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1 Introduction

We are interested in the following constrained stochastic optimization problem

min f(x) = E[F(x,¢&)]

TER™
s.t. h(z) =0, (1)
0

where h : R — R™ and ¢ : R™ — R™2 are continuously differentiable,
f:R™ = R, ¢ is arandom variable with associated probability space (D, F, P),
F:R™ x D — R and E[-] represents expectation taken with respect to P. We
assume that the values and the gradients of the constraint functions are acces-
sible, but the objective function f(x) and its first-order derivative cannot be
evaluated, or too expensive to compute. Instead, by taking individual instances
or sample averages, f(z) and V f(x) can be approximated by sampling & with
varying accuracy. In this paper, we do not assume that the estimates of f(z)
and V f(x) are unbiased. Problems of this type arise prominently in important
applications such as machine learning [3-6] and statistics [7—14] and etc.

As for this writing, there are just a few algorithms that have been proposed
for solving constrained stochastic optimization problems of this form. To our
knowledge, the first practical algorithm for nonlinear constrained stochastic
optimization was proposed in [15], which is an SQP method and deals with
problems with equality constrained only. This method assumes that the sin-
gular values of the constraints’ gradients are bounded away from zero, as a
consequence, the linear independence constraint qualification (LICQ) holds.
Global convergence in the case where the penalty factor remains constant in
the limit is proved. The authors also made some comments on poor penalty
factor behaviors. Later Berahas et al prosented an improved algorithm in [16]
(also for equality constrained problems). In this algorithm, an SQP method
is combined with a step decomposition strategy. By this strategy, the pre-
sented algorithm can deal with constraints with rank-deficient Jacobians. A
worst-case complexity analysis for this algorithm is given by Curtis et al [17].
Na et al, motivated by improving over the result of [15], proposed another
stochastic SQP method for equality constrained optimization [18]. This algo-
rithm uses differentiable exact penalty function and gets stronger convergence
results (also under LICQ) than the method in [15]. This work also generalized
the results in [2]. This generalization is non-trivial because of the introduction
of constraints and the authors’ removing some assumptions posed on search
direction in [2]. A recent work of Curtis et al extends the methods in [15, 16]
to allow for inexact subproblem solutions. The inexact solution strategy make
the approach applicable for (1) in a large scale setting. A very recent work
of Berahas et al [19] considered the use of variance reduced gradients in a
stochastic SQP method, in the hope of accelerating the method.

All the mentioned stochastic SQP methods above deal with equality con-
straints only. To our knowledge, only recently, Na et al [20] considered SQP
for constrained stochastic optimization with inequality constraints. This work
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is actually an extension of the previously mentioned work of the authors [18].

This algorithm uses an active set strategy to handle the inequality constraints.

The problem is locally transformed as though there were just equalities and

is solved by similar techniques as introduced in [18]. The presented method

shows satisfactory convergence properties.

Our method is similar to the methods mentioned above in including sam-
pling techniques with classical SQP tools, albeit with several distinctions. As
one of its primary goals, our method makes no assumption on the solvabil-
ity of certain subproblems, and instead uses classical techniques in robust
SQP to enforce feasible subproblems [1]. For globalizing the steps, we gener-
alize the stochastic line search method in Paquette and Scheinberg [2]. This
generalization is non-trivial since:

(a) Due to the constraints, a merit function with varying penalty factors
instead of a fixed objective function is used in the line search.

(b) Due to the randomness of the estimates, boundedness of the penalty fac-
tors is not guaranteed even in the presence of Mangasarian-Fromowitz
constraint qualification (MFCQ) or, stronger, LICQ.

(¢) Due to the presence of inequality constraints,

(i) the search direction can not be formulated into a linear combination
of the (estimated) gradient and constraints;

(ii) furthermore, explicitly formulated search direction is not available
unless certain stringent assumptions (for example, LICQ and strict
complementarity) are made.

As aresult, simply migrating the analysis in [2] and the stochastic SQP schemes

mentioned above is not adequate.

We state some characteristics of this paper here. We use the scheme in [1]
to remedy a significant problem of SQP methods: inconsistent subproblems,
which will significantly simplify the algorithm’s behaviors and the theoretical
analysis. We introduce a Lipschitz continuous measure for optimality and use
it as a vital theoretic tool for convergence analysis, which makes it possible to
apply the general framework proposed in [21] here. We also design a specific
sampling way for estimating the gradient of the objective function to ensure
that the probability for the penalty factor growing unbounded is zero.

The remainder of the paper is structured as below. In Section 2, an SQP
method for the deterministic constrained optimization, which is a special case
of the method in [22], is introduced, as a warmup and assisting the familiarity of
the tools to the reader. The stochastic SQP method is formulated and analyzed
in Section 3, where we give a detailed description of the algorithm, show the
global convergence and discuss limiting behavior of the penalty parameter.
Section 4 reports some numerical experiments and Section 5 concludes the
paper.

Notations

Throughout the paper, the subscript k£ will denote an iteration counter and
for any function g(z), gr will be the shorthand for g(zy). The feasible region
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of the problem is denoted as
X ={zeR": h(z) =0, c(z) <0}
If C c R™*™2 then the / distance function is defined as
dist(w | C) :== inf{|lw — y|lec : y € C}.
We also use K = {0}gm1 x R™?, where {O}gm: is the vector of all 0 in R™.

2 A Robust Deterministic SQP Algorithm

As a first step for considering (1), we begin by reviewing Burke and Han’s line
search SQP method [1] for the deterministic counterpart of (1), which is

min f(z)
s.t. h(x)
c(x)

where f : R™ — R is continuously differentiable. In [1], a measure for

infeasibility
o) = aist | (1)) 1% ®)

and an exact penalty function

0, (2)
Oa

IA

W(r; p) = f(2) + p dist [(h(x))) | K] — J(&) + po(a),

(z

where p > 0 is a penalty parameter, are defined to monitor the behavior of
the algorithm.

The following stationary conditions are common in constrained optimiza-
tion.

Definition 1 (1) A point x satisfies the Fritz-John point conditions for (2), if there
exists a scalar v > 0, a vector A € R™* and a vector u € R™?2 such that
YV f(x) + Vh(z)\ + Ve(z)pu =0,
h(z) =0,
1> 0,c(x) <0t c(z) = 0.
A point satisfying the Fritz-John conditions is called a Fritz-John point.
(2) A point z satisfies the KarushKuhnTucker (KKT) conditions for (2), if there
exists a vector A € R™ and a vector u € R™?2 such that
Vf(x)+ Vh(z)\+ Ve(z)p =0,
h(z) =0,
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> 0,c(x) <0, p" c(x) =0
A point satisfying the KKT conditions is called a KKT point.

Conventional SQP methods are iterative, based on a quadratic subproblem
mdin Vf(x)Td+ 3d"Hd

s.t. h(z) + Vh(z)Td =0, (4)
c(z) + Ve(z)Td <0 (5)

that is repeatedly solved and subsequently ascertained and adjusted with a
line search or a trust region scheme. A well-known limitation of many SQP
methods is that the subproblem’s constraints (4) and (5) must be consistent,
which is not guaranteed even if X is nonempty. Several approaches have been
developed to overcome this shortcoming. In [23], an extra variable is introduced
into the subproblem to ensure its consistency. Burke and Han [1] proposed a
generic SQP method with an additional (in some sense) optimal correction for
constraints. Burke and Han’s method has some similarity to the methods of
Byrd [24] and Omojokun [25], where composite step technique was introduced.
In FilterSQP [26, 27], an extra phase called “the feasibility restoration phase”
is used to force the iterate going closer to the feasible region when the QP
subproblem becomes inconsistent.

We herein use the frame of Burke and Han’s method, adopting the /.
norm to measure the magnitudes and the distances. Although, this method
has been well studied in [1], we would like to sketch its algorithmic frame and
convergence results for the completeness of the paper.

For each iterate k, given a current primal estimate x; € R”, we first solve

. . hy + thp
;Iel]gi dist [(ck +Velp | K

s.t. ||IPlloe < 0k := min{o,, Ku Pk},

(6)

where o0, and k, are preset positive parameters. The introduction of ||p||cc <
oy, ensures that k(z,0) is always well defined, even if the constraints (4) and
(5) are inconsistent. Note that we choose a different setting for o) from its
counterpart in [1]. Here we actually require that ||p||ec < Ku¢k. This setting
is not a new idea. Curtis et al [28] used similar model in there composite-
step SQP method for equality constrained optimizations. It was also used as
one of the conditions/assumptions on the quasi/inexact normal steps, see, for
instance, [29] in the context of equality constrained optimization and [30],

general constrained optimization.
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Since we use {, distance here, the above optimization phase is equivalent
to the following linear programs

min
peR™ yeR
s.t. —ye < hy + Vhip < ye, (7)
cr + chp < ye,

[Plloe < ok, >0,

where e is a vector of all ones with proper dimension. Define

w(z, o) = inf {dist [(}égg ! gf((j));f) | K] lplloo < a}.

