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Abstract

In light of the recent pandemic and the shortage of vaccinations during their roll-out,

questions arose regarding the best strategy to achieve immunity throughout the pop-

ulation by adjusting the time gap between the two necessary vaccination doses. This

strategy has already been studied from different angles by various researches. However,

the deliveries of vaccination doses also proved to be highly uncertain, with manufacturers

not being able to deliver the promised amount of vaccines on time.

In this paper, we study the robust version of this problem and its generalization to

matchings on arbitrary graphs. By exploring the problem, we show that it is weakly NP-

hard for a constant number of scenarios and strongly NP-hard else. Further, we propose

a pseudo-polynomial algorithm for the weakly NP-hard subproblem with a constant

number of scenarios and time between both doses. Finally, we perform computational

experiments to better understand the behavior of the problem.
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1 INTRODUCTION

1 Introduction

In a global pandemic, production and distribution of an effective vaccine is an important

task to solve. Many optimization problems arise in this context. An overview of these

problems was given by Duijzer et al. in [4] and by Wouters et al. in [21]. The second

paper is focused on the ongoing COVID-19 pandemic while the first paper concentrates

on the outbreak of an arbitrary infectious disease. In this paper, we focus on a problem

arising when a full vaccination requires two doses per patient given within a fixed time

frame. This was the case for most available vaccines against the Corona Virus Disease

COVID-19 in 2021. At the beginning of the vaccine roll-out, there was only a limited

amount of vaccine available which had to be used as effectively as possible to slow down

the spread of the disease and possibly prevent many deaths. However, it was unclear

if this would be achieved by vaccinating as many patients as possible with only one

dose to achieve partial immunity or if completing immunization with a second dose as

early as possible for a smaller portion of society would be better. We call this problem

the Two-Dose Scheduling Problem or, for short, the Two-Dose Problem. In addition to

that, the exact number of vaccine doses delivered was subject to uncertainty. Sometimes,

doses of vaccine could not be delivered as promised and delivery dates were delayed. We

propose a variant of the problem including these delays using the concept of Robust

Optimization as introduced by Ben-Tal et al. [2].

Vaccination Strategies for the deterministic Two-Dose Problem have been researched

extensively in the last three years. This section does not claim completeness and is only

meant as an overview for recent publications and approaches in this topic. Jurgens and

Lackner [7] evaluated the effect of delaying the second dose to 6, 9 or 12 weeks after

the first dose. Moghadas et al. [11] proposed an agent-based model using data from the

United States. One often used approach is to use compartment models, which split the

population in compartments depending on their vaccination and health status, i.e., the

compartments Susceptible, Exposed, Infectious, Recovered, and Vaccinated (SEIRV).

The model is then build based on differential equations describing the transitions be-

tween different compartments. Silva et al. [19] proposed SEIR models (compartmental

models using the compartments Susceptible, Exposed, Infectious and Recovered) to

minimize the number of expected deaths due to the pandemic and included different

subpopulations. Parino et al. [13] extended an SIR model by adding different stages

and applied it to the COVID-19 pandemic in Italy. Most recently, Omae et al. [12]

proposed a SIRVVD model including compartments for both Vaccinations with one and

two doses.

Another section of research centers on the question whether (and how many) doses

of vaccine should be stored for use as a second dose. Tuite et al. [20] compared two
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1 INTRODUCTION

different approaches, the fixed strategy of always storing half of the delivered doses and

the flexible strategy, showing that the flexible strategy prevents more COVID-19 cases.

Mak et al. [9] compare three different strategies: holding back half of the doses, using

all doses as they arrive, and expanding the time between first and second dose. This

paper extends Segschneider and Koster [17]. They introduced a new deterministic model

based on the theory of b-matchings for the Two-Dose problem and showed NP-hardness

for the case where each patient requires three doses.

The Two-Dose Problem with uncertainties in the deliveries has not been the focus of

attention. To the best of our knowledge, there have only been two further publications

considering this problem. Shumsky et al. [18] use a stochastic dynamic program to

suggest recommended strategies for how many doses should be stored, or in their words

set-aside, and show their performance in numerical experiments. Recently, Calafiore et

al. [3] propose an probabilistic optimization framework to find an optimal vaccination

strategy in which each constraint is only violated with a fixed risk ε. They base this

framework on a deterministic model that is similar to the one we use in this paper. The

only two differences are the dropping of the integrality constraint and adding a param-

eter α which measures the portion of the population that may receive their second dose

with a delay. However, our model for the Two-Dose Problem with uncertain deliveries is

different. In contrast to them, we focus on a robust approach when including uncertain-

ties and do not allow any constraints to be violated. This results in more conservative

but robust solutions.

The contributions of this paper are threefold. First, on the basis of the deterministic

model [17], we introduce two new formulations of the Robust Two-Dose Problem and

the robust directed b-Matching Problem. Second, we examine their complexity and

show strong and (at least) weak NP-hardness for subproblems. For the weakly NP-hard

subproblem, we then construct a pseudo-polynomial algorithm. Finally, we conduct a

computational study with the aim of understanding the problem and its characteristics

further.

This paper is organized as follows. In Section 2, we introduce the deterministic

problem and important notation and summarize key results on this version of the Two-

Dose Problem. We introduce two versions of the robust Two-Dose Problem in Section

3: the Fixed Robust Two-Dose Problem and the version this work concentrates on, the

Directed Robust Two-Dose Problem. The second version, we generalize to the Directed

Robust b-Matching Problem and investigate the correlation between both problems in

Section 4. Next, we study their complexity in Section 5 and give a pseudo-polynomial

algorithm for a special case of the Directed Robust Two-Dose Problem in Section 6.

Last, we conduct a computational study in Section 7.
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2 DETERMINISTIC PROBLEM DESCRIPTION AND FORMULATION

2 Deterministic Problem Description and Formula-

tion

In this section, we revisit the results from [17] that we will subsequently build upon

in later sections. The Two-Dose Problem (without uncertainty) consists of finding a

schedule for first and second doses, given a time frame for the second dose relative to

the first dose and limited supply. We assume a discrete time horizon of n time steps.

At time step t ∈ {1, . . . , n} =: T , bt doses of vaccine are delivered, up to ut doses can

be stored for later usage and νt doses can be given to a patient at that time step. We

denote by Bt :=
∑t

i=1 bi the sum of all doses delivered up to time step t. Each patient

has to receive their second dose of vaccine within εmin to εmax time steps after their first

dose. We call this constraint the timing constraint. For a first dose at time step i ∈ T ,

the second dose has to be given in the time frame {i + εmin, . . . , i + εmax} ∩ T =: J(i).

Similarly, we denote by I(j) = {j − εmax, . . . , j − εmin} ∩ T the feasible time frame for a

first dose with a second dose at time step j ∈ T . We call a pair of two time steps (i, j) a

feasible appointment if j ∈ J(i). For each feasible appointment (i, j), si,j is the number

of patients to receive their first dose at time step i and their second dose at time step j.

Additionally, we assume n to be chosen big enough such that
∑n−εmin−1

t=1 bt ≥
∑n

t=n−εmin
bt

and there are no doses left over that would require a second dose after time step n. We

can assume this without loss of generality because an instance violating this constraint

can be adapted to satisfy it by adding εmin time steps at the end without delivery.

The Two-Dose Problem can then be formulated as an integer linear program (ILP)

as follows:

max
n∑
i=1

∑
j∈J(i)

ci,jsi,j (1)

s.t.
t∑
i=1

2 ·
t∑

j=i+εmin

si,j +

min{n,t+εmax}∑
j=t+1

si,j

 ≤ Bt ∀t ∈ T (2)

Bt −
t∑
i=1

2 ·
t∑

j=i+εmin

si,j +

min{n,
t+εmax}∑
j=t

si,j

 ≤ ut ∀t ∈ T (3)

∑
j∈J(t)

st,j +

t−εmin∑
i=0

si,t ≤ νt ∀t ∈ T (4)

si,j ∈ Z+ ∀i ∈ T, j ∈ J(i) (5)

si,j = 0 ∀i ∈ T, j /∈ J(i). (6)
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2 DETERMINISTIC PROBLEM DESCRIPTION AND FORMULATION

Constraints (2) ensure that in each time step, only doses previously delivered and unused

are used for vaccinations. We call these constraints delivery constraints. Constraints (3)

and (4) are the storage capacity constraint and vaccination speed constraint respectively,

ensuring the upper bound on both of these values. Note that by setting un = 0, we can

enforce that each delivered dose is used. We cannot use partial doses for a vaccination,

so (5) ensures integrality of the solution. Lastly, (6) ensures the timing constraint by

setting si,j for all non-feasible appointments to 0.

Remark 1 We can assume without loss of generality that all values ci,j are non-negative.

Since all delivered doses have to be used, there are 1
2

∑n
t=1 bt appointments in each feasible

schedule. Thus, setting the objective coefficient to ci,j − k for some k ∈ R only changes

the objective by a constant value and does not influence maximality. For an instance

with negative value ci,j, we can set k := mini∈T,j∈J(i) ci,j and change the value to ci,j − k
resulting in an equivalent instance with non-negative values.

2.1 The Matching Approach

The computational experiments in Section 7 show that the ILP introduced in the previ-

ous section can be solved relatively fast. However, as a basis for generalizing the Robust

Two-Dose Problem, we now introduce an alternate view using the theory of perfect b-

matching problems. The approach is based on the idea that each appointment is a pair

of two “matched” time steps.

However, in a regular b-matching, there is no way of moving capacity from one

vertex to another the way storing doses would require. Thus, we designed a gadget

incorporating the concept of storage.

For each instance of the Two-Dose Problem, we define an instance of the perfect,

weighted b-matching problem which models the instance of the Two-Dose Problem. To

this end, we define a Graph G with a vertex vt ∈ V for each time step t ∈ {1, . . . , n} and

edges connecting those that form a feasible appointment. We will refer to these vertices

as time step vertices and to the edges connecting them as appointment edges. The value

m{vi,vj} of the perfect matching on appointment edge {vi, vj} defines the schedule for

the corresponding appointment: si,j = m{vi,vj}. Additionally, we include gadget vertices

v1t , v
2
t and v3t for each time step t ∈ T connecting the time step vertices and functioning

as a storage. The gadget and interpretation for the first two time steps is depicted in

Figure 1.
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2 DETERMINISTIC PROBLEM DESCRIPTION AND FORMULATION

Formally, the new graph is then defined as

V ={vi, v1i , v2i , v3i : i = 1, . . . , n− 1} ∪ {vn, v1n, v2n}, (7)

E ={{vi, vj} : i = 1, . . . , n− εmin ; j ∈ J(i)}∪
{(vi, v1i ) : i = 1, . . . , n} ∪ {(v1i , v2i ) : i = 1, . . . , n}∪
{(v2i , v3i ) : i = 1, . . . , n− 1} ∪ {(v3i , v2i+1) : i = 1, . . . , n− 1}.

