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Abstract We present a novel response surface method for global optimisation
of an expensive and noisy (black-box) objective function, where error bounds on
the deviation of the observed noisy function values from their true counterparts
are available. The method is based on the well-established RBF method by Gut-
mann (2001a,c) for minimising an expensive and deterministic objective function,
which has become popular both from a theoretical and practical perspective. To
construct suitable radial basis function approximants to the objective function
and to determine new sample points for successive evaluation of the expensive
noisy objective, the method uses a regularised least-squares criterion. In particu-
lar, new points are defined by means of a target value, analogous to the original
RBF method. We provide essential convergence results, and address some details
regarding the numerical implementation of the method.

Keywords Global optimisation - expensive noisy objective function - controlled
noise - response surface methods - radial basis functions - approximation
1 Introduction

In this paper, we are concerned with solving problems of the form

min f(z), (1)
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where X ¢ R% is a nonempty compact set, and f : X — R is a continuous
potentially nonconvex objective function that is expensive to evaluate. We assume
that evaluations of the objective function f are perturbed by additive noise, where
the level of noise can be controlled by means of pointwise error bounds. Specifically,
given that some noisy function values f (z;) are observed at the sample points
x; € X, 1 € N, we will consider two models for noise:

1. the errors between f(x;) to the true but unknown counterparts f(z;) can be
quantified by .

|f(zi) — f(zi)| < e, i=1,...,n. (2)

for some positive values €; = e(z;). We denote this case as the case of fized

noise, i.e. we have been given an error function € : X — R4 which we can

evaluate.
2. we consider the case in which we can improve the error bounds during the
course of an iteration, i.e. we consider the x1,...,x, as iterates of an optimi-

sation algorithm and presume error bounds of the form

[flai) = f ()| <™, i=1,...,n. (3)
for some positive errors ez(-n) = e(x;,n). We denote this case as the case of
iterative noise. Iterative noise typically occurs if a function evaluation that
computes f (x;) uses e.g. a Monte Carlo simulation to evaluate some inte-
gral occurring in the definition of the function f. Given sufficient computational
budget, it is then possible to improve a previously computed estimate f(k) (z4)
in a later iteration n > k to a hopefully better estimate f(")(a:,-) by increas-

ing the sample size of the Monte Carlo simulation. In this paper, we will be
(n)

concerned with vanishing iterative noise in which the €;"’ converge to zero for

n,7 — 0o in some form.

To clarify terminology and avoid any confusion for the purpose of this paper,
we define noise to be any inaccuracy in the function evaluation of f. In view of
problem (1), this is then sometimes also referred to as minimising a noisy objective
function f on the parameter space X, see, e.g., Kelley (1999). For notational
convenience, from now on we always write f (") where in the case of fixed noise
we interpret this as f(™ = f.

To effectively tackle the minimisation of a nonconvex and expensive (black-
box) objective function, response surface methods have been developed. Their ba-
sic idea is to approximate the underlying objective function by a sequence of
response surface models, i.e. approximants to the function f, that guide the selec-
tion of new evaluation points to eventually find a global optimum of the original
function. To remain easy to handle and cheap to evaluate, the response surface
models are usually composed of simple basis functions and fit to the unknown
objective function at a limited number of points, either through interpolation or
some approximation scheme. Based on the models, new evaluation points are then
iteratively determined by some strategy, which ideally balances between selecting
points in unexplored regions of the domain to improve the accuracy of the models
there, i.e. a global search, and trusting the models in regions with many function
evaluations to find a minimum thereof, i.e. a local search. In this way, the models
are successively refined to capture the global behaviour of the objective function
as best as possible.
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Within the class of response surface methods, various methods can be dis-
tinguished, see, e.g., Jones (2001) or, more recently, Vu et al. (2017) for a com-
parative survey, and Forrester and Keane (2009) for a more practical overview.
Very generally, one may say that there are three main methodologies according
to which traditional response surface methods may be classified. The underlying
idea of Bayesian methods is to interpret the objective function f as a realisation
of a stochastic process F' : X x 2 —» R, (z,w) — F(z,w), on some probability
space (§2, F,P), such that upon observing f(z1),..., f(zn), the conditional mean
function sp(x) = Ep[F(z)|F(z1) = f(z1),...,F(zn) = f(zn)] and the variance
function vy, (z) = Varp(F(z)|F(z1) = f(x1),...,F(zn) = f(zn)) act as a response
surface and a measure of the involved error to f, respectively. In particular, if
the underlying stochastic process is assumed to be Gaussian with mean function
Ep[F(z)] and covariance function Covp(F(x), F(y)), x,y € X, the distributional
properties imply that the conditional process is again Gaussian, allowing for suit-
able expressions in closed form. As for determining new evaluation points, two
main strategies can essentially be distinguished in a Bayesian framework. The
first strategy, known as P-algorithm, dates back to Kushner (1962, 1964) and
maximises the probability of achieving a certain target function value below the
current minimum of the surface in order to find a new point. The second strategy
has its origin in Mockus et al. (1978) and determines a new point by maximising
the expected improvement over the current best function value.

Similar to Bayesian methods, regression-based methods, which are commonly
referred to as Kriging (Matheron (1963)), also assume f to be a realisation of a
stochastic process {F'(z)}zcx but use a linear regression to fit a response surface
model. Specifically, given the observations f(x1),..., f(zn), these methods derive
a response surface s, as the best linear unbiased predictor and the corresponding
error v, as the mean squared error, see, e.g., Sacks et al. (1989) for more details,
thus leading to the same methods as in the Bayesian methodology for the special
case of a Gaussian process (see, e.g., Fowkes (2011) for the equivalence), but other-
wise different ones. The most popular method embedded within a regression-based
methodology is the Efficient Global Optimisation (EGO) algorithm by Jones et al.
(1998), which specifies the covariance structure of the stochastic process between
sampled points by a Gaussian correlation function and finds the next evaluation
point by using the expected improvement criterion, as suggested for Bayesian
methods. Schonlau (1997) observes that the latter criterion, being independent of
any parameter, may result in a search that overly emphasises local search and sug-
gests using a generalised expected improvement, which introduces an additional
parameter that controls the balance between global versus local search. Another
related modification that allows to exogenously control local and global search by
an additional parameter is the weighted expected improvement, due to Sébester
et al. (2005). The EGO approach to construct suitable response surfaces has also
been used by Villemonteix et al. (2009) in their Informational Approach to Global
Optimisation (IAGO). However, instead of expected improvement, they use the
conditional entropy of a minimiser as a criterion to iteratively determine new evalu-
ation points. Further work allow for constraints Habib et al. (2016), multiobjective
problems Feliot et al. (2017), and parallelization Wang et al. (2020).

For methods that do not model the objective function by means of stochastic
processes, a general response surface technique for finding a new evaluation point is
proposed by Jones (1996). It assumes the existence of a linear space of functions A,



4 Dirk Banholzer et al.

which is left unspecified but admits a measure of ‘bumpiness’ o(s) for its elements
s € A. In any given iteration, once a response surface model has been fitted to a
set of function values f(z1),..., f(zn) through interpolation, a target value f* is
then chosen which may be considered as a rough estimate of the global minimum
of f. By this choice, a new evaluation point x, 1 is then determined as the value
of y ¢ {x1,...,2n} such that the augmented response surface s, € A minimises
the bumpiness o(s) on A, subject to the interpolation conditions

sy(xs) = f(x4), 1=1,...,n,
sy(y) = f

and provided that, for any y € X\{z1,...,2n}, the interpolant s, € A is uniquely
defined. The most prominent response surface method that is based on Jones’
general technique is suggested by Gutmann (2001a,c) in form of the radial basis
function (RBF) method. As the name suggests, the method relies on the use of
radial basis functions, which not only ensures the uniqueness of interpolants under
relatively mild conditions on the location of the sample points, but also provides
in a natural way a measure of ‘bumpiness’ in form of a semi-norm. The strat-
egy for determining new evaluation points is based on a mathematically sound
mechanism, which facilitates establishing convergence of the method and its close
relation to the P-algorithm. On the practical side, the method has proven to be a
powerful tool and performs well on well-behaved expensive optimisation problems,
see, e.g., Bjorkman and Holmstrém (2000), while the noted slow convergence of
the method to a global minimum of more complex objective functions has been
addressed by Regis and Shoemaker (2007b), Holmstrom (2008), and Cassioli and
Schoen (2013), most notably. In addition, Costa and Nannicini (2018) propose a
technique to speed up the practical convergence of Gutmann’s RBF method in case
noisy and less expensive function values are additionally available. Other works
include the investigation of multistart methods Regis and Shoemaker (2013a),
the multiobjective case Akhtar and Shoemaker (2016); Regis (2016); Wang et al.
(2022), and the case of black-box constraints Regis (2014). The case of noisy ob-
jective functions has only recently been considered in Shen and Shoemaker (2020).

Finally, we would like to mention further approaches which seemingly do not
rely on any of the described underlying methodologies and are thus designed to
work with any kind of response surface model, see, e.g, Regis and Shoemaker (2005,
2007a,c, 2013b) and Ji et al. (2013).