Let kr = k(xk,o0k). Obviously, kx = yk, where yi, together with a vector py
solves (7). Let

A¢(.’E, U) = (;5({1,‘) - Ii(.’b, U)v (8)
which can be viewed as an estimate of the improvement in linearized feasibility.
The search direction dj, is obtained by solving
min Vfi'd + 3d" Hyd
s.t. —kre < hg + thd < Kie, (9)
cr + chd < ke

where By € [8;, Bu] with
0< 2Ju < ﬂl < Bu (10)

The predicted reduction in ¥ (z; p) that will be got along dj. is defined as
Ay (xy, di; p) = =V i di + pAg(n, o%).

The penalty parameter is updated in a way such that d; exhibits sufficient
reduction in ¥(x; p). If

1
Ag(xg, dg; pr) > §d£dek, (11)

then set pr4+1 = pg; otherwise, set

Vfld, + LdT Hydy, ) }
3 k(-

k41 = Max
Phst { Ay(zg, on)

Therefore, there always holds

1
Ay (Tr, dis prs1) > §d£dek- (13)
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To globalize the algorithm, a line search is performed to determine a stepsize
«y, satisfying

U(xk; prt1) — Y(ok + arde; prt1) > 0o Aw (2, di; prgi), (14)

where 6 € (0,1). The algorithm is described in Algorithm 1.

Algorithm 1 Deterministic SQP
Parameters: 3;, 8., and o, satisfying (10), £, > 0,7 > 1,6 € (0,1),0tmax > 0
and pg > 0. Starting Point zy € R"”.
for k=0,1,2,--- do
Compute (pg,yx) from (7). Let kK = yg.
if pr, = 0 and ¢y, > 0 then
return an infeasible stationary point .
end if
Choose S € [B1, Bul-
Solve (9) for d.
if d, =0 and ¢, = 0 then
return a first order stationary point xg.
end if
if (11) holds then
set pr+1 = Pk
else
set prt1 as (12)
end if
Let ap, = 1. Set dols = true.
while dols do
if (14) holds then
set sy = agdg, Tk4+1 = Tk + Si, and let dols = false.
else
set ap = v_lak.
end if
end while
end for

The following assumptions are necessary for the convergence analysis.

Assumption 1 There is a bounded closed set Q that contains all the iterates {xy}
and trial points {xp + ady}, and satisfies

(A1) the objective function f is continuously differentiable and bounded below
over , and V f is Lipschitz continuous with constant Ly;

(A2) the constraints h and their gradients Vh are bounded over ), each gradient
Vh; is Lipschitz continuous with constants Ly, ; for all i € {1,--- ,m1};
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(A3) the constraints ¢ and their gradients Ve are bounded over Q, each gradient
Ve, is Lipschitz continuous with constants Le; for all i € {1,--- ,ma}.

(A4) there are positives constants & and My (suppose Mg > 1, without loss of
generality) such that 2¢|\d||* < d¥ Hpd < My ||d||? for all d € R™.

Under these assumptions, there are two positive constants My and My such
that

max{|f(@)], [|h(z)[lco, || max{c(z), 0} loo } < My, (15)
max{[[Vf (@)l {[[Vhi(@)[[}i=1, mi, LI Ve (@)} =1 ma b < Mo (16)

hold for all = € 2. Hence it is easy to verify that

Lemma 2 [1] Suppose that Assumption 1 holds. Let
Lpe = maX{{Lh,i}i:L--- oma U {Lc,i}izl,»-- ,m2}~
Then 1
2 2
d(xy + ady) < ¢ — Ay (zg, 08) + §Lhc04k||dk|\ .

Below, we state the main convergence results for this algorithm. For
detailed arguments, we refer the readers to [1, Section 6].

Theorem 3 Let {z} be a sequence generated by Algorithm 1. If the sequence {x}}

is bounded, then either

(1) {xi} is finitely terminating at &, where & is either a KKT point for (2), a Fritz
John point for (2) or a stationary point for ¢ that is infeasible; or

(2) there is a limit point of {x1} that is a KKT point for (2), a Fritz John point for
(2) or a stationary point for ¢ that is infeasible.

3 Stochastic setting

3.1 Algorithm

Now consider (2). We present a stochastic SQP algorithm modeled after the
SQP scheme described in Section 2, however using a noisy sample for the
subproblem objective gradient and a stochastic line search procedure as given
in [2].

At each iteration, we compute a direction dj, defined as a random variable
as arising from the solution of the following QP subproblem

ming g,:fd + %dTde
s.t. —kpe < hg + Vhfd < Kpe,
cr + chd < ke

(17)
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where gi is an estimate of V f(z) via, e.g., a minibatch of a sum of samples
or general stochastic gradient method, or a zero-order approximation of the
gradient using perturbed noisy evaluations of f, and kj and oy, are determined
by the same mechanism as described in Section 2.

Then, we compute the stochastic function estimates at the current iterate
and at the new trial iterate, respectively denoted f,g’ and f}. Correspondingly,
we define the stochastic merit function estimates

UR(p) = [ + pd(wr, 0%), and Wi(p) = fi + pd(xk + ordr, 0%). (18)

The predicted reduction estimates in ¥(z; p) is defined as

A (wg, di; p) = —g} dic + pAg(k, 0%). (19)

where Ay is given in (8).
Like in the deterministic setting, it is checked if

1
A (g, di, pr) > §d£dek (20)

holds. If so, set pr+1 = pi. Otherwise, set

T 1T
9. di + §dk H.d, }
= max ,2 . 21
Ph+1 { Ao (o, o8) Pk (21)
Therefore, we always have
1
AY @k, dig; pry1) = §d{dek- (22)

The stochastic counterpart of (14), the line search acceptance criterion, is

U (prs1) — Wi (pra1) = 00 A (g, dis prsr)- (23)

For constrained optimization, there are three major challenges with
formulating a well defined line search procedure:

® the possibility of a series of erroneous unsuccessful steps cause «y to become
arbitrarily small;
e steps may satisfy (23) but, in fact

U(zk; prg1) < V(xk + ardy; prs1);

(i.e., di is a direction of increase for the complete merit function);
e the condition (20) is repeatedly and indefinitely violated, which corresponds
to pi approaching +oo.
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To handle the first two difficulties, we employ a strategy introduced by Paque-
tte and Scheinberg [2], which we will briefly describe in the next section. Next,
we introduce a special sampling method on estimating V fr to deal with the
third difficulty.

It is well-known that the boundedness of the penalty parameter py, is always
implied by the boundedness of the multipliers (see, for instance, [31]). The
latter is known to be equivalent to MFCQ [32]. As will be shown in Lemma
14, in the case where some MFCQ-like conditions hold and the current penalty
parameter is sufficiently large, the increment of the penalty parameter only
depends on the magnitude of gix. Having this in mind, it will be helpful to
monitor the size of g, and mitigate the risk of it being a far from mean estimate
and yet too large, thus throwing off the algorithm. Namely, if it is larger
than some term, increase the accuracy requirement and scale the appropriate
parameters so that if ||gx|| grows without bound, so does the certainty that it
is a correct estimate of the gradient.

With these modifications, we can present the algorithmic framework of the
stochastic SQP method, which is formulated in Algorithm 2.

3.2 Random gradient and function estimate

Algorithm 2 generates a random process given by the sequence
{&, f,g, f,ﬁjk,dk, Sk, Pr }, where § = apdy. Tn what follows we will use a « 7
over a quantity to denote the related random quantity.

Let Fj—1 be the o—algebra generated by the random variables go, g1, -,

gr—1 and fg, fg, fol, ff, s f2 Ji_1 and let Fi_;,2 be the o—algebra
generated by the random variables go, g1, - - -, gx and f& fg} fol, ff, S f,g_p
fia

The stochastic gradient and stochastic function values should be “close”
to their true counterparts with certain reasonable probabilities, which means
that, at each iterate, the distances between the random estimates and the true
values are bounded using the current step length.

