainly fo-
cused on two directions. One is oriented toward defining solution concepts
other than x∗ ∈ C that will apply, such as proximity function minimization
wherein a proximity function measures in some way the total violation of
all constraints, see, e.g., [14, pp. 28-29.]. The second direction investigates
the behavior of algorithms that are designed to solve a consistent CFP when
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applied to inconsistent problems. The latter is fueled by situations wherein
one lacks a priori information about the consistency or inconsistency of the
CFP or does not wish to invest computational resources to get hold of such
knowledge prior to running his algorithm.

Projection methods. Projections onto sets are used in a wide variety of
methods in optimization theory but not every method that uses projections
really belongs to the class of projection methods as we mean it here. Here
projection methods are iterative algorithms6 that use projections onto sets
while relying on the general principle that when a family of (usually closed
and convex) sets is present then projections (or approximate projections)
onto the given individual sets are easier to perform than projections onto
other sets (intersections, image sets under some transformation, etc.) that
are derived from the family of individual sets.

A projection algorithm reaches its goal, related to the whole family of sets,
by performing projections onto the individual sets. Projection algorithms
employ projections (or approximate projections) onto convex sets in various
ways. They may use different kinds of projections, e.g., orthogonal (least
Euclidean distance) projections, Bregman projections, entropy projections,
subgradient projections, intrepid projections, valiant projections, Douglas-
Rachford operators etc. and, sometimes, even use different projections within
the same algorithm. They serve to solve a variety of problems which are either
of the feasibility-seeking or the constrained optimization types. They have
different algorithmic structures, of which some are particularly suitable for
parallel computing, and they demonstrate nice convergence properties and/or
good initial behavior patterns in some significant fields of applications.

Apart from theoretical interest, the main advantage of projection meth-
ods, which makes them successful in real-world applications, is computa-
tional. They commonly have the ability to handle huge-size problems of di-
mensions beyond which other, more sophisticated currently available, meth-
ods cease to be efficient. This is so because the building bricks of a projection
algorithm are the projections onto the individual sets (assumed and actually
easy to perform) and the algorithmic structures are either sequential or si-
multaneous or in-between, such as in the block-iterative projection (BIP)

6As common, we use the terms algorithm or algorithmic structure for the iterative
processes studied here although no termination criteria, which are by definition necessary
in an algorithm, are present and only the asymptotic behavior of these processes is studied.
This does not create any ambiguity because whether we consider an infinite iterative
process or an algorithm with a termination rule is always clear from the context.
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methods, see, e.g., [33], [63], [66], or in the more recent string-averaging
projection (SAP) methods, see details and references in Subsection 4.1. An
advantage of projection methods is that they work with initial data and do
not require transformation of, or other operations on, the sets describing the
problem.

4 The superiorization methodology

Since its inception in 2007, the superiorization method has evolved and
gained ground. Quoting and distilling from earlier publications, we review
here the two directions of the superiorization methodology. Recent review
papers on the subject which could be read together with this paper are Her-
man’s [52] and [53]. Unless otherwise stated, we restrict ourselves, for sim-
plicity, to the n-dimensional Euclidean space Rn although some materials
below remain valid in Hilbert space.

Recent publications on the superiorization methodology (SM) are devoted
to either weak or strong superiorization, without yet using these terms. They
are [9, 11, 18, 29, 39, 40, 44, 54, 55, 57, 66, 70]. many of the papers contain
a detailed description of the SM, its motivation, and an up-to-date review of
SM-related previous work.

The superiorization method was born when the terms and notions “su-
periorization” and “perturbation resilience”, in the present context, first ap-
peared in the 2009 paper [39] which followed its 2007 forerunner by Butnariu
et al. [11]. The ideas have some of their roots in the 2006 and 2008 papers
of Butnariu et al. [12, 13] where it was shown that if iterates of a nonex-
pansive operator converge for any initial point, then its inexact iterates with
summable errors also converge.

Bounded perturbation resilience of a parallel projection method was ob-
served as early as 2001 in [34, Theorem 2] (without using this term). All
these culminated in Ran Davidi’s 2010 PhD dissertation [38] and the many
papers that appeared since then and are cited in [15]. The latter is a Webpage
dedicated to superiorization and perturbation resilience of algorithms that
contains a continuously updated bibliography on the subject. This Webpage7

is source for the wealth of work done in this field to date, including two spe-
cial issues of journals [22] and [46] dedicated to research of the SM. Recent

7http://math.haifa.ac.il/yair/bib-superiorization-censor.html#top, last updated on
December 4, 2022 with 161 items.
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work includes [65], [56], [50, 10, 78]. Interestingly, [1] notices some structural
similarities of the SM with incremental proximal gradient methods.

Let T denote a mathematically-formulated problem, of any kind or sort,
with solution set ΨT . The following cases immediately come to mind although
any T and its ΨT can potentially be used.

Case 1 T is a convex feasibility problem (CFP) of the form: find a vector
x∗ ∈ ∩m

i=1Ci, where Ci ⊆ Rn are closed convex subsets. In this case ΨT =
∩mi=1Ci.

