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In this paper we deal with non-monotone line-search methods to minimize a smooth cost function on
a Riemannian manifold. In particular, we study the number of iterations necessary for this class of
algorithms to obtain ε-approximated stationary points. Specifically, we prove that under a regularity
Lipschitz-type condition on the pullbacks of the cost function to the tangent spaces of the manifold and
other mild assumptions, the Riemannian non-monotone line-search methods generates points with Rie-
mannian gradient norm smaller than ε in O(ε−2) iterations. Our worst-case complexity includes a wide
variety of known non-monotone strategies existing in the literature. Additionally, we establish the glo-
bal convergence for this family of methods. The bounds obtained in our analysis agree with the bounds
known for line-search methods in the field of unconstrained nonlinear optimization and hence generalizes
previous work.

Keywords: Riemannian optimization; Non-monotone line search; Worst-case complexity; Global
convergence.

1. Introduction

We address the problem of computing a local minimum of a cost function on a Riemannian manifold,
which can be modeled as

min
x∈M

F(x), (1.1)

where F : M→ R is a continuously differentiable function and the pair (M,⟨·, ·⟩) forms a Riemannian
manifold with associated Riemannian metric ⟨·, ·⟩. For now on, the local inner product ⟨·, ·⟩x represents
the restriction of the Riemannian metric to the tangent space TxM, for all x∈M. In addition, given x∈M
an arbitrary point, ∇MF(x) will denotes the Riemannian gradient of the objective function F evaluated
at x. Solving this problem for some particular objective functions and manifolds is very useful in some
applications as for example in dictionary learning [4, 27], Brockett cost minimization [4], simultaneous
localization and mapping [4], Low-rank nearest correlation estimation [6], Max cut [6], Cryo-EM [6],
Deep learning [6], independent component analysis [28], matrix completion [26, 29, 30], data cluste-
ring and image segmentation [31, 32], among others.

Note that Problem (1.1) reduces to the well-known unconstrained non-linear optimization problem
[2] when M is an Euclidean space, as for example when M = Rn. Nonetheless, in the more general
case, the presence of the manifold constraint makes (1.1) a challenging problem, because the set M is
typically nonconvex and hence (1.1) could have multiple minimizers.

In order to deal with this problem, we consider an important family of numerical procedures so-
called the Riemannian line-search methods [1, 4]. This family of methods includes among its members,
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for example, the Riemannian gradient descent method, the Riemannian quasi-Newton methods, the Rie-
mannian Newton method, some Riemannian conjugate gradient methods, among others. In this paper,
we are interesting in develop the worst-case complexity analysis for this rich collection of methods. The
goal of this kind of rigorous study, is to establish an estimate of the maximum number of iterations that
a certain algorithm requires to obtain a ε-stationary point of the objective function, in the Riemannian
sense.

In the special case when M is an Euclidean space, there are several works that have investigated
the worst-case complexity analysis of the line-search methods, we suggest the reader see [5, 13, 16].
Recently in [5] Grapiglia and Sachs established the worst-complexity analysis of a generalized family
of non-monotone line-search schemes in the Euclidean context. Essentially, in [5] it is proved that this
family of methods computes a point x ∈M = Rn with ||∇F(x)|| ≤ ε in O(ε−2) iterations, under some
assumptions. Nevertheless, in the Riemannian setting, there is little literature that has carried out this
type of analysis. Much of the existing theory related to manifold constrained optimization is prima-
rily dedicated to establishing the global convergence to stationary point of some iterative methods, see
[1, 4, 6, 7, 17]. Here the word “global” refers to the fact that the convergence result does not depend on
the particular selection of the starting point with which the numerical method begins to iterate.

In the seminal paper [12], Boumal et. al. studied the global rates of convergence for the gradient
method and the trust-region method in the Riemannian framework. In particular, the authors in [12]
demonstrated that the Riemannian gradient method generates points x ∈M with ||∇MF(xk)||xk ≤ ε in
O(ε−2) iterations for constant step-size, and also for step-sizes determined with the backtracking heuri-
stic equipped with the Armijo rule. Additionally, in [12] the authors proved that the number of iterations
required by the Riemannian trust-region method to compute an ε-critical point is of order O(ε−3). The
theoretical results obtained in [12] correspond to monotone methods, that is, they construct a sequence
of feasible points {xk} ⊂M such that their associated sequence of objective values {F(xk)} is monoto-
nically decreasing. Furthermore, excluding the results related to the Riemannian trust-region method,
the study developed in [12] only considers the search direction dk = −∇MF(xk), and thus the analysis
is very limited.

