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Abstract

We use sensitivity analysis to design optimality-based discretization (cutting-plane) methods for the
global optimization of nonconvex semi-infinite programs (SIPs). We begin by formulating the opti-
mal discretization of SIPs as a max-min problem and propose variants that are more computationally
tractable. We then use parametric sensitivity theory to design an efficient method for solving these max-
min problems to local optimality and argue this yields valid discretizations without sacrificing global
optimality guarantees. Finally, we formulate optimality-based generalized discretization of SIPs as max-
min problems and design efficient local optimization algorithms to solve them approximately. Numerical
experiments on test instances from the literature demonstrate that our new optimality-based discretiza-
tion methods can significantly reduce the number of iterations for convergence relative to the classical
feasibility-based method.

Key words: Semi-infinite programming, Robust optimization, Discretization, Global optimization,
Cutting-planes, Sensitivity analysis

1 Introduction

Semi-infinite programs (SIPs) are mathematical optimization problems with a finite number of decision
variables and an infinite number of constraints, with the infinite set of constraints in a SIP typically
parametrized using a finite-dimensional parameter. They can be used to model several problems in sci-
ence and engineering such as robust optimization, controller design, Chebyshev approximation, and de-
sign centering [13, 19, 25, 51]. There are many surveys and books on semi-infinite programming, see,
e.g., [13, 18, 21, 25, 36, 38, 44, 45] for theory, algorithms, and applications. Our focus in this paper is on the
global optimization of SIPs.

We consider the semi-infinite program

v∗ := min
x∈X

f(x) (SIP)

s.t. g(x, y) ≤ 0, ∀y ∈ Y, (1)

where X ⊂ Rdx and Y ⊂ Rdy are nonempty compact sets, |Y | = ∞, and functions f : Rdx → R and
g : Rdx ×Rdy → R are continuous. We assume (SIP) is feasible for simplicity, but do not necessarily assume
X, Y , f , or g is convex. While we only consider a scalar semi-infinite constraint (1) for ease of exposition,
Section 5 details a generalization to multiple such constraints. A key challenge in solving (SIP) is that even
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Algorithm 1 The Blankenship and Falk algorithm [3]

1: Input feasibility tolerance εf ≥ 0.
2: Initialize Yd = ∅.
3: for k = 1, 2, . . . do
4: Solve problem (LBP) globally to get solution xk, lower bound LBDk.
5: Solve problem (LLP(x)) with x = xk globally to get solution yBF,k ∈ Y .
6: if G(xk) ≤ εf then
7: Terminate with εf -feasible solution xk to (SIP).
8: else
9: Set Yd ← Yd ∪ {yBF,k}.

10: end if
11: end for

evaluating feasibility of a candidate solution x ∈ X requires the global solution of the following lower-level
problem:

G(x) := max
y∈Y

g(x, y). (LLP(x))

Clearly, x ∈ X is feasible for (SIP) if and only if G(x) ≤ 0. Let y∗ : X → Y be any mapping such that
y∗(x) is an optimal solution to (LLP(x)) for each x ∈ X. Then G(·) ≡ g(·, y∗(·)) on X and (SIP) can be
equivalently written as

min
x∈X

f(x) (2)

s.t. g(x, y∗(x)) ≤ 0.

The above reformulation highlights the fact that semi-infinite programming is a special case of bilevel opti-
mization [8, 44].

Several papers in the last two decades propose algorithms for the global minimization of nonconvex
SIPs [2, 12, 17, 27, 28, 31, 46, 50] (see Djelassi et al. [11, 13] for a recent survey). Most of these approaches
construct lower bounds for (SIP) by replacing the semi-infinite constraint (1) with a finite discretization

min
x∈X

f(x) (LBP)

s.t. g(x, y) ≤ 0, ∀y ∈ Yd,

where Yd ⊊ Y with |Yd| <∞. The above lower bounding problem (LBP) is related to the classical cutting-
plane method of Cheney and Goldstein [6] and Kelley [24] in convex optimization. A valid lower bound for
the optimal value v∗ of (SIP) can be obtained by solving this (nonconvex) relaxation to global optimality. Ad-
ditionally, under mild conditions, the optimal value of a sequence of iteratively refined discretizations (LBP)
converges to v∗ [25].

The choice of discretization Yd can greatly impact the tightness of the lower bound obtained by solv-
ing (LBP). Because näıve discretization approaches may require a large discretization Yd for the optimal
value of (LBP) to approximate v∗ well [48], techniques for adaptively populating Yd are of interest. Most ap-
proaches for the global minimization of (SIP) rely on the adaptive feasibility-based discretization method of
Blankenship and Falk (BF, outlined in Algorithm 1) [3], which populates Yd with points in Y corresponding
to the largest violation of constraint (1) at incumbent solutions of (LBP).

The sequence of non-decreasing lower bounds {LBDk} generated by the BF algorithm converges to v∗

under our assumptions on (SIP) (see [3, Theorem 2.1]). However, since the BF algorithm may not generate a
feasible point for (SIP) finitely, global optimization algorithms supplement it with techniques for generating
feasible points to guarantee finite convergence to a near-optimal solution of (SIP) [28]. Moreover, although
the BF algorithm typically determines good lower bounds in a few iterations, it may still require an excessively
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Iteration No. 1 2 3 4 5 10 15 20 25 28
Lower Bound 4 4.19 4.38 4.56 4.74 5.62 6.41 7.12 7.73 8

Table 1: Lower bounds generated by the BF Algorithm 1 on Example 1. The algorithm needs more than 20
iterations to approximate v∗ = 8 to within 10%.
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Figure 1: Benefits of optimality-based discretization: Left: objective f(x) and constraint G(x) for Example 1
along with discretization Yd = {2, 3, 4, 5} (cf. [11, Figure 3.1]). Middle: BF method needs 27 discretization
points for its lower bounds to converge to v∗. Right: our proposed optimality-based discretization method
in Section 3 only requires a single discretization point (|Yd| = 1).

large discretization Yd before the sequence {LBDk} converges to within a specified tolerance of the optimal
value v∗. Example 1 below from Mitsos [29] illustrates the potentially slow convergence of the BF algorithm.

Example 1. [29, Ex. (DP)] Consider (SIP) with dx = 1, dy = 1, X = [0, 6], Y = [2, 6], f(x) = 10− x1, and
g(x, y) =

y2
1

1+exp(−40(x1−y1))
+ x1 − y1 − 2. The global solution is x∗ = 2 with objective v∗ = 8.

Table 1 notes the lower bounding iterates generated by the BF algorithm for Example 1, and Figure 1
plots its discretizations of the semi-infinite constraint for this instance. Clearly, solving (LBP) with the
discretization Yd = {2} yields an optimal solution to (SIP) with lower bound equal to v∗. However, the
feasibility-based BF algorithm needs more than 20 iterations for its sequence of lower bounds {LBDk} to
converge to within 10% of v∗. This motivates our study of new optimality-based discretization methods
for (SIP) that can mitigate this slow convergence of the BF algorithm (see Figure 1).

Our main idea in this paper is to populate the discretization Yd with points in Y such that the lower
bound from (LBP) is maximized. Since determining this optimal discretization may be challenging, we
consider more tractable variants and design efficient solution methods. We also study how to optimally
construct generalized discretizations and analyze their theoretical guarantees.

This paper is organized as follows. Section 2 reviews definitions and results from parametric sensitivity
theory. Section 3 proposes new optimality-based discretization methods, designs efficient approaches for
their solution, and presents theoretical guarantees. Section 4 introduces optimality-based generalized dis-
cretization methods for (SIP) and designs an efficient solution strategy. We briefly explore some extensions
in Section 5. Section 6 presents detailed computational results demonstrating that our optimality-based
discretization methods significantly reduce the number of iterations for convergence relative to the BF algo-
rithm. We conclude with avenues for future work in Section 7.

Notation. Let [n] := {1, . . . , n} and mid(v1, v2, v3) denote the componentwise median of vectors v1, v2, v3.
Given δ > 0, v ∈ Rn, S ⊂ Rn, let ∥v∥ denote the Euclidean norm of v, Bδ(v) denote the open Euclidean
ball of radius δ centered at v, projS(v) denote (an element of) the Euclidean projection of v onto S, and
diam(S) denote the diameter of S with respect to the Euclidean norm.
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2 Review of parametric sensitivity theory

We begin by reviewing standard definitions and results from parametric sensitivity theory [16, 49]. Consider
the parametric nonlinear program (NLP)

min
z∈Rn

F (z, p) (3)

s.t. ci(z, p) ≤ 0, ∀i ∈ I,
ci(z, p) = 0, ∀i ∈ E ,

where z ∈ Rn are decision variables, p ∈ Rd are parameters, F : Rn × Rd → R is the objective function,
I = {1, . . . ,mI} and E = {mI + 1, . . . ,mI +mE} are index sets for the inequality and equality constraints,
and c : Rn × Rd → RmI+mE are the constraint functions. We write z∗(p) and ν∗(p) to denote a local
minimum of problem (3) and the corresponding value function at this local minimum ν∗(p) := F (z∗(p), p),
respectively. Throughout this section, we omit dependence on p whenever it is clear from the context.