Despite its importance in applications, the global optimisation of expensive ob-
jective functions in the presences of noise has attracted considerably less attention
than the equivalent optimisation without noise. Due to the underlying probabilis-
tic framework that is provided by Bayesian and regression-based methods, the
fundamental derivations of response surfaces and corresponding error measures,
i.e. of the conditional mean and variance functions as well as of the unbiased pre-
dictors and mean squared errors, respectively, can be extended straightforwardly
to noisy observations, by adding randomly distributed error terms to the mod-
elling stochastic process, see, e.g., Schonlau (1997). Yet, the determination of new
evaluation points poses a substantial difficulty, which has been dealt with differ-
ently by a few authors. In their Sequential Kriging Optimisation (SKO) method,
Huang et al. (2006) extend the EGO algorithm to noisy objective function val-
ues, assuming that the involved random errors are i.i.d. normally distributed with
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constant variance. Correspondingly, the method relies on the same Gaussian co-
variance structure of the EGO algorithm plus a variance term, and to select new
evaluation points, an augmented expected improvement criterion is derived that
calculates a scaled expected improvement over the response surface value of the
so-called effective best solution instead of the current minimum function value. A
further extension to the expected improvement criterion that may be used in a
Bayesian /regression-based setup for noisy objective function values is suggested
by Gramacy and Lee (2011), also known as the integrated expected conditional
improvement. Their main idea is to consider the expected improvement at a ref-
erence point, given that the objective function has been sampled at a candidate
point, i.e. the expected conditional improvement, and find the next point as the
maximiser of this criterion, integrated by a suitable density function over all refer-
ence points. Finally, in Villemonteix et al. (2009), the authors also show that their
TAOG method for exact function values can be extended to handle noisy obser-
vations. Specifically, they assume that the errors in the observed function values
are i.i.d. normally distributed with known mean and variance, and estimate the
conditional entropy criterion by simulating on the noisy observed function values,
instead of the true ones.

Relating to Jones’ general technique in the presence of noise, Zilinskas (2010)
addresses the similarity between the P-algorithm and Gutmann’s RBF method
and shows that these techniques can be extended to noisy function values if ap-
propriate modifications are made in both algorithms. In particular, he suggests
to construct radial basis function approximants for the latter by minimising the
semi-norm such that the residual sum of squares of an approximant to the noisy
observations is proportional to the variance of the involved additive noise, which
is assumed to be constant and known. New evaluation points may then be deter-
mined similar to Jones’ technique by means of target values, i.e. by minimising
the semi-norm of an augmented surface such that it interpolates a chosen target
value and such that the residual sum of squares of the augmented surface to the
noisy observations is proportional to the known variance. However, even though
Zilinskas establishes the theoretical similarity between the P-algorithm and the
RBF method in a noisy setup, no explicit algorithm making use of this result
is proposed. Radial basis functions are also used in the algorithm by Jakobsson
et al. (2010), called qualSolve, for the global optimisation of expensive black-
box functions subject to noise. Here, the authors construct response surfaces by
minimising the convex sum of the squared semi-norm of a radial basis function
approximant and the squared difference between its values at the sample points
and the noisy observations, where an additionally introduced parameter to bal-
ance between both measures is estimated by cross validation. Moreover, to select
new evaluation points a quality function is maximised, which is calculated at each
point by the minimum distance to previously evaluated points and weighted by
the response surface value at that point. In particular, the weights are adjusted
periodically in order to alternate between local and global search of the method.

Given above contributions, we present in this paper a novel RBF method for
noisy objective functions in which the level of noise can be controlled by means
of pointwise error bounds. The method is essentially based on Gutmann’s original
RBF method for deterministic objective functions and uses some of the ideas from
Zilinskas (2010) to extending Gutmann’s method to a noisy setup. In establish-
ing the method, we address the construction of appropriate response surfaces and
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the determination of new evaluation points once a surface has been constructed,
as these are the two main components that require specification in order to deal
with noisy function values. In particular, since radial basis function interpolation
is no longer feasible in the present situation, we first consider common approaches
for the approximation of a noisy function by means of radial basis functions and
briefly discuss their suitability for integration into a response surface method.
As regularised least-squares approximants explicitly seek to balance between the
bumpiness of the surface and the closeness to the data, where the additional regu-
larisation parameter may be set in accordance with the available error bounds, they
turn out to be particularly suited for our purposes. Moreover, the least-squares
criterion allows for a convenient adaption of Jones’ technique to determine new
evaluation points through target values, by analogy with Gutmann’s original al-
gorithm. In particular, this functionality then also allows to establish convergence
of the method, where we show that the convergence properties of Gutmann’s
deterministic method are kept when the exact function values are replaced by cor-
responding noisy values. As we will see, convergence can be achieved by updating
the regularisation parameter in a particular way, depending on the model of noise:

1. in the case of fixed noise, it is sufficient to ensure that the sequence of regu-
larisation parameters converges to zero quickly enough. As such, it suffices to
choose these parameters according to some exogenous sequence, at least for
theoretical purposes.

2. in the case of iterative noise, if the noise vanishes fast enough, it is possible
to choose the regularisation parameter in each step in such a way that the
bumpiness of the approximant is as small as possible, thereby greatly simplify-
ing the inner optimisation step in which an augmented function based on this
approximant is minimised.

The remainder of this paper is organised as follows. In Section 2, we review
Gutmann’s original RBF method to minimise a deterministic nonconvex objective
function that is expensive to evaluate. In Section 3, we briefly outline common
approaches for radial basis function approximation and discuss their suitability
for integration into a response surface method. Based on regularised least-squares
approximants, we then present in Section 4 a RBF method for minimising a noisy
nonconvex and expensive objective function, given that error bounds on the ob-
served function values are available. In Section 5, we establish the convergence of
the method. Finally, Section 6 contains our conclusions.

2 Gutmann’s RBF method

Let us briefly describe each step of Gutmann’s original RBF method (2001a; 2001c¢)
for deterministic objective functions, as this will provide us with the necessary tools
to generalise this method to the noisy case considered in this paper. The method
relies on the general technique by Jones (1996), but specifically employs radial
functions to construct response surface interpolants of the generic form

n

s(z) =Y Nig(lle - zill2) + p(z), = €R, (4)

=1
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where ¢ : [0,00) — R is a fixed radial function, {\;}j=; are real coefficients,
{x;}"; C R? are distinct centre points, and p € PZ is a polynomial from the
linear space of all real-valued polynomials of total degree at most m — 1 in d
variables, with P§ = {0}. On the linear space of all functions of the form (4) on
X, formally defined by Ag, m(X) := Fy(X) + P, with

FoX) = { Aol —will2) :n € NA € R {mi}imy € X
= " (5)
Z)\Zp(xz) =0,pe ,P;-in},

i=1

a measure of ‘bumpiness’ is then given in a natural way by the semi-norm ||- || :=

(~,~>;/2, induced by the semi-inner product

n(s)
(s,u)g ==y Aula), (6)
=1

for any two elements s, u € Ay m(X) with

s() = No(llz —ail2) +p'(x) and u(x) =) Aé(llz - ai|2) +p" ().
=1

1=1

The classical choices of radial basis functions ¢, along with their minimal order
mg guaranteeing conditional positive definiteness are given in Table 1, cf. Gut-
mann (2001a), listing (2.2), or Gutmann (2001c), listing (3.2). In what follows,
we will also need the notion of conditionally positive definite functions. Recall
that a continuous radial function ¢ is conditionally positive definite of order m
if o0 2?21 AiNjo(||zs — x4]]2) > 0 for any pairwise distinct points z1,. .., Zn,
n € N, and any A € R™\{0} satisfying 37", \ip(x;) = 0, p € Pg,. Since a con-
ditionally positive definite function of order m; is also conditionally positive def-
inite of order mo > mq, particular interest is given to the smallest possible order
mg € No such that ¢ is conditionally positive definite.

Radial basis function o(r) Specification Minimal order m
. rv v €N, vodd

Surface splines ™ logr v €N, v even lv/2] +1

Multiquadrics (r? 4 ¢2yv v>0,v¢gN lv]+1

Inverse multiquadrics (r2 4 ¢2yv v <0 0

Gaussians e—¢r? 0

Table 1: Common choices of radial basis functions, their shape parameter ¢ > 0, smoothing
parameter v, and the minimal order m.
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Construction of a Response Surface

Suppose we are in iteration n of our algorithm and can now interpolate the data
(z1, f(z1)),. -, (@n, f(zn)). To construct an interpolant s, € Ag m(X) of the
form (4), with Ag n, (X) defined as in (5), the corresponding coefficients are deter-
mined by solving

t. i) =flzi), 1=1,...,n,
omin sl st () = fr), i n ™)

which reduces to solving the linear system (see Schaback Schaback (1993))

(o) (=), ®

where @ € R™*™ and P € R™*™ denote the interpolation and polynomial basis
matrix with entries 915” = ¢(|lxs — xjll2), t,5 = 1,...,n and P;; = pj(zi), i =
1,...,n,j5=1,...,m, respectively, A € R" and ¢ € Rm are the coefficient vectors,
and F = (f(z1),..., f(zn)) " stands for the vector of observed function values.

The unique solvability of the linear system (8) follows under the relatively
mild condition that the sample points z1,...,z, form a P{‘fl—unisolvent set, i.e. if
p € P and p(x;) =0,i=1,...,n, then p = 0, see, e.g., Wendland (2005b) for
details. Moreover, it is easy to verify that the linear system will remain uniquely
solvable upon the successive addition of new data points, provided that they are
distinct from previous ones.