In this paper, we consider a whole family of Riemannian non-monotone line-search methods and
analyze their complexity and global convergence. To carry out this study, we consider a very general
algorithmic framework, which involves generic search directions dk ∈ Txk M, and generic non-monotone
terms. So, the designed algorithm has the capacity to generate sequences {xk} ⊂M such that their cor-
responding sequence of objective values {F(xk)} is non-monotone, which differs from [12]. We prove
that the number of iterations required by the proposed non-monotone algorithm to return a point satisf-
ying the relation ||∇MF(xk)||xk ≤ ε is O(ε−2), which coincides with the known bound for the Euclidean
case [5, 13], and matches with the same bound obtained in [12] for the Riemannian gradient method.
Therefore, our analysis can be regarded as an extension of the results presented in [5, 12].

This manuscript is organized as follows. In Section 2, we present a generic Riemannian non-
monotone line-search method which will be the object of study. The worst-case complexity estimates
are given in Section 3. Section 4 is dedicated to the global convergence analysis of the proposed
algorithm. Some conclusions are provided in Section 5.
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2. Non-monotone line-search algorithm

The main tool for extending the line-search methods from the Euclidean to the Riemannian context
is the mapping called retraction. The rigorous definition of retraction appears in [1]. This class of
mechanisms allows us to map vectors from the tangent space TxM of the manifold at x ∈M to points on
M. Particularly, the Riemannian line-search algorithms construct a sequence of iterates {xk} ⊂M using
the following recursive scheme, starting with a given x0 ∈M,

xk+1 = Rxk(τkdk), ∀k, (2.1)

where Rxk : Txk M→M is a retraction, dk ∈ Txk M is a tangent descent direction and τk = αkδ l > 0 is the
step-size, where l is some non-negative integer, δ ∈ (0,1) is a constant selected by the user and αk > 0
for all k ≥ 0. In the Euclidean case, that is, when M = Rn, the usual retraction is Rxk(τkdk) = xk + τkdk.
In this context the complexity analysis of the non-monotone line-search methods has been studied in
[5, 13]. In general, the total amount of work required by non-monotone line-search methods, in the
worst case, to attain a prescribed tolerance ε > 0 is of the type O(ε−2). However, the results presented
in all the works [5, 13] do not apply to minimization problems on a Riemannian manifold.

The terminus non-monotone, in this class of algorithms, refers to the fact that the step-size τk =αkδ l

is selected by satisfying some non-monotone condition related to the objective function. One of the most
used rules for selecting τk in (2.1) is the non-monotone line-search condition of Zhang and Hager [15],
who propose to select τk = αkδ l choosing l as the smallest non-negative integer such that the condition

F(Rxk(αkδ
ldk))≤Ck + c1αkδ

l⟨∇MF(xk),dk⟩xk , (2.2)

is satisfied for all k ≥ 0, where Ck =
ηk−1Qk−1Ck−1+F(xk)

Qk
, for all k ≥ 1, with Qk = ηk−1Qk−1 + 1,

ηk−1 ∈ [ηmin,ηmax], 0 ≤ ηmin ≤ ηmax ≤ 1, Q0 = 1 and C0 = F(x0). In fact, in [15] this strategy is
introduced for the Euclidean case. The condition (2.2) corresponds to its extension to the Riemannian
setting. This rule has been used in many methods for optimization on manifolds, see [6, 7, 8, 9, 10, 11].

The Zhang and Hager’s non-monotone rule can be generalized as

F(Rxk(αkδ
ldk))≤Ck + c1αkδ

l⟨∇MF(xk),dk⟩xk , (2.3)

for all k ≥ 0, where Ck is the convex combination between Ck−1 and F(xk), that is, Ck = θkCk−1 +(1−
θk)F(xk), where θk ∈ [0,1] for all k with {θk} convergent. In fact, if we choose θk =

ηk−1Qk−1
Qk

in (2.3)
then we recover the Zhang and Hager’s non-monotone rule (2.2).

