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1 Introduction

We are interested in the following constrained stochastic optimization problem

min
x∈Rn

f(x) = E[F (x, ξ)]

s.t. h(x) = 0,
c(x) ≤ 0,

(1)

where h : Rn → Rm1 and c : Rn → Rm2 are continuously differentiable,
f : Rn → R, ξ is a random variable with associated probability space (D,F , P ),
F : Rn ×D → R and E[·] represents expectation taken with respect to P . We
assume that the values and the gradients of the constraint functions are acces-
sible, but the objective function f(x) and its first-order derivative cannot be
evaluated, or too expensive to compute. Instead, by taking individual instances
or sample averages, f(x) and ∇f(x) can be approximated by sampling ξ with
varying accuracy. In this paper, we do not assume that the estimates of f(x)
and ∇f(x) are unbiased. Problems of this type arise prominently in important
applications such as machine learning [3–6] and statistics [7–14] and etc.

As for this writing, there are just a few algorithms that have been proposed
for solving constrained stochastic optimization problems of this form. To our
knowledge, the first practical algorithm for nonlinear constrained stochastic
optimization was proposed in [15], which is an SQP method and deals with
problems with equality constrained only. This method assumes that the sin-
gular values of the constraints’ gradients are bounded away from zero, as a
consequence, the linear independence constraint qualification (LICQ) holds.
Global convergence in the case where the penalty factor remains constant in
the limit is proved. The authors also made some comments on poor penalty
factor behaviors. Later Berahas et al prosented an improved algorithm in [16]
(also for equality constrained problems). In this algorithm, an SQP method
is combined with a step decomposition strategy. By this strategy, the pre-
sented algorithm can deal with constraints with rank-deficient Jacobians. A
worst-case complexity analysis for this algorithm is given by Curtis et al [17].
Na et al, motivated by improving over the result of [15], proposed another
stochastic SQP method for equality constrained optimization [18]. This algo-
rithm uses differentiable exact penalty function and gets stronger convergence
results (also under LICQ) than the method in [15]. This work also generalized
the results in [2]. This generalization is non-trivial because of the introduction
of constraints and the authors’ removing some assumptions posed on search
direction in [2]. A recent work of Curtis et al extends the methods in [15, 16]
to allow for inexact subproblem solutions. The inexact solution strategy make
the approach applicable for (1) in a large scale setting. A very recent work
of Berahas et al [19] considered the use of variance reduced gradients in a
stochastic SQP method, in the hope of accelerating the method.

All the mentioned stochastic SQP methods above deal with equality con-
straints only. To our knowledge, only recently, Na et al [20] considered SQP
for constrained stochastic optimization with inequality constraints. This work
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is actually an extension of the previously mentioned work of the authors [18].
This algorithm uses an active set strategy to handle the inequality constraints.
The problem is locally transformed as though there were just equalities and
is solved by similar techniques as introduced in [18]. The presented method
shows satisfactory convergence properties.

Our method is similar to the methods mentioned above in including sam-
pling techniques with classical SQP tools, albeit with several distinctions. As
one of its primary goals, our method makes no assumption on the solvabil-
ity of certain subproblems, and instead uses classical techniques in robust
SQP to enforce feasible subproblems [1]. For globalizing the steps, we gener-
alize the stochastic line search method in Paquette and Scheinberg [2]. This
generalization is non-trivial since:
(a) Due to the constraints, a merit function with varying penalty factors

instead of a fixed objective function is used in the line search.
(b) Due to the randomness of the estimates, boundedness of the penalty fac-

tors is not guaranteed even in the presence of Mangasarian-Fromowitz
constraint qualification (MFCQ) or, stronger, LICQ.

(c) Due to the presence of inequality constraints,
(i) the search direction can not be formulated into a linear combination

of the (estimated) gradient and constraints;
(ii) furthermore, explicitly formulated search direction is not available

unless certain stringent assumptions (for example, LICQ and strict
complementarity) are made.

As a result, simply migrating the analysis in [2] and the stochastic SQP schemes
mentioned above is not adequate.

We state some characteristics of this paper here. We use the scheme in [1]
to remedy a significant problem of SQP methods: inconsistent subproblems,
which will significantly simplify the algorithm’s behaviors and the theoretical
analysis. We introduce a Lipschitz continuous measure for optimality and use
it as a vital theoretic tool for convergence analysis, which makes it possible to
apply the general framework proposed in [21] here. We also design a specific
sampling way for estimating the gradient of the objective function to ensure
that the probability for the penalty factor growing unbounded is zero.

The remainder of the paper is structured as below. In Section 2, an SQP
method for the deterministic constrained optimization, which is a special case
of the method in [22], is introduced, as a warmup and assisting the familiarity of
the tools to the reader. The stochastic SQP method is formulated and analyzed
in Section 3, where we give a detailed description of the algorithm, show the
global convergence and discuss limiting behavior of the penalty parameter.
Section 4 reports some numerical experiments and Section 5 concludes the
paper.

Notations
Throughout the paper, the subscript k will denote an iteration counter and

for any function g(x), gk will be the shorthand for g(xk). The feasible region
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of the problem is denoted as

X = {x ∈ Rn : h(x) = 0, c(x) ≤ 0}.

If C ⊂ Rm1+m2 , then the `∞ distance function is defined as

dist(w | C) := inf{‖w − y‖∞ : y ∈ C}.

We also use K = {0}Rm1 × Rm2
− , where {0}Rm1 is the vector of all 0 in Rm1 .

2 A Robust Deterministic SQP Algorithm

As a first step for considering (1), we begin by reviewing Burke and Han’s line
search SQP method [1] for the deterministic counterpart of (1), which is

min
x

f(x)

s.t. h(x) = 0,
c(x) ≤ 0,

(2)

where f : Rn → R is continuously differentiable. In [1], a measure for
infeasibility

φ(x) = dist

[(
h(x)
c(x)

)
| K
]

(3)

and an exact penalty function

Ψ(x; ρ) = f(x) + ρ dist

[(
h(x)
c(x)

)
| K
]

= f(x) + ρφ(x),

where ρ > 0 is a penalty parameter, are defined to monitor the behavior of
the algorithm.

The following stationary conditions are common in constrained optimiza-
tion.

Definition 1 (1) A point x satisfies the Fritz-John point conditions for (2), if there
exists a scalar γ ≥ 0, a vector λ ∈ Rm1 and a vector µ ∈ Rm2 such that

γ∇f(x) +∇h(x)λ+∇c(x)µ = 0,

h(x) = 0,

µ ≥ 0, c(x) ≤ 0, µT c(x) = 0.

A point satisfying the Fritz-John conditions is called a Fritz-John point.

(2) A point x satisfies the KarushKuhnTucker (KKT) conditions for (2), if there
exists a vector λ ∈ Rm1 and a vector µ ∈ Rm2 such that

∇f(x) +∇h(x)λ+∇c(x)µ = 0,

h(x) = 0,
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µ ≥ 0, c(x) ≤ 0, µT c(x) = 0

A point satisfying the KKT conditions is called a KKT point.

Conventional SQP methods are iterative, based on a quadratic subproblem

min
d

∇f(x)T d+ 1
2d
THd

s.t. h(x) +∇h(x)T d = 0, (4)

c(x) +∇c(x)T d ≤ 0 (5)

that is repeatedly solved and subsequently ascertained and adjusted with a
line search or a trust region scheme. A well-known limitation of many SQP
methods is that the subproblem’s constraints (4) and (5) must be consistent,
which is not guaranteed even if X is nonempty. Several approaches have been
developed to overcome this shortcoming. In [23], an extra variable is introduced
into the subproblem to ensure its consistency. Burke and Han [1] proposed a
generic SQP method with an additional (in some sense) optimal correction for
constraints. Burke and Han’s method has some similarity to the methods of
Byrd [24] and Omojokun [25], where composite step technique was introduced.
In FilterSQP [26, 27], an extra phase called “the feasibility restoration phase”
is used to force the iterate going closer to the feasible region when the QP
subproblem becomes inconsistent.

We herein use the frame of Burke and Han’s method, adopting the `∞
norm to measure the magnitudes and the distances. Although, this method
has been well studied in [1], we would like to sketch its algorithmic frame and
convergence results for the completeness of the paper.

For each iterate k, given a current primal estimate xk ∈ Rn, we first solve

min
p∈Rn

dist

[(
hk +∇hTk p
ck +∇cTk p

)
| K
]

s.t. ‖p‖∞ ≤ σk := min{σu, κuφk},
(6)

where σu and κu are preset positive parameters. The introduction of ‖p‖∞ ≤
σk ensures that κ(x, σ) is always well defined, even if the constraints (4) and
(5) are inconsistent. Note that we choose a different setting for σk from its
counterpart in [1]. Here we actually require that ‖p‖∞ ≤ κuφk. This setting
is not a new idea. Curtis et al [28] used similar model in there composite-
step SQP method for equality constrained optimizations. It was also used as
one of the conditions/assumptions on the quasi/inexact normal steps, see, for
instance, [29] in the context of equality constrained optimization and [30],
general constrained optimization.
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Since we use `∞ distance here, the above optimization phase is equivalent
to the following linear programs

min
p∈Rn,y∈R

y

s.t. −ye ≤ hk +∇hTk p ≤ ye,
ck +∇cTk p ≤ ye,
‖p‖∞ ≤ σk, y ≥ 0,

(7)

where e is a vector of all ones with proper dimension. Define

κ(x, σ) = inf

{
dist

[(
h(x) +∇h(x)T p
c(x) +∇c(x)T p

)
| K
]

: ‖p‖∞ ≤ σ
}
.

Let κk = κ(xk, σk). Obviously, κk = yk, where yk, together with a vector pk
solves (7). Let

∆φ(x, σ) := φ(x)− κ(x, σ), (8)

which can be viewed as an estimate of the improvement in linearized feasibility.
The search direction dk is obtained by solving

min
d
∇fTk d+ 1

2d
THkd

s.t. −κke ≤ hk +∇hTk d ≤ κke,
ck +∇cTk d ≤ κke
‖d‖∞ ≤ βk,

(9)

where βk ∈ [βl, βu] with
0 < 2σu < βl < βu (10)

The predicted reduction in Ψ(x; ρ) that will be got along dk is defined as

∆Ψ(xk, dk; ρ) = −∇fTk dk + ρ∆φ(xk, σk).

The penalty parameter is updated in a way such that dk exhibits sufficient
reduction in Ψ(x; ρ). If

∆Ψ(xk, dk; ρk) ≥ 1

2
dTkHkdk, (11)

then set ρk+1 = ρk; otherwise, set

ρk+1 = max

{∇fTk dk + 1
2d
T
kHkdk

∆φ(xk, σk)
, 2ρk

}
. (12)

Therefore, there always holds

∆Ψ(xk, dk; ρk+1) ≥ 1

2
dTkHkdk. (13)



Springer Nature 2021 LATEX template

Stochastic SQP 7

To globalize the algorithm, a line search is performed to determine a stepsize
αk satisfying

Ψ(xk; ρk+1)−Ψ(xk + αkdk; ρk+1) ≥ θαk∆Ψ(xk, dk; ρk+1), (14)

where θ ∈ (0, 1). The algorithm is described in Algorithm 1.