Determination of the Next Evaluation Point

Upon the construction of s,, the next evaluation point z,+1 is determined accord-
ing to Jones’ general technique. For a given target value f,; that will be specified
further below, the point 11 is given as the point y € X\{z1,...,2n} such that
there is an augmented surface sy € Ay m(X) that solves

ryréi)rgl Islle s.t. s(zi) = f(zi), i=1,...,nm,
S€ A () 9)

s(y) =

To simplify problem (9), the optimal interpolant s, € Agm(X), v €
X\{z1,...,zn}, satisfying the interpolation conditions in (9) can be rewritten
as
Sy(il?) = Sn(.'IJ) + [f’;: - Sn(y)] ln(y,il?), HANS Rdv (10)
where I (y, -) € Ag,m(X) is the optimal interpolant to
In(y,xi) =0, i=1,...,n,
(y, z4) (11)
n(yv y) =1

In particular, the function I, (y, -) can be expressed as

32

n(y,z) = Zaz Yo(llz - zill2) + By)e([lx - yll2) Z (¥)pj(z), =€RY,

i=1 j=1
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whose coefficients a(y) = (ai(y),.. Lan(y)T € R™, B(y) € R and b(y) =
(b1(y), ..., bm(y)) " € R™ solve the linear system

®  un(y) P a(y) 0
un(y)" @(0) #()" | [BW) | =1{1], (12)
PT w(y) O b(y) 0

for the matrices ¢ € R™*™ and P € R™*™, and the vectors un(y) := (¢(||lx1 —

yll2), - d(llzn —yl2)) " € R™ and 7(y) := (p1(y), ..., pm(y))" € R™. By means
of representation (10), the squared semi-norm of s, can then be simplified to

lsyl3 = llsnll3 +2[£7 = sn ()] (sns In(y, D)o + [fr = sn(@)]*n(y, )13
= llsnll? + B) [fr — sn ()], (13)

using the definition of the semi-inner product (6) and the interpolation condi-
tions (11). Since ||sn||¢ is independent of y, equation (13) shows that the required
minimisation of ||sy||4 with respect to y boils down to minimising the nonnegative
function

gn(W) = @) [ —sn@®)]?, yeX\{z1,... 20}, (14)

where the function p, : X\{z1,...,2n} — R is given by
pin(y) = [l (y, )3 = By). (15)

Note that the function us, is well-defined and allows for the properties described
in the following two remarks.

Remark 1 Definition (15) provides that p,(y) > 0 for y € X\{z1,...,zn}: As-
suming there is an yo € X\{z1,...,2n} with p,(yo) = 0, definition (15) and the
P& -unisolvency of {x1,...,z,} yield I, (yo, -) = 0. This, however, is in contradic-
tion to the interpolation constraint I, (yo,yo) = 1.

Remark 2 By applying Cramer’s rule to the linear system (12), the function pr,
can be computed as

det Ay,

un(y):mv yGX\{$1,...,$n}7

where A, and A,(y) are given by the nonsingular interpolation matrices on the
left-hand sides of equations (8) and (12), respectively. Hence, since det A, is a
nonzero constant and limy ., det A, (y) =0 for any i € {1,...,n}, it follows that

lim pn(y) = oo, i=1,...,n.
Yy—x;
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Choice of Target Value

The choice of f,; crucially influences the location of the new point z,+1. To guar-
antee that xn4+1 as a global minimiser of g, on X\{z1,...,z,} exists and does
not coincide with previous sample points, it must hold that

frnel- oo, min sn(y)], (16)

where the case f;, = minyex sn(y) is only admissible if f; < sn(z:), i=1,...,n.

Specifically, for low target values satisfying (16), the method essentially per-
forms a global search in which the new point z,4+1 is sampled away from al-
ready evaluated points. A high target value close or equal to minyecx sn(y) is
supposed to sample x,4+1 either in the vicinity of a global minimiser of s, if
fn < mingex sn(y), or as a global minimiser of s,, if f; = minyecx sn(y), cf.
Regis and Shoemaker (2007b). In particular, for f, — —oo, one can observe by
the definition of g, and the boundedness of s, on X that pn(Tn+1) < wn(y),

y € X\{z1,...,zn}. Hence, choosing f; = —oo reduces the minimisation of gy
on X\{z1,...,%n} to the minimisation of u,, which samples z,+1 as far away as
possible from the points z1, ..., Zn.

Summary of Gutmann’s RBF Method

Altogether, Gutmann’s RBF method for minimising a deterministic and continu-
ous function f: X — R on a compact set X can be summarised as follows.

Algorithm 1 (Gutmann’s RBF Method).

0. Initial step:
- Choose a conditionally positive definite radial basis function ¢ of order m.
- Generate a P -unisolvent set of points {x1,...,Tn,} C X.

- Evaluate f at the points x1,...,ZTn,, and set n = ng.

1. Iteration step:
while n < n™** do
- Construct the interpolant sn € Ag m(X) solving
min s s.t. s(xy) = f(xzs), i=1,...,n.
omin_ sl (e:) = f(z2)
- Choose an admissible target value f}; € [— 00, miny e x sn(y)].
- Determine xpn41, which is the value of y that solves

. ) )
min n S sn )
yea i @) (v)]

- Fwaluate f at xp+y1, and set n =n + 1.

end while
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3 Approximation with Radial Basis Functions

To recover an unknown function f : X — R on some set X C R? from a number
of observed function values f(z1),..., f(zn) with z1,...,2, € X, an interpola-
tion technique is typically adopted if the respective function values are known to
be exact. However, if the observations are contaminated by noise, i.e. we observe
f (z1),..., f(”)(a:n) in step n of our algorithm, then other approximation tech-
niques are recommended. In particular, in such cases, too much weight would be
given to the involved noise, which may easily lead to a model overfitting the data
and becoming unnecessarily oscillating, thus corresponding poorly to the under-
lying function.

Unlike in the case of interpolation, there exist various possibilities to approx-
imate a set of noisy function values by means of radial basis functions, where a
suitable choice essentially depends on the nature of the available data and the in-
tended use of the resulting approximant. A technique that is frequently employed
is a least-squares approximation, see, e.g., Buhmann (2003), Chapter 8, or Iske
(2004), Section 3.10, where approximants of the generic form (4) are considered
for a reduced numbered of pairwise distinct centres {Z; }?:1 C X, n+m < n,
which usually coincide with some of the sample points x1,..., 2y, but may also
be different. This form is then used to obtain an optimal approximant s € AQS(X )
by solving

n
min Y wi(s(xs) - F™ (21))° (17)

SEAL(X) ;1
where fl¢(X ) denotes the corresponding linear function space and wi, ..., w, are
positive weights to take care of potential heteroscedasticity in the data. Due to the
side conditions in Ay (X), problem (17) constitutes a linear least-squares problem
with equality constraints, which can be solved uniquely via a linear system if the
set of centres {Z1,...,Zn} is P4 -unisolvent and forms a subset of the sample
points, see, e.g., Iske (2004), Theorem 17. A least-squares approach may notably
reduce the complexity of constructing an approximant if 7 < n. However, the
main drawback then lies in choosing a suitable set of centres which defines both the
smoothness of an approximant and its closeness to the data. This ambiguity makes
it difficult to incorporate the technique into a response surface method where new

points are added iteratively, as argued, for instance, by Zilinskas (2010).

An approach that explicitly allows to include both the semi-norm as a measure
of smoothness and the availability of error bounds into the construction of a radial
basis function approximant is known as relaxed interpolation, see, e.g., Schaback
and Wendland (2006), Section 3. Specifically, requiring an approximant to be as
smooth as possible but such that it deviates at the sampled points x; from the
observed values f(™)(z;) by at most €;, an optimal approximant s € Ag (D) is
found by solving

min - [ls[|3
SEAg m (X) (18)
s.t. |wz(s(wz)—f(")(wz))| <e, i=1,...,n.
By definition of the semi-norm and the side conditions in Ag ,,, (X'), problem (18)

presents a convex quadratic programme with both equality and inequality con-
straints, which can be solved uniquely if the set of points {z1,...,2zn} is assumed
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to be PZ -unisolvent. Note that as a consequence of the involved inequality con-
straints, the convex quadratic programme needs to be solved; the optimal approx-
imant can no longer be determined by solving just a linear system of equations.
By applying the KKT conditions, it can be shown that the optimal approximant
either interpolates the endpoints of the (potentially scaled) error bounds or the
corresponding coefficient \; equals zero, or both, cf. Scholkopf and Smola (2002)
for the related concept of support-vector machines.

The regularised least-squares approximation, as described, for instance, in
Wendland and Rieger (2005) or Wendland (2005a), is another approach that explic-
itly incorporates the semi-norm into the construction of the approximant. However,
instead of imposing inequality constraints to regulate the discrepancy to the noisy
function values, the closeness to the data is assessed by residual sum of squares.
Consequently, an optimal approximant s” € Ag(X) is sought as the solution of

. o 1 2 2(n) 2
el IS 2l = ) "

where the additional parameter v > 0 is introduced to control the trade-off between
the smoothness of the approximant and its closeness to the noisy function values.
In particular, for large v we place more emphasis on minimizing the bumpiness,
while for small « the closeness to the data is enforced, yielding an interpolation of
F(z1),..., f™ (x,) in case vy = 0.

Bearing in mind the constraints on the coefficients A in Ag ., (X), problem (19)
comprises an equality constrained convex quadratic programme. Hence, similar to
plain interpolation, the construction of an approximant can be reduced to solving
a (regularised) linear system, see Theorem 1 below. In particular, this implies that
errors in function values are taken into account by interpolating some perturbed
noisy function values, where the magnitude of the perturbation is governed by the
regularisation parameter . Moreover, the parameter v has a clear and intuitive
interpretation, which facilitates its determination by means of the available error
bounds (2) and also allows for a convenient application of Jones’ technique to deter-
mine new evaluation points, cf. Section 4. Consequently, regularised least-squares
approximation seems to provide the most suitable approach for an extension of
Gutmann’s RBF method to noise. In what follows, we require the following result.

Theorem 1 Let ¢ be a conditionally positive definite radial basis function of or-
der m, and assume that a P -unisolvent set of points {x1,...,xn} C D with
corresponding noisy function values £ (z1), ..., f) (zn) is given. Then, for any
v > 0, the approzimant s}, € Ag m (D) whose coefficients are determined by the
linear system

~

(D 0-0) a0

where W = diag(w1,...,wn) and F = (f™(21),..., f (xn) T, is the unique
element of Ag m (D) that solves the regularised least-squares approzimation prob-
lem (19).