Another non-monotone condition widely used in the literature is the Grippo’s non-monotonic stra-
tegy [18]. This strategy proposes computing τk = αkδ l with l being the smallest non-negative integer
such that

F(Rxk(αkδ
ldk))≤ max

0≤i≤m(k)
[F(xk−i)]+ c1αkδ

l⟨∇MF(xk),dk⟩xk , (2.4)

is verified for all k ≥ 0, where m(0) = 0 and 0 ≤ m(k) ≤ min{m(k− 1)+ 1,N} for N ∈ N fixed. This
technique has been used in [19, 20], for solving Riemannian constrained optimization problems.
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We can also consider more basic non-monotone rules, such as

F(Rxk(αkδ
ldk))≤ Tk + c1αkδ

l⟨∇MF(xk),dk⟩xk , (2.5)

for all k ≥ 0, where Tk =
M

k+1 with M > 0 is a constant. There are other non-monotone strategies avai-
lable in the Euclidean case, for example see [21, 22, 23, 24], which can be easily generalized to the
Riemannian context. We do not list them here because they have not been widely used in the solution
of optimization problems on manifolds. However, our analysis includes these techniques.

Now, we present a generic line-search algorithm to deal with optimization problems on Riemannian
manifolds.

Algorithm 1 Riemannian Non-monotone Line–Search Method

Require: x0 ∈M, α0 > 0, δ ,c1 ∈ (0,1), k := 0.
1: Choose a non-null tangent descent direction dk ∈ Txk M.
2: Select the non-monotone term νk ≥ 0.
3: Compute l ≥ 0 as the smallest non-negative integer such that

F(Rxk(αkδ
ldk))≤ (F(xk)+νk)+ c1αkδ

l⟨∇MF(xk),dk⟩xk (2.6)

and
αkδ

l ||dk||xk ≤ ϕk. (2.7)

4: Set lk = l; xk+1 = Rxk(αkδ lk dk); αk+1 = αkδ lk−1; k← k+1; and to Step 1.

Given a Riemannian manifold M, it is not always possible to build a retraction defined on the entire
tangent bundle T M := ∪x∈MTxM. For example, for the Symplectic Stiefel manifold M ≡ Sp(2p,2n) :=
{X ∈ R2n,2p : X⊤J2nX = J2p}, the retraction based on the Cayley transform developed in [25], is only
defined for tangent vectors in a certain neighborhood of the null vector 0x ∈ TxM, for details see [25].
For this reason, in Algorithm 1, we are assuming that the retraction Rxk(·) that appears in (2.6) is only
defined locally, that is, for each k there exists a radius ϕk > 0 such that Rxk : Txk M∩B(0xk ,ϕk)→M is
well-defined. Here B(0xk ,ϕk) represents the closed ball B(0xk ,ϕk) = {zk ∈ Txk M : ||zk||xk ≤ ϕk}, for all
k ≥ 0. Additionally, when ϕk = ∞ for all k, we say that the retraction R(·) is defined globally.

In addition, in the algorithm above, νk is the term that controls the degree of non-monotonicity of
the proposed algorithm. Note that this term depends on k, which means that we can adjust it at each
iteration. Thus, Algorithm 1 is very flexible since it can be implemented with different non-monotone
terms, and therefore it is not only limited to use the non-monotone strategy of Zhang and Hager or
another of the existing ones.

On the other hand, observe that by selecting νk = Ck − F(xk), in Algorithm 1, we recover the
Zhang and Hager’s non-monotone rule (2.3). Similarly, choosing νk = max0≤i≤m(k)[F(xk−i)]−F(xk),
we obtain the Grippo’s non-monotone condition (2.3). The same argument applies to the rest of the
non-monotone strategies.
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3. Complexity analysis

In this section we present the complexity analysis of Algorithm 1 under the assumption ϕinf := infkϕk >
0. As mentioned in [12], if the injectivity radius of the manifold is positive then there exist retractions
verifying the relation infx∈Mϕ(x)> 0, which is the case when M is a compact manifold, see [14].

In order to carry out the worst-case complexity analysis of Algorithm 1, we require the assumptions
listed below.

• A1: [Lower bound]. There exists a constant Flow ∈ R such that F(x)≥ Flow, for all x ∈M.
• A2: [Restricted Lipschitz-type gradient for pullbacks]. There exists Lg ≥ 0 such that, for all iterate

xk generated by Algorithm 1, the pullback F̂k(·) := F ◦Rxk(·) verifies

| F̂k(ξ )− (F(xk)+ ⟨∇MF(xk),ξ ⟩xk) |≤
Lg

2
||ξ ||2xk

, (3.1)

for all ξ ∈ Txk M such that ||ξ ||xk ≤ ϕk.
• A3: [Direction properties]. There exists three constants c2 ∈ (0,1], 0 < c3 < c4 < ∞ such that the

tangent search direction zk satisfies

⟨∇MF(xk),dk⟩xk ≤−c2||∇MF(xk)||xk ||dk||xk , and c3||∇MF(xk)||xk ≤ ||dk||xk ≤ c4||∇MF(xk)||xk ,
(3.2)

for all k ≥ 0.
• A4: There exists a constant D > 0 such that

||dk||xk ≤ D, ∀k ≥ 0. (3.3)

Additionally, we will consider an extra assumption related to the sequence νk that calibrates the
degree of the non-monotonicity of the Algorithm 1.