The Lagrangian for problem (3) is L(z, λ, p) := F (z, p) + λTc(z, p), where λ ∈ RmI+mE are Lagrange
multipliers corresponding to the constraints in (3). We recall the following definitions for a given parameter
p ∈ Rd.

Definition 1. (KKT point) A point z ∈ Rn is called a Karush–Kuhn–Tucker (KKT) point for problem (3)
if there exist Lagrange multipliers λ ∈ RmI+mE such that

∇zL(z, λ, p) = 0, ci(z, p) ≤ 0, ∀i ∈ I, ci(z, p) = 0, ∀i ∈ E
λTc(z, p) = 0, λi ≥ 0, ∀i ∈ I.

Let Λ∗(p) denote the set of Lagrange multipliers λ satisfying the KKT conditions and A(z, p) := {i ∈ I :
ci(z, p) = 0} ∪ E denote the index of active constraints at a feasible point z. We write λ∗(p) to denote an
element of Λ∗(p).

Definition 2. (Strict complementarity) Suppose z∗ is a KKT point for problem (3) with associated Lagrange
multipliers λ∗. We say that strict complementarity (SC) holds at (z∗, λ∗) if λ∗i − ci(z∗, p) > 0, ∀i ∈ I.

Definition 3. (LICQ) The linear independence constraint qualification (LICQ) holds at a feasible point z
to problem (3) if ∇zci(z, p), i ∈ A(z, p), are linearly independent.

Definition 4. (Strong second order sufficient conditions) Suppose z∗ is a KKT point for problem (3) with
associated multipliers λ∗. Let A∗

+ := {i ∈ I : λ∗i > 0}. The strong second order sufficient condition (SSOSC)
holds at (z∗, λ∗) if

qT∇2
zL(z

∗, λ∗, p)q > 0, ∀q s.t. q ̸= 0 and ∇zci(z
∗, p)

T
q = 0, ∀i ∈ E ∪ A∗

+.

We now present sufficient conditions under which sensitivities of the value function ν∗(p) and the solution
mapping z∗(p) may be computed.

Theorem 1. [Parametric sensitivities] Let z∗(p) be a KKT point for problem (3) with associated Lagrange
multipliers λ∗(p). Suppose for some p̄ ∈ Rd, functions F and c are twice continuously differentiable in a
neighborhood of (z∗(p̄), p̄). Assume that the LICQ and SC conditions hold at (z∗(p̄), λ∗(p̄)). Additionally,
suppose either

(a) |A(z∗(p̄), p̄)| = n, or

(b) the SSOSC holds at (z∗(p̄), λ∗(p̄)).

Then, ∃δ > 0 such that ∀p ∈ Bδ(p̄), we can choose the mappings z∗(p) and λ∗(p) to be continuously
differentiable on Bδ(p̄) and z∗(p) to be a strict local minimizer of (3). Additionally, for all p ∈ Bδ(p̄), the
gradient of the value function ν∗ is given by

∇pν
∗(p) = ∇pL(z

∗(p), λ∗(p), p),
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and the gradient of the solution mapping z∗(p) may be computed for each p ∈ Bδ(p̄) as follows depending
on whether condition (a) or (b) above holds:

(a) Let Jz(p) ∈ Rn×n and Jp(p) ∈ Rn×p be matrices with rows (∇zci(z
∗(p), p))

T
, i ∈ A(z∗(p), p), and

(∇pci(z
∗(p), p))

T
, i ∈ A(z∗(p), p), respectively. Then

∇pz
∗(p) = −[Jz(p)]−1Jp(p).

(b) Let Hz,λ(p) :=

[
∇2

zL(z
∗(p), λ∗(p), p) Jz(p)

(Jz(p))
T

0

]
, where Jz(p) is a |A(z∗(p), p)| × n matrix with rows

(∇zci(z
∗(p), p))

T
, i ∈ A(z∗(p), p). Then[

∇pz
∗(p)

∇pλ
∗
A(p)

]
= −[Hz,λ(p)]

−1

[
∇pzL(z

∗(p), λ∗(p), p)(
∇pci(z

∗(p), p)
)
i∈A(z∗(p),p)

]
,

where λ∗A(p) denotes the Lagrange multipliers of the active constraints at z∗(p).

Proof. See Chapter 3 of Fiacco [16], or the unified Theorem 4.4 in Still [49].

Theorem 1 applies to parametric linear programs (LPs) whenever condition (a) therein holds. Next, we
present sufficient conditions for the value function ν∗(p) to be locally Lipschitz continuous. We require the
following definition.

Definition 5. (MFCQ) The Mangasarian-Fromovitz constraint qualification (MFCQ) holds at a feasible

point z if ∇zci(z, p), i ∈ E , are linearly independent and ∃q ∈ Rn such that ∇zci(z, p)
T
q = 0, ∀i ∈ E , and

∇zci(z, p)
T
q < 0, ∀i ∈ A(z, p)\E .

Theorem 2. [Local Lipschitz continuity] Suppose functions F and c are continuously differentiable and
p̄ ∈ Rd.

(a) Let z∗(p̄) be a strict local minimizer of problem (3) at p = p̄ and assume that the MFCQ holds at z∗(p̄).
Then for some constants ε, δ > 0 and any p ∈ Bδ(p̄), there exists a local minimizer z∗(p) ∈ Bε(z

∗(p̄))
such that the corresponding value function ν∗(p) = F (z∗(p), p) is locally Lipschitz continuous at p̄.

(b) Suppose the MFCQ holds at every global minimizer z∗(p̄) of problem (3) at p = p̄. Assume that
∪p∈Bε(p̄){z ∈ Rn : ci(z, p) ≤ 0,∀i ∈ I, ci(z, p) = 0,∀i ∈ E} is bounded for some ε > 0. Then the global
minimum value function ν∗(p) = F (z∗(p), p) is locally Lipschitz continuous at p̄.

Proof. See Lemma 6.2 of Still [49].

Theorem 1.12 of Dempe [9] and its surrounding discussion provides estimates of generalized gradients
of ν∗ in the above setting. Additionally, conditions under which the solution mapping z∗ is either Hölder
continuous or locally Lipschitz continuous are presented in Theorems 6.2 to 6.5 of Still [49].

In the next two sections, we formulate optimality-based discretizations and generalized discretizations
for (SIP) as max-min problems and use parametric sensitivity theory to design local optimization algorithms
for solving them.

3 Optimality-based discretization methods

We propose new optimality-based discretization methods for (SIP) that can achieve faster convergence of
lower bounds than the Blankenship and Falk algorithm. Similar to the BF algorithm, solving (LBP) with our
new discretization strategies may not yield a feasible point for (SIP) finitely. Therefore, our lower bounding
approaches must also be supplemented with techniques for generating feasible points to provably solve (SIP)
to global optimality in finite time. We only focus on constructing tighter lower bounds in this work and

5



assume for simplicity that all subproblems solved to global optimality are solved exactly in finite time; our
approaches may be adapted to the setting where these subproblems are only solved to ε-global optimality
for some ε > 0 [11, 12, 20].

As introduced in Section 1, the BF algorithm is a feasibility-based approach that iteratively populates the
discretization Yd with points in Y corresponding to the largest violation of the semi-infinite constraint (1) at
incumbent solutions xk of (LBP). The key idea of our optimality-based discretization methods is to instead
populate Yd with points in Y that yield the highest lower bound. In the first iteration, instead of updating
Yd with a solution yBF,1 of (LLP(x)) at x = x1 as in Algorithm 1, we propose to solve the following max-min
problem to determine a discretization Yd = {ȳ1} that results in the highest lower bound:

ȳ1 ∈ argmax
y1∈Y

min
x∈X

f(x) (4)

s.t. g(x, y1) ≤ 0.

Techniques for solving problem (4) are discussed in Section 3.1. We consider two approaches for updating
the discretization Yd at iteration k > 1. The first approach discards the discretization from iteration k − 1
and determines a fresh discretization Yd at iteration k by solving the max-min problem

(ȳ1, ȳ2, . . . , ȳk) ∈ argmax
(y1,y2,...,yk)∈Y k

min
x∈X

f(x) (5)

s.t. g(x, yi) ≤ 0, ∀i ∈ [k].

The resulting discretization Yd := {ȳ1, ȳ2, . . . , ȳk} yields the highest lower bound among all possible dis-
cretizations (LBP) with at most k discretization points. However, the outer-maximization in problem (5)
involves k × dy variables compared to only dy variables in problem (4). To mitigate this computational
burden, our second approach updates the discretization Yd := {ȳ1, ȳ2, . . . , ȳk−1} at iteration k− 1 by adding
a single best discretization point ȳk ∈ Y for lower bound improvement. This can be formulated as

ȳk ∈ argmax
yk∈Y

min
x∈X

f(x) (6)

s.t. g(x, ȳi) ≤ 0, ∀i ∈ [k − 1],

g(x, yk) ≤ 0.