Proof Let v > 0 be fixed, and observe that problem (19) can be rewritten as

. SR -
min A B+ |[WP(@A+ Pe—F)|. st. PTa=0. (21)
(A, e) T eRntm
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By the conditional positive definiteness of ¢, problem (21) is strictly convex. Hence,
a unique solution exists if the set of sample points {z1,...,zn} is P4 -unisolvent,
guaranteeing that the matrix P has full row rank. Applying the KKT conditions
to (21) provides the linear equations

(ny® + & WP+ & WPc+ Pv=20 WF (22)
PTW(®X+ Pc)=P WF (23)
P'Ax=0, (24)

where v € R™ denotes the Lagrange multiplier for the constraint PTX\=0. Since
¢ is conditionally positive definite, the matrix @ is invertible for any A € R™\{0}
satisfying (24). Thus, multiplying equation (22) by (#W)~! simplifies to

(D +nyW A+ Pe+ (W) ' Pv=F,

which, by substituting into equation (23), yields PT® 1Py = 0. However, since
{z1,...,2n} is an—unisolvent, the latter implies v = 0, such that we obtain the
stated linear system (20). O

Note that the linear system (20) remains uniquely solvable if new points are
added, distinct from already sampled points.

4 A Radial Basis Function Method for Noisy Objective Functions

In this section, we describe our novel RBF method for minimising a noisy objective
function f : X — R on a compact set X, which proceeds similar to Algorithm 1
but uses a regularised least-squares approach to construct approximating response
surfaces and determine new evaluation points.

Let ¢ be a conditionally positive definite radial basis function of order m and
P2 be the space of polynomials of degree at most m — 1 with basis {pj}j=1. As-
sume that the initially sampled points z1,...,%n, form a P4 -unisolvent set and
that error bounds e, ...,€,, and positive weights w1, ..., wy, are available for
the corresponding noisy function values f("“)(ml), o f™)(2p,). For n > no, a
general iteration, consisting of the construction of an approximant and the deter-
mination of a new evaluation point by a suitably chosen target value, can then
be described as follows, cf. Subsection 4.4 for a complete description of the full
algorithm.

4.1 Construction of Response Surface

For given data (xl,f(")(xl)),...,(azn,f<”)(a:n)), weights wi,...,w, and v > 0
we denote the unique solution of the linear system (20), cf. Theorem 1, by
(/\("’7),0("’"’)). Recall that we denote the optimal regularised least-squares ap-
proximant to the given data from the space Ag,m (X) by

n

sh(@) =Y A"V g(|z — will2) +p" ) (2), @ e R (25)

=1
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To determine =, in the n-th iteration, we make use of the fact that we are pre-
dominantly interested in finding a rather smooth approximant that deviates at
most by the error bounds from the noisy function values to recover the underlying
function f. Accordingly, we first observe that the smoothness of the approximant
sy can alternatively be characterised in terms of the parameter v, which seems
intuitively clear from the formulation (19). More formally, it can be justified by the
following Proposition 1, for which we define by R(P) the range of the polynomial
basis matrix P € R"*™.

Proposition 1 Let ¢ be a conditionally positive definite radial basis function of
order m, and let {a:l, o, Tn} CX bea PL —unisolvent set with corresponding noisy
function values f (x1),..., ™ (@,). For v > 0, let s7 € Ag.m(X) denote the
unique solution to the regularised least-squares problem (19). Then, the following
holds:

a) A and ™) depend continuously on .

b) The optimal value of (19) is concave and monotonically increasing in ~y. In case
(f(21),...,f(xn)" ¢ R(P), then the optimal value function is strictly
momnotonically increasing.

¢) For any fized notsy function values, the term ||s”||¢ is monotonically decreasing
iny and L3 wi(s7 (z;) — F(2:))? is monotonically increasing in ~. If
(FD(z1), ..., f™ (zn))" & R(P), then these terms are strictly monotonically
decreasing and increasing in vy, respectively.

Proof Since the associated matrix on the left-hand side of the linear system (20) is
nonsingular and depends continuously on v, so does its inverse, which establishes
statement a).

The first part of statement b) follows directly from the affine structure of the
objective function in 7. For the second part note that it holds ||s”||3) # 0 due to
the assumption (f™ (z1),..., f™ (z,))" ¢ R(P), see Gutmann (2001b), p. 318.

To show c), let 0 < v < 7 be fixed. By the optimality of the corresponding
minimisers s7,s” € Ag m(X), we then have

B+ S w7 (o) — FP @) < AR 4 - (57 ) — @),
1=1

i=1
and
JU— 1 < = 2(n 2 1 — (n 2
TG + — > w7 () = F ()" <ANTNG + — D wi(s7 (@) = F™ (@)
i=1 =1

Adding both inequalities, cancelling equal terms, and rearranging yields
~ 12—~ 2
G=MMs"Me < G =Nls g,
such that ||s”||7 is monotonically decreasing in . Moreover, it follows that

1713 = 15712) < 5 32 w7 i) = £ @) = 5 3 w57 i) - S w),

i=1
R (26)
showing that 1 37 | w;(s”7 (2i) — £ (2;))? is monotonically increasing in .
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_To establish the strict monotonicity of both functions in case
(f(")(m)l...,f(")(a:n))T ¢ R(P), we start by showing that the minimisers

s” and s7 cannot be identical for 0 < v < 3. To this end, assume s” = s7 and
observe that the linear system (20) provides

7 (zi) — f(xz) = —n'ywi_l)\;Y and 7 (z;) — f(z:) = —n?wi_l)\z, (27)
i=1,...,n, where \] denotes the i-th coeflicient of s”. The latter in turn yields
(7 —w; A =0,

and therefore \] = 0 for i = 1...,n. This, however, implies that s7 € Pg,
such that the function values f("(z1),...,f™ (x,) in (27) are interpolated
by a polynomial from the linear space Pj,, which contradicts the assumption
(F™(z1), ..., f™ (z,))T ¢ R(P). Since s” # s7 and the solution of (19) is unique
according to Theorem 1, we even have

I3+ S wils7 (i) — F7 @) <allsTIE 4+ 5w (57 () — F i),
1=1

=1

i.e. < holds instead of <. Adding both inequalities and rearranging as before
immediately yields

G=lsIIE < G =™,
and thus the strict monotonicity of ||s”||4. Finally, the strict monotonicity of
LS wi(s7 (@) — £ (24))? follows by (26). 0

Choosing the Regularisation Parameter

We will see later that to show convergence of the method it suffices to choose
the regularisation parameter v in each step in such a way that the corresponding
sequence {7yn } converges to zero quickly enough, in particular if v, = o(1/n). This
can easily be achieved by choosing {7»} to be an appropriate exogeneous sequence,
e. g vn = 1/n**° for some § > 0.

However, depending on the noise model, much can be gained by choosing v,
adaptively to control the bumpiness of the approximant s;". Proposition 1 pro-
vides a corresponding framework: the parameter v, can be identified uniquely
under the weak assumption that F' ¢ R(P) in the following way. Finding the
smoothest approximant s;* such that it deviates at the considered points x; from
the noisy function values f(”)(:ci) by at most €; can be stated as the auxiliary
problem

max 7y
=0 ) (28)
s.t. |sg(a:i)—f(")(xi)’ <e€, i=1,...,n.

Problem (28) consists of a linear objective function in one dimension, which
is subject to n nonlinear inequality constraints. Since s}, converges to the inter-
polant of f™)(z1),..., f(™(2,) for v — 0, as can be read off from the regularised
system (20), a feasible solution to problem (28) exists. However, unlike the sum-
of-squares function, the individual constraints are potentially non-monotonic in
7, and each evaluation of the constraints requires to solve the linear system (20).
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This renders the problem difficult to solve and unnecessarily time-consuming if a
solution is sought that is as exact as possible. Thus, as 7, is readjusted in each
iteration upon the addition of a new point, searching for an approximate solution
is sufficient. Preliminary numerical experiments indicate that appropriate values
of 7, can be obtained by an efficient backtracking strategy, which starts with a
large enough ~, and successively decreases this value until all constraints of (28)
are met for the first time.

4.2 Determination of the Next Evaluation Point

To determine the next point of evaluation x,41, we continue similar to Jones’
technique and assume that a noise-free target value f;; has been chosen. Let v, > 0
be chosen appropriately. Then, let xn4+1 be the point y € X\{z1,...,2n} such
that the augmented approximant sj" € Ag,m(X) minimises the regularised least-
squares criterion to previous sample points and interpolates f,; at the new y. In
formal terms, we thus require that sj" solves

. 2 1 = 2(n) 2 «
ey il 4 S i (a(@) = F @) st )= Fo 9

which is a strictly convex optimisation problem on Ay ,,(X) and thus admits a
unique solution, cf. Theorem 1.

To simplify problem (29) in terms of the sought new point y € X\{z1,...,zn},
we first rewrite the augmented approximant s according to

syt (@) = s () + [fn — s ()] 1 (v, @), @ € R, (30)

where 127 (y, -) € Ag,m(X) is the radial basis function approximant that solves
the constrained regularised least-squares problem

. 2 1 - 2

oy 0l e + ;wz ((y, i)™ st Uyy) =1 (31)
Representation (30) is valid since for any y € X\{z1,...,zn} both s}* and I (y, -)
are uniquely defined as solutions to the problems (19) and (31), respectively. Hence,
the right-hand side of (30) is a unique well-defined element of Ay ., (X), and
also satisfies the interpolation constraint in problem (29). Moreover, similar to
Theorem 1, it can be shown that the approximating function )" (y, -) has the

form
L (y, @) = Zai(y)¢(||w —xill2) + B)d(llz — yll2) + Z bj(y)p;(x), xe€R?,

where the coefficients’ a(y) = (@1(y),...,an(y))" € R™, B(y) € R and b(y) =
(b1(y), ..., bm(y)) " € R™ are defined by the linear system

®+ny W un(y) P a(y) 0
un(y)"  #0) 7)) | |Bw) | =(1], (32)
pT m(y) 0 b(y) 0

1 Note that these coefficients «;(y), 3(y), b;(y) depend also on the parameter v,. To keep
the notation simple, we will denote the dependency on v, only for the approximant s;” and
for the function 1" (y, ).
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for the matrices & € R™*™, P € R™™™ and W € R™*" introduced before, and
the corresponding vectors un(y) (d(lz1 — yll2),- -, d(|zn — yll2)) T € R™ and

m(y) = 1), pm(y) " € R™,
By inserting representation (30) into the objective function of (29), the latter
can then be reformulated as

llsy 15+~ sz o (i) = (@)

- %(ns:rnd, 2010 = s @ B s e + [ = st @) 10 (s )I13)
%Z (52 @) = £ @) + [ = 52 )] (@ (9,20
+2( i (@) = S @) S = s ) (v, 0)

= allsa 3 + sz (@) = 1 (@)

+ U= s @) (mll B s )3+ 2 sz “(y2)°) (33)

where the last equation holds by definition of the semi-inner product (6) and the
relation s (z;) — f () = —nypw; "N, i = 1,...,n, due to (20), which both
together yield

n

(a1 (g, Do = D Nl (y, i)

=1

=—m2wz s3 (i) — F @) (y, ws).