(8)

We set capacity βv on the vertices v ∈ V , upper bounds qe and value we on the edges

e ∈ E as follows:

βvt = βv1t = βv2t = βv3t = Bt, (9)

we =

{
ci,j if e = {vi, vj}, j ∈ J(i)

0 else.
(10)

qe =


νt if e = {v1t , v2t }
ut if e = {v2t , v3t }
∞ else

(11)

For a given perfect β-matching m, the value mvi,vj denotes si,j, that is the number of

vaccination appointments with first dose given at time step i and second dose at time

step j. Let yt =
∑

j∈J(t)mt,j +
∑

i∈I(t)mi,t be the number of doses used at time step

v21 v11 v1

v31

v22 v12 v2

v32

. . .

b1 b1 b1

b1

b1 + b2 b1 + b2 b1 + b2

b1 + b2

y1

y2

u1
b1−

y1

u2

b1+
b2

−y1
−y2

ν1

y1

ν2

y2

b1 − y1

b1+b2
−y2

y1

y1 + y2
Legend:

β β

upper bound

matching

Figure 1: Storage Gadget and interpretation for the first two time steps

t ∈ T . Since m is a perfect matching and the time step vertices vt have only one

edge not counted in this sum. Thus, the value of the matching on this edge has to

be m{vt,v1t } = βvt − yt = Bt − yt in order to satisfy the perfect matching constraint
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3 ROBUST TWO-DOSE PROBLEM DEFINITION

∑
e∈δ(vt)me = βt. We apply this argumentation for each vertex of the gadget to get

the value of the perfect matching m on the gadget edges depending on y. In Figure 1,

these values are presented by the gray numbers on top of the gadget edges. Notably,

m{v1t ,v2t } = yt the number of doses used at time step t. Thus, the vaccination speed

constraint is equivalent to the upper bound q{v1t ,v2t } on that matching edge. The same

holds for the storage capacity constraint and the upper bound on edge {v2t , v3t }. In each

time step, the value of the matching on that edge is m{v2t ,v3t } =
∑t

i=1 bi − yi equal to

the number of doses that need to be stored in time step t. Thus, the upper bound of

q{v2t ,v3t } = ut ensures the storage capacity constraint is kept.

Finally, for a perfect matching m on G, we defined a schedule s(m) for the corre-

sponding instance of the Two-Dose Problem as s(m)i,j = m{vi,vj}. Since the value w is

0 for all gadget edges and equal to the value of the appointment for each appointment

edge, it holds wTm = cT s(m) and the maximum weight perfect β-Matching on G defines

the maximum value schedule for the corresponding Two-Dose Problem instance. We

concluded:

Theorem 1 ([17]) For each perfect β-matching (me)e∈E on G , there is a correspond-

ing feasible schedule s with value cT s = (w)Tm satisfying the storage capacity and

vaccination speed constraints and vice versa.

Since weighted b-matching can be solved in polynomial time (c.f. [1], [15], [16]), the

Two-Dose Scheduling Problem with storage capacity and vaccination speed constraints

can also be solved in polynomial time. Note, that the Three-Dose Problem is NP-

complete [17].

3 Robust Two-Dose Problem Definition

As deliveries are not certain, we now include uncertainty in the deliveries. This results in

an ILP with uncertainty in the right hand side. Let B ⊆ Zn+ be a given set of scenarios.

We assume that for each scenario, there exists a feasible solution and the total number of

doses delivered is the same for all scenarios. Deliveries are only delayed and not canceled.

Other than that, we pose no additional conditions on B in this theoretical section. For

the computational study in Section 7, we use randomly generated uncertainty sets with

a finite number of scenarios.

In this section, we introduce two models to include uncertainty. They are similar

to the two decision models introduced in [10]. The first model, called Fixed Robust

Two-Dose Problem is a one stage problem and consists of finding the best vaccination

schedule feasible for each scenario. The second model is a two-stage problem. In the

first stage, the number of first doses is set for each time step and in the second stage,
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3 ROBUST TWO-DOSE PROBLEM DEFINITION

after realization of the scenario, the final schedule is set respecting the number of first

doses set in the first stage. We call this model the Directed Robust Two-Dose Problem.

The name Directed will become clear in Section 3.2.

3.1 Fixed Robust Two-Dose Problem

The Fixed Robust Two-Dose Problem consist of finding a schedule which is feasible

in all scenarios and maximizes the worst-case objective value. With unlimited storage

capacity and vaccination speed, the problem can be described by the following integer

linear program.

max
s

cT s

s.t.
t∑
i=1

∑
j∈J(i)
j≤t

2si,j +
t∑
i=1

∑
j∈J(i)
j>t

si,j ≤ Bt ∀b ∈ B, t ∈ T

si,j ∈ Z+ ∀i ∈ T, j ∈ J(i)

The assumption about the total number of doses is necessary for the existence of a feasi-

ble solution without leftover doses. A feasible schedule s uses exactly 2 ·
∑n

i=1

∑
j∈J(i) si,j

doses. If the number of doses delivered is smaller, the schedule is not feasible. If there

are more doses delivered, these additional doses are leftover. If there are two scenarios

with a different number of total doses, a feasible schedule can only use minb∈B
∑n

i=t bt
doses and additional doses in other scenarios cannot be used. We now define a minimum

scenario bmin which is not necessarily in B. In each time step t ∈ {1, . . . , n}, this scenario

satisfies
t∑
i=1

bmin
i = min

b∈B

t∑
i=1

bi. (12)

Theorem 2 Let B be a set of scenarios and bmin as defined above. If a schedule is not

feasible for a scenario b ∈ B, it is not feasible for bmin. Reversely, if a schedule is not

feasible for bmin, then it does not satisfy the delivery constraint in a time step i ∈ T for

a scenario b ∈ B.

Proof

From the definition of bmin we know that there is a scenario b∗ ∈ B with
∑t

j=1 b
∗
j =∑t

j=1 b
min
j for each time step t ∈ T . If there is a scenario b ∈ B violating the delivery

constraint in time step t, then bmin also violates this constraint. Reversely, if bmin violates

the delivery constraint in a time step t ∈ T , then there must be a scenario b ∈ B with∑t
i=1 b

min
i =

∑t
i=1 bi. Thus, this scenario also violates the delivery constraint in time

step t. �
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3 ROBUST TWO-DOSE PROBLEM DEFINITION

Since we can assume that all deliveries over scenarios are natural numbers, this scenario

is well-defined. Thus, we can infer the following corollary.

Corollary 1 A schedule is feasible for each scenario in B if and only if it is feasible for

bmin and the problem reduces to the deterministic Two-Dose Problem.

This result will still hold true if we include the vaccination speed constraint, since

this constraint is only dependent on the schedule and not on the deliveries.

The same approach can be used when the storage constraint is included. In this case,

we also need to define the maximum scenario bmax analogous to bmin as

t∑
i=1

bmax
i = max

b∈B

t∑
i=1

bi.

Theorem 3 A schedule is feasible for all scenarios in B if and only if it satisfies the

delivery constraint in bmin and the storage constraint in bmax.

Proof

From theorem (2), we know that the delivery constraint is satisfied for all scenarios if

and only if it is satisfied for bmin. Thus, for feasibility of all scenarios, we only need to

show that the storage constraint is satisfied. Remember that the storage constraint is

given by

Bt −
t∑
i=1

∑
j∈J(i)
j≤t

2si,j −
t∑
i=1

∑
j∈J(i)
j>t

si,j ≤ ut ∀b ∈ B, t ∈ T.

If the storage constraint is not satisfied for a scenario b ∈ B and time step t ∈ T , then

it holds
t∑
i=1

bmax
i −

t∑
i=1

∑
j∈J(i)
j≤t

2si,j −
t∑
i=1

∑
j∈J(i)
j>t

si,j ≥ Bt −
t∑
i=1

∑
j∈J(i)
j≤t

2si,j −
t∑
i=1

∑
j∈J(i)
j>t

si,j ≥ ut

and bmax also violates the constraint in time step t ∈ T . Reversely, if bmax violates the

storgae constraint in time step t ∈ T , there is a scenario b ∈ B with
∑t

i=1 b
max
i =

∑t
i=1 bi

that also violates this constraint. �

Finding in optimal schedule that satisfies the delivery constraint in bmin and the

storage constraint in bmax can also be done in polynomial time with the b-matching

approach by using bmin on the inner nodes vi and v1i where the vaccination speed and

dose constraints are enforced and bmax on the outer nodes v2i , v
3
i where the storage

capacity constraint is enforced.

In summary, the Fixed Robust Two-Dose Problem of finding the best schedule fea-

sible for all scenarios reduces to the deterministic Two-Dose Problem.
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3 ROBUST TWO-DOSE PROBLEM DEFINITION

3.2 Directed Robust Problems

In practice, we rarely need to fix the whole schedule up-front. It suffices to first give every

patient a date for their first dose only. Then, when the deliveries are already known,

we can give them the time for their second dose and thus the complete appointment.

We call this problem the Directed Robust Two-Dose Problem (DRTD) to confirm with

the naming of the extended, graph theoretical problem introduced later in this section.

Formally, this results in a two-stage problem. In the first stage, only the number of

first doses for each time step is fixed. We call this a preliminary schedule, or for short

pre-schedule. Then, the scenario is realized and finally, in the second stage, the times for

the second doses are set and thus the final schedule fixed. We denote the number of first

doses, the pre-schedule, given in each time step t as xt ∈ Zn+. For each scenario b ∈ B,

we define a separate schedule sb ∈ Zn×n+ feasible for that scenario. Finally, we denote by

z ∈ R the value of the worst case scenario. The problem can then be expressed as the

following ILP:

max z (13)

s.t.
n∑
i=1

∑
j∈J(i)

ci,js
b
i,j ≥ z ∀ b ∈ B (14)

∑
j∈J(t)

sbt,j = xt ∀ t ∈ {1, . . . , n},
b ∈ B (15)

t∑
i=1

2 ·
t∑

j=i+εmin

sbi,j +

min{n,
t+εmax}∑
j=t+1

sbi,j

 ≤ Bt ∀ t ∈ {1, . . . , n},
b ∈ B (16)

Bt −
t∑
i=1

2 ·
t∑

j=i+εmin

sbi,j +

min{n,
t+εmax}∑
j=t

sbi,j

 ≤ ut ∀ t ∈ {1, . . . , n},
b ∈ B (17)

∑
j∈J(t)

sbt,j +

t−εmin∑
i=0

sbi,t ≤ νt ∀ t ∈ {1, . . . , n},
b ∈ B (18)

sbi,j ∈ Z+ ∀ i ∈ {1, . . . , n}, j ∈ J(i), b ∈ B (19)

sbi,j = 0 ∀ i ∈ {1, . . . , n}, j /∈ J(i), b ∈ B. (20)

The objective is to maximize the value of the worst case scenario. To this end, we

introduce a new variable z smaller than the objective value of each scenario as per (14)

and maximize it in (13). Thus, in an optimal solution, z is equal to the value of the
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3 ROBUST TWO-DOSE PROBLEM DEFINITION

worst case scenario. Feasibility of each schedule sb is ensured by the constraints (16)-

(20). Constraint (15) ensures that each scenario has the same amount of first doses in

each time step and satisfies the pre-schedule. Note, that x is redundant and could easily

be removed. However, we added it for the sake of readability.