Case 2 T is a constrained minimization problem: minimize {f(x) | x ∈ Φ}
of an objective function f over a feasible region Φ. In this case ΨT = {x∗ ∈
Φ | f(x∗) ≤ f(x) for all x ∈ Φ}.

The superiorization methodology is intended for function reduction prob-
lems of the following form.

Problem 3 The Function Reduction Problem. Let ΨT ⊆ Rn be the
solution set of some given mathematically-formulated problem T and let ϕ :
Rn → R be an objective function. Let A : Rn → Rn be an algorithmic
operator that defines an iterative basic algorithm for the solution of T .
Find a vector x∗ ∈ ΨT whose function ϕ value is lesser than that of a point
in ΨT that would have been reached by applying the Basic Algorithm for the
solution of problem T.

As explained below, the superiorization methodology approaches this
problem by automatically generating from the basic algorithm its superior-
ized version of the basic algorithm. The vector x∗ obtained from the
superiorized version of the basic algorithm need not be a minimizer of ϕ over
ΨT . Another point to observe is that the very problem formulation depends
not only on the data T, ΨT and ϕ but also on the pair of algorithms – the
original unperturbed basic algorithm, represented by A, for the solution of
problem T, and its superiorized version.

A fundamental difference between weak and strong superiorization lies
in the meaning attached to term “solution of problem T” in Problem 3. In
weak superiorization solving the problem T is understood as generating an
infinite sequence {xk}∞k=0 that converges to a point x∗ ∈ ΨT , thus, ΨT must
be nonempty. In strong superiorization solving the problem T is understood
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as finding a point x∗ that is ε-compatible with ΨT , for some positive ε,
thus, nonemptiness of ΨT need not be assumed.

We concentrate in the next sections mainly on Case 1. Superiorization
work on Case 2, e.g., where T is a maximum likelihood optimization problem
and ΨT – its solution set, appears in [44, 57, 61].

4.1 Weak superiorization

In weak superiorization the set ΨT is assumed to be nonempty and one treats
the “Superiorized Version of the Basic Algorithm” as a recursion formula that
produces an infinite sequence of iterates. The SM strives to asymptotically
find a point in ΨT which is superior, i.e., has a lower, but not necessarily
minimal, value of the ϕ function, to one returned by the Basic Algorithm
that solves the original problem T only.

This is done by first investigating the bounded perturbation resilience of
an available Basic Algorithm designed to solve efficiently the original prob-
lem T and then proactively using such permitted perturbations to steer its
iterates toward lower values of the ϕ objective function while not loosing the
overall convergence to a point in ΨT .

Definition 4 Bounded perturbation resilience (BPR). Let Γ ⊆ Rn be
a given nonempty set. An algorithmic operator A : Rn → Rn is said to be
bounded perturbations resilient with respect to Γ if the following is
true: If a sequence {xk}∞k=0, generated by the iterative process xk+1 = A(xk),
for all k ≥ 0, converges to a point in Γ for all x0 ∈ Rn, then any sequence
{yk}∞k=0 of points in Rn that is generated by yk+1 = A(yk + βkv

k), for all
k ≥ 0, also converges to a point in Γ for all y0 ∈ Rn provided that, for all
k ≥ 0, βkv

k are bounded perturbations, meaning that βk ≥ 0 for all k ≥ 0

such that
∞∑
k=0

βk <∞, and that the sequence {vk}∞k=0 is bounded.

Let ϕ : Rn → R be a real-valued convex continuous function and let ∂ϕ(z)
be the subgradient set of ϕ at z and, for simplicity of presentation, assume
here that Γ = Rn. In other specific cases care must be taken regarding how Γ
and ΨT are related. The following superiorized version of the basic algorithm
A is based on [31, Algorithm 4.1].
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Algorithm 5 Algorithm 1. Superiorized version of the basic al-
gorithm A.

(0) Initialization: Let N be a natural number and let y0 ∈ Rn be an
arbitrary user-chosen vector.

(1) Iterative step: Given a current iteration vector yk pick an Nk ∈
{1, 2, . . . , N} and start an inner loop of calculations as follows:

(1.1) Inner loop initialization: Define yk,0 = yk.
(1.2) Inner loop step: Given yk,n, as long as n < Nk, do as follows:
(1.2.1) Pick a 0 < βk,n ≤ 1 in a way that guarantees that

∞∑
k=0

Nk−1∑
n=0

βk,n <∞. (3)

(1.2.2) Pick an sk,n ∈ ∂ϕ(yk,n) and define vk,n as follows:

vk,n =

 − sk,n∥∥sk,n∥∥ , if 0 /∈ ∂ϕ(yk,n),

0, if 0 ∈ ∂ϕ(yk,n).
(4)

(1.2.3) Calculate the perturbed iterate

yk,n+1 = yk,n + βk,nv
k,n (5)

and if n+ 1 < Nk set n← n+ 1 and go to (1.2), otherwise go to (1.3).
(1.3) Exit the inner loop with the vector yk,Nk

(1.4) Calculate
yk+1 = A(yk,Nk) (6)

set k ← k + 1 and go back to (1).

