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Abstract. Symmetry in integer programs (IPs) can be exploited in or-
der to reduce solving times. Usually only symmetries of the original IP
are handled, but new symmetries may arise at some nodes of the branch-
and-bound tree. While symmetry-handling inequalities (SHIs) can easily
be used to handle original symmetries, handling sub-symmetries aris-
ing later on is more intricate. To handle sub-symmetries, it has recently
been proposed to add SHIs that are activated by auxiliary variables.
This, however, may increase the size of the IP substantially as all sub-
symmetries need to be modeled explicitly. As an alternative, we propose
a new framework for generically activating SHIs, so-called activation han-
dlers. This framework allows for a direct implementation of routines that
check for active sub-symmetries, eliminating the need for auxiliary vari-
ables. In particular, activation handlers can activate symmetry-handling
techniques that are more powerful than SHIs. We show that our approach
is flexible, with applications in the multiple-knapsack, unit commitment,
and graph coloring problems. Numerical results show a substantial per-
formance improvement on the existing sub-symmetry-handling methods.

Keywords: Symmetry handling - Sub-symmetries - Integer program-
ming.

1 Introduction

One of the most popular methods to solve integer programs is branch-and-bound
(B&B), which iteratively splits the integer program into smaller subproblems
that are solved in turn [15]. While B&B can solve problems with thousands of
variables and constraints in adequate time, it is well-known that the presence
of symmetries leads to unnecessarily large B&B trees. The main reason is that
B&B explores symmetric subproblems, which all provide essentially the same
information. Therefore, symmetry-handling is an important ingredient of modern
B&B implementations that substantially improves the running time [26].

We consider permutation symmetries of binary programs max{c'z | » € X'},
where ¢ € Z4 and X C {0,1}%. A permutation is a bijection of [d] == {1,...,d};
the set of all permutations is Sym,. We assume that a permutation m € Sym, acts
on z € {0,1}* by permuting its coordinates, i.e., () == (Tr-1(1)s-- -, Tr-1(a))-
A symmetry of the binary program is a permutation 7 € Sym, that preserves the
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objective, i.e., ¢ m(z) = ¢' z, and feasibility, i.e., z € X if and only if 7(x) € X.

Note that the set of all symmetries forms a group under composition. We refer
to this group as the symmetry group of the binary program, denoted by G. Since
computing G is NP-hard [22], one usually only handles a subgroup of G, which
can either be detected automatically [26,28] or is provided by an expert.

To solve binary programs, B&B generates subproblems max{c'z | z € Q},
where @) C X'. Each subproblem is a binary program with symmetry group Gg.
In general, G is different from G and neither is a subgroup of the other. Follow-
ing [2], we call symmetries in G¢ sub-symmetries of the initial binary program. If
sub-symmetries appear frequently during the solving process, it can be beneficial
to handle them. But since computing (subgroups of) G might be costly, pro-
viding knowledge about sub-symmetries via experts can substantially reduce the
complexity of handling sub-symmetries. This, however, leads to a new challenge:
how to efficiently provide expert knowledge to a binary programming solver.

Recently, [2] suggested to introduce, for each possible sub-symmetry, a simple
symmetry-handling inequality (SHI) that is coupled with auxiliary variables that
enable (resp. disable) the SHI if the sub-symmetry is active (resp. inactive) at
a subproblem. This, however, might lead to a significant increase in the size of
the problem formulation as all sub-symmetries need to be explicitly modeled.
Moreover, simple SHIs might not lead to the strongest symmetry reductions.

In this paper, we propose an alternative approach. Instead of using auxiliary
variables to activate SHIs, we introduce a simple framework that allows to acti-
vate arbitrary symmetry-handling techniques. Our so-called activation handlers
receive expert knowledge as input, i.e., rules to decide which sub-symmetries are
present at a subproblem. These rules are then automatically evaluated and com-
municate with the solver how sub-symmetries are handled. We thus mimic the
process of how an expert would handle sub-symmetries and avoid reformulating
the original problem. In particular, our framework is more flexible than auxiliary
variables as not all activation rules can be compactly expressed by variables.

In the remainder of this section, we provide basic notation as well as terminol-
ogy and we provide a brief overview of symmetry handling methods. Sec. 2 sum-
marizes the state-of-the-art of handling sub-symmetries, which is complemented
by a description of our activation handler framework in Sec. 3. Then, we illus-
trate for three classes of problems how activation handlers can be used to handle
sub-symmetries (Sec. 4), and we evaluate our activation handler framework on a
broad set of instances (Sec. 5). Numerical results show that our novel framework
substantially improves upon the state-of-the-art in handling sub-symmetries.

Notation and Terminology Let G be the symmetry group of a binary program
with feasible region X. The orbit of x is orbg(z) = {m(x) | # € G} and contains
all solutions equivalent to x w.r.t. G. Note that the orbits partition X.

