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Abstract

In this paper, we investigate the problem of finding a robust baseline schedule for the
project scheduling problem under uncertain process times. We assume that the prob-
ability distribution for the duration is unknown but an estimation together with an
interval in which this time can vary is given. At most I' of the jobs will deviate from
the estimated time.

We present two solution approaches to this problem. The first approach treats the prob-
lem of determining earliest guaranteed finish times and can be solved in polynomial time
by an extension of the critical path method. The second is a two-stage approach deter-
mining the baseline schedule in the first stage and an adaptation to the scenario in the
second stage. We introduce a novel formulation and derive an exact algorithm and two
heuristics. A computational study on benchmark instances reveals that the heuristics
perform well on larger instances.
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1 INTRODUCTION

1 Introduction

The project scheduling problem (PSP) handles the scheduling of a set of tasks within
a project such that the makespan, which is the total time needed, is minimal. It is an
important subject in operations research and has been widely studied in the past. We
refer to Fahmy [9] for an overview of different models and algorithms solving PSP. In this
paper, we consider two variations of PSP without resource constraints. If all parameters
are known with certainty, this problem can be solved easily using the critical path method
introduced by Kelley & Walker [I1]. It is common practice to estimate times needed
for each task without considering the underlying uncertainty. These estimates are often
imprecise and the finish times determined by the critical path method can often not be
met in practice.

Recently, many research efforts aimed at modeling the reality more precisely by
taking uncertainty into consideration. Herroelen and Leus [12] identified six main ap-
proaches to solve these problems: reactive scheduling, stochastic scheduling, GERT
network scheduling, fuzzy scheduling, sensitivity analysis and the approach that is used
in this paper, robust scheduling. These approaches have some basic differences. For ex-
ample, using reactive scheduling results in a schedule without uncertainties, but during
the project execution it is adjusted if necessary. Opposite to that, in stochastic project
scheduling usually no initial schedule is created, but decisions are made at multiple time
points throughout the project based on observations of the past and available a-priori
information. The approach we have chosen in this paper, robust scheduling, aims at
creating an initial schedule which is protected against uncertain events that can occur
during the project execution. For a survey on robust optimization, see for example
Ben-Tal et al [3].

In robust optimization, scenarios from a predefined uncertainty set are considered. In
this paper, we will consider the so-called budget uncertainty, also known as I'-robustness,
proposed by Bertsimas & Sim [1] for two variants of the PSP, the single stage and the
two-stage problem.

The I'-robust single-stage PSP treats the problem of determining the earliest guar-
anteed finish time for every task. The finish times have to be feasible for all scenarios
within the uncertainty set, so that the times can be kept in every possible scenario.
Bruni et al. [7] found a similar problem with a different objective in the subproblem
of their two-stage formulation. They introduce a polynomial time algorithm based on
dynamic programming which can also be used to solve our single-stage PSP. The same
problem was further addressed by Bold & Goerigk [5] who proposed a compact LP
formulation based on the algorithm. The I'-robust two-stage problem is based on the
formulation from Zhu et al. [20]. They propose a model which balances the cost of the
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baseline schedule and the expected cost for deviations from this schedule using stochastic
scheduling. Instead, we employ robust scheduling to determine the schedule with lowest
costs in the worst-case scenario.

Robust optimization approaches as defined by Ben-Tal et al. [3] have been rarely
used for PSP, primarily in resource constrained project scheduling. For example, Ar-
tigues et al. [I] developed a scenario-relaxation algorithm and were the first to apply
robust optimization to PSP. Furthermore, Bruni et al [0] proposed a chance-constraint
based heuristic and a two-stage adjustable robust optimization model [7]. They [3] also
compare this algorithm against an additional Benders-style algorithm in a computa-
tional study. Most recently, Bold & Goerigk [5] introduced a compact reformulation of
the two-stage robust resource-constrained PSP.

However, there are different approaches often referred to as robust. Herroelen & Leus
[10] developed a linear programming formulation with the objective of finding a baseline
schedule that minimizes the expected weighted deviation of the starting times in the
realized schedule from the baseline schedule. Another approach of calculating such a
schedule using fuzzy scheduling is shown in Ke & Liu [13] in which the fuzzy times are
simulated and the resulting instances are used to determine schedules using the critical
path method. A review of other results is given by Herroelen & Leus [11].

The contributions of this paper are twofold. First, we introduce a new derivation for
the I'-robust Single-Stage PSP which can be solved using the algorithm from Bruni et
al. [7]. Second, we propose a robust approach for the stochastic model by Zhu et al [20]
and create a novel formulation. For the resulting problem, an exact algorithm and two
heuristics are proposed and tested in a computational study.

This paper is organized as follows. In the next section, we introduce the single-
stage project scheduling problem and compare it to the problem introduced by Bruni
et al. [7]. Subsequently, we will revisit their findings and transfer them to the single-
stage PSP. Section 3 treats the I'-robust two stage problem. Again, the problem is first
defined formally and then a reformulation using vertex enumeration is introduced. From
this, we derive an algorithm which can solve the problem exactly but needs exponential
running time. Since this algorithm is not applicable for large projects, we will also
derive a heuristic which uses McCormick Envelopes [18] and gives us an upper bound
for the optimal solution. Moreover, we develop a polynomial heuristic based on the
single-stage algorithm. In Section 4, we then test the three algorithms by conducting a
computational study. Finally, we provide a conclusion and a short outlook in Section 5.
Most results have been presented first in the Master’s thesis of the last author [?].
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2 The I'-robust Single-Stage Problem

The deterministic PSP consists of a directed, acyclic graph G = (V, A) and durations
(ty)vev. The nodes in V' = {wy, ..., v,51} each correspond to a task which takes (¢,),ev
time to be completed. The nodes vy and v,, 11 are dummy source and sink with duration
0 representing the start and end of the project. The arcs denote the predecessor rela-
tionship. A task w € V' can only be started after every task v € V with (v,w) € A is
finished.