Now, the first two terms on the right-hand side of equation (33) are independent
of y and correspond to the objective function for constructing the approximant
sy, cf. problem (19). To find the new point y, it thus suffices to consider the last
term in (33). However, by the seml inner product (6) and the linear system (32),
implying 1" (y, z;) = —nynw; 'ai(y) for i = 1,...,n, it holds

Tn 12 l - (1 V)2
Fyn”ln (y7 )||¢+ n;wl(ln (val))

n <Z i (Y)ln" (y, zi) + B (y,y) + % > wil2 l’z‘))2>

i=1 i=1

= B(y).

Therefore, we can conclude that solving the required problem (29) is equivalent to
minimising the nonnegative function

gr @) = ulr ) [fr - s w)]? ye X\ {z,... a0} (34)
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with respect to y, where the function p» : X\{z1,...,2n} — R is defined for
Yn > 0 by

n

) 5= 0 I+ = S w1 () = B, (35)

i=1

Note the resemblance of the functions g, and p;;* to their deterministic coun-
terparts (14) and (15), respectively. In particular, since I}}* (y, -) is well-defined for
y € X\{z1,...,2n}, so are both functions g, and p;".

In an analogous manner to Gutmann (2001a), Section 5 (cf. also Gutmann
(2001c), Proposition 4.12), the function p* (and thus g;*) can be equivalently
expressed as follows, which allows for a more intuitive interpretation as well as a
more efficient computation.

Proposition 2 For v, > 0, the function v)" defined by

o (y) = [qs(m - (”“‘“(”)T (“ﬁjqewl 1;) (120) } yeRY,

™(y) m(y)
is identical to 1/p}" ony € RN\{x1,...,z,}. Moreover, v)* can be continuously
extended at the sample points 1, ...,xyn by the finite values v (x;) = 1/uy (x:),
t=1,...,n.
Proof For any y € R\{x1,...,x,}, the proof follows in a straightforward manner

by using the definition of uy,(y) in (35) and solving the equations in the linear
system (32) for the coefficient S(y) by rearranging and applying the Schur com-
plement of the invertible block A7 in the matrix A}"(y). O

Since the function v)" is positive and finite on X for 7, > 0, it can be un-

derstood as a measure of uncertainty in the approximating model s}" to f. In
particular, the error v)"(y) at any y is influenced by the distance to the sample
points z1,...,Z, as well as the inherent noise resulting from inexact function val-
ues, which is most notably reflected by the fact that v)"(z;) >0 fori=1,...,n.

Remark 8 By the same argument as given in Remark 1, definition (35) implies
that the function u}* is positive on X\{z1,...,zn}.

Moreover, by definition (35) and Cramer’s rule to solve the linear system (32),
we have

M (y) = det A7
;u’n Yy) = det A%n (y)a
where A} and A}"(y) denote the nonsingular matrices on the left-hand sides of
the linear systems (20) and (32), respectively, that is

y € X\{z1,...,zn},

1 D+ ny W un(y) P
A= (PERTY v = (w60 w7
P w(y) O
(36)
Since det A" is a nonzero constant and limy—,,, det A" (y) # 0 (¢ € {1,...,n})
by the positivity of v, it thus holds

lim p)"(y) < oo, i=1,...,n.
Y=z
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Hence, even though u;™ is not defined at the sample points z1,...,Zns, it can be
continuously extended at these points by the positive and finite values

det A"

n(x) = b =1,... 37
:U/Tl (w) detAZ"(xJ’ 1 b 7n7 ( )

due to the continuity of the determinant.

Finally, based on Proposition 2, the function h;" defined by

on
ha (y) == %a y € RY,
[Snn (y) - f’rﬂ
can be shown to be identical to 1/g7» on y € R*\{z1,...,2,}, with continuously
extended values h)"(x;) = 1/gy(x3), i =1,...,n.

4.3 Choice of Target Value

As the target value f,; has the same functionality as in Algorithm 1, its choice
determines the location of the next evaluation point xp41, minimising g* on
X\{z1,...,zn} for fixed v, > 0, in a similar fashion to Algorithm 1. For f; <
minycx 55" (y) we usually interpret f, as the next target function value, i. e. we
want to compute an argument z,41 with objective function value close to fo.
Unfortunately, however, it remains unclear at this point whether a choice f; <
mingecx s (y) is also sufficient to guarantee that a global minimiser of g, on
X\{z1,...,xn} exists, i.e. that a global minimiser of g» over X’ does not coincide
with any of the sample points z1, ..., Zn, as in the case of interpolation, or whether
a further condition is required. The main issue here is due to the fact that g,
is continuously extendable at the points x;, ¢ = 1,...,n, by a finite value, cf.
equation (37), which then implies that g,"(y) does not tend to infinity anymore
as y approaches any x;.

In any case, though, note that for an admissible choice f,;; < minyex s (y),
we may draw the same conclusions for g;* as for g, in that, for f;; = —oo, the min-
imisation of go* on X\{z1,...,z,} reduces to minimising u}* on X\{z1,...,zn}.
Moreover, due to the identities vy* = 1/u™ and h» = 1/g)", as established in the
previous subsection, the minimisers of u)* and g," correspond to the maximisers of

vyr and h* on X\{z1,...,zn}, respectively. Hence, if —co < f; < mingex s3"(y),
we can equivalently maximise the utility function h}" and, if f;; = —oo, the re-
spective function vy® on X\{z1,...,zn}.

In case we end up in a situation in which one of the x; as a global minimiser of
g™, we would revisit ,+1 = x; instead of finding a new point. In this case, there
are various ways ahead, bearing in mind that we want to construct a sequence
(zn)n that is dense in X. We could thus consider e. g. a Delaunay triangulation
induced by the x1,..., 2y, and then choose x, 1 as the center point of the largest
simplex in the triangulation, or update f,; to a smaller value and repeat the iter-
ation. Since this is not of importance in the convergence proofs and to keep the
exposition succinct, we will not describe how to handle this case when stating our
algorithm in the next subsection.
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4.4 Summary of the RBF Method for Noisy Objective Functions

In summary, the RBF method for minimising a noisy objective function f X =R
on a compact set X can be formulated by the following algorithm.

Algorithm 2 (RBF Method for Noisy Objective Functions).

0. Initial step:
- Choose a conditionally positive definite radial basis function ¢ of order m.
- Generate a P -unisolvent set of points {x1,...,Tn,} C X.
- Fvaluate f("O) at the points x1,...,%Tn,, and set n = ng.

- Choose (™) € argmin f(™)(;).

X
1. Iteration step:

while n < n™** do

- Choose yn, > 0.
- Construct the approzimant sp” € Ag m (X) solving

: SR S e N P
seAIf:,l:(X) Yallsllo + n ;wz (S(:Ez) f (ml)) ’

- Choose an admissible target value f}; € [— 00, minyex sH" (y)]

- Determine xp41, which is the value of y solving

mi ;YLn ; _ 5;;" 2'
yEX\{zl,u‘,z"}p' (v) [f (y)]

- Buvaluate f™ at znq1, resulting in f (Tn+1). R
- Fori=1,...,n+ 1, update the evaluation f (x;) at z; to fOFV (z;).

- Set 2"t s a point z from the set {x1,...,Tnt1} with f("+1)(z) <
FOrD @), i=1,... ,n+1.
- Setn=n+1.
end while

5 Convergence of Method

As Gutmann’s original method, our RBF method for noisy objective functions
is a purely deterministic sequential sampling algorithm. For a given set of noisy
function values, the construction of an approximant and the subsequent selection of
a new evaluation point is carried out independently of any source of randomness.
To show convergence of the method to the global minimum of any continuous
function f by means of noisy objective function values f(")(aci), our main task
is thus to establish the density of the sequence of generated iterates {z,} in X,
cf. Térn and Zilinskas (1989), Theorem 1.3. We can therefore state the following
obvious theorem for the convergence of Algorithm 2.



A Radial Basis Function Method for Noisy Global Optimisation 21

Theorem 2 Let f be a continuous function on the compact set X with minimum
function value f*. Suppose €, — 0 for n — oo in the case of fized noise and
maxi<;<n €En) — 0 for n — oo in case of vanishing iterative noise. Then, Algo-
rithm 2 provides a sequence {x'™} with lim, o f7 (™) = limp 00 f(z™) =
f* if the algorithm generates a sequence of points {xyn} that is dense in X.

As it turns out in the below, a key result that allows to establish the density

of the sequence of generated points {zy} is the relationship

lim ny, =0,

n— oo
i.e. yn = 0o(1/n). To this end, we first address the influence of the error bounds {e, }
on the sequence {n~vy,}, provided that vy is chosen in each iteration according to
the auxiliary problem (28). We then present several convergence results, followed
by a proof of convergence of the main statement.