Problem (6) is a greedy approximation of problem (5). Formulations (5) and (6) are inspired by the idea of
strong partitioning proposed by Kannan et al. [23]. We discuss two variants of these max-min problems in
Section 3.2.

In contrast with Tsoukalas and Rustem [50] that treats the violation of the semi-infinite constraint (1) and
the objective of (SIP) as two competing objectives, problems (5) and (6) directly optimize the discretization
for the lower bound. Baltean-Lugojan et al. [1] propose optimality-based cuts with a similar flavor but
tailored for outer-approximating semidefinite programs, which can be viewed as a special case of (SIP).
Paulus et al. [35] also propose a similar formulation as problem (6) in the context of cutting-plane selection for
mixed-integer linear programs (MILPs), where they use explicit enumeration to choose the best optimality-
based cut from a finite list of candidate cuts.

3.1 Solving the max-min problems

While solving the max-min problems (5) or (6) to global optimality is clearly desirable, this may be as difficult
as solving (SIP) itself. Hence, we exploit the fact that solving these problems to local optimality is sufficient
to obtain a valid discretization Yd. In Section 3.3, we outline how the sequences of discretizations (LBP)
determined by solving (5) and (6) can be used to obtain sequences of lower bounds converging to v∗.
Numerical experiments in Section 6 demonstrate that solving problems (5) or (6) to local optimality is
almost always enough to determine good discretizations with faster convergence than the BF algorithm. We
begin with some useful notation.
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Figure 2: Value functions ϕ1 (note the discontinuity for Example 3). The red dot indicates ϕ1 at the point
yBF,1 determined by the BF algorithm at iteration 1.

Let ϕk : Y k → R denote the value function of the inner-minimization in problem (5) at iteration k ∈ N:

ϕk(y
1, y2, . . . , yk) := min

x∈X
f(x) (7)

s.t. g(x, yi) ≤ 0, ∀i ∈ [k].

Assuming the maximum is attained1, problem (5) can be rewritten as

(ȳ1, ȳ2, . . . , ȳk) ∈ argmax
(y1,y2,...,yk)∈Y k

ϕk(y
1, y2, . . . , yk).

Similarly, given a sequence {ỹi}|Ik−1|
i=1 ⊂ Y for some index set Ik−1 ⊂ N, let ψk : Y → R denote the value

function

ψk

(
yk; {ỹi}|Ik−1|

i=1

)
:= min

x∈X
f(x) (8)

s.t. g(x, ỹi) ≤ 0, ∀i ∈ Ik−1,

g(x, yk) ≤ 0,

where {ỹi}|Ik−1|
i=1 are parameters in the above optimization. Assuming again that the maximum is attained,

problem (6) can be equivalently written as

ȳk ∈ argmax
yk∈Y

ψk

(
yk; {ȳi}k−1

i=1

)
.

Note that the function ϕ1(·) is equivalent to ψ1(·; ∅) on Y .
Before we outline our approach for solving problems (5) and (6), we plot ϕ1 for some examples from the

literature. We consider the following three examples in addition to Example 1 in the introduction.

Example 2. [40, Ex. 2.1] Consider (SIP) with dx = 2, dy = 1, X = [−1, 1]2, Y = [−1, 1], f(x) = −x1+1.5x2,
and g(x, y) = −y21 + 2y1x1 − x2. The global solution is x∗ =

(
1
3 ,

1
9

)
with v∗ = − 1

6 .

Example 3. [50, Ex. 2.1] Consider (SIP) with dx = 1, dy = 1, X = [−6, 6], Y = [−6, 6], f(x) = 10 − x1,
and g(x, y) = −x41 + x21 − x21y21 + 2x31y1 − 4 (note that [50, Ex. 2.1] includes a typo in the description of g).
The global solution is x∗ = 2 with v∗ = 8.

Example 4. [29, Ex. (H)] Consider (SIP) with dx = 2, dy = 1, X = [0, 1] × [−103, 103], Y = [−1, 1],
f(x) = x2, and g(x, y) = −(x1−y1)2−x2. The global solution is x∗ = (x̄1, 0) for any x̄1 ∈ [0, 1] with v∗ = 0.

Figure 2 plots the (global) value function ϕ1 for Examples 1 to 4. It illustrates that ϕ1 may be nonconcave,
nondifferentiable, or even discontinuous with large flat regions. Additionally, the supremum in problem (4)

1If the maximum is not attained, then we pick any ε-optimal solution for some ε > 0.
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Figure 3: Value functions ψk, k ∈ [3], in the first three iterations of problem (6) for Examples 3 and 4 (all
three functions are discontinuous for Example 3). The red dot indicates the initial guess ŷk (see line 5 of
Algorithm 2) for maximizing ψk over Y when the discretization is set using Algorithm GREEDY in Section 3.2.

is unattainable for Example 3. This is because under our assumptions on (SIP), Lemma 5.3 of Still [49]
only guarantees that the functions ϕk and ψk are lower semicontinuous on their domains for each k ∈ N
and does not eliminate the possibility that they may be discontinuous. However, Theorem 2 implies that ϕk
and ψk are locally Lipschitz continuous under relatively mild assumptions, which along with Rademacher’s
theorem then implies that these value functions are differentiable almost everywhere. Figure 2 also illustrates
that ϕ1 is usually continuously differentiable at almost every point in its domain and that the BF point yBF,1

provides a good initial guess for approximately solving (4).
Figure 3 shows that the value functions ψk may become increasingly challenging to optimize over as

k increases2; however, solving the lower-level problem (LLP(x)) at incumbent (lower bounding) solutions
continues to yield a good initial guess for Examples 3 and 4. These observations open up the possibility of
using (generalized) gradient information for solving the max-min problems (5) and (6) to local optimality.

Due to the potentially nonsmooth and discontinuous nature of the functions ϕk and ψk, we propose
to solve problems (5) and (6) using gradients (whenever they exist) of ϕk and ψk within a bundle solver
for nonsmooth nonconvex optimization [26]. Each iteration of the bundle method requires function and
generalized gradient evaluations. We calculate function values by solving problem (7) and problem (8) to
local optimality. We then use Theorem 1 to compute gradients of the local minimum value function ϕk or
ψk (this involves a linear solve) whenever its assumptions hold.

Before we outline our optimality-based discretization methods, we mention some alternatives for solving
problems (5) and (6). If the inner-minimization problems (7) and (8) are convex and satisfy a constraint
qualification (e.g., Slater’s condition), then we may be able to use strong duality to reformulate problems (5)
and (6) into single-level maximization problems. The resulting problems can then be solved to local optimal-
ity to update the discretization Yd. Alternatively, suppose problems (7) and (8) satisfy a constraint qualifica-
tion for each feasible point of the outer-maximization problems (5) and (6) and the functions in problems (7)
and (8) are continuously differentiable. Then we can reformulate problems (5) and (6) into maximization

2We do not plot ψ2 and ψ3 for Examples 1 and 2 as max
y∈Y

ϕ1(y) = v∗ for these instances.
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Algorithm 2 Prototype optimality-based discretization algorithm

1: Input: feasibility tolerance εf ≥ 0, minimum bound improvement δ ≥ 0.
2: Initialize Yd = ∅.
3: for k = 1, 2, . . . do
4: Solve problem (LBP) globally to get solution xk, lower bound LBDk.
5: Solve problem (LLP(x)) with x = xk globally to get solution ŷk ∈ Y .
6: if G(xk) ≤ εf then
7: Terminate with εf -feasible solution xk to (SIP).
8: else
9: Solve a max-min problem to determine points {ȳk,i}|Ik|

i=1 .

10: if optimal value of max-min problem ≥ LBDk + δ then

11: Update the discretization Yd using {ȳk,i}|Ik|
i=1 .

12: else
13: Set Yd ← Yd ∪ {ŷk}.
14: end if

15: end if
16: end for

problems with complementarity constraints using the KKT conditions for the inner-minimization problems,
which can then be solved locally to update Yd (cf. [47]).

When the assumptions of Theorem 1 fail to hold, we may be able to either use (estimates of) generalized
gradients [9, 32] of ϕk and ψk, or directional derivatives [37] of ϕk and ψk and their generalizations [42, 43]
to solve problems (5) and (6) to local optimality [4]. Finally, we mention that techniques for minimizing
discontinuous functions (see, e.g., Ermoliev et al. [15]) may also be used to maximize ϕk and ψk over their
domains when none of the aforementioned approaches are applicable.