• A5: limK→∞
1
K ∑

K−1
k=0 νk = 0.

It is straightforward to proof that if the sequence {νk} is such that ∑
∞
k=0 νk < ∞ then A5 is verified.

Nevertheless, the assumption A5 can be satisfied for sequences {νk} such that its corresponding series
is not convergent. For example, let νk =

M
k+1 for all k ≥ 0, then observe that this sequence satisfy A5

but ∑
∞
k=0 νk is divergent. In addition, observe that if M is a compact manifold then A3 implies A4.

As mentioned in [12], if M is a compact Riemannian manifold embedded in some Euclidean space
E , Rxk(·) is a retraction globally defined and F : E →R has Lipschitz continuous gradient in the convex
hull of M, then the composition F̂k(·) = F ◦Rxk(·) verifies the regularity condition A2 for any seque-
nce of point {xk} ⊂ M and with ϕk = ∞, for all k. This result is stated in Lemma 4 [12], and is valid
for several Riemannian manifold that arise frequently in applications, such as the Stiefel manifold, the
oblique manifold, the Grassmannian manifold, the unit sphere, among others.

The abovementioned Lipschitz continuity type assumption A2 gives us an upper bound for the
composition F̂k(·) for all k:

F(Rxk(ξ ))≤ F(xk)+ ⟨∇MF(xk),ξ ⟩xk +
Lg

2
||ξ ||2xk

, (3.4)
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for all ξ ∈ Txk M∩B(0xk ,ϕk).

In addition, according to the assumption A3, it follows easily that

⟨∇MF(xk),dk⟩xk ≤−c5||dk||2xk
, (3.5)

where c5 = (c2c3)/(c2
4)> 0.

The following lemma establishes that it is always possible to find values t > 0 such that (2.6) is
satisfied and tdk ∈ Dom(Rxk).

Lemma 1. Suppose that the assumptions A2-A4 hold. Then the properties

F(Rxk(tdk))≤ (F(xk)+νk)+ c1t⟨∇MF(xk),dk⟩xk , (3.6)

and
tdk ∈ Dom(Rxk), (3.7)

are fulfilled, for all t ∈ (0, α̃]. Here α̃ := min{ 2(1−c1)
Lc

,
ϕinf
D }, where Lc =

Lg
c5

> 0.

Proof Firstly, let t ∈ (0, α̃] be an arbitrary value in this interval. So, we have 0 < t ≤ α̃ ≤ ϕinf
D . Now,

using A4 we get

||tdk||xk = t||dk||xk

≤ ϕinf

D
||dk||xk

≤ ϕk

D
||dk||xk

≤ ϕk,

this means that tdk ∈ Dom(Rxk) for each t ∈ (0, α̃]. Moreover, it follows from assumption A2 that

F(Rxk(tdk))≤ F(xk)+ t⟨∇MF(xk),dk⟩xk +
Lg

2
t2||dk||2xk

, ∀t ∈ (0, α̃]. (3.8)

By using the assumption A3, which implies that (3.5), in (3.8) we arrive at

F(Rxk(tdk)) ≤ F(xk)+ t⟨∇MF(xk),dk⟩xk −
Lc

2
t2⟨∇MF(xk),dk⟩xk

= F(xk)+

[
1− Lc

2
t
]

t⟨∇MF(xk),dk⟩xk , (3.9)

which is valid for all t ∈ (0, α̃]. Additionally, since 0 < t ≤ α̃ ≤ 2(1−c1)
Lc

, we have that

1− Lc

2
t ≥ c1. (3.10)
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Substituting (3.10) in (3.9) and keeping in mind that ⟨∇MF(xk),dk⟩xk < 0, we obtain

F(Rxk(tdk)) ≤ F(xk)+ c1t⟨∇MF(xk),dk⟩xk

≤ (F(xk)+νk)+ c1t⟨∇MF(xk),dk⟩xk ,

for all t ∈ (0, α̃], where the last inequality is a consequence of the fact that vk ≥ 0. □

Remark 1. The previous lemma implicitly establishes the well definition of Algorithm 1. In fact, from
Lemma 1 we know that (3.6) and (3.7) are verified for any t ∈ (0, α̃]. Moreover, since δ ∈ (0,1), it is
always possible to find an integer l ≥ 0 such that αkδ l ∈ (0, α̃], and therefore Algorithm 1 can not cycle
in Step 3.