Considering Case 1 in Section 4 where T is a convex feasibility problem,
the Dynamic String-Averaging Projection (DSAP) method of [29] that we
describe here constitutes a family of algorithmic operators that can play the
role of the above A in a basic algorithm for the solution of the CFP T .

Let {Ci}mi=1 be nonempty closed convex subsets of a Hilbert space X, set
C = ∩mi=1Ci, and assume C ̸= ∅. For i = 1, 2, . . . ,m, denote by Pi := PCi

the orthogonal (least Euclidean distance) projection onto the set Ci. An
index vector is a vector t = (t1, t2, . . . , tq) such that ts ∈ {1, 2, . . . ,m} for
all s = 1, 2, . . . , q, whose length is ℓ(t) = q. The product of the individual
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projections onto the sets whose indices appear in the index vector t is P [t] :=
Ptq · · ·Pt2Pt1 , called a string operator.

A finite set Ω of index vectors is called fit if for each i ∈ {1, 2, . . . ,m},
there exists a vector t = (t1, t2, . . . , tq) ∈ Ω such that ts = i for some s ∈
{1, 2, . . . , q}. Denote by M the collection of all pairs (Ω, w), where Ω is a
finite fit set of index vectors and w : Ω→ (0,∞) is such that

∑
t∈Ω w(t) = 1.

For any (Ω, w) ∈ M define the convex combination of the end-points of
all strings defined by members of Ω

PΩ,w(x) :=
∑
t∈Ω

w(t)P [t](x), x ∈ X. (7)

Let ∆ ∈ (0, 1/m) and an integer q̄ ≥ m be arbitrary fixed and denote
by M∗ ≡ M∗(∆, q̄) the set of all (Ω, w) ∈ M such that the lengths of the
strings are bounded and the weights are all bounded away from zero, i.e.,

M∗ := {(Ω, w) ∈M | ℓ(t) ≤ q̄ and w(t) ≥ ∆, ∀ t ∈ Ω}. (8)

Algorithm 6 Algorithm 2. The DSAP method with variable strings
and variable weights

Initialization: Select an arbitrary x0 ∈ X,
Iterative step: Given a current iteration vector xk pick a pair (Ωk, wk) ∈

M∗ and calculate the next iteration vector xk+1 by

xk+1 = PΩk,wk
(xk). (9)

The first prototypical string-averaging algorithmic scheme appeared in
[19] and subsequent work on its realization with various algorithmic opera-
tors includes [25, 26, 27, 30, 37, 47, 69, 70, 72], see also [5] and Zaslavski’s
book [79]. If in the DSAP method one uses only a single index vector
t = (1, 2, . . . ,m) that includes all constraints indices then the fully-sequential
Kaczmarz cyclic projection method is obtained. For linear hyperplanes as
constraints sets the latter is equivalent with the, independently discovered,
ART (for Algebraic Reconstruction Technique) in image reconstruction from
projections, see [51]. If, at the other extreme, one uses exactly m index vec-
tors t = (i), for i = 1, 2, . . . ,m, each consisting of exactly one constraint
index, then the fully-simultaneous projection method of Cimmino is recov-
ered. In-between these “extremes” the DSAP method allows for a large
arsenal of specific feasibility-seeking projection algorithms. See [7, 16, 17] for
more information on projection methods.
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The superiorized version of the DSAP algorithm is obtained by
using Algorithm 2 as the algorithmic operator A in Algorithm 1. The fol-
lowing result about its behavior was proved. Consider the set Cmin := {x ∈
C | ϕ(x) ≤ ϕ(y) for all y ∈ C}, and assume that Cmin ̸= ∅.

Theorem 7 [31, Theorem 4.1] Let ϕ : X → R be a convex continuous
function, and let C∗ ⊆ Cmin be a nonempty subset. Let r0 ∈ (0, 1] and L̄ ≥ 1
be such that, for all x ∈ C∗ and all y such that ||x− y|| ≤ r0,

|ϕ(x)− ϕ(y)| ≤ L̄||x− y||, (10)

and suppose that {(Ωk, wk)}∞k=0 ⊂M∗. Then any sequence {yk}∞k=0, generated
by the superiorized version of the DSAP algorithm, converges in the norm of
X to a y∗ ∈ C and exactly one of the following two alternatives holds:

(a) y∗ ∈ Cmin;
(b) y∗ /∈ Cmin and there exist a natural number k0 and a c0 ∈ (0, 1) such

that for each x ∈ C∗ and for each integer k ≥ k0,

∥yk+1 − x∥2 ≤ ∥yk − x∥2 − c0

Nk−1∑
n=1

βk,n. (11)

This shows that {yk}∞k=0 is strictly Fejér-monotone with respect to C∗,
i.e., that ∥yk+1 − x∥2 < ∥yk − x∥2, for all k ≥ k0, because c0

∑Nk−1
n=1 βk,n > 0.

