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Abstract. In this paper, we introduce semi-infinite generalized disjunctive programs that
are defined by logical propositions along with disjunctions of sets of logical equations and in-
finite number of algebraic inequalities. We denote these programs by SIGDPs. For SIGDPs
with linear and convex inequalities, we present new reformulations: semi-infinite mixed-
binary/disjunctive linear programs and semi-infinite mixed-binary/disjunctive convex pro-
grams, respectively. These results are also applicable for solving SIGDPs with nonconvex
functions using their convex underestimators. Even for finite GDPs, this leads to intro-
duction of new reformulations that have no big-M parameters and have lesser number of
variables, in comparison to reformulations known in the literature for finite GDPs. We also
present a tight extended formulation for semi-infinite disjunctive convex programs. Addition-
ally, we study semi-infinite mixed integer convex program after binarizing integer variables
(a special case of SIGDP) and present: (a) semi-infinite convex programming equivalent
in higher dimensional space, (b) hierarchy of relaxations between the continuous and con-
vex hull of its feasible region, and (c) sequential convexification approach. We showcase
the applications of these results for solving robust 0-1 convex programs and distributionally
robust convex programs as well. Furthermore, we provide Lagrangian relaxation based ap-
proaches embedded with aforementioned results for deriving lower bounds to solve two-stage

stochastic and distributionally robust SIGDPs with general ambiguity set.

Keywords. Semi-infinite programs; 0-1 convex programs; generalized disjunctive programs;

distributionally robust optimization; hierarcy of relaxation; extended formulation.

1. Introduction

In Leibniz’s algebra of concepts and Boolean algebra, disjunction (“or”) and conjunction
(“and”) are logical operators that are used in constructing logical statements and are de-
noted by V and A, respectively. A logical disjunctive statement 1, V 15 is true when at least

one of the input statements (disjuncts, i.e., 1 and 1) is true. In the field of mathemat-
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ical optimization, disjunctive programming is a well-known algebraic modeling framework
that allows disjunctions of polyhedral sets as feasible region [3, 4, 5, 7, 15, 30, 31], thereby
subsuming 0-1 programs, mixed 0-1 programs, and programs with discrete variables [32]. A

disjunctive linear program (DLP) is defined as

;relﬂlé {Z Cix; \/ (At > bh)} , (1)

heH

where A" and b" are finite dimensional vectors, and the disjunctive constraint imply that
the feasible region D is the union of polyhedral sets D" := {z € RY Ahg > bt} for
h € H. In simple words, D = UpcyD". Raman and Grossman [40] introduced a new
generalized modeling framework, referred to as generalized disjunctive programs (GDPs),
by incorporating logical and algebraic equations within disjunctions, and conjunction with
logical propositions. A motivation behind introduction of GDPs was to address optimization
problems arising in complicated chemical engineering processes, such as finding optimal
design of reactive distillation columns [29] and optimal synthesis of process networks [48].
Lately, even a truck loading problem has been modelled as GDP [38]. A GDP in its general

form is defined as follows [40]:

min {f(x) g(2) <0 (22)
r
\V { ; L for k € K, (2b)
heH,, ghk<x) S Oa J € J
Q(T) = True, (2¢)
x € R}, Ty, € {True, False}, h € Hy, k € K}, (2d)

where f, ¢, and gik are functions of z, index sets K, Hy, and J are finite, and I';; is a Boolean
variable associated to disjunct h of k' disjunctive constraint (2b). There are |K| disjunctive
constraints (2b) comprising of algebraic inequalities and Boolean variables (logical equa-
tions). The algebraic inequalities, gflk(x) < 0 for j € J, are imposed whenever the Boolean
variable Iy is True, and are ignored otherwise. Constraints (2c¢) represent logical proposi-
tions connecting the Boolean variables using conjunctive and disjunctive operators; for an
example, (I'y VI V... VI) A (=91 Vg V... VI k1) = True is a logical proposition
where — denotes negation of the Boolean variable. Depending on definition of functions f, ¢,
and g],, the GDPs (2) have been classified into three categories: (i) Linear GDPs, denoted
by GDLPs [41], (ii) Convex GDPs, denoted by GDCPs [36], and (i2i) Nonconvex GDPs [26].



Notice that DLP (1) is a special case of GDLP. Refer to Section 2 for a review of literature
on DLPs and GDPs.