We now propose a generalized version of the DRTD Problem: the Directed Robust

Perfect b-Matching Problem (DRPbM). This problem is defined on a directed Graph

D = (V,A). First, for a vertex v ∈ V , let δ+(v) = {(v, w) ∈ A : w ∈ V } the set of

all outgoing arcs of v and δ−(v) = {(w, v) ∈ A : w ∈ V } the set of all incoming arcs

in v. Then, similar to the DRTD Problem, we first fix the sum of the matching over

all outgoing arcs h ∈ Z|V |+ for each vertex with incoming arcs (δ−(v) 6= ∅). We call

this a preliminary matching or, for short, pre-matching. The complete matching is then

fixed after the realization of the scenario. We exclude vertices v ∈ V without outgoing

arcs from the pre-matching because the complete matching has to be perfect. Thus,∑
a∈δ(v) = hv ≡ βv and the pre-matching would need to be equal to the capacity in that

vertex. Including v in the pre-matching would lead to infeasibility if there is uncertainty

in βv and no change if βv is constant over all scenarios.

The ILP formulation of this problem is similar to that of the DRTD Problem (13)-

(20).

max z (21)

s.t.
∑
a∈A

cam
b
a ≥ z ∀ b ∈ B (22)∑

a∈δ+(v)

mb
a= hv ∀ v ∈ V : δ−(v) 6= ∅, b ∈ B (23)

∑
a∈δ+(v)

mb
a +

∑
a∈δ−(v)

mb
a = bv ∀v ∈ V, b ∈ B (24)

mb
i,j ∈ Z+ ∀ v ∈ V, b ∈ B (25)

Again, there is a feasible matching for each scenario which is ensured by (24). The

constraint (23) ensures that for all matchings and each vertex, the sums over the outgoing

arcs are equal to those fixed by the preliminary matching. Lastly, the objective is again

to maximize the value of the worst-case scenario.

We can also formulate the Directed Robust b-Matching Problem in a similar way

by relaxing the equality in the perfect matching constraint (24) to a regular matching

constraint with inequality. Then, vertices without incoming arcs can also be included

in the pre-schedule. However, we will see in the next section that we need the perfect

matching constraint to connect this problem to the DRTD Problem. Thus, in this paper,

we will only concentrate on perfect matchings.
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4 CONNECTING THE DIRECTED ROBUST PROBLEMS

4 Connecting the Directed Robust Problems

In the deterministic case, the Two-Dose Problem can be reduced to the b-Matching

Problem. It is easy to see that the reverse holds true too. We will show something

similar for the Directed Robust case. However, we will also examine the maximum

time frame between two doses of vaccine εmax in the Two-Dose Problem and how it

translates to the b-matching Problem. To this end, we introduce the bandwidth of an

undirected graph. All of the following results are shown in [6]. Let G = (V,E), then G

has bandwidth k ∈ N if there is a bijective ordering of the vertices π : V → {1, . . . , |V |}
such that |π(v)−π(w)| ≤ k for each edge {v, w} ∈ E. Minimizing the bandwidth can be

visualized as ordering the vertices to minimize the length of the edges and is NP-hard.

We concentrate on a special case, the directed bandwidth, which is defined on a directed

acyclic graph D = (V,A). In addition to the regular bandwidth, each arc (v, w) also

has to satisfy π(v) < π(w). The decision problem of determining if a given graph has a

certain bandwidth is also NP-hard.

In the following lemma, we reduce the DRTD Problem to the DRPbM Problem,

putting emphasis on the connection between εmax and directed bandwidth.

Lemma 1 Each instance of the Directed Robust Two-Dose Problem is equivalent to an

instance of the Directed Robust Perfect b-Matching Problem with directed bandwidth

at most max{4 · εmax, 5}.

Proof

Remember the construction of G in advance of Theorem 1. First, we show that this

construction can be adapted to the Directed Robust Problem. In the construction of

G, we direct the edges as follows: each edge of the form {vi, vj} is directed from the

earlier time step to the later time step. I.e., if i < j, we get (vi, vj). Additionally, all

edges adjacent to v1i and v3i are directed away from these vertices and all edges adjacent

to v2i are directed towards v2i for each time step i = 1, . . . , n. With these definitions,

hvi = xi is equal to the number of doses used for first shots in the schedule. In the

gadget, it holds hv2i = 0, hv1i = βv1i and hv3i = βv3i for each feasible solution. Thus, a

preliminary matching on G is equivalent to a pre-schedule in the Two-Dose instance and

the correctness of the reduction follows from Theorem 1.

Now, we need to show the upper bound on the bandwidth. To this end, we need to

12



4 CONNECTING THE DIRECTED ROBUST PROBLEMS

find an ordering π of V with |π(v)− π(w)| ≤ 4 · εmax. For k ∈ {0, . . . , |V |
4

= n}, we set

π(v1k) = 4 · k + 1

π(v3k) = 4 · k + 2

π(v2k) = 4 · k + 3

π(vk) = 4 · k + 4

For the gadget edges, the edges (v3k, v
2
k+1) maximize the difference in π with π(v2k+1) −

π(v3k) = 5. For an appointment arc (vi, vj) ∈ A, it holds π(vj) − π(vi) = 4 · j + 4 −
(4 · i+ 4) = 4 · (j− i) ≤ 4 · εmax. Additionally, all arcs are directed forward with respect

to π. Thus, the directed bandwidth of G can be at most max{4 · εmax, 5}, where 5 is

only maximal if εmax = 1. �

Next, we show the reverse reduction, again emphasizing the connection between

directed bandwidth and εmax.

Lemma 2 Each directed acyclic instance of the Directed Robust Perfect b-Matching

Problem with directed bandwidth k is equivalent to an instance of the Robust Directed

Two-Dose Problem with storage capacity u = 0 and εmax = k.

Proof

Let an instance of the DRPbM consist of a directed, acyclic graph D = (V,A), values

c ∈ R|A|+ , and scenarios for the b-vector B ⊆ Z|V |+ .

Since the graph D has no directed cycles and directed bandwidth k, there is an

ordering of its vertices π : V → {1, . . . , |V | = n} such that there are no backward arcs

(vj, vi) and π(j)− π(i) ≤ k for i < j. We construct an instance of the Robust Directed

Two-Dose Problem with n time steps. Each time step t corresponds to the unique

vertex v ∈ V with π(v) = t and the deliveries refer to the capacity accordingly. Next,

we set εmin = 1 and εmax = k such that all appointments corresponding to arcs in D

are feasible due to the directed bandwidth. Lastly, we set the value of an appointment

(i, j) to cπ−1(i),π−1(j) if (π−1(i), π−1(j)) ∈ A and to −M otherwise for M sufficiently

large. This way, appointments corresponding to pairs of vertices that are not adjacent

in D will not be chosen by an optimal solution if there exists a feasible solution for

the original instance. Thus, if there is an optimal solution with positive value for the

Directed Robust Two-Dose Problem, there is a corresponding solution with the same

value for the original instance of the DRPbM Problem. �

Combining both reductions leads to the following result.

13



5 COMPLEXITY OF DIRECTED ROBUST B-MATCHING

Corollary 2 Each instance of the Directed Robust Two-Dose Problem with εmax = k

and arbitrary storage capacity u can be reduced to an instance of the Directed Robust

Two-Dose Problem with εmax ≤ max{4 · k, 5} and storage capacity ũ = 0.

In an instance of the Directed Robust Two-Dose Problem with u = 0, no doses of vaccine

can be stored. We say that in these instances, there is no storage. With the Corollary

above, the subclass of the Directed Robust Two-Dose Problem without storage is at

least as hard as the superclass with arbitrary storage capacity.

5 Complexity of Directed Robust b-Matching

In this section, we show NP-hardness of the DRPbM Problem. With the reduction from

the previous section, these results also carry over to the DRTD Problem.

Theorem 4 The Directed Robust Perfect b-Matching Problem is strongly NP-hard for

|B| ∈ O(|V |) and directed bandwidth in O(|V |).

Proof

We reduce from the strongly NP-hard 3-SAT problem. Let φ =
∧
j=1,...,m ψj be a logical

formula with variables x1, x2, . . . , xp and clauses φ1, . . . , φm. Let L = {x1, x1, . . . , xp, xp}
be the set of all literals.

For each variable xi, let Di = (Vi, Ai) be a directed gadget graph with five vertices

di, vxi , vxi , wxi and wxi , for each variable xi. We refer to the two vertices vxi and vxi
as literal vertices. These five vertices are connected through the arcs (di, vxi), (di, vxi),

(vxi , wxi) and (vxi , wxi). The capacity of each of the three vertices di, vxi and vxi is

bdi = bvxi = bvxi = 1 in each scenario. The other two vertices wxi and wxi are used

to represent the clauses ψ. Thus, we call them clause vertices. The capacity of these

vertices is in {0, 1} for each scenario. There are m scenarios B = {b1, . . . , bm} and the

i-th scenario bi ∈ B represents the clause ψi. In that scenario bi, the capacity of the

clause vertices corresponding to the literals included in ψi is 1 and the capacity of the

other clause vertices is 0. For example, if ψi = xi ∨ x2 ∨ xp, then in scenario bi, the

capacity of the clause vertices wx1 , wx2 and wxp is 1 and that of all other clause vertices

is 0.

Finally, we add two vertices vm and v2m. The first vertex vm has incoming arcs from

every literal vertex and capacity bvm = p− 1 in each scenario. The second vertex v2m has

outgoing arcs to every clause vertex and capacity bv2m = 2.

14



5 COMPLEXITY OF DIRECTED ROBUST B-MATCHING

The complete digraph D = (V,A) is then given by

V =

(
p⋃
i=1

Vi

)
∪ {vm, v2m},

A =

(
p⋃
i=1

Ai

)
∪ {(vl, vm) : l ∈ L} ∪ {(vm, wl) : l ∈ L}.