5.1 Assumptions on Error Bounds

One possibility for establishing density of the iterates x1, ..., x5, is to resort to the
available convergence results of Gutmann’s method and show that these pertain
if the exact function values f(z;) are replaced by the noisy observations f) (z;)
(1 <% < n). An indispensable assumption is thus that the involved level of noise
decreases to zero over the course of the optimisation. As one may already conjec-
ture from the construction of regularised least-squares approximants through (20),
this will be required to adopt Gutmann’s proof of convergence for noisy function
values. Nevertheless, in the vanishing noise model we have already that for a nat-
ural choice of vy, the sequence {nvy,} converges to zero if we require that GETL) -0
fast enough as n,i — oo, as the following theorem shows.

Theorem 3 Let ¢ be a conditionally positive definite radial basis function spline
of order m, and let {x1,...,z,} C X be a PL-unisolvent set. Let s}» € Agm (X)
denote the unique optimal solution of the reqularised least-squares problem (19),
where the reqularisation parameter v, > 0 solves

max v

~>0
SHEAG m (38)
s.t. ’52(9&1)—]5(”)(351)‘ Segn), i=1,...,n,

for some positive error bounds ez(-n).
1. Let the function values F™ (@), ..., f™(z,) be such that F, =
(FD(z1), ..., f™(zn))T ¢ R(P) for all n for the corresponding polynomial
basis matriz P. Further, assume that maxi<i<n egn) — 0 for n — oo and that

the sequence {Sn} with

i S () — D (2
S, =gt 3 ui(s(er) = /(@)
Islg=0 i=

is bounded. Then, v, = O(1/n).
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2. Assume that Z?zl(wiel("))Q = o(1/n) and that the sequence {vn} is non-
increasing. Then vn = o(1/n).

Proof 1. For fixed n € N, note that problem (19) with v > 0 constitutes a scalar-
isation of the bi-objective optimisation problem

; 2 . N fn) 1) 2

sEdmm(X) (HSH¢ ’ ;w (s = 1 (@) ) (39)
with corresponding weight vector (v, l/n)T. Consequently, since v > 0, any
optimal solution s” of the scalarised problem (19) is Pareto optimal for prob-
lem (39), and since A ., (X) is a convex set and both objective functions in (39)
are convex in s, there is some positive weight vector for any Pareto optimal
point of (39) such that it is an optimal solution of the scalarisation (19), see,
e.g., Ehrgott (2005), Theorem 4.1.

Since for any v, > 0, the optimal solution s of (19) is unique, the mapping

Gt > (13013, D w2 (i) = £ (@)%),
i=1

assigning 7, to a point of the set of Pareto optimal solutions, is well-defined.

Due to Proposition 1, the functions ||s%"|\35 and Yo wi(sym (zs) — £ (2:))2

are also continuous and strictly monotone in 7, such that each function value

of G,, is attained uniquely by changing ~,. In particular, by increasing vy,
we strictly decrease ||s}" |3 and strictly increase Y1 | wi(sy (@) — £ ()2,
and vice versa, where the extreme points of G, are given for ~, — 0 by
the interpolant to f(™ (z1),..., f(")(acn), and for v, — oo by a Pareto optimal

solution s5° with ||sp°[|7 = 0 that minimizes the term Y7, (sn(2:) — ™ (2:))?

over all s with ||s||¢ = 0. In particular, we can define Gn(c0) = (0, Sn) and

note that S, < C for some C > 0.

Thus, the graph of G5, can be identified with the graph of a function ¢, with

images in R>q, where for a given &, = ||s}» Hi with unique v, = yn(€n), we set

0(&n) = S wi(syr (i) — ™ (a;))2. Similarly, for given v, we let &, ()

be the unique &, with v, = vn(£n(vn)). By definition, both functions ¢, (£5,)

and &, () are thus continuous, strictly convex, monotonically decreasing, and
thus differentiable almost everywhere.

Since, by assumption, maxi<i<n 65") — 0 as n — o0, it follows ¢n(&n) — 0,

Moreover, a subderivative of y,, at &, is given by —n~y,. Due to the uniqueness
of the weight vector (yn,1/n), the subderivative is unique, and thus ¢, is
differentiable at &, with ¢}, (£,) = —nyn.
Suppose now that the sequence {v,n} is unbounded. By the subgradient in-
equality, this precludes ¢,(0) = S, < C for infinitely many n, unless &,
converges to 0, However, the £, are monotonically increasing as the v, are
monotonically decreasing.

2. For given n and v > 0, let A = A(™7) and ¢ = ¢(™7) denote the unique solution
of the linear system (20), i.e. A and c are the coefficients of the optimal solution
sy of (19). Then, considering the first block of equation (20), we especially
obtain

DN+ nyW A+ Pc=F.
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The i-th row of this equation shows
si(@i) + nyw; A = F ()
and thus
s (i) = f (@i)] = |nyw; ' Al.
Therefore, the i-th constraint in (28) is equivalent to

(n).

%

[nyAi| < wie

Let €™ := (egn), e ,e%n))T, Since @ only contains non-negative entries and is
conditionally positive definite, we arrive at

n22 AT oA < ™ T wew ™

for all vy feasible for (38). Since we assume that the optimal solutions =y, provide
a non-increasing sequence, Proposition 1c) yields for all n > ng that

_— no |12
157115 > llsne® Il5-
Taking into account that
Ao =153 15
we get for all n > ng that
T w12 Yno |12
A= s[5 = [lsno® [15-
Combining the above inequalities, we obtain:
-
022 s |3 < n22ATON < € wewe™.
We continue by bounding the Frobenius norm of ¢ by
2 2 2 _ 2 _ .. 272
1217 = 3" 2, < n® max o(llu—ol))* = 0’3
i
and thus

O TWEWE < gl W™ = ng Y (wiel™).

Summarizing we finally obtain the inequality

n2? < n ol S e,
[[sno’ |15 <

and thus

7

2 ¢ 1 (n)\2
Vo S mg Z(wzfi ).

no

From this, we immediately see that for v, = o(1/n) it is sufficient to require
%Zi(wiegn))Z =o(1/n?), i.e. Zi(wiegn))Q =o(1/n). O
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5.2 Convergence Results

Besides assuming ny, — 0 as n — oo, we further require the target values f,
to be set sufficiently low compared to the approximating surfaces s}* in order to
achieve convergence of the RBF method for noisy objective functions, cf. Gut-
mann (2001a), condition (4.2) (or Gutmann (2001c), condition (4.16))2. Due to
the presence of noise, the critical thresholds for f;; need to be adjusted marginally
to guarantee convergence of the method in a similar fashion as Gutmann. To this
end, we let, for infinitely many n € N, the target values f,; satisfy

fi < min [ (9) = 52 oo [An(w) + 522 ()], (40)

where, as in the noise-free counterpart, 7 > 0 and p > 0 are constants with p < 1,
for ¢(r) = r, and p < 2, otherwise, and A,, denotes the minimum distance function

A = i —x X. 41
a@)i= in [y =il e (4)
For given y € X, the function wn,(y) gives the weight w; of the sample point z;
that is closest to y, i.e. for i(y) = argmin; ;<,, ||y — 2il|2, we have

W (Y) = Wiy), (42)

with the convention that the largest i(y) is selected among the minimising indices
if arg min is not unique.

Finally, note that the convergence of the method is restricted to the choice
of radial basis function ¢ as its proof requires to bound the sequence {u}"(y)}
uniformly from above for any y € R? that is bounded away from the points in the
sequence {z,}, cf. Lemma 4. This, however, can be shown if there is a function
that takes the value 1 at y and zero outside a neighbourhood of y, and that belongs
to the corresponding native space Ny (]Rd) of ¢, as defined as follows, cf. Gutmann
(2001a), Definition 5 (or Gutmann (2001c), Definition 3.10).

Definition 1 Let ¢ be a conditionally positive definite radial basis function of
order m, and D C R?. Then, a function f : D — R belongs to the native space
Ny(D) if and only if for any PZ-unisolvent set {z1,...,2,} C D the optimal
interpolant s € Ag (D) to f at these points satisfies

sl < Cy,
where C is a nonnegative constant that only depends on f.

A wuseful criterion for a function to be in the native space of a radial basis
function can be given for surface splines by the following theorem, cf. Gutmann
(2001a), Propositions 6 and 10 (Gutmann (2001c), Theorem 3.19). An extension
to (inverse) multiquadric and Gaussian radial basis functions is not possible since
the respective native spaces do not contain any nonzero functions with compact
support, see Gutmann (2001c), Section 6.4.

2 Note that, throughout this section we refer to both Gutmann’s publication and his dis-
sertation, as the results in the latter are sometimes formulated in a slightly more general
way.
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Theorem 4 Let ¢ be a conditionally positive definite surface spline of order m
from Table 1, and let

(d+v+1)/2 ifd+vis odd,
Vg =
¢ (d+v)/2 if d+ v is even.

If f € CY4(D), where (i) D C R is compact, or (ii) D = R? and f has compact
support, then f € Ny (D).

In the case of spline type radial basis functions, Gutmann’s main convergence
result, stating that the generated sequence is dense in X, c¢f. Gutmann (2001a),
Theorem 7 (or Gutmann (2001c), Theorem 4.5), can now be formulated in the
noisy setup as follows. For a proof of the statement, see Subsection 5.3.

Theorem 5 Let ¢ be a conditionally positive definite surface spline of order m
from Table 1, and let {zn} be the sequence of iterates generated by Algorithm 2.
Further, let s}™ with v, > 0 be the optimal regularised least-squares approximant
from Ag m(X) to the data (mi,f(")(wi)), i =1,...,n, with corresponding weights
w; bounded away from zero. Assume that, for infinitely many n € N, the choice of
S satisfies (40), where T, Ay, p and Wy, are given as above, and that ny, — 0 as
n — oo. Then, the sequence {xy} is dense in X.

In view of Gutmann (2001a), Corollary 8 (or Gutmann (2001c), Corollary 4.6),
we can conclude the following particular convergence result from Theorems 2 and 5,
due to the finiteness of the right-hand side in assumption (40) for any n € N.