We use the definitions given in [2], with slight modifications, to measure the
accuracy of the gradient estimates g; and the function estimates f,g and f,j .

Definition 2 We say a sequence of random gradient estimates {gi} is pi-
probabilistically rg-sufficiently accurate for Algorithm 2 for the corresponding
sequence {Zy, &, dy} if the event

Iy = {llgk = V(@) < wgbulldi |}
satisfies the condition

Pr(ly | Fr—1) = E[1g, | Feo1]l > pj.

Definition 3 A sequence of random function estimates { f,S, f,:} is said to be
py-probabilistically € ¢-sufficiently accurate for Algorithm 2 for the corresponding

sequence {Z, &, cik} if the event
+0 A ~201 7 12 7 N A ~201 3 12
e =Allfx — F@p)Il < epaplldell” and |5 — f(@x + sp)l| < epklldill”}
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Algorithm 2 Stochastic SQP

Initialization. Choose o, 8, Bu, ¥ > 1, 0 € (0,1), amax > 0, po > 0 and
pf,pd > 0. Choose a start point xp € R” and multiplier estimates ng € R™
and vy € R™2. Choose {y > 0, (. > 0 and an increasing sequence {a;}
satisfying ag > p§, a; € (0,1),Vj and Zjﬁg(l —a;) < +00.
Set ag = Y0 uax for some jo < 0. Set j = 1.
for k=0,1,2,--- do
if k=0 or s; # 0 then
choose o, > 0 such that (7) is feasible.
compute (pg,yr) as a solution of (7). Let ki = yi.
compute Hy.
end if
Construct a probabilistic model to compute gg.
Solve (17) for dj, and A,y and v
if ||gx|| > ¢k then
set Crr1 = max{Cx + Cc, [lgrll} set pl, = a;.

let j =75+1.
else

set Cpy1 = (x and pZ_H = pj.
end if

if (20) does not hold then
set pr41 by (21).

end if

if (23) holds then
set s = agdy, Tpr1 = T + Sk and ap1 = min{yog,max I
set Npr1 = )\; - u; and gy = 1/2'.

else
set sp =0, Tpy1 = o and g1 = v L.

end if

end for

satisfies the condition

Pr(Jg | Fr—1/2) = B[l | Fr_1/2] > py-

Assumption 4 The following hold for the quantities in the algorithm

i) The random gradient g are p?-probabilistically kg-sufficiently accurate for
g 9k k Y Kg Y
some sufficiently large pz € (0,1].

(i) The estimates {f,g,f;j} generated by Algorithm 2 are pjy-probablilistically € -
accurate estimates for some €5 > 0 and sufficiently large py € (0,1].

It follows from simple calculations that

E1r,ns, | Fro1] > pipss Ellrens, | Fr1] < 1-pf and E[1e | Fpq] < 1-py
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We follow the approach given in [2] for computing stochastic estimates that
satisfy Assumption 4. The following assumption on the boundedness of the
variances of the random function and gradient is assumed only for this section.

E(|VF(x,6) = Vf(2)[*) < Vy and E(|F(x,€) - f(x)]*) < V}.

The stochastic gradient g is computed as the average

1
k €S
where S,‘Z is the sample set and |-| denotes the cardinality of a set. The

stochastic estimate f,? is computed by

=S Flang)

Y
S| ies]

and f;; is computed analogously, where S,{ is the sample set.
To satisfy Assumption 4, it suffices to require the sample sizes |S{| and
|S,{| to satisfy

- v, 1 . v 1
|S?| > O < g log ) and |Sf| > O log :
; rgaglldell> 1 = p * riaglldell* 71— py

Paquette and Scheinberg suggested a simple loop [33] to choose sample sizes
satisfying the above conditions.

3.3 Preliminary results for the convergence analysis
We shall use the following set, which contains all the iterations at which the
step is successful

S:={k: at iteration k the step is successful}.

Without loss of generality, we assume that S is an infinite set.

3.3.1 A Renewal-reward process.

We will use a general framework introduced in [21] to analyze the behavior of
our stochastic SQP method. This framework, where a general random process
and its stopping time are defined, was used to explore the behaviors of a
stochastic trust region method in [21] and a stochastic line search method in

2].
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Definition 4 Given a discrete time stochastic process {Z}, a random variable T is
a stopping time if the event {T' = k} € o(Z0, 21, -+, Tk)-

Denote by {T.}e>0 a family of stopping time with respect to {F}r>o,
parameterized by €.

Let {®g, &y } be a random process such that @, € [0, 00) and &;, € [0, 00) for
all £ > 0, Wy, is a biased random walk process, defined on the same probability
space as {®g, &y} and Fy, is the o-algebra generated by

{CDO7 OA[O) WO7 T (I)ka dk7 Wk})
We let Wy = 1 and Wy, obey the following dynamics
Pr(Wigp1=1|F,)=pand Pr(Wpy1 =—1|Fp)=1—p (24)

with % <p<l
The following assumptions are used in [21] to derive a bound on E[T].

Assumption 5 The following hold for the process {®y, &, Wi }.

(i) The random variable &g is a constant. For a constant amax > 0, there exists a
constant A € (0,00) and jmax € N such that amax = doe)‘]m" and the random
variables satisfy &y, < amax for all k > 0.

(i) There exists a constant & = doe)‘j for some j € N such that the following holds
for all k> 0:

~ . ~ AW
1{T5>k}ak+1 > 1{T5>k} min {ogke k+17a},

where Wi, satisfies (24) with p > %

(#i) There exists a nondecreasing function q : [0,00) — (0,00) and a constant © > 0
such that

11 5k} El®py1 | Fr] < Ly s iy (P — Oglég))-
A bound on E[T] is given in the following theorem.
Theorem 6 [21, Theorem 2.2] Under Assumption 5,

P )
2p — 1 Oq(a)

E[T:] <
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3.3.2 A measure for optimality

In order to define a merit function ®, which satisfying Assumption 5(iii) with
some random variable &, we introduce a measure for optimality. Let ¢(x) solve

mtin Vix)Tt
s.t. Vh(x)Tt =0,

Ve(z)'t <0, (25)
1
< =B
ltlloe < 55

Then we define

X(z) = =V f(z)"t(x).
We also define an estimate of y(z) as x9(z) = —g(z)Tv(z) with an estimate
g(z) and a solution v(z) of

min g(z)Tv
s.t. Vh(z)Tv =0,

Ve(z)Tv <0

1
lolloe < 560

Neither linear program needs to be solved in Algorithm 2. These are simply
used for theoretical purposes.
The following theorem is trivial.

Theorem 7 A point x is a KKT point of (1) if and only if ¢(x) =0 and x(z) = 0.

We are going to show the Lipschitz continuity of x(x) with respect to
changes of coefficients. This is one of the key points of the convergence analysis
to be given. Consider a linear program of the following general form

min 77z
zER™
s.t. Az =0,
Bz <0,

1
leloe < 360

(26)

where 1 € R", A € R™*" B € R™M2X™ Let

T: {’U: (T(,A,B) ‘ WERn7A€Rm1XH’B€Rm2XH}.
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For an instance v € T, we denote the optimal value of (26) by x(v), by a slight
abuse of notation.

Since problem (26) has a bounded optimal set, it follows from the strong
duality theorem (see [34] for instance) that both the primal and the dual
optimal solutions of (25) are nonempty and bounded. Then, by [35, Thm. 1],
problem (25) will remain solvable for all small but arbitrary perturbations in
the coefficients. Then the local Lipschitz continuity follows from [36, Thm. 4.3].

Lemma 8 Let vg € Y. Then there exist constants 69 > 0 and Lg > 0 such that for
any two instances v1,ve in Y satisfying |[v; — vol| < eo, for j = 1,2, it holds that

[x(v1) — x(v2)| < Lollvr — vzl

If the optimal value function x(v) is restricted on a compact subset of T,
then it is globally Lipschiz continuous.

Theorem 9 Let K be a compact subset of Y. Then there is a constant L, > 0 such
that

Ix(v1) = x(v2)| < Lo|lvr — va|
holds for any two instances vi,vs € K.

Proof This follows directly from Lemma 8 and well-known properties of Lipschitz
functions (see, for instance, [37, Prop. 3.3.2]). O

Without loss of generality we assume from now on that
{(Vf(x),Vh(z),Vc(z)) |z € Q} C K.

Therefore, by Assumptions (A1)-(A3) we have

Corollary 10 Suppose that Assumptions (A1)-(A3) hold and Ly = MyL,. Then for
any x1, 2 € 2, we have

IX(z1) = x(22)] < Lyllzr — 22|

3.3.3 Extended MFCQ

In order to accommodate infeasible accumulation points, we need to extend
the MFCQ to allow infeasible points.

