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Abstract. We study the combination of proximal gradient descent with multigrid for solving a class of possi-
bly nonsmooth strongly convex optimization problems. We propose a multigrid proximal gradient method called
MGProx, which accelerates the proximal gradient method by multigrid, based on utilizing hierarchical informa-
tion of the optimization problem. MGProx applies a newly introduced adaptive restriction operator to simplify the
Minkowski sum of subdifferentials of the nondifferentiable objective function across different levels. We provide
a theoretical characterization of MGProx. First we show that variables at all levels exhibit a fixed-point property
at convergence. Next, we show that the coarse correction is a descent direction for the fine variable in the general
nonsmooth case. Lastly, under some mild assumptions we provide the convergence rate for the algorithm. In the
numerical experiments, we show that MGProx has a significantly faster convergence speed than proximal gradient
descent and proximal gradient descent with Nesterov’s acceleration on nonsmooth convex optimization problems
such as the Elastic Obstacle Problem.
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1. Introduction. We study the combination of two iterative algorithms: proximal gra-
dient descent and multigrid, to solve the following class of optimization problems

(1.1) argmin
x

F0(x) B f0(x) + g0(x),

where function f0 : Rn → R is proper, L0-smooth and µ0-strongly convex, and function
g0 : Rn → R B R ∪ {+∞} is proper, possibly nonsmooth, convex, lower semi-continuous,
and separable. We recall that a function ζ(x) : Rn → R

• is L-smooth if ζ is C1,1
L and ∇ζ is L-Lipschitz. I.e., for all x, y in Rn, ∇ζ(x) exists and

(1.2) ζ(y) ≤ ζ(x) +
〈
∇ζ(x), y − x

〉
+

L
2
‖y − x‖22;

• is µ-strongly convex (and thus coercive) with µ > 0 if ζ(x) − µ
2 ‖x‖

2
2 is convex;

• is separable if ζ(x) =
∑

i ζi(xi).
Modern models are nonsmooth. Advancements in nonsmooth (i.e., nondifferentiable)

optimization [26, 35, 39, 10, 4, 2, 3] enable the use of nonsmooth g0 in the formulation (1.1).
Then (1.1) captures many models in machine learning and computational science (e.g., see
[10, 32] and the references therein), where f0 is a smooth data fitting term and the nonsmooth
g0 models the constraint(s) and/or regularization(s) of the application. A popular tool for
solving (1.1) is the proximal gradient method [34, 12, 10, 32, 3], to be reviewed in subsec-
tion 1.2.
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Classical problems in scientific computing are smooth. Setting g ≡ 0 in (1.1) gives the
problem class of smooth strongly convex optimization, i.e.,

(1.3) min
x∈Rn

f0(x),

which subsumes many problems in scientific computing, e.g., in solving classes of partial dif-
ferential equations (PDEs). If problem (1.3) comes from the discretization of certain classes
of PDE problems, multigrid methods [11, 5, 16, 17, 27], to be reviewed in subsection 1.1, are
among the fastest known method for solving (1.3).

This work: bridging smoothness and nonsmoothness. Multigrid and nonsmooth opti-
mization are two communities that seldom interact. In this work we link these two fields and
develop a method that can handle nonsmooth problems while enjoying the fast convergence
from multigrid. We propose MGProx that accelerates the proximal-gradient method by multi-
grid to solve Problem (1.1) efficiently. Below we review multigrid and the proximal gradient
method.

1.1. Classical multigrid and notation. Multigrid dates back to the 1960s with works by
Fedorenko [11] on solving the Poisson equation, and was then further developed by Brandt [5]
and Hackbusch [16]. There are many multigrid frameworks; in this work we focus on MGOPT:
a full approximation scheme [5] nonlinear multigrid method which was applied and extended
to optimization problems by Nash [27]. MGOPT speeds up the convergence of an iterative
algorithm (called smoothing or relaxation) by using a hierarchy of coarse discretizations of
f0: it first constructs a series of coarse auxiliary problems of the form

(1.4) min
x`

f`(x`) − 〈τ`−1→`, x`〉, ` ∈ {1, 2, . . . , L},

where τ`−1→` carries information from level ` − 1 to level `. MGOPT then makes use of the
solution of (1.4) to solve (1.3). The convergence of the overall algorithm is sped up by the
correction from the coarse levels and by the fact that the coarse problems are designed to be
“less expensive” to solve than the given ones.

Notation. The symbol x0 (or x) is called the fine variable. The symbol x` in (1.4) with
` ≥ 1 is called coarse variable. The subscript ` ∈ {0, 1, . . . , L} denotes the level. A larger `
means a coarser level with lower resolution (fewer variables). We use ` = 0 to denote the
finest level with the highest resolution and ` = L to denote the coarsest level with the lowest
resolution. For the remainder of the paper, L without a subscript stands for the number of
levels, whereas L` denotes the smoothness parameter for the level-` problem.

At a level `, the coarse version of the vector x` ∈ Rn` is x`+1 = R(x`) B Rx` where
R ∈ Rn`+1×n` with n`+1 ≤ n` is called a restriction matrix. Similarly, given x`+1 ∈ R

n`+1 and
a prolongation matrix P ∈ Rn`×n`+1 , we obtain the level-` version of x`+1 as x` = P(x`+1) B
Px`+1. We let P = cR

>
where scaling factor c > 0 and R are pre-defined. In multigrid,

choosing (R, P) depends on the application. In this work, for the applications we consider
commonly chosen (R, P).

Let xk
` be the level-` variable at iteration k, Algorithm 1.1 shows 2-level (` ∈ {0, 1})

MGOPT [27] for solving (1.3), with the steps in the algorithm explained as follows:
• (i): σ : Rn → Rn denotes an update iteration that we refer to as pre-smoothing. In

this work we focus on σ being the proximal gradient operator.
• (ii): the restriction step.
• (iii): the vector τk+1

0→1 carries the information at level ` = 0 to level ` = 1.
• (iv): the coarse problem (1.4) is a “smaller version” of the original fine problem.

The function f1 = R( f0) is the coarsening of f0 and the linear term 〈τk+1
0→1, ξ〉 links

the coarse variable with the τ-correction information from the fine variable.
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• (v): the updated coarse variable xk+1
1 is used to update the fine variable yk+1

0 . Here
α > 0 is a stepsize.

• (vi): this step is the same as (i).
Furthermore, due to the τ-correction (i)-(vi) guarantee a fixed-point property when the se-
quence

{
xk

0
}
k∈N produced by the 2-level MGOPT algorithm converges.

Algorithm 1.1 2-level MGOPT [27] for an approximate solution of (1.3)

Initialize x1
0, R and P

for k = 1, 2, . . . do
(i) yk+1

0 = σ(xk
0) pre-smoothing

(ii) yk+1
1 = Ryk+1

0 coarse variable

(iii) τk+1
0→1 = ∇ f1(yk+1

1 ) − R∇ f0(yk+1
0 ) create the tau vector

(iv) xk+1
1 = argmin

ξ
f1(ξ) − 〈τk+1

0→1, ξ〉 solve the coarse problem (exactly)

(v) zk+1
0 = yk+1

0 + αP
(
xk+1

1 − yk+1
1

)
coarse correction

(vi) xk+1
0 = σ(zk+1

0 ) post-smoothing
end for

Remark 1.1 (MGOPT has no theoretical convergence guarantee). The proof of [27, The-
orem 1] on the convergence of MGOPT requires additional assumptions. In short the proof
states the following: on solving (1.3) with an iterative algorithm xk+1 B σ(xk) where the up-
date map σ : Rn → Rn is assumed to be converging from any starting point x1, now suppose
ρ : Rn → Rn is some other operator with the descending property that f0(ρ(x)) ≤ f0(x). Then
[27, Theorem 1] claimed that an algorithm consisting of interlacingσwith ρ repeatedly is also
convergent. This is generally not true without further assumptions. E.g., consider a function
f (x1, x2) that is equal to 1

1+x2
2

on the set U B {(x1, x2) : |x1| ≥ 1} and on the complementary

set R2 \ U that f (x1, x2) has a unique minimizer at (0, 0). Then σ : (x1, x2) 7→ 9
10 (x1, x2) and

ρ|U : (x1, x2) 7→ ( 10
9 x1, 2x2) satisfies the hypothesis but diverges from any stationary point in

{(x1, x2) : |x1| ≥
10
9 }.

1.2. Proximal gradient method. Nowadays subgradient [35] and proximal operator
[26] are standard tools for designing first-order algorithms to solve nonsmooth optimization
problems [10, 32, 3], especially for large-scale optimization where computing higher-order
derivatives (e.g. the Hessian) is not feasible. Here we give a quick review of the proximal
operator and proximal gradient operator. We review subgradient in subsection 2.2.

Rooted in the concept of Moreau’s envelope [26], the proximal gradient method was first
introduced in the 1980s in [12, Eq. (4)] as a generalization of the proximal point method [36].
Under the abstraction of monotone operator, the proximal gradient method is understood as
a forward-backward algorithm [34], and it was later popularized by [10] as the proximal
forward-backward splitting. Nowadays the proximal gradient method is an ubiquitous tool in
machine learning [32, 3].

The proximal gradient method solves problems of the form (1.1) as follows. Starting
from an initial guess x1, the method updates the variable by a gradient descent step (with a
stepsize α > 0) followed by a proximal step associated with g0:

xk+1 = proxαg0

(
xk − α∇ f0(xk)

)
,(1.5a)

proxαg0
(x) B argmin

u

{
αg0(u) +

1
2
‖u − x‖22

}
= argmin

u

{
g0(u) +

1
2α
‖u − x‖22

}
.(1.5b)
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If f0 is L0-smooth (1.2), we can set stepsize α in (1.5a) as α ∈ (0, 2
L0

) [3]. The proximal
operator (1.5b) itself is also an optimization problem, and in practice many commonly used
g0 are “proximable” that (1.5b) has an efficiently computable closed-form solution. The
proximal gradient method has many useful properties. To keep the introduction short, we
introduce these properties later when needed.

1.3. Contributions. In this work, our contributions are:
1. We propose MGProx (multigrid proximal gradient method) to solve (1.1). It gener-

alizes MGOPT on smooth problems to nonsmooth problems using proximal gradient
as the smoothing method. A key ingredient in MGProx is a newly introduced adap-
tive restriction operator in the multigrid process to handle the Minkowski sum of
subdifferentials, to be explained in section 2.

