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Abstract

We use sensitivity analysis to design bounding-focused discretization (cutting-surface) methods for
the global optimization of nonconvex semi-infinite programs (SIPs). We begin by formulating the opti-
mal bounding-focused discretization of SIPs as a max-min problem and propose variants that are more
computationally tractable. We then use parametric sensitivity theory to design an effective heuristic ap-
proach for solving these max-min problems. We also show how our new iterative discretization methods
may be modified to ensure that the solutions of their discretizations converge to an optimal solution
of the SIP. We then formulate optimal bounding-focused generalized discretization of SIPs as max-min
problems and design heuristic algorithms for their solution. Numerical experiments on standard non-
convex SIP test instances from the literature demonstrate that our new bounding-focused discretization
methods can significantly reduce the number of iterations for convergence relative to a state-of-the-art
feasibility-focused discretization method.

Key words: Semi-infinite programming, Robust optimization, Discretization, Global optimization,
Cutting-surface, Sensitivity analysis

1 Introduction

Semi-infinite programs (SIPs) are mathematical optimization problems with a finite number of decision vari-
ables and an infinite number of constraints. They can be used to model several problems in science and
engineering, such as robust optimization, controller design, Chebyshev approximation, and design center-
ing [17, 23, 28, 52]. Our focus is on the global optimization of SIPs of the form:

v∗ := min
x∈X

f(x) (SIP)

s.t. g(x, y) ≤ 0, ∀y ∈ Y, (1)

where X ⊂ Rdx and Y ⊂ Rdy are nonempty compact sets, |Y | = ∞, and functions f : Rdx → R and
g : Rdx × Rdy → R are continuous. We assume (SIP) is feasible, but do not assume that X, Y , f , or g is
convex. We detail extensions to SIPs with multiple semi-infinite constraints in Section 4.

A key challenge in solving (SIP) is that evaluating feasibility of a candidate solution x ∈ X requires the
global solution of the following lower-level problem:

G(x) := max
y∈Y

g(x, y). (LLP(x))

Clearly, x ∈ X is feasible for (SIP) if and only if G(x) ≤ 0.
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Algorithm 1 The Blankenship and Falk algorithm [5]

1: Input: feasibility tolerance εf ≥ 0, initial discretization Yd = ∅.
2: for k = 1, 2, . . . do
3: Solve problem (LBP) globally to get solution xk, lower bound LBDk.
4: Solve problem (LLP(x)) with x = xk globally to get solution yBF,k ∈ Y .
5: if G(xk) ≤ εf then
6: Terminate with εf -feasible solution xk to (SIP).
7: else
8: Set Yd ← Yd ∪ {yBF,k}.
9: end if

10: end for

Iteration No. 1 2 3 4 5 10 15 20 25 28
Lower Bound 4 4.19 4.38 4.56 4.74 5.62 6.41 7.12 7.73 8

Table 1: Lower bounds generated by the BF algorithm 1 on Example 1. This algorithm needs more than 20
iterations to approximate v∗ = 8 to within 10%.

Several papers propose algorithms for the global minimization of nonconvex SIPs [4, 15–17, 22, 30, 31,
34, 46, 51]. They primarily construct lower bounds for (SIP) by replacing the semi-infinite constraint (1)
with a finite discretization (cf. [8, 27]):

min
x∈X

f(x) (LBP)

s.t. g(x, y) ≤ 0, ∀y ∈ Yd,

where Yd ⊊ Y with |Yd| < ∞. A lower bound for the optimal value v∗ of (SIP) can be obtained by solving
this (nonconvex) problem to global optimality.

The choice of discretization Yd can greatly impact the tightness of the lower bound obtained by solv-
ing (LBP). Because näıve discretization approaches may necessitate a large discretization for (LBP) to
effectively approximate (SIP) [48], techniques for adaptively populating Yd are of interest. Global optimiza-
tion methods for (SIP) predominantly rely on the feasibility-focused discretization method of Blankenship and
Falk (BF; see Algorithm 1) [5], which is the state-of-the-art discretization method for nonconvex SIPs. This
method populates Yd with points in Y corresponding to the largest violation of constraint (1) at incumbent
solutions of (LBP).

The sequence of non-decreasing lower bounds {LBDk}k generated by the BF algorithm converges to v∗

under our assumptions on (SIP) (see, e.g., [5, Theorem 2.1]). However, as Example 1 below illustrates, the
BF algorithm may require an excessively large discretization Yd before the sequence {LBDk}k converges to
within a specified tolerance of the optimal value v∗.

Example 1. [32, Example (DP)] Consider (SIP) with dx = 1, dy = 1, X = [0, 6], Y = [2, 6], f(x) = 10−x1,
and g(x, y) =

y2
1

1+exp(−40(x1−y1))
+ x1 − y1 − 2. The global solution is x∗ = 2 with objective v∗ = 8.

Solving (LBP) with Yd = {2} (prescribed by our new discretization methods) yields a lower bound of
v∗. However, as shown in Table 1, the state-of-the-art BF algorithm needs more than 20 iterations to even
yield a lower bound that is within 10% of v∗. Figure 1 contrasts the above discretizations of the semi-infinite
constraint.

Example 1 motivates our study of new bounding-focused discretization methods for (SIP) that can mit-
igate the slow convergence of the feasibility-focused BF algorithm. The main idea of our bounding-focused
discretization methods is to populate the discretization Yd with points in Y such that the lower bound
from (LBP) is maximized. Since determining optimal bounding-focused discretizations may be challenging,
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Figure 1: Benefits of bounding-focused discretization: Left: objective f(x) and constraintG(x) for Example 1
along with discretization Yd = {2, 3, 4, 5} (cf. [15, Figure 3.1]). Middle: BF method needs 27 discretization
points for its lower bounds to converge to v∗. Right: our proposed bounding-focused discretization method
in Section 2 only requires a single discretization point (|Yd| = 1).

we consider more tractable variants and design efficient heuristic approaches to determine such discretiza-
tions. We also study how to construct bounding-focused generalized discretizations.

While we only investigate discretization methods that yield tighter lower bounds, our ideas may be
adapted to design discretization methods for finding feasible solutions faster (cf. [31, 51]). We assume for
our theoretical results that all subproblems solved to global optimality are solved exactly in finite time; our
approaches may also be adapted to the setting where such subproblems are only solved to ε-global optimality
for some ε > 0 [15, 16, 24].

This paper is organized as follows. Section 2 proposes new bounding-focused discretization methods,
designs effective heuristic solution approaches, and presents theoretical guarantees. Section 3 proposes
bounding-focused generalized discretization methods for (SIP) and designs effective heuristic solution strate-
gies. Section 4 outlines extensions. Section 5 presents detailed computational results that show our bounding-
focused discretization methods significantly reduce the number of iterations for convergence relative to the BF
algorithm. Section 6 concludes with avenues for future work. The appendix contains a review of parametric
sensitivity theory as well as omitted proofs.

Notation Let [n] := {1, . . . , n} and mid(v1, v2, v3) denote the componentwise median of vectors v1, v2, v3.
Given δ > 0, v ∈ Rn, S ⊂ Rn, let ∥v∥ denote the Euclidean norm of v, Bδ(v) denote the open Euclidean ball
of radius δ centered at v, projS(v) denote (an element of) the Euclidean projection of v onto S, and diam(S)
denote the diameter of S with respect to the Euclidean norm. We say (SIP) is convex if X is convex and f
and g(·, y) are convex on X for each y ∈ Y (note that Y and −g(x, ·) need not be convex in this case).

2 Bounding-focused discretization methods

We propose new bounding-focused discretization methods for (SIP) that can achieve faster rate of convergence
of lower bounds than the BF algorithm 1. The key idea of these discretization methods is to populate Yd
with points in Y that yield the highest lower bound. In the first iteration, instead of updating Yd with a
solution yBF,1 of (LLP(x)) at x = x1 as in the BF algorithm 1, we propose to solve the following max-min
problem to determine a discretization Yd = {ȳ1} that results in the highest lower bound:

ȳ1 ∈ argmax
y1∈Y

min
x∈X

f(x) (2)

s.t. g(x, y1) ≤ 0.

We assume for simplicity that the maxima in all of our subproblems is attained (otherwise, we may pick any
ε-optimal solution for some small ε > 0). Techniques for solving problem (2) are discussed in Section 2.3.
We consider two approaches for updating the discretization Yd at iteration k > 1.
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The first approach discards the discretization Y k−1
d from iteration k−1 and determines a new discretiza-

tion at iteration k by solving the max-min problem:

(ȳ1, . . . , ȳk) ∈ argmax
(y1,...,yk)∈Y k

ϕk(y
1, . . . , yk) := min

x∈X
f(x) (3)

s.t. g(x, yi) ≤ 0, ∀i ∈ [k],

where ϕk : Y k → R denotes the value function of the inner-minimization in problem (3) at iteration k.
Formulation (3) is inspired by the idea of strong partitioning proposed by Kannan et al. [26]. The resulting
discretization Y k

d := {ȳ1, . . . , ȳk} at iteration k yields the highest lower bound among all possible relax-
ations (LBP) with at most k discretization points. However, the outer-maximization in problem (3) involves
k × dy variables compared to only dy variables in problem (2).