3.2 Outline of optimality-based discretization methods

Algorithm 2 outlines a prototype optimality-based discretization method for (SIP). Similar to the BF
algorithm 1, this prototype algorithm begins with an empty discretization Yd. At the start of each iteration,
it solves (LBP) to global optimality to determine a candidate solution xk and a corresponding lower bound
LBDk. It then solves the lower-level problem (LLP(x)) with x = xk to global optimality to determine a
point ŷk to certify whether xk is εf -feasible for (SIP). The key difference with the BF algorithm (lines 9
to 11 of Algorithm 2) is that if xk is not εf -feasible, Algorithm 2 solves a max-min problem (locally) to
identify new points that may be used to update the discretization Yd if a sufficient bound increase condition
holds, instead of simply adding ŷk to the discretization as done in the BF algorithm. Checking this sufficient
bound increase condition requires the global solution of the inner-minimization problems (7) and (8) (i.e.,
the global solution of (LBP) with the new candidate discretization). If problem (LBP) is not convex, we
assume this additional global solve is performed only to establish our theoretical results3.

We consider four realizations that only vary in lines 9 and 11 of Algorithm 2: OPT, GREEDY, 2GREEDY, and
HYBRID.

• Algorithm OPT seeks to discard the discretization Yd at iteration k − 1 and replace it with a fresh
discretization that is obtained by solving problem (5) to local optimality4 (which in turn involves
solving a sequence of inner problems (7) to local optimality). It initializes the solution of this max-min
problem using ŷk and the discretization Yd at iteration k − 1.

3An extra global solve is needed only if sufficient bound increase is violated after running line 4.
4We use the term “local optimality” for the outer-maximization problems loosely because the inner-minimization problems

are only solved locally.
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• Algorithm GREEDY looks to add a single point to the discretization Yd := {ȳ1, ȳ2, . . . , ȳk−1} at iteration
k − 1 by solving problem (6) to local optimality (which in turn involves solving a sequence of inner
problems (8) to local optimality) with the initialization ŷk.

• Algorithm 2GREEDY first adds the point ŷk to the discretization Yd at iteration k − 1. It then solves
problem (6) to local optimality with parameters Yd ∪{ŷk} to try and find a second point to add to the
discretization that increases the lower bound by at least δ (this max-min problem is initialized with a
random point in Y so that LICQ may hold).

• Algorithm HYBRID solves problem (5) locally to try and determine a fresh discretization with sufficient
lower bound improvement (similar to OPT) at each of the first K iterations. From iteration K + 1, it
then switches to the GREEDY strategy and solves problem (6) to local optimality to try and find a single
best point to add to the previous discretization Yd.

All four realizations of Algorithm 2 use the freely available point ŷk to either construct an initial guess, or to
add to the discretization Yd. The motivation behind the 2GREEDY scheme is that adding two discretization
points per iteration (including the point ŷk) may reduce the number of (LBP) and (LLP(x)) subproblems
that are solved to global optimality before the sequence of lower bounds {LBDk} converges to v∗. This may
in turn reduce the overall time spent on computing lower bounds. Algorithm HYBRID relieves the increasing
computational burden of solving problem (5) as k increases.

Enhancements. There are several ways in which Algorithms OPT, GREEDY, 2GREEDY, and HYBRID may be
enhanced in practice. First, the local solution of the sequence of inner-minimization problems (7) or (8)
can be effectively warm-started using active set methods. Second, solving problems (7) or (8) using multi-
start techniques can greatly increase the likelihood that we solve problems (5) and (6) with the global value
functions ϕk and ψk. Finally, as we saw in Examples 2 to 4, the assumptions of Theorem 1 may not hold
at each point in the domain of the value functions ϕk and ψk. In such situations, we may either return the
best found solution to problems (5) and (6), or randomly perturb the current iterate in an attempt to avoid
points of nondifferentiability (cf. Theorem 2).

3.3 Convergence guarantees

We establish convergence of the sequence {LBDk} of lower bounds determined by Algorithms OPT, GREEDY,
2GREEDY, and HYBRID. We emphasize that Theorem 3 below does not assume the outer-maximization and
inner-minimization problems in the above realizations of Algorithm 2 are solved to global optimality. Instead,
we assume only for its proof that the sufficient bound increase check on line 10 of Algorithm 2 involves the
global solution of problem (LBP) with the candidate discretization.

Theorem 3. Consider Algorithm 2 with εf = 0, δ > 0. Suppose the discretization Yd is updated using
Algorithm OPT, GREEDY, 2GREEDY, or HYBRID. Then lim

k→∞
LBDk = v∗.

Proof. Since f and g are continuous, X and Y are compact, and (SIP) is assumed to be feasible, the
optimal value v∗ is finite and bounded below by minx∈X f(x) > −∞. Line 11 of Algorithm 2 updates the

discretization Yd using the points {ȳk,i}|Ik|
i=1 only if this candidate discretization increases the lower bound

in iteration k + 1 by at least δ. Since v∗ − LBD0 := v∗ − minx∈X f(x) < ∞, line 11 of Algorithm 2 can
be executed only a finite number of times before the lower bound converges to v∗. Therefore, line 13 is
executed for all k large enough and the asymptotic behavior of Algorithm 2 is thus the same as that of the
BF Algorithm 1. The result that LBDk → v∗ then follows from Lemma 2.2 of Mitsos [28] (cf. Theorem 3.1
of Harwood et al. [20]).

Our next result identifies favorable properties of Algorithm OPT when the problem (5) is solved to global
optimality. We say that (SIP) is convex if the set X is convex and functions f and g are convex with respect
to x (on X).
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Proposition 4. Consider Algorithm OPT with parameters εf = δ = 0 and assume that problem (5) is solved
to global optimality.

1. The sequence of lower bounds {LBDk} generated by Algorithm OPT dominates any sequence of lower
bounds generated by solving (LBP) with at most k − 1 discretization points in iteration k.

2. Suppose (SIP) is convex and ∃x̄ ∈ X such that G(x̄) < 0. Then, there exists a discretization Yd :=
{ŷ1, ŷ2, . . . , ŷm} ⊂ Y , withm ≤ dx, such that the optimal value of (LBP) equals v∗, i.e., Algorithm OPT

converges in at most dx iterations.

Proof. The first part holds by the definition of problem (5), whereas the second part follows from Theorem 3.2
of Shapiro [41].

Our next results establish rates of convergence of the BF and OPT lower bounds.

Theorem 5. Consider the BF Algorithm 1 with εf > 0. Suppose {g(·, y)}y∈Y is uniformly Lipschitz
continuous on X with Lipschitz constant Lg,x > 0, i.e.,

|g(x, y)− g(x̄, y)| ≤ Lg,x∥x− x̄∥, ∀x, x̄ ∈ X, y ∈ Y.

Then Algorithm 1 terminates in at most
(

diam(X)Lg,x

2εf
+ 1

)dx

iterations.

Proof. Follows, e.g., from Section 5.2 of Mutapcic and Boyd [33].

Theorem 6. Consider Algorithm OPT with εf > 0 and δ = 0. Suppose {g(x, ·)}x∈X is uniformly Lipschitz
continuous on Y with Lipschitz constant Lg,y > 0, i.e.,

|g(x, y)− g(x, ȳ)| ≤ Lg,y∥y − ȳ∥, ∀y, ȳ ∈ Y, x ∈ X.

If problem (5) is solved to global optimality, then Algorithm OPT terminates with an εf -feasible point in at

most
(

diam(Y )Lg,y

2εf

)dy

iterations. Furthermore, if the assumptions of Theorem 5 hold, then Algorithm OPT

terminates in at most min
{(

diam(Y )Lg,y

2εf

)dy

,
(

diam(X)Lg,x

2εf
+ 1

)dx
}
iterations.

Proof. Suppose Algorithm OPT has not converged by iteration k > 1. The candidate solution xk at iteration
k of Algorithm OPT satisfies for each 1 ≤ j < k:

g(xk, ŷk) > εf and g(xk, ȳj) ≤ 0 =⇒ g(xk, ŷk)− g(xk, ȳj) > εf

=⇒ ∥ŷk − ȳj∥ > εf
Lgy

,

where Yd = {ȳi}k−1
i=1 denotes the discretization at the start of iteration k. Therefore, an upper bound on

the number of iterations for convergence can be obtained by calculating the number of Euclidean balls
of radius

εf
Lgy

needed to cover Y (cf. [33]). The second assertion follows from Theorem 5 and part 1 of

Proposition 4.

When dy ≪ dx, as in many applications, the bound on the number of iterations for Algorithm OPT can be
much smaller than the bound on the BF algorithm (cf. [48, Theorem 2]). Theorem 6 can also be sharpened
to estimate the number of balls needed to cover {y∗(x) : x ∈ X} instead of Y . We now link Theorems 5
and 6 to the rate of convergence of their sequence of lower bounds.