Algorithm 1 Deterministic SQP

Parameters: βl, βu, and σu satisfying (10), κu > 0, γ > 1, θ ∈ (0, 1),αmax > 0
and ρ0 > 0. Starting Point x0 ∈ Rn.
for k = 0, 1, 2, · · · do

Compute (pk, yk) from (7). Let κk = yk.
if pk = 0 and φk > 0 then

return an infeasible stationary point xk.
end if
Choose βk ∈ [βl, βu].
Solve (9) for dk.
if dk = 0 and φk = 0 then

return a first order stationary point xk.
end if
if (11) holds then

set ρk+1 = ρk
else

set ρk+1 as (12)
end if
Let αk = 1. Set dols = true.
while dols do

if (14) holds then
set sk = αkdk, xk+1 = xk + sk and let dols = false.

else
set αk = γ−1αk.

end if
end while

end for

The following assumptions are necessary for the convergence analysis.

Assumption 1 There is a bounded closed set Ω that contains all the iterates {xk}
and trial points {xk + αdk}, and satisfies

(A1) the objective function f is continuously differentiable and bounded below
over Ω, and ∇f is Lipschitz continuous with constant Lf ;

(A2) the constraints h and their gradients ∇h are bounded over Ω, each gradient
∇hi is Lipschitz continuous with constants Lh,i for all i ∈ {1, · · · ,m1};
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(A3) the constraints c and their gradients ∇c are bounded over Ω, each gradient
∇ci is Lipschitz continuous with constants Lc,i for all i ∈ {1, · · · ,m2}.

(A4) there are positives constants ξ and MH (suppose MH > 1, without loss of
generality) such that 2ξ‖d‖2 ≤ dTHkd ≤MH‖d‖2 for all d ∈ Rn.

Under these assumptions, there are two positive constants Mf and Md such
that

max{|f(x)|, ‖h(x)‖∞, ‖max{c(x), 0}‖∞} ≤Mf , (15)

max{‖∇f(x)‖, {‖∇hi(x)‖}i=1,··· ,m1
, {‖∇cj(x)‖}j=1··· ,m2

} ≤Md (16)

hold for all x ∈ Ω. Hence it is easy to verify that

Lemma 2 [1] Suppose that Assumption 1 holds. Let

Lhc = max{{Lh,i}i=1,··· ,m1
∪ {Lc,i}i=1,··· ,m2

}.
Then

φ(xk + αdk) ≤ φk − αk∆φ(xk, σk) +
1

2
Lhcα

2
k‖dk‖

2.

Below, we state the main convergence results for this algorithm. For
detailed arguments, we refer the readers to [1, Section 6].

Theorem 3 Let {xk} be a sequence generated by Algorithm 1. If the sequence {xk}
is bounded, then either

(1) {xk} is finitely terminating at x̃, where x̃ is either a KKT point for (2), a Fritz
John point for (2) or a stationary point for φ that is infeasible; or

(2) there is a limit point of {xk} that is a KKT point for (2), a Fritz John point for
(2) or a stationary point for φ that is infeasible.

3 Stochastic setting

3.1 Algorithm

Now consider (2). We present a stochastic SQP algorithm modeled after the
SQP scheme described in Section 2, however using a noisy sample for the
subproblem objective gradient and a stochastic line search procedure as given
in [2].

At each iteration, we compute a direction dk, defined as a random variable
as arising from the solution of the following QP subproblem

mind g
T
k d+ 1

2d
THkd

s.t. −κke ≤ hk +∇hTk d ≤ κke,
ck +∇cTk d ≤ κke
‖d‖∞ ≤ βk,

(17)
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where gk is an estimate of ∇f(xk) via, e.g., a minibatch of a sum of samples
or general stochastic gradient method, or a zero-order approximation of the
gradient using perturbed noisy evaluations of f , and κk and σk are determined
by the same mechanism as described in Section 2.

Then, we compute the stochastic function estimates at the current iterate
and at the new trial iterate, respectively denoted f0

k and fsk . Correspondingly,
we define the stochastic merit function estimates

Ψ0
k(ρ) = f0

k + ρφ(xk, σk), and Ψs
k(ρ) = fsk + ρφ(xk + αkdk, σk). (18)

The predicted reduction estimates in Ψ(x; ρ) is defined as

∆g
Ψ(xk, dk; ρ) := −gTk dk + ρ∆φ(xk, σk). (19)

where ∆φ is given in (8).
Like in the deterministic setting, it is checked if

∆g
Ψ(xk, dk, ρk) ≥ 1

2
dTkHkdk (20)

holds. If so, set ρk+1 = ρk. Otherwise, set

ρk+1 = max

{
gTk dk + 1

2d
T
kHkdk

∆φ(xk, σk)
, 2ρk

}
. (21)

Therefore, we always have

∆g
Ψ(xk, dk; ρk+1) ≥ 1

2
dTkHkdk. (22)

The stochastic counterpart of (14), the line search acceptance criterion, is

Ψ0
k(ρk+1)−Ψs

k(ρk+1) ≥ θαk∆g
Ψ(xk, dk; ρk+1). (23)

For constrained optimization, there are three major challenges with
formulating a well defined line search procedure:

• the possibility of a series of erroneous unsuccessful steps cause αk to become
arbitrarily small;

• steps may satisfy (23) but, in fact

Ψ(xk; ρk+1) < Ψ(xk + αkdk; ρk+1);

(i.e., dk is a direction of increase for the complete merit function);
• the condition (20) is repeatedly and indefinitely violated, which corresponds

to ρk approaching +∞.
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To handle the first two difficulties, we employ a strategy introduced by Paque-
tte and Scheinberg [2], which we will briefly describe in the next section. Next,
we introduce a special sampling method on estimating ∇fk to deal with the
third difficulty.

It is well-known that the boundedness of the penalty parameter ρk is always
implied by the boundedness of the multipliers (see, for instance, [31]). The
latter is known to be equivalent to MFCQ [32]. As will be shown in Lemma
14, in the case where some MFCQ-like conditions hold and the current penalty
parameter is sufficiently large, the increment of the penalty parameter only
depends on the magnitude of gk. Having this in mind, it will be helpful to
monitor the size of gk and mitigate the risk of it being a far from mean estimate
and yet too large, thus throwing off the algorithm. Namely, if it is larger
than some term, increase the accuracy requirement and scale the appropriate
parameters so that if ‖gk‖ grows without bound, so does the certainty that it
is a correct estimate of the gradient.

With these modifications, we can present the algorithmic framework of the
stochastic SQP method, which is formulated in Algorithm 2.

3.2 Random gradient and function estimate

Algorithm 2 generates a random process given by the sequence
{x̂k, f̂0

k , f̂
s
k , ĝk, α̂k, ŝk, ρ̂k}, where ŝk = α̂kd̂k. In what follows we will use a “ ˆ ”

over a quantity to denote the related random quantity.
Let Fk−1 be the σ−algebra generated by the random variables ĝ0, ĝ1, · · · ,

ĝk−1 and f̂0
0 , f̂s0 , f̂1

0 , f̂s1 , · · · , f̂0
k−1, f̂sk−1 and let Fk−1/2 be the σ−algebra

generated by the random variables ĝ0, ĝ1, · · · , ĝk and f̂0
0 , f̂s0 , f̂1

0 , f̂s1 , · · · , f̂0
k−1,

f̂sk−1.
The stochastic gradient and stochastic function values should be “close”

to their true counterparts with certain reasonable probabilities, which means
that, at each iterate, the distances between the random estimates and the true
values are bounded using the current step length.

We use the definitions given in [2], with slight modifications, to measure the

accuracy of the gradient estimates ĝk and the function estimates f̂0
k and f̂sk .

Definition 2 We say a sequence of random gradient estimates {ĝk} is pgk-
probabilistically κg-sufficiently accurate for Algorithm 2 for the corresponding
sequence {x̂k, α̂k, d̂k} if the event

Ik = {‖ĝk −∇f(x̂k)‖ ≤ κgα̂k‖d̂k‖}
satisfies the condition

Pr(Ik | Fk−1) = E[1Ik | Fk−1] ≥ pgk.

Definition 3 A sequence of random function estimates {f̂0
k , f̂

s
k} is said to be

pf -probabilistically εf -sufficiently accurate for Algorithm 2 for the corresponding

sequence {x̂k, α̂k, d̂k} if the event

Jk = {‖f̂0
k − f(x̂k)‖ ≤ εf α̂2

k‖d̂k‖
2 and ‖f̂sk − f(x̂k + ŝk)‖ ≤ εf α̂2

k‖d̂k‖
2}
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Algorithm 2 Stochastic SQP

Initialization. Choose σu, βl, βu, γ > 1, θ ∈ (0, 1), αmax > 0, ρ0 > 0 and
pf , p

g
0 > 0. Choose a start point x0 ∈ Rn and multiplier estimates η0 ∈ Rm1

and ν0 ∈ Rm2 . Choose ζ0 � 0, ζc > 0 and an increasing sequence {aj}
satisfying a0 ≥ pg0, aj ∈ (0, 1),∀j and

∑+∞
j=0(1− aj) < +∞.

Set α0 = γj0αmax for some j0 < 0. Set j = 1.
for k = 0, 1, 2, · · · do

if k = 0 or sk 6= 0 then
choose σk > 0 such that (7) is feasible.
compute (pk, yk) as a solution of (7). Let κk = yk.
compute Hk.

end if
Construct a probabilistic model to compute gk.
Solve (17) for dk and λ+

k , µ+
k and ν+

k .
if ‖gk‖ > ζk then

set ζk+1 := max{ζk + ζc, ‖gk‖},set pgk+1 = aj .
let j = j + 1.

else
set ζk+1 = ζk and pgk+1 = pgk.

end if
if (20) does not hold then

set ρk+1 by (21).
end if
if (23) holds then

set sk = αkdk, xk+1 = xk + sk and αk+1 = min{γαk,αmax},
set ηk+1 = λ+

k − µ
+
k and ν̂k+1 = ν+

k .
else

set sk = 0, xk+1 = xk and αk+1 = γ−1αk.
end if

end for

satisfies the condition

Pr(Jk | Fk−1/2) = E[1Jk | Fk−1/2] ≥ pf .

Assumption 4 The following hold for the quantities in the algorithm

(i) The random gradient ĝk are pgk-probabilistically κg-sufficiently accurate for
some sufficiently large pgk ∈ (0, 1].

(ii) The estimates {f̂0
k , f̂

s
k} generated by Algorithm 2 are pf -probablilistically εf -

accurate estimates for some εf > 0 and sufficiently large pf ∈ (0, 1].