To handle symmetries, it suffices to restrict X to (usally lexicographically
maximal) representatives of orbits. A vector y € Z% is lexicographically greater
than z € Z%, denoted y = z, if there is i € [d] such that y; > z; and y; = z; for
all j < i. We write y = z when y > z or y = z hold. Then, a solution z € X is
lexicographically maximal in its orbit under G when x = 7(x) for all 7 € G.
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Related Literature A great variety of symmetry-handling methods exist in the
literature, including variable branching and fixing rules [21,25], pruning rules [20,
,24], model reformulation techniques [5], and symmetry-handling constraints [0,
, 11,14,16-19,29]. In the following, we provide details about some constraint-
based techniques that we also use in our experiments. For details on other tech-
niques, we refer to the overview [22] and the computational survey [26].
The common ground of most symmetry-handling constraints is to enforce
that only lexicographically maximal representatives of symmetric solutions are
computed. For a single symmetry © € G, x = 7(x) can be enforced in linear time

by propagation and separation techniques [4, [ 1]. For general groups, however,
it is coNP-complete to decide whether a solution is lexicographically maximal in
its orbit if G is given by a set of generators [1]. Attention has thus been spent

on groups that arise frequently in practice. One such case assumes that the
variables are organized in a matrix @ = (2; j)ic[m],je[n) and that the symmetries
in G permute the columns of x arbitrarily. Such symmetries arise frequently in
benchmark instances [20], and in Sec. 4, we illustrate some applications. There,
we also discuss how orbitopes can be used to handle these symmetries.

The full orbitope is the convex hull of all binary matrices with lexicograph-
ically non-increasingly sorted columns. If one restricts to matrices all of whose
rows have at most (resp. exactly) one l-entry, the corresponding convex hull is
called packing orbitope (resp. partitioning orbitope). The above-mentioned ma-
trix symmetries can be handled by separating valid inequalities for orbitopes.
For packing /partitioning orbitopes, a facet description can be separated in linear
time [14]; for full orbitopes, efficiently separable IP formulations are known [11].
Moreover, efficient propagation algorithms for both full and packing /partitioning
orbitopes are known [3,13]. The so-called orbitopal fizing algorithms receive local
variable bounds at a subproblem and derive variables that need to be fixed at a
certain value to guarantee that a solution is contained in the orbitope.

2 Sub-symmetry in Integer Programming

In this section, we provide a detailed explanation of sub-symmetries. We discuss
how sub-symmetries arise at a subproblem max{c'z | * € Q} (Sec. 2.1) and
how one can handle them by state-of-the-art techniques (Sec. 2.2). We use the
multiple knapsack problem as a running example for illustration purposes.

Ezample 1. The multiple knapsack problem (MKP) considers m items with as-
sociated profit p; and weight w;, i € [m], as well as n knapsacks with capacity c¢;,
J € [n]. The objective is to assign each item to at most one knapsack such that
the total weight of items assigned to knapsack j € [n] does not exceed ¢; and the
total profit of assigned items is maximized. The MKP is NP-hard as it general-
izes the NP-hard single-knapsack problem [9]. A standard IP formulation is given
by 1, which is given below. There,variable y; ; indicates whether item i € [m]
is packed in knapsack j € [n], see [23]. Let Yvkp denote the set of all feasible
solution matrices y.
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This formulation exhibits multiple types of symmetries. From any feasible
solution, permuting indices of knapsacks with equal capacity yields another fea-
sible solution. For example, when all knapsacks have the same capacity ¢ = ¢;
for all j € [n], this symmetry corresponds to permutations the columns of the so-
lution matrix y. Symmetries also arise from items with identical properties, i.e.,
identical weight and profit. In any feasible solution these items can be permuted,
corresponding to permutations of the respective rows in the solution matrix y.

Sub-symmetries also occur in this formulation, arising from the following
observation on partially-filled knapsacks. Consider two knapsacks j and j’, and
an item with index i. Suppose that items {1,...,i — 1} are placed such that
the capacity that remains in knapsacks j and j’ are equal. Then, the placement
of the remaining items {i,...,m} can be permuted between the two knapsacks.
We call this type of sub-symmetry capacity sub-symmetries. Note that by this
definition also knapsacks j and j’ with ¢; # ¢;j» can become sub-symmetric.

m n
maximize Z Z DilYi,j (1a)

i=1 j=1
subject to Zwiyi,j <g¢j Vieml (1b)
i=1
Zyi,j <1 Viem]s (1c)
=1
Yij €{0,1}  Viemjemn) (1d)

2.1 Sub-symmetries in General Binary Programs

In general, sub-symmetries can be defined for arbitrary collections of subprob-
lems S = {Qs C X | s € [¢]} for some g. The sub-symmetries then correspond
to permutations in Gg,, s € [g], and are either automatically detected by an
IP solver or are provided by a user. In the example of the MKP, the solution
subsets for which the capacity sub-symmetries occur can be defined as

i—1 i—1
Cj = Y WkYk; = Cjr — Y WYk (2)
k=1 k=1

for all pairs j,j’ € [n], j < j’, and all i € [m]. We denote by Spkp the collection
of all these solution subsets.