The arcs a = (vl, wl) ∈ A for l ∈ L between the literal vertices and the clause vertices

have value ca = 1, the other arcs a′ ∈ A have value ca′ = 0. The complete digraph is

depicted in Figure 2. The literal vertices are depicted in the second column and the

d1

x1

x1

. . .

dp

xp

xp

vm

x1

x1

. . .

xp

xp

v2m

Figure 2: Reduction of SAT to DRPbM

clause vertices in the third column. The dashed arcs have value ca = 1 and the black

and gray arcs value ca = 0.

There is a directed robust perfect b-matching with value > 0 for D if and only if φ

is satisfiable.

We will show, that each preliminary matching induces an assignment which is feasi-

ble for a clause ψi if and only if there is a matching extending the preliminary matching

in scenario bi. In the first stage of the directed b-matching problem, we set the pre-

liminary matching h, i.e., the sum over all outgoing arcs for each vertex. The vertices

di, wxi , wxi , vm and v2m have either only incoming arcs or only outgoing arcs. For them,

the preliminary matching has to be set to 0 if there are only incoming arcs and to their

capacity if there are only outgoing arcs. For example, since the capacity of the vertices di

15



5 COMPLEXITY OF DIRECTED ROBUST B-MATCHING

is 1 and these vertices have no incoming and two outgoing arcs, it is hdi = 1. This vertex

has to be matched with one of the two connected literal vertices. For each variable xi,

exactly one of the two literal vertices has to satisfy the capacity of the vertex di and the

other vertex has to be matched through an outgoing edge. The preliminary matching

h sets this role and fixes, which literal vertex is matched to di and which literal vertex

can be matched with a clause vertex or vm. Thus, for each variable only one of two

literal vertices is free to be matched with a clause vertex. These free vertices define the

assignment: if vxi is the free vertex, we set xi to true and if vxi is the free vertex, we set xi
to false. If this assignment satisfies φ, then for each clause there is a satisfying variable.

Thus, for each clause vertex there is at least one literal vertex that could be matched to

one of the clause vertices corresponding to the literals in the clause. The remaining two

clause vertices with capacity 1 can then be matched to v2m and the p−1 remaining literal

vertices with preliminary matching h set to 1 are matched to vm. Then, the resulting

matching has value 1. If there is no such vertex for one clause, the assignment does not

satisfy this clause and, by extension, φ. Thus, the construction is correct.

The constructed directed graph D is acyclic, has |V | = 3p+m+ 1 ≤ 4p vertices and

directed bandwidth at least 2p ∈ O(|V |), since 2p vertices are adjacent to vm and all

directed towards vm. Thus, the directed bandwidth is in O(|V |). �

With Theorem 2, the NP-hardness result also holds for the Two-Dose Problem with

linear number of scenarios |B| ∈ O(n) and εmax ∈ O(n). Also, when the formula φ is

not satisfiable, there is no feasible directed matching because there is always at least one

clause that cannot be matched to any of the p free literal vertices and vm has capacity

p − 1. Thus, one free literal vertex cannot be matched and the problem of finding a

feasible robust directed b-matching is also strongly NP-hard. This specification can be

avoided by adding arcs from all variable vertices to all constraint vertices and setting

their value to 0. This way, there is always a feasible matching with value 0.

This result does not implicate any complexity result for the Directed Robust Perfect

b-Matching Problem on graphs with constant directed bandwidth ∈ O(1) or instances

of the Directed Robust Two-Dose Problem with εmax ∈ O(1). We will now show that

strong NP-hardness also applies to the special cases with directed bandwidth at least

8. The reduction is similar to that in the previous proof, only that now we construct a

graph with restricted bandwidth.

Theorem 5 The Directed Robust Perfect b-Matching Problem is strongly NP-hard for

|B| ∈ O(|V |) and directed bandwidth ≥ 8.

Proof

We again reduce from the strongly NP-hard 3-SAT problem. Let φ =
∧
j=1,...,m ψj be a

logical formula with variables x1, x2, . . . , xp, clauses φ1, . . . , φm and L = {x1, x1, . . . , xp, xp}

16



5 COMPLEXITY OF DIRECTED ROBUST B-MATCHING

the set of all literals. Let D = (V,A),B, c be the constructed instance from the previ-

ous reduction in the proof of Theorem 4. We will now construct a graph D̃ = (Ṽ , Ã)

with uncertainty set B̃ and value c̃ where each directed, perfect b̃-matching is equivalent

to a directed, perfect b-matching on D. For the construction, we fix an arbitrary sce-

nario b ∈ B and define a new scenario b̃ on D̃. The uncertainty set B̃ is then given by

B̃ = {b̃ : b ∈ B}.
In order to reduce the directed bandwidth, we first take a closer look at why the

bandwidth of D is large. We quickly see that ine reason are the vertices vm and v2m.

First, we examine vm. The vertex has p incoming edges. Thus, in each ordering π of

the vertices, vm has an edge to one of these literal vertices v with π(vm)−π(v) ≥ p. Let

Vm = {vm, vxi , vxi : i ∈ {1, . . . , p}} the set of these vertices. Then, the subgraph on these

vertices D[Vm] is a directed star with center vm. We construct an equivalent (w.r.t. the

DRPbM Problem) directed graph D̃[Ṽm] = (Ṽm, Ãm) by adding a gadget as follows:

Ṽm =Vm ∪ {v1l , v2l : l ∈ {x1, x1, . . . , xp−1, xp−1, xp}}
Ãm ={(vl, v1l ), (v2l , v1l ) : l ∈ {x1, x1, . . . , xp−1, xp−1, xp}}

∪ {(v2xi , v
1
xi

) : i ∈ {1, . . . , p− 1}}
∪ {(v2xi , v

1
xi+1

) : i ∈ {1, . . . , p− 1}}
∪ {(vxp,vm), (v2xp , vm)}

This graph is depicted in Figure 3. The different colorings of the vertices highlights the

three types of vertices vl, v
1
l and v2l for each literal l. This is later used to visualize the

ordering for computing the directed bandwidth. �
We can now define an ordering πm on the vertices Ṽm showing that this subgraph

has directed bandwidth of 4 instead of p. For each literal vertex vxi , vxi ∈ V \ {vx1}, let

ρ(vxi) = vxi−1
and ρ(vxi) = vxi . In Figure 3, this represents the literal vertex in the row

above. Additionally, let P(vl) = {ρ(vl), ρ(ρ(vl)), . . . , vx1} the set of all literal vertices

above vl for each literal vertex vl ∈ V . Then, we can define πm as

πm(v) =



0 if v = vx1

πm(ρ(v)) + 3 if v = vl

πm(vl) + 1 if v = v2l

πm(vl) + 2 if v = v1l

6p+ 4 if v = vm

This ordering is visualized in Figure 4. The value for all arcs in the gadget is 0. Next,

we set the capacity of the vertices. For all vertices in both subgraphs v ∈ Ṽm, we set

b̃1v =

{
bv if v ∈ V
bm = p− 1 else.

17
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vx1

vx1

vx2

vx2

. . .

vxp

vxp

v1x1 v2x1

v1x1 v2x1

v1x2 v2x2

v1x2 v2x2

. . .

v1xp v2xp

vm

Figure 3: Gadget replacing G[Vm] with reduced bandwidth

vx1 vx1 vx2

. . .

vxp vxpv1x1v2x1 v1x1v2x1 v1x2v2x2 v1xpv2xp vm

Figure 4: Ordering πm of the Gadget with reduced bandwidth

Particularly, it is b̃1vm = bm = p− 1.

This gadget is similar to the one used as storage in Theorem 1.

Let D + D̃[Ṽm] = (V \ Vm ∪ Ṽm, A \ Am ∪ Ãm) be the graph D where the subgraph

D[Vm] is replaced by D̃[Ṽm] and b̃1 the capacity on its vertices where b̃1v = bv for all

v ∈ V . We will now show that there is an equivalent perfect b̃1-matching on D+ D̃[Ṽm]

and vice versa.

Let m be a perfect matching on D. Then, we define the perfect matching m̃ on

D + D̃[Ṽm] as follow:

m̃a =


ma if a ∈ A
m(vl,vm) if a = (vl, v

1
l )∑

v∈P(vl)m(v,vm) if a = (v2l′ , v
1
l ), vl′ = ρ(v)

p− 1−
∑

v : ρ(v)≤ρ(vl)m(v,vm) if a = (v2l , v
1
l )

18
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Simple arithmetic operations show that m̃ is a perfect b̃1-matching on D+ D̃[Ṽm]. Since

all added edges have value 0 and the matchings are equivalent on the other edges, they

have the same value.

Now, let m̃ be a perfect b̃1 matching on D + D̃[Ṽm]. Then, we can define a perfect

b-matching on D as

ma =

{
m̃a if a ∈ A
m̃(vl,v

1
l )

if a = (vl, vm)

The perfect matching constraint for all vertices v ∈ V \ {vm} is implied by m̃ being a

perfect b̃1-matching. However,to show the perfect matching constraint for vm, we first

need to show that

m̃(v2
l′ ,v

1
l )

=
∑

v∈P(vl)

m(v,vm) ∀vl ∈ V \ {vx1}, vl′ = ρ(vl).

Looking at Figure 3, this means that the value of m̃ on the vertical arcs is equal to the

sum over (the value of m̃ on) the outgoing arcs from literal vertices above that vertical

arc. This also implies that m̃(v2xp ,vm) =
∑

v∈P(vxp )
m(v,vm). Thus, for all vertices incident

to vm in D + D̃[Ṽm] denoted by δ̃1(vm) it holds

p+ 1 =
∑

v∈δ̃1(vm)

m̃(v,vm) = m̃(v2xp ,vm) + m̃(vxp ,vm) =
∑
vl∈V

m(vl,vm).

With this, the perfect matching constraint for vm would be satisfied.

We now show by induction, that m̃(v2xp ,vm) =
∑

v∈P(vxp )
m(v,vm). Since the perfect

matching constraint on v1x1 and v2x1 is satisfied, it holds m̃(v2x1 ,v
1
x1

) = p−1− m̃(vx1 ,v
1
x1

) and

m̃(v2x1 ,v
1
x1

) = p− 1−
(
p− 1− m̃(vx1 ,v

1
x1

)

)
= m̃(vx1 ,v

1
x1

) = m(vx1 ,vm).

We will now show the proposition for any literal Vertex vl ∈ V \ {vx1} under the

assumption that it holds for ρ(vl) = vl′ .

From the assumption, we know m̃(v2
l′′ ,v

1
l′ )

=
∑

v∈P(vl′ )
m(v,vm) for vl′′ = ρ(vl′). Similar

to the start of the induction, we use the perfect matching constraint on v1xl′ and v2xl′ to

show the proposition. This way, we get

m̃(v2xl′
,v1xl′

) = p− 1− m̃(vxl′ ,v
1
xl′

) − m̃(v2xl′′
,v1xl′

)

= p− 1−m(vxl′ ,vm) −
∑

v∈P(vl′ )

m(v,vm) = p− 1−
∑

v∈P(vl)

m(v,vm)
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and

m̃(v2xl′
,v1xl

) = p− 1− m̃(v2xl′
,v1xl′

) = p− 1−

p− 1−
∑

v∈P(vl)

m(v,vm)


=
∑

v∈P(vl)

m(v,vm).