2. We provide theoretical results for 2-level MGProx: we show that
• MGProx exhibits a fixed-point property, see Theorem 2.5;
• the coarse correction update (in step (v) of Algorithm 2.1) is a descent di-

rection for the fine variable, see the subdifferential obtuse angle condition in
Theorem 2.6 and Lemma 2.8 for the existence of a coarse correction stepsize
that provides a descent condition;

• the sequence {xk
0}k∈N at the finest level converges to the optimal value asymp-

totically with a rate 1
k and

(
1 − µ0

L0

)k , see Theorems 2.10 and 2.16; this result
also establishes the convergence of MGOPT (for σ being gradient update) in the
convex case (see remark 1.1).

3. We apply MGProx to Elastic Obstacle Problem, and show that multigrid can accel-
erate the standard proximal gradient method; we also show that MGProx runs faster
than the Nesterov-accelerated proximal gradient method. See section 4.

Remark 1.2 (On the convexity of f0). We assume f0 to be µ0-strongly convex for proving
the theorems. In practice, MGProx can also be used if f0 is not strongly convex but we do not
have theoretical guarantees.

1.4. Literature review. The idea of multigrid is natural when handling large-scale el-
liptic PDE problems.

1.4.1. Nonlinear multigrid. The 2-level MGOPT algorithm (Algorithm 1.1) is an ex-
ample of a full approximation scheme (FAS) multigrid method for nonlinear problems. The
FAS approach, which was first described in [5], adds a τ-correction term to the coarse non-
linear problem to ensure that the multigrid cycle satisfies a fixed-point property.

There is an alternative multigrid approach for solving nonlinear problems, which is the
so-called Newton-multigrid method (see, e.g., [7, Ch. 6]), where the fine-level problem is
first linearized using Newton’s method and the linear systems in each Newton iteration are
solved approximately using a linear multigrid method.

In the context of optimization problems, nonlinear multigrid methods can be devised
to either work directly on the optimization problem and coarse versions of the optimization
problem (as MGOPT does), or they can be designed to work on the fine-level optimality condi-
tions and coarse versions of them.

1.4.2. A review of multigrid on nonsmooth composite minimization.
Early multigrid methods. Early multigrid methods for non-smooth problems like (1.1)

pertain to the case of constrained optimization problems where g0 is an indicator function on
the feasible set. For example, [6] and [25] develop multigrid methods for a symmetric positive
definite (SPD) quadratic optimization problem with a bound constraint, which is equivalent
to a linear complementarity problem. This applies, for example, to linear Elastic Obstacle
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Problems where g0 is a box indicator function that models non-penetration constraints. In
[18] this is extended to more general constrained nonlinear variational problems with SPD
Fréchet derivatives, and to their associated nonlinear variational inequalities. In more recent
work, [14] develops a Newton-MG method for an SPD quadratic optimization problem with
more general but separable nonsmooth g0. This is extended in [15] to a nonlinear objective
function with nonsmooth g0.

How our approach differs. Our approach is similar to [6, 18, 25] in that we use a FAS
approach, but our approach applies to general g0 functions that go beyond indicator functions
and include nonsmooth regularizations. While [6] and [25] deal with linear problems, our
approach applies to general nonlinear f0. In contrast to [6] and [18], we don’t use injection
for the restriction operation, which often leads to slow multigrid convergence, but instead
we use an adaptive restriction and interpolation mechanism that precludes coarse-grid up-
dates to active points. Our adaptive restriction and interpolation mechanism is similar to the
truncation process used in [14, 15], but our approach uses a FAS framework while [14, 15]
use Newton-MG, and, most importantly, we provide a convergence proof with convergence
rates O( 1

k ) and (1 − µ0
L0

)k, while [15] does not provide results on the rate of convergence. Fur-
thermore, Newton-MG requires the computation of second order information (the Hessian),
while MGProx is a first-order method.

Multigrid in image processing. Besides PDEs, multigrid was used in the 1990s in image
processing for solving problems with a nondifferentiable total variation semi-norm in image
recovery (e.g., [45, 9]). Note that these works bypassed the non-smoothness by smoothing
the total variation term, making them technically only solving (1.3) but not (1.1).

Multigrid in machine learning. In the 2010s multigrid started to appear in machine learn-
ing, e.g., `1-regularized least squares [42] and Nonnegative Matrix Factorization [13]. We
remark that these works are not true multigrid method as there is no τ in the schemes, nor is
the information of the fine variable carried to the coarse variable when solving the problem.

Recent work. Lastly we note that a recent paper [33] proposed a multilevel proximal
gradient method with a FAS multigrid structure, however it also bypassed the technically
challenging part of nonsmoothness by using a smooth approximation of g0, making it similar
to [45, 9] in that they are only solving (1.3) but not (1.1).

1.5. Organization. In section 2 we present the 2-level MGProx method and discuss its
theoretical properties. In section 3 we present the general multi-level MGProx method and
discuss computational issues. We then demonstrate the performance of MGProx compared
with other methods on several test problems in section 4. In section 5 we conclude the paper.

2. A two-level multigrid proximal gradient method. In subsection 2.1-2.3, we review
subgradients for nonsmooth functions, discuss their interaction with restriction (the coarsen-
ing operator), introduce the notion of adaptive restriction, and define the τ vector that car-
ries the cross-level information. We introduce the 2-level MGProx method in subsection 2.4
and we provide theoretical results about the algorithm: fixed-point property (Theorem 2.5),
descent property (Theorem 2.6), existence of coarse correction stepsize (Lemma 2.8) and
convergence rates (Theorems 2.10 and 2.16). Lastly in subsection 2.4.7 we discuss some
additional details of the τ vector selection.

2.1. Functions at different levels. Following subsection 1.1, we use f`(x`) : Rn` → R
to denote functions at different coarse levels. We denote the restriction of the fine objective
function F0 in (1.1) as F1 B R(F0) = R( f0 + g0), where R is defined below.

Definition 2.1 (Restriction). At level ` ∈ N, given a function f` : Rn` → R, the re-
striction R of f`, denoted as f`+1 B R( f`), is defined as f`+1(x`+1) B f`(Px`+1), where
P : Rnl+1 → Rnl is a prolongation matrix associated with the restriction matrix R : Rn` → Rn`+1
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as P = cR> where c > 0 is a predefined constant.

Adaptive restriction and non-adaptive restriction. We shall recall that a contribution of
this work is the introduction of the adaptive restriction, to be discussed in subsection 2.3. To
differentiate the classical non-adaptive restriction (and the associated prolongation) from the
adaptive version, we denote the non-adaptive restriction byR,R,P, P, and denote the adaptive
one by R,R,P, P. We remark that Definition 2.1 can be used for both versions of restriction
and prolongation.

Composition with an injective affine map preserves strong convexity, so f`+1 is strongly
convex provided f` is.

Now we give an example of R, P. We give another example in section 4.

Example 2.2. (Full weighting restriction and prolongation matrices for a vector)

R B
1
4


2 1

1 2 1
. . .

 ∈ Rn′×n, P B
1
2


2
1 1

2
1 1

. . .


∈ Rn×n′ , n′ =

⌈n − 1
2

⌉
.

R reduces the dimensions in half, and P = cR
>

doubles the dimension. Here, c = 2.

2.2. Review of subgradient and subdifferential of nonsmooth functions. The sub-
differential [35, 39, 2] is a standard framework used in convex analysis to deal with non-
differentiable functions. A convex function g(x) : Rn → R is called nonsmooth if it is not
differentiable for some x in Rn. A point q ∈ Rn is called a subgradient of g at x if for all
y ∈ Rn the inequality g(y) ≥ g(x) + 〈q, y − x〉 holds. The subdifferential of g at a point x is
defined as the set of all subgradients of g at x, i.e.,

(2.1) ∂g(x) B
{

q ∈ Rn
∣∣∣ g(y) ≥ g(x) + 〈q, y − x〉 ∀y ∈ Rn

}
⊂ Rn,

so ∂g(x) is generally set-valued. If g is differentiable at x, then ∇g(x) exists and the set ∂g(x)
reduces to the singleton

{
∇g(x)

}
.

For the purpose of this work we now review a second definition of subdifferential [19,
Def.1.1.4, p.165]: ∂g(x) is the nonempty compact convex set S ⊂ Rn whose support function
sup

s
{〈s, x〉 | s ∈ S} is the directional derivative of g at x. See [19, Theorem 1.2.2] for the

equivalence between definitions.
Subdifferential sum rule. For two functions f , g, generally ∂( f + g) , ∂ f ⊕ ∂g, where

⊕ denotes Minkowski sum, since subdifferentials are generally set-valued. The sum rule
∂( f + g) = ∂ f ⊕ ∂g holds if f , g satisfy a qualification condition (e.g. [3, Theorem 3.36]): the
relative interior of the domain of f has a non-empty intersection with the relative interior of
domain of g, i.e., ∀x ∈ dom f ∩ domg,

(2.2) ri(dom f ) ∩ ri(dom g) , ∅ =⇒ ∂
(

f (x) + g(x)
)

= ∂ f (x) ⊕ ∂g(x).