During the branch-and-bound process, a subproblem corresponding to a node
in the B&B tree may belong to one or multiple solution subsets Q5. We then say
that the sub-symmetries in G, become active. To exploit these sub-symmetries,
the solver needs to detect when it is in a subproblem where the sub-symmetry
is active. Then, the sub-symmetry must be handled, which can be done using
methods similar to those for handling global symmetries.

As observed by [3], when handling the sub-symmetries of all solution sub-
sets in S simultaneously, one needs to be slightly more careful as for global

S = {y € Vukp
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symmetries, however. The general idea remains the same: we want to disregard
solutions such that for each orbit at least one representative remains. For a solu-
tion subset Qs, let o} for k € [os] denote the orbits defined by G, . Furthermore,
let O = {0} | s € [q], k € [0s]} denote the family of all orbits of the considered
solution subsets ;. Notice that O does not necessarily partition the solutions
of the solution subsets, as the orbits of different solution subsets may overlap.
As a consequence, we need to be more careful in choosing the representative
solution (o) for each orbit o € O, as for a given orbit o the set o \ {r(c)} may
contain a representative of another orbit ¢/ € O. Bendotti et al. [3] propose to
choose orbit-compatible representatives that ensure that there always remains at
least one solution in every orbit, when restricting to generalized representatives.

If one only handles symmetries arising from permutations of columns in the
matrix of binary variables, the following structure in the set of sub-symmetries S
ensures that generalized representatives can be defined easily [3]. Let Q € S. For
a solution matrix z € @, let (R, C) denote the submatrix of = obtained by
restricting to rows R C [m] and columns C' C [n]. The symmetry group G is
the sub-symmetric group with respect to (R, C) if it contains all the permutations
of the columns of (R, C). If Gg is the sub-symmetric group, then @ is called
sub-symmetric with respect to (R, C). Now, let S be a set of solution subsets such
that every Q, € S is sub-symmetric with respect to (R, Cy). For every orbit o’
of Gg., choose the representative z¢ € of such that the submatrix z(R;,Cys)
is lexicographically maximal in its orbit, i.e., its columns are lexicographically
non-increasing. Then, these representatives are orbit-compatible [3].

For the MKP example, the capacity sub-symmetries arise in the solution
subsets Sykp. A solution subset Qé’j, € Smkp is sub-symmetric with respect
to ({¢,...,m},{4,7'}). Whenever the sub-symmetry is active, one can thus han-
dle it by enforcing that the columns of the submatrix y({i,...,m},{4,j'}) are
lexicographically non-increasing.

2.2 Handling Sub-symmetries

An approach to handle a sub-symmetry is to add sub-symmetry-handling in-
equalities to the model [2]. We briefly describe the framework of [2]. Let Q5 be a
solution subset that is sub-symmetric with respect to (Rs, Cs). We introduce an
integer variable z; such that z; = 0 if and only if x € Q5 and z; > 1 otherwise.
Let ¢j,cj41 be two consecutive columns in the submatrix z(Rs, Cs). Then, the
partial sub-symmetry-handling inequality is

Tryeipn < Zs + Trp ey where r; = min R;. (3)

If z; = 0, (3) ensures that, for all pairs of consecutive columns, the first row of
the submatrix z(Rs, Cs) is lexicographically non-increasing. Otherwise, if z5 > 1,
the inequality is trivially satisfied.

In the MKP example, the auxiliary variable z for Q;j/ € Smkp can be

expressed as
i—1

z=e; =i = Y wrlyr; — Yryr)| - (4)
k=1
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To express z in the IP formulation, we need to linearize (4). Therefore, we
write a = ¢; —¢jr — 22;11 W (Yk,; — Yw,;) for brevity, and introduce non-negative
variables o™, o~ > 0, binary variables 27,2~ € {0,1}, and constraints

at <Mzt am <Mz ,at+a >zt +z2,a=a"—a, 2" +27 <1. (5)

Here, M is a sufficiently large constant, e.g., max{c;,c;/} + 22;11 wg. Then,
2z = 2T 4+ 2z~ indicates whether the sub-symmetry is active. Note that the con-
straints indeed ensure that |o| = at + a~ = 0 if and only if 2 = 0. The
sub-symmetry-handling inequality thus is

Yij < 2+ Y- (6)

Notice that the Inequalities (3) are not sufficient to fully handle the symme-
try. Indeed, they only ensure that the first row of the submatrix is lexicographi-
cally ordered. If the entries on the first row are equal, subsequent rows need to be
considered until a tie-break row is found. To this end, the set S is extended to S
with additional tie-break subsets for which Inequalities (3) break the symmetry

on rows where the previous rows have equal entries. The set S can be defined as

S = {QG(Z’.]) | s € [Q]’ (S {1""7|RS‘}a JE {27a|09|}} (7)

where

Qs(i,)) ={z € Qs | Tz | = myce forall m € {r],..., 77 1}}. (8)

For our MKP example, one can verify that the set Sykp already includes the tie-
break sets for every sub-symmetry. Therefore, it is not necessary to extend Sykp
with additional tie-break subsets.