2.1 Budget uncertainty

For the I'-robust Single-Stage Problem, we now assume that the duration of each activity
v € V is unknown and lies somewhere between its estimation ¢, and its worst-case value
t, + u,. Furthermore, we assume that at most I' tasks will not finish in the estimated
time following the ideas by Bertsimas and Sim [1]. Therefore, the so-called uncertainty
set is given by

Up = (€ € RV [lelloe < 1, [I€]1 < T}

and the time needed for all activities v € V' in a scenario £ € Ur is given by t,(§) =
ty + & - uy. Additionally, we set t,,(§) =t
The parameter I' controls the robustness of the solution. For I' = 0, no task can

wnin (§) = 0 for each scenario.
be delayed and we solve the deterministic PSP. Conversely, for I' = n each task can
be delayed simultaneously. Thus, a higher I' will lead to a more conservative optimal
solution with worse optimal value but better robustness against uncertainty. Straight-
forward adaptation of the critical path method is not easy as the uncertainty is part of
the right hand side in the LP-formulation [16].

Instead, our goal is to determine the earliest guaranteed finish time F, for each task
v € V which is feasible in every scenario. In order to formally define the problem, we
use P, to denote the set of all paths from vy to v € V. A finish time for task v can be
guaranteed in every scenario if the duration of every path from vy to v is smaller than
F,. Therefore, the problem can be described as follows:

min Z F,

veV
st. F,p =0 (1)
Fy> > (b + th - Su) Vo eV, p, €P, €l

wWEPy

Alternatively, a weighted sum of the finish times can be minimized. Since there are pos-
sibly exponentially many constraints, a cutting plane type algorithm seems appropriate.
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Hence, we will now analyze the separation problem of finding a maximal path from v
to v" and thus a (possibly) violated constraint for a given solution F, and a node v'. We
call this path a violated path. That way, we get the earliest guaranteed finish time for
the task v' by only considering the critical path. For each task v € V and arc a € A, let

0 arc a otherwise.

1 task v on critical path 1 arc a on critical path
T, = and z, :=
0 task v otherwise

Our aim is to find a violated inequality, i.e. a violated path, and a scenario, such that
the total time of a single path from vy to v" is maximal. Thus, we want to solve the
following Mixed Integer Program:

max 3 (s + k) (2a)
veV

s.t. Z Za — Z 2a=0 Vo € V\{vo,v'} (2b)
a=(v,")€A a=(-,v)€A
T, = Z 24 Vo € V\{vo} (2¢)

a=(-,v)€EA

Tyy = Ty = 1 (2d)
va S I (26)
veV
§op = Eopn = 0 (2f)
& < xy YoeV (2g)
¢eo, " ze {0, 1}V, z € {0,131 (2h)

The objective (2a) is to maximize the estimated time of the path defined by z to-
gether with the delay through uncertainty on the entire graph. Since, according to (2g),
delays can only occur for tasks on the violated path, this equals the time needed for
the violated path and therefore the earliest finish time for v’ in the worst-case scenario.
The constraints (2b) - (2d) model a unit flow from vy to v’. Constraints (2b) are flow-
conservation constraints, (2c) ensures the definition of = and (2d) sets vy and v’ as first
and last node of the violated path. Altogether, these constraints ensure that x defines
a path from vy to v'. Furthermore, constraints (2e) and (2f) deal with the I'-robustness
as defined above.

The violated paths resemble the critical paths defined by, among others, Kelley and
Walker [14]. At this point, it is important to notice that the graph is acyclic and thus
no subtours are possible. Therefore, the ILP will always have an optimal solution. If
the optimal solution value is larger than F,,, then a violated inequality is found.

In the remainder of this section, we will compare this approach to a similar one found
in the literature and present a polynomial-time algorithm to solve it.
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2.2 Relation to RCPSP

A similar problem was first examined by Bruni et al [7, Section 5]. They introduce a
new formulation for the two stage resource constraint PSP (TSRCPSP) where the sub-
problem, after being rewritten and linearized in Section 5, resembles the MIP presented
above. They also propose an algorithm based on dynamic programming that solves the
problem in polynomial time. We will now compare the two problems, revisit their algo-
rithm, and show that the solution found by the algorithm for v = v,,, 1 maximizes both
the makespan F}, ., and the finish time for each node. Therefore, the algorithm solves
the original problem (1). Subsequently, in the following, we will only consider the case
v = Upg1.

To this end, we will now briefly review the problem investigated by Bruni et al. [7].
In the resource constrained PSP (RCPSP), each task additionally requires an amount
rok € Z4 of resource k from a given set of resources K. In each time period and for each
resource k € K, the amount of consumed resource in a solution cannot exceed the finite
availability Ry. We call a set C' C V' a forbidden set if for at least one resource k € K
it holds ZUEC rox > Ri and therefore the resource constraint is violated. Additionally,
it is called minimal if none of its subsets are forbidden sets. The Main Representation
Theorem of Bartusch et al. [2] states that a solution for the RCPSP can be reduced
to extending G by a set of extra arcs X C (V x V)\A such that G’ = (VAU X) is
acyclic and the transitive closure of A U X has no minimal forbidden sets. The set X
is called a sufficient selection. This leads to a two-stage formulation where in the first
stage a sufficient selection is chosen and in the second stage the schedule is computed.
The objective is to find a sufficient selection that minimizes the worst case makespan
under uncertainty. For a sufficient selection X, the extended Graph G’ is represented by
the binary variable y € {0, 1}V*VI with y,,, = 1 iff (v,w) € EU X. Let y be the binary
(fixed) variable representing the extended Graph for a fixed sufficient selection X. Then
the second stage problem is given by

max min F,
E€lr (Fy),ey n+1(5>

s.t. FOZO
Fw(£>_Fv(£)Ztv+£vuv_M(1_va) ‘v’(v,w)EVXV
Fy(§) =0 YoeV

where M is large enough.