The strict Fejér-monotonicity however does not guarantee convergence to
a constrained minimum point but only says that the so-created feasibility-
seeking sequence {yk}∞k=0 has the additional property of getting strictly closer,
without necessarily converging, to the points of a subset of the solution set
of of the constrained minimization problem.

Published experimental results repeatedly confirm that global reduction
of the value of the objective function ϕ is indeed achieved, without loosing the
convergence toward feasibility, see [9, 11, 18, 29, 39, 40, 44, 54, 55, 57, 66, 70].
In some of these cases the SM returns a lower value of the objective function
ϕ than an exact minimization method with which it is compared, e.g., [20].

4.2 Strong superiorization

In this section we present a restricted version of the SM of [55] as adapted to
the situation in [20]. We consider again Case 1 in Section 4 wherein T is a
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convex feasibility problem. Let Θ := {Ci}mi=1 be a family of nonempty closed
convex subsets of a Hilbert space X and set C = ∩mi=1Ci. We do not assume
that C ̸= ∅, but only that there is some nonempty subset Λ ∈ Rn such that
Ci ⊆ Λ for all i. Instead of the nonemptiness assumption we associate with the
family {Ci}mi=1 a proximity function ProxΘ : Λ→ R+ that is an indicator
of how incompatible an x ∈ Λ is with the constraints. For any given ε > 0, a
point x ∈ Λ for which ProxΘ(x) ≤ ε is called an ε-compatible solution for
Θ. We further assume that we have a feasibility-seeking algorithmic operator
A : Rn → Λ, with which we define the basic algorithm as the iterative process

xk+1 = A(xk), for all k ≥ 0, for an arbitrary x0 ∈ Λ. (12)

The following definition helps to evaluate the output of the basic algorithm
upon termination by a stopping rule.

Definition 8 The ε-output of a sequence. Given Θ such that Ci ⊆ Λ ⊆
Rn, for all i, a proximity function ProxΘ : Λ→ R+, a sequence

{
xk
}∞
k=0
⊂ Λ

and an ε > 0, then an element xK of the sequence which has the properties:
(i) ProxΘ

(
xK

)
≤ ε, and (ii) ProxΘ

(
xk
)
> ε for all 0 ≤ k < K, is called

an ε-output of the sequence
{
xk
}∞
k=0

with respect to the pair (Θ,
ProxΘ).

We denote the ε-output by O
(
Θ, ε,

{
xk
}∞
k=0

)
= xK . Clearly, an ε-output

O
(
Θ, ε,

{
xk
}∞
k=0

)
of a sequence

{
xk
}∞
k=0

might or might not exist, but if it

does, then it is unique. If
{
xk
}∞
k=0

is produced by an algorithm intended
for the feasible set C, such as the Basic Algorithm, without a termination
criterion, then O

(
Θ, ε,

{
xk
}∞
k=0

)
is the output produced by that algorithm

when it includes the termination rule to stop when an ε-compatible solution
for Θ is reached.

Definition 9 Strong perturbation resilience. Given Θ such that Ci ⊆
Λ ⊆ Rn, for all i, a proximity function ProxΘ : Λ → R+, an algorithmic
operator A and an x0 ∈ Λ. We use

{
xk
}∞
k=0

to denote the sequence generated
by the Basic Algorithm when it is initialized by x0. The basic algorithm is said
to be strongly perturbation resilient iff the following hold: (i) there exist
an ε > 0 such that the ε-output O

(
Θ, ε,

{
xk
}∞
k=0

)
exists for every x0 ∈ Λ;

(ii) for every ε > 0, for which the ε-output O
(
Θ, ε,

{
xk
}∞
k=0

)
exists for every
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x0 ∈ Λ it holds that the ε′-output O
(
Θ, ε′,

{
yk
}∞
k=0

)
exists for every ε′ > ε

and for every sequence
{
yk
}∞
k=0

generated by

yk+1 = A
(
yk + βkv

k
)
, for all k ≥ 0, (13)

where the vector sequence
{
vk
}∞
k=0

is bounded and the scalars {βk}∞k=0 are
such that βk ≥ 0, for all k ≥ 0, and

∑∞
k=0 βk <∞.

A theorem which gives sufficient conditions for strong perturbation re-
silience of the basic algorithm has been proved in [55, Theorem 1].

Along with Θ such that Ci ⊆ Λ ⊆ Rn, for all i and a proximity function
ProxΘ : Λ → R+, we look at the objective function ϕ : Rn → R, with
the convention that a point in Rn whose value of ϕ is smaller is considered
superior to a point in Rn for which the value of ϕ is larger. The essential idea
of the SM is to make use of the perturbations of (13) to transform a strongly
perturbation resilient Basic Algorithm that seeks a constraints-compatible
solution for Θ into its Superiorized Version whose outputs are equally good
from the point of view of constraints-compatibility, but are superior (not
necessarily optimal) according to the objective function ϕ.

Definition 10 Given a function ϕ : Rn → R and a point y ∈ Rn, we say
that a vector d ∈ Rn is nonascending for ϕ at y iff ∥d∥ ≤ 1 and there is
a δ > 0 such that for all λ ∈ [0, δ] we have ϕ (y + λd) ≤ ϕ (y) .