We have (2.2) for f0, g0 as dom f0 = Rn by assumption. By Definition 2.1, we have (2.2) for
the coarse functions. To sum up, in this work the sum rule (2.2) holds for all levels `:

(2.3) ∂F`(x`) B ∂
(

f`(x`) + g`(x`)
)

= ∂ f`(x`) ⊕ ∂g`(x`) = ∇ f`(x`) + ∂g`(x`),

where + is used instead of ⊕ in ∇ f`(x`) + ∂g`(x`) because ∇ f`(x`) is a singleton.
Notation for sets. From now on, when we encounter an expression containing both set-

valued vector(s) and singleton vector(s), we underline the set-valued term(s) for visual clarity.
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2.3. Adaptive restriction and the τ vector. Since subdifferentials are set-valued, we
define τ in MGProx as a set. At a level `, we define a set τ`→`+1 B ∂F`+1(x`+1)⊕(−R)∂F`(x`),
where ` → ` + 1 specifies that τ is connecting level ` to ` + 1, and the matrix R here is an
adaptive restriction operator that we will define soon. In MGProx we choose an element of
τ`→`+1 as the tau vector. That is, at level ` = 0,

τ0→1 ∈ τ0→1 B ∂F1(x1) ⊕ (−R)∂F0(x0)(2.4a)
(2.3)
= ∇ f1(x1) − R∇ f0(x0) + ∂g1(x1) ⊕ (−R)∂g0(x0).(2.4b)

Note that τ0→1 is a function of two points at two different levels. In (2.4a) τ0→1 is the Min-
kowski sum of two subdifferentials ∂F1(x1) and −R∂F0(x0) which are generally set-valued.
To obtain a tractable coarse-grid optimization problem (corresponding to line (iv) in Algo-
rithm 1.1) we need to avoid complications coming from the Minkowski sum, and we do this
by modifying the standard restriction (and prolongation) as in Example 2.2 by zeroing out
columns in R to form R such that the second subdifferential R∂g0(x0) in (2.4b) is a singleton
vector. Similarly, we zero out the corresponding rows in P to form P for the coarse correction
step, such that non-differentiable fine points are not corrected by the coarse grid. This zeroing
out process is adapted to the current point x0, so we call this R an adaptive restriction opera-
tor. In other words, the purpose of the adaptive restriction is to reduce a generally set-valued
subdifferential R∂g0(x0) to a singleton. We denote the adaptive operator R corresponding to
a point x as R(x) and thereby the adaptive restriction of x is denoted as R(x)x. Sometimes we
just write Rx if the meaning is clear from the context. Based on the above discussion, we now
formally define adaptive restriction.

Definition 2.3 (Adaptive restriction operator for separable g). For a possibly nonsmooth
function g : Rn → R that is separable, i.e., with x = [x1, x2, . . . , xn], g(x) =

∑
gi(xi) where

gi is a function only of component xi, given a full restriction operator R and a vector x, the
adaptive restriction operator R with respect to a function g at x is defined by zeroing out the
columns of R corresponding to the elements in ∂g that are set-valued.

Now we give an illustrative example. See section 4 for other examples.

Example 2.4 (`1 norm). g(x) = ‖x‖1 has subdifferential [ ∂
∂x g(x)]i = ∂

∂xi
|xi|. Absolute

value is nondifferentiable at 0. The subdifferential of |x| at 0 is the closed interval [−1, 1]. Let
Ag(x) B

{
i | xi = 0

}
. Then the adaptive R is obtained by zeroing out the columns of R with

indices in Ag. Then R∂g(x) is a singleton vector.

τ is an element of a set. Now it is clear that the subdifferential R∂g0(x0) in (2.4b) is
a singleton by definition. Note that the first subdifferential ∂g1(x1) in (2.4b) is possibly set-
valued, thus the right-hand side of (2.4b) is generally set-valued and so is τ0→1, and we define
τ0→1 to be a member of the set τ0→1. We emphasize that in the algorithm to be discussed
below we can pick any value for τ0→1 in the set. We will explore the choice of τ after we have
given a complete picture of MGProx.

We are now ready to present MGProx. Here we present the 2-level MGProx method for
illustration, and we move to the general multi-level version in section 3. By the adaptive R,
now all the Minkowski addition are trivial addition so we use + instead of ⊕.

2.4. A 2-level MGProx algorithm. Similar to the 2-level MGOPT method for solving
Problem (1.3), the 2-level MGProx method (Algorithm 2.1) solves Problem (1.1) by utiliz-
ing a coarse problem defined as

(2.5) argmin
ξ∈Rn1

{
Fτ

1(ξ) B F1(ξ) − 〈τk+1
0→1, ξ〉 = f1(ξ) + g1(ξ) − 〈τk+1

0→1, ξ〉
}
.
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Algorithm 2.1 2-level MGProx for an approximate solution of (1.1)
Initialize x1

0, R and P
for k = 1, 2, . . . do

(i) yk+1
0 = prox 1

L0
g0

(
xk

0 −
1
L0
∇ f (xk

0)
)

level-0 proximal gradient step

(ii) yk+1
1 = R(yk+1

0 )yk+1
0 construct the level-1 coarse variable

(iii) τk+1
0→1∈ ∂F1(yk+1

1 ) − R(yk+1
0 ) ∂F0(yk+1

0 ) construct the tau vector

(iv) xk+1
1 = argmin

ξ

{
Fτ

1(ξ) B F1(ξ) − 〈τk+1
0→1, ξ〉

}
solve the level-1 coarse problem

(v) zk+1
0 = yk+1

0 + αP
(
xk+1

1 − yk+1
1

)
coarse correction

(vi) xk+1
0 = prox 1

L0
g0

(
zk+1

0 − 1
L0
∇ f (zk+1

0 )
)

level-0 proximal gradient step
end for

Here are some remarks for the steps in Algorithm 2.1.
• (i): we perform one or more proximal gradient iterations on the fine variable with a

constant stepsize 1
L0

, where L0 is the Lipschitz constant of ∇ f0.
• (iii): we pick a value within the set to define τ; as we are now using adaptive R, we

use + instead of ⊕ in the expression of τ.
• (iv): α > 0 is a stepsize; for its selection see subsection 2.4.3.

2.4.1. Fixed-point property. Algorithm 2.1 exhibits the following fixed-point property.

Theorem 2.5 (Fixed-point). In Algorithm 2.1, if xk
0 solves (1.1), then we have the fixed-

point properties xk+1
0 = yk+1

0 = xk
0 and xk+1

1 = yk+1
1 .

Proof. The fixed-point property of the proximal gradient operator [32, page 150] gives

(2.6) yk+1
0

fixed-point
= xk

0
assumption

= argmin F0(x).

As a result, the coarse variable satisfies

(2.7) yk+1
1 B Ryk+1

0
(2.6)
= Rxk

0,

The subgradient 1st-order optimality to yk+1
0

(2.6)
∈ argmin F0(x) gives 0 ∈ ∂F0(yk+1

0 ). Multi-

plying by −R (which reduces the set ∂F0(xk
0) to a singleton) gives

(2.8) 0 = −R∂F0(xk
0).

Then adding ∂F1(yk+1
1 ) on both sides of (2.8) gives

∂F1(yk+1
1 ) = ∂F1(yk+1

1 ) − R(xk
0)∂F0(xk

0)(2.9a)

(2.4a)
3 τk+1

0→1(2.9b)

In (2.8), −R∂F0(xk
0) is the zero vector, so the equality in (2.9a) holds since we are adding zero

to a (non-empty) set. The inclusion (2.9b) follows from (2.4a) as ∂F1(yk+1
1 )−R(xk

0)∂F0(xk
0) is

the set τk+1
0→1.

Now rearranging (2.9b) gives 0 ∈ ∂F1(yk+1
1 ) − τk+1

0→1, which is exactly the subgradient

1st-order optimality condition for the coarse problem argmin
ξ

F1(ξ) −
〈
τk+1

0→1, ξ
〉
. By strong



MGPROX: A NONSMOOTH MULTIGRID PROXIMAL GRADIENT METHOD 9

convexity of F1(ξ) −
〈
τk+1

0→1, ξ
〉
, the point yk+1

1 is the unique minimizer of the coarse problem,

so xk+1
1 = yk+1

1 by step (iv) of the algorithm and xk+1
0 = yk+1

0
(2.6)
= xk

0 by steps (v) and (vi).

Theorem 2.5 shows that at convergence, we have fixed-point xk+1
0 = yk+1

0 at fine level and
also xk+1

1 = yk+1
1 at the coarse level. Next we show that when xk+1

1 , yk+1
1 , the functional value

sequence is converging.

2.4.2. Coarse correction descent: angle condition. In nonsmooth optimization, de-
scent direction properties are drastically different from smooth optimization [31]. For ex-
ample for the subgradient method, the classical angle condition no longer describes a use-
ful set of search directions for the subgradient. In MGProx the coarse correction direction
P(xk+1

1 − yk+1
1 ) is a nonsmooth descent direction, and we will show that P(xk+1

1 − yk+1
1 ) de-

creases the objective function value, based on the theorem below and Lemma 2.8.

Theorem 2.6 (Angle condition of coarse correction). For P(xk+1
1 − yk+1

1 ) , 0, the follow-
ing directional derivative is strictly negative

(2.10)
〈
∂F0(yk+1

0 ), P(xk+1
1 − yk+1

1 )
〉
< 0.

Before we prove the theorem we emphasize that (2.10) applies for any subgradient in the
set ∂F0(yk+1

0 ). Furthermore,

(2.10) ⇐⇒
〈
P>∂F0(yk+1

0 ), xk+1
1 − yk+1

1

〉
< 0

P>=cR, c>0
⇐⇒ c

〈
R∂F0(yk+1

0 ), xk+1
1 − yk+1

1

〉
< 0.

As c,R, P are all element-wise nonnegative, showing (2.10) is equivalent to showing

(2.11)
〈
R∂F0(yk+1

0 ), xk+1
1 − yk+1

1

〉
< 0,

where R∂F0(yk+1
0 ) is a singleton vector for all subgradients in ∂F0(yk+1

0 ) due to the adaptive R.

Proof. By definition τk+1
0→1

(2.4a)
∈ ∂F1(yk+1

1 ) − R∂F0(yk+1
0 ) hence

(2.12) R∂F0(yk+1
0 ) ∈ ∂F1(yk+1

1 ) − τk+1
0→1

(2.5)
= ∂Fτ

1(yk+1
1 ),

showing that R∂F0(yk+1
0 ) is a subgradient of Fτ

1 at yk+1
1 . For any subgradient in the subdiffer-

ential ∂Fτ
1(yk+1

1 ), we have the following which implies (2.11):〈
∂Fτ

1(yk+1
1 ), xk+1

1 − yk+1
1

〉
< Fτ

1(xk+1
1 ) − Fτ

1(yk+1
1 ) < 0,

where the first strict inequality is due to Fτ
1 being a strongly convex function (which implies

strict convexity) ; the second inequality is by xk+1
1 B argmin

ξ
Fτ

1(ξ) and the assumption that

xk+1
1 , yk+1

1 .

Remark 2.7. Theorem 2.6 holds for convex but not strongly convex f0 by replacing <
with ≤.