To mitigate this increased computational burden, our second approach updates the discretization Y k−1
d :=

{ȳ1, . . . , ȳk−1} at iteration k − 1 by adding a single point ȳk ∈ Y that maximizes the lower bound improve-
ment. This can be formulated as the max-min problem:

ȳk ∈ argmax
yk∈Y

ψk

(
yk;Y k−1

d

)
:=min

x∈X
f(x) (4)

s.t. g(x, y) ≤ 0, ∀y ∈ Y k−1
d ,

g(x, yk) ≤ 0,

where ψk : Y → R denotes the value function of the inner minimization, and Y k
d = Y k−1

d ∪ {ȳk} is the
discretization specified at iteration k. Problem (4) is a greedy approximation of problem (3). We introduce
two variants of these discretization methods in Section 2.1 and establish theoretical guarantees for our
bounding-focused discretization methods in Section 2.2.

In contrast with the approach of Tsoukalas and Rustem [51], which treats the violation of the semi-
infinite constraint (1) and the objective of (SIP) as two competing objectives, problems (3) and (4) directly
optimize the discretization for the best lower bound. Baltean-Lugojan et al. [2] propose bounding-focused
cuts with a similar flavor but tailored for outer-approximating semidefinite programs, which are a family of
convex SIPs. Similar to problem (3), Coniglio and Tieves [10] formulate bounding-focused cut selection for
integer linear programs as a bilevel problem and reformulate it as a single-level bilinear program using linear
programming duality (cf. Section 2.3). Paulus et al. [38] consider bounding-focused cut selection for mixed-
integer linear programs (MILPs), where they use explicit enumeration to choose the best bounding-focused
cut from a finite list of candidate cuts. Finally, Das et al. [11] use the well-known result that problem (3)
with k = dx discretization points yields an exact reformulation of convex SIPs under mild assumptions (see
Proposition 2 in Section 2.2). They use simulated annealing to solve the resulting max-min problem and
report encouraging results on small-scale convex SIPs.

2.1 Outline of bounding-focused discretization algorithms

Algorithm 2 outlines a prototype bounding-focused discretization method for (SIP). Similar to the BF
algorithm 1, at each iteration, it solves (LBP) to global optimality to determine a candidate solution xk and
a corresponding lower bound LBDk. It then solves the lower-level problem (LLP(x)) with x = xk to global
optimality to determine a point ŷk, which is used to check if xk is εf -feasible for (SIP). The key difference
between Algorithm 2 and the BF algorithm 1 is on lines 8–11 of Algorithm 2. If xk is not εf -feasible,
Algorithm 2 solves a max-min problem (heuristically) to identify new points that may be used to update the
discretization Yd when a sufficient bound increase condition holds. In contrast, the BF algorithm 1 always
adds ŷk to the discretization.

We consider four realizations of Algorithm 2 that only vary on lines 8–11: OPT, GREEDY, 2GREEDY, and
HYBRID.

• OPT seeks to discard the discretization Y k−1
d at iteration k−1 and replace it with a fresh discretization

obtained by solving problem (3). It initializes the solution of this max-min problem with Y k−1
d ∪{ŷk}.
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Algorithm 2 Prototype bounding-focused discretization algorithm

1: Input: feasibility tolerance εf ≥ 0, minimum bound improvement δ ≥ 0, and initial discretization
Yd = ∅.

2: for k = 1, 2, . . . do
3: Solve problem (LBP) globally to get solution xk, lower bound LBDk.
4: Solve problem (LLP(x)) with x = xk globally to get solution ŷk ∈ Y .
5: if G(xk) ≤ εf then
6: Terminate with εf -feasible solution xk to (SIP).
7: else
8: Solve a max-min problem (heuristically) to get {ȳk,1, . . . , ȳk,nk}.
9: Solve the inner-min problem to global optimality at the max-min

solution {ȳk,1, . . . , ȳk,nk}. Let η∗k denote its global optimal value.

10: if η∗k ≥ LBDk + δ then
11: Update the discretization Yd using {ȳk,1, . . . , ȳk,nk}.
12: else
13: Set Yd ← Yd ∪ {ŷk}.
14: end if

15: end if
16: end for

• GREEDY adds a single point ȳk to the discretization Y k−1
d := {ȳ1, . . . , ȳk−1} at iteration k−1 by solving

problem (4) with the initialization ŷk.

• 2GREEDY first updates the discretization at iteration k − 1 with ŷk, i.e., Y k−1
d ← Y k−1

d ∪ {ŷk}. It then
solves problem (4) to find another point to add to the discretization using a perturbation of ŷk as the
initialization.

• HYBRID mitigates the increasing computational burden of Algorithm OPT as the iteration count k
increases. For the first K iterations, it solves problem (3) to try and determine a fresh discretization
with sufficient lower bound improvement (similar to OPT). From iteration K + 1, it then switches to
the GREEDY strategy and solves problem (4) to try and find a single best point to add to the previous
discretization Y k−1

d .

All four realizations of Algorithm 2 use the point ŷk to either construct an initial guess, or to add to the
discretization. Algorithm 2GREEDY looks to add two discretization points per iteration (including ŷk) with
the goal of reducing the number of global solves of (LBP) and (LLP(x)) and the overall time required for
the sequence of lower bounds {LBDk} to converge to v∗.

We emphasize that except on line 9 of Algorithm 2, we do not require the inner-minimizations and outer-
maximizations of our max-min problems to be solved to global optimality. Although the additional global
solve at each iteration of Algorithm 2 may seem expensive, it is worth noting that if the condition on line 10
is satisfied, then the global solve on line 3 can be skipped in the subsequent iteration. Furthermore, this
additional global solve need not be performed at every iteration; it can be performed infrequently (e.g., only
every tenth iteration k) without compromising convergence guarantees or the validity of the lower bound
LBDk. Finally, this global solve becomes redundant for convex SIPs under mild assumptions, since the
inner-minimization problems are convex programs in this case. In practice, we skip this extra global solve
and instead rely heuristically on the local solution of the inner-minimization problem to verify the sufficient
bound increase condition.

2.2 Convergence guarantees

We show the sequence {LBDk}k of lower bounds determined by Algorithms OPT, GREEDY, 2GREEDY, and
HYBRID converge to v∗ under different assumptions.
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Our first result is the most useful one in practice. It allows our max-min formulations to be solved
using any heuristic under the following conditions: (i) the inner-minimization problem is solved to global
optimality once at the candidate max-min solution (see line 9 of Algorithm 2), and (ii) the minimum bound
improvement required at each iteration δ > 0.

Theorem 1. Consider Algorithm 2 with εf = 0, δ > 0. Suppose the discretization Yd is updated using
Algorithm OPT, GREEDY, 2GREEDY, or HYBRID. Then lim

k→∞
LBDk = v∗.

Proof. Since f and g are continuous, X and Y are compact, and (SIP) is assumed to be feasible, the
optimal value v∗ is finite and bounded below by minx∈X f(x) > −∞. Line 11 of Algorithm 2 updates
the discretization Yd using the points ȳk,1, . . . , ȳk,nk only if this candidate discretization increases the lower
bound in iteration k + 1 by at least δ. Since v∗ − LBD0 = v∗ −minx∈X f(x) < ∞, line 11 of Algorithm 2
can be executed only finitely many times before the lower bound converges to v∗. Therefore, if Algorithm 2
does not converge in a finite number of iterations, then line 13 is executed for all k large enough and the
asymptotic behavior of Algorithm 2 is the same as that of the BF algorithm 1. The result that LBDk → v∗

then follows from Lemma 2.2 of Mitsos [31] (cf. Theorem 3.1 of Harwood et al. [24]).

The remaining results in this section are mainly of theoretical interest since they assume our max-min
formulations are solved to global optimality (which is in general impractical because this may be as hard as
solving (SIP) itself).

The following result identifies favorable properties of Algorithm OPT when the max-min problem (3) is
solved to global optimality at each iteration.

Proposition 2. Consider Algorithm OPT with εf = δ = 0, and suppose the max-min problem (3) is solved
to global optimality. Then lim

k→∞
LBDk = v∗. Moreover, suppose (SIP) is convex and ∃x̄ ∈ X such that

G(x̄) < 0. Then LBDk = v∗ for each iteration k ≥ dx, i.e., Algorithm OPT converges in at most dx
iterations.

Our next results establish convergence rates of the sequence of lower bounds generated using Algorithms
BF and OPT. We begin with the following result on the number of iterations required for the BF algorithm
to converge.

Proposition 3. Consider the BF algorithm 1 with εf > 0. Suppose {g(·, y)}y∈Y is uniformly Lipschitz
continuous on X with Lipschitz constant Lg,x > 0, i.e.,

|g(x, y)− g(x̄, y)| ≤ Lg,x∥x− x̄∥, ∀x, x̄ ∈ X, y ∈ Y.

Additionally, suppose {g(x, ·)}x∈X is uniformly Lipschitz continuous on Y with Lipschitz constant Lg,y > 0,
i.e.,

|g(x, y)− g(x, ȳ)| ≤ Lg,y∥y − ȳ∥, ∀y, ȳ ∈ Y, x ∈ X.

Then Algorithm 1 terminates in at most N iterations, where

N := min

{⌈(
diam(Y )Lg,y

εf
+ 1

)dy
⌉
,

⌈(
diam(X)Lg,x

εf
+ 1

)dx
⌉}

.