Obviously, the zero vector is always such a vector, but for superiorization
to work we need a sharp inequality to occur in (10) frequently enough. The
Superiorized Version of the Basic Algorithm assumes that we have available
a summable sequence {ηℓ}∞ℓ=0 of positive real numbers (for example, ηℓ = aℓ,
where 0 < a < 1) and it generates, simultaneously with the sequence

{
yk
}∞
k=0

in Λ, sequences
{
vk
}∞
k=0

and {βk}∞k=0. The latter is generated as a subse-
quence of {ηℓ}∞ℓ=0, resulting in a nonnegative summable sequence {βk}∞k=0.
The algorithm further depends on a specified initial point y0 ∈ Λ and on a
positive integer N . It makes use of a logical variable called loop. The general
form of the superiorized version of the basic algorithm is presented next by
its pseudo-code.

Algorithm 11 Algorithm 3. General form of the superiorized ver-
sion of the basic algorithm
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1. set k = 0

2. set yk = y0

3. set ℓ = −1

4. repeat

5. set n = 0

6. set yk,n = yk

7. while n<N

8. set vk,n to be a nonascending vector for ϕ at yk,n

9. set loop=true

10. while loop

11. set ℓ = ℓ+ 1

12. set βk,n = ηℓ

13. set z = yk,n + βk,nv
k,n

14. if ϕ (z)≤ϕ
(
yk
)
then

15. set n=n+ 1

16. set yk,n=z

17. set loop = false

18. set yk+1=A
(
yk,N

)
19. set k = k + 1

Theorem 12 Any sequence
{
yk
}∞
k=0

, generated by the superiorized version
of the basic algorithm, Algorithm 3, satisfies (13). Further, if, for a given
ε > 0, the ε-output O

(
Θ, ε,

{
xk
}∞
k=0

)
of the Basic Algorithm exists for every

x0 ∈ Λ, then every sequence
{
yk
}∞
k=0

, generated by the Algorithm 3, has an

ε′-output O
(
Θ, ε′,

{
yk
}∞
k=0

)
for every ε′ > ε.
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The proof of this theorem follows from the analysis of the behavior of
the superiorized version of the basic algorithm in [55, pp. 5537–5538]. In
other words, Algorithm 3 produces outputs that are essentially as constraints-
compatible as those produced by the original basic algorithm. However, due
to the repeated steering of the process by lines 7 to 17 toward reducing
the value of the objective function ϕ, we can expect that its output will be
superior (from the point of view of ϕ) to the output of the (unperturbed)
Basic Algorithm.

Algorithm 1 and Algorithm 3 are not identical but are based on the same
leading principle of the superiorization methodology. Comments on the dif-
ferences between them can be found in [31, Remark 4.1]. Nevertheless, the
Theorems 7 and 12 related to these superiorized versions of the basic algo-
rithm, respectively, leave the question of rigorously analyzing the behavior
of the SM, under various conditions, open.

4.3 Controlling the effect of the perturbations

The scalars βk in the SM algorithmic scheme, see Definition 4 and Eq. (13),
are generated such that βk ≥ 0, for all k ≥ 0, and

∑∞
k=0 βk <∞. This implies

that they form a tending to zero sequence. As step-sizes of the perturbation
the effects of the objective function decrease is bound to diminish as iterations
proceed.

In some applications, various methods have been studied for controlling
the step-sizes, see, e.g., [59, 71], see also the software package SNARK14 [76]
which is an updated version of [58]. Recently, a new strategy which allows
restarting the sequence of step-sizes to a previous value while maintaining
the summability of the series of step-sizes was suggested [2], resulting in
improvement of the algorithm’s performance.

5 Derivative-free superiorization

5.1 Derivative-free superiorization and derivative-free
optimization

Here we describe the general applicability of derivative-free superior-
ization (DFS) as an alternative to previously proposed superiorization ap-
proaches. These earlier approaches were based on generation of nonascending
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vectors, for objective function reduction steps, that mostly required the abil-
ity to calculate gradients or subgradients of the objective function. Observing
the body of knowledge of derivative-free optimization (DFO), see, e.g.,
[35], we explore a DFS algorithm.

In DFS, the perturbation phase of the superiorized version of a basic
algorithm the objective function reduction steps that depend on gradient or
subgradient calculations are replaced by steps that use a direction search
technique which does not require any form of differentiability. Continuing
the work of [24], we searched in [21] the neighborhood of a current point x
for a point at which the objective function exhibits nonascent.

While this might seem a simple technical matter, the ramifications for
practical applications of the SM are important. For example, in intensity-
modulated radiation therapy treatment planning, with photons, protons or
other particles, the normal tissue complication probability (NTCP) is
a predictor of radiobiological effects for organs at risk. The inclusion of it,
or of other biological functions, as an objective function in the mathematical
problem modeling and the planning algorithm, is hampered because they
are, in general, empirical functions whose derivatives cannot be calculated,
see, e.g., [45]. In the recent paper [67] the authors list issues of immediate
clinical and practical relevance to the Proton Therapy community, highlight-
ing the needs for the near future but also in a longer perspective. They say
that “...practical tools to handle the variable biological efficiency in Proton
Therapy are urgently demanded...”.