2.4.3. Existence of coarse correction stepsize αk. Based on Theorem 2.6, we now
show that there exists a stepsize αk > 0 such that

(2.13) F0(zk+1
0 ) B F0

(
yk+1

0 + αkP(xk+1
1 − yk+1

1 )
)
< F0(yk+1

0 ).
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Lemma 2.8 (Existence of stepsize). There exists αk > 0 such that (2.13) is satisfied for
P(xk+1

1 − yk+1
1 ) , 0.

To prove the lemma, we make use the second definition of subdifferential we discussed
in subsection 2.2: ∂F0(yk+1

0 ) is a compact convex set whose support function is the directional

derivative of F0 at yk+1
0 . Note that F0 : Rn0 → R will never reach +∞ at zk+1

0 since zk+1
0

is obtained by the proximal gradient step, so we can make use of the result on directional
derivative in [19, Def. 1.1.4, p.165] associated with subdifferential.

Proof. We prove the lemma in 3 steps.
1. (Halfspace) The strict inequality in Theorem 2.6 means that ∂F0(yk+1

0 ) is strictly

inside a halfspace with normal vector p = P(xk+1
1 − yk+1

1 ).
2. (Strict separation) Being a compact convex set, ∂F0(yk+1

0 0) lying strictly on one side
of the hyperplane must be a positive distance (say αk > 0) from that hyperplane.

3. (Support and directional derivative) Evaluating the support function of ∂F0(yk+1
0 ),

i.e., the directional derivative of F0 at yk+1
0 in the direction p, we have (2.13).

Now we see that Theorem 2.6 implies Lemma 2.8 which then implies the descent condi-
tion (2.13). Now by (2.13) together with the sufficient descent property of proximal gradient
(Lemma 2.9), the sequence

{
F0(xk

0)
}
k∈N produced by Algorithm 2.1 converges, because the

sequence
{
F0(xk

0)
}
k∈N is monotonically decreasing and F0 is bounded below.

Lemma 2.9 (Sufficient descent property of proximal gradient). For step (i) in Algo-
rithm 2.1, we have

(2.14) F0(yk+1
0 ) ≤ F0(xk

0) −
1

2L0

∥∥∥G0(xk
0)
∥∥∥2

2, G0(xk
0) = L0

[
xk

0 − prox 1
L g0

(
xk

0 −
1
L0
∇ f0(xk

0)
)]
.

Here, L0 is the Lipschitz constant of ∇ f0 and G0(xk
0) is called the proximal gradient map of

F0 at xk
0. The inequality also holds for step (vi). See [3, Lemma 10.4] for more details.

2.4.4. Tuning the coarse correction stepsize αk. First, exact line search is impractical:
finding αk B argmin

α≥0
F0

(
yk+1

0 +αP(xk+1
1 −yk+1

1 )
)

is generally expensive. Next, classical inexact

line searches such as the Wolfe conditions, Armijo rule, Goldstein line search (e.g., see [30,
Chapter 3]) cannot be used here as they were developed for smooth functions. While it is
possible to develop nonsmooth version of these methods, such as a nonsmooth Armijio rule
in tandem with backtracking on functions that satisfy the Kurdyka-Łojasiewicz inequality
with other additional conditions in [31], this is out of the scope of this work.

For this paper, we use simple naive backtracking as shown in Algorithm 2.2, which
just enforces (2.13) without any sufficient descent condition. While we acknowledge that
the traditional wisdom in optimization tells that naive descent conditions such as (2.13) are
generally not enough to obtain convergence to the optimal point, we note that MGProx is not
solely using the coarse correction to update the variable; instead it is a chain of interlaced
iterations of proximal gradient descent and coarse correction, and we will show next that
the sufficient descent property of proximal gradient descent (2.14) alone provides enough
descending power for the function value F0 to convergence to the optimal value.

2.4.5. Asymptotic O(1/k) convergence rate. Inequality (2.13) implies that in the worst
case the coarse correction P(xk+1

1 − yk+1
1 ) in the multigrid process is “doing nothing” on yk+1

0 ,
which occurs when P(xk+1

1 − yk+1
1 ) = 0 or xk+1

1 = yk+1
1 .

We now show that the descent inequality F0(xk+1
0 ) ≤ F0(zk+1

0 ) ≤ F0(yk+1
0 ) implies that

the convergence rate of the sequence
{
F0(xk

0)
}
k∈N for {xk

0}k∈N generated by MGProx (Algo-
rithm 2.1) follows the (asymptotic) convergence rate of the proximal gradient method, which
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Algorithm 2.2 Naive line search
Set α > 0 and let ε > 0 to be a small number (e.g. 10−15)
while true do

if F0

(
yk+1

0 + αP
(
xk+1

1 − yk+1
1

))
≤ F0

(
yk+1

0

)
then

Return zk+1
0 = yk+1

0 + αP
(
xk+1

1 − yk+1
1

)
, break.

else if α > O(ε) then
α = α/2.

else
Return zk+1

0 = yk+1
0 , break.

end if
end while

is O( 1
k ) [3]. In Theorem 2.10 we show that

{
F0(xk

0)
}
k∈N converges to F∗0 B inf F0(x) asymp-

totically with such a classical rate.

Theorem 2.10. The sequence {xk
0}k∈N generated by MGProx (Algorithm 2.1) for solving

Problem (1.1) satisfies F0(xk+1
0 ) − F∗0 ≤ max

{
8δ2L0, F0(x1

0) − F∗0
}

1
k , where F∗0 = F0(x∗) for

x∗ = argmin F0, the point x1
0 ∈ R

n is the initial guess, L0 is the Lipschitz constant of ∇ f0, and
δ is the diameter of the sublevel set L≤F0(x1

0) defined in Lemma 2.14.

Note that we cannot invoke a standard theorem about the convergence of proximal gra-
dient descent such as [3, Theorem 10.21], because we interlace proximal gradient steps with
coarse corrections.

Before the proof, we note that all the functions and variables in this subsubsection are at
level ` = 0 so we omit the subscript. The constant L should be understood as the Lipschitz
constant of ∇ f (x). The proof is based on standard techniques in first-order methods. To make
the proof more accessible, we divide the proof into four lemmas:

• Lemma 2.11: we derive a sufficient descent inequality for the MGProx iteration.
• Lemma 2.13: we derive a quadratic overestimator of F.
• Lemma 2.14: we give an upper bound for ‖xk − x∗‖2 and ‖yk+1 − x∗‖2 for all k.
• Lemma 2.15: we recall a convergence rate for a certain a monotonic sequence.

Using these lemmas, we follow the strategy used in [22] to prove Theorem 2.10.

Lemma 2.11 (Sufficient descent of MGProx iteration). For all iterations k, we have

(2.15) F(xk+1) − F∗ ≤
L
2

(
‖xk − x∗‖22 − ‖y

k+1 − x∗‖22
)
.

Proof. By convexity and L-smoothness of f , for all yk+1, xk, ξ we have

f (yk+1) ≤ f (xk) + 〈∇ f (xk), yk+1 − xk〉 + L
2 ‖y

k+1 − xk‖22 f is L-smooth . . . (i)
f (xk) ≤ f (ξ) − 〈∇ f (xk), ξ − xk〉 f is convex . . . (ii)

f (yk+1) ≤ f (ξ) − 〈∇ f (xk), ξ − yk+1〉 + L
2 ‖y

k+1 − xk‖22 (i) + (ii)
= f (ξ) −

〈
∇ f (xk), ξ − xk + 1

LG(xk)
〉

+ 1
2L ‖G(xk)‖22 yk+1 = xk − 1

LG(xk)

where G(xk) is the proximal gradient map of F at xk, see (2.14).
Next, adding g(yk+1) = g

(
xk − 1

LG(xk)
)

on the both sides of the last inequality gives

(2.16) F(yk+1) ≤ f (ξ) −
〈
∇ f (xk), ξ − xk +

1
L

G(xk)
〉

+
1

2L
‖G(xk)‖22 + g

(
xk −

1
L

G(xk)
)
.
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Based on the properties of the coarse correction (Theorem 2.6 and Lemma 2.8) and the suffi-
cient descent property of the proximal gradient update (2.14), we have

F(xk+1)
(2.14)
≤ F(zk+1)

Theorem 2.6, Lemma 2.8
≤ F(yk+1),

so we can replace F(yk+1) in (2.16) by F(xk+1) and obtain

(2.17) F(xk+1) ≤ f (ξ) −
〈
∇ f (xk), ξ − xk +

1
L

G(xk)
〉

+
1

2L
‖G(xk)‖22 + g

(
xk −

1
L

G(xk)
)
.

In the following we deal with the term g
(
xk − 1

LG(xk)
)

in (2.17). First, by the convexity of g,
for all ξ we have

g(ξ) ≥ g
(
xk − 1

LG(xk)
)

+
〈
∂g

(
xk − 1

LG(xk)
)
, ξ −

(
xk − 1

LG(xk)
) 〉

⇐⇒ g
(
xk − 1

LG(xk)
)
≤ g(ξ) −

〈
∂g

(
xk − 1

LG(xk)
)
, ξ −

(
xk − 1

LG(xk)
) 〉
.

By the subgradient optimality of the proximal subproblem associated with g, we can show
that G(xk) − ∇ f (xk) ∈ ∂g

(
xk − 1

LG(xk)
)
, hence

(2.18) g
(
xk −

1
L

G(xk)
)
≤ g(ξ) −

〈
G(xk) − ∇ f (xk), ξ −

(
xk −

1
L

G(xk)
)〉
.

Combining (2.17) and (2.18) with ξ = x∗ B argmin F gives

F(xk+1) ≤ F∗ −
〈
G(xk), x∗ − xk + 1

LG(xk)
〉

+ 1
2L ‖G(xk)‖22

= F∗ −
〈
G(xk), x∗ − xk

〉
− 1

2L ‖G(xk)‖22

= F∗ + L
2

(
‖xk − x∗‖22 − ‖x

k − x∗ − 1
LG(xk)‖22

) xk− 1
L G(xk)C yk+1

⇐⇒ (2.15)

where completing the squares is used in the second equal sign.

Remark 2.12. We name the inequality (2.15) sufficient descent because it resembles the
sufficient descent property of the proximal gradient iteration (2.14). Also, by definition,
F(xk+1) ≥ F∗, hence (2.15) implies ‖xk − x∗‖22 ≥ ‖y

k+1 − x∗‖22.