Remark 2. When the retraction Rxk is globally defined, the condition (3.7) is always satisfied for any
t ∈ R. In this case, Lemma 1 is true replacing α̃ by with ᾱ = 2(1−c1)

Lc
and without assuming A4.

A lower bound for the sequence {αk} is provided by the lemma below.

Lemma 2. Suppose that the assumptions A2-A4 hold. Then,

αk ≥ α := min{α0, α̃} , (3.11)

for all k ≥ 0, where α̃ is the constant that appears in Lemma 1.

Proof The proof is by induction. Clearly the present lemma is valid for k = 0. Now, let us suppose
that the inequality (3.11) is fulfilled for some k ≥ 0. Notice that if lk = 0 then Step 4 and the inductive
hypothesis lead to

αk+1 = δ
lk−1

αk = δ
−1

αk > αk ≥ α,

and thus (3.11) is verified for k+ 1, in this particular case. So, to complete the proof, it is enough to
show that αk+1 satisfied (3.11) when lk ≥ 1.

Observe that if lk ≥ 1 then we have two possibilities, either αkδ lk ∈ (0, α̃] or αkδ lk > α̃ . Let us
analyze the first case:

αkδ
lk ∈ (0, α̃]. (3.12)

Since δ ∈ (0,1), from Step 4, we have

αk+1 = αkδ
lk−1 > αkδ

lk > 0. (3.13)

In view of (3.12) and (3.13) we have again two cases: either αk+1 ∈ (αkδ lk , α̃] or αk+1 > α̃ . We affirm
that the first of these two cases is false. Indeed, if αk+1 ∈ (αkδ lk , α̃]⊂ (0, α̃] then by Lemma 1 we known
that (3.6) and (3.7) hold for t := αk+1 = αkδ l−1. Keeping in mind that l−1≥ 0, then we have found a
non-negative integer “l−1”, which is less than l, such that αk+1 = αkδ l−1 satisfies (2.6)-(2.7), but this
contradicts the definition of l in Algorithm 1. Therefore the unique valid possibility is that αk+1 > α̃ .
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Note that in this case (3.11) is verified for k+1 trivially.

The remaining case to analyze is when αkδ lk > α̃ with lk ≥ 1. It follows from the fact δ ∈ (0,1) and
Step 4 that

αk+1 = αkδ
lk−1 > αkδ

lk > α̃ ≥ α,

thus in this final case the property (3.11) is also valid for k+1. □

The following technical result establishes an upper bound associated with the total number of
function evaluations. Its demonstration is similar to the proof of Theorem 3 in [13], and we briefly
write the proof here to make the paper self-contained.

Lemma 3. Suppose that the assumptions A2-A4 are fulfilled at each iteration. In Algorithm 1, let’s
denote by Nk the total number of function evaluations up to the k-th iteration. Then,

Nk ≤ 2(k+1)+
1

log(δ )
(log(α)− log(α0)),

where α is the constant that appears in the previous lemma.

Proof Theorem 3 in [13] applies here, since the proof only uses αk+1− δ lk−1αk = 0 and the relation
αk ≥ α , for all k. □

For the rest of the analysis, we define

κc := min
{

c1c2c3δα,
2δc1c2c3c5(1− c1)

Lg

}
. (3.14)

Observe that, given ε > 0, under the assumption A5, we will denote by K(0,ε) to any non-negative
integer such that

K ≥ K(0,ε) ⇒ 1
K

K−1

∑
k=0

νk ≤
1
2

κcε
2, (3.15)

where κc is the constant defined in (3.14).

The theorem below states an upper bound on the number of iterations necessary by Algorithm 1 to
achieve the precision ||∇MF(xk)||xk ≤ ε in the residual.

Theorem 1. Let {xk} be a sequence generated by Algorithm 1 and ε > 0. Suppose that the assumptions
A1–A5 hold and let K be a non-negative integer such that

K ≥max
{

K(0,ε),
2(F(x0)−Flow)

κcε2

}
. (3.16)

Then,
min
k∈IK
||∇MF(xk)||xk ≤ ε,

where IK = {0,1,2, . . . ,K−1}.