Since the development of simplex method, duality, and sensitivity analysis for finite linear
programs, i.e., DLP (1) with |H| = 1, researchers have been generalizing these results (start-
ing in 1960s) for semi-infinite linear programs (SILPs), i.e., linear programs with infinite
number of constraints but finite number of variables, or vice-versa [10, 19, 20, 25, 27, 28]%.
In parallel, Charnes et al. [21] and Ben-Tal et al. [13] derived optimality conditions for semi-
infinite convex programs (SICPs), and Kortanek and No [34] extended a so-called central
cutting plane algorithm of Gribik [25] for SILPs to SICPs. Recently, in [8], the author in-
troduced semi-infinite disjunctive linear programs (SIDLPs) where each disjunct has infinite

number of linear constraints, i.e.,

. . h h .

heH \1=1

where J is infinite. Note that SIDLPs subsume semi-infinite mixed binary/discrete linear

programs [8]. Refer to Section 2 for a review of literature on semi-infinite programs as well.

Contributions and Organization of this Paper. We introduce semi-infinite GDP (SIGDP)
which is a GDP (2) with infinite number of algebraic inequalities in each disjunct of dis-
junctive inequalities (2b), i.e., |J| is infinite. For SIGDPs with linear and convex functions,
we present new reformulations, i.e., semi-infinite mixed binary linear and convex programs
without big-M parameters, and equivalent semi-infinite disjunctive linear and convex pro-
grams, respectively (Section 3). These results are also applicable for solving SIGDPs with
nonconvex functions using their convex underestimators [47]. The SIGDP with linear and
convex functions are denoted by SIGDLP and SIGDCP, respectively. Interestingly, even for
finite GDP, these reformulations without big-M parameters are new and they require lesser

number of variables in comparison to known big-M free reformulations in [36, 40].

In Section 4, we reformulate semi-infinite mixed integer convex programs as semi-infinite
mixed binary convex programs (SIMBCPs) by “binarizing” the integer variables [23], and
then study SIMBCPs that are defined by

min {Zcia:i:gj(:l:)go,jEJ; (mi:O\/xizlforizl,...,p)}, (4)

0,1]m
xef01]" | <=

2The traces of genesis of semi-infinite programs can be found in seminal work of mathematician Haar
(back in 1924) [1], published in German in an obscure journal. In the early literature, SILPs were also
referred to as “Haar Programs”.



where g¢; is a convex function and |J| is infinite. We present the following results for SIM-
BCPs: (a) semi-infinite convex programming equivalent in higher dimensional space, (b)
hierarchy of relaxations between the continuous and convex hull of the feasible region of
(4), and (c) sequential convexification approach for them. We showcase that semi-infinite
mixed-discrete convex programs, robust 0-1 convex problem, and distributionally robust 0-1
convex programs can be reformulated as SIMBCPs, and as a consequence, the foregoing

results are applicable for solving these extensions/variants of MBCP /SIMBCPs as well.

In Section 5, we study SIGDPs with uncertain data parameters. Specifically, we introduce
two-stage stochastic and distributionally robust SIGDPs where both stages have SIGDPs,
i.e., disjunctions of sets of logical equations and infinite number of algebraic inequalities
along with logical propositions. A two-stage distributionally robust SIGDP (DR-SIGDP) is
defined as follows. Let (z,T) and (z,1?) be the first-stage (here-and-now) and second-stage
(wait-and-see) decisions, respectively. The second-stage decisions are made after realization
of uncertain data and they depend on the first-stage decisions. To address uncertainty, we
consider a random variable defined over a finite sample space {ws,...,w,,} with probability
distribution {p, }. belonging to a set of distributions 3, referred to as ambiguity set. Akin
to DR programs [42], a decision maker minimizes sum of the first-stage cost function f;(x)
and expected second-stage cost for worst-case probability distribution from the ambiguity
set B. Note that this ambiguity set can be defined in different ways such as using bounds on
moments or an e-ball around a reference distribution. In this paper, we consider DR-SIGDP

with a general ambiguity set that is defined by (2) where

f(@) = fi(x) + max (Zm m%(@)

w=w1

and
Q. () := min {fz(zw) D qo(z0, 1) <0, Q,(T*) = True, (5a)
F2,w
\/ {W . L ] for k € K, (5b)
gh];]<2w,$) S 07 .7 G J

heHY
z, € R™, T} € {True, False}, h € HY k€ K}. (5¢)
In case ‘P is singleton, i.e., the probability distribution is known, the DR-SIGDP reduces

to stochastic (risk-neutral) SIGDP. Other special cases include DR-SILP, DR-SIDLP, DR-
SIGDLP, DR-SIMICP, DR-SIGDCP, and many more. As per our knowledge, even stochastic



and DR-SILP have not been studied in the literature. We provide Lagrangean relaxation
based approaches for deriving lower bounds to solve stochastic and DR-SIGDP, which are also
applicable for solving DR-SILP, DR-SIDLP, DR-SIGDLP, DR-SIGDCP, and DR-SIMBCP.

(4% 32

Table 1 lists modeling frameworks discussed in this paper and denotes a new framework

introduced and studied in this paper for the first time in the literature.