3 Activation Handler

The existing method of handling sub-symmetries with inequalities has a number
of limitations. For every sub-symmetry that we want to handle, it is necessary to
add explicit SHIs to the formulation, leading to a blow-up of the IP. The size of
the formulation increases even more with the addition of tie-break sets, and for
problems where additional variables or constraints are necessary to express the
auxiliary z-variable in the formulation. Additionally, the inequalities are rather
weak for symmetry handling. In particular, the variable-based approach is not
immediately able to activate more sophisticated symmetry-handling methods
such as orbitopal fixing.

To circumvent these issues, we introduce a new approach for handling sub-
symmetries. In our framework, we decouple the activation of sub-symmetries
from the explicit IP formulation itself, and instead adopt a more flexible ap-
proach. The modeler of the problem can provide a set of rules that define when
a sub-symmetry becomes active to the IP solver. We call this set of rules the
activation handler. The activation handler checks for a node a in the B&B tree
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whether the rules hold. If that is the case, the activation handler activates a
symmetry-handling method in the solver, to handle the sub-symmetry.

In our framework, both the activation and handling of sub-symmetries is
flexible. The modeler can describe the rules for activation with any custom im-
plementation that uses information from the current state of the solver, such as
variable fixings at the current node of the B&B tree, to determine whether a
subproblem with sub-symmetry is active. Furthermore, the activation handler
can be used with any symmetry-handling method from the literature, and is not
restricted to inequality-based approaches. Neither activation nor symmetry han-
dling needs to be encoded in the formulation directly, keeping the IP compact.

As the rules-based approach of activation handlers is rather generic, we will
illustrate the concept for several problems in Sec. 4. First, we describe sub-
symmetries that arise in certain applications and compare how the SHI-based
approach and activation handlers can be used to handle them. Afterwards, we
compare the numerical performance of the different approaches in Sec. 5. Our
implementation of the activation handler framework is publicly available', as well
as the setup of our experiments. The generic framework can easily be adapted
by practitioners for use in other applications.

4 Application

In this section, we discuss how sub-symmetries arise for three types of problems:
the multiple knapsack problem, the unit commitment problem, and the maxi-
mum k-colorable subgraph problem. We describe how SHIs can be applied to
handle sub-symmetries, as well as the activation handler framework. The acti-
vation handler uses information from the solver about variable fixings at a node
of the B&B tree. To this end, we define for a node a of the B&B tree the sets F§
and F}, which denote the variables that are fixed to 0 or 1 at node a, respectively.

4.1 Multiple Knapsack Problem

We introduced the MKP, its symmetries, and the capacity sub-symmetries in
Example 1. Notice that the number of solution subsets in Sykp is rather large,
as we consider all pairs of knapsacks. When handling the symmetry with in-
equalities, considering all solution subsets is intractable, as potentially every
subset of knapsacks might define a sub-symmetry. That is, exponentially many
SHIs as well as auxiliary variables and constraints need to be added to the
problem. Therefore, we only consider SHIs for consecutive pairs of knapsacks,
i.e., j/ =j+1. We hence add O(mn) SHISs to the formulation, with for each SHI
four auxiliary variables and five auxiliary constraints.

Sub-symmetry handling with activation handler When handling sub-symmetries
via activation handlers, we are more flexible in implementing the activation rules.

! See https://github.com/stenwessel /activation-handler.
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Instead of enumerating every solution subset Q§1,j2 separately and checking if
the sub-symmetry is active, we can use a single activation handler in the model.
The activation handler returns all submatrices of y that contain active sub-
symmetries at a given node of the B&B tree.

The activation handler identifies whether the placement of items {1,...,i—1}
is fixed at node a, according to the variable fixings F§ and F{'. For every item ¢
for which the previous holds, the activation handler checks whether there are
knapsacks of equal remaining capacity, after placement of items {1,...,7 — 1}.
Suppose that for item ¢ the knapsacks jg, , . . ., jr, have equal remaining capacity.
Then, the activation handler reports the submatrix y({4,...,m}, {jr,s- -, Jk. }),
for which the capacity sub-symmetry is now active at node a. In this way, finding
all active capacity sub-symmetries is linear in the number of variables in the
matrix y, as we can simply perform a linear scan over the rows of y and checking
the variable fixings. Note that checking whether a variable is fixed can be done
in constant time, as this information is available from the solver.