The estimate of the number of iterations needed for the BF algorithm to converge depends exponentially

on the dimensions of (SIP). When dy ≪ dx, as in many applications, the term
(diam(Y )Lg,y

εf
+ 1

)dy
may be

significantly smaller than
(diam(X)Lg,x

εf
+ 1

)dx
. Proposition 3 may be sharpened by estimating the number

of balls needed to cover an enlargement of {y∗(x) : x ∈ X} instead of an enlargement of Y . We now link
Proposition 3 to the convergence rate of the sequence of lower bounds furnished by Algorithms BF and OPT.
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Theorem 4. Suppose the value function V (z) := min
{
f(x) : x ∈ X, G(x) ≤ z

}
is Lipschitz continu-

ous on [0, ε̄] with Lipschitz constant LV > 0, for some ε̄ > 0. Additionally, suppose εf = 0, the family
{g(·, y)}y∈Y is uniformly Lipschitz continuous on X with Lipschitz constant Lg,x > 0, and the family
{g(x, ·)}x∈X is uniformly Lipschitz continuous on Y with Lipschitz constant Lg,y > 0. Consider Algo-
rithm OPT with δ = 0, and assume that the max-min problem (3) is solved to global optimality. Then,
for any ε ∈ (0, LV ε̄), the lower bounds produced by Algorithms BF and OPT exceed v∗ − ε whenever

k ≥ min

{⌈(
diam(Y )Lg,yLV

ε + 1
)dy

⌉
,

⌈(
diam(X)Lg,xLV

ε + 1
)dx

⌉}
.

The Lipschitz assumption in Theorem 4 is satisfied by convex SIPs when the objective f is Lipschitz and
Slater’s condition holds (see Corollary 2 to Theorem 6.3.2 in Clarke [9]). Chapter 6 of Clarke [9] also details
other constraint qualifications under which this Lipschitz assumption holds.

The following example illustrates that the above rate of convergence cannot be improved in general.
Specifically, this example shows that discretization-based lower bounding methods involving (LBP) (such as
the BF algorithm and any realization of Algorithm 2, including OPT) may require an exponential number of
discretization points in the problem dimensions to converge. Although this behavior is expected, we are not
aware of such an example in the SIP literature (similar examples are known for the classical cutting-plane
method in convex optimization, see [37, Ex. 3.3.1], [25, Ex. 1]).

Example 2. (Based on [25, Example 1]) Consider (SIP) with X = [−1, 1]dx , Y = {y ∈ Rdx : ∥y∥2 = dx−1},
f(x) = −∥x∥2, and g(x, y) =

∑dx

i=1(xi−yi)yi. Note that this semi-infinite constraint (1) may be reformulated
as the convex constraint ∥x∥ ≤

√
dx − 1. Any x ∈ X with ∥x∥ =

√
dx − 1 solves (SIP) with v∗ = 1− dx.

Lemma 2.1 of Hijazi et al. [25] implies any discretization point y ∈ Y can exclude at most one vertex
of the cube X. Because every vertex of X is a solution to (LBP) with the discretization Yd = ∅, any
discretization-based lower bounding algorithm that solves (LBP) requires exponentially many discretization
points in the dimension dx for its sequence of lower bounds {LBDk}k to exceed v∗ − 0.5.

We end this section by demonstrating the sequence {LBDk}k of lower bounds determined by Algorithm
GREEDY may not converge to v∗ when δ = 0 (i.e., if the fallback to the BF algorithm on line 13 of Algorithm 2
is not used), even if the max-min problems (4) are always solved to global optimality.

Example 2: Consider Algorithm GREEDY with εf = δ = 0, and suppose the max-min problems (4) are solved
to global optimality at each iteration. Assume without loss of generality that the incumbent solution x1 = 1

at the first iteration, where 1 denotes a vector of ones. Then ŷ1 =
√
1− 1

dx
1. The sequence of vectors {ȳk}

with ȳj = −ŷ1 for each j ≥ 1 is one sequence of optimal solutions to the max-min problems (4) solved by
Algorithm GREEDY. However, LBDk = −dx < v∗ for each k ≥ 1 since x1 remains the incumbent solution at
each iteration k. Therefore, Algorithm GREEDY may not converge when δ = 0.

2.3 Solving the max-min problems

While solving the max-min problems (3) or (4) to global optimality is clearly desirable, this may be as
difficult as solving (SIP) itself. Hence, we exploit the fact that solving these problems heuristically is
sufficient to obtain a discretization with desirable convergence properties (see Theorem 1 and the discussion
in Section 2.1). Numerical experiments in Section 5 empirically demonstrate that our heuristic approaches
for solving problems (3) or (4) almost always yield better discretizations with faster rate of convergence than
the BF algorithm.

Properties of the value functions ϕk and ψk in problems (3) and (4) Before we outline our approach
for solving problems (3) and (4), we plot the value functions ϕk and ψk of these problems for some examples
from the literature. We consider the following three examples in addition to Example 1.

Example 3. [41, Example 2.1] Consider (SIP) with dx = 2, dy = 1, X = [−1, 1]2, Y = [−1, 1], f(x) =
−x1 + 1.5x2, and g(x, y) = −y21 + 2y1x1 − x2. The global solution is x∗ =

(
1
3 ,

1
9

)
with v∗ = − 1

6 .
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Figure 2: Value functions ϕ1 (note the discontinuity for Example 4). The red dot indicates ϕ1 at the point
yBF,1 determined by the BF algorithm at iteration 1.

Example 4. [51, Example 2.1] Consider (SIP) with dx = 1, dy = 1, X = [−6, 6], Y = [−6, 6], f(x) = 10−x1,
and g(x, y) = −x41 + x21 − x21y21 + 2x31y1 − 4. The global solution is x∗ = 2 with v∗ = 8.

Example 5. [32, Example (H)] Consider (SIP) with dx = 2, dy = 1, X = [0, 1] × [−103, 103], Y = [−1, 1],
f(x) = x2, and g(x, y) = −(x1−y1)2−x2. Any x∗ = (x̄1, 0) with x̄1 ∈ [0, 1] is a global solution with optimal
value v∗ = 0.

Figure 2 plots the (global) value function ϕ1 for Examples 1, 3, 4, and 5. It illustrates that ϕ1 may be
nonconcave, nondifferentiable, or even discontinuous with large flat regions. Additionally, the supremum in
problem (2) is not attained for Example 4. Figure 2 also empirically illustrates that the BF point yBF,1

provides a good initial guess for solving problem (2).
Figure 3 shows that the (global) value functions ψk in Algorithm GREEDY may become increasingly

challenging to optimize over as k increases1; however, solving the lower-level problem (LLP(x)) at incumbent
(lower bounding) solutions xk empirically continues to yield a good initial guess ŷk.

Overall, Figures 2 and 3 highlight that exploiting (generalized) gradient information can yield effective
heuristics for solving problems (3) and (4).

An effective heuristic solution approach Due to the potential nonsmooth and discontinuous nature of
the functions ϕk and ψk, we propose to solve the max-min problem of Algorithm 2 using gradients (whenever
they exist) of ϕk and ψk within a bundle solver for nonsmooth nonconvex optimization [29]. Each iteration
of the bundle method requires function and generalized gradient evaluations. We estimate the values of the
functions ϕk and ψk by solving the inner-minimization problems in problems (3) and (4) to local optimality.
We then try and use Theorem 8 in Appendix A to compute gradients of the local minimum value function
ϕk or ψk (this involves the solution of a linear system of equations) when its assumptions hold. If some of
the assumptions of Theorem 8 do not hold during the solution of problem (3) or (4), we try and use the
heuristics detailed below to estimate a generalized gradient of ϕk or ψk. Note that we terminate the solution
of the max-min problem and return its best found solution if the local solver fails to successfully solve the
inner-minimization problem at any step.

Heuristics for estimating a generalized gradient of ϕk or ψk Whenever its assumptions hold, we
use Theorem 8 to compute a gradient of the functions ϕk and ψk in problems (3) and (4). In practice, we
find that all of these assumptions may not hold at every iterate of the max-min solution.

When only the SC condition fails, the Lagrange multipliers are not unique. If SSOSC holds for all dual
variables, then the value functions ϕk and ψk are piecewise-differentiable, with a kink at the evaluation
point due to changes in the active constraint set. In this case, a directional derivative can be computed by
appropriately selecting a subset of weakly active constraints [39, Theorem 1]. Rather than explicitly checking
whether only SC fails, we always handle weakly active constraints using the following heuristic procedure.

1We do not plot ψ2 and ψ3 for Examples 1 and 3 as max
y∈Y

ϕ1(y) = v∗ for these instances.
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Figure 3: Value functions ψ1, ψ2, ψ3 in the first three iterations of problem (4) for Examples 4 and 5 (all
three functions are discontinuous for Example 4). The red dot indicates ψk at the initial guess ŷk (see line
4 of Algorithm 2) for problem (4) when the discretization is set using Algorithm GREEDY in Section 2.1.

We exclude weakly active bound constraints by default since including them causes the derivative of the
variable at the bound to be zero. Based on numerical experiments, we heuristically choose to include all
other weakly active constraints. An alternative to the above heuristic is to use the results of Stechlinski et
al. [44] to rigorously compute generalized gradients when SC does not hold; we do not adopt this approach
because of its higher computational cost.