Modeling Framework Abbr. | Semi-Infinite (SI) | Distributionally Robust (DR)

Linear Program LP SILP [19, 25] DR-SILP*
Disjunctive Linear Program DLP SIDLP [§] DR-SIDLP*

Mixed Binary Linear Program | MBLP | SIMBLP |8, 45] DR-SIMBLP*

Mixed Integer Convex Program | MICP SIMICP* DR-SIMICP*

Mixed Binary Convex Program | MBCP SIMBCP* DR-SIMBCP*
Generalized Disjunctive Program | GDP SIGDP* DR-SIGDP*

Generalized DLP GDLP SIGDLP* DR-SIGDLP*

GD Convex Program GDCP SIGDCP* DR-SIGDCP*

Table 1: Abbreviation of Algebraic Modeling Frameworks

2. Literature Review

In this section, we review literature related to disjunctive programs, generalized disjunctive
programs, semi-infinite linear/convex /mixed-binary /disjunctive programs, and two-stage dis-

tributionally robust programs.

Finite DPs and GDPs. The DPs and GDPs provide alternate frameworks to algebraically
model problems with discrete and logical variables. Balas [4, 5] studied convex hull of feasible
region of DLPs, conv(D), by introducing a tight extended linear programming formulation
in higher dimensional space and cutting planes in the original space. Blair [15] and Jeroslow
[30, 31] also developed cutting planes for DLPs with a facial property. In contrast, Beaumont
[12] presented a branch-and-bound based exact algorithm for directly solving DLPs. Since
DLPs subsume mixed binary programs, researchers thereafter shifted their focus toward
utilizing the foregoing cutting planes to derive disjunctive cuts for mixed binary linear and
convex programs [6, 16, 33, 46]. In another direction, Raman and Grossman [40] presented a
big-M reformulation and a solution approach for GDLPs. Thereafter, Lee and Grossman [36]
introduced a tight extended formulation that is big-M free but has additional variables and
constraints. They also presented a branch-and-bound algorithm (an extension of algorithm
in [12] for DLPs) for GDCPs. Extensions of approaches known for mixed integer nonlinear
programs such as outer-approximation have also been developed for solving GDLPs and
GDCPs [48]; refer to [26] for a survey on GDPs.



Semi-Infinite Programs. In early 1960s, Charnes et al. [19, 20] introduced duality theory
for SILPs, and in 1970s, Gustafson and Kortanek [27] and Gribik [25] developed numerical
methods and a central cutting-plane approach, respectively, for solving SILPs. Thereafter,
in late 1980s, Anderson and Lewis [2] presented an extension of the simplex algorithm for
SILPs. Less than a decade ago, Basu et al. [10] extended a well-known projection algorithm,
Fourier-Motzkin elimination, for solving LPs to solve SILPs. In a separate paper, they
performed sensitivity analysis for SILPs as well [11]. As mentioned before, Charnes et al.
[21] and Ben-Tal et al. [13] derived optimality conditions for SICPs, and Kortanek and No
[34] extended the central cutting plane algorithm for SILPs to SICPs. Readers can refer to
survey by Hettich and Kortanek [28] and Shapiro [43] for details and other results for SILPs
and SICPs.

Recently, Bansal [8] amalgamated the concepts of “semi-infiniteness” with DLPs by intro-
ducing SIDLPs (3). The author presented a tight extended formulation (a SILP equivalent)
and valid inequalities for SIDPs. Using these results, he developed partial convex hulls, a
sequential convexification approach, and a family of cutting planes for SIMBLPs. Addi-
tionally, a branch-and-cut based exact algorithm for solving semi-infinite binary programs
(SIBLPs) is presented. He also showcased how the approaches for SIBLPs, SIMBLPs, and
SIDPs can be utilized for solving disjunctive convex programs, SIMBLPs with discrete vari-
ables, robust knapsack problem, distributionally robust chance-constrained programs, and
various combinatorial optimization problems, in particular implicit hitting set problem [37].
As per our knowledge, no other study in the literature considers semi-infinite programs with
discrete variables, except a Reformulation-Linearization Technique based SILP equivalent
for SIMBLP by Sherali and Adams [45]. Since SIMBLPs belong to the family of SIDLPs,

the foregoing reformulation is also derived in [8] as a special case of results for SIDLP.

Two-Stage Distributionally Robust Programs. Dantzig [22] presented the concept of two-
stage decision-making in the presence of uncertainty, thereby leading to two-stage stochastic
linear programs. In late 1950s, Scarf [42] introduced the concept of min-max stochas-
tic (now popularly known as distributionally robust) optimization where the ambiguity
set is defined using linear constraints on the first two moments of the distribution [14,
24, 39, 42]. Since then, both frameworks have evolved significantly with the develop-
ment of decomposition methods, cutting-plane algorithms, reformulation techniques, and
Lagrangean relaxation based approaches for two-stage stochastic and distributionally ro-
bust binary/integer/disjunctive/linear programs (refer to [9, 35] and references therein). As
mentioned before, in the context of semi-infiniteness, even two-stage stochastic semi-infinite

linear programs have not been studied in the literature.