Corollary 1 Let ¢ and m be as in Theorem 5. Further, let f be continuous with
minimal function value f*, and assume that, for infinitely many n € N, it holds
fn = —oo. Suppose that we have iterative noise, i.e. ’f(xl) — f(")($1)| < 65") for
all iterates x;, with maxi<;<n egn) — 0 for n — 00, and yn = o(1/n) holds. Then,
we have limy, 00 f(2™)) = f* for the sequence {z'™} constructed by Algorithm 2.

To derive a further convergence result applying to functions f in the native
space and under particular assumptions on the error bounds, we first show that
for sufficiently large n the maximum norm of the approximating surface can be
bounded, cf. Gutmann (2001a), Lemma 9 (or Gutmann (2001c), Lemma 4.7), for
the equivalent case of interpolation. The lemma below assumes that f is from
the corresponding native space and uses the norm ||-|[ 7, on this native space, as
introduced by Schaback (1999).

Lemma 1 Let {x,} be a sequence in X with pairwise different points such that
{x1,... 20, } is P -unisolvent. For n > no, let sp with v, > 0 denote the opti-
mal reqularised least-squares approximant to f at x1,...,Tn, where the respective
weights wi,...,wn are bounded away from zero. Further, let f € Ny(X), and
assume that nyn < noyn, for sufficiently large n. Then, for n large enough,

W2, + S () — 9 @)) I (49)

n
Tn i

[Ex

°°5\/La—1(

where a1 s a constant depending on x1,...,Tn,.
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Proof Fix n € N, and let y be any point in X\{x1,...,zxs}. For 7, > 0, let 57" be
the optimal regularised least-squares approximant from Ag , (X) to (xs, f (z1)),
i=1,...,n, with corresponding weights w; bounded away from zero, and subject
to 83" (y) = f(y). Analogous to the derivation in Subsection 4.2, the approximant
can thus be rewritten as

(@) = s (@) + [fw) — si ()]0 (y,2), @ eRY (44)

where [ (y, -) is the optimal regularised least-squares approximant to (x;,0), with
respective weights w;, and subject to 13" (y,y) = 1. Moreover, it follows that

llEN 13 + = sz T (i) — f ()

= allsz I + Zwi (s a) = @) + [£ () = 53 )] sl (),
- (45)

where the positive function p)» of the approximant 7" (y, -) is given by (35).
Equality (45) thus yields

e Pt DR COR A G

[Fw) — s ()]* < Tk (y)

(46)

The right-hand side of inequality (46) can further be bounded as follows. On
the one hand, the optimality of the approximant 3),* provides

. I~ . A(n
'Yn”S:,Yl"Hi + " Zwi(sz" (zi) — f( )(xl))2

i=1

< YnllEnll + % > wi(8n(x) — F (@)

i=1

<’Yn”f”N + = sz l'z)_f(n)( )) ) (47)

where 5, is the optimal interpolant to the data (zi, f(z;)), ¢ = 1,...,n, and
(y, f(y)), whose semi-norm is bounded by || f||n, as f € Ng(X), see Definition 1.
On the other hand, we have for sufficiently large n > no with nvy, < noyo that

Zwl "(y, i) )2

Yn, 2 n
sz 00 (yvxl)) = /I’;Ylno (y)a

o (y) = ([0 (y, -

> [|Lng’ (y,

where lZﬁO (y, -) with regularisation parameter 7v,, > 0 is the optimal approxi-
mant to (x1,0),..., (zn,,0) with respective weights w1, ..., wn,, and subject to
oo (y,y) = 1. By Cramer’s rule, the positive function u,:° can then be com-
puted as gy (y) = det A'Y”O/det A7 (y), where the nonsingular matrices A
and A0 (y) are given in (36) for n = no, respectively. Now, det A, is a nonzero
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constant and det A, () is bounded on X, as a continuous function. It thus follows
that pne° (y) is bounded away from zero. Hence, there exists a constant a; > 0,
depending on z1,...,Zn, and on yn,, such that

ur (y) > aa, Vy e X\{z1,...,zn}, n > no. (48)

Consequently, by (47) and (48), we get that inequality (46) reduces to

f e S wi(f () = f7 ()
) — s < HHM - ( >7

a1

which, as f is bounded on X, results in

1 < 5 2\1/2
5wl < = (11 + o 2 (70 = 17 @) ) /)
for y € X\{z1,...,zn}.

Due to the continuous extension of u;*, inequality (48) also applies at the
sample points, cf. equation (37). Accordingly, since ¢ is assumed to be conditional
positive definite and thus continuous, the upper bound in (49) is also valid for s}
at the sample points z1,...,Zn. a

Under additional assumptions on the scaled weighted sum of squared errors in
inequality (43) such that {||s}"||c} is bounded uniformly, the following conver-
gence result for sufficiently smooth objective functions f can then be established
together with Theorems 2 and 5. For the analogous deterministic case, see Gut-
mann (2001a), Corollary 11 (or Gutmann (2001c), Corollary 4.8).

Corollary 2 Let ¢ and m be as in Theorem 5. Further, let vq be as in The-
orem 4, f € CY(X) with minimal function value f*, and let the sequence
(1/nyn) 1 wi(f(x:) — f(2:))?} be convergent. Assume that, for infinitely
many n € N we have

g < min [s3 () = 7[An(y) + T 20)] 7],

where T, Ay, p and Wy, are given as above, and that nyn, — 0 as n — oo. Then,
we have limy,—s oo f(z(")) = f* for the sequence {x(")} constructed by Algorithm 2.

Remark 4 Note that Lemma 1 may also be formulated for noisy functions f in the
native space, i.e. for functions with sufficiently well-behaved noise. In this case,
l|s7"[loc can be bounded uniformly by a number that only depends on z1,...,Zn,,
Yno, and f, such that Corollary 2 holds for f € Ny(X).

5.3 Proof of Convergence

To prove Theorem 5, we require some lemmas on the behaviour of the functions
o, m € N. The lemmas essentially generalise Lemmas 12 — 14 of Gutmann (2001a)
(or Lemmas 4.9-4.11 in Gutmann (2001c)) in order to account for the presence of
noise. Correspondingly, the first two lemmas are concerned with the limit of the
sequence {u"(zn)}.
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Lemma 2 Let ¢ be a conditionally positive definite radial basis function of order
m from Table 1, and let {z1,...,2x} be a P%—unisolvent set in a compact set X C
RY. Let {xn} and {yn} be convergent sequences in X that have the same limit z* ¢
{z1,..., 2k} and satisfy xn # yn, n € N. Further, let o (Tn, +) with yn > 0 be the
optimal regularised least-squares approzimant to the data (z1,0), ..., (2k,0), (yn,0)
and subject to 1) (T, xn) = 1, where the corresponding weights w1, . .., Wk, Wy, are
bounded away from zero. If ny, — 0 as n — oo, then

Tim_[llyn — walle +wn ?)7 7 (o) = o0, (50)
where fi}" is the function defined by (35) for the approzimant R (zn, +), and where
0<p<1, for p(r) =r, and 0 < p < 2, otherwise.

Proof For ~, > 0, consider the optimal approximant [J" (zn,-) to
(21,0),...,(2k,0), (yn, 0), with corresponding weights w1, . .., wg, wy, and interpo-
lating (zn, 1). For sufficiently large n, neither x, nor y, is in the set {z1,..., 2%},
so that Cramer’s rule may be applied to compute the function o associated to
I3 (xn, +) by .

v _ det AJm

fin” (2n) = det A7 (zn,)’

where the nonsingular matrices A" and A)"(zn) are of the form (36) for the
points z1,...,2k,Yx and 21,..., 2k, Yk, Tn, respectively. In particular, the latter
matrix can be written as

D+ ny, W1 Uk (Yn ) Uk (Tn) P
A () = ur(yn) T 0) + nynwy ' G(llyn — zall2) T(yn) "
m ur(@n)" O(llyn — zall2) ¢(0) m(wa) " |’
p' 7(yn) m(@n) 0

where @ € RF** and P € RF*™ correspond to the interpolation and polynomial
basis matrix of {z1,...,z2x}, respectively, W = diag(wi,...,wy), and ug(y) =
(@21 = yll2), - - b2 = yll2)) " and 7(y) = (p1(y),- .-, pm(y)) " for any y € X.

By the continuity of the determinant and the assumption nvy, — 0 as n — c©
with weights bounded away from zero, it follows that lim, . det A)* = det A* #
0, where A* denotes the nonsingular interpolation matrix given in form of the
left-hand side of (8) for the points 21, ..., 2k, 2". In order to show assertion (50),
it therefore remains to consider expression

(lyn — @nll2 +wy /2] 77 det AV (22), (51)

for which we show in the following that it converges to zero as n — oo. First note
that the (k + 1)-th and (k + 2)-th rows of the matrix A)"(x»), given by

(ue(yn) " @(0) + nynwy " ¢(lyn — xnll2) T(ya) "), and
(uk(%%)—r A(lyn — znll2) #(0) W(xn)—r)y

have the same limit for n — oo, as the weights are bounded away from zero and
nvyn — 0 for n — oco. Consequently, det A)"(xn) — 0 as n — oo, and hence, for
p = 0, assertion (50) follows immediately.
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For p > 0, note that the determinant of A}"(xy) does not change if the (k+1)-
th row of the matrix A)"(xn) is replaced by the difference between the (k + 1)-th
and the (k4 2)-th row, and, subsequently, the (k+ 1)-th column is replaced by the
difference between the (k+1)-th and the (k+2)-th column. Therefore, det A)" (zr)
can equally be computed as

&+ ny, W1 Uk (Yn) — uk(zn) U (Tn) P
ur(yn) " = uk(@n) " 2[6(0) = ¢(llyn — znll2)] + nyawn ' S([[yn — zall2) — ¢(0) w(yn) T — w(wn) "
ur(zn) " &(lyn — zall2) — #(0) (0) m(an) " '
pT 7(yn) — m(xn) m(2n) 0

To deduce the convergence of expression (51) to zero, we then divide the (k+1)-th
row and the (k+1)-th column of the latter determinant by [||yn —2n Hz—i—wﬁl/Q]p/?,
and make the following remarks on the newly formed (k + 1)-th column.