Definition 5 A point x is said to satisfy the extended MFCQ (eMFCQ for short) if
(1) the gradients {Vh;(z):4=1,---,m1} are linearly independent;



Springer Nature 2021 BTEX template

16 Stochastic SQP

(2) there is a vector z € R™ that satisfies
Vh(z)Tz =0, (27)
Vei(@)' 2 <0,i€ {i:ci(z) >0} (28)

The definition of eMFCQ goes back at least to Di Pillo and Grippo [38]
and Di Pillo and Grippo [39]. Note that the eMFCQ is equivalent to MFCQ
at all feasible points.

Assumption 11 The eMFCQ holds at any accumulation point of {xy}.

Lemma 12 Suppose that Assumptions 1 and 11 hold and that & is an accumulation
point of {zy : k € S}. Suppose also that ¢(&) > 0. Then there exists a neighborhood
N of & and a constant 71, which is a function of &, such that for any z, € N, there is

Ay(Tg, 0k) > T1 Pk (29)

Proof In this proof, we use the notation AT = (AT A)71 AT By linear independence
and continuity, there exists a constant x4, > 0 and a neighborhood N of & such

that Vh;' exists and ||Vh2'|\oo < kg forall zy, € N . We denote nj, = —(Vh;l')Thk,
which is the smallest norm element of the linearized manifold. By its definition, we
have [[ngloc < fign koo < fighd-

On the other hand, by Definition 5, there is a nonzero vector Z € R" such that
(27) and (28) hold with © = Z, i.e., there hold

vh(#) 'z =0,
ch(:i) 2<0, 1€ {i:c(z) >0}
Denote by ¢ = — mzax{cl( Z): ¢ (Z) < 0}. Let

1 min {M% Ou, ﬁuqﬁk} (I — VhVhi)z
(I = Vh VA oo

Then, by its definition, thzk =0.
Consider the line segment defined by

pi(T) =N+ (1 —7)zk, 7 €[0,1].

2 =

Then
hi + Vhip(t) = (1 — 7)hg + 7(hg + Vhing) + (1 = 7)VA 2 = (1 = 7)hy,,
which implies that
b + Vi pe(T) oo < (1= 7). (30)
Now consider any ¢ € {3 : ¢;(Z) > 0}. There is
min {M% Ou, mu¢k} Veilwy) T (I = Vhg VA )2
2|[(I = VA VA2 oo
. min {Mid’ Ou, nuqﬁ(i)} Vei(@) Tz
2|12l 0o

Vei(ag) 2y, =

Tp—>
—

<0,
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which implies by continuity the existence of a (ppssibly smaller) neighborhood N of
Z and a positive constant & such that for x;, € N,

ci(an) + Vei(ap) 2y, < cilzy) — &
Then
ci(zr) + Vei(o)  pr(r)
=ci(wg) + 7Vei(zp) Ty + (1 — 1) Ve (ar) " 2

=7(ci(ag) + Vei(zp)” )"

<7(ci(xy) + Ve (g,

ng) + (1 = 7)(ci(xx) + Vei(zg
ng) + (1 = 7)(ci(zg) — €)
ng)— (1 —=71)E+ (1 — 7)ci(zg).

By Assumption 1, if 7 S (07 W], then

£
)T
=7(ci(xx) + Vei(zp) T

7(ci(zg) + Vci(a:k)Tnk) —(1-7) < 7(ci(zp) + Vci(mk)Tnk +é&)—£<0.
Hence we have
ci(ax) + Veilar) o) < (1= T)eilar) < (1= 7)é(a)- (31)
For any ¢ & {4 : ¢;(Z) > 0}, we choose T € (O, W], then
ci(wr) + Vei(zr) pr(r)
=ci(z) + TVci(xk)Tnk +(1- T)Vci(xk)Tzk

c (32)
¢ ¢
< _ga .z
<-—-c+ 5 + 5
<0,
Next, let us consider ||pg(7)||oc- We have
[Pk (T)lloe < Tllnglloo + (1 = 7)l[2kllo0
1 . c
<Thgn®k + 5(1 — 7) min {ﬁd,au, nudnk} (33)

1 .
<TRgh Pk + 5(1 — 1) min {ou, kudy}
If ou < Ku¢y, then from (33), and recall that ¢(x) < My (cf. (15)), it follows that
1 .
Ik (T)lloo < T My + 5 (1 = T)ou < ou = min{ou, kudy}
for any 7 € (0,0u/(2kgnMy)). Otherwise, we have min{ow, ku¢r} = kudy. Then
(33) yields
1
I (llee < ThgnOE + 5 (1 = T)Kudy.
Then for 7 € (0, ku/(2rgp)], there is

1 1 .
[Pk (7)o < §Ku¢k + §Hu¢k = Ku¢y = min{ow, Kudy}-
Therefore, we have
. . Ty Ry
< —_— .
Il < i, suid. e € (oomin { 200 R G
It follows from (30), (31), (32) and (34) that (pg(7),(1 — 7)¢y) is a feasible
solution of (7) for all

c (0. mi 5 c Ou Ku

’ ( T { E+ My + Margn My’ 2Mgkign My’ 2k, My’ 26g, H '
Therefore yj, the optimal value of (7), satisfies y, < (1 — 7)¢y for all 7 in the

above interval, which implies (29). O
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3.4 Descent properties

Lemma 13 Suppose that Assumptions 1 and 11 hold and that  is an accumulation
point of {z}, | k € 8} but not a stationary point of (1). There is a neighborhood N
of £ and a constant My > 0 such that

- 1
A (wg, di; prg1) > (Tlpk-H - (llng + §MH(55 + Hqu)> Hu) Pk

) g\2 (35)
+ min {1MH,B?, Azk;? } .

8

for all x;, € N

Proof From Lemma 12, there is a neighborhood N of & such that for any xj € N )
(7) has a solution (yg,pr) with pr # 0 and that (29) holds. Let t; be a solution of
(25). Define di (1) = pg + 7tg, 7 € (0,1] at zg. Then for any 7 € (0, 1], the vector
dy () is feasible for (17).

Recall from (6) that ||pg|| < Ku¢g. Since dj, is an optimal solution of (17), we
have

1
gic i, + 5 i Hdy
T 1 T
<9k A (1) + 5di()" Hidg(T)
T 17 T 1 o1
=(gx + THyty) p + 5Pk Hipk + 795ty + 572% Hyty,

T 17 1 7
=(gr + THitr) pr + 5Pk Hipr +7 (-X‘Z + 57t Hktk)

1 1 1
< (Hgku + §MH&) Kudr + o5 Myrudi + 7 (—xz + ngHmZ)

1 1
< (Hng + 5 Mu (B + Fcqu)> Ku@p + T (-Xﬁ + gTMHB?) ;

g
where the last inequality is due to (15). If I\;:’Zag > 1, then let 7 = 1 and we have that
l

1
gi di, + §d£dek

1 1 4x7
< (ngkn Ny fsqu)) e — x4 L X

Mo 52
3 8 Mp 2 b

1 1
< (ol + 30051+ b)) st~ 30

1 1
< <||9k|| + QMH(ﬁz + Hqu)) Ku®p — gMHBZQ'
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~9

. . 4
Otherwise, by letting 7 = M:Z'f we have

1
iy, + i, Hydy

< (||gk|| ey nqu)) w2 (g LGy e
= 2 Mpp2 \_* " 8 My s? (37)
1 Q(Xk)
- M M . .
<||9k|| +3 H (B + Ku f)) KuPk My 52

Combing (36) and (37), we have that
1
gic i, + i Hyd

1 2
—M
3 HBI

My 3?

1 .
< <||gk|| + 5 Mu (B + Hqu)> Kut, — min {
Follows from (38) and Assumption (A4), we have
1
gk di <gi dy, + §dngdlc

1 5 2(x])? (39)
< (Hng + 5 Mu (B +f<équ)) Ku®p —min{ MgBy, Ny 52 }
i

Using the definition of A, (cf. (19)) and by Lemma 12 and (39), we have
A (g, dis prs1) = —gh dk + P14 (T, 0%)
> —gi, dy, + P11k

> (Pk+ﬁ1 - (Hng + 1MH(/BZ + f‘iqu)) fiu) b

1 2(x})?

d

Lemma 14 Suppose that Assumptions 1, 4 and 11 hold and that T is an accumula-
tion point of {z | k € S}. Let N and My > 0 are the same as given in Lemma 13.
Then

1 - 1
Ay (zg, di; pr) — §d£dek > (Tlpk - <||ng + 5 Mu (B + Hqu)) fiu) ér (40)

for all xy, eN.