3. Semi-Infinite Generalized Disjunctive Programs

In this section, we present reformulations for SIGDPs (2) with linear and convex functions.

3.1 SIGDP with Linear Inequalities

We define SIGDLP as follows:

r
min < c¢'z: Dz > f, (2¢) — (2d) hold, { , e
{ hzék (ap)Tw > by, j€J

] for k € K }, (6)
where a{lk € R" and b{lk € R, and |J| is infinite. For finite J, Raman and Grossmann
[40] introduced a big-M reformulation using additional binary variables, A\px € {0, 1} for
h € Hy and k € K. Lee and Grossmann [36] presented another reformulation without big-M
parameters for GDLPs, but using more variables, i.e., (ppg, Anx) € Ry x {0,1} for h € Hy,
and k € K, and constraints. In this paper, we introduce a new reformulation for SIGDLP
without big-M parameters and with only yn, € {0,1} for h € Hy and k € K additional

variables, which is applicable for finite index set J as well.

New Reformulation for GDLPs and SIGDLPs. Assuming that (a],)"2 > 0 for all z, the

new reformulation for (6) is given by

min {cTaj : Dx > f, (7a)
(a)) x> b, ynk, j € J,h € Hyk €K, (7b)
thkzl, ke K, (7c)
her
Ey Z T, (7d)
xERi,yth{O,l}, hEHk,keK}, (7e)

where yp,;, = 1 implies that Boolean variable I'y, = True and constraints (7d) represent logic
propositions (2¢). Note that the assumption (al,)"x > 0 is automatically satisfied when
aflk > 0, which occurs in many applications. Moreover, reformulation (7) is a semi-infinite
mixed binary linear program (SIMBLP). Therefore, exact algorithm, cutting planes, partial
convex hulls, and extended formulations presented in [8] for SIMBLPs are applicable for
solving this new reformulation as well. We present Lagrangian relaxations of (7) such that
this relaxation can be decomposed into subproblems with only one binary variable ypx in

each subproblem.



We first introduce copies of x variables by adding constraints = = xj, for h € Hj and
k € K. Thereafter, we relax these constraints along with constraints (7c¢) and (7d) using

dual /Lagrangian multipliers 77, 7, and 7.

min Zm (Z Yhie — 1) +7" (By — 1) + Z Z (¢ @hs, + Ttk (Th — 2)) (8a)

keK heH, ke K he Hy,
st. Dxpe>f, he Hy, ke K, (8b)
(al ) xpe > bl gk, § € J W€ Hyk € K, (8c)
The € R, yne € {0,1}, h € Hp, k € K. (8d)

Since x is unbounded, we pick 7, such that ), . Zher e = 0. Let the objective func-

tion (8a) in simplified form be written as

L(a) = min Z Z (chynk + ppzne + ) .

kEK heH,,

Then the relaxation (8) is separable. In other words, £(a) = >k D cp, Lnr() where

Lpp(a) = min o ynk + agpzns + a°
st. Dape > f, (ahy) " @ne = byne, § € J,

The € RY, ynk € {0,1}

is a subproblem. There are two ways to solve this subproblem. First method is a branch-
and-bound approach where we solve SILP relaxation with yp, € [0, 1] at the root node, and
create branches (if needed) by setting ypr = 0 for left node and ypr = 1 for right node. At
each node, we have an SILP that can be solved using algorithms of [10, 25, 34]. Another
way to solve the subproblems is deriving its SIDLP /SILP equivalent. Note that y, € {0,1}
is equivalent to (ypx = 0) V (ynr = 1). Therefore, the feasible region of each subproblem is
equivalent to an SIDLP.

Remark 1. The best Lagrangian relazation is derived by computing o = arg max L(«).

Next, we present an SIDLP equivalent of SIGDLP, so that results in [8] for the former
program are applicable to solve the latter program as well. Specifically, an equivalent SIDLP

formulation for SIGDLP is given by:



min {CTJ} :Dx > f, Z ywe =1, Ey>T, (9a)

heHy,
=1
\/{j e ]forkEK, (9b)
nem, Wane) © >y, jeJ
r € RY, ype € [0,1] forher,keK}. (9c)

Proposition 1. Formulations (6) and (9) are equivalent.
Proof. The arguments are same as arguments of Proposition 2.1.1 in [41] for finite J. m

We introduce the following SILP relaxation for the feasible region of (9) by convexifying each
of the |K| disjunctive constraints in (9b) using semi-infinite linear programming equivalent
for SIDLPs (Theorem 1 in [8]).