Proposition 7. Suppose the value function V (z) := min{x∈X : G(x)≤z} f(x) is Lipschitz continuous on [0, ε̄]
with a Lipschitz constant LV > 0. Additionally, suppose the assumptions of Theorems 5 and 6 hold. Then
for any ε ∈ (0, ε̄):
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1. Whenever k ≥
(

diam(X)Lg,xLV

2ε + 1
)dx

, the BF lower bound LBDk ≥ v∗ − ε.

2. Whenever k ≥ min

{(
diam(Y )Lg,yLV

2εf

)dy

,
(

diam(X)Lg,xLV

2εf
+ 1

)dx
}
, the OPT lower bound LBDk ≥ v∗−ε.

Proof. Readily follows from Theorems 5 and 6 upon noting V (ε) ≥ v∗ − LV ε.

The Lipschitz assumption in Proposition 7 is satisfied by convex SIPs when the objective f is Lipschitz
and Slater’s condition holds (see Corollary 2 to Theorem 6.3.2 in Clarke [7]). Chapter 6 of Clarke [7] also
details other constraint qualifications under which this Lipschitz assumption holds.

The example below shows discretization-based lower bounding methods involving (LBP) (such as the BF
algorithm and any realization of Algorithm 2) may take an exponential number of iterations in the problem
dimensions to converge. Although this behavior is expected, we are not aware of such an example in the
SIP literature (similar examples are known for the classical cutting-plane method in convex optimization,
see [34, Ex. 3.3.1], [22, Ex. 1]).

Example 5. (Based on [22, Ex. 1]) Consider the instance of (SIP) with X = [−1, 1]dx , Y = {y ∈ Rdx :

∥y∥2 = dx − 1}, f(x) = −∥x∥2, and g(x, y) =
∑dx

i=1(xi − yi)yi. Note that this semi-infinite constraint (1)
may be reformulated as the convex constraint ∥x∥ ≤

√
dx − 1. Any x ∈ X with ∥x∥ =

√
dx − 1 solves (SIP)

with v∗ = 1− dx.
Lemma 2.1 of Hijazi et al. [22] implies any discretization point y ∈ Y can exclude at most one vertex

of the cube X. Because every vertex of X is a solution to (LBP) with the discretization Yd = ∅, any
discretization-based lower bounding algorithm that solves (LBP) requires exponentially many discretization
points in the dimension dx for its sequence of lower bounds {LBDk} to converge to within 0.5 of v∗.

4 Generalized optimality-based discretizations

In this section, we propose generalized optimality-based discretization methods for (SIP) that can achieve
faster convergence than any traditional discretization method relying on (LBP). We assume in our proofs
that all subproblems that are solved to global optimality are solved exactly. Numerical results in Section 6
show that our proposed algorithms work well when our subproblems are solved with finite precision and to
a specified optimality tolerance.

Consider the reformulation (2) of (SIP), where the semi-infinite constraint (1) is replaced with the
constraint g(x, y∗(x)) ≤ 0. The BF Algorithm 1 approximates y∗(x) with solutions {y∗(xk)} of the lower-
level problem (LLP(x)) at incumbent solutions {xk} of problem (LBP). This zeroth-order approxima-
tion of y∗ can be crude as noted in Section 1. Assuming that the mapping y∗ is differentiable (cf. The-
orem 1), Seidel and Küfer [40] and Djelassi [11] instead propose to use the first-order approximation
y∗(x) ≈ y∗(xk) + J∗

y (x
k)(x− xk) at incumbent solutions {xk}, where J∗

y (x
k) is the dy × dx Jacobian matrix

with rows (∇xy
∗
1(x

k))
T
, . . . , (∇xy

∗
dy
(xk))

T
. In particular, Section 3.4 of Djelassi [11] suggests the following

generalization of the BF lower bounding problem (LBP):

min
x∈X

f(x) (G-LBP)

s.t. g
(
x,projY (Ā

kx+ b̄k)
)
≤ 0, ∀k ∈ [n],

where constants Āk ∈ Rdy×dx and b̄k ∈ Rdy are specified as Āk = J∗
y (x

k), b̄k = y∗(xk) − J∗
y (x

k)xk at a

sequence of candidate solutions {xk} ⊂ X to (SIP). The projection step ensures problem (G-LBP) is a
relaxation of (SIP), which implies solving (G-LBP) to global optimality yields a valid lower bound on the
optimal value v∗. However, it also makes (G-LBP) nonsmooth and more challenging to solve than (LBP).
Setting Āk = 0 and b̄k = yBF,k = y∗(xk) in problem (G-LBP) recovers the BF lower bounding problem.

In this work, we primarily consider the setting where Y = [yL, yU ] for some vectors yL, yU ∈ Rdy .
The function projY (·) can then be reformulated as the MILP-representable function mid(yL, ·, yU ), and
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Figure 4: Optimal solution mapping y∗ (it only depends on x1 for Examples 2 and 4). The red dot indicates
y∗(x1) at x1 ∈ argminx∈X f(x).

problem (G-LBP) can in turn be reformulated as a mixed-integer nonlinear program (MINLP). Section 3.4
of Djelassi [11] also considers more general settings for Y .

We construct optimality-based generalized discretizations of (SIP) in the form of (G-LBP) that can
achieve faster convergence of lower bounds than the discretization methods in Section 3. As in Section 3,
our idea is to construct generalized discretizations (G-LBP) that yield the highest lower bound. At the first
iteration, we propose to solve the following max-min problem to determine constants A1 and b1 that result
in the highest lower bound:

(Ā1, b̄1) ∈ argmax
A1∈Rdy×dx ,b1∈Rdy

min
x∈X

f(x) (9)

s.t. g
(
x,projY (A

1x+ b1)
)
≤ 0.

We consider the following analogues of problems (5) and (6) for updating the generalized discretizations at
iteration k > 1. The first approach determines a fresh generalized discretization at iteration k by solving
the max-min problem

(Ā1, b̄1, . . . , Āk, b̄k) ∈ argmax
A1,...,Ak∈Rdy×dx

b1,...,bk∈Rdy

min
x∈X

f(x) (10)

s.t. g
(
x, projY (A

ix+ bi)
)
≤ 0, ∀i ∈ [k].

The resulting generalized discretization yields the highest lower bound among all possible generalized dis-
cretizations (G-LBP) with k generalized discretization cuts. To mitigate the computational burden of solving
problem (10), our second approach updates the generalized discretization at iteration k−1 by adding a single
best generalized discretization cut with parameters Āk ∈ Rdy×dx and b̄k ∈ Rdy . This can be formulated as
the max-min problem

(Āk, b̄k) ∈ argmax
Ak∈Rdy×dx ,bk∈Rdy

min
x∈X

f(x) (11)

s.t. g(x, projY (Ā
ix+ b̄i)) ≤ 0, ∀i ∈ [k − 1],

g(x, projY (A
kx+ bk)) ≤ 0.

Before outlining our proposal for solving problems (10) and (11), we provide empirical motivation for
why our optimality-based generalized discretization methods may perform well. Figure 4 plots the optimal
solution mapping y∗ for Examples 1 to 4. Interestingly, this mapping is well-behaved for all four examples
(it is piecewise-linear for Example 1 and linear for Examples 2 to 4). Moreover, using Ā1 = J∗

y (x
1) and

b̄1 := y∗(x1)− J∗
y (x

1)x1 in (G-LBP) at the point (x1, y∗(x1)) highlighted in these plots yields a lower bound
equal to v∗ for all four examples. However, this favorable situation may not always be the case, and the
mapping y∗ may be nonconvex, nonsmooth, and even discontinuous in general. For example, any (SIP) with
X = Y = [0, 1] and g(x, y) = (x − 0.5)y results in the optimal solution mapping y∗(x) = 1(x − 0.5), where
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1(z) = 1 if z ≥ 0 and zero otherwise, which is discontinuous at x = 0.5. Example 5 from Section 3.3 provides
another instance where y∗ is discontinuous.

Example 5: Consider the optimal solution mapping y∗(x) := x
∥x∥
√
dx − 1 if x ̸= 0 and y∗(x) := ȳ if x = 0.

It is discontinuous at x = 0 irrespective of ȳ ∈ Y . However, setting Ā1 = I (the identity matrix) and b̄1 = 0
in (G-LBP) with k = 1 yields a lower bound equal to v∗ since projY (x) = y∗(x), ∀x ∈ X. Therefore, a single
generalized discretization cut is sufficient for convergence (this is in stark contrast with the discretization
methods in Section 3.3 that require exponentially many iterations in the dimension dx to converge).

4.1 Solving the max-min problems

In addition to the challenges outlined in Section 3, solving problems (10) and (11) to global optimality may
also be challenging due to the nonsmooth projection step. Therefore, we design local optimization methods
for solving a smooth approximation of these max-min problems and empirically show in Section 6 that this
may be sufficient to determine good generalized discretizations that yield fast convergence of lower bounds.