If either Jz(p) or Hz,λ in Theorem 8 is singular (e.g., if LICQ does not hold), we add a small regularization
term before solving the corresponding linear system to determine sensitivities. IfHz,λ is non-square, we follow
the heuristic in Section 4.3 of Agrawal et al. [1] and compute the minimum-norm least squares solution to the
linear system. If an error occurs during the solution of the max-min problem (e.g., the local optimizer fails
to converge), then we terminate the solution of the max-min problem and return the best found solution.

Enhancements to the heuristic method for solving max-min problems We list ways in which Al-
gorithms OPT, GREEDY, 2GREEDY, and HYBRID can be enhanced in practice. First, the solution of the sequence
of inner-minimization problems in (3) or (4) can be effectively warm-started using active-set methods. Sec-
ond, solving these inner-minimization problems using multi-start techniques can increase the likelihood that
we compute the global value functions ϕk and ψk. Finally, as we saw in Examples 3 to 5, the assumptions
of Theorem 8 may not hold throughout the domain of ϕk and ψk. In such situations, we may either return
the best found solution to problems (3) and (4), or randomly perturb the current iterate in an attempt to
avoid points of nondifferentiability.

Alternative approaches for solving the max-min problems (3) and (4) If the inner-minimization
problems in (3) and (4) are convex and satisfy a constraint qualification (e.g., Slater’s condition), then
we might be able to use strong duality to reformulate problems (3) and (4) into single-level maximization
problems. The resulting problems can then be solved to local optimality to update the discretization Yd.
Alternatively, suppose the functions in (SIP) are continuously differentiable and the inner-minimization
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problems in (3) and (4) satisfy a constraint qualification for each feasible point of the outer-maximization
problems. Then we can relax problems (3) and (4) into maximization problems with complementarity
constraints using the KKT conditions for the inner-minimization problems, which can then be solved locally
to update Yd (cf. [47]). We compare our heuristic approach for solving problems (3) and (4) with this
KKT-based relaxation approach in Section 5.

When the assumptions of Theorem 8 fail to hold, we may also be able to either use generalized gradi-
ents [13, 35] of ϕk and ψk, or directional derivatives [39] of ϕk and ψk and their generalizations [43, 44] to solve
problems (3) and (4) heuristically [6]. Techniques for minimizing discontinuous functions (see, e.g., Ermoliev
et al. [20]) may also be used to maximize ϕk and ψk over their domains when none of the aforementioned
approaches are applicable.

3 Generalized bounding-focused discretizations

We propose new generalized bounding-focused discretization methods for (SIP) that can achieve faster rate
of convergence of the sequence of lower bounds than any traditional discretization method relying on (LBP).

To motivate these generalized discretization methods, note that (SIP) can be equivalently reformulated
as the bilevel problem [12, 45]:

min
x∈X

f(x) (5)

s.t. g(x, y∗(x)) ≤ 0,

where y∗ : X → Y maps x ∈ X to an optimal solution to (LLP(x)).
The BF algorithm 1 may be viewed as approximating y∗(x) with solutions {y∗(xk)}k of the lower-level

problem (LLP(x)) at incumbent solutions {xk}k to (LBP). This zeroth-order approximation of y∗ may be
crude. Assuming y∗ is differentiable (cf. Theorem 8), Seidel and Küfer [41] and Djelassi [15] instead propose
to use the first-order approximation y∗(x) ≈ y∗(xk) + J∗

y (x
k)(x − xk) at incumbent solutions {xk}k, where

J∗
y (x

k) is the dy × dx Jacobian matrix with rows (∇xy
∗
1(x

k))
T
, . . . , (∇xy

∗
dy
(xk))

T
. In particular, Section 3.4

of Djelassi [15] suggests the following generalization of the lower bounding problem (LBP):

min
x∈X

f(x) (G-LBP)

s.t. g
(
x,projY (Ax+ b)

)
≤ 0, ∀(A, b) ∈ Y G

d ,

where tuples (A, b) in the generalized discretization Y G
d satisfy A ∈ Rdy×dx and b ∈ Rdy . Setting Y G

d =
{(0, yBF,1), . . . , (0, yBF,k)} recovers the BF lower bounding problem at iteration k. Djelassi [15] proposes to
improve the BF lower bound using the generalized discretization Y G

d = {(J∗
y (x

1), y∗(x1) − J∗
y (x

1)x1), . . . ,

(J∗
y (x

k), y∗(xk) − J∗
y (x

k)xk)} at iteration k given a sequence of candidate solutions {xk}k ⊂ X to (SIP).
The projection step ensures (G-LBP) is a relaxation of (SIP), which implies solving (G-LBP) to global
optimality yields a lower bound on the optimal value v∗. However, it also makes (G-LBP) nonsmooth and
more challenging to solve than (LBP).

We propose bounding-focused generalized discretizations of (SIP) in the form of (G-LBP) that can achieve
faster rate of convergence of lower bounds than the discretization methods in Section 2. Our key idea is to
populate the generalized discretization Y G

d with tuples (A, b) that yield the highest lower bound. In the first
iteration, we solve the following max-min problem to determine a generalized discretization Y G

d = {(Ā1, b̄1)}
that results in the highest lower bound:

(Ā1, b̄1) ∈ argmax
A1∈Rdy×dx ,b1∈Rdy

min
x∈X

f(x) (6)

s.t. g
(
x,projY (A

1x+ b1)
)
≤ 0.

We again assume for simplicity that the maxima in all of our subproblems is attained. We propose the
following extensions of problems (3) and (4) for updating the bounding-focused generalized discretization at
iteration k > 1.
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Algorithm 3 Prototype bounding-focused generalized discretization method

1: Input: feasibility tolerance εf ≥ 0, minimum bound improvement δ ≥ 0, and initial generalized dis-
cretization Y G

d = ∅.
2: for k = 1, 2, . . . do
3: Solve problem (G-LBP) globally to get solution xk, lower bound LBDk.
4: Solve problem (LLP(x)) with x = xk globally to get solution y∗(xk).
5: If assumptions of Theorem 8 hold for (LLP(x)) with x = xk, compute

the Jacobian matrix J∗
y (x

k).

6: if G(xk) ≤ εf then
7: Terminate with εf -feasible solution xk to (SIP).
8: else
9: Solve a max-min problem (heuristically) to get candidate

generalized discretization tuples {(Āk,1, b̄k,1), . . . , (Āk,nk , b̄k,nk)}.
10: Solve the inner-min problem to global optimality at the above

candidate solution. Let η∗k denote its global optimal value.

11: if η∗k ≥ LBDk + δ then
12: Update Y G

d using {(Āk,1, b̄k,1), . . . , (Āk,nk , b̄k,nk)}.
13: else
14: Set Y G

d ← Y G
d ∪ {(J∗

y (x
k), y∗(xk)− J∗

y (x
k)xk)} if assumptions

of Theorem 8 hold, and Y G
d ← Y G

d ∪ {(0, y∗(xk))} otherwise
15: end if

16: end if
17: end for

The first approach discards the generalized discretization Y G,k−1
d at iteration k − 1 and determines a

fresh generalized discretization at iteration k by solving the max-min problem:

(Ā1, b̄2, . . . , Āk, b̄k) ∈ argmax
A1,...,Ak∈Rdy×dx

b1,...,bk∈Rdy

ϕGk (A
1, b1, . . . , Ak, bk), (7)

ϕGk (A
1, b1, . . . , Ak, bk) := min

x∈X
f(x)

s.t. g
(
x, projY (A

ix+ bi)
)
≤ 0, ∀i ∈ [k].

The resulting generalized discretization Y G,k
d := {(Ā1, b̄1), . . . , (Āk, b̄k)} at iteration k yields the high-

est lower bound among all possible relaxations (G-LBP) with |Y G
d | = k. To mitigate the computa-

tional cost of solving problem (7), our second approach updates the generalized discretization Y G,k−1
d :=

{(Ā1, b̄1), . . . , (Āk−1, b̄k−1)} at iteration k − 1 by adding a single tuple (Āk, b̄k) that maximizes lower bound
improvement. This can be formulated as:

(Āk, b̄k) ∈ argmax
Ak∈Rdy×dx ,bk∈Rdy

ψG
k

(
Ak, bk;Y G,k−1

d

)
, (8)

ψG
k

(
Ak, bk;Y G,k−1

d

)
:= min

x∈X
f(x)

s.t. g(x,projY (Ax+ b)) ≤ 0, ∀(A, b) ∈ Y G,k−1
d ,

g(x,projY (A
kx+ bk)) ≤ 0.

Problem (8) can be viewed as a greedy approximation of problem (7). We propose two variants of these
bounding-focused generalized discretization methods in Section 3.1 and establish theoretical guarantees in
Section 3.2.
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3.1 Outline of bounding-focused generalized discretization methods

Algorithm 3 outlines a prototype bounding-focused generalized discretization method for (SIP) (cf. Algo-
rithm 2). The key difference with the approach outlined in Djelassi [15] is on lines 9–12 of Algorithm 3. If
xk is not εf -feasible, Algorithm 3 solves a max-min problem (heuristically) to identify new tuples that could
be used to update the generalized discretization Y G

d , whereas Djelassi [15] always looks to update Y G
d with

the tuple (J∗
y (x

k), y∗(xk)− J∗
y (x

k)xk) corresponding to a linear approximation of y∗(x) at x = xk.
We consider four realizations of Algorithm 3 that only vary on lines 9–12: G-OPT, G-GREEDY, G-2GREEDY,

and G-HYBRID. Algorithms G-OPT, G-GREEDY, and G-HYBRID are direct analogs of OPT, GREEDY, and HYBRID

that rely on problems (7) and (8) instead of problems (3) and (4). Algorithm G-2GREEDY first adds either
(J∗

y (x
k), y∗(xk)−J∗

y (x
k)xk) or (0, y∗(xk)) to Y G

d (depending on whether the assumptions of Theorem 8 hold).
It then solves problem (8) to try and find another tuple to add to the generalized discretization.