Dfo? thk:17 EZ/Zﬂ (10&)
heHy

(ah) &pe > Ul jEJheHykeK, (10b)
dGr=x, D> &Gi=1 keKkK, (10¢)
heHy, heHy

eméin = Emnr b€ Hyk €K, (10d)
D Gr=un D> &Gr=1 keK, (10e)
heHy, heH,

z € RY, yne € [0,1] for h € Hy, k € K, (10f)
e eRY G eRIM LR, 2 eR, he HykeK, (10g)

where yr = [Y1k, Y2k, - - - ,y|Hk|k]T and ey, is an | Hy| dimensional unit vector with k" compo-

nent as 1. This relaxation can be solved using algorithms of [10, 25, 34] for SILPs.

3.2 SIGDP with Convex Functions

We first introduce semi-infinite disjunctive convex programs (SIDCP) and introduce a semi-
infinite convex programming equivalent for it. This generalizes Theorem 1 of [8] for SIDLPs
and Theorem 1 of Ceria and Soares [18] for finite disjunctive convex programs. Thereafter,
we introduce SIDCP equivalent and a semi-infinite mixed binary convex programming refor-

mulation without big-M parameters for SIGDCPs.



Theorem 1. Let
Do = {xe]R”: \/ Dg} where DL, = {XER?r gf(ﬁ) <0 forallje J}
heH

for h € H, is a nonempty and bounded semi-infinite convex program defined using infinite
number of differentiable and continuous convexr functions gjh(x) The convex hull of D¢ s

equivalent to the projection of the following extended formulation onto the x-space:

r=> (" (11a)

heH
g(C" () <0, heH andjel, (11b)
d =1, (11c)
heH
(¢"¢) >0, heH, (11d)

where conver function g} (¢", () = (o9} (C"/C) for ¢§ > 0 and 0, otherwise.

Proof. Let (5, Zl, . ,/TH|, E&, . 75(|JHI> be a point that satisfies constraints of (11). Define

H:={heH: Eél = 0}. Because of constraint (11c), we know that H C H. As a result, we
get

= > " g/ <0 heHm\H jed Y =1 (") =0 hed

heH\H heH\H

For h € H\H, " = ("/( € D as g"() < 0for all j € J. Substituting Ch = D¢l in the

above constraints gives

~ ~hTh ~h ~h 7
T= D PG > Q=1 G =0 he . (12)
H\

heH\H he H\H

Constraints (12) shows that T is equal to convex combination of {¥"},_ i points. Since
vh € D for h € H\H, point T € conU(UheH\ﬁDg) C conv(D¢). This implies that conv(Dc)

subsumes projection of (11) onto the z-space.

Now, consider a point Z € conv(D¢) = conv(U, D). We write T as a convex combination
of points T, € D4, h € H:

F=> MTn, > =1 MN>=0heH

heH heH

10



Let C% = A\,Tp, and 801 = Ap. Clearly, point (i/L'\, {?‘,a}}heH) satisfies constraints of (11).
This implies that for every point in conv(D¢), there exists a point in the extended space

defined by (11). In other words, projection of (11) onto the xz-space subsumes conv(D¢). O

SIDCP Equivalent for SIGDCP. The GDP (2) with infinite index set J and convex (dif-
ferentiable and continuous) functions f(z), ¢(x), and g}, (z) is referred to as SIGDCP. Its

SIDCP equivalent is given by

min {f(a:) 1 q(x) <0, Z ye =1, Ey=>T, (13a)
heHy,
=1
\/ {j Ynk =% ]forkeK, (13b)
her ghk(m) S 07 .7 E J
r € RY, yn € [0,1] forhGHk,k‘EK}. (13c)

Using Theorem 1, we can easily derive SICP relaxation of the feasible region of (13) which

can then be solved using algorithm of [34].

New Reformulation Without Big-M Parameters for SIGDCP. We re-define SIGDCP as fol-

lows:

min {f(:zc) : q(x) <0,(2c) — (2d) hold, \/

heHy,

r
[A. R } for k e K}, (14)
g.(x)+0, <0, 5€J
where G/, () is a convex function. Assuming that g, (z) < 0 for all z, the SIGDCP (14)
can be reformulated as the following SIMBCP:

min{f(x):q(x)go, thk:L ke K, Ey>r, (15a)
hEHk

Goo(@) + Uy <0, j € J h€ Hy k€K, (15b)

r € RY, yne € {0,1}, hEHk,k:EK}. (15¢)

Observe that this reformulation is a special case of SIMBCP (4) that has not been studied
in the literature, except when g;(x) is an affine function [8, 45]. In Section 4, we present
results for SIMBCP (4) that are applicable for solving (15) as well.

Remark 2. Problem (14) can also be defined using constraints gi,.(x) > b}, where gj,(x) is

a concave function.