The following lemma is similar to [4, Lemma 2.3] and [22, Lemma 3, Eq.(5.9)] .

Lemma 2.13 (A quadratic overestimator). For all x, we have

(2.19) F(x) − F(xk+1) ≥ L〈xk − yk+1, x − xk〉 +
L
2
‖yk+1 − xk‖22.

Proof. By the convexity of f and g,

f (x) ≥ f (xk) + 〈∇ f (xk), x − xk〉 f is convex . . . (i)

g(x) ≥ g(yk+1) + 〈∂g(yk+1), x − yk+1〉 g is convex . . . (ii)

F(x) ≥ f (xk) + 〈∇ f (xk), x − xk〉 + g(yk+1) + 〈∂g(yk+1), x − yk+1〉 (i) + (ii)(2.20)

By definitions (1.5a), (1.5b), the proximal gradient iteration is a majorization-minimization
process that updates xk based on minimizing a local quadratic overestimator Q of xk, i.e.,
yk+1 = prox 1

L g
(
xk − 1

L∇ f (xk)
)

is equivalent to

(2.21) yk+1 = argmin
ξ

{
Q(ξ; xk) B f (xk) +

〈
∇ f (xk), ξ − xk〉 +

L
2
‖ξ − xk‖22 + g(ξ)

}
.
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Being an overestimator, we have F(x) ≤ Q(x; xk), which implies for all x

(2.22)

F(x) − F(yk+1)
≥ F(x) − Q(yk+1; xk)

(2.21)
= F(x) − f (xk) −

〈
∇ f (xk), yk+1 − xk〉 − L

2
‖yk+1 − xk‖22 − g(yk+1)

(2.20)
≥ 〈∇ f (xk), x − xk〉 + 〈∂g(yk+1), x − yk+1〉 −

〈
∇ f (xk), yk+1 − xk〉 − L

2
‖yk+1 − xk‖22

= 〈∇ f (xk) + ∂g(yk+1), x − yk+1〉 −
L
2
‖xk − yk+1‖22.

Applying the subgradient optimality condition to (2.21) at yk+1 gives

0 ∈ ∇ f (xk) + L(yk+1 − xk) + ∂g(yk+1) ⇐⇒ L(xk − yk+1) ∈ ∇ f (xk) + ∂g(yk+1),

so L(xk − yk+1) can be substituted in the first term of the last line of (2.22) and we have

F(x) − F(yk+1) ≥ L〈xk − yk+1, x − yk+1〉 −
L
2
‖xk − yk+1‖22

= L〈xk − yk+1, x − xk + xk − yk+1〉 −
L
2
‖xk − yk+1‖22 ⇐⇒ (2.19).

Lemma 2.14 (Diameter of sublevel set). At initial guess x1 ∈ Rn, define

L≤F(x1) B
{

x ∈ Rn | F(x) ≤ F(x1)
}
, (sublevel set of x1)

δ = diam L≤F(x1) B sup
{
‖x − y‖2 | F(x) ≤ F(x1), F(y) ≤ F(y1)

}
. (diameter of L≤F(x1))

Then for x∗ B argmin F(x), we have ‖xk − x∗‖2 ≤ δ and ‖yk − x∗‖2 ≤ δ for all k.

Proof. We have F(x∗) ≤ F(x1) by definition. By the descent property of the coarse
correction and proximal gradient updates, we have F(xk) ≤ F(x1) and F(yk) ≤ F(x1) for all
k. These results mean that xk, yk+1 and x∗ are inside L≤F(x1), therefore both ‖xk − x∗‖2 and
‖yk+1 − x∗‖2 are bounded above by δ. Lastly, F is strongly convex so L≤F(x1) is bounded and
δ < +∞.

Lemma 2.15 (Monotone sequence). For a nonnegative sequence {ωk}k∈N → ω∗ that
is monotonically decreasing with ω1 − ω

∗ ≤ 4µ and ωk − ωk+1 ≥
(ωk+1−ω

∗)2

µ
, it holds that

ωk − ω
∗ ≤

4µ
k for all k.

Proof. By induction. See proof in [22, Lemma 4].

Now we are ready to prove Theorem 2.10.

Proof. Rearranging the sufficient descent inequality in Lemma 2.11 gives

F∗ − F(xk+1) ≥
L
2

(
‖yk+1 − x∗‖22 − ‖x

k − x∗‖22
)

=
L
2

(
‖yk+1 − x∗‖2 − ‖xk − x∗‖2

) (
‖yk+1 − x∗‖2 + ‖xk − x∗‖2

)
≥ −

L
2
‖xk − yk+1‖2

(
‖xk − x∗‖2 + ‖yk+1 − x∗‖2

)
,

where the last inequality is by the triangle inequality ‖yk+1 − x∗‖2 + ‖xk − yk+1‖2 ≥ ‖x∗ − xk‖2.
Rearranging the inequality gives

(2.23) ‖xk − yk+1‖2 ≥
−2
L

F∗ − F(xk+1)
‖xk − x∗‖2 + ‖yk+1 − x∗‖2

=
2
L

F(xk+1) − F∗

‖xk − x∗‖2 + ‖yk+1 − x∗‖2
.
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Applying Lemma 2.14 to (2.23) gives

(2.24) ‖xk − yk+1‖2 ≥
F(xk+1) − F∗

δL
.

Note that (2.24) implies that if the fine sequence converges (i.e., xk = yk+1), then we have
F(xk+1) = F∗.

Now applying Lemma 2.13 with x = xk gives

F(xk) − F(xk+1) ≥
L
2
‖yk+1 − xk‖22

(2.24)
≥

(F(xk+1) − F∗)2

2δ2L
.

This inequality shows that the sequence {ωk}k∈N with ωk B F(xk) satisfies the condition
ωk − ωk+1 ≥

(ωk−ωk+1)2

µ
in Lemma 2.15. To complete the proof, applying Lemma 2.15 to the

monotonically decreasing sequence {F(xk)}k∈N with µ = 2δ2L, we have

F0(xk+1
0 ) − F∗0 ≤ max

{
8δ2L0, F0(x1

0) − F∗0
}1
k
,

where we put back the subscript 0 for clarity.

Theorem 2.10 shows that {F0(xk
0)}k∈N for solving Problem (1.1) satisfies a sublinear as-

ymptotic convergence bound of O( 1
k ). Below we show that {F0(xk

0)}k∈N also satisfies a linear
convergence bound.

2.4.6. Linear convergence rate by Proximal PŁ inequality. All the functions and
variables here are at level 0 so we omit the subscripts. Now we show that

{
F(xk)

}
k∈N converges

to F∗ with a linear rate using the Proximal Polyak-Łojasiewics inequality [21, Section 4]. The
function F in Problem (1.1) is called ProxPŁ if there exists µ > 0 such that

(ProxPŁ)
1
2
Dg(x, L) ≥ µ

(
F(x) − F∗

)
∀x,

where µ is called the ProxPŁ constant and

(2.25) Dg(x, α) B −2αmin
z

{
α

2
‖z − x‖22 +

〈
z − x,∇ f (x)

〉
+ g(z) − g(x)

}
.

Intuitively,Dg is defined based on the proximal gradient operator:

prox 1
L g

(
x −
∇ f (x)

L

)
(2.21)
= argmin

z

L
2
‖z − x‖22 +

〈
z − x,∇ f (x)

〉
+ g(z) − g(x).

It has been shown in [21] that if f in (1.1) is µ-strongly convex, then F is µ-ProxPŁ. Now we
prove the linear convergence rate of Algorithm 2.1.

Note that a standard result such as [3, Theorem 10.29] on convergence of proximal gra-
dient for strongly convex functions is not directly applicable because, as mentioned above,
we interleave proximal gradient steps with coarse correction steps.

Theorem 2.16. Let x1
0 be the initial guess of the algorithm, F∗0 = F0(x∗0) and x∗0 =

argmin F0(x). The sequence {xk
0}k∈N generated by MGProx (Algorithm 2.1) for solving Prob-

lem (1.1) satisfies F0(xk+1
0 ) − F∗0 ≤

(
1 −

µ0

L0

)k(
F0(x1

0) − F∗0
)
.
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Proof. First, by assumption F is strongly convex, so F is µ-ProxPŁ with µ > 0 and

F(xk+1)
(2.14)
≤ F(zk+1)

(2.13)
≤ F(yk+1)

= f (yk+1) + g(yk+1) + g(xk) − g(xk)
(1.2)
≤ f (xk) + 〈∇ f (xk), yk+1 − xk〉 + L

2 ‖y
k+1 − xk‖22 + g(xk) + g(yk+1) − g(xk)

= F(xk) + 〈∇ f (xk), yk+1 − xk〉 + L
2 ‖y

k+1 − xk‖22 + g(yk+1) − g(xk)

= F(xk) − 1
2L (−2L)

(
〈∇ f (xk), yk+1 − xk〉 +

L
2
‖yk+1 − xk‖22 + g(yk+1) − g(xk)

)
︸                                                                           ︷︷                                                                           ︸

(2.25)
= Dg(xk ,L), since yk+1B argmin

z

L
2 ‖z−xk‖22+〈z−xk ,∇ f (xk)〉+g(z)−g(xk).

(ProxPŁ)
≤ F(xk) − µ

L
(
F(xk) − F∗

)
.

Adding −F∗ on both sides of the inequality gives F(xk+1)−F∗ ≤
(
1− µ

L
)(

F(xk)−F∗
)
. Applying

this inequality recursively completes the proof.

Remark 2.17. We now give several remarks about the result.
• Convergence rate: for a µ0-strongly convex and L0-smooth f0, we have 0 < µ0 ≤ L0

and 0 ≤ 1 − µ0
L0
< 1.

• Since x∗ is unique, we also conclude that the sequence {xk
0}k∈N converges to x∗.

• Depending on the value of µ0, for k not too large, the sublinear convergence rate 1
k

from Theorem 2.10 gives a better bound than the linear rate (1 − µ0
L0

)k from Theo-
rem 2.16, this is the case when µ0 � L0.

Lastly, we emphasize that the bounds in Theorem 2.10 and Theorem 2.16 are loose bounds
for Algorithm 2.1 since we only show that the coarse correction can guarantee the descent
condition F0(zk+1

0 ) ≤ F0(yk+1
0 ) but not a stronger sufficient descent condition.