It is similar to (2) with the two main differences lying in the objective. The objective
of the subproblem presented by Bruni et al. is to find the worst case makespan after
realization. In contrast to our formulation (1), the makespan is minimized instead of
the sum of all finish times and the schedule is computed depending on the scenario &.
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However, using a strong duality result for the inner minimization problem leads to the
following formulation.

max Z (to + & ) * 2wy — M - Z (to + & w) * Z(ww)

28 e AUX (0,0)EV X V\ (AUX)

s.t. Z z, =1

a=(-vn+1)€A

Z 2z, =1

(I,:(Uo,-)GA

Z 2a — Z 2, =10 Vo e V\{vo, ni1}

a=(v,")€EA a=(-,v)€A

d & <T

veV

2, €{0,1} Vae A
0<g <1 VoeV

This formulation describes the same problem as (2a)-(2h) on the extended Graph
G' = (V,;AU X). Since M is very large, in an optimal solution, the right sum in the
objective and therefore 2, for each (v,w) € V x V\(AU X) will be zero. The only
differences lie in the additional variables (z,),cy and the constraint (2g) which leads to
a linear objective function (2a). Therefore, the following algorithm proposed by Bruni
et al. [7] can also be applied to solve our problem.

2.3 Dynamic Program

Alternatively, a dynamix program to solve (1) can be derived and runs in polynomial
time. For each node v € V it considers I'+ 1 paths p¥, ..., pL from the source node to v,
where each path p] includes exactly v < I' delays. For a node v;, the longest path with
exactly v delays is evaluated by considering two possibilities: either a predecessor task j
is delayed resulting in p]. = pgj_l U {v;}, or it is not delayed resulting in p) = Py, U {vi}.

We denote the duration of the longest path from vy to v; with exactly v delays as
F,, . These considerations lead to the following recursive algorithm.

Fyn =10 Vy=0,...,T
ij,O = (ma>§ s {tho + tvl} Y v € V\{UO} (3)
i: (vg,05)€
v; € V\{vo},
Foo= mex {max (Fy, 4 + to;, Foyye1 + to; + ;) } v ; 1T
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This recursion is well-defined since the Graph is acyclic and for each arc (v;,v;) € A
it holds ¢ < j. Since the results F,p for each node v € V are independent of the
sink v" = v,,41, the finish times F, 1 can be reached in each scenario and the schedule
(Fyr)vev is an optimal solution for the original problem (1).

The runtime of this algorithm is O(T - |[V|?) because the number of states F, . is
(I'+1)-]V| and the computation of each state, in the worst-case, takes O(|V|) operations.
Since I' < |V|, we know that the complexity is at most O(|V]?), so that this algorithm
runs in polynomial time.

3 The ['-robust Two-Stage Problem

We will now extend our problem so that it can represent another aspect of the project
scheduling problem. In real projects, it is usually attempted to maximize the profit and
minimize the costs. The costs of projects heavily depend on the initial project schedule
as well as on deviations from the set baseline schedule in case it needs to be adjusted
after the project already started. This can result in higher personnel costs, penalty fees
or in costs for advance delivery of necessary material. Thus, we will now model the
problem as a two-stage approach where the estimated project schedule is determined in
a way that it minimizes the costs for the initial project schedule together with the costs
for deviating from this schedule in the worst case scenario. By this definition, every
schedule (F),),., is feasible but may deviate heavily depending on the scenario. This
approach is based on the stochastic model presented by Zhu et al [20].
Additionally to the notation used in Section 2, we need the following definitions:

¢y > 0 is the cost for task v € V' per time unit; we set ¢,, := ¢,,,, :=0

e y > 0 is the number of time units that the finish time of task v € V' is later than
in the formerly set project schedule (F,)

e y, > 0 is the number of time units that the finish time of task v € V' is earlier
than in the formerly set project schedule (F,)

e d >0 is the cost per time unit for finishing task v € V' later than in the formerly
set project schedule (F,)

e d, > (is the cost per time unit for finishing task v € V earlier than in the formerly
set project schedule (F,)

Our goal is to minimize the costs associated with the project schedule, which are
given by ¢! F = Y vev Cv - Iy, together with the deviation penalty for this schedule. For
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each task v € V| the new finish time including deviation penalty is given by F, +y; —v. .
Assuming that the schedule F' and the scenario w are known, the deviations y;, v, > 0
have to satisfy the following condition:

Fu+yu@) =4, (W) 2 B+ 4y (@) =y, (@) +tu(w) V(o,w) € A

This ensures that for nodes with a predecessor relation the new finish time for task w
will never be earlier than the new finish time for task v plus the time ¢,,(w) needed to
complete task w in the current scenario. Moreover, the artificial start node vy cannot
deviate from the schedule, so that we have y,| =y, = 0.

The costs for these deviations need to be minimized, so that we in total get the
following linear program (where scenario w is defined by vector §):

f&F) == min » d, -y, +dy -y, (4)
vy veV
st. Fy+yl —yo > Fy+yl —y, 4ty + Uy - € V(v,w)e A
Yoo =Yy, =0
vy, >0 VoeV

In order to get robustness against all possible scenarios, we need to take the maximum
deviation costs for all vectors £ € Ur representing scenarios. This leads to the problem

max f (&, F) (5)

£elr

We will refer to this problem as the second-stage problem. Moreover, we want to min-
imize the total costs associated with the initial schedule, so that we can describe the
whole two-stage problem in the following way:

Ilp;rol{ezvcv - F, +:?é3§f(£,F)}

By moving the maximization to the constraints we can recast the problem in the equiv-
alent form:

i F Q
Join > el +

veV

st. Q> f(&,F) VE € Up (6)

In the following sections, we will analyse the second stage problem in more detail.
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3.1 The Second Stage problem

In order to solve the problem, we will now introduce a compact formulation for the
second stage problem.