3.2 Convergence guarantees

We begin by establishing convergence of the sequence of lower bounds {LBDk}k generated by Algorithms
G-OPT, G-GREEDY, G-2GREEDY, and G-HYBRID to v∗. Like Theorem 1, this result also allows the max-min
problems (7) and (8) to be solved using any heuristic so long as δ > 0 and the inner-minimization problem is
solved to global optimality once per iteration at the candidate max-min solution (see line 10 of Algorithm 3).
Following the discussion in Section 2.1, we note that the additional global solve on line 10 of Algorithm 3
becomes redundant when the condition on line 11 is satisfied. In practice, we skip this extra global solve
and instead rely heuristically on the local solution of the inner-minimization problem to verify the sufficient
bound increase condition on line 11.

Theorem 5. Consider Algorithm 3 with εf = 0 and δ > 0. Suppose the set Y is convex and the gen-
eralized discretization Y G

d is updated using Algorithm G-OPT, G-GREEDY, G-2GREEDY, or G-HYBRID. Then
lim
k→∞

LBDk = v∗.

Proof. The proof follows a similar outline as the proof of Theorem 1 and Lemma 2.2 of Mitsos [31] (cf.
Theorem 3.1 of Harwood et al. [24]).

If the solution xl to the lower bounding problem (G-LBP) at iteration l ∈ N is feasible to (SIP), then
we have LBDk = v∗ for all k ≥ l. This holds because problem (G-LBP) is a relaxation of (SIP), and
the discretization methods G-OPT, G-GREEDY, G-2GREEDY, and G-HYBRID ensure that the lower bound LBDk

is monotonically non-decreasing with respect to the iteration number k. Hence, the stated result follows
directly in this case.

Suppose that the lower bounding solution xk ∈ X is infeasible to (SIP) at each iteration k ∈ N. Since X
is compact, we can assume (by moving to a subsequence) that xk → x∗ ∈ X. We show that x∗ is feasible
to (SIP), which implies LBDk → v∗.

By mirroring the arguments in Theorem 1, note that line 14 of Algorithm 3 must be run infinitely often
with Y G

d ← Y G
d ∪ {(J∗

y (x
k), y∗(xk) − J∗

y (x
k)xk)} or Y G

d ← Y G
d ∪ {(0, y∗(xk))}. Therefore, the asymptotic

behavior of Algorithm 3 is the same as the algorithm that adds at each iteration either (J∗
y (x

k), y∗(xk) −
J∗
y (x

k)xk) to Y G
d if Theorem 8 holds, or (0, y∗(xk)) to Y G

d otherwise. We show that LBDk → v∗ for the
above algorithm.

Define the index sets Jk := {j ∈ [k] : Theorem 8 holds} and Lk := {1, . . . , k}\Jk corresponding to the
above algorithm. By construction, we have ∀l, k such that l > k:

g(xl,projY (Ã
kxl + b̃k)) ≤ 0, if k ∈ Jk, and g(xl, y∗(xk)) ≤ 0, if k ∈ Lk,

where Ãk := J∗
y (x

k), b̃k := y∗(xk)− J∗
y (x

k)xk if k ∈ Jk. Continuity of g, projY (·) and compactness of X, Y
ensure uniform continuity, which implies that for any ε > 0, there exists κ > 0 such that for all x ∈ X with
∥x− xl∥ < κ and ∀l, k with l > k:

g(x, projY (Ã
kx+ b̃k)) < ε, if k ∈ Jk, and g(x, y∗(xk)) < ε, if k ∈ Lk. (9)
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Figure 4: Optimal solution mapping y∗ (note that it only depends on x1 for Examples 3 and 5). The red
dot indicates y∗(x1) at x1 ∈ argminx∈X f(x).

Since xk → x∗, we have ∥xl − xk∥ < κ, ∀l, k with l > k ≥ K̄. Setting x = xk in (9) and noting Ãkxk + b̃k =
y∗(xk) if k ∈ Jk yields 0 < g(xk, y∗(xk)) < ε, ∀k ≥ K̄. Therefore, g(xk, y∗(xk)) = G(xk)→ 0 and continuity
of G implies G(x∗) = 0.

Our next theorem establishes the rate of convergence of the lower bounds generated using Algorithm G-OPT

when the max-min problem (7) is solved to global optimality at each iteration (this result is mainly of theo-
retical interest).

We require the following lemma, which is sharp for affine functions.

Lemma 6. Suppose Z ⊂ RN is compact and convex and F : Z → RM is continuously differentiable with
a Lipschitz continuous gradient. Let L∇F denote the Lipschitz constant of∇F on Z. Then ∀ε > 0, there exist

J =

⌈(
1 + diam(Z)

√
L∇F

2ε

)N ⌉
affine functions {(αj)

T
z+βj}Jj=1 with sup

z∈Z
min
j∈[J]

∥∥F (z)− (
(αj)

T
z + βj

)∥∥ ≤ ε.
Theorem 7. Consider Algorithm G-OPT with εf > 0 and δ = 0. Suppose X and Y are convex sets and
{g(x, ·)}x∈X is uniformly Lipschitz continuous on Y with Lipschitz constant Lg,y > 0. Additionally, suppose
y∗ is continuously differentiable on X with a Lipschitz continuous gradient. Let L∇y denote the Lipschitz
constant of ∇y∗ on X. If the max-min problem (7) is solved to global optimality at each iteration, then

Algorithm G-OPT terminates with an εf -feasible point in at most
⌈(

1 + diam(X)
√

L∇yLg,y

2εf

)dx
⌉
iterations.

Chapter 3 of Fiacco [21] presents conditions when the assumption on y∗ holds. The convexity assumption
on the set X may be relaxed by considering any convex superset of X. Note that the bound on the number of
iterations in Theorem 7 scales like ε−0.5dx

f compared to the ε−dx

f scaling in Proposition 3. The rate at which

LBDk → v∗ for G-OPT can be derived similar to Theorem 4. Since we may set Āk = 0, ∀k, Algorithm G-OPT

generates tighter lower bounds than Algorithm OPT if we solve the max-min problem (7) to global optimality.

3.3 Solving the max-min problems

In addition to the challenges outlined in Section 2, solving problems (7) and (8) globally may also be
challenging due to the nonsmooth projection operator. Therefore, we design effective heuristic methods for
solving these problems and empirically show in Section 5 that they often yield good generalized discretizations
with fast convergence of lower bounds.

Properties of the optimal solution mapping y∗ Before we outline our heuristic approach for solving
problems (7) and (8), we provide empirical motivation for (bounding-focused) generalized discretization
methods. Figure 4 plots the optimal solution mapping y∗ for Examples 1, 3, 4, and 5. Interestingly, this
mapping is well-behaved for all four examples (it is piecewise-linear for Example 1 and linear for Examples 3
to 5). Moreover, using Y G

d = {(J∗
y (x

1), y∗(x1)−J∗
y (x

1)x1)} in (G-LBP) at the point (x1, y∗(x1)) highlighted
in these plots yields a lower bound equal to v∗ for all four examples. However, this favorable situation
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may not always be the case, and the mapping y∗ may be nonconvex, nonsmooth, and even discontinuous in
general. For example, any (SIP) with X = Y = [0, 1] and g(x, y) = (x− 0.5)y results in the optimal solution
mapping y∗(x) = 1(x− 0.5), where 1(z) = 1 if z ≥ 0 and zero otherwise, which is discontinuous at x = 0.5.
Example 2 from Section 2.2 provides another instance where y∗ is discontinuous.

Example 2: Pick any ȳ ∈ Y , and consider the optimal solution mapping y∗:

y∗(x) :=

{
x

∥x∥
√
dx − 1, if x ̸= 0

ȳ, if x = 0
.

This mapping is discontinuous at x = 0 irrespective of the choice of ȳ ∈ Y . However, setting Y G
d = {(I, 0)}

in (G-LBP), where I is the identity matrix, yields a lower bound equal to v∗ since projY (x) = y∗(x), ∀x ∈ X.
Therefore, a generalized discretization with |Y G

d | = 1 is sufficient for convergence, which is in stark contrast
with the discretization methods in Section 2.2 that require exponentially many iterations in the dimension
dx to converge.

A heuristic solution approach We only consider the setting where Y = [yL, yU ] for some yL, yU ∈ Rdy .
The function projY (·) can then be reformulated as the MILP-representable function mid(yL, ·, yU ) using
the “lambda formulation” (see [53, Formulation (2.5)]), and (G-LBP) can be written as a mixed-integer
nonlinear program (MINLP). Section 3.4 of Djelassi [15] also considers more general settings for Y .

Similar to the functions ϕk and ψk in Section 2, the functions ϕGk and ψG
k are potentially nonsmooth

and discontinuous. Therefore, we propose to solve the max-min problems in Algorithm 3 approximately by
using gradients (whenever they exist) of a smooth approximation of ϕGk and ψG

k within a bundle solver for
nonsmooth, nonconvex optimization [29].