A WORST-CASE COMPLEXITY ANALYSIS FOR RIEMANNIAN NON-MONOTONE LINE-SEARCH METHODS 9

Proof Using the Lipschitz-type assumption A2, A3 and Lemma 2, we obtain

νk +[F(xk)−F(xk+1)] ≥ −c1αkδ
lk⟨∇MF(xk),dk⟩xk

≥ c1c2c3δαkδ
lk−1||∇MF(xk)||2xk

= c1c2c3δαk+1||∇MF(xk)||2xk

≥ c1c2c3δα||∇MF(xk)||2xk

≥ κc||∇MF(xk)||2xk
.

Summing up both sides of this last inequality from k = 0 to k = K−1 and, we have

K−1

∑
k=0

κc||∇MF(xk)||2xk
≤

K−1

∑
k=0

[ f (xk)− f (xk+1)]+
K−1

∑
k=0

νk

≤ F(x0)−F(xK)+
K−1

∑
k=0

νk

≤ F(x0)−Flow +
K−1

∑
k=0

νk,

leading to

κcK
(

min
k∈IK
||∇MF(xk)||2xk

)
≤ F(x0)−Flow +

K−1

∑
k=0

νk.

The inequality above gives us

min
k∈IK
||∇MF(xk)||2xk

≤ F(x0)−Flow

Kκc
+

1
κc

1
K

K−1

∑
k=0

νk. (3.17)

Since the index K satisfies (3.16), we immediately have K ≥ K(0,ε). Hence, by applying (3.15) in
(3.17) we get

min
k∈IK
||∇MF(xk)||2xk

≤ F(x0)−Flow

Kκc
+

ε2

2
. (3.18)

On the other hand, again in view of (3.16) we obtain

F(x0)−Flow

Kκc
≤ ε2

2
.

Combining this last result with (3.18), we conclude that

min
k∈IK
||∇MF(xk)||xk ≤ ε. (3.19)

This completes the proof. □

Below we present a consequence of Theorem 1.
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Corollary 1. Assume that A1–A4 are fulfilled and that the series ∑
∞
k=0 νk is convergent. Let {xk} be a

sequence generated by Algorithm 1 and ε > 0. If

K ≥ 2
κcε2

(
max

{
∞

∑
k=0

νk,F(x0)−Flow

})
, (3.20)

then
min
k∈IK
||∇MF(xk)||xk ≤ ε,

with IK := {0,1,2, . . . ,K−1}.

Proof From the iteration procedure, we have that

0≤ 1
K

K−1

∑
k=0

νk ≤
1
K

∞

∑
k=0

νk, ∀K ≥ 1.

Since ∑
∞
k=0 νk is a convergent series, then we must have that A5 hold. Furthermore, from the hypothesis

(3.20) we know that

K ≥ 2
κcε2

(
∞

∑
k=0

νk

)
,

which implies that
κcε2

2
≥ 1

K

∞

∑
k=0

νk ≥
1
K

K−1

∑
k=0

νk.

This means that if we choose K(0,ε) = 2κ−1
c ε−2 (∑∞

k=0 νk) then the condition (3.15) holds. So, the
inequality (3.20) can be formulated as:

K ≥
(

max
{

K(0,ε),
2(F(x0)−Flow)

κcε2

})
.

Finally, by applying Theorem 1 we obtain the desired result. □

Corollary 1 applies to summable non-monotone line–searches, that is, those line–searches strategies
such that the sequence of non-monotone terms {νk} satisfies that ∑

∞
k=0 νk is convergent. As mentioned

in [5], several non-monotone techniques, for instance, the non-monotone rule of Zhang and Hager [15]
and the non-monotone rule of Ahookhosh et. al. [24] (for details, see [16]); verified this property.

In addition, observe that in the case when {νk} is summable, Corollary 1 provides a worst-case
complexity bound of O(ε−2) iterations, which agrees with the established bound for the case of sum-
mable non-monotone line-searches in the Euclidean context (when M = Rn), see [5]. The following
corollary states a worst-case complexity bound for non summable sequences.
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Corollary 2. Assume that A1–A4 are fulfilled and that limk→∞ νk = 0. Let V > 0 be a positive constant
such that νk ≤V , for all k ≥ 0. Given ε > 0 and τ > 0, let k0(τ) be a positive integer such that νk ≤ τ

if k ≥ k0(τ). Let {xk} be any sequence generated by Algorithm 1. If

K ≥max
{

2k0(τ/2)V
τ

,1+ k0(τ/2),
2(F(x0)−Flow)