Proof By the definition of AY, (cf. (19)), we have
A (wg, di; pr) — 5dk Hydy,

1
=—gidy — §dszdk + prlg(Tr, ok)

(;)(i-p —(Hg I+ My (8 +nM)>f£>¢> + min M Bt 2xk)
Z 1Pk k 2 H\Pl u VL f u k HhMHﬁlZ

> (ﬁpk - (HQkH + %MH(ﬁl + fiqu)> Hu) Pk
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where (a) follows from Lemma 12 and (38). O

3.5 Guarantees with approximately accurate estimates

Lemma 15 Suppose that Assumption 1 holds and that gi is kg-sufficiently accurate
and {f,g, fi} are ep-sufficiently accurate. Then

1
fi < 70+ angt o+ of (gt 3+ 225 ) Idul®,

Proof Using Lipschitz continuity of V f and Definition 2, we have
Flan + andy) < f(ax) + ar Vi di + %Q%HdkHz
= f(zk) + o (Vi — g) " di + ongi dic + %ainkHQ
< Flan) + onlIV fi — gull il + ol di + 5odldi?
< f(on) + g Bulldn| + axgl dy + Sod ]
= @) + aagh i + of (sofu+ 3L ) I
Since {f,g, fi} are €p-accurate, we have
IR < fap + apdy) + e gai|dyl?

1
< fl@r) + argi di + o, (ﬁgﬁu +5Ly+ Ef) lldi|®
1
= f(ak) = fi + Ik + angi; di, + o (mgﬂu + 5Ly + 5f> I ]I
1
< I+ 1) - 1+ angf e +f (o + 515 ey ) Idnl?

0 T 2 1 2
< fi + gy di + ag (Hgﬂu +ols+ 2€f) lldi "

d

Lemma 16 Suppose that Assumption 1 holds and that gy is rg-sufficiently accurate
and {f,g, fi} are e p-sufficiently accurate. If

(1-0)¢
KgBu+ 3Ls+2ef + Spri1Lne
then the kth step is successful.

ap <

Proof By Lemmas 2 and 15, we have that the stochastic merit function (18) satisfies,

Uy (pet1) = [ + prs190(@p + apdy)

1
< fi + argi di, + aj (Kgﬂu +ols+ 2€f> [EAs
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1
+Por+1 (¢k —apAy(zg, o) + aziLthdk‘F)
= fR + Pr10k — ar(—gh di + pry104 (T, 0%))

1 1
+aj, (’fgﬁu + §Lf +2e5 + §Pk+1Lhc> lldl?

= U (pry1) — Ay (2g, di; pra1) + o (’fgﬁu + %Lf +2e5 + %PkJrthc) g ]?
= WR(pry1) — Ok AY (g, di; prrr) + (1 — 0)axAY (g, di; prr1)
+oi (ngﬁu + %Lf +2e5 + %pk-i-thc) e ?
< WR(prr1) — Oap A (g, di; prgr) — (1 — 0)éay|di
+oi (’fgﬁu + %Lf + 25 + %Pk-‘rthc) g1,

where the last inequality is due to (22) and Assumption (A4). Thus, the kth step is
successful for any step size satifying

1-40
ay, S T ( )g 7 .
kgBu+ 5Lf + 2+ 5pp41Lne
|
Lemma 17 For an iterate xy, € €2, there is
nM,
ngiffﬁl. (41)
If, in addition, gi is kg-sufficiently accurate, then
llgell < Mg + KgamaxBu, (42)
XZ < \/E(Md + KgamaXﬂU)ﬂw (43)
and there exists a constant k1 > 0 such that
1
(x1)? > 5)(% — k1A (g, dis; prt1)- (44)

Proof The bound of xj, is directly followed from (16), (25) and the well-known
equivalence between £ norm and £~ norm (see, for example, [40]).
For a rg-sufficiently accurate estimate gy, it follows from Definition 2, bound
constraint in (17) and rules of updating step sizes in Algorithm 2 that
gkl < IV fell + rgoklldill < Mg + nsgomaxBu.

In addition, (43) follows because x7 < |lgi||[|vk]l-
By (13) and Assumption (A4), we have

1
—ghdi + pri1Ag (g, 08) > gdngdk > £l |I?,

ie.,
Idil* < €AY (2, dis pry)- (45)
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We also have by rg-sufficient accuracy and Theorem 10 that
Xk < XT + Lyrgamax||dy]|-
Then it follows that
2 2 2
(k)® = O + Lyrgamaxl|dil)? < 20¢])” + 2L RGatnax i 1%,
which implies that

2,1 2 ;2 1 2 1
(XZ) > EXk - LX amadek” > 2Xk - L "igamaxg A?p(‘rkvdk; pk+1)7
where the last inequality is due to (45). Hence the lemma is true with k1 =
L2 2 2 -1 O
Xﬁgamaxg .

Lemma 18 Suppose that {fk fi} are € p-accurate estimates and that pyyq satisfies

(22). Suppose also that ey < 1 50 . If the step is successful, then the improvement

in merit function value satzsﬁes

[7]
U(2pt1,Pht1) < ¥(@k, py1) — Qakﬁ%(fmdk; Ph+1)- (46)

Proof Under the assumptions of this lemma, we conclude that

U(2pt1, pet1) = F(@ry1) + pry1(Tra1)

=f(xpg1) — i + [ + Pr410(Tps1)
=f(@r41) = fr + Vir1(prt1)
<flaps1) = fi + U(pri1) — gAY (xx, di; prs1)

<f(xrrr) — fi+ fR = fr + fr + prrad(ar) — 0o A (2y, dis pryi)
<2epoi|ldll® + U (ks prt1) — OarAY (Th, ok prt1)

SU(2g; prgr) + 26 o€ A (2g, dis pra1) — 0k AY (T, di; prr1)
<U(wh; prr1) — k(0 — 26 pamaxé DAY (2, di; prr1)

where (45) is applied at the second to last line. Then (46) follows if e¢ < £6

damax

Lemma 19 Suppose that Assumptions 1 and 4 holds. Suppose also that gy is Kg-
sufficiently accurate. Then there exist positive constants k3 and kg4 such that

~ 2 2
AY (@, di; prg1) > K3(TLPkg1 — K2) Pk + KaXk-

Proof Denote

1
Ko = (Md + ngamaxﬂg + §MH(/BZ + Iiqu)) K

It follows from (35) and (42) that

AY (z, di; prg1) > (FLpes1 — K2) i + min
+ + 3 M7

Lo ,312,2( ) }
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Then either 1
~ 2
A (x, dig; prg1) = (FLpe1 — K2) Pk + sMubi

or
AL (@hy di; pry1) > (Fipry1 — K2) Pk + Q(Xz)z- (47)
MH,BI
For the first case, it follows from (41) that
1
AL (@hy di; prr1) > (Fpry1 — K2)dk + 8MH51
- 1 x
= (T1Pky1 — K2) Pk + 8MH/B2 b
X7
> (7 ~ k2)dk + Mg 2 Ix
- 1Pk+1 2)Pk ) HP] nMgﬂlQ
- My 2
= — Jr _
(F1Pk41 — K2) Dk 2nA2 Xk
(Fipr+1 —K2) 2 | My 2
> .
= TGRS VRt

For the case where (47) holds, we have from (44) that

2 2M1AY (2, dis prtr)
My 37 My 37
By moving the third term to the left hand side, we have

AY (g, di; peg1) > (F1pps1 — K2)dr +

2x;,
My B2’

2K1
1+ A (w, di; prg1) > (FLorg1 — K2) ¢k +
( MHB?) v

which yields
Ay (zg, dig; prt1)
My B} (F1pp41 — K2) . 2x7
MHﬁlQ + 2K1 MHﬁlQ + 2K1
>MHﬁl2(7~'1pk+1 — K2) 6+ 2x;
- Mf(MHﬁlQ+2l€1) MHﬂl2+2lil’

where the second inequality is due to the fact ¢(x) < My, which is a direct
consequence of the definition of ¢(x) (cf. Eq. (3)) and the bound (15). Let