(3.1) Theorem
The second stage problem (5) is equivalent to the following compact, nonlinear program

max Z (Fv_Fw+tw+§$'uw_£;'uw)'$a

mETE a=(v,w)€A

s.t. Z T, — Z T, < df Vove V\{v}
a=(-,v)€A a=(v,
— Z Tq + Z x, < d Voe V\{v}

a=(-,v)€EA a=(v,")

T > 0 Vae A
Sefre <T
vev
0<¢ghe <1 VoeV. (7)

Proof
In order to get a compact formulation for the second stage problem, we first dualize the
linear Program (4) for fixed £ and F. We get the following problem:

f(gaF>:maX Z (Fv_Fw+tw+§w'uw)'Ia

xT

a=(v,w)€EA
s.t. Z Ty — Z T, < df Vo e V\{v}
a=(-,v)€A a=(v,
— Z Zq + Z x, < d Vo e V\{v}
a=(-,v)€EA a=(v,")
Tg >0 Vae A

First, we will shortly discuss an interpretation of this problem.

For each arc a = (v,w) € A, the objective of x, represents the costs caused by the
(possibly negative) deviation from the schedule for task w under the assumption that
it can be started at the finish time of task v. More precisely, F,, — F, is the scheduled
duration of the task under this assumption and t,, + &, - u,, the realized duration. If this
value is positive, the task is delayed by taking longer than anticipated or because of a
previous delay. If it is negative, the task is earlier or there is some buffer time between

10



3 THE I''ROBUST TWO-STAGE PROBLEM

tasks v and w. Accordingly, z(, ., represents the cost per time unit caused by the delay
of task w on the whole graph. This includes not only the costs caused by w itself, but
also the costs for the delay of later tasks depending on w.

Next, we insert this formulation for f(§, F') into the second stage problem maxecy,. f (€, F).
This is now a quadratic problem since we optimize over both ¢ and x. By substituting &
for £+ — £~ to deal with the inequality constraint ) i, || < T, we can formulate this
problem as

max F,—F,+t,+ :g~uw—;-uw~xa
max > ¢ Eu )

a=(v,w)€A

s.t. Z Ty — Z 1, < df Voe V\{v}
a=(-,v)€A a=(v,")€EA
— Z Tq + Z e < d Vo e V\{v}

a=(-,v)€EA a=(v,")€A
T > 0 Vaec A
do&r+& <T
veV
0<&5,6, <1 YoeV,
This concludes the proof. U

We now have a compact formulation of the second stage problem. However, the
formulation is nonlinear and the problem is not convex, thus we cannot solve it using
the polynomial time algorithm by Ye & Tse [19]. Because of this, we will now introduce
a linear formulation that is not compact and utilizes a cutting plane type algorithm
similar to the approach by Terry et al. [17].

Let X be the set of feasible dual variables

Xo=SzeRl: —d; < > z— Y z<dfVveV\{u}

a=(-,v)€A a=(v,")€EA
and
. B v B
e ={(€5,6) e ®U)% € ¢ et}
the new uncertainty set. We assume that there is an enumeration of the extreme points
of X,ie,aset X ={2:1<i<K}C ]Rleol for some K € N. For £ and F fixed, the

linear program f(&, F') is convex and therefore it takes its optimal value at an extreme
point z' € X and we can rewrite the second stage problem(s) as

max ®(F,t, 2" u)
1<k<K

11
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with

O(F b2 u)= Y (F,—Fy+ty)ri+  max (& uy — &, - w2l
a=(v,w)EA (EF.e+7)eur

Note, that

k _
lgaé§(¢(F,t,x ,u) = lgégff(é,F)

since both formulations of the second stage problem are equivalent. Thus, we can now
insert this formulation into the complete problem analogous to (6).
min by + €

F>0,0
veV

st. Q> O(F t, 2% u) VI<k<K (8)

Note, that for each k£ € K there is an inner maximization problem of finding the worst-
case scenario in ®. For fixed 2¥, we can now dualize the inner problem
k

w U’w)l’a

max (&, -t — &,

(£+7£+_)€Z/~IF

and get the following equivalent minimization problem:

min - TO% 4+ (AP 4+ Ap7)

Ok N+ \e,—
veV
s.t. 0% 4+ Nt > Z Uy - x'(fwm YveV
weV: (w,w)EA
OF + N > Z Uy - :c](“ww) YVveV

weV: (w,w)EA
0%, \BE AR >0
Now, both the inner and the outer problem are minimization problems and we can shift

the minimization from the constraint to the objective. The whole problem can then be
rewritten as

PG A~ Z cofy + ) (9)

veV

st Q> (Fy— Fy+ty)rh +T0F+ ) (ABF4+A07)  VI<E<K

acA veV
a=(v,w)
O+ AT Yy, VoeV,1<k<K
weV: (w,v)EA
¢9k+/\fj’_2— Z uv-xfwvv) YVoeV, 1<k<K
weV: (w,w)eEA

F 0% Aot A= >0 Vi<k<K

12
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We now have an LP formulation of the problem which can be used to solve the problem
optimally. However, we cannot efficiently calculate all vertices of X and K can be
exponential in |V|. Therefore, computing a schedule by solving this LP directly is very
inefficient. Instead, we now present an algorithmic approach based on separation.

3.2 Exact Algorithm based on Vertex Enumeration

In order to deal with the exponentially many constraints in the LP formulation (9) we
use a cutting plane type algorithm. Therefore, for a given solution F*, Q0* we need to
find a violated constraint. We will use the equivalent formulation (8) because it has only
one kind of constraint and finding a violated constraint is equivalent to finding a vertex
€ X with Q* < O(F*,t, 2% u). In order to find this constraint or prove optimality, we
need to compute the vertex 2 € X that maximizes the right-hand side of the inequality
and compare it with (2. This is equivalent to computing
max ®(F* t, 2" u)
1<k<K

which is the compact formulation of the subproblem (7). Therefore, the separation prob-
lem can be reduced to finding an optimal solution of the subproblem and we again face
the same non-convex quadratic program we considered previously. The only difference
is that we now can assume F = F™* to be fixed. In order to remove the quadratic term,
we will rewrite the program using McCormick envelopes, a technique that is for exam-
ple presented in Tsoukalar & Mitsos [18]. Usually, McCormick envelopes are used as a
relaxation technique and we will use this for our first heuristic. However, we will not use
a relaxation here but an exact reformulation. This is possible, since the set Uy defines
a polyhedron. For fixed z, the maximization problem is linear in £t,£~ € U and each
solution of this problem can be defined by some extreme point with ¢+,¢~ € {0, 1}V as
the matrix of constraints is totally unimodular. With this assumption, we can linearise
the subproblem by introducing new variables q(fjjw) and U with q(fJ’w) = &8 2w
and q(, ) = &u - T(vw) for all (v, w) € A. We can assure these inequalities by adding the
following constraints using a constant M > 0 sufficiently large:

0<qr,q <, Va € A
vaj;—f—x(v?w)_MSqaw)SMf; V(v,w)GA
M-8+ 2w — M <qq,, <M-&, Y(v,w) € A

It is easy to see that for £, ¢~ € {0, 1}VI these inequalities assure the desired equalities.
Thus, by adding these constraints and replacing the quadratic term in the objective we

13
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get the following mixed integer program

max
$7§+ 757

s.t.

qavw) Z M - 52; + I(v,w) - M
q(_v,w) > M - 5; + T(vw) — M
Tar Gy >4y >0

26 €401}

v — Lyt tw)Te + CUy — Gy U

> (Fy = Fo+tu)ra+aqf 4

a=(v,w)€A
D T ) wsd]

a=(-,v)€A a=(v,")€EA

B ST S
a=(-,v)€A a=(v,-)€EA

T, >0

doer+g <T

veV

o da < Ta

q(tij) <M - £$

Q(_WW) <M - 5;

Vo e V\{v}

Vo e V\{v}

Vaec A

Va € A
V(v,w)
V(v, w)
V(v, w)
V(v,w)

Va € A

VveV

€A
€A
€A
€A

(10)

There are two import things to note concerning this formulation. First, it is a mixed

integer problem and therefore it is not clear weather it can be solved in polynomial time.
Second, this program is only linear for fixed F' and this technique cannot be used to solve
the complete problem exactly. It can, however, be used for a heuristic, as we will see in

the next chapter.

This formulation can now be used to solve the problem exact with a cutting plane
algorithm. Starting with a (possibly empty) subset X C X in each iteration, the LP (9)
with only constraints corresponding to the nodes from X is solved optimally. For the
optimal solution F*, Q*, a new vertex x* is computed by solving (10). If the objective is
greater than (2, a violated constraint is found and we add z* to X. Else, the solution

F* 0 is optimal.
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3 THE I''ROBUST TWO-STAGE PROBLEM

Algorithm 1 Exact algorithm for the I'-robust two-stage project scheduling problem

Input: Graph G = (V, A), uncertainty parameter I' € Nq|y|, execution times (,),cy,
uncertainties (uy),cy, vev» costs per time unit for finishing
earlier than scheduled (d; ), ., costs per time unit for finishing later than scheduled
(d}), ey initial vertex set X C X, sufficiently large constant M

Output: the costs for the I'-robust two-stage problem and the finish times for all tasks
(F)uev

1: while true do

2:  schedule_obj, F*,Q* optimal solution of (9) with constraints only for X

3:  subproblem_obj, x* = optimal solution of (10)

4. if subproblem_obj > () then

5

6

7

costs per time unit (c,)

X =Xu{z}
else
: break;
8 end if
9: end while
10: return schedule_obj, (F,),cv

Algorithm 1 finds an optimal solution for LP (9) and therefore solves the I'-robust
two-stage PSP optimally. Since in each iteration a MIP has to be solved, the runtime is
possibly exponential. Therefore, in practice it might be better to not finish the algorithm,
but stop early and only get an approximation on the optimal value. One possibility is
to stop the computation after a certain time limit. This is useful when a solution needs
to be found fast. Another possibility is to use the bounds computed in each iteration.
The solution of the (to X restricted) problem schedule_obj poses a lower bound on the
optimal solution, since it does not fulfill all constraints and is therefore better than the
optimal solution. On the other hand, the objective of the subproblem subproblem_obj
can be used to compute an upper bound, since F* and Q' = subprblem _obj are a feasible
solution of (8) and therefore the objective value ) |, Fiic, 4+ is an upper bound to the
minimization problem. For an optimal solution holds Q* = ' and therefore lower and
upper bound are equal. Thus, the gap between these bounds can be used as a quality
measure of the solution and we can stop the computation if it is lower than a certain
value €.

We now have an iterative algorithm which computes an optimal solution and can
be naturally used as a heuristic by constricting the number of iterations. In the next
subsections, we will introduce two more heuristics to get good, though not necessarily
optimal, solutions faster.
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3 THE I''ROBUST TWO-STAGE PROBLEM

3.3 McCormick Heuristic

As mentioned before, we will now use McCormick envelopes in order to approximate the
optimal value. To this end, we will use the MIP formulation of the subproblem (10).
It should be noted that, even though in (7) we could assume &+, ¢~ € {0, 1}"! for any
optimal solution, this does not hold in the linear relaxation of the MIP formulation.
Thus, relaxing the constraint ¢+,¢~ € {0, 1}V] to ¢+,¢= € [0,1]V] does not yield an
optimal solution but a lower bound. Since the linear relaxation of the MIP for fixed F
is a linear program, we can transform it into a minimization problem by dualizing it.
That way, a compact formulation for the whole problem can be created by merging the
minimization over F' and the minimization of the subproblem. It is then given by

min Z (d;u;+dj,uj)—l—Z(CU‘Fv‘i‘éﬁj‘i‘(ﬁ)

gfj\f:gi: veV\{vo} veV
+T0+ M- (A + ;)
acA
stopb — L, —af —a; + NP+ N, > —F, +t, Va = (v, w) € A
o = Ho =y Tl — g —ag F AT+ A, Va = (v,w) € A
>F,— F, +t, v # vy
0—M- > (BF M) +o5 =0 Yo eV
a=(-,v)€A
0—M- > (B, —A)+¢, 20 Yo eV
~(~v)eA
of + 85—\ >, Va=(v,w) €A
a, + 68, — A, > —uy Va=(v,w) € A
F’ILLJ'_?ILL_’Q?aJ’_’a_7/8+75_’A+’A_7¢+’¢_ Z O (11)