The output of a superiorized version of a constraints-compatibility-seeking
algorithm will have smaller (but not minimal) objective function ϕ value than
the output of the same constraints-compatibility-seeking algorithm without
perturbations, everything else being equal. Even though superiorization is
not an exact minimization method, we think of it as an applicable (and possi-
bly, more efficacious) alternative to derivative-free constrained minimization
methods applied to the same data for two main reasons: its ability to handle
constraints and its ability to cope with very large-size problems. This is in
contrast with the current state of the art, which is as follows.

The review paper of Rios and Sahinidis [73] “... addresses the solution
of bound-constrained optimization problems using algorithms that require
only the availability of objective function values but no derivative informa-
tion,” with bound constraints imposed on the vector x. The book by Conn,
Scheinberg and Vicente [35] deals only with derivative-free unconstrained
minimization, except for its last chapter (of 10 pages out of the 275) entitled
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“Review of constrained and other extensions to derivative-free optimization.”
Li et al. [60] do not even mention constraints. In [41] the numerical work
deals with: “The dimension of the problems [i.e., the size of the vector x]
varies between 2 and 16, while the number of constraints are between 1 and
38, exceeding 10 in only 5 cases.” In [32] the numerical tests are limited to:
“The first case has 80 optimization variables [i.e., the size of the vector x] and
only bound constraints, while the second example is a generally constrained
production optimization involving 20 optimization variables and 5 general
constraints.” Similar orders of magnitude for problem sizes appear in the
numerical results presented in [3] and also in the book of Audet and Hare
[4].

This indicates that (i) much of the literature on derivative-free minimiza-
tion is concerned with unconstrained minimization or with bound-constraints
on the variables, and (ii) many, if not all, proposed methods were designed
(or, at least, demonstrated) only for small-scale problems. In contrast, the
DFS method proposed here can handle any type of constraints for which a
separate efficient constraints-compatibility-seeking algorithm is available and
is capable of solving very large problems. In the matter of problem sizes,
we discover here, admittedly with a very preliminary demonstration, that
DFS can compete well with DFO on large problems. Since the constraints-
compatibility-seeking algorithm forms part of the proposed DFS method,
the method can use exterior initialization (that is initializing the iterations
at any point in space). Furthermore, very large-scale problems can be ac-
commodated.

The progressive barrier (PB) approach, described in Chapter 12 of
the book [4], originally published in [3], is an alternative to the exterior
penalty (EP) approach that is mentioned in [21]. However, the PB differs
from our DFS method, in spite of some similarities with it, as explained in
[21].

5.2 The proximity-target curve

A tool for deciding which of two iterative methods is “better” for solving a
particular problem was presented in [21] and applied to the DFS algorithm
developed there. We care to reproduce it here because of its potential use-
fulness in other situations where two algorithms are compared. Since an
iterative method produces a sequence of points, our tool is based on such se-
quences. Furthermore, since in the SM we are interested in the values of two
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functions (proximity function and target function) at each iteration point,
the efficacy of the behavior of the iterative method can be represented by
a curve in two-dimensional space, defined as the proximity-target curve
below.

It indicates the target value for any achieved proximity value. This leads
to the intuitive concept of an algorithm being “better” than another one, if
its proximity target curve is below that of the other one (that is, the target
value for it is always smaller than the target value of the other one for the
same proximity value). Such may not always be the case, the two proximity
curves may cross each other, providing us with intervals of proximity values
within which one or the other method is better.

While this way of thinking is not common in numerical analysis and in op-
timization, it is quite generally used in many sciences in situations where it is
desirable to obtain an object for which the values of two evaluating functions
are small simultaneously. A prime example is in estimation theory where we
desire an estimation method with both small bias and small variance. More
specifically, is the concept of a receiver operating characteristics (ROC)
curve that illustrates the diagnostic ability of a binary classifier system as
its discrimination threshold is varied. It is created by plotting the true pos-
itive rate against the false positive rate at various threshold settings. One
classifier system is considered “better” than the other one if its ROC curve is
above that of the other one; but, just as for our proximity-target curves, the
ROC curves for two classifier systems may cross each other. There are many
publications on the role of ROC curves in the evaluation of medical imaging
techniques; see, for example, [64, 77]. Their use for image reconstruction
algorithm evaluation is discussed, for example, in [36].

For incarnations of the definitions the reader may wish to look ahead
to Figure 1. That figure illustrates the discussed notions for two particular

finite sequences U :=
(
xk
)Khi

k=Klo
and V :=

(
yk
)Lhi

k=Llo
. The details of how

those sequences were specifically produced are given below in [21]. We use
the notations of Subsection 4.2 and adapt the, more general, definitions of
[21] to this case.

Definition 13 Monotone proximity of a finite sequence. Consider Θ
such that Ci ⊆ Λ ⊆ Rn for all i, and a proximity function ProxΘ : Λ→ R+.