2.4.7. On the selection of τ. Recall that the tau vector comes from a set:

τk+1
0→1

(2.4b)
∈ τk+1

0→1 B ∇ f1(yk+1
1 ) − R∂F0(yk+1

0 )︸                        ︷︷                        ︸
singleton

+ ∂g1(yk+1
1 )︸    ︷︷    ︸

set-valued

.

We emphasize that for our theoretical results to hold we can choose any value in the set τk+1
0→1

to define τk+1
0→1 in Algorithm 2.1. First, the results of in Theorems 2.5 and 2.6 hold for any τ in

the set. Second, all the convergence bounds (Theorems 2.10 and 2.16) only contain constants
at level ` = 0 and are independent of the choice of tau vector.

Optimal tau selection seems difficult. Recall the two steps in the algorithm related to the
coarse correction,

xk+1
1 (τ) = argmin

ξ
F1(ξ) −

〈
∇ f1(yk+1

1 ) − R∂F0(yk+1
0 ) + ∂g1(yk+1

1 )︸                                        ︷︷                                        ︸
3τ

, ξ
〉
,

xk+1
0 (τ) = yk+1

0 + α(τ)P
(
xk+1

1 (τ) − yk+1
1

)
,

where xk+1
0 , xk+1

1 and α are all a function of τ. Now it seems tempting to “optimally tune”
τk+1

0→1 so that it maximizes the gap F0(yk+1
0 ) − F0(xk+1

0 ):

τk+1
0→1 ∈ argmax

τ ∈ τk+1
0→1

F(yk+1
0 ) − F0

(
xk+1

0 (τ)
)

= argmin
τ

F0
(
xk+1

0 (τ)
)
.
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However, this problem generally has no closed-form solution and it is intractable to solve
numerically.

In the numerical experiments we will verify that the sequence produced by MGProx con-
verges for different values of τ confirming the theory. We also find that the convergence speed
does not depend much on the choice of τ in practical computations.

3. A multi-level MGProx. Now we generalize the 2-level MGProx to multiple levels.
The 2-level MGProxmethod constructs a coarse problem at level (` = 1), and uses the solution
of such problem to help solve the original fine-level problem (` = 0). If the fine problem has
a large problem size, solving the coarse problem exactly is generally expensive. Hence it is
natural to consider applying multigrid recursively until the coarse problem on the coarsest
level is no longer expensive to solve. An L-level MGProx cycle with a V-cycle structure is
shown in Algorithm 3.1. We clarify the naming of the variables in the algorithm as follows:
at each iteration k, we have xk

` : variable before pre-smoothing on level `; yk+1
` : variable after

pre-smoothing on level `; zk+1
` : variable after coarse-grid correction on level `; and wk+1

` :
variable after post-smoothing on level `. Note that, to obtain a well-defined recursion in
Algorithm 3.1, we choose the superscript for the x variables equal to k on all levels. In the
2-level algorithm we chose a different convention, writing the x variable on level 1 as xk+1

1 .

Algorithm 3.1 L-level MGProx with V-cycle structure for an approximate solution of (1.1)
Initialize x1

0 and the full version of R`→`+1, P`+1→` for ` ∈ {0, 1, . . . , L − 1}
for k = 1, 2, . . . do

Set τk+1
−1→0 = 0

for ` = 0, 1, . . . , L − 1 do

yk+1
` = prox 1

L`
g`

(
xk
` −
∇ f`(xk

`) − τ
k+1
`−1→`

L`

)
pre-smoothing

xk
`+1 = R`→`+1(yk+1

` ) yk+1
` restriction to next level

τk+1
`→`+1 ∈ ∂F`+1(xk

`+1) − R`→`+1(yk+1
` ) ∂F`(yk+1

` ) create tau vector
end for
wk+1

L = argmin
ξ

{
Fτ

L(ξ) B FL(ξ) − 〈τk+1
L−1→L, ξ〉

}
solve the level-L coarse problem

for ` = L − 1, L − 2, . . . , 0 do
zk+1
` = yk+1

` + αP`+1→`
(
wk+1
`+1 − xk

`+1
)

coarse correction

wk+1
` = prox 1

L`
g`

(
zk+1
` −

∇ f`(zk+1
` ) − τk+1

`−1→`

L`

)
post-smoothing

end for
xk+1

0 = wk+1
0 update the fine variable

end for

Here are some further remarks about Algorithm 3.1.
• L` is the Lipschitz constant of ∇ f`.
• At level ` , L, we are essentially performing two proximal gradient iterations (pre-

smoothing + post-smoothing) and a coarse correction. At the coarsest level ` = L,
we perform an exact update by solving the coarse problem exactly.

• From the traditional wisdom of classical multigrid, more than one pre-smoothing
and post-smoothing steps can be beneficial to accelerate the overall convergence.
We implemented such multiple smoothing steps in the numerical tests.

Remark 3.1 (Convergence of Algorithm 3.1). Regarding the finest level function value
{F0(xk

0)}k∈N, Theorem 2.10 and Theorems 2.16 and 2.16 all hold for the multilevel Algo-
rithm 3.1, since the angle condition of the coarse correction (Theorem 2.6) also holds for
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multilevel MGProx when the coarse problem is solved inexactly. To be specific, the last in-
equality Fτ

1(xk+1
1 ) − Fτ

1(yk+1
1 ) < 0 in the proof of Theorem 2.6 holds when the coarse problem

on xk+1
1 is solved inexactly by a combination of proximal gradient iterations and a coarse-grid

correction with line search.

4. Numerical results. We now demonstrate the capability of MGProx to solve applica-
tion problems in the form of (1.1). We test MGProx on three problems related to the Elastic
Obstacle Problem (EOP). In subsection 4.1 we review the EOP and derive a linearized EOP
problem. In subsection 4.2 we provide results for the linearized EOP in one dimension: we
compare MGProx with the standard proximal gradient method and proximal gradient method
with Nesterov’s acceleration, and investigate results for MGProx under different parameter
settings. Then we show results for MGProx compared with Nesterov’s acceleration on for the
linearized EOP in two dimensions in subsection 4.3. Next, in subsection 4.4 we derive a pen-
alty formulation for the linearized EOP problem and we show results for it. In subsection 4.5
we formulate the original nonlinear EOP in penalty form and show results for it.

4.1. Elastic Obstacle Problem (EOP). The EOP [6, 25, 37, 8] describes the shape of
an elastic membrane covering an obstacle φ: find the equilibrium state of the membrane
under a non-penetration constraint defined by φ. Given φ : Ω → R in a two-dimensional
domain Ω ⊂ R2 (we use Ω = [0, 1] × [0, 1] in our numerical tests), determine the location of
a membrane u(x, y) : Ω→ R with the lowest elastic potential energy.

EOP as a surface area model. Assuming the elastic potential energy of the membrane is
proportional to the surface area, the EOP can be written as

(EOP) min
u

∫
Ω

√
1 + ‖ ∇u ‖2L2 dx s.t. u ≥ φ on Ω, u = 0 on ∂Ω,

where dx denotes the total differential, ∇u : Ω → R2 is the gradient field of u, and the norm
‖·‖L2 induced by the inner product 〈 · , · 〉 is the L2 norm for functions. Note that we take φ ≤ 0
on ∂Ω, so the boundary condition u = 0 on ∂Ω makes sense. Figure 1 shows an example of
covering nine conic obstacles.

Figure 1. Covering nine conic obstacles. Left: nine cones. Right: the solution u obtained by solving (aEOP)
using MGProx proposed in this work.

Linearized EOP. An approximate version of Problem (EOP) can be obtained by lin-
earization. The function

√
1 + x2 is strongly convex. Near x = 0 it has a Taylor series

1 + 1
2 x2 − 1

8 x4 + 1
16 x6 − 1

128 x8 + o(x9). Ignoring the constant 1 and higher order terms gives

(aEOP) min
u

∫
Ω

1
2
‖ ∇u ‖2L2 dx s.t. u ≥ φ on Ω, u = 0 on ∂Ω,

where “a” in aEOP stands for approximate.
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Applications of EOP. The EOP was initially motivated by mathematical physics [37]
such as thin-plate solid dynamics and elastostatics (see e.g., [41, Section 4] for related prob-
lems). EOP also finds applications in stochastic optimal control and financial mathematics
of American options [40, Proposition 12.4]. Here we solely focus on solving EOP as a non-
smooth optimization problem and use it to illustrate the effectiveness of MGProx. Many
methods have been proposed to numerically solve EOP: apart from the multigrid approaches
mentioned in the introduction, there are adaptive finite element methods [20], penalty meth-
ods [38], level set methods [24], and `1 penalty methods [41].

4.1.1. Discretization of Problem (aEOP). We apply direct discretization of the integral
in (aEOP) to derive a minimization problem in the form of (1.1). Using a grid of N×N internal
points with ∆x = ∆y = h = 1

N+1 on Ω, let ui j = u(ih, jh) with i, j ranging from 1 to N. Then∫
Ω

1
2 ‖∇u(x, y)‖2dxdy ≈

∑
i, j

1
2‖∇ui j‖

2h2 = h2

2 〈Q0u, u〉, where u is the vectorized representation

of the matrix ui j, and Q0 ∈ R
N2×N2

is a discrete Laplacian operator that approximates ∇2: it
is a block tridiagonal matrix consisting of tridiagonal blocks B ∈ RN×N and identity blocks
I ∈ RN×N ,

Q0 B
1
h2


B I

I B
. . .

. . .
. . . I
I B

 , B B


−4 1

1 −4
. . .

. . .
. . . 1
1 −4

 .
Note that L0 B ‖Q0‖2 = 1

h2 8 sin2 ( Nπ
2(N+1)

)
≈ 8

h2 [23], which will be used for the gradient
descent stepsize.

Using indicator function i≥φ (which = ∞ at grid point (i, j) if ui j < φi j and = 0 otherwise)
to represent the constraint u ≥ φ and noting that i≥φ is invariant to scalar scaling, (aEOP) is
discretized as min h2

2 〈Q0u, u〉 + h2i≥φ(u). Ignoring h2 in the whole expression, performing a
change of variable v = u − φ ≥ 0 and letting p0 = −Q0φ yields the problem:

(Shifted aEOP) min
v

1
2
〈Q0v, v〉 − 〈p0, v〉 + i+(v).