κcε2

}
, (3.21)

for τ = (κcε2)/2, it follows that
min
k∈IK
||∇MF(xk)||xk ≤ ε, (3.22)

with IK = {0,1,2, . . . ,K−1}. Moreover, if νk =
M
k , for all k > 0, with M > 0 constant, then (3.22) holds

if:

K ≥max
{

16M2

κ2
c ε4 ,1+

4M
κcε2 ,

2(F(x0)−Flow)

κcε2

}
. (3.23)

Proof Let τ > 0. First, denote by s(τ) := k0(τ/2)> 0. If

K ≥max
{

2sV
τ

,1+ k0(τ/2),
2(F(x0)−Flow)

κcε2

}
,

then we have

1
K

K−1

∑
k=0

νk =
1
K

s(τ)−1

∑
k=0

νk +
1
K

K−1

∑
k=s(τ)

νk

≤ 1
K

s(τ)−1

∑
k=0

V +
1
K

K−1

∑
k=s(τ)

τ

2

≤ s(τ)V
K

+
τ

2
≤ τ.

Hence, the assumption A5 is fulfilled: In addition, observe that by selecting

K(0,ε) = max
{

2s(τ)V
τ

,1+ s(τ)
}
,

with τ = (κcε2)/2, the condition (3.15) is verified. Now, note that, with these selections, (3.21) can be
rewritten as:

K ≥max
{

K(0,ε),
2(F(x0)−Flow)

κcε2

}
.

Consequently, all the hypotheses of Theorem 1 are satisfied. Therefore, we obtain

min
k∈IK
||∇MF(xk)||xk ≤ ε, (3.24)

which proves the first part.
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On the other hand, suppose that νk =
M
k , for all k ≥ 1, where M is a given positive constant. Notice

that the sequence {νk} has the following properties:

νk→ ∞, and νk ≤M,∀k,

and given τ > 0 we also have

νk ≤ τ ⇔ k ≥ M
τ
.

Thus, in this specific case, we have that k0(τ) =
M
τ

and V = M > 0. Therefore, the condition (3.21)
becomes (3.23), and so we conclude that (3.22) is also valid in this case. □

4. Global convergence

In this section, we analyze the global convergence of the non-monotone Algorithm 1. The results pre-
sented in this section follow directly from the complexity analysis given in the previous section. It is
worth mentioning that the global convergence for some non-monotone line–search schemes has been
studied in previous works, see [1, 4, 7]. Nonetheless, the results provided here are more general since
we do not consider particular formulas for the sequence {νk}.

From now on, we assume, without loss of generality, that Algorithm 1 never reaches
||∇MF(xk)||xk = 0. Otherwise, the procedure has been successfully stopped at a finite iteration and
there is nothing to prove. Our first result is valid for sequences {νk} summable.

Theorem 2. Suppose that the assumptions A1–A4 hold and that ∑
∞
k=0 νk < ∞. Let {xk} be an infinite

sequence generated by Algorithm 1. Then,

lim
k→∞
||∇MF(xk)||xk = 0.

Proof It follows from the assumption A3 that

⟨∇MF(xk),dk⟩xk ≤−c2c3||∇MF(xk)||2xk
. (4.1)

On the flip side, from the construction of Algorithm 1, we have

F(xk+1) ≤ F(xk)+ c1αkδ
l⟨∇MF(xk),dk⟩xk +νk

= F(xk)+ c1δαk+1⟨∇MF(xk),dk⟩xk +νk. (4.2)

Combining (4.1) with (4.2), using Lemma 2 and (3.14), we arrive at

F(xk+1) ≤ F(xk)− c1c2c3δαk+1||∇MF(xk)||2xk
+νk

≤ F(xk)− c1c2c3δα||∇MF(xk)||2xk
+νk

≤ F(xk)−κc||∇MF(xk)||2xk
+νk,
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or equivalently,

||∇MF(xk)||2xk
≤ 1

κc
[F(xk)−F(xk+1)]+

1
κc

νk.

Summing up this last inequality for k = 0, . . . ,K−1 and considering the assumption A1, we have

K−1

∑
k=0
||∇MF(xk)||2xk

≤ 1
κc

K−1

∑
k=0

[F(xk)−F(xk+1)]+
1
κc

K−1

∑
k=0

νk,

=
1
κc

[F(x0)−F(xK)]+
1
κc

K−1

∑
k=0

νk

≤ 1
κc

[F(x0)−F(xlow)]+
1
κc

K−1

∑
k=0

νk. (4.3)

Taking limits in (4.3) and keeping in mind that {νk} is summable, we obtain
∞

∑
k=0
||∇MF(xk)||2xk

≤ F(x0)−F(xlow)

κc
+

1
κc

∞

∑
k=0

νk < ∞,

which implies that
lim
k→∞
||∇MF(xk)||2xk

= 0,

demonstrating the theorem. □

A weaker global convergence result than the one established in Theorem 2 is presented below. In
particular, this result applies to sequences {νk} that are not necessarily summable.