Let ϕGk : (Rdy×dx × Rdy )k → R denote the value function of the inner-minimization in problem (10) at
iteration k ∈ N, i.e.,

ϕGk (A
1, b1, . . . , Ak, bk) := min

x∈X
f(x) (12)

s.t. g
(
x, projY (A

ix+ bi)
)
≤ 0, ∀i ∈ [k].

Assuming the maximum is attained, problem (10) can be rewritten as

(Ā1, b̄2, . . . , Āk, b̄k) ∈ argmax
A1,...,Ak∈Rdy×dx

b1,...,bk∈Rdy

ϕGk (A
1, b1, . . . , Ak, bk).

Similarly, given a sequence {(Ãi, b̃i)}|Ik−1|
i=1 ⊂ Y for some index set Ik−1 ⊂ N, let ψG

k : Y → R denote the
value function

ψG
k

(
Ak, bk; {(Ãi, b̃i)}|Ik−1|

i=1

)
:= min

x∈X
f(x) (13)

s.t. g(x,projY (Ã
ix+ b̃i)) ≤ 0, ∀i ∈ [k − 1],

g(x, projY (A
kx+ bk)) ≤ 0,

where {(Ãi, b̃i)}|Ik−1|
i=1 are parameters in the above problem. Assuming again that the maximum is attained,

problem (11) can be equivalently written as

(Āk, b̄k) ∈ argmax
Ak∈Rdy×dx ,bk∈Rdy

ψG
k

(
Ak, bk; {(Āi, b̄i)}k−1

i=1

)
.

Note that the function ϕG1 (·) is equivalent to ψG
1 (·; ∅) on Rdy×dx × Rdy .

Similar to the value functions ϕk and ψk in (7) and (8), the functions ϕGk and ψG
k above may be nonconcave,

nonsmooth, or discontinuous with large flat regions. Furthermore, Theorems 1 and 2 do not apply because of
the nonsmooth projection step in problems (12) and (13). In order to be able to use sensitivity information,
we replace the projection operator with a smooth approximation. For instance, when Y := [yL, yU ] is a
compact interval, we can replace projY (·) = mid(yL, ·, yU ) with a sigmoid whose range equals (yL, yU ).
We then use gradients (whenever they exist) of this smooth approximation of the value functions ϕGk and
ψG
k within a bundle solver for nonsmooth nonconvex optimization [26] to solve problems (10) and (11) to

local optimality. Function values for the bundle solver are obtained by solving the smooth approximation
of problem (12) or (13) to local optimality, and gradients of the smooth approximation of ϕGk and ψG

k may
be computed using Theorem 1 whenever its assumptions hold. We initialize the variables A1 and b1 in
problem (9) with Ā1 = J∗

y (x
1) and b̄1 = y∗(x1)− J∗

y (x
1)x1 whenever y∗ is differentiable at the initial point

x1 ∈ argminx∈X f(x) (we consider similar initializations at later iterations). Section 3.1 outlines alternative
approaches for solving problems (10) and (11), and Section 3.2 lists possible enhancements.
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Algorithm 3 Prototype optimality-based generalized discretization algorithm

1: Input: feasibility tolerance εf ≥ 0, minimum bound improvement δ ≥ 0.
2: Initialize PG

d = ∅.
3: for k = 1, 2, . . . do
4: Solve problem (G-LBP) globally to get solution xk, lower bound LBDk.
5: Solve problem (LLP(x)) with x = xk globally to get solution y∗(xk).
6: If assumptions of Theorem 1 hold for (LLP(x)), compute J∗

y (x
k).

7: if G(xk) ≤ εf then
8: Terminate with εf -feasible solution xk to (SIP).
9: else

10: Solve a max-min problem to determine {(Āk,i, b̄k,i)
|Ik|
i=1}.

11: if optimal value of max-min problem ≥ LBDk + δ then

12: Update the discretization PG
d using {(Āk,i, b̄k,i)

|Ik|
i=1}.

13: else
14: Set PG

d ← PG
d ∪ {(J∗

y (x
k), y∗(xk)− J∗

y (x
k)xk)} if assumptions of Theorem 1 hold, and

PG
d ← PG

d ∪ {(0, y∗(xk))} otherwise
15: end if

16: end if
17: end for

4.2 Outline of the generalized discretization methods

Algorithm 3 outlines a prototype optimality-based generalized discretization method for (SIP). We consider
four realizations of Algorithm 3 that only vary in lines 10 and 12: G-OPT, G-GREEDY, G-2GREEDY, and
G-HYBRID. Algorithms G-OPT, G-GREEDY, and G-HYBRID are direct analogues of OPT, GREEDY, and HYBRID

that rely on problems (10) and (11) instead of problems (5) and (6). Algorithm G-2GREEDY first adds
(Āk, b̄k) = (J∗

y (x
k), y∗(xk)− J∗

y (x
k)xk) or (Āk, b̄k) = (0, y∗(xk)) to PG

d and then solves problem (11) to try
and find another generalized discretization cut to add to the formulation.

4.3 Convergence guarantees

We begin by establishing convergence of the sequence of lower bounds generated by Algorithms G-OPT,
G-GREEDY, G-2GREEDY, and G-HYBRID to v∗. Like Theorem 3, this result also does not assume the max-min
problems (10) and (11) are solved to global optimality.

Theorem 8. Consider Algorithm 3 with εf = 0, δ > 0. Suppose Y is convex and the generalized discretiza-
tion PG

d is updated using Algorithm G-OPT, G-GREEDY, G-2GREEDY, or G-HYBRID. Then lim
k→∞

LBDk = v∗.

Proof. The proof follows a similar outline as the proof of Theorem 3 and Lemma 2.2 of Mitsos [28] (cf.
Theorem 3.1 of Harwood et al. [20]).

Suppose each xk ∈ X is infeasible to (SIP) (otherwise, LBDk = v∗ for all k large enough). Since X is
compact, we can assume (by moving to a subsequence) that xk → x∗ ∈ X. We show that x∗ is feasible
to (SIP), which implies LBDk → v∗.

Following arguments in Theorem 3, line 14 of Algorithm 3 must be run infinitely often with PG
d ←

PG
d ∪ {(J∗

y (x
k), y∗(xk) − J∗

y (x
k)xk)} or PG

d ← PG
d ∪ {(0, y∗(xk))}. Therefore, the asymptotic behavior of

Algorithm 3 is the same as the algorithm that adds at each iteration either (J∗
y (x

k), y∗(xk)− J∗
y (x

k)xk) to

PG
d if Theorem 1 holds, or (0, y∗(xk)) to PG

d otherwise. We show that LBDk → v∗ for the above algorithm.
Define the index sets Jk := {j ∈ [k] : Theorem 1 holds} and Lk := {1, . . . , k}\Jk.

By construction of the above problem, we have ∀l, k such that l > k:

g(xl,projY (Ã
kxl + b̃k)) ≤ 0, if k ∈ Jk, and g(xl, y∗(xk)) ≤ 0, if k ∈ Lk,
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where Ãk := J∗
y (x

k), b̃k := y∗(xk)− J∗
y (x

k)xk if k ∈ Jk. Continuity of g, projY (·) and compactness of X, Y
ensure uniform continuity, which implies that for any ε > 0, there exists κ > 0 such that for all x ∈ X with
∥x− xl∥ < κ and ∀l, k with l > k:

g(x, projY (Ã
kx+ b̃k)) < ε, if k ∈ Jk, and g(x, y∗(xk)) < ε, if k ∈ Lk. (14)

Since xk → x∗, we have ∥xl − xk∥ < κ, ∀l, k with l > k ≥ K̄. Plugging x = xk in (14) and noting
Ãkxk + b̃k = y∗(xk) if k ∈ Jk yields 0 < g(xk, y∗(xk)) < ε, ∀k ≥ K̄. Therefore, g(xk, y∗(xk)) = G(xk) → 0
and continuity of G implies G(x∗) = 0.

By construction, Algorithms G-OPT and G-GREEDY generate tighter lower bounds than Algorithms OPT

and GREEDY, respectively, since we can set Āk = 0. Our next result establishes rate of convergence of the
G-OPT lower bounds when problem (10) is solved to global optimality. We require the following lemma, which
is sharp for affine functions (cf. Figure 4).

Lemma 9. Suppose Z ⊂ RN is a compact convex set and F : Z → RM is continuously differentiable with a
Lipschitz continuous gradient. Let L∇F denote the Lipschitz constant of ∇F on Z. Then ∀ε > 0, there exist

J = 1+

(
diam(Z)

2

√
L∇F

2ε

)N

affine functions {(αj)
T
z+βj}Jj=1 such that sup

z∈Z
min
j∈[J]

∥∥F (z)−(
(αj)

T
z+βj

)∥∥ < ε.

Proof. The integral form of Taylor’s theorem implies for any z, z̄ ∈ Z:

∥F (z)− F (z̄)−∇F (z̄)T(z − z̄)∥ ≤ L∇F

2
∥z − z̄∥2.