The reason we perform a change of variable is that in (Shifted aEOP) the constraint is sim-
plified to nonnegativity.

Since Q0 is positive definite, Problem (Shifted aEOP) is a nonsmooth strongly convex
optimization problem and it has a unique minimizer.

4.1.2. Implementation. Now we implement MGProx to solve (Shifted aEOP).
Proximal gradient iteration. Let 1

‖Q0‖2
> 0 be the stepsize and let (x)+ B max{0, x}

defined element-wise. Then the proximal gradient iteration for (Shifted aEOP) is

(4.1) vk+1 = prox 1
‖Q0‖2

i+

(
v −

1
‖Q0‖2

(Q0vk − p0)
)

=

(
vk −

1
‖Q0‖2

(Q0vk − p0)
)
+

.

Restriction and prolongation. Consider the matrix u at a particular resolution level `.
The (full) restriction of such variable, denoted as û B R(u) at level `+1, can be defined using
the so-called full weighting operator: for all 1 ≤ i, j ≤ n

2 − 1,

ûi j B [R(u)]i j =
1
16

[
4u2i,2 j + 2

(
u2i,2 j+1 + u2i,2 j−1 + u2i+1,2 j + u2i−1,2 j

)
+u2i−1,2 j+1 + u2i−1,2 j−1 + u2i+1,2 j−1 + u2i−1,2 j+1

]
.
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Using a block-tridiagonal matrix R, the expression û B R(u) can be written as a linear equa-
tion vec(û) = Rvec(u) where vec is vectorization. We abuse notation by treating u as vec(u).
For the adaptive version of R, we follow Definition 2.3. For the prolongation matrix P, we
take P = cR> with constant c = 2.

Subdifferential. To proceed with MGProx we need to compute the subdifferential of the
constraint function i+(v). The subdifferential of the indicator function is the normal cone.

Definition 4.1 (Normal cone to a set). Given a non-empty closed convex set C ⊂ Rn, the
normal cone of C at a point x̄ ∈ Rn, denoted by NC(x̄), is defined as (e.g., [2, Eq. 6.35])

NC(x̄) B


{
v ∈ Rn

∣∣∣∣ 〈v, x − x̄〉 ≤ 0 for all x ∈ C
}

x̄ ∈ C

∅ x̄ < C
.

For the objective function (Shifted aEOP) with g0(v) = i+(v), we have

(4.2)
[
∂i+(v)

]
i =


0 vi > 0
−t, t ≥ 0 vi = 0
∅ vi < 0

,

i.e., if a component vi = 0, the subdifferential
[
∂i+(v)

]
i is a set of rays pointing to −∞.

MGProx iteration. The operations of MGProx at level ` = 0 in the top inner for loop in
Algorithm 3.1 for solving (Shifted aEOP) are

yk+1
0

(4.1)
= max

{
0 , xk

0 −
Q0 xk

0+p0

L0

}
,

xk+1
1 = R0→1(yk+1

0 )yk+1
0 ,

τk+1
0→1 ∈ ∇ f1(xk+1

1 ) + ∂g1(xk+1
1 ) − R0→1∇ f0(yk+1

0 ) − R0→1∂g0(yk+1
0 ),

= (Q1xk+1
1 + p1) + NRn1

+
(xk+1

1 ) − R0→1(Q0yk+1
0 + p0) − R0→1NRn0

+
(yk+1

0 ),

where NRn
+

is the normal cone of Rn
+. For the next level, we define the coarse matrix Q1 =

R0→1Q0P1→0 and the coarse vector p1 = R0→1 p0. Note that we are using the non-adaptive
full restriction operator for Q1 and p1, see Remark ??. The term R0→1Q0P1→0 is called the
Galerkin product, which is a classical way to generate the coarse operator in multigrid. We

use Q1, p1 to define the level ` = 1 coarse problem as argmin
ξ

1
2
〈Q1ξ, ξ〉− 〈p1, ξ〉− 〈τ

k+1
0→1, ξ〉+

i+(ξ), which has the same form as (Shifted aEOP), and the same MGProx iteration can be used
for all coarse problems recursively.

Remark 4.2 (τ is nonempty). τ in MGProx is never an empty set. Based on the MGProx
iteration, yk+1

0 ∈ Rn
+ so NRn0

+
(yk+1

0 ) , ∅. Furthermore both R and yk+1
0 are (element-wise)

nonnegative, so yk+1
1 = Ryk+1

0 is also nonnegative and therefore NRn1
+

(yk+1
1 ) , ∅.

4.2. Test problem 1: 1-dimensional (Shifted aEOP) on truncated sine wave. Here
we consider 1-dimensional (Shifted aEOP) with the obstacle φ(ξ) = [sin ξ]+ B max(0, sin ξ)
over the domain Ω B [0, 3π]. It is easy to see that this problem has a closed-form solution.

Proposition 4.3. Let u∗ be the exact solution to the 1-dimensional (Shifted aEOP). We
have u∗(ξ) = sin ξ for ξ ∈ [0, 1

2π] or ξ ∈ [ 5
2π, 3π] and u∗(ξ) = 1 for ξ ∈ [ 1

2π,
5
2π].

Experimental setup. We initialize x1
0 = xini

0 as a random nonnegative vector and com-
pute the initial function value F0(x1

0) and the initial norm of the proximal gradient map
‖G0(xini

0 )‖2. We stop the algorithm using the proximal first-order optimality condition, i.e., we
stop the algorithm when ‖G0(xk

0)‖2/‖G0(xini
0 )‖2 ≤ 10−15. All the experiments are conducted
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in MATLAB R2022a using a Mac mini (2018) running MacOS on a 3GHz 6-Core Intel i5
processor with 16 GB memory. We report the following values: ‖G0(xk

0)‖2/‖G0(xini
0 )‖2 and

(F0(xk
0) − Fmin

0 )/F0(xini
0 ), where Fmin

0 is the lowest objective function value achieved among
all the tested methods. The MATLAB code is available at angms.science.

MGProx setup. We run two versions of multilevel MGProx: MGProx-1 and MGProx-10,
where MGProx-n refers to MGProx with n pre-smoothing and post-smoothing steps on all
levels. We take enough levels to make the coarsest problem sufficiently small. Specifically,
for the 1-dimensional (Shifted aEOP), the coarsest problem has 22 − 1 = 3 variables. For the
τ selection, on all the levels we use t = 0 for the normal cone ∂i+ in (4.2).

Line search setup for coarse correction. For the line search of the coarse stepsize, we
simply run Algorithm 2.2 (i.e., naive line search) up to machine accuracy. We implement
the line search in a way that catastrophic cancellation [44] is avoided so that we can check
F0

(
yk+1

0 + αP
(
xk+1

1 − yk+1
1

))
≤ F0

(
yk+1

0

)
with machine precision.

For n > 1, we also consider the MGProx+−n variant of the algorithm, where we put
Nesterov’s acceleration into the pre-smoothing and post-smoothing steps of MGProx−n.

4.2.1. Comparisons with proximal gradient and with Nesterov’s acceleration. We
compare MGProx with the proximal gradient method (Prox) with update iteration xk+1

0 =

prox 1
L g0

(
xk

0 −
∇ f0(xk

0)
L0

)
, and the proximal gradient with Nesterov’s acceleration (Nest) [28, 4]:

starting from y1
0 = x1

0, Nest performs the iteration xk+1
0 = prox 1

L g0

(
yk

0 −
∇ f0(yk

0)
L0

)
, yk+1

0 = xk+1
0 +

βk
(
xk+1

0 − xk
0
)
, where βk is an extrapolation parameter. Let F∗ = infx F(x). It was proved in

[4] that Nesterov’s acceleration improves the functional asymptotic convergence rate of the
proximal gradient method under our general conditions for Problem (1.1) from F(xk) − F∗ ≤
O( 1

k ) to F(xk) − F∗ ≤ O( 1
k2 ), in which the O( 1

k2 ) rate is optimal for all gradient-based first-
order optimization methods [28]. There are many ways to choose βk as long as it satisfies
certain conditions (e.g. see [43, Eq.15] or the book by Nesterov [29]). In this work we
choose βk = k−1

k+2 , which is a simple and efficient choice for βk [1]. It should be noted that
the Nesterov’s acceleration method described here is accelerated gradient for the case when
the smooth term f0 is convex but not strongly convex. A different choice of extrapolation
factor is recommended for strongly convex f0 (e.g., see [3, Section 10.7.7]). However, in the
problem under consideration, the ratio µ0

L0
tends rapidly to 0 as the mesh size is increased,

a well-known property of discretizations of second-order elliptic problems. Therefore, we
decided to treat the problem as non-strongly convex to match the limiting case.

Referring to Table 1, we can see that in general MGProx has faster convergence speed than
the proximal gradient method and proximal gradient method with Nesterov’s acceleration,
both in terms of number of iterations and total execution time. Typical convergence plots are
shown in Fig.2.

4.2.2. On varying MGProx’s settings. For completeness, we investigate the effect of
choosing different τ in the subdifferential. The subdifferential of ∂i+(v) in (4.2) is a normal
cone of rays pointing to −∞ with a parameter t ∈ [0,∞). In this experiment we test MGProx
with t ∈ {0, 0.1, 0.5, 1, 2} and show numerically that the convergence speed of MGProx-1 is
not sensitive to the choice of t, see Fig. 3. In the same figure, for MGProx-n with n > 1 the
convergence speed is sensitive to the choice of t, but most of this sensitivity disappears for
MGProx+-n with n > 1, which is the method we use in our numerical tests because it gives
the best performance. Here, all the other settings of MGProx are held fixed.