This proves the proposition and thus the perfect matching constraint for m̃. Finally, we

note that all added gadget vertices in Ṽm have either only incoming or only outgoing arcs.

Thus, each feasible pre-schedule on these vertices is either 0 or equal to the capacity.

Using the proof of Theorem 4, it easily follows that there is a directed perfect b̃1-matching

on D + D̃[Ṽm] with value > 0 if and only if the 3SAT formula φ is satisfiable.

We can repeat this construction for the vertex v2m. Let V 2
m = {v2m, wxi , wxi : i ∈

{1, . . . , p}}. Similar to Vm, this is also a directed star with center v2m. However, all arcs

are directed away from v2m instead of toward it as in Vm. Thus, we construct a gadget

D̃[Ṽ 2
m] = (Ṽ 2

m, Ã
2
m) similar to D̃[Ṽm] but reversing all arcs:

Ṽ 2
m =V 2

m ∪ {w1
l , w

2
l : l ∈ {x1, x1, . . . , xp−1, xp−1, xp}}

Ã2
m ={(w1

l , wl), (w
1
l , w

2
l ) : l ∈ {x1, x1, . . . , xp−1, xp−1, xp}}

∪ {(w1
xi
, w2

xi
) : i ∈ {1, . . . , p− 1}}

∪ {(w1
xi+1

, w2
xi

) : i ∈ {1, . . . , p− 1}}
∪ {(wvm,xp), (vm, w

2
xp)}

b̃2v =

{
bv if v ∈ V
b2m = 2 else

c̃2a =

{
ca if a ∈ A
0 else

With the same reasoning as above, the directed bandwidth of this gadget is 4 and there

is a directed perfect b̃2-matching on D + D̃[Ṽ 2
m] with value > 0 if and only if the 3SAT

formula φ is satisfiable. We can order the vertices of Ṽ 2
m similar to those of Ṽm but back-

wx1 wx1 wx2

. . .

wxp wxpw1
x1

w2
x1

w1
x1

w2
x1

w1
x2

v1x2 w2
xp−1

w1
xp w2

xpv2m

Figure 5: Ordering π2
m of the second gadget with reduced bandwidth

wards. This results in the ordering π2
m defined as
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d1

d2

dp

vx1
v2x1
v1x1

vx1
v2x1
v1x1

vx2
v2x2
v1x2

. . .

vxp
v2xp
v1xp

vxp

vm

w1
x1

wx1

w1
x1

w2
x1

wx1

w1
x2

w2
x1

wx2
. . .

w1
xp

w2
xp−1

wxp

v2m
w2
xp

wxp

Figure 6: Ordering π of D̃

π2
m(w) =



0 if w = w1
x1

1 if w = wx1

π2
m(ρ(v)) + 3 if w = wl

π2
m(wl)− 1 if

w = w2
l′ ,

vl′ = ρ(vl)

π2
m(wl)− 2 if w = w1

l

6p+ 2 if v = vm

This ordering is depicted in Figure 5.

Since Ṽm ∩ Ṽ 2
m = ∅, we can now define the

new reduction graph

D̃ = D + D̃[Ṽm] + D̃[Ṽ 2
m]

= (V \
(
Vm ∪ V 2

m

)
∪ Ṽm ∪ Ṽ 2

m,

A \
(
Am ∪ A2

m

)
∪ Ãm ∪ Ã2

m)

= (Ṽ , Ã)

with capacity and value defined as

b̃v =

{
b̃1v if v ∈ Ṽ
b̃2v else

c̃a =

{
ca if a ∈ A
0 else

Using the proofs for both subgraphs D +

D̃[Ṽm] and D + D̃[Ṽ 2
m], we can now follow

that there is a directed perfect b̃-matching

on D̃ with value > 0 if and only if the

3SAT formula φ is satisfiable.

Finally, we only need to consider the

bandwidth of the graph D̃. We define an

ordering π : Ṽ → {0, . . . , |Ṽ |} by combin-

ing the orderings πm and π2
m and adding the vertices dxi in the following way
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π(v) =



0 if v = d1

13 · i− 1 if v = di, i 6= 1

6 if v = vx1

π(di) + 1 if v = vxi

π(vxi) + 6 if v = vxi , i 6= 1

π(vl) + 1 if v = v2l

π(vl) + 2 if v = v1l

5 if v = wxi

10 if v = wx1

π(di) + 6 if v = wxi , i 6= 1

π(wxi) + 6 if v = wxi , i 6= 1

π(wl)− 1 if v = w2
l′ , vl′ = ρ(vl)

π(wl)− 2 if v = w1
l

This ordering is depicted in Figure 6. From the definition of π, we can see that the

ordering is equivalent on each variable xi with i ∈ {2, . . . , p − 1}. Because of this, we

can easily find the arcs a = (v, w) ∈ Ã maximizing π(w)− π(v). It holds

max
(v,w)∈Ã

π(w)− π(v) = π(v2xi)− π(vx1i+1
) = π(v1xi)− π(v2xi)

for each i ∈ {1, . . . , p−1}. Thus, the graph D̃ has bandwidth at most 8. This concludes

the proof.

We have shown strong NP-hardness for a linear number of scenarios and directed

bandwidth ≥ 8. Next, we will show weak NP-hardness for at least two scenarios and

directed bandwidth ≥ 3.

Theorem 6 The robust directed b-matching Problem with |B| ≥ 2 and directed band-

width k ≥ 3 is at least weakly NP-hard.

Proof

We reduce from the weakly NP-hard Partition Problem. Given a finite set of numbers

M ⊂ N, the problem is to find a subset P ⊂ M with
∑

x∈P x =
∑

x/∈P x = 1
2

∑
x∈M x.

For each element x ∈ P , we define a gadget with five vertices V x = {dx, vinx , voutx , wPx , w
P
x }

and six arcs Ax = {(dx, vinx ), (dx, v
out
x ), (vinx ), (vinx , v

P
c ), (voutx , vPc ), (vinx , v

P
c ), (voutx , vPc )}. The

gadget is shown in Figure 7. The value of the arcs (vinx , w
P
x ) and (voutx , wPx ) is x, that of

all other arcs is 0. In the Figure, this is represented by the black numbers over each arc.

There are 2 scenarios, bP and bP . The vertices dx, v
in
x and voutx have capacity in both
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1/1

1/1

1/1

0/1

1/0

dx

vinx

voutx

wPx

wPx

0

0

x

0

0

x

Figure 7: Gadget used for the reduction from Partition

scenarios. The vertex wPx has capacity 1 in scenario bP and capacity 0 in scenario bP . Ac-

cordingly, wPx has capacity 1 in scenario bP and capacity 0 in scenario bP . The complete

instance of the DRPbM Problem is given by the Graph G = (
⋃
x∈M V x,

⋃
x∈M Ax) with

cost and both scenarios as defined above. Since the graph consists of n unconnected,

isomorphic gadgets, its bandwidth is equal to the bandwidth of the gadgets. It is easy

to see that the gadgets have bandwidth 3.

Similar to the last reduction, the preliminary matching fixes the matching partner

of dx. Thus, only one of the two vertices vinx and voutx remains free to be matched with

either vPx or vPx depending on the scenario. If the preliminary matching fixes (dx, v
in
x ) as

part of the matching, we choose x ∈ P and vice versa. The first scenario bP symbolizes

the sum of all elements in P . In that case, all free nodes v have to be matched to vPx
with value 0 if it is a node voutx and value x if it is a node vinx . Thus, the total value

is the sum of all elements for which the preliminary matching set the node vinx as the

free node. Conversely, the second scenario symbolizes choosing the sum of all elements

not in P with corresponding total value of
∑

x/∈P x. The robust directed b-matching

problem always considers the worst case, thus the result is the maximum value of the

two scenarios
∑

x∈P x and
∑

x/∈P x. This value is equal to 1
2

∑
x∈M x if and only if the

two sums are equal and P is a feasible solution to the instance of Partition. �

The gadget from the proof is directed and acyclic and the ordering for the directed

bandwidth can be easily computed. Thus, it can be formulated as a Robust Directed

Two-Dose Problem with 2 scenarios and εmax = 3 according to Lemma 2. In summary,

we could show strong NP-hardness for |B| ∈ O(n) and εmax ∈ O(n) and at least weak

NP-hardness for |B| ≥ 2 and εmax ≥ 3.
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6 Pseudo-Polynomial Algorithm

In this section, we concentrate on the at least weakly NP-hard case of the Directed

Robust Two-Dose Problem. We define a pseudo-polynomial algorithm for the DRTD

Problem with εmax ∈ O(1) and |B| ∈ O(1) that, recursively, computes for each time

step t = n, . . . , 1 the optimal solution of the subproblem restricted to the time steps

{t, . . . , n}. With Lemma 2, this algorithm can also be used for the DRPbM Problem

with directed bandwidth in O(1) and known ordering. We define the algorithm for

instances without storage (storage capacity is ut = 0 for each t ∈ T ). With Corollary

2, the algorithm can be transferred to arbitrary storage capacities. Without storage,

the vaccination speed constraint is either redundant or the instance has no feasible

solution since all delivered doses have to be used in each time step. Thus, we exclude

this constraint. Finally, we also assume the value of each appointment ci,j to be a

non-negative integer with Remark 1.

We aim to break down the complete problem of finding an optimal pre-schedule on

{1, . . . , n} into manageable pieces and then solve the problem recursively. To this end,

we concentrate on the subproblems of finding partial pre-schedules xt ∈ Zn on {t, . . . , n}.
Each partial pre-schedules xt is a vector of dimension n with xti = 0 for each time step

i < t not in the time frame. The zero-entries at the beginning are included to ensure that

for each time steps i, t, t′ ∈ T , xti and xt
′
i describe the number of first doses administered

in the same time step i. Further definitions later in this section will be made accordingly.

Due to the nature of this problem, it does not suffice to only find an optimal partial

pre-schedule xt for each time frame {t, . . . , n}. Since we want to maximize the value of

the solution in the worst-case scenario and this scenario depends on the solution, an opti-

mal partial pre-schedule might not be part of the overall optimal solution. Furthermore,

for a pre-schedule with worst-case scenario b, restricting the pre-schedule to {t, . . . , n}
might lead to a different worst-case scenario b′. Then, it might be necessary to chose

a partial pre-schedule on {t, . . . , n} which is sub-optimal on scenario b′ but optimal on

b. However, we cannot easily compute which scenario b ∈ B will be the worst-case sce-

nario for the optimal pre-schedule. Thus, we need to find partial solutions with different

objective values for each scenario, called target values. Additionally, we cannot simply

“cut off” a partial solution at time step t. We need to consider appointments with a

first dose before t and a second dose after t. To this end, we need to reserve doses in

time steps {t, . . . ,min{n, t+ εmax − 1}} =: St. Second doses for further time steps have

a first dose in {t, . . . , n} and thus need no further reservation.