It follows from simple calculations that

E[1Ik∩Jk | Fk−1] ≥ pgkpf , E[1Ick∩Jk | Fk−1] ≤ 1−pgk and E[1Jc
k
| Fk−1] ≤ 1−pf
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We follow the approach given in [2] for computing stochastic estimates that
satisfy Assumption 4. The following assumption on the boundedness of the
variances of the random function and gradient is assumed only for this section.

E(‖∇F (x, ξ)−∇f(x)‖2) ≤ Vg and E(|F (x, ξ)− f(x)|2) ≤ Vf .

The stochastic gradient gk is computed as the average

gk =
1

|Sgk |
∑
i∈Sg

k

∇F (xk, ξi),

where Sgk is the sample set and |·| denotes the cardinality of a set. The
stochastic estimate f0

k is computed by

f0
k =

1

|Sfk |

∑
i∈Sf

k

F (xk, ξi)

and fsk is computed analogously, where Sfk is the sample set.
To satisfy Assumption 4, it suffices to require the sample sizes |Sgk | and

|Sfk | to satisfy

|Sgk | ≥ Õ
(

Vg
κ2
gα

2
k‖dk‖2

log
1

1− pgk

)
and |Sfk | ≥ Õ

(
Vf

κ2
fα

2
k‖dk‖2

log
1

1− pf

)
.

Paquette and Scheinberg suggested a simple loop [33] to choose sample sizes
satisfying the above conditions.

3.3 Preliminary results for the convergence analysis

We shall use the following set, which contains all the iterations at which the
step is successful

S := {k : at iteration k the step is successful}.

Without loss of generality, we assume that S is an infinite set.

3.3.1 A Renewal-reward process.

We will use a general framework introduced in [21] to analyze the behavior of
our stochastic SQP method. This framework, where a general random process
and its stopping time are defined, was used to explore the behaviors of a
stochastic trust region method in [21] and a stochastic line search method in
[2].
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Definition 4 Given a discrete time stochastic process {x̂k}, a random variable T is
a stopping time if the event {T = k} ∈ σ(x̂0, x̂1, · · · , x̂k).

Denote by {Tε}ε>0 a family of stopping time with respect to {Fk}k≥0,
parameterized by ε.

Let {Φk, α̂k} be a random process such that Φk ∈ [0,∞) and α̂k ∈ [0,∞) for
all k ≥ 0, Wk is a biased random walk process, defined on the same probability
space as {Φk, α̂k} and Fk is the σ-algebra generated by

{Φ0, α̂0,W0, · · · ,Φk, α̂k,Wk},

We let W0 = 1 and Wk obey the following dynamics

Pr(Wk+1 = 1 | Fk) = p and Pr(Wk+1 = −1 | Fk) = 1− p (24)

with 1
2 < p < 1.

The following assumptions are used in [21] to derive a bound on E[Tε].

Assumption 5 The following hold for the process {Φk, α̂k,Wk}.
(i) The random variable α̂0 is a constant. For a constant αmax > 0, there exists a

constant λ ∈ (0,∞) and jmax ∈ N such that αmax = α̂0e
λjmax and the random

variables satisfy α̂k ≤ αmax for all k ≥ 0.

(ii) There exists a constant ᾱ = α̂0e
λj̄ for some j̄ ∈ N such that the following holds

for all k ≥ 0:

1{Tε>k}α̂k+1 ≥ 1{Tε>k}min
{
α̂ke

λWk+1 , ᾱ
}
,

where Wk+1 satisfies (24) with p > 1
2 .

(iii) There exists a nondecreasing function q : [0,∞)→ (0,∞) and a constant Θ > 0
such that

1{Tε>k}E[Φk+1 | Fk] ≤ 1{Tε>k}(Φk −Θq(α̂k)).

A bound on E[Tε] is given in the following theorem.

Theorem 6 [21, Theorem 2.2] Under Assumption 5,

E[Tε] ≤
p

2p− 1

Φ0

Θq(ᾱ)
+ 1.
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3.3.2 A measure for optimality

In order to define a merit function Φ, which satisfying Assumption 5(iii) with
some random variable α̂, we introduce a measure for optimality. Let t(x) solve

min
t
∇f(x)T t

s.t. ∇h(x)T t = 0,

∇c(x)T t ≤ 0,

‖t‖∞ ≤
1

2
βl.

(25)

Then we define
χ(x) = −∇f(x)T t(x).

We also define an estimate of χ(x) as χg(x) = −g(x)T v(x) with an estimate
g(x) and a solution v(x) of

min
v

g(x)T v

s.t. ∇h(x)T v = 0,

∇c(x)T v ≤ 0

‖v‖∞ ≤
1

2
βl.

Neither linear program needs to be solved in Algorithm 2. These are simply
used for theoretical purposes.

The following theorem is trivial.

Theorem 7 A point x is a KKT point of (1) if and only if φ(x) = 0 and χ(x) = 0.

We are going to show the Lipschitz continuity of χ(x) with respect to
changes of coefficients. This is one of the key points of the convergence analysis
to be given. Consider a linear program of the following general form

min
z∈Rn

πT z

s.t. Az = 0,

Bz ≤ 0,

‖z‖∞ ≤
1

2
βl,

(26)

where π ∈ Rn, A ∈ Rm1×n, B ∈ Rm2×n. Let

Υ = {υ = (π,A,B) | π ∈ Rn, A ∈ Rm1×n, B ∈ Rm2×n}.
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For an instance υ ∈ Υ, we denote the optimal value of (26) by χ(υ), by a slight
abuse of notation.

Since problem (26) has a bounded optimal set, it follows from the strong
duality theorem (see [34] for instance) that both the primal and the dual
optimal solutions of (25) are nonempty and bounded. Then, by [35, Thm. 1],
problem (25) will remain solvable for all small but arbitrary perturbations in
the coefficients. Then the local Lipschitz continuity follows from [36, Thm. 4.3].

Lemma 8 Let υ0 ∈ Υ. Then there exist constants δ0 > 0 and L0 > 0 such that for
any two instances υ1, υ2 in Υ satisfying ‖υj − υ0‖ ≤ ε0, for j = 1, 2, it holds that

|χ(υ1)− χ(υ2)| ≤ L0‖υ1 − υ2‖.

If the optimal value function χ(υ) is restricted on a compact subset of Υ,
then it is globally Lipschiz continuous.

Theorem 9 Let K be a compact subset of Υ. Then there is a constant Lυ > 0 such
that

|χ(υ1)− χ(υ2)| ≤ Lυ‖υ1 − υ2‖
holds for any two instances υ1, υ2 ∈ K.

Proof This follows directly from Lemma 8 and well-known properties of Lipschitz
functions (see, for instance, [37, Prop. 3.3.2]). �

Without loss of generality we assume from now on that

{(∇f(x),∇h(x),∇c(x)) | x ∈ Ω} ⊂ K.

Therefore, by Assumptions (A1)-(A3) we have

Corollary 10 Suppose that Assumptions (A1)-(A3) hold and Lχ = MdLυ. Then for
any x1, x2 ∈ Ω, we have

|χ(x1)− χ(x2)| ≤ Lχ‖x1 − x2‖.

3.3.3 Extended MFCQ

In order to accommodate infeasible accumulation points, we need to extend
the MFCQ to allow infeasible points.

Definition 5 A point x is said to satisfy the extended MFCQ (eMFCQ for short) if

(1) the gradients {∇hi(x) : i = 1, · · · ,m1} are linearly independent;
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(2) there is a vector z ∈ Rn that satisfies

∇h(x)T z = 0, (27)

∇ci(x)T z < 0, i ∈ {i : ci(x) ≥ 0} (28)

The definition of eMFCQ goes back at least to Di Pillo and Grippo [38]
and Di Pillo and Grippo [39]. Note that the eMFCQ is equivalent to MFCQ
at all feasible points.

Assumption 11 The eMFCQ holds at any accumulation point of {xk}.

Lemma 12 Suppose that Assumptions 1 and 11 hold and that x̃ is an accumulation
point of {xk : k ∈ S}. Suppose also that φ(x̃) > 0. Then there exists a neighborhood
Ñ of x̃ and a constant τ̃1, which is a function of x̃, such that for any xk ∈ Ñ , there is

∆φ(xk, σk) ≥ τ̃1φk. (29)

Proof In this proof, we use the notation A+ = (ATA)−1AT . By linear independence
and continuity, there exists a constant κgh > 0 and a neighborhood Ñ of x̃ such

that ∇h+
k exists and ‖∇h+

k ‖∞ ≤ κgh for all xk ∈ Ñ . We denote nk = −(∇h+
k )Thk,

which is the smallest norm element of the linearized manifold. By its definition, we
have ‖nk‖∞ ≤ κgh‖hk‖∞ ≤ κghφk.

On the other hand, by Definition 5, there is a nonzero vector z̃ ∈ Rn such that
(27) and (28) hold with x = x̃, i.e., there hold

∇h(x̃)T z̃ = 0,

∇ci(x̃)T z̃ < 0, i ∈ {i : ci(x̃) ≥ 0}.
Denote by c̄ = −max

i
{ci(x̃) : ci(x̃) < 0}. Let

zk =

1
2 min

{
c̄
Md

, σu, κuφk

}
(I −∇hk∇h+

k )z̃

‖(I −∇hk∇h+
k )z̃‖∞

.

Then, by its definition, ∇hTk zk = 0.
Consider the line segment defined by

pk(τ) = τnk + (1− τ)zk, τ ∈ [0, 1].

Then

hk +∇hTk pk(τ) = (1− τ)hk + τ(hk +∇hTk nk) + (1− τ)∇hTk zk = (1− τ)hk,

which implies that
‖hk +∇hTk pk(τ)‖∞ ≤ (1− τ)φk. (30)

Now consider any i ∈ {i : ci(x̃) ≥ 0}. There is

∇ci(xk)T zk =
min

{
c̄
Md

, σu, κuφk

}
∇ci(xk)T (I −∇hk∇h+

k )z̃

2‖(I −∇hk∇h+
k )z̃‖∞

xk→x̃−→
min

{
c̄
Md

, σu, κuφ(x̃)
}
∇ci(x̃)T z̃

2‖z̃‖∞
< 0,
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which implies by continuity the existence of a (possibly smaller) neighborhood Ñ of
x̃ and a positive constant ε̃ such that for xk ∈ Ñ ,

ci(xk) +∇ci(xk)T zk ≤ ci(xk)− ε̃.
Then

ci(xk) +∇ci(xk)T pk(τ)

=ci(xk) + τ∇ci(xk)Tnk + (1− τ)∇ci(xk)T zk

=τ(ci(xk) +∇ci(xk)Tnk) + (1− τ)(ci(xk) +∇ci(xk)T zk)

≤τ(ci(xk) +∇ci(xk)Tnk) + (1− τ)(ci(xk)− ε̃)

=τ(ci(xk) +∇ci(xk)Tnk)− (1− τ)ε̃+ (1− τ)ci(xk).