11



Remark 3 (Extensions of SIGDPs with Nonconvex Functions). For SIGDPs where functions
f(x), q(x), and/or gl,(x) are nonconvex, we can utilize convex underestimators of these
functions (refer to Chapter 2 of [47]) to get SIGDCP relazations.

4. Semi-Infinite Mixed Binary Convex Programs

Recall that we define SIMBCPs as follows: min{c'x : z € Cy, z; € {0,1} fori = 1,...,p}
where
Co:={z € R} : gj(z) <0 for j € J},

is a convex set. Without any loss of generality, we assume that {g;(z) < 0:j € J} subsumes
constraints 0 < z; < 1 for all 4, and convex objective function f(x) expressed as a constraints
f(x) <0. Let C:=CoN{x; € {0,1} : i =1,...,p} be a semi-infinite mixed binary convex

set where |J| is infinite.

Theorem 2. The convex hull of C is equivalent to the projection of the following convex set

(in the extended space) onto the original x-space:

g,(6".&0) <0, foralljeJandhe{l,. .. K[}, (16a)
G=0keK, &=E&0keKs forallhe{l,... [K[}, (KK, €K, (16b)
K|
r=Y & ie{l,...,n}, (16¢)
h=1
K|

Y &y =1, ke Ky where (K1, K>) €K, (€",6) >0 forallh € {1,...,[K[}. (16d)
h=1

where K := {(K1,K3) : |[Ki UKy =p, KiNKy =0,K,Ko C {1,...,p}} and for j € J,
convex function gj(ﬁh,&’}) = &g (€M /€l for € > 0 and 0, otherwise.

Proof. The disjunctive normal form of set C is given by

l’k:OVkEKl, z,=1Vk € K, .

(K1,K2)eK
Using Theorem 1 with H = K, we derive a convex programming equivalent of C in an
extended space which is same as (16). [

Next, we present a hierarchy of relaxations between the continuous and convex hull rep-

resentation of the set C, i.e., Cy and conv(C), respectively. A relaxation of C can be defined

12



as

Cl.=Con{z;=0va; =1, fori=1,...,t} (17)
where t € {1,...,p} and binary restrictions on {z;}}_, , variables have been relaxed. Clearly,
c=clccl, c...ceffccy=0q,

and therefore, conv(C) C conv(CE ;) C conv(C) C Cp for any t € {1,...,p — 1}. Now, set

CE in the disjunctive normal form is written as

K JZk:OV/{?EKl, z,=1Vk € Ky ’

(K1,K2)

where K; := {(K, K») : |KiUKs| =t, KiNKy =0, K1, K> C {1,...,t}}. Note that K, = K.

Corollary 1 (Hierarchical Relaxations). For any t € {1,...,p}, the convex hull of CE is
equivalent to the projection of convex set (16) where K is replaced by K, onto the original

xT-space.

Proposition 2. Let Cff, = Co N {xy = 0V xp, = 1} for a giwen m € {1,...,p}. Again,
conv(C) C conv(Cft,), and the semi-infinite convex programming equivalent of conv(C{Y,)
is given by (16) where K is replaced by Ky, = {(K1,K3) : [Ki UKy = 1,K; N Ky =
0, Ky, Ky € {m}}, e, Kim ={(0,{m}), {m},0)}.

Theorem 3 (Sequential Convexification). Fort € {1,...,p— 1},
conv(CE ) = Proj, (conv (M N {1 = 0V 2441 = 1})),

where convex set My is given by (16) where K is replaced by K.

Proof. 1t is easy to observe that |K, 1| = 2|K;| as
Kipr = {(K1 U {t + 1}, K>), (K1, K> U {t + 1}) such that (K1, K>) € K, }, (18)

AISO, ./\/lt N {($t+1 = 0) V (xt—i—l = 1)} = (Mt N {l't_;,_l = O}) V (Mt N {ZL’t+1 = ]_}), and we

obtain its following convex programming equivalent in the extended space using Theorem 1.
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gi(o" ot gl <0, jehe{l,.. . K]} (19a)
9i(0™%,00%,65) <0, jeJhe{l,.. . [K} (19b)
ot =0k€ Ky, opt —opy =0,ke Ko, he{l,... |Kl}, (K, K2) €Ky, (19¢)
ot =0ke Ky, op?—ops=0,ke Ky, he{l,... |Kl}, (K, K2) €Ky, (19d)
K| K+
Z ol = Z oh? = r=o"! 4 o2 (19e)
¢h = Jh’l +ah’2, gh =gl +o—g2, he{l,.. . K} (19f)
|K+| K+ |
023 = 5,10, a,ﬁbg = 520, 6;0 + 5270 =1,k € Ky, where (K;, Ky) € K;, (19g)
h=1 h=1
o =050, ofh =607 it eyt =1, (,0,€6) >0, (19h)
where for e € {1,2}, function g;(c"*, o0, 56) = 069, (ah’e/ég, 03’6/6(%) — o)y, <ah’e/ag’e>

he - :
when oy¢, 55 > 0, and 0 otherwise.