The remainder of this section is organized as follows. First, we formally define

reserved doses and target values. Then, we will use these states to define the subset of

states P t that we need to keep track of for each time frame {t, . . . , n} as well as their
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6 PSEUDO-POLYNOMIAL ALGORITHM

compatible partial pre-schedule. To compute these, we will next introduce a recursive

method of computing P t using P t+1. Finally, we summarize all results in an algorithm

computing the optimal solution using pseudo-code and prove its correctness and pseudo-

polynomial runtime.

6.1 Defining the States

When breaking down the problem into subproblems, we need to reserve doses in S

that will serve as second dose for a first dose before time step t. The subproblem then

consists of finding a feasible pre-schedule with corresponding schedules for each scenario

consuming all delivered doses in {t, . . . n}, except for the reserved doses. In an (optimal)

solution, the number of reserved doses cannot be identical for each scenario since the

number of doses delivered is also not identical but the pre-schedule has to be. Thus,

we need to set the number of reserved doses for each scenario b ∈ B separately. The

matrix of the reserved doses for each scenario b ∈ B and time step i ∈ St is denoted by(
htb,i
)
b∈B,i∈T with htb,i = 0 for all i /∈ St. For a fixed scenario b ∈ B, we denote the vector

of reserved doses for all time steps St as htb ∈ Zn+ with zero-entries for each time step

not in St.

We denote by H t
b the set of all possible (feasible and infeasible) reserved doses htb for

time step t and scenario b ∈ B. With {0}i = {0} × · · · × {0}︸ ︷︷ ︸
i times

, it holds

H t
b = {0}t−1 × {0, . . . , bt} × · · · × {0, . . . , bmin{t+εmax−1,n}} × {0}n−(min{t+εmax−1,n}).

With this, we can define the set of all possible ht as

H t =×
b∈B

H t
b. (26)

Two partial pre-schedules xt and x̃t on the time frame {t, . . . , n} with the same

number of reserved doses in St can now be used interchangeably. This means that if xt

is part of a complete pre-schedule x on T (i.e., xi = xti for each i ≥ t) then the solution

x̃ with xt exchanged by x̃t (i.e., x̃i = xi for i < t and x̃ = x̃t for i ≥ t) is also a feasible

solution. However, x and x̃ will not necessarily have the same objective value.

As the worst-case objective value among the scenarios does not suffice to determine

the overall optimal solution, we also fix a target value for the schedule in each scenario.

In other words, let f t ∈ Z|B|+ be a vector of target values for each scenario. A partial

pre-schedule on {t, . . . , n} satisfies f t if there is a schedule for each scenario b ∈ B
with objective value f tb and fitting the partial pre-schedule. Now, two partial solutions

with the same number of reserved doses ht and the same target value f t can be used

interchangeably without altering the objective value of the solution.
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Hence, we need to define the set of all possible target value vectors f t ∈ Z|B|. For a

time step t ∈ T and a scenario b ∈ B, f tb is the target value in scenario b on the problem

restricted to {t, . . . , n}. We denote by F t the set of all such vectors. Then, it holds

F t =

{
0, . . . , max

b∈B,k,l∈{t,...,n}
ck,l ·

(
n∑
j=t

bj

)}|B|
. (27)

6.2 Fitting, Partial Pre-Schedules

For time step t ∈ {1, . . . , n}, reserved doses ht ∈ H t and target objective f t ∈ F t, a

fitting, partial pre-schedule xt(ht, f t) is a pre-schedule on {t, . . . , n} for which schedules

sb exist for each scenario b ∈ B which respects the first doses xt(ht, f t), the reserved

doses ht, the delivery constraint and the target value f t, i.e.∑
j∈J(i)

sbi,j =
(
xt(ht, f t)

)
i

∀i ∈ {t, . . . , n}, b ∈ B (28)

(
xt(ht, f t)

)
i
+
∑
j∈I(i)
j≥t

sbj,i ≤ bi − htb,i ∀i ∈ {t, . . . , n}, b ∈ B (29)

n∑
i=t

∑
j∈J(i)

ci,j · sbi,j = fb ∀b ∈ B (30)

For easier notation, we define the set of all pairs of reserved doses and target value

(ht, f t) ∈ H × F with a fitting, partial pre-schedule as P t for each time step t ∈ T :

P t = {(ht, f t) ∈ H t × F t : ∃xt(ht, f t) ∈ Zn+ and sb ∈ Zn×n+ for each b ∈ B
such that (28)-(30) are satisfied} (31)

6.3 Recursive Computation of the Fitting, Partial Pre-Schedules

We now recursively compute for each time step t ∈ T the sets P t and for each (ht, f t) ∈
P t a fitting, partial pre-schedule. Starting at the last time step n, in each time step

t ∈ T we use the (previously computed) set P t+1 and partial pre-schedules for time

steps {t+ 1, . . . , n} to compute P t with new fitting, partial pre-schedules on {t, . . . , n}.
For the beginning of the recursion, we examine the last time step t = n. In this case,

all delivered doses have to be used as a second dose. Thus, the only pair of reserved

doses and target value with a fitting, partial pre-schedule is hn with hnb,n = bn and target

value fn = (0, . . . , 0) with only zero-entries. Thus, P n = {(hn, fn)} with fitting, partial

pre-schedule xn(hn, fn) = (0, . . . , 0).

26
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Next, we examine the recursion steps. Once arrived at time step t, we assume that for

time step t+ 1, both the set P t+1 and for each (ht+1, f t+1) ∈ P t+1 a fitting, partial pre-

schedule xt+1(ht+1, f t+1) ∈ Zn+ on the time steps {t+ 1, . . . , n} is known. The procedure

ci,j = i+ j εmin = 2 εmax = 4

t t+ 1 t+ 2 t+ 3 t+ 4

htb 4 4 2 1 0

ht+1
b 4 6 1 3

b 11 11 9 5 6

4

3

3
f t+1
b = 20t+ 49

f tb = 14t+ 27 + 20t+ 49

4

3

Figure 8: Predecessor illustration

is illustrated exemplarily in Figure 8 for a fixed scenario b ∈ B. The figure illustrates

the extension of a pair (ht+1
b , f t+1

b ) ∈ P t+1 to a successor (htb, f
t
b) ∈ P t starting at time

step t. A fitting schedule for the pair (ht+1
b , f t+1

b ) is illustrated in the light gray box. The

black edges connecting time steps on the timeline represent a schedule on {t+ 1, . . . , n}
for scenario b with reserved doses ht+1

b and objective value f t+1
b . The corresponding

pre-schedule then consists of only the first doses in this schedule and has to be the same

for all scenarios. A schedule fitting the successor (htb, f
t
b) is then given by adding the

gray edges to the already established schedule represented by the black edges. The right

end of the gray edges is in the reserved doses ht+1
b to represent that these doses are being

used for the added appointments starting in time step t. Accordingly, the reserved doses

of the successor htb := ht+1
b,i − sbt,i are the reserved doses of the predecessor ht+1

b minus

those used by the gray appointments. The objective value of the schedule starting at

time step t is the objective value of the predecessor schedule starting at t + 1 plus the

value of the additional appointments with a first dose at time step t. Note, that the

additional appointments with a first dose in time step t have to consume all reserved

doses from time step t + εmax = t + 4, since any leftover doses in this time step could

not be used as a second dose for a first dose before t. Thus, reserving them would lead

to leftover doses which is infeasible.

Note, that there can be more than one predecessor for a pair (ht, f t). Formally, we
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define the predecessor-successor relation as follows:

Lemma 3 Let t ∈ {1, . . . , n−1} and (ht, f t) ∈ H t×F t. Then, (ht, f t) ∈ P t if and only

if there is a (ht+1, f t+1) ∈ P t+1 which satisfies

(i) hti = ht+1
i ∀i ∈ St+1 \ J(t), hti ≤ ht+1

i ∀i ∈ J(t), and

hti = 0 ∀i ∈ {t+ εmax, . . . , n}

(ii) b′ − htb′,t = b− htb,t =
∑

j∈J(t)
(
ht+1
b,j − htb,j

)
∀b, b′ ∈ B

(iii) f tb = f t+1
b +

∑
j∈J(t) ct,j ·

(
ht+1
b,j − htb,j

)
∀b ∈ B

We call (ht+1, f t+1) a predecessor of (ht, f t). Conversely, we call (ht, f t) a successor of

(ht+1, f t+1). Additionally, for a fitting partial pre-schedule xt+1(ht+1, f t+1), the partial

pre-schedule x̃t(ht, f t) with

(
x̃t(ht, f t)

)
i

=

{
b− htb,t if i = t for any b ∈ B
(xt+1(ht+1, f t+1))i else

(32)

is fitting for (ht, f t).

Proof

First, we note that (x̃t(ht, f t))t is well-defined by (32) since condition (ii) in the lemma

implies that this value is the same for each scenario b ∈ B. Let t ∈ T and P̃ t ⊆ H t×F t

be the set of all pairs (ht, f t) for which a predecessor (ht+1, f t+1) ∈ P t+1 exists.

Assume, there is a pair (ht, f t) /∈ P̃ t for which a fitting, partial pre-schedule xt(ht, f t)

and schedules sb for each scenario b ∈ B exists (and thus (ht, f t) ∈ P t). We define

(ht+1, f t+1) as

ht+1
b,i =

{
htb,i if i ∈ S \ J(t)

htb,i + sbt,i if i ∈ J(t)
and f t+1

b = f tb −
∑
j∈J(t)

ct,j · sbt,j. (33)

By definition, xt+1 with xt+1
i = xti for all i ∈ {t+1, . . . , n} is a fitting, partial pre-schedule

for (ht+1, f t+1). By induction, it holds (ht+1, f t+1) ∈ P t+1. Further, condition (ii) holds

by construction. However, the pair also satisfies conditions (i) and (iii) by definition and

is a predecessor of (ht, f t). Thus, it has to be (ht, f t) ∈ P̃ t.