By Assumption 1, if τ ∈
(

0, ε̃
ε̃+Mf+MdκghMf

]
, then

τ(ci(xk) +∇ci(xk)Tnk)− (1− τ)ε̃ ≤ τ(ci(xk) +∇ci(xk)Tnk + ε̃)− ε̃ ≤ 0.

Hence we have

ci(xk) +∇ci(xk)T pk(τ) ≤ (1− τ)ci(xk) ≤ (1− τ)φ(xk). (31)

For any i 6∈ {i : ci(x̃) ≥ 0}, we choose τ ∈
(

0, c̄
2MdκghMf

]
, then

ci(xk) +∇ci(xk)T pk(τ)

=ci(xk) + τ∇ci(xk)Tnk + (1− τ)∇ci(xk)T zk

≤− c̄+
c̄

2
+
c̄

2

≤0,

(32)

Next, let us consider ‖pk(τ)‖∞. We have

‖pk(τ)‖∞ ≤ τ‖nk‖∞ + (1− τ)‖zk‖∞

≤τκghφk +
1

2
(1− τ) min

{
c̄

Md
, σu, κuφk

}
≤τκghφk +

1

2
(1− τ) min {σu, κuφk}

(33)

If σu ≤ κuφk, then from (33), and recall that φ(x) ≤Mf (cf. (15)), it follows that

‖pk(τ)‖∞ ≤ τκghMf +
1

2
(1− τ)σu ≤ σu = min{σu, κuφk}

for any τ ∈ (0, σu/(2κghMf )). Otherwise, we have min{σu, κuφk} = κuφk. Then
(33) yields

‖pk(τ)‖∞ ≤ τκghφk +
1

2
(1− τ)κuφk.

Then for τ ∈ (0, κu/(2κgh)], there is

‖pk(τ)‖∞ ≤
1

2
κuφk +

1

2
κuφk = κuφk = min{σu, κuφk}.

Therefore, we have

‖pk(τ)‖∞ ≤ min{σu, κuφk}, ∀τ ∈
(

0,min

{
σu

2κghMf
,
κu

2κgh

}]
. (34)

It follows from (30), (31), (32) and (34) that (pk(τ), (1 − τ)φk) is a feasible
solution of (7) for all

τ ∈
(

0,min

{
ε̃

ε̃+Mf +MdκghMf
,

c̄

2MdκghMf
,

σu
2κghMf

,
κu

2κgh

}]
.

Therefore yk, the optimal value of (7), satisfies yk ≤ (1 − τ)φk for all τ in the
above interval, which implies (29). �
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3.4 Descent properties

Lemma 13 Suppose that Assumptions 1 and 11 hold and that x̃ is an accumulation
point of {xk | k ∈ S} but not a stationary point of (1). There is a neighborhood Ñ
of x̃ and a constant M1 > 0 such that

∆g
Ψ(xk, dk; ρk+1) ≥

(
τ̃1ρk+1 −

(
‖gk‖+

1

2
MH(βl + κuMf )

)
κu

)
φk

+ min

{
1

8
MHβ

2
l ,

2(χgk)2

MHβ
2
l

}
.

(35)

for all xk ∈ Ñ

Proof From Lemma 12, there is a neighborhood Ñ of x̃ such that for any xk ∈ Ñ ,
(7) has a solution (yk, pk) with pk 6= 0 and that (29) holds. Let tk be a solution of
(25). Define dk(τ) = pk + τtk, τ ∈ (0, 1] at xk. Then for any τ ∈ (0, 1], the vector
dk(τ) is feasible for (17).

Recall from (6) that ‖pk‖ ≤ κuφk. Since dk is an optimal solution of (17), we
have

gTk dk +
1

2
dTkHkdk

≤gTk dk(τ) +
1

2
dk(τ)THkdk(τ)

=(gk + τHktk)T pk +
1

2
pTkHkpk + τgTk tk +

1

2
τ2tTkHktk

=(gk + τHktk)T pk +
1

2
pTkHkpk + τ

(
−χgk +

1

2
τtTkHktk

)
≤
(
‖gk‖+

1

2
MHβl

)
κuφk +

1

2
MHκ

2
uφ

2
k + τ

(
−χgk +

1

8
τMHβ

2
l

)
≤
(
‖gk‖+

1

2
MH(βl + κuMf )

)
κuφk + τ

(
−χgk +

1

8
τMHβ

2
l

)
,

where the last inequality is due to (15). If
4χg

k

MHβ2
l

≥ 1, then let τ = 1 and we have that

gTk dk +
1

2
dTkHkdk

≤
(
‖gk‖+

1

2
MH(βl + κuMf )

)
κuφk − χ

g
k +

1

8

4χgk
MHβ

2
l

MHβ
2
l

≤
(
‖gk‖+

1

2
MH(βl + κuMf )

)
κuφk −

1

2
χgk

≤
(
‖gk‖+

1

2
MH(βl + κuMf )

)
κuφk −

1

8
MHβ

2
l .

(36)
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Otherwise, by letting τ =
4χg

k

MHσ2
l

we have

gTk dk +
1

2
dTkHkdk

≤
(
‖gk‖+

1

2
MH(βl + κuMf )

)
κuφk +

4χgk
MHβ

2
l

(
−χgk +

1

8

4χgk
MHβ

2
l

MHβ
2
l

)

=

(
‖gk‖+

1

2
MH(βl + κuMf )

)
κuφk −

2(χgk)2

MHβ
2
l

.

(37)

Combing (36) and (37), we have that

gTk dk +
1

2
dTkHkdk

≤
(
‖gk‖+

1

2
MH(βl + κuMf )

)
κuφk −min

{
1

8
MHβ

2
l ,

2(χgk)2

MHβ
2
l

}
.

(38)

Follows from (38) and Assumption (A4), we have

gTk dk ≤g
T
k dk +

1

2
dTkHkdk

≤
(
‖gk‖+

1

2
MH(βl + κuMf )

)
κuφk −min

{
1

8
MHβ

2
l ,

2(χgk)2

MHβ
2
l

}
.

(39)

Using the definition of ∆g
Ψ (cf. (19)) and by Lemma 12 and (39), we have

∆g
Ψ(xk, dk; ρk+1) = −gTk dk + ρk+1∆φ(xk, σk)

≥ −gTk dk + ρk+1τ̃1φk

≥
(
ρk+1τ̃1 −

(
‖gk‖+

1

2
MH(βl + κuMf )

)
κu

)
φk

+ min

{
1

8
MHβ

2
l ,

2(χgk)2

MHβ
2
l

}
.

�

Lemma 14 Suppose that Assumptions 1, 4 and 11 hold and that x̃ is an accumula-
tion point of {xk | k ∈ S}. Let Ñ and M1 > 0 are the same as given in Lemma 13.
Then

∆g
Ψ(xk, dk; ρk)− 1

2
dTkHkdk ≥

(
τ̃1ρk −

(
‖gk‖+

1

2
MH(βl + κuMf )

)
κu

)
φk (40)

for all xk ∈ Ñ .

Proof By the definition of ∆g
Ψ (cf. (19)), we have

∆g
Ψ(xk, dk; ρk)− 1

2
dTkHkdk

=− gTk dk −
1

2
dTkHkdk + ρk∆φ(xk, σk)

(a)
≥
(
τ̃1ρk −

(
‖gk‖+

1

2
MH(βl + κuMf )

)
κu

)
φk + min

{
1

8
MHβ

2
l ,

2(χgk)2

MHβ
2
l

}

≥
(
τ̃1ρk −

(
‖gk‖+

1

2
MH(βl + κuMf )

)
κu

)
φk,
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where (a) follows from Lemma 12 and (38). �

3.5 Guarantees with approximately accurate estimates

Lemma 15 Suppose that Assumption 1 holds and that gk is κg-sufficiently accurate
and {f0

k , f
s
k} are εf -sufficiently accurate. Then

fsk ≤ f
0
k + αkg

T
k dk + α2

k

(
κgβu +

1

2
Lf + 2εf

)
‖dk‖2.

Proof Using Lipschitz continuity of ∇f and Definition 2, we have

f(xk + αkdk) ≤ f(xk) + αk∇fTk dk +
1

2
α2
k‖dk‖

2

= f(xk) + αk(∇fk − gk)T dk + αkg
T
k dk +

1

2
α2
k‖dk‖

2

≤ f(xk) + αk‖∇fk − gk‖‖dk‖+ αkg
T
k dk +

1

2
α2
k‖dk‖

2

≤ f(xk) + α2
kκgβu‖dk‖

2 + αkg
T
k dk +

1

2
α2
k‖dk‖

2

= f(xk) + αkg
T
k dk + α2

k

(
κgβu +

1

2
Lf

)
‖dk‖2.

Since {f0
k , f

s
k} are εf -accurate, we have

fsk ≤ f(xk + αkdk) + εfα
2
k‖dk‖

2

≤ f(xk) + αkg
T
k dk + α2

k

(
κgβu +

1

2
Lf + εf

)
‖dk‖2

= f(xk)− f0
k + f0

k + αkg
T
k dk + α2

k

(
κgβu +

1

2
Lf + εf

)
‖dk‖2

≤ f0
k + ‖f(xk)− f0

k‖+ αkg
T
k dk + α2

k

(
κgβu +

1

2
Lf + εf

)
‖dk‖2

≤ f0
k + αkg

T
k dk + α2

k

(
κgβu +

1

2
Lf + 2εf

)
‖dk‖2.

�

Lemma 16 Suppose that Assumption 1 holds and that gk is κg-sufficiently accurate
and {f0

k , f
s
k} are εf -sufficiently accurate. If

αk ≤
(1− θ)ξ

κgβu + 1
2Lf + 2εf + 1

2ρk+1Lhc
,

then the kth step is successful.

Proof By Lemmas 2 and 15, we have that the stochastic merit function (18) satisfies,

Ψsk(ρk+1) = fsk + ρk+1φ(xk + αkdk)

≤ f0
k + αkg

T
k dk + α2

k

(
κgβu +

1

2
Lf + 2εf

)
‖dk‖2
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+ρk+1

(
φk − αk∆φ(xk, σk) + α2

k
1

2
Lhc‖dk‖2

)
= f0

k + ρk+1φk − αk(−gTk dk + ρk+1∆φ(xk, σk))

+α2
k

(
κgβu +

1

2
Lf + 2εf +

1

2
ρk+1Lhc

)
‖dk‖2

= Ψ0
k(ρk+1)− αk∆g

Ψ(xk, dk; ρk+1) + α2
k

(
κgβu +

1

2
Lf + 2εf +

1

2
ρk+1Lhc

)
‖dk‖2

= Ψ0
k(ρk+1)− θαk∆g

Ψ(xk, dk; ρk+1) + (1− θ)αk∆g
Ψ(xk, dk; ρk+1)

+α2
k

(
κgβu +

1

2
Lf + 2εf +

1

2
ρk+1Lhc

)
‖dk‖2

≤ Ψ0
k(ρk+1)− θαk∆g

Ψ(xk, dk; ρk+1)− (1− θ)ξαk‖dk‖2

+α2
k

(
κgβu +

1

2
Lf + 2εf +

1

2
ρk+1Lhc

)
‖dk‖2,

where the last inequality is due to (22) and Assumption (A4). Thus, the kth step is
successful for any step size satifying

αk ≤
(1− θ)ξ

κgβu + 1
2Lf + 2ε+ 1

2ρk+1Lhc
.