For all choices of ¢, the functions ¢(||z; — -||2), ¢ = 1,...,k, are Lipschitz
continuous on X. This implies for p < 2 that

g Uz =yl =9l —onl) oy
(lyn — @2 + wn /?)°

n— 00

such that ug(yn) — uk(xn) — 0 as n — oo. Similarly, for the same choice of p, the
Lipschitz continuity of the polynomials yields

P;(yn) = Pj(n) =0, j=1,...
llyn — zall2 + wi /277

lim
n—r o0

resulting in 7(yn) — w(xn) — 0 as n — oco. Further, we have

i, e =) =00 _

lyn — @nllz +wn V?)”

for p < v in the case of surface splines and for p < 2 in the other cases. This
follows directly in the case of surface splines, due to their form, and by the second
order Taylor expansion in the other cases, as ¢'(0) = 0 and ¢"'(r) is bounded for
small r.

Eventually, by assuming that ny, — 0 as n — oo and since wy, is bounded
away from zero, we observe for p < 2,

—1
NYn W, B

lim =
n— oo H|yn _ $n||2 + le/Z]p

Altogether, we therefore have that expression (51) converges for the given choices
of p to zero as n — oo, proving that assertion (50) also holds in case p > 0. a

Lemma 3 Let ¢ and m be as in Lemma 2, where p takes a value as indicated.
Let {zn} be a sequence in X with pairwise different points such that {z1,...,Tn,}
is Pl -unisolvent. For any y € X\{x1,...,2zn}, let 13" (y, ) with v, > 0 be the
optimal regularised least-squares approximant to the data (21,0),...,(zn,0) and
subject to 1" (y,y) = 1, where the corresponding weights wn, ..., wn are bounded
away from zero. If ny, — 0 as n — oo, then for every convergent subsequence
{Zn, tren of {xn} it holds

. ~—1/2 Vg —
klinolo [Ankfl(xnk) + wnkil(ajnk)]p :unkkfll (xnk) = 00,
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where un ", Anp—1, and W, —1 are the functions given by (35), (41), and (42),
respectwely, forn =mng — 1.

Proof For n > 2, let i(xn) = argmin;<;<,,_1||zn — i||2, where we choose the
largest i(x,) among the minimising indices if argmin is not unique, and let the
sequence {yn }nen be defined as

e, n =1,
Yn = Ti(z,), T2
Further, let {zn,} be any subsequence of {z,} that converges to a point z* €
X. The choice of {yn} and convergence thus yield limg_oo||Zn, — Yn,ll2 = 0.
Also note that there always exists a P& -unisolvent set {Z1,...,&}, | € N, in
the sequence {z} that does not contain the limit point z*. If * = z; for some
t€{1,...,n0}, then we can pick z,, in a neighbourhood of z* such that the initial
set {Z1,..., @i 1,Tn,, Tit1,. .., Tng} is P -unisolvent.

For sufficiently large k¥ € N such that yn, ¢ {Z1,...,%;} and for any y €
X\{z1,...,%n,—1}, let [}*(y, ) with 7, > 0 be the optimal regularised least-
squares approximant to the data (Z1,0),...,(Z;,0), (yn,,0), with corresponding
weights @1, ..., W, wn, bounded away from zero, and subject to [)*(y,y) = 1.
Likewise, let l%k 'y, - ) with v, —1 > 0 be the optimal regularised least-squares
approximant to (ml 0),...,(zn,—1,0), with Corresponding weights w1, ..., Wn,—1
bounded away from zero, and subject to o 1 (y,y) = 1. Observe that, for k
large enough, ZZT;’L 1 (y, -) approximates (Z;,0), i = 1,...,l, and (yn,,0), along
with their given weights and subject to the same interpolation condition. Hence,
for sufficiently large k, the functions }* and ,ujl"’“_ . associated to [J*(y, -) and

Ay I (y, -) imply

nk—l

nk—

(y, -) via (35), respectively, and the optimality of

B (y) = || (v, H¢ l—l—l Zuu (L (y, @) ) + W, (Z_Zk(y,ynk))2
- 1 & e (52)
SIS @l + g 2w )

=1

<t (y),

where the last inequality follows from the assumption that n~y, — 0 as n — oco.

Eventually, by definition of the sequence {y,} and applying Lemma 2 with the
set of points {z1,...,2x} being {Z1,...,Z;}, the weights w1 ..., wy being replaced
by w1, ...,w;, and setting n = ng, we obtain

lim [Ankfl(xnk) +wnk— (znk)]pﬂzk (Tny)

k— oo

:klim [||5an yn,c||2+wn1/2}/) B (xn,) = 00
—00

for the given choice of p. Consequently, by setting y = x,,, in (52), it follows that
[Any—1(zn,) + W, 1/2 1 (xn )] ,u;yl’;"_ll (zn, ) tends to infinity for & — oo, as claimed.
O
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Akin to Gutmann (2001a), Lemma 14 (or Gutmann (2001c), Lemma 4.11),
the next lemma states that the sequence {u}*(y)} is uniformly bounded if y is
bounded away from the points in the sequence {z,}. Note that this result only
holds for surface splines as Theorem 4 is required.

Lemma 4 Let ¢ be a conditionally positive definite surface spline of order m from
Table 1, and let {xn} be a sequence in R? with pairwise different points such that
{x1,... 20y} is PL-unisolvent. Further, let yo € R? satisfy ||yo—znll2 > 6, n €N,
for some § > 0. Then, there exists C > 0, depending only on yo and §, such that

ta'(yo) <C,  VYn >mno,
where pr with v, > 0 is the function given by (35).

Proof Let Bs(yo) = {x € R% : ||z —yo||2 < §}. There exists a compactly supported
function ¢ € C*°(R?) that takes the value 1 at yo and 0 on R%\ B;(yo). It follows
from Theorem 4 that ¢ € Ny(R?).

For any n > mno, let ln(yo, ) be the optimal interpolant to the data
(21,0),...,(xn,0) and (yo, 1), such that I, (yo,z;) = ¢(z;) =0,i=1,...,n, and
In(yo,y0) = ¢(yo) = 1. Similarly, for any n > no, let 13" (yo, -) with v, > 0 de-
note the optimal regularised least-squares approximant to (z1,0), ..., (zn,0), with
corresponding weights w1, ..., wy, and subject to 3" (yo,yo) = 1. By definition of
uar and the optimality of 1" (yo, ), we then have

1 < 2
par (y0) < Nl (yo, )II% + e > wiln(yo, )" = [lLn (o, )3,
=1

which is bounded by C := ||<pH/2\/¢, see Definition 1. O

By using the lemmas above, we can now provide the main proof of Theorem 5,
stating that the sequence generated by Algorithm 2 is dense in X. Because of
the established similarity of the algorithm to Gutmann’s RBF method, the proof
follows the main lines of the proof of Theorem 7 in Gutmann (2001a) (or Gutmann
(2001c), Theorem 4.5).

Proof of Theorem 5 Assume that there is yo € X and § > 0, such that Bs(yo) =
{z € R? : ||z — yoll2 < &} does not contain any #,, n € N. According to the
iteration step of Algorithm 2, it then holds

g (Tn+1) < ga™ (¥o), n > no,

where v, > 0. Moreover, since f,, is assumed to satisfy condition (40) for infinitely
many n € N, there exists a subsequence {zn, }ren such that

Yng—1 Ynp—1 ~—1/2

Snk—l (wnk) - f;k,fl > T”snk—l ||OO|:Ank_1(xnk) + wnk—l(wnkﬂp/2,

for the specified quantities 7 and p, and the functions A,, -1 and wp,—1 as
given by (41) and (42), respectively, for n = n, — 1. Now, the sequence {zn, }
has a convergent subsequence which, without loss of generality, shall be denoted
again by {xn,}. Since each zp,, k € N, minimises gn,—1 on X\{z1,...,Tn,-1},
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the same reasoning as in the proof of Theorem 7 in Gutmann (2001a), inequal-
ity (A.11) to (A.12), then leads to the inequality

ny — ~—1/2
3 (@, ) [Any =1 (20, ) + B 3 (00,)]”

2
gy — o 2 2
S ﬂ:bklill (yO) I:Ankfl(l'nk) + wnk1121 (Il?nk )] o/ + ; 5 (53)

which renders a contradiction by virtue of Lemmas 2 — 4. In particular, on the
one hand, Lemma 3 reveals that the left-hand side of (53) converges to infinity
for k — o0. On the other hand, Lemma 4 shows that u"(yo) is bounded above
by some constant independent of n, which together with the uniform boundedness
of Ap, —1(xn,) on X and the weights being bounded away from zero implies that
the right-hand side of inequality (53) is bounded above by a constant independent
of k. Hence, due to this contradiction, we can deduce that Bs(yo) must contain
a point of the sequence {z,}, so that, eventually, {z,} is dense in the compact
set X. a

6 Conclusions

In this paper, we have addressed the global optimisation of an expensive and noisy
objective function where observed function values are assumed to lie within error
bounds. Based on Gutmann’s original RBF method for minimising a determinis-
tic objective function, relying on radial basis function interpolation, we have first
discussed common approaches of radial basis function approximations for integra-
tion into a response surface method. Arguing in favour of regularised least-squares
approximants, we then have presented a noisy RBF method that constructs the
smoothest possible response surfaces that stay within the given error bounds at
the evaluated points, and determines new evaluation points by minimising a reg-
ularised least-squares criterion in terms of a target value. Further on, we have
established convergence of the noisy RBF method to the global minimum of any
continuous function, under some additional assumptions on the error bounds, and
provided relevant convergence results. Future work will include the assessment of
the proposed method on various academic and real-world test functions.
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