The activated submatrices are then passed to a high-level symmetry-handling
constraint in the solver. Several methods can be used to handle symmetry in
the submatrix. In our implementation, we use orbitopal fixing for packing or-
bitopes [13] to handle the active sub-symmetries. However, when all knapsacks
are in the activated submatrix (i.e., all columns), the sub-symmetry is instead
handled with orbitopal fixing for the stronger partitioning orbitope.

4.2 Unit Commitment Problem

Another problem in which we can handle sub-symmetries is the min-up/min-
down unit commitment problem (MUCP), as introduced in [2]. We are given a set
of production units U with || = n, and a discrete time horizon 7 = {1,...,T}
for which a certain non-negative demand D; needs to be satisfied at every
time t € T. Every production unit j € U can be either up or down at every t € T.
When a unit is up, its production is between a minimum and maximum produc-
tion capacity Pélm and PJ . and it must remain up for at least L’ time steps.
When a unit is down, its production is zero and it must remain down for at
least #7 time steps. We furthermore have for every unit j a start-up cost cg),
a fixed cost c7 for every time step the unit is up, and a production cost c{g
proportional to its production. The goal is to find a production schedule satis-
fying the production demand at every time step and the min-up and min-down
constraints, while minimizing the total cost.

Let the variables z; ; € {0, 1} indicate whether unit j € I/ is up at time ¢t € T,
and u ; € {0,1} whether unit j starts up at time ¢. We omit further details of
the IP formulation we use for this problem, as they are not relevant for symmetry
handling, and refer to [2] for details. Let Xyucp denote the set of matrices (x4 ;)
that are feasible. Notice that the solution matrix z completely characterizes a
solution, as the corresponding matrix v can be derived completely from .

Symmetry in the MUCP Symmetries are present globally in the MUCP when
production units have identical properties, i.e., units where all of the proper-
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ties (Pumin, Pmax, L, £, co, ¢, ¢p) are equal. To make this more explicit, we parti-
tion the production units into H types, where a type h € {1, ..., H} consists of nj
identical units that we denote by Uj, = {4}, ... ,j,’}h}. For a type h, we slightly
abuse notation to denote its properties as (P P! L " ch c?, c’;). We can
then also partition the matrix variable z into H matrices 2" = (xt5)teT, jeu, for
every type of production unit. The production units within each type are iden-
tical, and we can hence permute their production schedules. This corresponds
to permuting the columns of z". One possible way of breaking the symmetry
is to restrict =" to the full orbitope for binary matrices of size T' X ny, i.e., by
imposing that the columns of 2" are lexicographically non-increasing.

The MUCP also exhibits sub-symmetries, as introduced in [2]. Call a pro-
duction unit j € U ready to start up at some time ¢t € 7T if the unit has
been down continuously for at least the minimum downtime #/. In other words,
when 2y j =0forall ! =t —¢/,...,t — 1 and t > ¢ + 1. Now, suppose there
are at least two units ji,...,jx € U" of type h that are all ready to start up at
some time ¢. Then, their production schedules can be permuted from time ¢ on-
wards, regardless of their schedule up to time ¢. This thus defines a sub-symmetry
where the columns of the submatrix z({¢t,..., T}, {Jj1,...,Jjk}) can be permuted.
Analogously, one can identify sub-symmetries for two units ready to shut down
at some time t € T. These sub-symmetries are referred to as the start-up and
shut-down sub-symmetries, respectively.

Sub-symmetry-handling inequalities Following the approach in [2], the start-up
sub-symmetries can be handled with inequalities as follows. The handling of shut-
down sub-symmetries is analogous, and we omit the details here. Let j ,}g, j ,}CL 1 bea

pair of consecutive units of the same type h. For brevity, let j = j ,}: and j' = 7 Z 1
Then, the solution subsets

Qin ={z € Xuucp | wvj=apy =0forallt' =t —(" .. t—1} (9)

for all ¢ > ¢" + 1, define when the start-up sub-symmetries occur. Note that
no additional tie-break sets are necessary. For Q}i, »» the corresponding auxiliary

variable can be expressed as z = Eiét—éh [y ; + xy j], leading to the SHI
Tpjr <2+ Ty (10)

Note that the z-variable has a linear description in x, and hence it is not necessary
to add z as a new variable to the formulation. Instead, we can simply replace z
directly with its linear expression in the SHI (10).

The SHIs for the start-up sub-symmetries can be slightly strengthened to

t—1
Ui ST T+ Y e, (11)
t/=t—fh+1

leading to a stronger LP relaxation. A similar inequality can be obtained for the
shut-down sub-symmetries, see [2] for the derivation of the strengthened SHIs.
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Sub-symmetry-handling with activation handler Handling sub-symmetry with
an activation handler is similar to the approach for the MKP. We add a single
activation handler to the model, that identifies all submatrices corresponding
to active sub-symmetries in the following manner. For sake of presentation, we
assume that all production units &/ have the same type. In the more general
case where we have multiple types of production units, we can simply apply our
method to the unit types separately.
Let a be a node of the B&B tree. Define for every t € {£+1,...,T},

St ={jelU|wp; € Feforallt' € {t—¢,....,t —1}}. (12)

That is, Sﬁ are the production units that are fized to be ready to start up at
time t at node a. For every subset S¢ for which |S#| > 2, the corresponding start-
up sub-symmetry becomes active. Hence, the symmetry corresponds to column
permutations of the submatrix z({t,...,T}, S%). We then use orbitopal fixing
for full orbitopes to handle the sub-symmetry in the activated submatrix.