�

Lemma 17 For an iterate xk ∈ Ω, there is

χk ≤
√
nMdβl

2
. (41)

If, in addition, gk is κg-sufficiently accurate, then

‖gk‖ ≤Md + κgαmaxβu, (42)

χgk ≤
√
n(Md + κgαmaxβu)βu. (43)

and there exists a constant κ1 > 0 such that

(χgk)2 ≥ 1

2
χ2
k − κ1∆g

Ψ(xk, dk; ρk+1). (44)

Proof The bound of χk is directly followed from (16), (25) and the well-known
equivalence between `2 norm and `∞ norm (see, for example, [40]).

For a κg-sufficiently accurate estimate gk, it follows from Definition 2, bound
constraint in (17) and rules of updating step sizes in Algorithm 2 that

‖gk‖ ≤ ‖∇fk‖+ κgαk‖dk‖ ≤Md + nκgαmaxβu.

In addition, (43) follows because χgk ≤ ‖gk‖‖vk‖.
By (13) and Assumption (A4), we have

−gTk dk + ρk+1∆φ(xk, σk) ≥ 1

2
dTkHkdk ≥ ξ‖dk‖

2,

i.e.,
‖dk‖2 ≤ ξ−1∆g

Ψ(xk, dk; ρk+1). (45)
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We also have by κg-sufficient accuracy and Theorem 10 that

χk ≤ χ
g
k + Lχκgαmax‖dk‖.

Then it follows that

(χk)2 = (χgk + Lχκgαmax‖dk‖)2 ≤ 2(χgk)2 + 2L2
χκ

2
gα

2
max‖dk‖2,

which implies that

(χgk)2 ≥ 1

2
χ2
k − L

2
χκ

2
gα

2
max‖dk‖2 ≥

1

2
χ2
k − L

2
χκ

2
gα

2
maxξ

−1∆g
Ψ(xk, dk; ρk+1),

where the last inequality is due to (45). Hence the lemma is true with κ1 =
L2
χκ

2
gα

2
maxξ

−1. �

Lemma 18 Suppose that {f0
k , f

s
k} are εf -accurate estimates and that ρk+1 satisfies

(22). Suppose also that εf <
ξθ

4αmax
. If the step is successful, then the improvement

in merit function value satisfies

Ψ(xk+1, ρk+1) ≤ Ψ(xk, ρk+1)− θ

2
αk∆g

Ψ(xk, dk; ρk+1). (46)

Proof Under the assumptions of this lemma, we conclude that

Ψ(xk+1, ρk+1) = f(xk+1) + ρk+1φ(xk+1)

=f(xk+1)− fsk + fsk + ρk+1φ(xk+1)

=f(xk+1)− fsk + Ψsk+1(ρk+1)

≤f(xk+1)− fsk + Ψ0
k(ρk+1)− θαk∆g

Ψ(xk, dk; ρk+1)

≤f(xk+1)− fsk + f0
k − fk + fk + ρk+1φ(xk)− θαk∆g

Ψ(xk, dk; ρk+1)

≤2εfα
2
k‖dk‖

2 + Ψ(xk; ρk+1)− θαk∆g
Ψ(xk, σk; ρk+1)

≤Ψ(xk; ρk+1) + 2εfα
2
kξ
−1∆g

Ψ(xk, dk; ρk+1)− θαk∆g
Ψ(xk, dk; ρk+1)

≤Ψ(xk; ρk+1)− αk(θ − 2εfαmaxξ
−1)∆g

Ψ(xk, dk; ρk+1)

where (45) is applied at the second to last line. Then (46) follows if εf <
ξθ

4αmax
.
�

Lemma 19 Suppose that Assumptions 1 and 4 holds. Suppose also that gk is κg-
sufficiently accurate. Then there exist positive constants κ3 and κ4 such that

∆g
Ψ(xk, dk; ρk+1) ≥ κ3(τ̃1ρk+1 − κ2)φ2

k + κ4χ
2
k.

Proof Denote

κ2 =

(
Md + κgαmaxβ

2
u +

1

2
MH(βl + κuMf )

)
κu.

It follows from (35) and (42) that

∆g
Ψ(xk, dk; ρk+1) ≥ (τ̃1ρk+1 − κ2)φk + min

{
1

8
MHβ

2
l ,

2(χgk)2

MHβ
2
l

}
.
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Then either

∆g
Ψ(xk, dk; ρk+1) ≥ (τ̃1ρk+1 − κ2)φk +

1

8
MHβ

2
l

or

∆g
Ψ(xk, dk; ρk+1) ≥ (τ̃1ρk+1 − κ2)φk +

2(χgk)2

MHβ
2
l

. (47)

For the first case, it follows from (41) that

∆g
Ψ(xk, dk; ρk+1) ≥ (τ̃1ρk+1 − κ2)φk +

1

8
MHβ

2
l

= (τ̃1ρk+1 − κ2)φk +
1

8
MHβ

2
l
χ2
k

χ2
k

≥ (τ̃1ρk+1 − κ2)φk +
1

8
MHβ

2
l

4χ2
k

nM2
dβ

2
l

= (τ̃1ρk+1 − κ2)φk +
MH

2nM2
d

χ2
k

≥
(τ̃1ρk+1 − κ2)

Mf
φ2
k +

MH

2nM2
d

χ2
k.

For the case where (47) holds, we have from (44) that

∆g
Ψ(xk, dk; ρk+1) ≥ (τ̃1ρk+1 − κ2)φk +

2χ2
k

MHβ
2
l

−
2κ1∆g

Ψ(xk, dk; ρk+1)

MHβ
2
l

.

By moving the third term to the left hand side, we have(
1 +

2κ1

MHβ
2
l

)
∆g

Ψ(xk, dk; ρk+1) ≥ (τ̃1ρk+1 − κ2)φk +
2χ2
k

MHβ
2
l

,

which yields

∆g
Ψ(xk, dk; ρk+1)

≥
MHβ

2
l (τ̃1ρk+1 − κ2)

MHβ
2
l + 2κ1

φk +
2χ2
k

MHβ
2
l + 2κ1

≥
MHβ

2
l (τ̃1ρk+1 − κ2)

Mf (MHβ
2
l + 2κ1)

φ2
k +

2χ2
k

MHβ
2
l + 2κ1

,

where the second inequality is due to the fact φ(x) ≤ Mf , which is a direct
consequence of the definition of φ(x) (cf. Eq. (3)) and the bound (15). Let

κ3 = min

{
1

Mf
,

MHβ
2
l

Mf (MHβ
2
l + 2κ1)

}
, κ4 = min

{
MH

2nM2
d

,
2

MHβ
2
l + 2κ1

}
.

Then the conclusion holds with κ3 and κ4 given above. �

Lemma 20 Suppose that {f0
k , f

s
k} are εf -accurate estimates, with εf <

ξθ
2αmax

, that
gk is κg sufficiently accurate and that ρk+1 satisfies (20). If the step is successful,
then the improvement in merit function value is

Ψ(xk+1; ρk+1)

≤Ψ(xk; ρk+1)− θαk
4

∆g
Ψ(xk, dk; ρk+1)− θαk

4
(κ3(τ̃1ρk+1 − κ2)φ2

k + κ4χ
2
k).

(48)
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Proof It follows from (46) and Lemma 19 that

Ψ(xk+1; ρk+1) ≤ Ψ(xk; ρk+1)− θαk
2

∆g
Ψ(xk, dk; ρk+1)

≤Ψ(xk; ρk+1)− θαk
4

∆g
Ψ(xk, dk; ρk+1)− θαk

4
(κ3(τ̃1ρk+1 − κ2)φ2

k + κ4χ
2
k).

�

Lemma 21 Suppose that the kth step is successful. Then

χ(xk+1)2 ≤ 2
(
χ(xk)2 + L2

χα
2
kξ
−1∆g

Ψ(xk, dk; ρk+1)
)
,

φ(xk+1)2 ≤ 2(φ(xk)2 +Mdα
2
kξ
−1∆g

Ψ(xk, dk; ρk+1)).

Proof It follows from the Lipschitz continuity of χ(x; ρ) that

χ(xk+1) ≤ χ(xk) + Lχαk‖dk‖.

Then by squaring both sides and applying the bound (a+b)2 ≤ 2(a2 +b2), we obtain
that

χ(xk+1)2 ≤(χ(xk) + Lχαk‖dk‖)2

≤2(χ(xk)2 + L2
χα

2
k‖dk‖

2)

≤2
(
χ(xk)2 + L2

χα
2
kξ
−1∆g

Ψ(xk, dk; ρk+1)
)
,

where (45) is used in the last inequality.
Using

|φ(xk+1)− φ(xk)| ≤Mdαk‖dk‖
and after similar arguments, we obtain

φ(xk+1)2 ≤ 2(φ(xk)2 +Mdα
2
kξ
−1∆g

Ψ(xk, dk; ρk+1)).

�

3.6 Convergence with bounded penalty parameters

In this section, we shall consider convergence in the case where the sequence
of gradient estimates {gk} is bounded. In this case, one can know from the
mechanism of Algorithm 2 that both {ζk} and {pgk} will eventually remain
constant. Without loss of generality, we assume in this section that ζk = ζ̄ and
pgk = pg for all k ≥ 0.

Lemma 22 Suppose that Assumptions 1 and 11 hold. Suppose also that there is a
positive constant Mg such that ‖gk‖ ≤Mg for all k. Then eventually, there is ρk = ρ̄
for some ρ̄ > 0.
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Proof By Lemma 14 and compactness of the union of {xk : k ∈ S} and the set of its
accumulation points, one can deduced that (40) holds with a constant x̃ independent
of either any iterates or any accumulation point of {xk : k ∈ S}. Therefore, the
condition (20) holds if

ρk ≥
(
Mg + 1

2MH(βl + κuMf )
)
κu

τ̃1
, (49)

which implies that ρk will eventually remain constant. �

We are going to apply the techniques in [2] to our stochastic SQP framework
to prove its convergence properties.

For the simplicity of representation, we assume that ρ̄ greater than the
right-hand-side of (49) and that ρ̄ > κ2/τ̃1. Note that all the results established
in the previous Sections still hold if ρk+1 is replaced by ρ̄.