Now, we have a compact formulation as a linear program that we can solve efficiently
and which produces a baseline schedule. However, we should keep in mind that this
formulation is based on a relaxation.

e In case the value of M is chosen sufficiently large, the deviation costs might be
overestimated. For example, for M = 2x(,,,) and £ = 0.5, we get 0 < qaw) <
T(vw) as single constraint on q(fj’w) and thus qaw) = T(y,w) is feasible even though
&r = 0.5 and, in the exact formulation, q(t)’w) = Z(ow) - & Thus, for large values
of M the effective scenario q(J;’w) /% (vw) and therefore I' can be much higher than

intended.

e In case the value of M is chosen too small, only values with z, < M lead to feasible
solutions. Hence, the feasible set of = is restricted and each delay can only cause
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3 THE I''ROBUST TWO-STAGE PROBLEM

costs of at most M, so that the deviation costs in total might be underestimated
and the estimated costs might not equal the actual robust costs for the produced
schedule.

In order to calculate the real costs for the schedule, we apply the subproblem to the given
baseline schedule. Since we want to avoid the non-convex quadratic problem, we will
use the rewritten version (10) used to determine the next vertex in the exact algorithm.
To summarize, the complete heuristic based on McCormick consists of first computing
a baseline schedule F* by solving (11) optimally and then calculation its cost by solving
(10) for F™.

In order to get the actual robust deviation costs for the produced schedule, a mixed
integer program is used. Thus, the algorithm cannot necessarily be solved efficiently.
However, computational results show that it can be solved very fast. In order to get an
efficient heuristic, the step of recalculating the costs could be skipped. For sufficiently
large constants M, the costs of the returned schedule might then be overestimated and
provide an upper bound on the robust costs for the baseline schedule. That way, the
heuristic is efficient, but the calculated costs are overestimated. For values of M that
are too small, the costs of the produced schedule might be underestimated, so that they
can be exceeded in practice. Thus, the mixed integer problem should be included in
order to get accurate results.

3.4 Single-Stage Heuristic

In Section 2, we derived an algorithm for the single stage problem, which determines the
earliest guaranteed finish times for all task. Thus, using the resulting schedule for the
two-stage problem will lead to no additional costs for late completion. Additionally, no
costs for early completion need to be paid since the project planner can simply decide
to wait for the next task in case a task is finished earlier instead of paying the early
deviation penalty. The only necessary adjustment is returning the cost of the I'-robust
schedule instead of only returning the schedule itself. Thus, the single-stage heuristic
consist of computing an optimal solution F* for the single-stage formulation using the
recursive algorithm defined by (3) and returning that solution together with its cost
c'F*. Note, that here we do not need to compute the solution of the subproblem in
order to compute the costs as its optimal value will always be 0 in this case.

As seen in Section 2, this algorithm can be computed in O(|V]?) since we did not
change the computation of the F, . It leads to an upper bound on the costs since it
leads to a feasible solution for the two-stage problem, but not necessarily a minimal one.

17



4 COMPUTATIONAL STUDY

4 Computational Study

Based on the algorithms presented in the previous sections, we conduct a computational
study. First, we compare the McCormick heuristic introduced in Section 3.3 for three
different values of M and the single-stage heuristic from Section 3.4. Next, we analyze
the convergence of the enumeration algorithm (1) with on instances with different sizes.
Lastly, we compare the results of the enumeration algorithm with restricted runtime to
the heuristics.

All three approaches were programmed in Python and tested on the benchmark
problems for the deterministic recourse constrained PSP obtained from the online library
PSPLIB (Kolisch and Sprecher, [15]). All models were coded in Python and solved using
Gurobi 9.1.2; running on an Intel Core i5-3570 CPU 3.4GHz RAM 16GB.

4.1 Instances

For each instance, three parameters are given to measure its difficulty, two of which
refer to the resource constraint and are therefore of no value to us. The third parameter,
called network complexity (NC'), is given by the average number of non-redundant arcs
per node. For each network complexity NC' € {1.5,1.8,2.1} 160 instances are available.
For each of the 480 instances, we consider three values {3,5,10} for I'. We randomly
create the uncertainties (u,)yey, the costs (¢, )yev, the penalty for finishing earlier than

scheduled (d ),ey and the penalty for finishing later than scheduled (d?;) as integer

v veV
values within a specified range. Since finishing later than scheduled should be more
expensive than using a late scheduling from the beginning, the costs (c,)yey will be

added to the late penalty <d~j;> , so that we get df := df + ¢, for all v € V. The

veE
ranges used to create these parameters can be found in Table 1. Since the nodes vy

and v, are only artificial nodes that do not correspond to actual tasks, we will set
Uyy 1= Uy, = Cyy i= dj = d, =d,  :=0. The node v, defines the makespan of
the project, so that we will still have a cost and a penalty for a delay of this node.

Finally, we need to consider the parameter M used for the exact algorithm and the
McCormick heuristic. From the interpretation of the subproblem in Section 3.1, we know
that

Ty < Z d;r =: M.
veV

Thus, we will use this value as a guaranteed upper bound for the exact algorithm.
Since the results of the McCormick algorithm are more precise the closer the bound
provided by M is, we choose different values and compare their results. More precisely,
we consider M, := a - M for a € {1,0.5,0.25} and refer to the McCormick heuristic
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4 COMPUTATIONAL STUDY

Parameter Lower Bound Upper Bound
(U )veV\fvo,0ms1} 0 10
(Co)vev\fuo} ) 20
() pev\ fuoomen} 5 10

(d}) 5 10
veV\{vo}

Table 1: Bounds for the parameter settings

using this parameter as McCormick a. This leads to three versions of the McCormick
heuristic and thus four heuristics and one exact algorithm in total.

4.2 Results

In this section, we first present the overall performance of the four heuristics for all
instances. Then, we will evaluate the influence of different values of I". Next, we will
consider the runtime and convergence properties of the exact algorithm. Last, we will
compare the results of the heuristics to that of the enumeration algorithm with a runtime
restriction of 10 minutes.