Now, let (ht, f t) ∈ P̃ t and x̃t(ht, f t) as defined in the lemma. Additionally, let

(ht+1, f t+1) be their predecessor with fitting, partial pre-schedule xt+1(ht+1, f t+1) and

schedules sb for each scenario b ∈ B. We now define schedules on {t, . . . , n} as s̃b for

each scenario b ∈ B with

s̃bi,j =

{
sbi,j if i 6= t

ht+1
j − htj if i = t and j ∈ J(i)

. (34)
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We now show that these schedules are feasible by showing that they satisfy conditions

(28)-(30). Let b ∈ B and i ∈ {t+ 1, . . . , n}. The first dose constraints (28) ensures that

the number of first doses used by the schedules is equal to the number of first doses fixed

by the pre-schedule. Since the condition holds for the schedules sb starting at t+ 1, this

is satisfied because∑
j∈J(t)

s̃bt,j
(34)
=

∑
j∈J(t)

(
ht+1
b,j − h

t
b,j

) (ii)
= bt − htb,t

(32)
=
(
x̃t(ht, f t)

)
t∑

j∈J(i)

s̃bi,j
(34)
=

∑
j∈J(i)

sbi,j
(28)
=
(
xt+1(ht+1, f t+1)

)
i

(32)
=
(
x̃t(ht, f t)

)
i
∀i > t.

The delivery constraint (29) ensures that in each time steps, the number of doses used

is equal to the number of doses delivered minus the number of doses reserved. Let

1i∈J(t) = 1 if i ∈ J(t) and 1i∈J(t) = 0 otherwise. Then, it holds∑
j∈J(t)

s̃bt,j +
∑
j∈I(t)
j≥t

s̃bj,t =
(
x̃t(ht, f t)

)
t
+ 0

(32)
= bt − htb,t

and for i > t∑
j∈J(i)

s̃bi,j +
∑
j∈I(i)
j≥t

s̃bj,i =
(
x̃t(ht, f t)

)
i
+
∑
j∈I(i)
j>t

s̃bj,i + s̃bt,i · 1i∈J(t)

(32)
=
(
xt+1(ht+1, f t+1)

)
i
+
∑
j∈I(i)
j>t

sbj,i + s̃bt,i · 1i∈J(t)

(29)
= bi − ht+1

b,i + s̃bt,i · 1i∈J(t)
(33)
= bi − htb,i.

The target value constraints (30) ensures that the target value is equal to the objective

value of each of these schedules. This is satisfied by the schedules because

n∑
i=t

∑
j∈J(i)

ci,j · s̃bi,j
(34)
=

∑
j∈J(t)

ct,j · (ht+1
j − htj) +

n∑
i=t+1

∑
j∈J(i)

ci,j · sbi,j

(30)
=

∑
j∈J(t)

ct,j · (ht+1
j − htj) + f t+1

b

(iii)
= f tb .

This shows that the schedule s̃b are fitting for x̃t(ht, f t) and have value f tb in each scenario.

Thus, x̃t(ht, f t) is a fitting, partial pre-schedule for (ht, f t). This shows P̃ t = P t and

concludes the proof. �
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6.4 The Algorithm

For each pair (ht, f t) ∈ H t × F t, we can find a predecessor by checking for each pair

(ht+1, f t+1) ∈ P t+1 if the three conditions are met. These definitions naturally lead to

a recursive algorithm, which is presented in Algorithm 1. The main result is stated in

Theorem 7.

Theorem 7 Let (εmin, εmax, n, c, u, ν,B) with εmax ∈ O(1) and |B| ∈ O(1) be an instance

of the Directed Robust Two-Dose Problem. Then, the optimal pre-schedule is given by

x1((0, . . . , 0), f̃ 1) with

f̃ 1 = arg max
((0,...,0),f1)∈P 1

min
b∈B

f 1
b (35)

It can be computed in pseudo-polynomial time.

Proof

First, we show correctness of the algorithm. By definition, the computation of P n is cor-

rect. With Lemma 3, it follows that the algorithm computes each P t correctly. Assuming

P 1 is the set of all pairs (h1, f 1) for which a fitting pre-schedule exists, x1((0, . . . , 0), f
1
) is

obviously an optimal solution. If there was a better solution, the corresponding f 1 ∈ F 1

would also satisfy ((0, . . . , 0), f 1) ∈ P 1 and thus (35) would be at least as good. The

choice of h1 = (0, . . . , 0) is necessary since the storage capacity is 0 and thus, all doses

have to be used up when they are delivered. With this, the proof of correctness is

finished.

To show a pseudo-polynomial runtime, we need to calculate the number of loop

iterations in Algorithm 1 in the worst case as checking the conditions can be done in

polynomial time. This is equal to

n−1∑
i=1

|H t × F t| · |P t+1| ≤
n−1∑
i=1

|H t × F t| · |H t+1 × F t+1| < (n− 1) ·max
t∈T
|H t × F t|2.

Let

bmax = max
b∈B,i∈T

bi, B
t
max = max

b∈B

t∑
i=1

bi and ctmax = max
k,l∈{t...,n}

ck,l.

Then, it is |H t| ∈ O(b
εmax·|B|
max ) and |F t| ∈ O((ctmax ·Bt

max)
|B|

) per definition (26) and

(27). With εmax ∈ O(1) and |B| ∈ O(1), the number of elements in H t × F t is pseudo-

polynomial in the input for every t ∈ T . Thus, there is only a pseudo-polynomial number

of loop iterations, which can be computed in polynomial time. Finally, computing the

optimal solution (35) for a given set P 1 can be done by checking each element of P 1

which can be done in pseudo-polynomial time. Thus, the runtime of the algorithm is

psedo-polynomial. �
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Algorithm 1 Exact algorithm for the Directed Robust Two-Dose Problem

Require: time frame n = {1, . . . , n}, second dose time frame (εmin, εmax), objective

Values c ∈ Zn×n+ , uncertainty set for the deliveries B = {b1, . . . , bk} ⊆ Zn+
1: H t according to (26) for each t ∈ {1, . . . , n− 1}
2: F t according to (27) for each t ∈ {1, . . . , n− 1}
3: P t = ∅ for each t ∈ {1, . . . , n− 1}
4: P n = {((hnb )b∈B, (0, . . . , 0))}, where hnb = (0, . . . , 0, bn) ∈ Zn+
5: xn(hn, (0, . . . , 0)) = (0, . . . , 0) ∈ Zn+
6: for t=n-1,. . . ,1 do

7: for (ht, f t) ∈ H t × F t do

8: for (ht+1, f t+1) ∈ P t+1 do

9: # test if (ht+1, f t+1) is predecessor of (ht, f t) with conditions (3)

10: if not hti = ht+1
i ∀i ∈ St+1 \ J(t) then

11: # (ht+1, f t+1) ∈ P t+1 is not a predecessor, continue testing next pair

12: continue;

13: end if

14: if not hti ≥ ht+1
i ∀i ∈ J(t) then

15: continue;

16: end if

17: if not b′ − htb′,t = b− htb,t =
∑
j∈J(t)

htb,j − ht+1
b,j ∀b, b′ ∈ B then

18: continue;

19: end if

20: if not f t+1
b = f tb −

∑
j∈J(t)

ct,j ·
(
ht+1
b,j − h

t
b,j

)
∀b ∈ B then

21: continue;

22: end if

23: # all conditions are met, predecessor found

24: P t = P t ∪ (ht, f t)

25: xt(ht, f t) = (0, . . . , 0, b1−htb1,t, (xt+1(ht+1, f t+1))t+1 , . . . , (x
t+1(ht+1, f t+1))n)

26: break; # start testing next (ht, f t) ∈ H t × F t

27: end for

28: end for

29: end for

30: opt value = arg max
((0,...,0),f1)∈P 1

min
b∈B

f 1
b

31: opt pre-schedule = x1((0, . . . , 0), opt value) return opt pre-schedule
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7 Computational Study

In this section, we introduce the results of a computational study with the goal of better

understanding the properties of the Directed Robust Two-Dose Problem introduced in

Section 3.2. The problem was stated as a Mixed Integer Problem following (13)-(20)

and solved using Gurobi. The scenarios used were randomly generated with bounds as

well as total number of doses delivered, following the scheme at the beginning of the

COVID-19 pandemic in Germany. All numbers used in this section were taken from

[5]. We set n = 77 which includes 53 weeks or one year with planned deliveries and an

additional 2 ·12 weeks for delayed deliveries and to use up all remaining doses of vaccine.

In each generated scenario, 172, 219, 154 doses are delivered in total. This is equal to

the number of vaccine doses delivered to Germany from the beginning of the COVID-

19 Pandemic up to the end of 2021. We set the storage capacity to the total number

of doses since storage capacity was never a problem in Germany. In the first 13 time

steps, the upper bound on the vaccination speed is set to about 3.08 Million, which is

the number of patients the opened vaccination centers could vaccinate in a week. After

that, some regular doctors were also allowed to administer vaccinations to patients and

we can only estimate the upper bound using actually given doses. Since the numbers

time frame vaccination speed bound/day

1-13 439,000

14-16 800,000

17-18 1,200,000

19-22 1,500,000

23-49 1,510,000

50-n 1,600,000

Figure 9: Upper Bound on Vaccination Speed per Time Step

drawn from [5] count per day and we set each time step to represent a week, we multiply

theses bounds by 7.

We compare two different objective functions c1 and c2. Both represent the expected

gain of immunity throughout the society by a vaccination at a certain appointment. In

the first objective function, the value of a feasible appointment (i, j) is equal to j − i
times the expected efficacy of one dose only plus n−j times the expected efficacy of both

doses of vaccine. The efficacies were taken from the survey [14] concerning the vaccine

Corminaty. Since an earlier first dose creates more value than an earlier second dose, an

optimal solution for a deterministic problem with this value will prioritize giving first

doses over second doses. We reversed this for c2 by adding a decay rate for the efficacy
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of one dose. With this change, an optimal solution for the deterministic problem with

c2 will prioritize finishing with a second dose over partial immunity by one dose only.

The scenarios are computed randomly. We start of with a scenario b0 which has

equal deliveries of 3, 249, 418 doses per time step for each time step {1, . . . , 53}. Then,

we randomly delay the arrival of these doses. The last time step with delayed deliveries

is t = 65.

We begin by examining changes caused by the number of scenarios |B|. We will

examine four characteristics. The first two are computation speed (Section 7.1) and

objective value (Section 7.2). Then, for the optimal pre-schedule of each instance, we

will compute the optimal objective value for a schedule realizing that pre-schedule in the

scenario bmin minimizing the total number of doses previously delivered in each time step

as defined by (12) (cf. Section 7.3). Lastly, in Section 7.4 we compare the percentage of

instances whose pre-schedule is feasible for a newly generated scenario thus measuring

the robustness against delays that were not included in B. For each |B| ∈ {1, . . . , 100},
we generated 100 different sets of scenarios and computed the characteristics for both

value functions c1 and c2.