The key point of the arguments to be presented is the expected decrease
of the following random merit function

Φ(x̂k) = ν(Ψ(x̂k; ρ̄)−Ψmin) + (1− ν)α̂k(φ(x̂k)2 + χ(x̂k)2) (50)

with some ν ∈ (0, 1), ρ̄ > 0 and Ψmin ≤ Ψ(x; ρ̄) for all x ∈ Ω.
The following assumption on the variance of the gradient estimate is needed

for our arguments.

Assumption 23 The sequence of estimates {f̂0
k , f̂

s
k} generated by Algorithm 2

satisfies a κf -variance condition for all k ≥ 0.

E[|f̂sk − f(x̂k + ŝk)|2 | Fk−1/2] ≤ κ2
f α̂

2
k(φ(x̂k)2 + χ(x̂k)2)2, and

E[|f̂0
k − f(x̂k)|2 | Fk−1/2] ≤ κ2

f α̂
2
k(φ(x̂k)2 + χ(x̂k)2)2.

Similar to [2, Lem. 2.5], we have the following lemma.

Lemma 24 Let Assumption 4 hold. Suppose that {f̂0
k , f̂

s
k} are pf -probabilistically

accurate estimates. Then we have

E[1Jc
k
|f̂sk − f(x̂k + ŝk)| | Fk−1/2] ≤ (1− pf )1/2κf α̂k(φ(x̂k)2 + χ(x̂k)2),

E[1Jc
k
|f̂0
k − f(x̂k)| | Fk−1/2] ≤ (1− pf )1/2κf α̂k(φ(x̂k)2 + χ(x̂k)2).

We are going to show that the expected decrease in Φ, with proper pf , pg >
0, can be bounded by a value proportional to φ2

k + χ2
k.

Theorem 25 Suppose that Assumptions 1, 4, 11 and 23 hold. Then there exist
probabilities pg, pf > 1/2 and a constant ν ∈ (0, 1) such that the expected decrease in
Φk satisfies

E[Φ(x̂k)− Φ(x̂k+1) | Fk−1] ≥ 1

4
pfpg(1− ν)(1− γ−1)α̂k(φ̂(x̂k)2 + χ(x̂k)2). (51)
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Proof The proof to be given is structured along the similar arguments to the proof
of Theorem 4.6 in [2]. We consider three separate cases with respect to step success
and accuracy and establish bounds for the change in Φk for each case, and then add
them together weighed by their probabilities of occurrence.

Case 1 (accurate gradients and estimates, 1Ik∩Jk = 1).

(i) Successful step (1S = 1). In this case, a decrease in Ψ(x; ρ̄) occurs as (48).

As the iterate changes, the term α̂kχ(x̂k)2 may increase. It follows from Lemma
21 that

α̂kχ(x̂k)2 − α̂k+1χ(x̂k+1)2

=α̂kχ(x̂k)2 − γα̂kχ(x̂k+1)2

≥α̂kχ(x̂k)2 − 2γα̂k(χ(xk)2 + L2
χα̂

3
kξ
−1∆g

Ψ(x̂k, d̂k; ρ̄))

≥− 2γL2
χα

2
maxα̂kξ

−1∆g
Ψ(x̂k, d̂k; ρ̄) + (1− 2γ)α̂kχ(x̂k)2

(52)

and, similarly,

α̂kφ(x̂k)2 − α̂k+1φ(x̂k+1)2

≥− 2γM2
dα

2
maxα̂kξ

−1∆g
Ψ(x̂k, d̂k; ρ̄) + (1− 2γ)α̂kφ(x̂k)2.

(53)

We choose ν satisfying

ν ≥ max

 2γ(L2
χ +M2

d )α2
max

θξ
8 + 2γ(L2

χ +M2
d )α2

max

,
1

θκ3(ρ̄−κ2)
8(2γ−1)

+ 1
,

1
θκ4

8(2γ−1)
+ 1

 . (54)

Then, by combining (48), (52)and (53), we conclude that

Φ(x̂k)− Φ(x̂k+1)

≥νθ
8
α̂k∆g

Ψ(x̂k, d̂k; ρ̄) +
νθ

8
α̂kκ3(τ̃1ρ̄− κ2)φ(x̂k)2 +

νθ

8
κ4α̂kχ(x̂k)2

≥νθ
8
α̂k(κ3(τ̃1ρ̄− κ2)φ(x̂k)2 + κ4χ(x̂k)2).

(ii) Unsuccessful step. (1Sc = 1). In this case, x̂k+1 = x̂k and α̂k+1 = γ−1α̂k.
Consequently, we conclude that

Ψ(x̂k; ρ̄)−Ψ(x̂k+1; ρ̄) = 0,

α̂kχ(x̂k)2 − α̂k+1χ(x̂k+1)2 = (1− γ−1)α̂kχ(x̂k)2,

α̂kφ(x̂k)2 − α̂k+1φ(x̂k+1)2 = (1− γ−1)α̂kφ(x̂k)2,

which yields

Φ(x̂k)− Φ(x̂k+1) ≥ (1− ν)(1− γ−1)α̂k(φ(x̂k)2 + χ(x̂k)2). (55)

Therefore, we choose ν satisfying (54) and

ν ≥ max

{
1− γ−1

θ
8κ3(ρ̄− κ2) + 1− γ−1

,
1− γ−1

θ
8κ4 + 1− γ−1

}
. (56)

Then we have bounded the decrease in Φk in this case by

1Ik∩Jk (Φ(x̂k)− Φ(x̂k+1))

=1Ik∩Jk (1S + 1Sc)(Φ(x̂k)− Φ(x̂k+1))

≥1Ik∩Jk (1− ν)(1− γ−1)(α̂k(φ(x̂k)2 + χ(x̂k)2)).
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Taking conditional expectations with respect to Fk−1 and using Assumption 4, we
have

E[1Ik∩Jk (Φ(x̂k)− Φ(x̂k+1)) | Fk−1]

≥ pfpg(1− ν)(1− γ−1)(α̂k(φ(x̂k)2 + χ(x̂k)2)). (57)

Case 2 (inaccurate gradients and accurate function evaluations, 1Ick∩Jk = 1) In
this case, the value of Φ(x̂k) may increase even if the step is successful, since decrease
along the step obtained from the model (17) with an inaccurate gradient estimate
gk may not be bounded as in Lemma 19. As a result, the decrease from Ψ may not
dominate the increase from χ(x).

(i) Successful steps (1S = 1.)

It follows from (46), (52) and (53) that, for ν satisfying (54),

Φ(x̂k)−Φ(x̂k+1) ≥ νθ

8
α̂k∆g

Ψ(x̂k, dk; ρ̄)− (1− ν)(2γ− 1)α̂k(φ(x̂k)2 +χ(x̂k)2).

(ii) Unsuccessful step. (1Sc = 1.)

Like (ii) of Case 1, we also have (55).

Hence, the possible increase in the merit function is bounded by

1Ick∩Jk (Φ(x̂k)− Φ(x̂k+1)) ≥ −1Ick∩Jk (1− ν)(2γ − 1)α̂k(φ(x̂k)2 + χ(x̂k)2).

Taking conditional expectation in Fk−1 and noting that E[1Jc
k
| Fk−1] ≤ 1− pgk as

in Assumption 4, we conclude that

E[1Ick∩Jk (Φ(x̂k)− Φ(x̂k+1)) | Fk−1]

≥− (1− pg)(1− ν)(2γ − 1)α̂k(φ(x̂k)2 + χ(x̂k)2).
(58)

Case 3 (inaccurate function evaluations, 1Jc
k

= 1)
In this case, Assumption 4 (iii) is used to bound the increase in Φk. We have

|Ψ(x̂k; ρ̄)−Ψ0
k(ρ̄)| = |fk − f0

k |, (59)

|Ψ(x̂k+1; ρ̄)−Ψ0
k+1(ρ̄)| = |fk+1 − f0

k+1|. (60)

As before, we consider the following three cases.

(i) Successful steps (1S = 1).

With a successful and reliable step we have

Ψ(x̂k; ρ̄)−Ψ(x̂k+1; ρ̄)

≥Ψ0
k(ρ̄)−Ψsk(ρ̄)− |Ψ(x̂k; ρ̄)−Ψ0

k(ρ̄)| − |Ψ(x̂k+1; ρ̄)−Ψ0
k+1(ρ̄)|

≥θα̂k∆g
Ψ(x̂k, dk; ρ̄)− |Ψ(x̂k; ρ̄)−Ψ0

k(ρ̄)| − |Ψ(x̂k+1; ρ̄)−Ψ0
k+1(ρ̄)|.

By choosing ν satisfying

ν ≥
2γ(M2

d + L2
χ)α2

maxξ
−1

θ
4 + 2γ(M2

d + L2
χ)α2

maxξ−1
(61)

and using (46), (52) and (53), it follows that

Φ(x̂k)− Φ(x̂k+1)

≥νθ
4
α̂k∆g

Ψ(x̂k, d̂k; ρ̄)− (1− ν)(2γ − 1)α̂k(φ(x̂k)2 + χ(x̂k)2)

− ν|Ψ(x̂k; ρ̄)−Ψ0
k(ρ̄)| − ν|Ψ(x̂k+1; ρ̄)−Ψ0

k+1(ρ̄)|

≥ − (1− ν)(2γ − 1)α̂k(φ(x̂k)2 + χ(x̂k)2)

− ν|Ψ(x̂k; ρ̄)−Ψ0
k(ρ̄)| − ν|Ψ(x̂k+1; ρ̄)−Ψ0

k+1(ρ̄)|.

(62)
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(ii) Unsuccessful step (1Sc = 1). As in Case 1(ii), we have (55)

The equation (62) dominates (55), thus we always have (62) in this case. Then it
follows from Lemma 24, (59) and (60) that

E[Φ(x̂k)− Φ(x̂k+1) | Fk−1]

≥− 2ν(1− pf )1/2κf α̂k(φ(x̂k)2 + χ(x̂k)2)

− (1− ν)(1− pf )1/2(2γ − 1)α̂k(φ(x̂k)2 + χ(x̂k)2)

=− (2ν(1− pf )1/2κf + (1− ν)(1− pf )1/2(2γ − 1))α̂k(φ(x̂k)2 + χ(x̂k)2)

(63)

Note that (54) implies (61). Hence, if we choose a ν satisfying (54) and (56), then
all the three bounds (57),(58) and (63) hold.

Now, combining the bounds we obtained in the above three cases, we have

E[Φ(x̂k)− Φ(x̂k+1) | Fk−1]

=E[(1Ik∩Jk + 1Ick∩Jk + 1Jc
k
)(Φ(x̂k)− Φ(x̂k+1)) | Fk−1]

≥(pfpg(1− ν)(1− γ−1))α̂k(φ(x̂k)2 + χ(x̂k)2)− ((1− pg)(1− ν)(2γ − 1)

+ (1− pf )1/2(2νκf + (1− ν)(2γ − 1)))α̂k(φ(x̂k)2 + χ(x̂k)2).