Therefore, ∥F (z) − F (z̄) − ∇F (z̄)T(z − z̄)∥ < ε whenever
{
z ∈ Z : ∥z − z̄∥ <

√
2ε

L∇F

}
. The stated result

follows by covering Z using balls of radius
√

2ε
L∇F

, setting zj to be the center of the jth ball, and setting

αj = ∇F (zj), βj = F (zj)−∇F (zj)Tzj .

Theorem 10. Consider Algorithm G-OPT with εf > 0 and δ = 0. Suppose X and Y are convex sets and
{g(x, ·)}x∈X is uniformly Lipschitz continuous on Y with Lipschitz constant Lg,y > 0. Assume additionally
that y∗ is continuously differentiable on X with a Lipschitz continuous gradient. Let L∇y denote the
Lipschitz constant of ∇y∗ on X. If problem (10) is solved to global optimality, then Algorithm G-OPT

terminates with an εf -feasible point in at most 1 +
(

diam(X)
2

√
L∇yLgy

2εf

)dx

iterations. Furthermore, if the

assumptions of Theorem 6 also hold, then Algorithm G-OPT terminates with an εf -feasible point in at most

min
{
1 +

(
diam(X)

2

√
L∇yLgy

2εf

)dx

,
(

diam(Y )Lg,y

2εf

)dy
}

iterations.

Proof. Suppose Algorithm G-OPT has not converged by iteration k > 1. The candidate solution xk at
iteration k of Algorithm G-OPT satisfies for each 1 ≤ j < k:

g(xk, y∗(xk)) > εf and g(xk,projY (Ā
jxk + b̄j)) ≤ 0

=⇒ g(xk, y∗(xk))− g(xk,projY (Ājxk + b̄j)) > εf

=⇒ Lgy∥y∗(xk)− projY (Ā
jxk + b̄j)∥ > εf ,

=⇒ ∥y∗(xk)− (Ājxk + b̄j)∥ > εf
Lgy

,

where PG
d = {(Āi, b̄i)}k−1

i=1 denotes the generalized discretization at the start of iteration k. Therefore, an
upper bound on the number of iterations for G-OPT to converge can be obtained by estimating the minimal
number k of generalized discretization cuts required for supx∈X minj∈[k]∥y∗(x) − (Ājx + b̄j)∥ ≤ ε

Lgy
. The

first result then follows from Lemma 9, whereas the second result follows from Theorem 6.
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Chapter 3 of Fiacco [16] presents conditions when the assumption on y∗ holds. The convexity assumption
on the set X may be relaxed by considering any convex superset of X. Note that the bound on the number
of iterations in Theorem 10 scales like ε−0.5dx

f compared to the ε−dx

f scaling in Theorem 5. The rate at which

LBDk → v∗ for G-OPT can be derived similar to Proposition 7.

5 Generalizations

We discuss some extensions of our optimality-based discretization methods.

Multiple semi-infinite constraints. Suppose (SIP) includes |I| semi-infinite constraints gi(x, y) ≤ 0,
∀y ∈ Y , i ∈ I. The formulation below generalizes the max-min problem (4) for constructing optimality-based
discretizations at the first iteration of Algorithm 2.

(ȳ1, . . . , ȳ|I|) ∈ argmax
(y1,...,y|I|)∈Y |I|

min
x∈X

f(x)

s.t. gi(x, y
i) ≤ 0, ∀i ∈ I.

Extensions of problems (5) and (6) and the generalized discretization methods in Section 4 readily follow.

Generalized discretizations based on higher-order cuts. Instead of restricting ourselves to optimality-
based linear approximations of y∗(x) as in Section 4, we can construct optimality-based nonlinear approx-
imations of y∗ for potentially faster convergence. Let γ : X × Θ → Rdy be any family of functions. We
propose the following generalization of (G-LBP):

min
x∈X

f(x) (15)

s.t. g
(
x, projY (γ(x, θ

k))
)
≤ 0, ∀k ∈ [n].

Clearly, (G-LBP) is a special case of problem (15) where γ is the family of parametric affine (in x) functions.
Extensions of the max-min problems (10) and (11) to determine an optimal sequence of parameters {θk}
readily follow.

Mixed-integer SIPs. The presence of integer variables in (SIP) precludes the use of the sensitivity theory
in Section 2 for solving the max-min problems (5), (6), (10), and (11). Because we can heuristics to solve these
max-min problems without sacrificing convergence of our (generalized) discretization methods, one heuristic
is to use sensitivities of the value functions of these inner-minimization problems with the integer variables
fixed to an optimal solution. An alternative is to use smoothing-based approaches [15] for approximating
sensitivity information.

6 Numerical results

We compare Algorithms GREEDY, 2GREEDY, HYBRID, and OPT in Section 3.2 and G-GREEDY, G-2GREEDY,
G-HYBRID, and G-OPT in Section 4.2 with the BF algorithm on instances from the literature. We only
consider scalar semi-infinite constraints and Y = [yL, yU ], and omit instances with trigonometric functions.

6.1 Implementational details

Our codes are compiled using Julia 1.7.3, JuMP 1.3.1 [14], BARON 23.1.5 [39] or Gurobi 9.1.2 as the
global solver, Knitro 13.1.0 as the local NLP solver, Gurobi 9.1.2 as the LP solver, and the bundle solver
MPBNGC 2.0 [26] for the max-min problems. They will be made available at https://github.com/

Process-Optimization-and-Control/Optimal-SIP-Discretizations.
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Instance dx dy BF GREEDY 2GREEDY HYBRID OPT

number of iterations for convergence
Watson 2 2 1 2 2 2 2 2
Watson 5 3 1 5 4 2 3 3
Watson 6 2 1 3 2 2 2 2
Watson 7 3 2 2 2 2 2 2
Watson 8 6 2 15 6 4 9 9
Watson 9 6 2 9 8 5 5 13
Watson h 2 1 18 29 19 29 26
Watson n 2 1 3 3 2 3 3

Seidel & Küfer 2.1 2 1 8 2 2 2 2
Tsoukalas & Rustem 2.1 1 1 8 5 6 5 5

Mitsos 4 3 3 1 5 4 2 6 5
Mitsos 4 6 6 1 7 8 6 5 5
Mitsos DP 1 1 28 2 2 2 2

Cerulli et al. PSD 1 21 5 2 2 2 2 2
Cerulli et al. PSD 2 21 5 2 2 2 2 2
Cerulli et al. PSD 3 21 5 2 2 2 2 2
Cerulli et al. PSD 4 21 5 2 2 2 2 2
Cerulli et al. PSD 5 66 10 5 2 5 2 2
Cerulli et al. PSD 6 66 10 6 2 2 2 2
Cerulli et al. PSD 7 105 13 7 2 5 2 2
Cerulli et al. PSD 8 105 13 5 2 5 2 2

Table 2: Comparison of the BF, GREEDY, 2GREEDY, HYBRID, and OPT algorithms. Bold entries correspond to
the minimum number of iterations for each instance.

Handling weakly active constraints. Theorem 1 requires strict complementarity. When only this
condition does not hold, the value functions ϕk, ψk, ϕ

G
k , and ψ

G
k are piecewise-differentiable with a kink at

the evaluation point. We can compute a subgradient in this case by excluding a subset of the weakly active
constraints from the set of active constraints before solving the linear system in Theorem 1. In general, we
exclude weakly active bound constraints as including them causes the derivative of the variable at the bound
to be zero. All other weakly active constraints are included for the discretization methods, but excluded for
the generalized discretization methods due to observed numerical issues (these choices were found to perform
well in our experiments). Alternatively, one may consider using generalized derivatives [43], which come at
a higher computational expense.

General algorithmic parameters. Since (LBP) and (G-LBP) may not yield a feasible point finitely, we
run our algorithms until the lower bound converges absolutely or relatively to within 10−3 of v∗ (which is
computed offline). We use εf = δ = 10−8 in Algorithms 1, 2, and 3. The feasibility and optimality tolerance
of Gurobi is set to 10−8. All of BARON’s parameters, except MaxTime = 7200s, are kept to default. Knitro
is used with the following parameters: algorithm = 5, ftol = 10−8, and feastol = 10−8.