K min L Mubi K min M 2
3 = ) y R4 = ) .
My’ My(MpB? + 251) 2nM2’ My 7 + 2k,

Then the conclusion holds with k3 and k4 given above. O

Lemma 20 Suppose that {fk, fi} are € p-accurate estimates, with €y < 2(5 , that
gk 1S Kg sufficiently accurate and that pyiq satisfies (20). If the step is successful
then the improvement in merit function value is

V(Th415 Pht1)
(48)

(2] (2] -
<U(zp; Pry1) — TkA?p(xk:dk; Pk41) — Tk(ﬁ3(7'10k+1 — K2)$h + KaXE)-
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Proof 1t follows from (46) and Lemma 19 that

Qak
U(zpp1; Phy1) < V(Th; prt1) — TA?p(f/wdk; Plt1)

(2]

(0" -
< (k5 Pry1) — Tkﬁ%(fﬂmdk; Pht1) — Tk(fﬂ3(7'1pk+1 — K2) Pk + KaXR)-

Lemma 21 Suppose that the kth step is successful. Then
2 2 2 2,-1
X(@y1)” <2 (x(@r)® + Lrake A (wr,dis pri)) -

P(x11)? < 2p(x)? + Maage ' A (wp, di; pri1))-

Proof It follows from the Lipschitz continuity of x(z; p) that

X(@ky1) < x(zp) + Lyaglldi|-

Then by squaring both sides and applying the bound (a+b)? < 2(a?4b?), we obtain
that

X(@p11)? <(x(an) + Ly |l dgl])?
<2(x(zp)? + Lyaqlldel®)
2 (k) + LyaRe T AY (k. dii pri1))

where (45) is used in the last inequality.
Using

IA

|p(z1) — D) < Maay|d||
and after similar arguments, we obtain

O(x11)” < 2(x)” + Mgae A (zk, di; pry1)-

3.6 Convergence with bounded penalty parameters

In this section, we shall consider convergence in the case where the sequence
of gradient estimates {g} is bounded. In this case, one can know from the
mechanism of Algorithm 2 that both {(x} and {pj} will eventually remain
constant. Without loss of generality, we assume in this section that ¢ = ¢ and
pj = pg for all k> 0.

Lemma 22 Suppose that Assumptions 1 and 11 hold. Suppose also that there is a
positive constant My such that ||gx|| < My for all k. Then eventually, there is p, = p
for some p > 0.
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Proof By Lemma 14 and compactness of the union of {zj : K € S} and the set of its
accumulation points, one can deduced that (40) holds with a constant Z independent
of either any iterates or any accumulation point of {zy : k € S}. Therefore, the
condition (20) holds if

> (Mg + %MH(BI + I’Cqu)) Ru

Pr = 5 (49)

T1

which implies that pj will eventually remain constant. ]

We are going to apply the techniques in [2] to our stochastic SQP framework
to prove its convergence properties.

For the simplicity of representation, we assume that p greater than the
right-hand-side of (49) and that p > k2/71. Note that all the results established
in the previous Sections still hold if pj1 is replaced by p.

The key point of the arguments to be presented is the expected decrease
of the following random merit function

O(dr) = v(U(&k; p) — Ymin) + (1 = v)an((@4)* + x(2x)%) (50)

with some v € (0,1), p > 0 and ¥y, < U(z; p) for all z € Q.

The following assumption on the variance of the gradient estimate is needed
for our arguments.

Assumption 23 The sequence of estimates {flg,fg} generated by Algorithm 2
satisfies a k g-variance condition for all k > 0.

Ef§ — f(@r + 8017 | Fuoi o] < 6F67(0(21)° + x(2x)%)°, and
E(fR — f@R) | Fro1a] < 6760 (6(01)° + x(@1)%)°

Similar to [2, Lem. 2.5], we have the following lemma.

Lemma 24 Let Assumption 4 hold. Suppose that {f,g,f,‘:} are p¢-probabilistically
accurate estimates. Then we have

El15|ff — F(@r + 3| | Fro1ya) < (L= pp) Prpan(o(@n)® + x(@n)?),
E[15e|f2 = f@0)] | Frm1ya] < (1= pp)Prpan(d(@r)? + x(@)?).

We are going to show that the expected decrease in ®, with proper p¢, pgy >
0, can be bounded by a value proportional to ¢ + x3.

Theorem 25 Suppose that Assumptions 1, 4, 11 and 23 hold. Then there ezist
probabilities pg,py > 1/2 and a constant v € (0,1) such that the expected decrease in
Dy satisfies

B{B(ix) — B(in11) | Fioa) 2 7oepa(l = 0)(1 =77 )an(d@0)* +x()?). (1)
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Proof The proof to be given is structured along the similar arguments to the proof
of Theorem 4.6 in [2]. We consider three separate cases with respect to step success
and accuracy and establish bounds for the change in ®; for each case, and then add
them together weighed by their probabilities of occurrence.
Case 1 (accurate gradients and estimates, 17,y = 1).
(i) Successful step (1s =1). In this case, a decrease in ¥(x; p) occurs as (48).

As the iterate changes, the term éckx(a%k)z may increase. It follows from Lemma
21 that

N ~ \2 ~ - 2
apx(@r)” — Gpr1X(@ry1)

N ~ 2 ~ - 2
=apx (k)" — varx(Tr+1)

N a2 N 2 2 . 3e—1Ag(n 5 . = (52)
>apx(2r)” — 2vag (x(or)” + Lyapé Ay (Tr, di; p))
> — 2912 atax k€AY (&1, dis p) + (1 — 29)agx(Er)?
and, similarly,
ard(@r)” — ary16(@rs1)’ (53)
> — 2y M 0tax€ A (Eg, dis p) + (1 — 29)énd ().
We choose v satisfying
2'y(L>2< + Mg)a?nax 1 1
v > max L, (12 + M2)a2 " Frarra) o Pma 4] (54)
8 RASEY a)%max  —go =3y T 1 g@y-1)

Then, by combining (48), (52)and (53), we conclude that
(L) — P(Lp+1)
S 7 - 2 vl
Z@%A\y(mk,dk; p) + @akﬂs(ﬁp — k2)p(2)” + §/€4O¢k><(fﬂk)
vl . . .
>3 O (3 (F1p — r2)é(Er)” + max(@r)°).
(ii) Unsuccessful step. (1se = 1). In this case, £p4+1 = & and 41 = v Lay.
Consequently, we conclude that
(2g; p) — W(Zg41;5 p) =0,
apx(@r)? = drpax(@rs1)” = (1=~ Dagx(@r)?,
(k) — arp16(Eri1)? = (1 -7~ Dare(@r)®,

which yields

B(d) = B(@p41) = (L= v)(1 =77 Dag(d(@r)” +x(@)°).  (55)
Therefore, we choose v satisfying (54) and
-1 -1
v > max{ 5 71 J ' g 1= . (56)
gha(p— ko) +1 =971 Gra+1-771

Then we have bounded the decrease in ®;, in this case by
17,00, ((25) — (Zp41))
=150, (Ls + 1se)(P(2) — P(Zk41))
>17,00 (1= )(1 =7 (@ (@) + x(3k)%)).
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Taking conditional expectations with respect to Fr_1 and using Assumption 4, we
have

E[17,n, (2(2k) — ©(Bk41)) | Fr—1]
—1\/ A ) L \2
2 prpg(1 —v) (1=~ ") (6 (d(2r)” + x(2k)7))- (57)
Case 2 (inaccurate gradients and accurate function evaluations, ljszk =1)In
this case, the value of ®(Z) may increase even if the step is successful, since decrease
along the step obtained from the model (17) with an inaccurate gradient estimate

gr. may not be bounded as in Lemma 19. As a result, the decrease from ¥ may not
dominate the increase from x(x).

(i) Successful steps (1s =1.)
It follows from (46), (52) and (53) that, for v satisfying (54),

B(ix) — Blaks1) 2 G 0AY (i, dis p) = (1= 1) (27— DaR(0(E0)? + x(21)?)

(ii) Unsuccessful step. (1ge =1.)
Like (ii) of Case 1, we also have (55).
Hence, the possible increase in the merit function is bounded by
1ren0, (2(k) — ®(Epr1)) > —1reny, (1= v)(2y — Dag(é@n)” + x(@x)?).
Taking conditional expectation in Fj_; and noting that E[1;e | Fr—1] <1—p
in Assumption 4, we conclude that

E[lrens, (2(@k) — 2(2k+1)) | Fr—1]
> — (1—pg)(1 — 1) (2y — D)ég(d(@)® + x(#1)?).