Let us consider the coefficients of the last inequality above. We have

pfpg(1− ν)(1− γ−1)− (1− pg)(1− ν)(2γ − 1)

−(1− pf )1/2(2νκf + (1− ν)(2γ − 1))

= pfpg(1− ν)(1− γ−1)− pf (1− pg)(1− ν)(2γ − 1)

−(1− pf )(1− pg)(1− ν)(2γ − 1)− (1− pf )1/2(2νκf + (1− ν)(2γ − 1))

≥ pf (1− ν)(pg(1− γ−1)− (1− pg)(2γ − 1))

−(1− pf )1/2((1− pg)(1− ν)(2γ − 1) + 2νκf + (1− ν)(2γ − 1))

≥ pf (1− ν)(pg(1− γ−1)− (1− pg)(2γ − 1))

−2(1− pf )1/2((1− ν)(2γ − 1) + νκf ).

Choose pg satisfying

pg ≥
2γ − 1

2γ − 1
2γ
−1 − 1

2

, (64)

and pf sufficiently large such that

pf√
1− pf

≥
8((1− ν)(γ − 1) + 2νκf )

pg(1− γ−1)(1− ν)
. (65)

Then we have

pf (1− ν)(pg(1− γ−1)− (1− pg))−
√

1− pf ((1− pg)(1− ν)(2γ − 1) + 2νκf )

≥ 1
4pfpg(1− ν)(1− γ−1).

Hence, if by choosing a pg satisfying (64) and a pf satisfying (65), we obtain the
desired result (51)

�
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3.7 Convergence rate with bounded penalty factors

We are going to bound the expected number of steps that the algorithm takes
until

φ(x̂k)2 + χ(x̂k)2 < ε.

Define the stopping time

Tε = inf{k ≥ 0 : φ(x̂k)2 + χ(x̂k)2 < ε},

a function q(Ak) = Akε and Wk = 2(1Ik∩Jk − 1
2 ).

The proof is just similar to Section 4.3 in [2]. All that we shall do is to
check whether the random process {Φk, α̂k,Wk} satisfies Assumption 5, where
Φk is defined by (50).

Assumption 5(i) is ensured by the rule of updating αk and Assumption
5(ii) is due to Lemma 16 and similar arguments in the proof of [2, Lemma 4.8].

Given (51), by multiplying both sides by the indicator 1{Tε>k}, we have

1{Tε>k}E[Φ(x̂k)− Φ(x̂k+1)] ≥ 1

4
pfpg(1− ν)(1− γ−1)εα̂k = Θq(α̂k)

with Θ = 1
4pfpg(1− ν)(1− γ−1). Therefore, Assumption 5(iii) holds.

Then using Theorem 6, we have

Lemma 26 Let pf and pg satisfy (64), (65) and pfpg ≥ 1/2. Then Assumption 5
is satisfied for λ = log(γ), p = pfpg and

ᾱ =
(1− θ)ξ

κgβu + 1
2Lf + 2εf + 1

2 ρ̄Lhc

Proof Using Lemma 16 and a proof exactly the same as that of [2, Lemma 4.8], we
can prove this Lemma. �

Theorem 27 Under the same assumptions in Theorem 25, suppose that pf and pg
satisfy (64), (65) and pfpg ≥ 1/2. Then

E[Tε] ≤
1

2pfpg − 1

4(κgβu + 1
2Lf + 2εf + 1

2 ρ̄Lhc)

(1− ν)(1− γ−1)(1− θ)ξ
Φ0 + 1.

As a simple corollary to Theorem 27, just like Theorem 4.10 in [2], we have

Corollary 28 Let Assumptions 1, 4, 11 and 23 hold. Then the sequence of random
iterates generated by Algorithm 2, {x̂k}, almost surely satisfies

lim inf
k→∞

φ(x̂k)2 + χ(x̂k)2 = 0.
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3.8 Unbounded penalty parameter

Now we consider the case where ρk → +∞. Even in the presence of eMFCQ,
the boundedness of the sequence of penalty factors {ρk} is not guaranteed. As
the constraints are deterministic and by Lemma 14, the possible unbounded-
ness of {ρk} is caused by the randomness of ĝk. We will show that, under the
sampling method in Algorithm 2, the event that ρk tends to +∞ will happen
with probability 0.

We will use Borel-Cantelli Lemma (see, for example, [41]), which is stated
as

Theorem 29 (Borel-Cantelli Lemma) Let Ak, k = 1, 2, · · · be a sequence of random
events. If

∑+∞
k=1 Pr(Ak) < +∞, then

Pr(Ak i.o.) = 0,

where i.o. stands for infinitely often, in other words, {Ak i.o.} = lim supAk.

We will derive the probability of {lim ρ̂k = +∞} by estimating probability
of a sequence of random events. Define

T0 = 0,

T1 = inf{ k : ‖ĝk‖ > ζ̂k, k > T0},
T2 = infk{ k : ‖ĝk‖ > ζ̂k, k > T1},

· · ·
Tj = infk{ k : ‖ĝk‖ > ζ̂k, k > Tj−1},

· · ·

and Bj = {‖ĝTj
‖ > ζ̂Tj

}, j = 1, 2, · · · . It is easy to verify, according to the
mechanism of Algorithm 2, that

{lim ρ̂k = +∞} = {Bj i.o.}.

Note that limTj→+∞ ζTj = +∞. We assume without loss of generality that
ζ0 > Md + κgαmaxβ

2
u. Therefore, for any time Tj , there is

{‖ĝTj −∇f(x̂Tj )‖ ≤ ζ̂Tj − ‖∇f(x̂Tj )‖} ⊃ {‖ĝTj −∇f(x̂Tj )‖ ≤ κgα̂Tj‖d̂Tj‖2},

which implies

Pr(Bj) = Pr{‖ĝTj
‖ > ζ̂Tj

}

≤Pr{‖ĝTj −∇f(x̂Tj )‖ > ζ̂Tj − ‖∇f(x̂Tj )‖}

=1−Pr{‖ĝTj
−∇f(x̂Tj

)‖ ≤ ζ̂Tj
− ‖∇f(x̂Tj

)‖}

≤1−Pr{‖ĝTj
−∇f(x̂Tj

)‖ ≤ κgα̂Tj
‖d̂Tj
‖2}

≤1− aj .

(66)
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Therefore, we get
∑+∞

j=0 Pr(Bj) ≤
∑+∞

j=0(1 − aj) < +∞, which, by Theorem
29, yields

Theorem 30 Let Assumptions 1, 4,11 and 23 hold. Then Pr(limk→+∞ ρ̂k =
+∞) = 0.

Proof It follows from (66) and
∑+∞
j=0(1 − aj) < +∞ that

∑+∞
j=0 Pr(Bj) < +∞.

Then we have by Theorem 29 that Pr(Bj i.o.) = 0, which is equivalent to
Pr(limk→+∞ ρ̂k = +∞) = 0. �

4 Numerical results

In this section, we demonstrate the empirical performance of Algorithm 2
implemented in MATLAB.

4.1 Test problems

We consider its performance on a set of nonlinear constrained problems
adapted from a subset of problems in two standard collections [42, 43]. Specif-
ically, we are interested in those problems whose objective functions are of the
form

F (x) =

m∑
i=1

aiF
2
i (x) (67)

and which have at least one non-degenerate solution. Here a point is said to
be non-degenerate if it satisfies LICQ. The non-degeneracy was verified in the
process of choosing test problems. A total of 58 problems are included in our
experiments. Each problem comes with an initial point and a set of solutions
(or, at least, well approximated solutions), which we used in experiments. All
the selected problems are listed in 4.1, where, for instance, “HS06” means
Problem No. 6 in Hock and Schittkowski [42] and “S216”, Problem No. 216 in
Schittkowski [43].

Table 1 List of the original problems corresponding to the test problems

Source Hock and Schittkowski [42] Schittkowski [43]
Prob. HS06 HS11 HS12 HS14 HS15 HS16 S216 S225 S227 S233 S235 S249

HS17 HS18 HS20 HS22 HS23 HS26 S252 S264 S316 S317 S318 S319
HS27 HS30 HS31 HS32 HS42 HS43 S320 S321 S322 S323 S324 S326
HS46 HS57 HS60 HS61 HS63 HS65 S327 S337 S338 S344 S345 S355
HS77 HS79 HS99 HS100 HS113 S372 S373 S375 S394 S395

All the selected problems are deterministic and only a part of them have
both equality and inequality constraints. Therefore, we modified them to fit
the framework of interest.
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For the objective function, we perturb each component in (67) by ξi ∼
N(0, σ2) for some σ > 0 and then take expectation with respect to ξ =
(ξ1, ξ2, · · · , ξm), i.e., the adapted objective function is

f(x) = E[F (x, ξ)] = E

[
m∑
i=1

ai(Fi(x) + ξi)
2

]
.

For problems having only equality constraints, we add a new inequality
constraints of the form

clt(x− e) ≤ b, (68)

where clt is the last equality constraint, e is the n−dimensional vector of all
one and b is chosen such that (68) is active at the first solution given in [42,
43] of the original problem. For problems having only inequality constraints,
we introduce an equality constraint which is generated by shifting the last
nonlinear active constraint (if exists) horizontally by 1 unit and vertically by
a proper distance such that the “=” holds at the first solution of the original
problem. If none of the nonlinear inequality constraints is active, then we shift
the last one vertically so that it becomes active and make it an equality.

4.2 Experimental Details

We are particularly interested in variation in the algorithm’s performance
with respect to the iteration and the sample size. We consider six tiers of the
maximum iteration counts

K̃ = {10, 50, 200, 500, 1000, 5000}

and five levels of sample size

S̃ = {50, 500, 5000, 50000, 100000}

Note that the sampling method in Section 3.2 was not adopted and we set
|Sfk | = |S

g
k | in experiments.

Due to the stochastic setting of Problem (1), exact computation of the KKT
system is not feasible. Note, however, that the modified problems have the
same solution regions as the corresponding problems in [42, 43]. That enables
us to measure the optimality by the following distance

dist(xk,Sopt) = min
x̃∈Sopt

‖xk − x̃‖,

where Sopt is the solution set. For easier informativeness, we display a log10

scale of the distances. In some cases, dist(xk,Sopt) may become smaller than
the floating-point relative accuracy of MATLAB, or an exact solution is com-
puted and thus the distance is zero. In such cases, the algorithm will return
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a “0”, which leads to a “−∞” if scaled by log10. If this happens, we set
dist(xk,Sopt) to be 10−18.