We begin by replacing the function mid{yL, ·, yU} in problems (7) and (8) with the approximation
−t−1 log((exp(tyL) + exp(t ·))−1 + exp(−tyU )), where the smoothing parameter t is set to 100. We estimate
values of ϕGk and ψG

k by solving these smooth approximations of the inner-minimization problems to local
optimality. We then attempt to apply Theorem 8 to compute gradients of the smooth approximation of
the local minimum value function of ϕGk and ψG

k . Whenever the assumptions of Theorem 8 fail to hold,
we estimate a generalized gradient of ϕGk and ψG

k using similar heuristics as in Section 2.3 (however, based
on numerical experiments, we exclude all weakly active constraints when SC does not hold). If the bundle
solver terminates after a single iteration, we restart its solution using a random initialization for (Ak, bk).

4 Generalizations

Multiple semi-infinite constraints Suppose (SIP) includes |I| semi-infinite constraints gi(x, y) ≤ 0,
∀y ∈ Y i, i ∈ I. The formulation below extends the max-min problem (2) for constructing a bounding-
focused discretization at the first iteration of Algorithm 2.

(ȳ1, . . . , ȳ|I|) ∈ argmax
(y1,...,y|I|)∈Y 1×···×Y |I|

min
x∈X

f(x)

s.t. gi(x, y
i) ≤ 0, ∀i ∈ I.

Extensions of the max-min problems (3) and (4) and the bounding-focused generalized discretization methods
in Section 3 readily follow.

Generalized discretizations based on nonlinear approximations of y∗ Instead of restricting our-
selves to bounding-focused linear approximations of y∗(x) as in Section 3, we can construct bounding-focused
nonlinear approximations of y∗ for potentially faster convergence. Let γ : X × Θ → Rdy be any family of
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functions. We propose the following extension of (G-LBP):

min
x∈X

f(x) (10)

s.t. g
(
x, projY (γ(x, θ))

)
≤ 0, ∀θ ∈ Θd.

Clearly, (G-LBP) is a special case of problem (10) where {γ(·, θ)}θ is the set of all parametric affine (in x)
functions. Extensions of the max-min problems (7) and (8) to determine an optimal sequence of parameters
{θk}k readily follow.

Mixed-integer SIPs The presence of integer variables in (SIP) precludes the use of the sensitivity the-
ory in Appendix A for solving the max-min problems (3), (4), (7), and (8). Because we can heuristically
solve these max-min problems without sacrificing convergence of our (generalized) discretization methods,
one heuristic is to use sensitivities of the value functions of the inner-minimization problems with the in-
teger variables fixed to an optimal solution. An alternative is to use smoothing-based approaches [20] for
approximating sensitivity information.

5 Numerical results

We compare Algorithms GREEDY, 2GREEDY, HYBRID, and OPT in Section 2.1 and Algorithms G-GREEDY,
G-2GREEDY, G-HYBRID, and G-OPT in Section 3.1 with the BF algorithm on standard nonconvex SIP in-
stances from the literature [32, 41, 51, 54]. These include a larger, parameterized version of Problem 5 from
Watson [54], which we label “Watson 5 10” (cf. [50]). We only consider instances with scalar semi-infinite
constraints and sets Y of the form Y = [yL, yU ]. We omit instances with trigonometric functions as they
are not supported by BARON [40]. Although these instances are small-scale nonconvex SIPs (dx ≤ 10 and
dy ≤ 2), solving them to global optimality is not trivial.

We also test our algorithms on larger-scale convex SIPs (dx ∈ [21, 105] and dy ∈ [5, 13]) from Cerulli et
al. [7], where (LLP(x)) is a (potentially nonconvex) quadratic program. Our computational times are lower
than those reported in Cerulli et al. [7], which we attribute to three differences in our implementation: (i)
we use BARON instead of Gurobi, (ii) we use a different termination criterion (detailed in the next section),
and (iii) we enforce the symmetry constraint in the formulation symbolically using JuMP.

Because our focus is on designing discretization methods with tight lower bounds, we only compare our
approaches with the BF algorithm (the state-of-the-art discretization method for nonconvex SIPs) and do
not consider algorithms for constructing feasible points (see, e.g., [16, 31, 51]).

5.1 Implementational details

Our codes are compiled using Julia 1.7.3, JuMP 1.24.0 [19], BARON 24.1.3 [40] or Gurobi 12.0.1 as the
global solver, Knitro 14.2.0 as the local NLP solver, Gurobi 12.0.1 as the LP solver, and the bundle solver
MPBNGC 2.0 [29] for the max-min problems. Our codes will be made available at https://github.com/
Process-Optimization-and-Control/Bounding-Focused-SIP-Discretizations. All codes were run on
a computer with an AMD Ryzen 7 PRO 8840U CPU (3.30 GHz, 8 cores) and 32 GB of RAM.

General algorithmic parameters Since (LBP) and (G-LBP) may not yield a feasible point finitely, we
terminate our algorithms when the lower bound converges to within an absolute or relative tolerance of
10−3 of v∗. When available, v∗ is specified as the analytical solution or the best known feasible solution
reported in the literature [7, 15, 41, 51]; otherwise, it is computed offline by running the BF algorithm with
εf = 10−8 until an approximate feasible point is found. This termination criterion is chosen to directly
assess the impact of our discretization methods on accelerating the convergence of the lower bound.

We use εf = δ = 10−8 in Algorithms 1, 2, and 3. The feasibility and optimality tolerances in Gurobi are
set to 10−8, with a maximum time limit of five minutes. All of BARON’s parameters are set to default, except
for MaxTime = 300 seconds. Knitro is used with the following parameters: algorithm = 0, ftol = 10−8,
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Instance dx dy BF GREEDY 2GREEDY HYBRID OPT

number of iterations for convergence
Watson 2 2 1 2 2 2 2 2
Watson 5 3 1 5 4 2 3 3

Watson 5 10 10 1 3 4 2 3 3
Watson 6 2 1 3 2 2 2 2
Watson 7 3 2 2 2 2 2 2
Watson 8 6 2 15 27 6 11 21
Watson 9 6 2 9 8 5 10 12
Watson h 2 1 18 21 13 23 25
Watson n 2 1 3 2 2 2 2

Seidel & Küfer 2.1 2 1 8 3 3 3 3
Tsoukalas & Rustem 2.1 1 1 8 4 5 5 8

Mitsos 4 3 3 1 5 4 3 4 4
Mitsos 4 6 6 1 7 7 6 8 7
Mitsos DP 1 1 28 2 2 2 2

Cerulli et al. PSD 1 21 5 2 2 2 2 2
Cerulli et al. PSD 2 21 5 2 2 2 2 2
Cerulli et al. PSD 3 21 5 2 2 2 2 2
Cerulli et al. PSD 4 21 5 2 2 2 2 2
Cerulli et al. PSD 5 66 10 5 2 5 5 5
Cerulli et al. PSD 6 66 10 6 2 6 2 2
Cerulli et al. PSD 7 105 13 7 3 7 4 4
Cerulli et al. PSD 8 105 13 5 2 5 2 2

Table 2: Comparison of BF, GREEDY, 2GREEDY, HYBRID, and OPT algorithms. Bold entries correspond to the
minimum number of iterations for each instance.

maxtime = 10, and feastol = 10−8. We enable Knitro’s multistart heuristic with a maximum of five starts.
Due to a limitation in Knitro’s Julia interface, the multistart procedure is executed serially rather than in
parallel, which inflates the reported solve times for the max-min problems.

Algorithm-specific parameters The starting point for the max-min problem solved by the 2GREEDY

method is specified as yL + ζ(yU − yL), where ζ is a diagonal matrix with random diagonal elements
ζii ∼ U([0, 1]). Similarly, for the G-2GREEDY method, the elements of Ak are initialized randomly from
U([0, 1]) and bk is set to yL + ζ(yU − yL) − Akxk with ζii ∼ U([0, 1]). We set the parameter K = 3 for
Algorithms HYBRID and G-HYBRID.

5.2 Bounding-focused discretization methods

Table 2 details the instance, dimensions dx and dy, and the number of iterations k required by each method
for the lower bound to converge to v∗ (note that the number of discretization points at termination is
2k − 2 for 2GREEDY and k − 1 for the other methods). Computational times are reported in Table 3, with
performance profiles [18] shown in Figure 5. Most problems are solved within a few seconds, with the
notable exception of the larger Cerulli instances, where both the max-min solve time and the lower bounding
time can be significant. Although our new discretization methods reduce the number of global solves, their
computational advantage is often offset by the added cost of solving max-min problems, especially since the
BF algorithm exhibits relatively low runtime on all but two instances.

On almost all instances, our proposed bounding-focused discretization methods require fewer iterations
for convergence than the BF algorithm (the main exception is “Watson h”, where numerical issues affect our
methods). Notably, for most instances, our new discretization methods converge within only two iterations
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Figure 5: Performance profiles of the bounding-focused discretization methods.

(corresponding to a single discretization point for GREEDY, HYBRID, and OPT, and two points for 2GREEDY).
Although OPT is theoretically expected to perform at least as well as the other discretization methods in
terms of iteration count, Table 2 reveals that this is not always the case in practice. This discrepancy arises
because the solution of the max-min problem (3) can sometimes get stuck at poor local maxima. Overall,
among the proposed methods, Algorithms GREEDY and 2GREEDY deliver the best performance on small-scale
instances in terms of both iteration count and computational time.