Notice that we can find the units that are ready to start up for every
time t € T in O(nT) time, by iterating over the time horizon and a dynamic-
programming approach. The shut-down sub-symmetries are activated and han-
dled with an analogous approach.

4.3 Graph Coloring Problem

In this section, we discuss another application of the sub-symmetry-handling
framework on a variant of the graph coloring problem. Consider an undirected
graph G = (V, E) with |V| = n and let k be a positive integer. A k-coloring of
the graph is a function ¢: V' — [k] that assigns colors to the vertices, such that
for any pair {i,j} € E it holds that ¢(i) # ¢(j). In the max-k-colorable subgraph
problem (MKCS), we want to find a subset V' C V of vertices of maximum
size, such that V' induces a subgraph that admits a k-coloring. Let the binary
variables z;, € {0,1} indicate that vertex i € V is colored with color r € [k].
We then have the standard IP formulation [12]

k
maximize Z Z Tir (13a)

i€V r=1
subject to Tir+ x5, <1 v{i,j}EEa Vre[k}» (13b)
k
d aie<1 Viev, (13¢)
r=1
z;r € {0,1} Viev, Yrelx)- (13d)

Let Xvkes denote the set of all feasible solution matrices z. The MKCS problem
is NP-hard for any fixed &, with 1 < k <n [12].

The type of symmetry we consider in this problem is the equivalence between
the colors. Indeed, in any feasible solution, the color indices can be permuted to
obtain a different, equivalent, feasible solution. This corresponds to the permu-
tation of the columns in the solution matrix (z;)icv,rei-
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Sub-symmetry in the MKCS problem The formulation (13) also exhibits sub-
symmetries, c.f. [2]. Consider two distinct colors ¢1,co € [k] and a subset of the
vertices R C V such that the neighbors of R, denoted by N(R), are colored with
neither ¢; nor co. Then, the colors ¢; and ¢y can be permuted within R. Hence,
the sub-symmetry occurs within the solution subset

By =1{7 € Xuxcs | Tie, = @i, =0 for all i € N(R)} (14)

C1,C2

with the sub-symmetry corresponding to the permutations of the columns in
the submatrix x(R,{c1,c2}). Notice that there are an exponential number of
such solution subsets, because of the exponential number of subsets of ver-
tices. Handling all such sub-symmetries with inequalities is therefore infeasible
in practice, because of the blow-up in the number of auxiliary constraints. The
adopted approach in [2] is to only consider some subsets of vertices to handle
sub-symmetries, leading to a quadratic number of SHIs. Within our activation
handler framework, we can instead approach this differently and dynamically
find relevant vertex subsets at the nodes of the B&B tree.

Sub-symmetry-handling with activation handler Let a be a node of the B&B
tree and fix a pair of distinct colors ¢y, ce. Let S C V be a set of vertices, such
that i € S when z;.,, 7., € FO. Let now R := V \ S, and notice that in-
deed N(R) only contains vertices that are fixed to be not colored by ¢; nor ca.
In particular, the connected components Ry,..., Ry of the subgraph induced
by R all satisfy this property. Hence, we can handle sub-symmetry in the sub-
matrices x(R;, {c1, c2}) for all connected components R;.

An activation handler can implement this activation rule via an iterated
depth-first-search approach that efficiently identifies the connected components.
For non-trivial connected components, the sub-symmetry is handled by orbitopal
fixing for packing orbitopes on the identified submatrix. In particular, in contrast
to the SHI-based approach, the activation handler can handle all possible color-
pair-based sub-symmetries without increasing the size of the IP formulation.

5 Experimental Results

In this section, we compare the sub-symmetry-handling methods using experi-
ments on instances of the problems introduced above.

5.1 Instances

For the MKP, we generate random instances in the four standard classes of
problems from the literature on MKP [7,23,27]:

— wuncorrelated, where the weights w; and profits p; are uniformly distributed
integers in the closed range [¢, L],

— weakly correlated, where the weights w; are uniformly distributed integers in
the closed range [¢, L] and p; are uniformly distributed integers in the closed
range [max{1,w; — (L — ¢£)/10},w; + (L — ¢£)/10],



12 C. Hojny et al.

— strongly correlated, where the weights w; are uniformly distributed integers
in the closed range [¢, L] and p; = w; + (L — ¢)/10,

— multiple subset-sum, where the weights w; are uniformly distributed integers
in the closed range [, L] and p; = w;.