4.2.1 The Heuristics

We only consider the instances with 30 activities for comparing the heuristics. The exact
enumeration algorithm solves these instances to optimality in under three minutes per
instance and we use the optimal solution to compute the deviation of the heuristics from
the optimal value. For the optimal value OPT and the result of a given heuristic H, the

relative deviation is computed by
H - OPT

OPT
The condensed results for all values of I' and NC' are presented in Table 2. For
each instance and heuristic, we consider the relative deviation from the optimal solution
computed by the exact algorithm. In Table 2, we give the mean of these values, their
standard deviation and the minimal and maximal value.
Comparing the four heuristics, the McCormick heuristic with A = 0.5 - M and the
single stage heuristic perform best, with McCormick being better on average and the
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4 COMPUTATIONAL STUDY

heuristic Mean SD Min Max

McCormick 1 [%]  15.01 3,80 1.49 42.55
McCormick 0.5 [%] 921 432 1.53 35.95
McCormick 0.25 [%] 19.48 8.04 1.82 45.15
single-stage [%]  10.15  2.95 149 2849

Table 2: Deviation from the optimal value for the instances with 30 tasks.

single stage heuristic having more consistent results throughout the whole test set, which
is visible by the lower standard deviation.

The McCormick heuristic with M = 0.25 - M performs worst with an average de-
viation of nearly 20% and overall inconsistent results visible by the comparable large
standard deviation and worst case value. This may be due to M being too low and re-
stricting the choice of x for most instances. This is noticeable in the fact that x,,,, = M
for almost all instances. This would also explain the high standard deviation, as the
solution would be very sensitive to the maximal value x,,,, = max}_, x;; in an optimal
solution z* for the computed schedule. Considering the average deviation, the next best
heuristic is the McCormick 1 heuristic. Comparing the results for the three versions of
the McCormick heuristic seems to indicate that M = M is chosen too high. For M too
large, the costs of the subproblem are overestimated. As a consequence, the schedule is
chosen such that these costs are avoided and thus the schedule is very conservative. For
1412 of 1440 instances, the solution acquired by the McCormick 1 heuristic is also fea-
sible in the worst-case scenario £ = {1 e 1} with delay in each task. Curiously, the
38 remaining instances all share the parameter I' = 3. To further discuss this behavior,
we will now compare the results for different values of IT'.

Figure 1 plots the percentage of instances solved within a given deviation from the
optimal value for the different values of Gamma. First, we discuss some properties
of the optimal solution and the subproblem of the McCormick heuristic depending on
I'. Obviously, for higher values of ', and thus a higher number of delayed tasks, the
optimal value is higher. Also, for a given schedule, the optimal value of the subproblem,
namely the costs paid for deviating from it, will be higher too. This may cause the
McCormick heuristic to compute more robust solutions and thus lead to lower costs in
the subproblem for the optimal schedule.

We will now again discuss the McCormick 1 heuristic. For I' = 5 and I' = 10, the
heuristic computes the optimal solution for the worst-case scenario t,(§) = t, + u,. This
is a consequence of the subproblem overestimating the costs and thus the schedule being
chosen extremely conservative. It is important to note that for I' € {5, 10}, the heuristic
computes the same solutions and the difference in the plot are due to change in the
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Figure 1: Cumulative percentage of instances solved to within a given gap of optimality
for instances with 30 jobs and varying values I

optimal value, which is more conservative for higher values of I'. Therefore, the solution
computed by the McCormick 1 heuristic is better in comparison to the optimal solution
even though it is independent of I'" for most instances. Because of this, the optimal
solution of the subproblem, and thus the cost for deviating from the schedule, are zero
for these instances. For this reason, the single-stage heuristic is better than McCormick
1 for every I'. It also computes a guaranteed solution but does not overestimate the
value of I'. The plot also shows that these two heuristics compute very similar results
for I' = 10. Because the instances all have 30 tasks, a large portion of tasks may be
delayed. Also, for most tasks each possible critical path as defined in Section 2 has
length less than 10. Thus, each task on the path can be delayed for I' = 10. Thus, the
solution of the single-stage problem has to be feasible for the worst-case scenario. Here,
this is the case for 477 of 480 instances.
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To conclude this comparison, the McCormick 1 heuristic overestimates I' and the
costs for deviating from the schedule and thus computes solutions that are feasible not
only for every scenario considered by I' robustness but also for the worst-case scenario.
Therefore, it is recommended to use a different value for M or the single-stage heuristic,
as it offers more control on the degree of conservatism in the solution through the choice
of T.

Finally, we consider the remaining two variants of the McCormick heuristic. Again,
the McCormick 0.25 heuristic performs worst but still improves with rising I'. This is
due to the more conservative solutions for higher values of I' causing lower z,,,. in the
optimal solutions which are closer to the upper bound M = 0.25 - M in the heuristic.

The McCormick 0.5 heuristic computes overall good results. Surprisingly, it does not
improve for rising I' as the other heuristics do. It performs worst for I' = 5 and best for
' = 10.

In comparison to the other heuristics, it is the best choice for I' = 3 and (barely)
I’ = 5 while it is outperformed by both the single-stage and the McCormick 1 heuristic
for I' = 10.

Overall, the McCormick 0.5 heuristic performs best for low values of I" and the single-
stage algorithm is preferable for high values of I'. Since all heuristics finished in under
one second per instance, it is also possible to compute both results and pick the better
schedule.

4.2.2 The Enumeration Algorithm

Next, we want to analyze the convergence and runtime of the exact algorithm. As
mentioned above, for the instances with 30 jobs, the algorithm finishes in under three
minutes and computes an optimal solution for every instance. This is not the case for
larger instances. First, we take a look at the convergence for one instance with 60 jobs
shown in Figure 2. The blue graph represents the value of the optimal solution F™, 2*
of the linear Program (9) with constraints only for X (starting with X = ().