Case 3 (inaccurate function evaluations, 1 jc = 1)
In this case, Assumption 4 (iii) is used to bound the increase in ®;. We have

|9 (Ek; p) = WR(P)| = Ifi — R, (59)
N — 0 — 0
¥ (215 P) — Ve 1(P)| = | frr1 — frtal- (60)
As before, we consider the following three cases.
(1) Successful steps (15 =1).
With a successful and reliable step we have

V(2g; p) — (k415 D)
>W(p) — Wi(p) — [ (ak; p) — VR(D)| — ¥ (@s15 P) — Upy1(p)]
>06 A (, dis p) — |U(ans p) — VR (P)| — [W(Ekt1s ) — Whia(P)].
By choosing v satisfying

9
L a8

(58)

27(M§ + Li)a?naxfil
T G 2y(M3 + L3)adaxé
and using (46), (52) and (53), it follows that

O(2g) — @(Tpy1)
>0 A (i, dis ) — (1= 0)(27 = Dan(6(80)° + x(81)?)

— |0 (ig; p) — V(D) — v|¥(Epsr; ) — Vig1(P)] (62)
> = (1= )2y = Dar(o(@n)? + x(2x)%)

—v[W(&k; p) — WR(P)| — VW (Ek i1 P) — Vit (D)]-

(61)
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(ii) Unsuccessful step (1se =1). As in Case 1(ii), we have (55)

The equation (62) dominates (55), thus we always have (62) in this case. Then it
follows from Lemma 24, (59) and (60) that

E[®(2y,) — ®(Ex41) | Fr-1]
> = 20(1 = pp)" P rpan(e(ar)’ + x(@r)?)

— (=)L —pp) 22y = Dan(d(@n)® + x(@4)?)
=~ @ —pp)" Prp+ (1= v)(1 - pp)' 22y - 1))ar(e(Er)* + x(@1)%)

Note that (54) implies (61). Hence, if we choose a v satisfying (54) and (56), then
all the three bounds (57),(58) and (63) hold.
Now, combining the bounds we obtained in the above three cases, we have

E[®(21) — ®(Zry1) | Fr—1]
=E[(11,nJ, + 1igng, + 150)(2(2k) — 2(2g41)) | Fr—1]
>(pspg(1— v)(1 =5~ ))ar(d(@r)” + x(@r)?) — (1 —pg)(1 —v)(2y - 1)
+(1=pp)" 2 @urs + (1= )27 = 1))an(6(@x)” + x(@k)?).
Let us consider the coefficients of the last inequality above. We have
prpg(1 =) (1 =71 = (1= pg)(1 —v)(2y - 1)
—(1=pp) 2 @urp + (1= v)(2y = 1))
=pppg(1—v)(1 =7 ") —pp(1 —pg)(1 — v)(2y — 1)
~(1=pp)(1=pg) (1 —1)(2y = 1) = (1= pp)/* 2vry + (1 = v)(2y - 1))
> pr(l—v)(pg(1—~"") = (1= pg)(2y - 1)
~(1=p) (1= pg)(1 = w)(2y — 1) + 2wk + (1 - v)(2y — 1))
>pr(l—)(pg(1—7"") = (1 —pg)(2y — 1))
—2(1—pp)"2 (1= )2y — 1) +vrp).
Choose pg satisfying

(63)

2y —1

Pg2 — 5T
27377 =3
and py sufficiently large such that

Py 8((1—1/)(’Y—1)+2w-cf)

Vb= p- -0

. (65)

Then we have

Pl =v)(pg(1 =~ = (1 = pg)) = /T=ps((1 = pg)(1 — v)(2y — 1) + 2vky)
> g1 =) (1 =771,
Hence, if by choosing a pg satisfying (64) and a py satisfying (65), we obtain the
desired result (51)
O
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3.7 Convergence rate with bounded penalty factors

We are going to bound the expected number of steps that the algorithm takes
until

$(an)* + x(@n)* <e.
Define the stopping time

T. = inf{k > 0: ()% + x(&1)? < €},

a function g(Ay) = Age and Wy, = 2(11,ns, — 3).

The proof is just similar to Section 4.3 in [2]. All that we shall do is to
check whether the random process {®y, &y, Wy} satisfies Assumption 5, where
@, is defined by (50).

Assumption 5(i) is ensured by the rule of updating «; and Assumption
5(ii) is due to Lemma 16 and similar arguments in the proof of [2, Lemma 4.8].

Given (51), by multiplying both sides by the indicator 1;7, -, we have

N " 1 “1y A .

Loy Bl®(Ek) = D(Ex11)] = 7prpg(1 —v)(1 =77 edn = Ogln)

with © = 3p,p,(1 — v)(1 —y~1). Therefore, Assumption 5(iii) holds.
Then using Theorem 6, we have

Lemma 26 Let py and pg satisfy (64), (65) and prpg > 1/2. Then Assumption 5
is satisfied for A = log(7), p = pspg and

(1-0)¢
KgBu + %Lf + 2+ %ﬁLhc

a =

Proof Using Lemma 16 and a proof exactly the same as that of [2, Lemma 4.8], we
can prove this Lemma. O

Theorem 27 Under the same assumptions in Theorem 25, suppose that py and pg
satisfy (64), (65) and prpg > 1/2. Then

1 4(kgBu+ 3Ly +2ef + 3pLpe)

E[Tg] < 2pfpg71 (1—y)(1—7—1)(1—9)£

dg + 1.

As a simple corollary to Theorem 27, just like Theorem 4.10 in [2], we have

Corollary 28 Let Assumptions 1, 4, 11 and 23 hold. Then the sequence of random
iterates generated by Algorithm 2, {2}, almost surely satisfies

liminf ¢(25)? + x(2)? = 0.
k— oo
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3.8 Unbounded penalty parameter

Now we consider the case where pr, — 400. Even in the presence of eMFCQ),
the boundedness of the sequence of penalty factors {px} is not guaranteed. As
the constraints are deterministic and by Lemma 14, the possible unbounded-
ness of {py} is caused by the randomness of g,. We will show that, under the
sampling method in Algorithm 2, the event that py tends to +o0o will happen
with probability 0.

We will use Borel-Cantelli Lemma (see, for example, [41]), which is stated
as

Theorem 29 (Borel-Cantelli Lemma) Let Ay, k =1,2,--- be a sequence of random
events. If ZZ‘;’C{ Pr(Ay) < 400, then

Pr(Ag i.0.) =0,

where i.0. stands for infinitely often, in other words, { Ay i.0.} = limsup Ayg.

We will derive the probability of {lim gy = +o00} by estimating probability
of a sequence of random events. Define

TO 207
T, = mf{ k: Hng > Cig,k > To},
T = 1nfk{ k: Hng > Ck;k > Tl},

Tj = infk{ k: ||§k|| > Qck,k > Tj71}7

and B; = {[|g7; > ETJ}, j=1,2,---. It is easy to verify, according to the
mechanism of Algorithm 2, that

{lim g, = +o0} = {B, i.0.}.

Note that lim7; 4 o0 (1; = +00. We assume without loss of generality that
Co> My + /ﬁgamaxﬂz. Therefore, for any time 77, there is

(g, = Vf @)l < o, = IV F@)I} 2 {llgr, — V()] < rear,lldr 17,

which implies

Pr(B)) = Pr{|gr,|| > (r;}
<Pr{llgr, = Vf(@r,)| > ¢r, = V£ (@)}
=1—Pr{|gr, - V/(@r,)ll <y = IV f (@)} (66)
<1 —Pr{|gr, - Vf(ir,)|l < ryar, |ldr,|*}
<1 —a;.
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Therefore, we get Zj:o’ Pr(B;) < ;;08(1 — a;) < 400, which, by Theorem
29, yields

Theorem 30 Let Assumptions 1, 4,11 and 23 hold. Then Pr(limy_, 4o P =
+00) = 0.

Proof 1t follows from (66) and ;:8(1 —aj) < 4oo that ijog Pr(B;) < +oo.
Then we have by Theorem 29 that Pr(B; i.0.) = 0, which is equivalent to
Pr(limy_, 4 o0 p = +00) = 0. |

4 Numerical results

In this section, we demonstrate the empirical performance of Algorithm 2
implemented in MATLAB.