Algorithm-specific parameters. The starting point for the max-min problem solved by the 2GREEDY

method is specified as 0.99ŷk + 0.005(yL + yU ). Similarly, for the G-2GREEDY method, the elements of Ak

are initialized randomly from [0, 1) and bk is set to 0.99ŷk + 0.005(yL + yU )−Akxk. For the generalized
discretization methods, the projection function mid{yL, y, yU} is reformulated using the “lambda/convex
combination formulation” [52] to derive an MINLP reformulation of (G-LBP), whereas the smooth ap-
proximation t−1 log((exp(tyL) + exp(ty))−1 + exp(−tyU )) with smoothing parameter t = 100 is used in the
max-min problems. If the solution of these smooth approximations terminate after a single iteration of the
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Instance dx dy BF GREEDY 2GREEDY HYBRID OPT

number of iterations for convergence
Watson 2 2 1 2 2 2 2 2
Watson 5 3 1 5 6 2 3 3
Watson 6 2 1 3 3 3 3 3
Watson 7 3 2 2 2 2 2 2
Watson 8 6 2 15 20 14 16 15
Watson 9 6 2 9 5 4 19 7
Watson h 2 1 18 18 18 18 18
Watson n 2 1 3 2 2 2 2

Seidel & Küfer 2.1 2 1 8 2 6 2 2
Tsoukalas & Rustem 2.1 1 1 8 7 6 12 > 100

Mitsos 4 3 3 1 5 3 2 3 3
Mitsos 4 6 6 1 7 6 5 4 4
Mitsos DP 1 1 28 2 2 2 2

Table 3: Results with the MPCC reformulation of the max-min problems. Bold entries correspond to the
minimum number of iterations for each instance.

bundle method, we restart their solution with a random initialization for (Ak, bk). We set the parameter
K = 3 for Algorithms HYBRID and G-HYBRID.

6.2 Optimality-based discretization methods

We test our discretization methods on small-scale SIPs (dx ∈ [1, 6] and dy ∈ {1, 2}) from Watson [53], Seidel
and Küfer [40], Tsoukalas and Rustem [50], and Mitsos [29]. We also test our discretization methods on
larger SIPs (dx ∈ [21, 105] and dy ∈ [5, 13]) from Cerulli et al. [5] where (LBP) is a quadratically constrained
quadratic program (QCQP) that is solved globally using Gurobi.

Table 2 details the instance, dimensions dx and dy, and the number of iterations k taken by the different
methods for their lower bounds to converge to v∗ (note that the number of discretization points at termination
is 2k − 2 for 2GREEDY and k − 1 for the other methods). We do not report computational times since all
methods take similar time (seconds) for their lower bounds to converge (any gains from a decrease in the
number of global solves is offset by the time taken for solving the max-min problems).

On almost all instances, our proposed optimality-based discretization methods require fewer iterations
for convergence than the BF algorithm (the main exception is “Watson h”, where our proposed methods face
numerical issues). Notably, our new discretization methods require only two iterations (a single discretization
point for GREEDY, HYBRID, and OPT, and two discretization points for 2GREEDY) to converge for most instances.
Although OPT is theoretically expected to perform at least as well as the other discretization methods, Table 2
shows that this is not always the case in practice. This is because the solution of the max-min problem (5) can
get stuck at poor local maxima. Overall, Algorithm 2GREEDY performs the best on the small-scale instances
whereas GREEDY, HYBRID, and OPT all perform extremely well on the larger instances.

Table 3 notes the performance of our discretization methods on the small-scale instances when max-min
problems (5) and (6) are reformulated and solved as mathematical programs with complementarity con-
straints (MPCCs), see Section 3.1. These MPCCs are solved using Knitro’s tailored algorithms. Comparing
Table 3 with Table 2 reveals that the discretizations generated by the MPCC formulations sometimes con-
verge in fewer iterations, but require more iterations in other cases. The MPCC formulation performs poorly
on “Tsoukalas & Rustem 2.1” possibly because it does not satisfy MFCQ at x∗.

6.3 Optimality-based generalized discretization methods

We test our generalized discretization methods on small-scale SIP instances.
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Instance dx dy BF G-GREEDY G-2GREEDY G-HYBRID G-OPT

number of iterations for convergence
Watson 2 2 1 2 2 2 2 2
Watson 5 3 1 5 4 3 4 4
Watson 6 2 1 3 2 2 2 2
Watson 7 3 2 2 2 2 2 2
Watson 8 6 2 15 TLE 9 TLE TLE
Watson 9 6 2 9 TLE TLE TLE 8
Watson h 2 1 18 2 2 2 2
Watson n 2 1 3 3 3 3 3

Seidel & Küfer 2.1 2 1 8 3 3 3 3
Tsoukalas & Rustem 2.1 1 1 8 2 3 2 3

Mitsos DP 1 1 28 2 2 2 2
Mitsos 4 3 3 1 5 5 5 5 4
Mitsos 4 6 6 1 7 6 TLE 6 TLE

Table 4: Comparison of the BF, G-GREEDY, G-2GREEDY, G-HYBRID, and G-OPT algorithms. Bold entries
correspond to the minimum number of iterations for each instance, and TLE denotes the time limit of 2
hours was exceeded.

Table 4 summarizes the performance of our generalized discretization methods relative to the BF algo-
rithm. These new methods perform well on most instances, but BARON times out during the solution of
the nonconvex MINLP (G-LBP) for “Watson 8”, “Watson 9”, and “Mitsos 4 6”. BARON appears to “stall”
while solving these MINLPs—this could potentially be due to weak relaxations of (G-LBP). In most cases,
the bundle method also terminates after one iteration during the solution of problems (5) and (6), which
suggests our initial guess is either locally optimal or does not provide a clear direction for improvement
(which could be due to the smooth approximation of the projection operator). Apart from “Watson h” and
“Tsoukalas & Rustem 2.1”, the generalized discretization methods do not offer a significant advantage over
the optimality-based discretization methods in Section 3.

Summary. Tables 2 to 4 show that our optimality-based (generalized) discretization methods have the po-
tential to significantly reduce the number of iterations for convergence relative to the classical feasibility-based
approach. We expect our new discretization methods to be particularly advantageous when solving (LBP)
to global optimality is expensive. While our preliminary results are encouraging, designing more efficient
and reliable algorithms for solving our max-min formulations (in particular, our generalized discretization
formulations (10) and (11)) merits further investigation.

7 Future work

There are many interesting avenues for future work. First, we would like to extend our optimality-based (gen-
eralized) discretization methods to generalized semi-infinite programs [13, 30]. Second, our optimality-based
discretization methods could be modified (cf. [28]) to generate feasible points to (SIP). Third, extensions
of our max-min formulations can enable the design of more efficient cutting-plane methods for a broader
class of optimization problems (cf. [35]). Finally, using machine learning to learn a sequence of optimal
discretizations (cf. [10, 23, 35]) can mitigate the computational burden of solving our max-min problems for
larger dimensions.
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[26] M. M. Mäkelä. Multiobjective proximal bundle method for nonconvex nonsmooth optimization: Fortran subroutine MPB-
NGC 2.0. url: http://napsu.karmitsa.fi/publications/pbncgc_report.pdf. Reports of the Department of Mathematical
Information Technology, Series B. Scientific Computing, B, 13, 2003.

[27] A. Marendet, A. Goldsztejn, G. Chabert, and C. Jermann. A standard branch-and-bound approach for nonlinear semi-
infinite problems. European Journal of Operational Research, 282(2):438–452, 2020.

[28] A. Mitsos. Global optimization of semi-infinite programs via restriction of the right-hand side. Optimization, 60(10-11):
1291–1308, 2011.

[29] A. Mitsos. A test set of semi-infinite programs (revised by Hatim Djelassi). Last Accessed on Jan-
uary 11, 2023. https://www.avt.rwth-aachen.de/cms/AVT/Forschung/Systemverfahrenstechnik/~kpdo/

A-Test-Set-of-Semi-Infinite-Programs/, 2016.

[30] A. Mitsos and A. Tsoukalas. Global optimization of generalized semi-infinite programs via restriction of the right hand
side. Journal of Global Optimization, 61(1):1–17, 2015.

[31] A. Mitsos, P. Lemonidis, C. K. Lee, and P. I. Barton. Relaxation-based bounds for semi-infinite programs. SIAM Journal
on Optimization, 19(1):77–113, 2008.

[32] B. S. Mordukhovich, N. M. Nam, and N. D. Yen. Subgradients of marginal functions in parametric mathematical pro-
gramming. Mathematical Programming, 116(1-2):369–396, 2009.

[33] A. Mutapcic and S. Boyd. Cutting-set methods for robust convex optimization with pessimizing oracles. Optimization
Methods & Software, 24(3):381–406, 2009.

[34] Y. Nesterov. Lectures on convex optimization, volume 137. Springer, Switzerland, 2018.

[35] M. B. Paulus, G. Zarpellon, A. Krause, L. Charlin, and C. Maddison. Learning to cut by looking ahead: Cutting plane
selection via imitation learning. In International Conference on Machine Learning, pages 17584–17600, 2022.

[36] E. Polak. Optimization: algorithms and consistent approximations. Springer New York, NY, 1997.

[37] D. Ralph and S. Dempe. Directional derivatives of the solution of a parametric nonlinear program. Mathematical Pro-
gramming, 70(1-3):159–172, 1995.

[38] R. Reemtsen and J.-J. Rückmann. Semi-infinite programming. Springer Science & Business Media, New York, 1998.

[39] N. V. Sahinidis. BARON: A general purpose global optimization software package. Journal of Global Optimization, 8(2):
201–205, 1996.
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