4.3. Test problem 2: 2-dimensional (Shifted aEOP). We report the results of tests
for the 2-dimensional (Shifted aEOP). Here φ(x, y) = max{0, sin(x)}max{0, sin(y)} where
x, y ∈ [0, 3π]. This obstacle is the direct generalization of the 1-dimensional (Shifted aEOP)

angms.science
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Iterations (k)
# variables Prox Nest MG-1 MG-10 MG+-10

28 − 1 = 255 3.07 × 105 1.65 × 105 2.69 × 102 4.90 × 101 4.20 × 101

210 − 1 = 1023 4.38 × 106 9.91 × 105 7.87 × 102 7.54 × 102 1.09 × 102

212 − 1 = 4095 6.18 × 107 7.73 × 106 5.37 × 103 6.13 × 103 2.66 × 103

Time (sec.)
# variables Prox Nest MG-1 MG-10 MG+-10

28 − 1 = 255 6.30 × 10−1 3.70 × 10−1 6.33 × 10−2 3.57 × 10−2 3.34 × 10−2

210 − 1 = 1023 2.05 × 101 4.96 × 100 2.62 × 10−1 4.21 × 10−1 2.91 × 10−1

212 − 1 = 4095 1.27 × 103 1.88 × 102 4.48 × 100 8.34 × 100 3.81 × 100

Table 1
Convergence results for 1-dimensional (Shifted aEOP). Prox is the proximal gradient method, Nest is the

proximal gradient method with Nesterov’s acceleration, MG-1 is L-level MGProx with 1 pre-smoothing and post-
smoothing step, MG-10 is MGProx with 10 pre-smoothing and post-smoothing steps, and MG+-10 is MG-10 with
Neterov’s acceleration embedded in the pre-smoothing and post-smoothing steps. The MGProx are L-level (with
L = 6, 8, 10 levels for the three rows in the table).

Figure 2. Typical convergence plots of Prox, Nest, MGProx-1, MGProx-10 and MGProx+-10 for 1-
dimensional (Shifted aEOP). The number of variables in this experiment is 29 − 1 = 511. All MGProx methods
use 7 levels.

in subsection 4.2.1. We use the same setting as in test 1. Here we only compare Nest
and MGProx-25. The numerical results are shown in Table 2. In general we have the same
conclusions as in subsection 4.2.1.

4.4. Test problem 3: (Shifted aEOP) in penalty form. We now consider

(aEOP-penalty) min
u

∫
Ω

1
2
‖ ∇u ‖2L2 dx + λ

∫
Ω

‖ (φ − u)+ ‖L1 dx s.t. u = 0 on ∂Ω,

where ‖ · ‖L1 is the L1 norm of a function and λ > 0 is a pre-defined penalty parameter.
Following a similar procedure as in subsection 4.1 to discretize (aEOP-penalty) yields the
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Figure 3. Typical convergence pattern for varying τ for 1-dimensional (Shifted aEOP), showing that the as-
ymptotic convergence speed of MGProx-1 and MGProx+-10 is not very sensitive to how τ is selected within the
subdifferential. Here we fix the number of fine-level variables as 29 − 1 = 511 and use 7 levels for all MGProx
methods.

Iterations (k)
# variables Prox Nest MGProx-1 MGProx+-25

(25 − 1)2 = 961 7.93 × 103 7.49 × 103 9.30 × 101 1.60 × 101

(27 − 1)2 = 16129 1.23 × 105 7.12 × 104 4.63 × 102 5.70 × 101

(29 − 1)2 = 261121 - 4.84 × 106 6.36 × 103 7.85 × 102

Time (sec.)
# variables Prox Nest MGProx-1 MGProx+-25

(25 − 1)2 = 961 3.98 × 10−2 3.97 × 10−2 3.80 × 10−2 1.23 × 10−2

(27 − 1)2 = 16129 1.11 × 101 7.42 × 100 9.55 × 10−1 5.11 × 10−1

(29 − 1)2 = 261121 - 8.79 × 102 2.55 × 102 1.23 × 102

Table 2
Convergence results for 2-dimensional (Shifted aEOP). Nest is the proximal gradient method with Nesterov’s

acceleration. MGProx+-25 is L-level MGProx + with 25 pre-smoothing and post-smoothing steps. Here L = 3, 5, 7
for MGProx in the three rows of the table.

problem min
u

1
2
〈Q0u, u〉+ λ‖ (φ− u)+ ‖1. Since u ≥ φ is equivalent to v B u− φ ≥ 0, a change

of variables yields

(Shifted aEOP-penalty) min
v

1
2
〈Q0v, v〉 − 〈p0, v〉 + λ‖ (−v)+ ‖1.

Given a vector c, the subdifferential and proximal operator of λ‖ (c − v)+ ‖1 are

(4.3)
[
∂‖ (c− v)+ ‖1

]
i
=


−1 vi < ci

[−1, 0] vi = ci

0 vi > ci

,
[
proxλ‖ (c− · )+ ‖1

(v)
]
i
=


vi + λ vi + λ < ci

ci vi ≤ ci ≤ vi + λ

vi vi > ci

.

In the experiments, we use the same setting as in subsection 4.2.1, with the penalty parameter
λ = 90. Table 3 shows 1-dimensional experimental results, and Fig.4 shows typical conver-
gence curves of the algorithms. In general we have the same conclusion as in subsection 4.2.1,
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and MGProx performs clearly better than competing methods. For the 2-dimensional (Shifted
aEOP-penalty), we have similar results as in subsection 4.3 and we do not show them here.

Iterations (k)
# variables Prox Nest MGProx-1 MGProx+-10

28 − 1 = 255 2.99 × 105 7.62 × 105 7.60 × 102 3.90 × 101

210 − 1 = 1023 4.27 × 106 8.71 × 105 3.01 × 102 5.90 × 101

212 − 1 = 4095 6.01 × 107 7.93 × 106 1.32 × 103 1.03 × 102

Time (sec.)
# variables Prox Nest MGProx-1 MGProx+-10

28 − 1 = 255 8.56 × 10−1 2.23 × 10−1 2.50 × 10−2 1.74 × 10−2

210 − 1 = 1023 3.10 × 101 6.65 × 100 1.36 × 10−1 4.46 × 10−2

212 − 1 = 4095 2.06 × 103 3.01 × 102 1.13 × 100 2.12 × 10−1

Table 3
Convergence results for 1-dimensional (Shifted aEOP-penalty).

Figure 4. Typical convergence pattern for 1-dimensional (Shifted aEOP-penalty). The problem has 29 − 1 =

4095 variables. Here L = 7 for MGProx and λ = 90.

4.5. Test problem 4: Nonlinear EOP. We now report results on solving the original
EOP without linearization. In particular, we consider the most complicated problem expres-
sion: the penalty form of EOP without the change of variable. We assume zero boundary
conditions. The discretized problem is

(EOP-penalty) min
u

√
1 + 〈Qu, u〉 + λ‖ (φ − u)+ ‖1.

Note that this problem has not been considered in most of the EOP literature. In particular,
previous multigrid methods for aEOP do not apply to (EOP-penalty).
MGProx can be used to solve EOP-penalty. Before we report results, we first show in the

following proposition that (EOP-penalty) is within the framework of Problem (1.1). For the
subdifferential and proximal operator of λ‖ (φ − u)+ ‖1, see Equation (4.3).

Proposition 4.4.
√

1 + 〈Qu, u〉 is strongly convex and its gradient is ‖Q‖2-Lipschitz.
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Proof. Let f (u) B
√

1 + 〈Qu, u〉. Then ∇ f (u) =
Qu

√
1+〈Qu,u〉

and

(4.4) ∇2 f (u) =
Q

√
1 + 〈Qu, u〉

−
Quu>Q

(1 + 〈Qu, u〉)
3
2

=
A>A

√
1 + 〈Au, Au〉

−
A>Auu>A>A

(1 + 〈Au, Au〉)
3
2

,

where A>A = Q and the columns of A are independent. With Q being the discretization of
the Laplacian −∇2, the matrix A is the discretization of the gradient operator ∇ and A> is the
discretization of the gradient transpose ∇>, which is the negative of divergence, −div · .

We now establish that f (u) is strongly convex in u on a bounded domain by showing
∇2 f (u) is positive definite. For ζ , 0,

(4.5)

〈∇2 f (u)ζ, ζ〉
(4.4)
=

ζ>A>Aζ
√

1 + 〈Au, Au〉
−
ζ>A>Auu>A>Aζ

(1 + 〈Au, Au〉)
3
2

=
‖Aζ‖22

√
1 + 〈Au, Au〉

−

∣∣∣〈Au, Aζ〉
∣∣∣2

(1 + 〈Au, Au〉)
3
2

Cauchy-Schwarz
≥

‖Aζ‖22
√

1 + 〈Au, Au〉
−
‖Au‖22 ‖Aζ‖

2
2

(1 + 〈Au, Au〉)
3
2

=
‖Aζ‖22

(1 + 〈Au, Au〉)
3
2

ζ,0
> 0.

Now we show ∇ f (u) is ‖Q‖2-Lipschitz. For all ζ , 0, the second line of (4.5) gives

〈∇2 f (u)ζ, ζ〉
(4.5)
≤

‖Aζ‖22
√

1 + 〈Au, Au〉
≤ ‖Aζ‖22 = 〈Aζ, Aζ〉

A>A=Q
= 〈Qζ, ζ〉

which implies ∇2 f (u) � Q for all u, and equality holds when u = 0. We finish the proof by
the fact that the largest eigenvalue of ∇2 f is the Lipschitz constant of ∇ f [29, Lemma 1.2.2].

Experimental results. We use the same settings as in the previous experiments. In
general we have the same conclusions as in subsection 4.2.1 on both the 1-dimensional
(EOP-penalty) and 2-dimensional (EOP-penalty). For example, for the 1-dimensional (EOP-
penalty) with 28 − 1 = 255 variables,

• the proximal gradient method took 1.72×107 iterations (65.79 seconds) to converge,
• the proximal gradient method with Nesterov’s acceleration took 9.73×106 iterations

(38.44 seconds) to converge,
• MGProx-1 took 2.28 × 104 iterations (11.03 seconds) to converge,
• MGProx-10 took 1.73 × 103 iterations (1.13 seconds) to converge,
• MGProx+-10 took 1.73 × 103 iterations (1.15 seconds) to converge.

Here we set λ = 5 in the model and L = 6 for all MGProx methods. The convergence patterns
look similar to Fig. 4.

5. Conclusion. In this work we study the combination of proximal gradient descent and
multigrid method for solving a class of possibly non-smooth strongly convex optimization
problems. We propose the MGProx method, introduce the adaptive restriction operator and
provide theoretical convergence results. Numerical results confirm the efficiency of MGProx
compared with the proximal gradient method and proximal gradient method with Nesterov’s
acceleration for solving various Elastic Obstacle Problems.
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