Table 4, Table 5, and Figure 6 present the performance of our discretization methods when the max-min
problems (3) and (4) are relaxed and solved as mathematical programs with complementarity constraints
(MPCCs), see Section 2.3. These MPCCs are solved using Knitro’s dedicated algorithm for such problems.
Comparing Table 4 with Table 2, we observe that the MPCC-based discretizations sometimes converge in
fewer iterations, but in other cases require more iterations. However, the total time spent solving the max-min
problems is generally lower with the MPCC approach (see Table 5), which results in improved performance
profiles for the proposed methods compared to the BF algorithm (with the exception of OPT, which suffers
from significant numerical issues on the “Tsoukalas & Rustem 2.1” and Cerulli et al. [7] instances).

5.3 Bounding-focused generalized discretization methods

We test our generalized discretization methods on small-scale SIP instances, as solving (G-LBP) to global
optimality can be challenging for larger-scale SIPs.

Table 6, Table 7, and Figure 7 summarize the performance of our bounding-focused generalized dis-
cretization methods relative to the BF algorithm. While these methods perform well on some instances,
they exceed the time limit for solving (G-LBP) on several others. BARON appears to stall while solving
these MINLPs, potentially due to weak relaxations of (G-LBP). In most cases, the bundle method also
terminates after one iteration during the solution of problems (3) and (4), which suggests that our initial
guess is either already locally optimal or fails to provide a clear direction for improvement (possibly due to
the smooth approximation of the projection operator). With the exception of “Watson h” and “Tsoukalas &
Rustem 2.1”, the generalized discretization methods do not offer a significant advantage over the bounding-
focused discretization methods in Section 2.
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Instance dx dy BF GREEDY 2GREEDY HYBRID OPT

number of iterations for convergence
Watson 2 2 1 2 2 2 2 2
Watson 5 3 1 5 6 2 7 5

Watson 5 10 10 1 3 4 2 3 3
Watson 6 2 1 3 3 3 3 3
Watson 7 3 2 2 2 2 2 2
Watson 8 6 2 15 7 5 15 8
Watson 9 6 2 9 5 4 13 5
Watson h 2 1 18 18 18 18 18
Watson n 2 1 3 2 2 2 2

Seidel & Küfer 2.1 2 1 8 2 3 2 2
Tsoukalas & Rustem 2.1 1 1 8 9 6 9 > 100

Mitsos 4 3 3 1 5 3 2 3 3
Mitsos 4 6 6 1 7 7 6 4 4
Mitsos DP 1 1 28 2 2 2 2

Cerulli et al. PSD 1 21 5 2 3 2 5 > 100
Cerulli et al. PSD 2 21 5 2 3 2 5 > 100
Cerulli et al. PSD 3 21 5 2 3 2 5 > 100
Cerulli et al. PSD 4 21 5 2 3 2 5 > 100
Cerulli et al. PSD 5 66 10 5 5 5 8 92
Cerulli et al. PSD 6 66 10 6 6 6 9 32
Cerulli et al. PSD 7 105 13 7 8 7 10 32
Cerulli et al. PSD 8 105 13 5 6 5 8 34

Table 4: Results with the MPCC relaxation of the max-min problems. Bold entries correspond to the
minimum number of iterations for each instance.
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Figure 6: Performance profiles of the bounding-focused discretization methods when the max-min problem
is relaxed and solved as an MPCC.
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Instance dx dy BF G-GREEDY G-2GREEDY G-HYBRID G-OPT

number of iterations for convergence
Watson 2 2 1 2 2 2 2 2
Watson 5 3 1 5 5 3 4 4

Watson 5 10 10 1 3 3 3 3 3
Watson 6 2 1 3 2 2 2 2
Watson 7 3 2 2 TLE TLE 39 TLE
Watson 8 6 2 15 TLE TLE TLE TLE
Watson 9 6 2 9 TLE TLE TLE TLE
Watson h 2 1 18 2 2 2 2
Watson n 2 1 3 3 3 3 3

Seidel & Küfer 2.1 2 1 8 2 2 2 2
Tsoukalas & Rustem 2.1 1 1 8 4 3 4 4

Mitsos 4 3 3 1 5 9 5 5 6
Mitsos 4 6 6 1 7 TLE TLE 7 7
Mitsos DP 1 1 28 2 2 2 2

Table 6: Comparison of the BF, G-GREEDY, G-2GREEDY, G-HYBRID, and G-OPT algorithms. Bold entries
correspond to the minimum number of iterations for each instance, and TLE denotes the time limit was
exceeded while solving (G-LBP) or (LLP(x)).

5.4 Discussion of results

Tables 2 to 7 and Figures 5 to 7 show that our bounding-focused (generalized) discretization methods have
the potential to significantly reduce the number of iterations for convergence relative to the BF algorithm.
While Algorithms GREEDY and 2GREEDY may not result in optimal bounding-focused discretizations, we find
that they offer viable alternatives to the BF algorithm. These algorithms require fewer iterations to converge
and only necessitate the heuristic solution of the max-min problem (4) with dy variables at each iteration.
Numerical experiments suggest that these new bounding-focused discretization methods are competitive with
the BF algorithm on small and medium-scale SIPs, especially when the max-min problem is relaxed and
solved as an MPCC.

While our preliminary numerical results are encouraging, there is a need for the design of more efficient and
reliable algorithms to solve our max-min formulations, particularly addressing the generalized discretization
problems (7) and (8). We anticipate that our new discretization methods will offer significant advantages
when the BF algorithm requires numerous iterations to converge, and the solution of (LBP) to global
optimality is relatively time-consuming. Our new bounding-focused discretization methods can also be
used as an expert strategy for machine learning approaches that seek to learn an optimal sequence of
discretizations for solving families of nonconvex SIPs (cf. [14, 26, 38]). Our future work will delve into
exploring the effectiveness of these new discretization methods specifically on large-scale nonconvex SIPs.

6 Future work

There are many interesting avenues for future work. First, we wish to explore the effectiveness of our new
discretization methods for large-scale nonconvex SIPs. Second, we would like to extend our bounding-focused
(generalized) discretization methods to generalized semi-infinite programs [17, 33]. Third, our bounding-
focused discretization methods could be modified (cf. [31]) to generate feasible points to (SIP). Fourth,
extensions of our max-min formulations can enable the design of more efficient cutting-plane methods for
a broader class of optimization problems (cf. [38]). Finally, using machine learning to learn a sequence
of optimal discretizations (cf. [14, 26, 38]) can mitigate the computational burden of solving our max-min
problems for larger dimensions.
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ü
fe
r
2
.1

2
1

0
.2
4
/
0
.2
5
/
0
.0
0

0
.2
1
2
/
0
.0
6
/
0
.1
6

0
.5
6
3
/
0
.0
3
/
0
.1
9

0
.1
8
6
/
0
.0
4
/
0
.3
6

0
.3
0
6
/
0
.0
6
/
0
.3
8

T
so
u
k
a
la
s
&

R
u
st
em

2
.1

1
1

0
.4
7
/
0
.2
9
/
0
.0
0

1
.0
9
9
/
0
.1
4
/
0
.4
0

0
.4
5
7
/
0
.1
1
/
0
.1
8

0
.7
8
1
/
0
.1
2
/
0
.4
9

0
.8
8
7
/
0
.1
1
/
0
.5
2

M
it
so
s
4
3

3
1

0
.0
0
1
/
0
.2
1
/
0
.0
0

1
.7
2
8
/
0
.2
6
/
5
.1
0

1
.0
2
4
/
0
.1
8
/
0
.8
0

0
.9
9
5
/
0
.1
7
/
1
.7
6

1
.6
7
7
/
0
.2
0
/
3
.0
5

M
it
so
s
4
6

6
1

0
.0
0
1
/
0
.7
4
/
0
.0
0

D
id

n
o
t
co

n
v
er
g
e

D
id

n
o
t
co

n
v
er
g
e

4
6
.6
5
9
/
0
.6
3
/
1
4
.8
3

4
6
.1
4
4
/
0
.6
5
/
1
4
.7
6

M
it
so
s
D
P

1
1

1
.5
1
/
1
.3

/
0
.0
0

0
.1
0
/
0
.0
4
/
0
.0
2

0
.4
5
/
0
.0
4
/
0
.0
1

0
.1
0
/
0
.0
5
/
0
.0
1

0
.1
1
/
0
.0
4
/
0
.0
1

T
ab

le
7:

C
om

p
ar
is
on

of
th
e
to
ta
l
ti
m
e
ta
ke
n
to

so
lv
e
su
b
p
ro
b
le
m
s
u
si
n
g
th
e
B
F
,
G
-
G
R
E
E
D
Y
,
G
-
2
G
R
E
E
D
Y
,
G
-
H
Y
B
R
I
D
,
a
n
d
G
-
O
P
T
a
lg
o
ri
th
m
s.

In
st
an

ce
s
m
ar
ke
d
as

“D
id

n
ot

co
n
ve
rg
e”

ei
th
er

ex
ce
ed
ed

th
e
m
a
x
im

u
m

ti
m
e
li
m
it
w
h
il
e
so
lv
in
g
(G

-L
B
P
)
o
r
(L

L
P
(x
))
,
o
r
re
a
ch
ed

th
e
m
a
x
im

u
m

n
u
m
b
er

of
it
er
at
io
n
s.