We simplify constraints (19¢) and (19g) to get

[Ke| [Ke|
T = Z (ah’l + Oh’Q) ; Z (crko + 023) =1, k€ K,, where (K1, K,) € K;, (20)
h=1 h=1

which along with ;"' 4 5% = 1 are equivalent to (16¢) and (16d) where K is replaced with
K¢y1. Likewise, constraints (19¢), (19d), and first two equations of (19h) together can be
written as (16b) where K is replaced by K;;;. Finally, (19a) and (19b) lead to (16a) with
Kt+1. As a consequence, (19a)-(19h) reduces to M, whose projection onto z-space gives

conv(Cf ) because of Corollary 1. This completes the proof. O

Special Cases of SIMBCPs — SIMBLPs and MBCPs. Sherali and Adams presented
hierarchy of relaxations between continuous and convex hull representation of C with affine
gj(x) functions having finite [44] and infinite [45] index set J; Refer to Theorem 1 of [44]
and Remark 2 of [45]. They also provide convex hull representations in the extended space
for these special cases of SIMBCPs. We observe that by setting & = ;&8 for i =1,... n,

and
(=) (1)

14




in (16), Theorem 2 and Corollary 1 of our paper reduce to Theorem 1 of [45] and Theorem 1
of [44], respectively. In [46], sequential convexification approach of [6] for mixed binary linear
programs is extended to mixed binary convex programs (SIMBCP with finite J). Theorem 3

of our paper further generalizes these results for infinite J.

4.1 Extensions of SIMBCPs

We also consider the following extensions of SIMBCPs.

(1) Semi-Infinite Mized-Discrete Conver Programs. This class of problem is defined over

{XERZL_I (gj(x) <0,j5 € J> A <\/(xi:ozl),i:1,...,p>}, (21)

=1

set:

where a; € Ry and m is finite. Moreover, the defining constraints include x; < 1 for
1 =p+1,...,n. Using auxiliary binary variables v; = 1, if x; = o; and 0 otherwise,

the disjunctive constraints in set (21) reduces to:

(mi:Zall/ilforizl,...,p; Zyﬂzlforizl,...,p), (22)
=1 =1

and hence an optimization problem defined over set (21) with the objective of mini-

mizing a convex function belongs to the class of SIMBCPs.

(77) Robust 0-1 Convex Problem. A robust 0-1 convex problem is defined as follows:

x uel

min{maxf(x,u) X € Xﬂ{O,l}"},

where f(x,u) is a convex function for any fixed u € U and U is an uncertainty set

defined using polytope or an ellipsoidal. This problem is equivalent to

min {0 s flz,u) <6 for u GU},

xeXn{0,1}m

which is SIMBCP when X is a polyhedron.

(¢4i) Distributionally Robust Convex Programs is defined as

gg/{‘l {6 : w; pwH(xaw) S 67 {pw}wEQ € ;‘]3}’

15



which is a semi-infinite program. Assuming that H(z,.) is a convex function, it is
equivalent to SIDCP, semi-infinite mixed-discrete convex program, or SIMBCP when

X is a disjunctive set, mixed-discrete set, or mixed binary set, respectively.

5. Stochastic and Distributionally Robust SIGDPs

In this section, we study stochastic and distributionally robust SIGDPs. Specifically, we
amalgamate reformulations presented in the preceding sections with a Lagrangian relaxation
based approach (also referred to as dual decomposition method) to derive lower bounds for
these programs. Recall that stochastic SIGDP is defined as

min{fl(x)Jr;E;prw(x):xeX}, (23)

where Q,(z) is given by (5), =2 :={w1,...,wn}, and X :={z : ¢(x) < 0,(2b) — (2d) hold}.

The deterministic equivalent formulation of (23) is a large-scale SIGDP:

min f1(z) + > puf2(z) (24a)
wEE
st. @2(z0,7) <0, Q,(T*) =True, foralw€Z, (24b)
F2,w
\ [M ko } for all k € K,w € Z, (24¢)
heHy gh;{; (Zw,l') S 07 J < J
v € X, 2, ER?, T2 € {True, False}, h € HY k€ K,w € =, (24d)

Akin to usual dual decomposition method [17], we create replicas of x variables for each
scenario using constraints x = x, for w € =, and then we relax these constraints using
dual/Lagrangian multipliers g = {p, }weq. This results in the following Lagrangian relax-
ation of (23): L(i) = > ez PuwLlu(pt) where

Lo(p) = min fi(ze) + f2(20) + piae (25a)
st. @22, 70) <0, Q%) = True, (25b)
F2,w
\/ {ij hk . , forall ke K, (25¢)
hEH,‘: gh]; (Zwaxw) S 07 ] € J

x, € X, 2, ERY, T7¢ € {True, False}, h € HY k € K, (25d)

for w € Zand ) .-, = 0 to avoid unbounded solution value because of unbounded z.
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Observe that for any given p and w € Z, formulation (25) is an SIGDP in (z,, 2,) space.
Below we present three different reformulations of (25) where for the sake of simplicity, we

drop subscript/superscript w.