For positive integers Klo and Khi > Klo, the finite sequence U :=
(
xk
)Khi

k=Klo

of points in Λ is said to be of monotone proximity if for Klo < k ≤ Khi,
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ProxΘ

(
xk−1

)
> ProxΘ

(
xk
)
.

Definition 14 The proximity-target curve of a finite sequence. Con-
sider Θ such that Ci ⊆ Λ ⊆ Rn for all i, a proximity function ProxΘ :
Λ → R+, a target function ϕ : Λ → R, and positive integers Klo and

Khi > Klo. Let U :=
(
xk
)Khi

k=Klo
be a sequence of monotone proximity. Then

the proximity-target curve P ⊆ R2 associated with U is uniquely defined
by:

1. For Klo ≤ k ≤ Khi,
(
ProxΘ

(
xk
)
, ϕ

(
xk
))
∈ P .

2. The intersection {(y, x) ∈ R2 | ProxΘ

(
xk
)
≤ y ≤ ProxΘ

(
xk−1

)
} ∩ P

is the line segment from
(
ProxΘ

(
xk−1

)
, ϕ

(
xk−1

))
to

(
ProxΘ

(
xk
)
, ϕ

(
xk
))
.

to
(
ProxΘ

(
xk
)
, ϕ

(
xk
))
.

Definition 15 Comparison of proximity-target curves of sequences
Consider Θ such that Ci ⊆ Λ ⊆ Rn for all i, a proximity function ProxΘ :

Λ→ R+, a target function ϕ : Λ→ R, and positive integers Klo, Khi > Klo,

Llo, Lhi > Llo, let R :=
(
xk
)Khi

k=Klo
and S :=

(
yk
)Lhi

k=Llo
be sequences of points

in Ω of monotone proximity for which P and Q are their respective associated
proximity-target curves. Define

t := max
(
ProxΘ

(
xKhi

)
, P roxΘ

(
yLhi

))
,

u := min
(
ProxΘ

(
xKlo

)
, P roxΘ

(
yLlo

))
.

(14)

Then R is better targeted than S if:

1. t ≤ u and

2. for any real number h, if t ≤ h ≤ u, (h, v) ∈ P and (h,w) ∈ Q, then
v ≤ w.

This definition is intuitively desirable. Suppose that we have an iterative

algorithm that produces a sequence, y0, y1, y2, · · · , of which S :=
(
yk
)Lhi

k=Llo
is
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Figure 1: Proximity-target curves P and Q of the first 30 iterates of a
feasibility-seeking algorithm (Algorithm 2 in [21]) with perturbations (E)
and without perturbations (◦). Reproduced from [21].

a subsequence. An alternative algorithm that produces a sequence of points

of which R :=
(
xk
)Khi

k=Klo
is a subsequence that is better targeted than S has

a desirable property: Within the range [t, u] of proximity values, the point
that is produced by the alternative algorithm with that proximity value, is
likely to have a lower (and definitely not higher) value of the target function
than the point with that proximity value that is produced by the original
algorithm. This property is stronger than what we stated before, namely
that superiorization produces an output that is equally good from the point
of view of proximity, but is superior with respect to the target function. Here
the single output determined by a fixed ε is replaced by a set of potential
outputs for any ε ∈ [t, u].
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6 The superiorization methodology guaran-

tee problem

It is clear from the above text that the SM is interlacing the iterative steps of
two separate and independent iterative processes. Therefore, we reformulate
here the guarantee problem of the SM in the following general terms.
One iterative process, the basic algorithm, is of the form

x0 ∈ Rn, xk+1 = A(xk), k ≥ 0, (15)

where A : Rn → Rn is a given algorithmic operator and x0 ∈ Rn is an
arbitrary initialization point. It is assumed that this is a convergent process

lim
k→∞

xk = x∗ ∈ S ⊆ Rn, (16)

where S ̸= ∅ and S is not a singleton. S could be a solution set of some
problem, e.g., the convex feasibility problem. It is further assumed that the
basic algorithm is bounded perturbations resilient as in Definition 4.

The second iterative process, henceforth called “the auxiliary algorithm”,
is

z0 ∈ Rn, zk+1 = B(zk), k ≥ 0, (17)

where B : Rn → Rn is another given algorithmic operator and z0 ∈ Rn is
an arbitrary initialization point. It is assumed that this is also a convergent
process

lim
k→∞

zk = z∗ ∈ T ⊆ Rn, (18)

where T ̸= ∅ and T is not a singleton. T could be a solution set of some
other problem.

In these circumstances a general description of the SM consists of per-
turbing the iterates of the basic algorithm (15) by perturbations induced by
the auxiliary algorithm (17), i.e.,

vk :=
B(yk)− yk

∥B(yk)− yk∥
, if

∥∥B(yk)− yk
∥∥ ̸= 0, and vk := 0, otherwise. (19)

This yields the superiorized version of the basic algorithm

yk+1 = A
(
yk + βkv

k
)
, for all k ≥ 0, (20)
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with vk as in (19) and{βk}∞k=0 such that βk ≥ 0, for all k ≥ 0, and
∑∞

k=0 βk <
∞.