4.1 Test problems

We consider its performance on a set of nonlinear constrained problems
adapted from a subset of problems in two standard collections [42, 43]. Specif-
ically, we are interested in those problems whose objective functions are of the
form

F(z) =) aiF{(x) (67)
i=1

and which have at least one non-degenerate solution. Here a point is said to
be non-degenerate if it satisfies LICQ. The non-degeneracy was verified in the
process of choosing test problems. A total of 58 problems are included in our
experiments. Each problem comes with an initial point and a set of solutions
(or, at least, well approximated solutions), which we used in experiments. All
the selected problems are listed in 4.1, where, for instance, “HS06” means
Problem No. 6 in Hock and Schittkowski [42] and “S216”, Problem No. 216 in
Schittkowski [43].

Table 1 List of the original problems corresponding to the test problems

Source | Hock and Schittkowski [42] Schittkowski [43]

Prob. HS06 HS11 HS12 HS14 HS15 HS16 | 5216 S225 S227 5233 5235 5249
HS17 HS18 HS20 HS22 HS23 HS26 | S252 S264 S316 S317 S318 S319
HS27 HS30 HS31 HS32 HS42 HS43 | S320 S321 S322 S323 S324 S326
HS46 HS57 HS60 HS61 HS63 HS65 | S327 S337 S338 S344 S345 S355
HS77 HS79 HS99 HS100 HS113 S372 8373 S375 S394 S395

All the selected problems are deterministic and only a part of them have
both equality and inequality constraints. Therefore, we modified them to fit
the framework of interest.
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For the objective function, we perturb each component in (67) by & ~
N(0,0?%) for some o > 0 and then take expectation with respect to & =
(&1,&2,+ -+ ,&m), 1.e., the adapted objective function is

f(z) = E[F(z,§)] = E

Zaz’(Fi(Jﬂ) +&)?

For problems having only equality constraints, we add a new inequality
constraints of the form
ez —e) < b, (68)
where ¢;; is the last equality constraint, e is the n—dimensional vector of all
one and b is chosen such that (68) is active at the first solution given in [42,
43] of the original problem. For problems having only inequality constraints,
we introduce an equality constraint which is generated by shifting the last
nonlinear active constraint (if exists) horizontally by 1 unit and vertically by
a proper distance such that the “=" holds at the first solution of the original
problem. If none of the nonlinear inequality constraints is active, then we shift
the last one vertically so that it becomes active and make it an equality.

4.2 Experimental Details

We are particularly interested in variation in the algorithm’s performance
with respect to the iteration and the sample size. We consider six tiers of the
maximum iteration counts

K = {10, 50, 200, 500, 1000, 5000}
and five levels of sample size
S = {50,500, 5000, 50000, 100000}

Note that the sampling method in Section 3.2 was not adopted and we set
|S,{| = |S7] in experiments.

Due to the stochastic setting of Problem (1), exact computation of the KKT
system is not feasible. Note, however, that the modified problems have the
same solution regions as the corresponding problems in [42, 43]. That enables
us to measure the optimality by the following distance

dist(zx, Sopt) = irenb;n lzx — 2|,
opt

where S, is the solution set. For easier informativeness, we display a logq
scale of the distances. In some cases, dist(zy,Sopt) may become smaller than
the floating-point relative accuracy of MATLAB, or an exact solution is com-
puted and thus the distance is zero. In such cases, the algorithm will return
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a “0”, which leads to a “—o0” if scaled by log;,. If this happens, we set
dist(zk, Sopt) to be 1018,

For the experiments, the parameters were set as o, = 105, f 100,
Bu =500, K, =2, po =10, g = 1, &max = 2 and v = 2. We use the solver
“linprog” in MATLAB’s Optimization Toolbox to solve the linear program
(7), and “quadprog” for (17). In very occasional cases where “linprog” fails to
solve (7), the algorithm obtains kj through solving the following regularized
subproblem

semin_y+ S (Ipl* +y?)
s.t. —ye < hg + thp < ye,

i + Velp < ye,

[pllos < o3yy >0,
where ¢, € R is a regularization parameter. In practice, we choose ¢, = 1078.
In fact, in our numerical experiments, this abnormal fail of “linprog” only
occurred when solving Problem HS30, where, on some iterates, “linprog”
wrongly asserted that (7) was infeasible.

For each problem and each level of sample size, we ran Algorithm 3 20

times and record the log,, dist(z,S) at all k € K.

4.3 Empirical performance

In this section, we report empirical performance of the algorithm by means
of box plot. A box plot is a type of chart often used in explanatory data
analysis and shows some features of the distribution, such as locality, spread
and skewness and etc. Box plots show the five-number summary of a set of
data: minimum score (excluding outliers), first quartile, median, third quartile
and maximum score (excluding outliers).

Firstly, we illustrate the algorithm’s performance under a given noise level.
The noise level was set to be ¢ = 1.0. Performance profiles on 12 randomly
selected problems was illustrated in Figures 1-12. Each figure includes 5 subfig-
ures corresponding to 5 levels of sample size in S. In each subfigure, 6 box plots,
each corresponds to a level of iteration labeled in the x-axis, for 20 instances
of log;, dist(xy, Sopt) were drawn. From these figures, we observed that the
algorithm’s empirical performance improves with respect to the increase of
iteration and sample size; and that the interquartile range decreases signifi-
cantly when the sample size increases. Figures of the performance on the other
46 problems are contained in Appendix (Fig. Al- Fig.A46).

Secondly, we report the variation of the performance of Algorithm 2 with
respect to the level of noise. We ran Algorithm 2 on test problems with

o €{10,1.0,0.1},

and recorded its performance under different cross levels of iteration and
sample size. Due to space limitation, we choose two levels of iteration

K5 = {500, 5000}
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and two levels of sample size
Sy = {500, 100000}.

Figures 13-24 illustrate the Performance with respect to o on 12 randomly
selected problems. All the other figures are included in Appendix (Fig. A47-
Fig. A92).

4.4 Observations

We can note several general patterns that can be seen from the figures infor-
mative in regards to the specific properties of the Algorithm as well as broad
insights for stochastic constrained optimization in general.

From these figures, one can see that Algorithm 2 performs better on
instances with small levels of noise, which is to be expected.

In addition, we see that the sample size does affect the noise, but gener-
ally speaking not the expectation of the performance. Furthermore, there is
often a threshold at which the additional variance reduction is marginal with
increasing sample size. This threshold varies depending on the problem.

Finally, we see that as standard with stochastic optimization, there is an
exponential increase in the number of iterations required to achieve an order
of magnitude. Moreover, there is considerable variation across problems as to
how steep this relationship is. This confirms the overall understanding that
there is considerable cost in total samples necessary to achieve precision.

This also seems to challenge the overall historical fast local convergence
properties of SQP. A careful investigation of sketching and other techniques
to maintain this in the stochastic setting could be an important consideration
for future work.

5 Conclusions

In this paper, we proposed a robust SQP method for optimization with stochas-
tic objective functions and deterministic constraints. The presented method
generalizes Paquette and Scheinberg’s line search method for unconstrained
stochastic optimizations to the SQP method for constrained stochastic opti-
mization of the form (1). Ideas of Burke and Han’s robust SQP [1] method are
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adopted to ensure the consistency of QP subproblems. Global convergence in
the case where the penalty parameter is proved, meanwhile the probability of
the penalty parameter approaching infinity is shown to be 0, with a specific
sampling method. Numerical results on a set of test problems are reported,
which illustrate how the performance of the algorithm vary with respect to the
number of iterations, the sample size and the levels of noise, providing insight
on the method as well as stochastic constrained optimization in general.
Some advanced SQP schemes in deterministic nonlinear programming, for
example, the inexact SQP scheme [44], the filterSQP technique [26, 27], the sta-
bilized SQP scheme [45] and etc, can be used to extend this work. It will be also
interesting and deserves studying to exploit other classical schemes for non-
linear constrained optimizations, such as the augmented Lagrangian method
and interior point method, to solve stochastic problems. Finally, establishing
fast local convergence as well as real time iteration and other online schemes
of using SQP, two of the classical strengths of SQP methods, are of interest.
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Fig. A10 Performance on HS26 (o = 1).
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Fig. A17 Performance on HS65 (0 = 1). Fig. A18 Performance on HS77 (o = 1).
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Fig. A37 Performance on S323 (0 = 1). Fig. A38 Performance on S337 (o = 1).
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Fig. A39 Performance on S338 (0 =1). Fig. A40 Performance on S344 (o = 1).
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Fig. A41 Performance on S345 (0 = 1). Fig. A42 Performance on S355 (o = 1).
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Fig. A43 Performance on S372 (0 = 1). Fig. A44 Performance on S375 (o = 1).
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Fig. A45 Performance on S394 (o0 = 1). Fig. A46 Performance on S395 (o = 1).
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