We generate our instances with ¢ = 10, L = 1000. The capacity of every knapsack
issettoc; = L% >t wi/n], such that the total capacity is approximately half of
the total weight of all items. To introduce symmetry in the problem, we generate
multiple items with the same weight with an approach similar to Bendotti et
al. [2]. Generated weights are duplicated d times, where d is a uniformly random
integer in [1, fm], where we call f € {3,%,1 1} the symmetry factor. Larger
values of f generate larger groups of items with equal weight, leading to a more
symmetric instance. For generating the profit values for the items within an

equal-weight group, we consider two types of instances:

— equal profit, where every item in the equal-weight group also has equal profit,
generated according to the item class above,

— free profit, where every item in the equal-weight group has a profit value
generated according to the item class above.

Note that for the strongly correlated and multiple subset-sum classes, we only
generate instances for equal profit as both types of instances are equivalent. We
generate groups of equal-weight items until we have generated m items. For every
pair of (m,n) € {(48,12), (60, 10), (60, 30), (75,15), (100, 10)}, we generate 20
instances for every combination of item class, symmetry factor, and duplication
type, yielding a total of 2400 instances.

For the MUCP, we use the same generated instances that are used for the
experimental evaluation in [2], of which we are grateful to the authors for pro-
viding them. For the MKCS problem, we use the standard DIMACS Color02 set
of graph coloring instances?, with k € {5,6,8,10}.

5.2 Experimental setup

All experiments are run with the development version of SCIP 7.0.3 (Git hash
3671128c) with the SoPlex LP solver (Release 600) [3], on a single core of an
Intel Xeon Platinum 8260 CPU running at 2.4 GHz, with a memory limit set at
10 GB of RAM and a solving-time limit of 3600 seconds for MKP and MUCP, and
7200 seconds for the MKCS problem. The IP model is constructed in Python 3.10
using the PySCIPOpt interface that exposes the SCIP API in Python. The
activation handler is implemented in SCIP as a new plugin, and can be added
to the model with the PySCIPOpt interface.

Every instance is solved with five different settings, in order to compare
performance of the different symmetry-handling methods:

— No-Sym: Formulation with SCIP internal symmetry handling turned off.

2 Obtained from https://mat.tepper.cmu.edu/COLOR02/.
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Default: Formulation with SCIP default parameters.

— Orbitope: Formulation with orbitope constraints for (global) symmetry han-
dling.

— Ineq: Formulation with SHIs.

— Act: Formulation with orbitope constraints for (global) symmetry handling

and activation handler for sub-symmetries.

For the MKP, all models except for No-Sym include orbitope constraints for
handling symmetry between identical items. In the orbitopes for symmetries
between identical items and symmetries between identical knapsacks, we use a
compatible ordering of the variables such that orbitopal fixing for all orbitopes
can be performed simultanuously, without introducing any conflicts. For the
MUCP, we use the strengthened SHIs (11) in the Ineq model. For MKCS, we
consider two variants of the Act model: Act-AllPairs and Act-Consec which
activate the sub-symmetries for all pairs of colors, or only pairs of consecutive
colors, respectively. We do not consider a formulation with SHIs for MKCS, to
avoid making arbitrary choices for which vertex subsets to consider. The orbitope
constraints in SCIP use orbitopal fixing, as discussed in Sec. 1.

5.3 Results

The results are summarized in Tables 1, 2, 3, and 4 for the MKP, MUCP, MKCS
with k = 5,6, and MKCS with & = 8, 10, respectively. In the reported results, we
summarize the results for instances in classes, based on the solving time of the
tested models. We use the notation [a, b) to denote the set of instances for which
all models have a solving time of at least a and below b seconds. We exclude
instances from our test set where all models reach the time limit. For every
instance class, we report the number of instances in the class (#). For every
model, the number of instances solved to optimality (Opt) is reported, as well
as the mean solving time, in seconds, of all instances. The mean solving time is
the shifted geometric mean, with a shift of 1 second. For instances that are not
solved to optimality within the time limit, the solving time is set to 3600 seconds
for MKP and MUCP, and 7200 seconds for the MKCS problem.

In Table 1, we see that over all instances, the activation handler method solves
more instances to optimality within the time limit, compared to the other mod-
els. We can see that symmetry handling is highly relevant for the MKP problem.
SCIP’s state-of-the-art symmetry-handling methods reduce the running time by
roughly 33 %. Our activation handler approach reduces the running time of this
already very competitive setting by further 60 %. Comparing the different sub-
symmetry-handling methods, the additional overhead necessary for the inequali-
ties method is too large for handling this type of sub-symmetries. From the small
and medium classes, we see there is a substantial difference between solving time
for the inequalities method. There is also a slight improvement in running time
for the global orbitope and activation handler methods, compared to default
SCIP and the model where no symmetry handling is performed. For the large
instances we see that the activation handler method solves more instances to
optimality with a clear improvement in solving time.
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Table 1. Summarized numerical results for MKP. For 532 instances, all models reach
the time limit and are excluded from the table.