Example. If the operator A is a feasibility-seeking algorithm for a given
convex feasibility problem and B is an unconstrained gradient descent algo-
rithm for a given objective function f : Rn → R then (20) describes the
earlier presented SM algorithms.

In [23, Section 3] we gave a precise definition of the guarantee problem
of the SM. We wrote there: “The SM interlaces into a feasibility-seeking
basic algorithm target function reduction steps. These steps cause the target
function to reach lower values locally, prior to performing the next feasibility-
seeking iterations. A mathematical guarantee has not been found to date that
the overall process of the superiorized version of the basic algorithm will not
only retain its feasibility-seeking nature but also accumulate and preserve
globally the target function reductions.”

Definition 16 The guarantee problem of the SM. Under which condi-
tions one can guarantee that a superiorized version of a bounded perturbation
resilient feasibility-seeking algorithm converges to a feasible point that has
target function value smaller or equal to that of a point to which this algo-
rithm would have converged if no perturbations were applied – everything else
being equal.

Numerous works that are cited in [15] show that this global function
reduction of the SM occurs in practice in many real-world applications. In
addition to a partial answer in [23] with the aid of the concentration of
measure principle there is also the partial result of [31, Theorem 4.1] about
strict Fejér monotonicity of sequences generated by an SM algorithm.

Proving mathematically a guarantee of global function reduction of the
SM will probably require some additional assumptions on the feasible set,
on the objective function, on the parameters involved, or even on the set of
permissible initialization points.

7 Some applications of superiorization

The, compiled and continuously updated, bibliography [15] contains refer-
ences to numerous about superiorization (161 items as of December 4, 2022).
We single out a few that applied the SM successfully to significant real-world
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problems. For many more theoretical, experimental studies or papers dealing
with a variety of real-world applications, we recommend [15].

In [48] Guenter et al. consider the fully-discretized modeling of image
reconstruction from projections problem that leads to a system of linear
equations which is huge and very sparse. Solving such systems, sometimes
under limitations on the computing resources, has been, is, and will remain
a challenge. The authors aim not only at solving the linear system resulting
from the modeling alone but consider the constrained optimization prob-
lem of minimizing an objective function subject to the modeling constraints.
To do so, they recognize two fundamental approaches: (i) superiorization,
and (ii) regularization. Within these two methodological approaches they
evaluate 21 algorithms over a collection of 18 different phantoms (i.e., test
problems), presenting their experimental results in very informative ways.

In [43] Fink et al. study the nonconvex multi-group multicast beam-
forming problem with quality-of-service constraints and per-antenna power
constraints. They formulate a convex relaxation of the problem as a semidef-
inite program in a real Hilbert space, which allows them to approximate a
point in the feasible set by iteratively applying a bounded perturbation re-
silient fixed-point mapping. Inspired by the superiorization methodology,
they use this mapping as a basic algorithm, and add in each iteration a small
perturbation with the intent to reduce the objective value and the distance
to nonconvex rank-constraint sets.

Pakkaranang et al. [68] construct a novel algorithm for solving non-
smooth composite optimization problems. By using an inertial tech-
nique, they propose a modified proximal gradient algorithm with outer per-
turbations and obtain strong convergence results for finding a solution of
composite optimization problem. Based on bounded perturbation resilience,
they present their algorithm with the superiorization method and apply it to
image recovery problem. They provide numerical experiments that show the
efficiency of the algorithm and compare it with previously known algorithms
in signal recovery.

In [6] the SM is applied to the intensity-modulated radiation ther-
apy (IMRT) treatment planning problem. It is found there that the
superiorization prototype solved the linearly constrained planning problem
with similar performance to that of a general purpose nonlinear constrained
optimizer while showing smooth convergence in both constraint proximity
and objective function reduction. The authors’ work shows that superior-
ization is a useful alternative to constrained optimization in radiotherapy
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inverse treatment planning.
Especially interesting is the recent work of Ma et al. [62] who propose a

novel decomposition framework for derivative-free optimization (DFO)
algorithms which significantly extends the scope of current DFO solvers
to larger-scale problems. They show that their proposed framework closely
relates to the superiorization methodology that has been used for improving
the efficiency of feasibility-seeking algorithms for constrained optimization
problems in a derivative-based setting.

8 Concluding remarks

In many mathematical formulations of significant real-world technological or
physical problems, the objective function is exogenous to the modeling pro-
cess which defines the constraints. In such cases, the faith of the modeler
in the usefulness of an objective function for the application at hand is lim-
ited and, as a consequence, it is probably not worthwhile to invest too much
resources in trying to reach an exact constrained minimum point. This is
an argument in favor of using the superiorization methodology for practi-
cal applications. In doing so the amount of computational efforts invested
alternatingly between performing perturbations and applying the basic al-
gorithm’s algorithmic operator can, and needs to, be carefully controlled in
order to allow both activities to properly influence the outcome. Better the-
oretical insights into the behavior of weak and of strong superiorization as
well as better ways of implementing the methodology are needed and await
to be developed.
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