(a) Semi-Infinite Disjunctive Programming Reformulation.

min fi(z) + f2(2) +p'x (26a)
s.t. q(z) <0, Z v, =1, Eyt>71! (26b)
heHy
@zr) <0, > yn=1, E%>7 (26c)
heH;,
Lo=1
\ { j Une =1 } for all k € K, (26d)
hell, g.(z) <0, jeJ
2 =1
\/ {Nj Yk . } for all k € K, (26€)
heH;, ghk(zam) S 07 J S J
z € R, yp € 10,1),2 € RY, ypy € [0,1], h€ Hy k€ K, (26f)

where Fly! > 7! and E?y? > 72 correspond to Q(T') = True and Q,(I'**) = True,

respectively.

(b) Semi-Infinite Mized Binary Reformulation with Big-M Parameters.

min fu(2) + f2(2) + 5T
s.t. g(x) <0, Z ye =1, EYy'>71
heH,
@z) <0, > yn=1 E%>7
heH,

gh(r) <M1 —yp), j€Jhe Hyk ek,
Gh(z2) <M1=y}, j€J heHykeK,
xGRZL—’yikz S {071}7Z€R17 yl%k;e {Oa1}7 hGHkakEKv

where M is a large number.

(c) Semi- ]nﬁm’te Mizxed Binary Reformulation without Big-M Parameters. Assuming gflk(a:) =
Got(x) + bl and g, (x) = g7 (2, 2) + b7 such that g, (z) < 0 for all z and g7 (2, ) < 0

17



for all (z,x), we get the following reformulation without any big-M parameter:

min fi(z) + f2(2) + p' 2 (27a)
s.t. ¢q(x) <0, Z ye =1, El'y'>e', (27b)
heHy,
¢(z,7) <0, Z vi =1, E%y* > (27¢)
heHy
G (@) + by <0, j € Jh€ Hy k€K, (27d)
Gz, ) + by, <0, j € J,h € Hy k€ K, (27e)
reRY,y, €{0,1}, 2 € RY, yp, € {0,1}, h € Hy, k € K. (27f)

Remark 4. The best Lagrangian relaxation lower bound is computed by solving optimization
problem max{L () : > .= p = 0}.

Remark 5. As we know that SIGDPs subsume SIGDLPs, SIGDCPs, SIDLPs, SIDCPs,
SIMBLPs, and SIMBCPs. The aforementioned reformulations and the dual decomposition

approach are applicable for solving stochastic variants of all these special cases of SIGDPs.

Distributionally Robust SIGDPs. Next, we study DR-SIGDPs defined for a general
ambiguity set J3:

K= mln {fl( ) + max prQw(x)} = min max pr (fi(z) 4+ Qu(x)) (28)

> max mianw (fi(z) + Qu(x)), (29)

where the last inequality is because of the well-known max-min inequality. Observe that
for any given {p,}, € P, the inner minimization problem of (29) is equivalent to (23).

Therefore, solving

max > poLo(p)

wEE
for appropriate u, returns a lower bound for the optimal objective value of DR-SIGDP, i.e., k.

6. Conclusion

We introduced semi-infinite generalized disjunctive programs (SIGDPs) with linear and/or
convex functions, and reformulated them as semi-infinite mixed-binary /disjunctive linear or

convex, respectively, programs. This led to new reformulations even for finite GDPs that
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does not require big-M parameters and have lesser number of variables, in comparison to
other reformulations known in the literature. We presented tight extended formulation for
semi-infinite disjunctive convex programs. For semi-infinite mixed binary convex programs
(SIMBCPs), we derived semi-infinite convex programming equivalent in higher dimensional
space, hierarchy of relaxations, and a sequential convexification approach. We demonstrated
that these results are also applicable for solving semi-infinite mixed discrete convex pro-
grams, robust 0-1 convex programs and distributionally robust convex programs. Lastly,
we presented Lagrangian relaxation based approaches for deriving lower bounds to solve
two-stage stochastic and distributionally robust SIGDPs with general ambiguity set. Since
SIGDPs subsume various modeling frameworks such as SIMBCP, semi-infinite disjunctive

convex program, and many more, the foregoing approaches have a wide range of applications.

Acknowledgment. This work is supported by National Science Foundation Grant CMMI-
1824897, which is gratefully acknowledged.
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