7.1 Computation times

We start with the correlation between the number of scenarios |B| and the computation

time which is shown in Figure 10. We present the results for both value functions c1 and

c2 independently. We can see that the average computation time rises nearly linear with
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Figure 10: Speed profile for different number of scenarios

the number of scenarios for both value functions. Since both the number of variables and

the number of constraints are linear in |B|, this seems surprising. However, it becomes

much clearer when looking at the influence of adding a scenario on the problem. Let B be

33



7 COMPUTATIONAL STUDY

a set of scenarios and b /∈ B a new, randomized scenario. If there is a scenario b̃ ∈ B with∑n
i=t bi ≥

∑n
i=t b̃i, then we could get b by delaying doses in scenario b̃. Moreover, each

(pre-)schedule feasible for b̃ is also feasible for b. Thus, the scenario b is redundant and

the optimal solution for B ∪ {b} is the same as the optimal solution for B. Generating

a redundant scenario becomes more likely for higher B. Thus, the computation time

increases slower in the number of scenarios than expected. We can also see that even

for |B| = 100, the problem can be solved in under 9 seconds on average.

7.2 Objective Value

Next, we compare the optimal objective value depending on the number of scenarios and

the value function. Note that the more scenarios are considered, the more conservative

the objective function will be and thus the value decreases. This is shown in Figure 11.

Note that in this figure, we used a logarithmic scale on the y-axis to better visualize the

results. At first, we can see that the objective value for c1 is always higher than that
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Figure 11: Average Optimal Objective Value on a Logarithmic Scale

for c2. This is due to the fact that the value of appointment in c2 is lower because it

includes decay of the gained immunity through the first dose.

However, they show the same behavior when considering the number of scenarios. For

low number of scenarios, the objective value drops fast when adding scenarios. For larger

numbers of scenarios, this process slows down considerably, even on the logarithmic

scale. To understand this progress better, we need to take a closer look at the influence

of adding a new scenario to B. We say that a scenario b∗ ∈ B dominates another scenario

b ∈ B if for every time step t ∈ T , it is
∑t

i=1 b
∗
i ≥

∑t
i=1 bi. It is easy to see that each (pre-

)schedule feasible in b∗ is also feasible in b. This also implies that the optimal objective

value of finding a schedule in scenario b is always worse than in b∗. Thus, if a scenario
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7 COMPUTATIONAL STUDY

b ∈ B is dominated by another scenario in B, we call it redundant and can exclude

this scenario and use B \ {b} without changing the result. For randomly generated

sets B, the probability of generating a redundant scenario is higher the more scenarios

already generated. Thus, the optimal objective value falls slower with increasing number

of scenarios. The decreasing values also emphasize the importance of reliable delivery

plans. If only few scenarios are sufficient, magnitudes of objective value can be achieved.

7.3 Price of Robustness

Next, we examine the solution for the minimum scenario bmin in comparison to the worst

case solution, which is shown in Figure 12. Through this, we examine the so-called price

of robustness: the loss in objective value by including more scenarios. However, it

also describes a gain of the Directed Robust Two-Dose Problem compared to the Fixed

Robust Two-Dose Problem introduced in Section 3.1, where only the minimum scenario

bmin was utilized.

According to (12), the minimum scenario bmin satisfies

t∑
i=1

bmin
i = min

b∈B

t∑
i=1

bi ∀t ∈ T.

In each time step, it represents the worst-case availability of vaccine up to that time step.

For each randomized instance, we first computed an optimal solution for the generated

uncertainty set B, including the optimal pre-schedule x∗. Then, we calculate the value of

an optimal schedule for the minimum scenario bmin satisfying the computed pre-schedule

x∗. We call this the optimal objective value of bmin in B. We now compare this value

relative to the optimal objective value of that instance. Note, that even though bmin is

not necessarily in B, there is always a feasible schedule for bmin satisfying the pre-schedule

x∗.

From the definition of bmin we know that each schedule feasible for bmin is also feasible

for each scenario in B. Thus, the optimal objective value of bmin is not larger than that

of any other scenario b ∈ B and thus smaller or equal than the optimal objective value of

the complete instance. Because of this, the relative objective value of bmin is at most 1.

If bmin ∈ B, it automatically holds that the optimal objective value of bmin is greater or

equal to the worst-case optimal value in B. Thus, equality holds and the relative optimal

objective value is equal to 1. This is of course always the case for |B| = 1. However,

even for smaller sets of up to 20 scenarios, this is rarely the case and never happens for

bigger |B|. This also causes the fast drop in the relative objective value for small values

of |B| in both objective functions.

We again see a difference between both objective functions, the curve for the second

objective function c2 favoring second doses over first doses is lower than that of the first
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Figure 12: Relative Value of Scenario bmin relative to optimal objective value

objective function. This time, this is not due to the fact that the objective values of c2

are always lower than those of c1 because all results are relative. The reason for this

difference lies in the different value of first and second doses in both value functions. In

c1, the first dose is favored and an earlier first dose is worth more than an earlier second

dose. This also implies that delaying a second dose for a fixed first dose does not change

much in terms of value. Opposed to this, c2 favors an earlier second dose, so delaying a

second dose for a fixed first dose will lower the value of the appointment more strongly.

In the DRTD Problem, the time steps for all first doses are set through the pre-schedule

and thus the same for all scenarios. Only the times of the second doses vary between

scenarios. Thus, for the first value function c1, the difference of optimal objective value

between scenarios is smaller than for the second value function c2. Reversely, this also

means that the objective value for each scenario in B is higher compared to that of bmin

for the second objective function. This may be an advantage if bmin /∈ B or the scenarios

in B are spread out and bmin has much later deliveries than most scenarios in B.

7.4 Realized Robustness

Regardless how many scenarios are in B, it is unlikely that the real delays are precisely

described by one of these input scenarios. Therefore, we would like to investigate how

“robust” the solutions are for scenarios not part of B. In earlier studies, this evaluation

is known as realized robustness [8]. In our case, we would like to know how robust the

computed pre-schedule is for new scenarios. To measure the effect of the number of

scenarios used in the robust optimization on the realized robustness, we generate one

set B of 100 scenarios, order them arbitrarily, and consider the instances with the first k

scenarios for k ∈ {1, . . . , 100}. Furthermore, we generate a set N of 100 new scenarios
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7 COMPUTATIONAL STUDY

to evaluate the robust solutions. To this end, for each of the 100 instances we compute

the optimal pre-schedule and then determine the number of scenarios in N for which a

feasible schedule respecting the optimal pre-schedule exists. We repeated this 100 times.

The scenarios in N were generated such that the overall delay on them is not bigger

than the delay on bmin for the starting set B. We define the delay of a scenario δ(b)

as the sum of the number of time steps each dose is delayed compared to the starting

scenario b0:

δ(b) =
n∑
t=1

(n− i) · (b0i − bi).

Let blast be the scenario delivering all doses at the last possible time step t = 65. Then,

δmax := δ(blast) =
∑n

t=1(n − i) · b0i is the maximum delay possible. The corresponding

scenario would deliver all doses at the last possible time step. Then, the relative delay

Γ(b) is given by

Γ(b) =
δ(b)

δmax
.

The unique scenario with Γ(b) = 1 is blast and conversely, b0 is the only scenario with

Γ(b) = 0. We generate the scenarios in B with random delays. However, scenarios with

a higher delay than δ(bmin) have a high probability of being infeasible.

To avoid this behavior, we instead assume that the new scenarios in N do not have

more delay than the scenarios in the starting set B with 100 scenarios. In reality,

this would suggest that the expected scenarios in B were chosen with a realistic delay.

Formally, each b ∈ N has at most the same delay as bmin, thus δ(b) ≤ δ(bmin). The

results are presented in Figure 13.
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Figure 13: Percentage of Feasible Scenarios in N

We can see for both value functions that the number of feasible, newly generated
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8 CONCLUSION

scenarios rises with the number of scenarios. Overall, the curve is very step for small

sets of B. At about 20 scenarios, the curve flattens and rises much slower. Even in the

worst case with 1 scenario, more than 50% of the instances were feasible with the both

value functions.

When comparing the two value functions, we would have expected to see better

results for the second value function. For c2, in an optimal, deterministic solution the

second dose will be given as early as possible since the efficacy of the first dose only

diminishes over time if no second dose is given. Due to this, most used appointments

will have a time difference of close to εmin between first and second dose. In the directed

robust Two-Dose Problem, the time of all first doses is fixed through the pre-schedule.

Since minimizing the time between both doses is optimal here, the pre-schedule is chosen

such that the second dose can be given as early as possible in each scenario. Now, if

some doses are delayed and arrive later than expected, we can simply delay the second

dose and still get a feasible solution, only sacrificing some value. In contrast, for the

first value function c1, in the deterministic case it is optimal to delay the second dose

as much as possible. In this case, if some doses are delayed, we cannot simply give the

second dose later since it is already scheduled for the latest possible time spot. However,

the computations do not support this theory. Considering this property, both value

function behaved the same on 99.83% of all computed instances. This indicates that

the probability of generating a scenario feasible for only one of the two value functions

is very slim. Thus, the choice of the value function has very little effect on the realized

robustness of the solution.

To summarize, we can see that a higher number of scenarios hedges against uncer-

tainties even for scenarios not originally considered in B. However, the computation

time rises linearly with the number of scenarios. Thus, compromises need to be made

between robustness and computation time. If the delay in the considered scenarios is

chosen well, a small number of scenarios suffices to reach good robustness against unfore-

seen scenarios. Considering the two value functions, we can say that c1 leads to a higher

worst-case value but also to a lower relative value compared to the minimum scenario

bmin while c2 has a higher relative value compared to bmin but has a lower absolute value.

In terms of realized robustness of the solution, both value functions behave very similar.

8 Conclusion

In this paper, we concentrated on a version of the Robust Two-Dose Scheduling prob-

lem. The problem deals with the question of scheduling vaccinations when each patient

requires two doses and the deliveries are uncertain and can be delayed. We showed

that the problem is weakly NP-hard for a linear number of scenarios and short times
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between two doses of vaccines and strongly NP-hard if the time between both doses or

the number of scenarios can be linear in the number of time steps. We also generalized

the problem to a Robust b-Matching Problem with comparable complexity. Next, we

introduced a pseudo-polynomial algorithm for the weakly NP-hard case. Finally, in the

computational study, we showed the influence of different value functions and number

of expected scenarios on the robustness of the solution.

When examining the complexity of the Directed Robust Two-Dose Problem, we were

not able to determine the complexity of the special case with a fixed number of scenarios

|B| ∈ O(1) and a time gap between two vaccine doses linear in the maximum time frame

εmax ∈ O(n). For this case, we could only show at least weak NP-hardness, but not

derive a pseudo-polynomial algorithm. Solving this would show whether the hardness of

the problem is solely caused by the order of ε or also depends on the number of scenarios.

Additionally, the Directed Robust Two-Dose Problem already implies an order in choices

linked to time steps. It might be interesting to examine an online version of the Two-

Dose Problem or transfer some of the results from the rich literature on Online Matching

Problems.
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