For the experiments, the parameters were set as σu = 106, βl = 100,
βu = 500, κµ = 2, ρ0 = 10, α0 = 1, αmax = 2 and γ = 2. We use the solver
“linprog” in MATLAB’s Optimization Toolbox to solve the linear program
(7), and “quadprog” for (17). In very occasional cases where “linprog” fails to
solve (7), the algorithm obtains κk through solving the following regularized
subproblem

min
p∈Rn,y∈R

y + ζr
2 (‖p‖2 + y2)

s.t. −ye ≤ hk +∇hTk p ≤ ye,
ck +∇cTk p ≤ ye,
‖p‖∞ ≤ σk, y ≥ 0,

where ζr ∈ R is a regularization parameter. In practice, we choose ζr = 10−8.
In fact, in our numerical experiments, this abnormal fail of “linprog” only
occurred when solving Problem HS30, where, on some iterates, “linprog”
wrongly asserted that (7) was infeasible.

For each problem and each level of sample size, we ran Algorithm 3 20
times and record the log10 dist(xk,S) at all k ∈ K̃.

4.3 Empirical performance

In this section, we report empirical performance of the algorithm by means
of box plot. A box plot is a type of chart often used in explanatory data
analysis and shows some features of the distribution, such as locality, spread
and skewness and etc. Box plots show the five-number summary of a set of
data: minimum score (excluding outliers), first quartile, median, third quartile
and maximum score (excluding outliers).

Firstly, we illustrate the algorithm’s performance under a given noise level.
The noise level was set to be σ = 1.0. Performance profiles on 12 randomly
selected problems was illustrated in Figures 1-12. Each figure includes 5 subfig-
ures corresponding to 5 levels of sample size in S̃. In each subfigure, 6 box plots,
each corresponds to a level of iteration labeled in the x-axis, for 20 instances
of log10 dist(xk,Sopt) were drawn. From these figures, we observed that the
algorithm’s empirical performance improves with respect to the increase of
iteration and sample size; and that the interquartile range decreases signifi-
cantly when the sample size increases. Figures of the performance on the other
46 problems are contained in Appendix (Fig. A1- Fig.A46).

Secondly, we report the variation of the performance of Algorithm 2 with
respect to the level of noise. We ran Algorithm 2 on test problems with

σ ∈ {10, 1.0, 0.1},

and recorded its performance under different cross levels of iteration and
sample size. Due to space limitation, we choose two levels of iteration

K̃2 = {500, 5000}
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Fig. 1 performance on HS11(σ = 1). Fig. 2 performance on HS20(σ = 1).

Fig. 3 performance on HS30(σ = 1). Fig. 4 performance on HS31(σ = 1).

Fig. 5 performance on HS46(σ = 1). Fig. 6 performance on HS60(σ = 1).

Fig. 7 performance on HS61(σ = 1). Fig. 8 performance on S317(σ = 1).

Fig. 9 performance on S324(σ = 1). Fig. 10 performance on S326(σ = 1).
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Fig. 11 performance on S327(σ = 1). Fig. 12 performance on S373(σ = 1).

and two levels of sample size

S̃2 = {500, 100000}.

Figures 13-24 illustrate the Performance with respect to σ on 12 randomly
selected problems. All the other figures are included in Appendix (Fig. A47-
Fig. A92).

4.4 Observations

We can note several general patterns that can be seen from the figures infor-
mative in regards to the specific properties of the Algorithm as well as broad
insights for stochastic constrained optimization in general.

From these figures, one can see that Algorithm 2 performs better on
instances with small levels of noise, which is to be expected.

In addition, we see that the sample size does affect the noise, but gener-
ally speaking not the expectation of the performance. Furthermore, there is
often a threshold at which the additional variance reduction is marginal with
increasing sample size. This threshold varies depending on the problem.

Finally, we see that as standard with stochastic optimization, there is an
exponential increase in the number of iterations required to achieve an order
of magnitude. Moreover, there is considerable variation across problems as to
how steep this relationship is. This confirms the overall understanding that
there is considerable cost in total samples necessary to achieve precision.

This also seems to challenge the overall historical fast local convergence
properties of SQP. A careful investigation of sketching and other techniques
to maintain this in the stochastic setting could be an important consideration
for future work.

5 Conclusions

In this paper, we proposed a robust SQP method for optimization with stochas-
tic objective functions and deterministic constraints. The presented method
generalizes Paquette and Scheinberg’s line search method for unconstrained
stochastic optimizations to the SQP method for constrained stochastic opti-
mization of the form (1). Ideas of Burke and Han’s robust SQP [1] method are
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Fig. 13 Performance on HS06 w.r.t σ. Fig. 14 Performance on HS11 w.r.t σ.

Fig. 15 Performance on HS18 w.r.t σ. Fig. 16 Performance on HS20 w.r.t σ.

Fig. 17 Performance on HS32 w.r.t σ. Fig. 18 Performance on HS63 w.r.t σ.

Fig. 19 Performance on S216 w.r.t σ. Fig. 20 Performance on S252 w.r.t σ.

Fig. 21 Performance on S316 w.r.t σ. Fig. 22 Performance on S322 w.r.t σ.
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Fig. 23 Performance on S323 w.r.t σ. Fig. 24 Performance on S337 w.r.t σ.

adopted to ensure the consistency of QP subproblems. Global convergence in
the case where the penalty parameter is proved, meanwhile the probability of
the penalty parameter approaching infinity is shown to be 0, with a specific
sampling method. Numerical results on a set of test problems are reported,
which illustrate how the performance of the algorithm vary with respect to the
number of iterations, the sample size and the levels of noise, providing insight
on the method as well as stochastic constrained optimization in general.

Some advanced SQP schemes in deterministic nonlinear programming, for
example, the inexact SQP scheme [44], the filterSQP technique [26, 27], the sta-
bilized SQP scheme [45] and etc, can be used to extend this work. It will be also
interesting and deserves studying to exploit other classical schemes for non-
linear constrained optimizations, such as the augmented Lagrangian method
and interior point method, to solve stochastic problems. Finally, establishing
fast local convergence as well as real time iteration and other online schemes
of using SQP, two of the classical strengths of SQP methods, are of interest.
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Fig. A1 Performance on HS06 (σ = 1). Fig. A2 Performance on HS12 (σ = 1).

Fig. A3 Performance on HS14 (σ = 1). Fig. A4 Performance on HS15 (σ = 1).

Fig. A5 Performance on HS16 (σ = 1). Fig. A6 Performance on HS17 (σ = 1).

Appendix A Remaining figures of the
numerical experiments
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Fig. A7 Performance on HS18 (σ = 1). Fig. A8 Performance on HS22 (σ = 1).

Fig. A9 Performance on HS23 (σ = 1). Fig. A10 Performance on HS26 (σ = 1).

Fig. A11 Performance on HS27 (σ = 1). Fig. A12 Performance on HS32 (σ = 1).

Fig. A13 Performance on HS42 (σ = 1). Fig. A14 Performance on HS43 (σ = 1).

Fig. A15 Performance on HS57 (σ = 1). Fig. A16 Performance on HS63 (σ = 1).
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Fig. A17 Performance on HS65 (σ = 1). Fig. A18 Performance on HS77 (σ = 1).

Fig. A19 Performance on HS79 (σ = 1). Fig. A20 Performance on HS99 (σ = 1).

Fig. A21 Performance on HS100 (σ = 1). Fig. A22 Performance on HS113 (σ = 1).

Fig. A23 Performance on S216 (σ = 1). Fig. A24 Performance on S225 (σ = 1).

Fig. A25 Performance on S227 (σ = 1). Fig. A26 Performance on S233 (σ = 1).
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Fig. A27 Performance on S235 (σ = 1). Fig. A28 Performance on S249 (σ = 1).

Fig. A29 Performance on S252 (σ = 1). Fig. A30 Performance on S264 (σ = 1).

Fig. A31 Performance on S316 (σ = 1). Fig. A32 Performance on S318 (σ = 1).

Fig. A33 Performance on S319 (σ = 1). Fig. A34 Performance on S320 (σ = 1).

Fig. A35 Performance on S321 (σ = 1). Fig. A36 Performance on S322 (σ = 1).
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Fig. A37 Performance on S323 (σ = 1). Fig. A38 Performance on S337 (σ = 1).

Fig. A39 Performance on S338 (σ = 1). Fig. A40 Performance on S344 (σ = 1).

Fig. A41 Performance on S345 (σ = 1). Fig. A42 Performance on S355 (σ = 1).

Fig. A43 Performance on S372 (σ = 1). Fig. A44 Performance on S375 (σ = 1).

Fig. A45 Performance on S394 (σ = 1). Fig. A46 Performance on S395 (σ = 1).
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Fig. A47 Performance on HS12 w.r.t σ. Fig. A48 Performance on HS14 w.r.t σ.

Fig. A49 Performance on HS15 w.r.t σ. Fig. A50 Performance on HS16 w.r.t σ.

Fig. A51 Performance on HS17 w.r.t σ. Fig. A52 Performance on HS22 w.r.t σ.

Fig. A53 Performance on HS23 w.r.t σ. Fig. A54 Performance on HS26 w.r.t σ.

Fig. A55 Performance on HS27 w.r.t σ. Fig. A56 Performance on HS30 w.r.t σ.



Springer Nature 2021 LATEX template

48 Stochastic SQP

Fig. A57 Performance on HS31 w.r.t σ. Fig. A58 Performance on HS42 w.r.t σ.

Fig. A59 Performance on HS43 w.r.t σ. Fig. A60 Performance on HS46 w.r.t σ.

Fig. A61 Performance on HS57 w.r.t σ. Fig. A62 Performance on HS60 w.r.t σ.

Fig. A63 Performance on HS61 w.r.t σ. Fig. A64 Performance on HS65 w.r.t σ.

Fig. A65 Performance on HS77 w.r.t σ. Fig. A66 Performance on HS79 w.r.t σ.
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Fig. A67 Performance on HS99 w.r.t σ. Fig. A68 Performance on HS100 w.r.t σ.

Fig. A69 Performance on HS113 w.r.t σ.Fig. A70 Performance on S225 w.r.t σ.

Fig. A71 Performance on S227 w.r.t σ. Fig. A72 Performance on S233 w.r.t σ.

Fig. A73 Performance on S235 w.r.t σ. Fig. A74 Performance on S249 w.r.t σ.

Fig. A75 Performance on S264 w.r.t σ. Fig. A76 Performance on S317 w.r.t σ.
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Fig. A77 Performance on S318 w.r.t σ. Fig. A78 Performance on S319 w.r.t σ.

Fig. A79 Performance on S320 w.r.t σ. Fig. A80 Performance on S321 w.r.t σ.

Fig. A81 Performance on S324 w.r.t σ. Fig. A82 Performance on S326 w.r.t σ.

Fig. A83 Performance on S327 w.r.t σ. Fig. A84 Performance on S338 w.r.t σ.

Fig. A85 Performance on S344 w.r.t σ. Fig. A86 Performance on S345 w.r.t σ.
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Fig. A87 Performance on S355 w.r.t σ. Fig. A88 Performance on S372 w.r.t σ.

Fig. A89 Performance on S373 w.r.t σ. Fig. A90 Performance on S375 w.r.t σ.

Fig. A91 Performance on S394 w.r.t σ. Fig. A92 Performance on S395 w.r.t σ.
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