No-Sym Default Ineq Orbitope Act
Instances # Opt Time Opt Time Opt Time Opt Time Opt Time
All 1868 1166  52.7 1387 35.3 625 11229 1636 17.6 1819 13.9
[0, 100) 277 277 0.0 277 0.2 277 14.4 277 0.1 277 0.2

[100, 1800) 269 269 0.4 269 0.5 269 370.5 269 0.3 269 0.4
(1800, co) 1322 620 256.8 841 139.1 79 3460.2 1090 56.0 1273  40.3

Table 2. Summarized numerical results for MUCP. For 12 instances, all models reach
the time limit and are excluded from the table.

No-Sym Default Ineq Act

Instances # Opt Time Opt Time Opt Time Opt Time

All 268 172 162.7 216 70.8 240 131.4 266  39.0
[0,10) 26 26 3.1 26 3.0 26 5.0 26 3.6
[10,300) 101 101 19.2 101 14.1 101 31.3 101 15.8
[300, c0) 34 1 3353.4 7 2789.0 18 1972.0 32 751.3

Table 3. Summarized numerical results for MKCS instances with k£ = 5,6. For 92 in-
stances, all models reach the time limit and are excluded from the table.

No-Sym Default Orbitope Act-Consec  Act-AllPairs
Instances # Opt Time Opt Time Opt Time Opt Time Opt Time
All 147 139 18.4 145 17.4 141 204 141 22.0 141 21.9
[0, 10) 55 55 0.4 55 0.5 55 0.7 55 0.7 55 0.9
[10, 600) 63 63 26.1 63 24.9 63 31.8 63 36.2 63 35.0

[600, o) 13 7 3482.0 11 3263.3 8 2990.4 8 3660.4 8 3703.8

Table 4. Summarized numerical results for MKCS instances with k£ = 8, 10. For 91 in-
stances, all models reach the time limit and are excluded from the table.

No-Sym Default Orbitope Act-Consec Act-AllPairs
Instances # Opt Time Opt Time Opt Time Opt Time Opt Time
All 147 140 7.6 143 9.0 138 16.9 136 20.1 139 25.2
[0,10) 60 60 0.1 60 0.3 60 0.5 60 0.8 60 1.1
[10, 600) 60 60 7.9 60 12.1 60 26.8 60 36.2 60 45.7

(600, co) 7 5 4810.1 3 5452.5 4 6204.7 3 5284.1 4 4515.3
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In Table 2 we see similar results. Overall, SCIP’s symmetry-handling meth-
ods improve the running time by roughly 55 %, whereas the activation handler
reduces it even further by 45%. We omit the Orbitope model in the results, as
SCIP automatically finds these orbitopes in the Default model. The inequalities
method, in contrast with the results for the MKP, shows improvement on the
default models for the large instances, confirming the results of [2]. This dif-
ference compared to the results for the MKP is likely caused by the auxiliary
z-variables, that can here be expressed linearly with no additional constraints.
The activation handler outperforms all other models; it solves considerably more
large instances to optimality.

For the MKCS instances in Table 3, (sub-)symmetry handling on the colors
seems to have an adverse effect on the performance, and the default SCIP model
performs best on average. This is likely caused by SCIP’s automatic symmetry
detection, which might discover symmetries in the graph that are not handled
in the global orbitope and activation handler models. In this case, it seems
that graph symmetries lead to more powerful performance improvements for
this problem. In Table 4, the results are similar, but for the large instances the
average solving times are increased for every model, compared to the instances in
Table 3 where k is smaller. Here, we see that the activation handler outperforms
only handling global symmetries in the orbitope model; although the model with
no symmetry handling generally outperforms both methods. This would imply
that for very large instances, the activation handler likely scales better with the
instance size than only handling global symmetries.

6 Conclusion

We have introduced a new framework for sub-symmetry handling in integer
programming. The approach is flexible, as it allows modelers to generically im-
plement rules that define sub-symmetries, and it can be used in conjunction
with any kind of symmetry-handling method in the existing literature. We have
shown via a number of applications that it can be used in various settings, and
computational experiments show that our framework substantially improves on
the performance of the state-of-the-art methods.

For future work, we are interested in looking into the interface of the acti-
vation handler framework. Currently, its flexibility allows users to write custom
code for the implementation of the activation rules. For some problems, the
activation rules may have a common structure that can be exploited, e.g., the
capacity sub-symmetries for the MKP can also be applied for other bin-packing
or scheduling problems. Such activation handlers may be generalized to be ap-
plicable for a broader set of formulations, for which a domain specific language
might allow practitioners to more easily specify sub-symmetries in their models.

Acknowledgments We thank the authors of [2] for providing us with the
MUCP instances originally used in their experiments.
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