The red graph represents the value of that solution in the original problem, i.e., the
optimal value Q of the subproblem (10) plus the cost of the schedule F* given by ¢! F*.
In other words, the red graph shows the value of a feasible solution and thus an upper
bound on the optimal value and the blue graph is a feasible dual solution and a lower
bound. In the following, we often refer to the normalized difference between the upper
and lower bound as gap. The figure implies that the gap converges to zero but the
program does not finish within the time limit of 10 minutes. Starting with a gap of over
500%, the gap falls to under 3% within in these first 10 minutes. For comparison, after 20
Minutes, the gap reduces to about 1% and the computation finished after 3800 seconds
or about 60 minutes. As expected, most progress is made in the first few minutes of
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Figure 2: Convergence of the exact enumerate algorithm for one instance with 60 tasks
and 10 minutes

computation. Because of this, we restricted the computation time for the enumeration
algorithm to 10 minutes. In this time frame, the smallest instances with 30 jobs can be
solved to optimality while the bigger instances get solved with varying gaps.

Figure 3 shows that this trend holds true for all instances. In this figure, the nor-
malizes gap between lower bound and upper bound for all instances is displayed. Each
of the four figures represents the results for a different number of activities per instance.
The blue graph represents the median over all instances with the corresponding number
of activities and the brown and red graph the minimal or maximal gap respectively. The
green space is the interquartil range (IQR) in which the middle 50% of instances lie. To
improve readability, the scale of the axes differ.

In all four cases, the gap first reduces very fast and then slowly converges toward
zero. This behavior is more prevalent in the smaller instances with fewer jobs, where the
gap first reduces more steeply than for the bigger instances. For instances with 30 or
60 jobs, the average gap is under 4% after 10 minutes and all instances with 30 jobs are
solved to optimality within 140 seconds. For the bigger instances, the algorithm didn’t
compute a good result in 10 minutes and would need to run longer in order to compute
a good result.

Figure 4 further illustrates the results after 10 minutes for the enumeration algorithm
for different sized instances. It plots the cumulative percentage of instances solved to
within a gap of optimality within ten minutes for instances with 30, 60, 90 and 120
jobs. The instances with 30 jobs were all solved to optimality. All instances with 60
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Figure 3: Convergence of the exact enumerate algorithm for 10 minutes

jobs were solved with a gap of up to 13%, about 80% of them have a gap of 5% or less.
Considering the instances with 90 jobs, 80% of them were solved with a gap of 25%.
However, the algorithm computes a solution with gap > 100% for two outliers. From
the instances with 120 jobs, only 73.75% were solved with a gap of 100% or less. We
also note that the curve for the instances with 120 jobs falls less steep than the other
curves. This indicates, that the time limit of 10 minutes for the algorithm was chosen
too low for larger instances.
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Figure 4: Cumulative percentage of instances solved to within a given gap of optimality
by the enumeration algorithm within 10 minutes sorted by size of the instances

4.2.3 Comparison

Finally, we want to compare the results of the enumeration algorithm with a time limit
of 10 minutes to the results of the heuristics for instances with 30, 60, 90 and 120 jobs.
Because of the bad results of the McCormick 0.25 heuristic, we do not consider it in this
section. We used I' = 10 for all instances. The results are shown in Figure 5. Similar to
Figure 4, it shows the cumulative percentage of instances solved to within a given gap
of optimality for the McCormick 0.5, McCormick 1 and single-stage heuristics as well as
the enumeration algorithm for instances with 30, 60, 90 and 120 jobs and I" = 10.

The smallest instances with 30 jobs were solved to optimality by the enumeration
algorithm in under 10 minutes, which is shown by the red graph. However, for larger
instances, the solution found within the time limit becomes worse compared to the
solutions found by the heuristics, especially compared to the green graph denoting the
McCormick 0.5 heuristic.

For instances with 60 jobs, the enumeration algorithm solves all instances with a
maximal gap of 13%. The McCormick 0.5 heuristic solves only 57% of the instances
within this gap which is the best value comparing the three heuristics. However, the
enumeration algorithm took 10 Minutes to compute the solution of one instance, while
each heuristic needed less than a second for the larger instances.

Considering the instances with 90 jobs, the enumeration algorithm does no longer
necessarily yield better results. The corresponding red graph in the bottom left figure
starts of steeper than those for the heuristics. The algorithm still solves 74% of the
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Figure 5: Cumulative percentage of instances solved to within a given gap of optimality

for different sizes of instances

instances to within a gap of 20% while the McCormick 0.5 and the Single Stage heuristic
solve 61% and 63% of the instances within this gap, respectively. However, the remaining
instances were solved with a larger gap by the enumeration algorithm. The heuristics
solve every instance within a gap of 31%. The enumeration algorithm solves less than
85% of the instances within this gap. It can also be seen that the red graph rises far less
steep from this point onward.

It is interesting to note that the three heuristics behave very similar for larger in-
stances.

For the largest instances with 120 jobs, the enumeration algorithm with a time limit
of 10 minutes performs worse than each of the three heuristics. This further indicates,
that the time limit was set too short for the large instances.

Overall, we can summarize that the enumeration algorithm with time constraints
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is better than the heuristics if the time is available. However, for larger instances, a
runtime of 10 minutes is not sufficient to achieve solutions with similar quality as the
heuristics.

5 Conclusion

In this paper, we have introduced a new formulations for the I'-robust two-stage project
scheduling problem, a linear program with exponential many constraints, which resulted
in an exact exponential-time enumeration algorithm. We also derived two heuristics,
the McCormick heuristic from these formulation and the single-stage heuristic from
an optimal algorithm for the I'-robust single-stage project scheduling problem. The
enumeration algorithm and the two heuristics were then tested on benchmark instances
which showed that the enumeration algorithm with a time limit set to at most 10 minutes
is a good choice for small instances with up to 90 jobs, if the time is available. However,
for larger instances, the heuristics return better results.

Future research goals include to decide the NP-hardness of the I'-robust two-stage
project scheduling problem or finding an efficient exact algorithm for larger instances.
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