Theorem 3. Suppose that the assumptions A1–A4 hold. Let {xk} be an infinite sequence generated by
Algorithm 1. If limk→∞ νk = 0, then

lim
k→∞

inf ||∇MF(xk)||xk = 0.

Proof The proof is by contradiction. If the theorem is not true, there exists a constant ε > 0 such that

||∇MF(xk)||xk > ε, ∀k ≥ 0. (4.4)

Thus, since the sequence {νk} ⊂ R+ tends to zero, for the ε above, there exist two constants V ∈ R
and k0(

κcε2

4 ) ∈ N such that νk ≤V for any k ≥ 0, and νk ≤ κcε2

4 , for all k ≥ k0(
κcε2

4 ). Now, let us select
K ∈ N such that

K ≥max

{
4V k0(

κcε2

4 )

κcε2 ,1+ k0

(
κcε2

4

)
,

2(F(x0)−Flow)

κcε2

}
.

It follows from Corollary 2 that
min
k∈IK
||∇MF(xk)||xk ≤ ε, (4.5)

where Ik = {0,1, . . . ,K−1}. Combining (4.4) with (4.5) we obtain

ε < min
k∈IK
||∇MF(xk)||xk ≤ ε,

which is a contradiction. Therefore the theorem is true. □
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The following result applies to a collection of non-monotone line-searches based on the Grippo’s
non-monotone strategy (2.4).

Corollary 3. Suppose that the assumptions A1-A4 hold. Let {xk} be an infinite sequence generated by
Algorithm 1 substituting the rule (2.6) by

F(Rxk(αkδ
ldk))≤ Rk + c1αkδ

l⟨∇MF(xk),dk⟩xk , (4.6)

where
F(xk)≤ Rk ≤ max

0≤i≤m(k)
F(xk−i), (4.7)

with m(0) = 0 and 0≤ m(k)≤min{m(k−1)+1,N} for N ∈ N being a constant predetermined by the
user. If the level set L = {x ∈ Rn : f (x)≤ f (x0)} is bounded, then

lim
k→∞

inf ||∇MF(xk)||xk = 0.

Proof Applying the steps of the proof of Lemma 2 in [3] and considering (4.7), one can obtain that

lim
k→∞

F(xk) = lim
k→∞

max
0≤i≤m(k)

F(xk−i).

In addition, observe that if we choose νk = Rk−F(xk) ≥ 0, for all k in Algorithm 1, we recover the
inequality (4.6). Keeping in mind this observation and noticing that

lim
k→∞

νk = lim
k→∞

[Rk−F(xk)] = lim
k→∞

[
max

0≤i≤m(k)
F(xk−i)−F(xk)

]
= 0.

Lastly, the result follows as a consequence of Theorem 3. □

5. Conclusions

In this work we focused on the optimization problem on a Riemannian manifold. Particularly, we
considered a generic Riemannian non-monotone line-search algorithm to address this problem. We
derived bounds on the total number of iterations needed by this class of iterative methods to achieve
ε-approximated critical points under some assumptions. In our Algorithm 1 the degree of non-
monotonicity is managed by a generic sequence {νk} ⊂ R+.

When the feasible set M is a Euclidean space, in previous works [5, 13], were proved that this family
of procedures require at most O(ε−2) iterations to obtain a point that approximately verify the first–
order optimality condition. In addition, in the case when M is a Riemannian manifold this bound was
demonstrated in [12] for the Riemannian gradient descent with νk = 0, for all k. In this framework, our
analysis obtained the same bound, but considering general tangent descent directions and non-negative
non-monotone terms νk ≥ 0. In particular, our study is valid for sequences {νk}⊂R+ such that its series
∑

∞
k νk is convergent, and also for some sequences {νk} ⊂ R+ such that its series ∑

∞
k νk is divergent but

satisfies νk → 0. Therefore, our analysis includes a great variety of non-monotone schemes existing in
the literature. Finally, we established the global convergence of the algorithm considering these two
types of non-negative sequences.
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