22



1 10 100 10000.00

0.25

0.50

0.75

1.00

τ (Performance ratio)

Fr
ac

tio
n

of
pr

ob
le

m
s

BF
G-GREEDY
G-2GREEDY
G-HYBRID

G-OPT

Figure 7: Performance profiles of the bounding-focused generalized discretization methods.
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A Review of sensitivity theory

We briefly review standard results from parametric sensitivity theory [21, 49]. Consider the parametric
nonlinear program (NLP):

min
z∈Rn

F (z, p) (11)

s.t. ci(z, p) ≤ 0, ∀i ∈ I,
ci(z, p) = 0, ∀i ∈ E ,

where z ∈ Rn are decision variables, p ∈ Rd are parameters, F : Rn × Rd → R is the objective function,
c : Rn × Rd → R|I|+|E| are the constraint functions, and I and E are finite index sets. We write z∗(p) and
ν∗(p) to denote a local minimum of problem (11) and its optimal value ν∗(p) := F (z∗(p), p).

The Lagrangian for problem (11) is L(z, λ, p) := F (z, p)+λTc(z, p), for Lagrange multipliers λ ∈ R|I|+|E|.
Let λ∗(p) denote Lagrange multipliers satisfying the KKT conditions at z∗(p), and A(z, p) := {i ∈ I :
ci(z, p) = 0} ∪ E denote the indices of active constraints at a feasible point z.

We now present sufficient conditions under which ∇pν
∗(p) and ∇pz

∗(p) may be computed (see Fiacco [21]
or Still [49] for details).

Theorem 8. [Parametric sensitivities] Let z∗(p) be a KKT point for problem (11) with associated Lagrange
multipliers λ∗(p). Suppose for some p̄ ∈ Rd, functions F and c are twice continuously differentiable in a
neighborhood of (z∗(p̄), p̄). Assume that the following conditions hold at (z∗(p̄), λ∗(p̄)):

• Linear independence constraint qualification (LICQ): the vectors ∇zci(z
∗(p̄), p̄), i ∈ A(z∗(p̄), p̄), are

linearly independent.
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• Strict complementarity (SC): λ∗i (p̄)− ci(z∗(p̄), p̄)) > 0, ∀i ∈ I.

Additionally, suppose either

(a) |A(z∗(p̄), p̄)| = n, or

(b) the strong second order sufficient condition (SSOSC) holds at (z∗(p̄), λ∗(p̄)):

wT∇2
zL(z

∗(p̄), λ∗(p̄), p̄)w > 0, ∀w ∈W\{0},

W :=
{
w ∈ Rn : (∇zci(z

∗(p̄), p̄))
T
w = 0, ∀i ∈ {i ∈ A(z∗(p̄), p̄) ∩ I : λ∗i (p̄) > 0},

(∇zci(z
∗(p̄), p̄))

T
w = 0, ∀i ∈ E

}
.

Then ∃δ > 0 such that ∀p ∈ Bδ(p̄), we can choose the mappings z∗(p) and λ∗(p) to be continuously
differentiable on Bδ(p̄) and z

∗(p) to be a strict local minimizer of (11). Additionally, for all p ∈ Bδ(p̄), the
gradient of the value function ν∗ is given by

∇pν
∗(p) = ∇pL(z

∗(p), λ∗(p), p),

and the gradient of the solution mapping z∗(p) may be computed for each p ∈ Bδ(p̄) as follows depending
on whether condition (a) or (b) above holds:

(a) Let Jz(p) ∈ Rn×n and Jp(p) ∈ Rn×p be matrices with rows (∇zci(z
∗(p), p))

T
, i ∈ A(z∗(p), p), and

(∇pci(z
∗(p), p))

T
, i ∈ A(z∗(p), p), respectively. Then

∇pz
∗(p) = −[Jz(p)]−1Jp(p).

(b) Let Hz,λ(p) :=

[
∇2

zL(z
∗(p), λ∗(p), p) Jz(p)

(Jz(p))
T

0

]
, where Jz(p) is a |A(z∗(p), p)| × n matrix with rows

(∇zci(z
∗(p), p))

T
, i ∈ A(z∗(p), p). Then[

∇pz
∗(p)

∇pλ
∗
A(p)

]
= −[Hz,λ(p)]

−1

[
∇pzL(z

∗(p), λ∗(p), p)(
∇pci(z

∗(p), p)
)
i∈A(z∗(p),p)

]
,

where λ∗A(p) denotes the Lagrange multipliers of the active constraints at z∗(p).

Proof. See Chapter 3 of Fiacco [21], or the unified Theorem 4.4 in Still [49].

Lemma 6.2 of Still [49] presents weaker assumptions under which the (local) value function ν∗ is locally
Lipschitz continuous. Theorem 1.12 of Dempe [13] and its surrounding discussion provides estimates of
generalized gradients of ν∗ in the above setting. Weaker assumptions for the solution mapping z∗ to be
Hölder continuous or locally Lipschitz continuous are presented in Theorems 6.2 to 6.5 of Still [49].

B Proofs

B.1 Proof of Proposition 2

The first part follows directly from the definition of the max-min problem (3), since the sequence of lower
bounds obtained using Algorithm OPT dominates the sequence of lower bounds obtained using the BF algo-
rithm. The second part follows, e.g., from Theorem 3.2 of Shapiro [42].
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B.2 Proof of Proposition 3

The fact that N ≤
⌈(

diam(X)Lg,x

εf
+1

)dx
⌉
follows, e.g., from Section 5.2 of Mutapcic and Boyd [36]. We now

argue that N ≤
⌈(

diam(Y )Lg,y

εf
+ 1

)dy
⌉
.

Suppose the BF algorithm has not converged by iteration k > 1. Then for each 1 ≤ j < k, the candidate
BF solution xk at iteration k satisfies:

g(xk, yBF,k) > εf and g(xk, yBF,j) ≤ 0 =⇒ g(xk, yBF,k)− g(xk, yBF,j) > εf

=⇒ ∥yBF,k − yBF,j∥ > εf
Lgy

.

Therefore, the given upper bound on the number of iterations required for the BF algorithm to converge can
be obtained by calculating the number of Euclidean balls of radius

εf
Lgy

needed to cover
(
Y +

εf
2Lgy

B
)
, where

B denotes the unit ball in Rdy and + denotes the Minkowski sum (cf. [36]).

B.3 Proof of Theorem 4

Lipschitz continuity of the value function V implies

V (ε̃) ≥ V (0)− LV ε̃ = v∗ − LV ε̃, ∀ε̃ ∈ (0, ε̄).

By mirroring the proof of Proposition 3, we conclude that whenever

k ≥ min

{⌈(
diam(Y )Lg,y

ε̃
+ 1

)dy
⌉
,

⌈(
diam(X)Lg,x

ε̃
+ 1

)dx
⌉}

,

the iterate xk produced by the BF algorithm satisfies G(xk) ≤ ε̃. Consequently, for any such k, we have
LBDk ≥ V (ε̃) ≥ v∗ −LV ε̃ for the BF algorithm. The desired result for the BF algorithm follows by setting
ε̃ = ε

LV
.

The result for Algorithm OPT then readily follows since the sequence of lower bounds obtained using
Algorithm OPT dominate the sequence of lower bounds obtained using the BF algorithm.

B.4 Proof of Lemma 6

The integral form of Taylor’s theorem implies for any z, z̄ ∈ Z:

∥F (z)− F (z̄)−∇F (z̄)T(z − z̄)∥ ≤ L∇F

2
∥z − z̄∥2.

The inequality ∥F (z)−F (z̄)−∇F (z̄)T(z− z̄)∥ ≤ ε holds whenever we have z ∈
{
v ∈ Z : ∥v− z̄∥ ≤

√
2ε

L∇F

}
.

The stated result follows by covering Z using balls of radius
√

2ε
L∇F

(cf. proof of Proposition 3), setting zj

to be the center of the jth ball, and setting αj = ∇F (zj), βj = F (zj)−∇F (zj)Tzj .
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B.5 Proof of Theorem 7

Suppose Algorithm G-OPT has not converged by iteration k > 1. The candidate solution xk at iteration k of
Algorithm G-OPT satisfies for each 1 ≤ j < k:

g(xk, y∗(xk)) > εf and g(xk,projY (Ā
jxk + b̄j)) ≤ 0

=⇒ g(xk, y∗(xk))− g(xk,projY (Ājxk + b̄j)) > εf

=⇒ Lg,y∥y∗(xk)− projY (Ā
jxk + b̄j)∥ > εf ,

=⇒ Lg,y∥projY (y∗(xk))− projY (Ā
jxk + b̄j)∥ > εf ,

=⇒ ∥y∗(xk)− (Ājxk + b̄j)∥ > εf
Lg,y

,

where Y G
d = {(Ā1, b̄1), . . . , (Āk−1, b̄k−1)} denotes the generalized discretization at the start of iteration k,

and the final step follows by the projection theorem (see Proposition 2.1.3 of Bertsekas [3]). Therefore, an
upper bound on the number of iterations for Algorithm G-OPT to converge can be obtained by estimating
the minimal number k of generalized discretization cuts required for sup

x∈X
min
j∈[k]

∥y∗(x)− (Ājx+ b̄j)∥ ≤ εf
Lg,y

.

The stated result then follows from Lemma 6.
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