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Abstract. In this paper, we propose an Inexact Proximal-indefinite Stochastic ADMM (abbre-
viated as IPS-ADMM) to solve a class of separable convex optimization problems whose objective
functions consist of two parts: one is an average of many smooth convex functions and the other is a
convex but potentially nonsmooth function. The involved smooth subproblem is tackled by an inex-
act accelerated stochastic gradient method based on an adaptive expansion step to avoid the scenario
that the sample size can be extremely huge so that computing the objective function value or its
gradient is much expensive. The involved nonsmooth subproblem is solved inexactly under a relative
error criterion to avoid the case that the proximal operator is potentially unavailable. In contrast
to most of deterministic and stochastic ADMM, our dual variable updates twice and allows a more
flexible and larger stepsize region. By a variational analysis, we characterize the generated iterates
as a variational inequality and finally establish the sublinear convergence rate of this IPS-ADMM
in terms of the objective function gap and constraint violation. Experiments on solving the 3D CT
reconstruction problem in medical imaging and the graph-guided fused lasso problem in machine
learning show that our IPS-ADMM is very promising.
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1. Introduction. One of the important tasks in machine learning is to design
efficient and reliable methods for structural empirical risk minimization problem, that
is, to minimize a finite-sum of loss functions and an empirical regularizer subject to
linear constraints:

min
x,y

{
f(x) + g(y) | Ax+By = b, x ∈ Rm, y ∈ Rn

}
, (1.1)

where f is an average of N real-valued convex functions, that is, f(x) = 1
N

∑N
i=1 fi(x);

g : Rn → R ∪ {+∞} is a convex but possibly nonsmooth function; A ∈ Rl×m, B ∈
Rl×n, b ∈ Rl are given. Hereafter, the symbols R,Rm, and Rl×m denote the sets of real
numbers, m dimensional real column vectors, and l ×m real matrices, respectively.
Problems in the form of (1.1) are prevalent in 3D CT image reconstruction, graph-
guided fused lasso and 6G multi-access edge computing networks, see [1, 2, 3, 5, 23].

Let the Lagrangian function of (1.1) be

L(x, y, λ) = f(x) + g(y)− λ>(Ax+By − b)
and the augmented Lagrangian function with penalty β > 0 be

Lβ(x, y, λ) = L(x, y, λ) +
β

2

∥∥Ax+By − b
∥∥2. (1.2)
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A popular Lagrangian-based method for solving (1.1) is the Alternating Direction
Method of Multipliers (ADMM, [13, 15]). Starting with given (yk, λk), ADMM gen-
erates (xk+1, yk+1, λk+1) by the following scheme

xk+1 = arg min
x
Lβ(x, yk, λk),

yk+1 = arg min
y
Lβ(xk+1, y, λk),

λk+1 = λk − sβ(Axk+1 +Byk+1 − b),

where s ∈ (0, 1+
√
5

2 ) denotes the stepsize of the dual variable λ. ADMM has been
extensively investigated due to its simplicity and wide applications in machine learn-
ing, statistic learning, image processing, signal processing and so forth, and it has
certain relationships with some first-order algorithms. As explained in [21], the aug-
mented Lagrangian method, ADMM, proximal point method, proximal-like contrac-
tion method, primal-dual hybrid gradient algorithm, Douglas-Rachford/Peaceman-
Rachford splitting method can be viewed as variational-inequality-based optimization
algorithms. Especially, if the Peaceman-Rachford splitting method [27] is applied to
the dual form of (1.1) and the dual variable updates twice with suitable stepsizes,
then we can obtain the following symmetric ADMM

xk+1 = arg min
x
Lβ(x, yk, λk),

λk+
1
2 = λk − τβ(Axk+1 +Byk − b),

yk+1 = arg min
y
Lβ(xk+1, y, λk+

1
2 ),

λk+1 = λk+
1
2 − sβ(Axk+1 +Byk+1 − b).

Its global convergence and sublinear rate had been successfully established by He,
et al. [20]. Moreover, the above symmetric ADMM was extended to a multi-block
version [4] that enjoys the following relatively flexible stepsize region

∆0 =
{

(τ, s) | τ + s > 0, τ ≤ 1, − τ2 − s2 − τs+ τ + s+ 1 > 0
}
.

By adding a quadratic proximal term 1
2‖y − y

k‖2D with D = rI − βB>B to the
involved y-subproblem of the standard ADMM, it is easy to obtain the following
linearized ADMM:

xk+1 = arg min
x
Lβ(x, yk, λk),

yk+1 = arg min
y

{
g(y) + r

2

∥∥y − yk − 1
rB
>[λk − β(Axk+1 +Byk − b)

]∥∥2},
λk+1 = λk − β(Axk+1 +Byk+1 − b).

Generally speaking, the proximal parameter r needs to satisfy r > β
∥∥B>B∥∥. However,

in this case r might be very large while a smaller value is preferred from the viewpoint
of numerical computing. In 2020, He, et al. [22] developed an optimal linearized
ADMM as follows

xk+1 = arg min
x
Lβ(x, yk, λk),

yk+1 = arg min
y

{
Lβ(xk+1, y, λk) + 1

2

∥∥y − yk∥∥2
D0

}
,

λk+1 = λk − β(Axk+1 +Byk+1 − b),

where

D0 = τrI− βB>B with r > β
∥∥B>B∥∥ and τ ∈ (0.75, 1).
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The above parametric conditions imply that the matrix D might be positive indefinite.
For more details on using the indefinite proximal matrix, we refer to [3, 9, 16, 18, 25].

In practice, it is difficult to solve the core subproblems exactly when applying
ADMM-type methods to some application problems in image restoration [17] and
medical imaging [3]. Consequently, inexact techniques are introduced to obtain an
approximate solution to improve the efficiency of ADMM and to simplify the solving
difficulty of subproblems. In 1992, Eckstein and Bertsekas [10] proposed an inexact
ADMM which tackles the subproblems approximately and gradually increases its pre-
cision without disrupting the convergence properties. Later, He, et al. [19] extended
the inexact method [10] to solve a class of variational inequality problems. Recently,
some useful relative error criteria were proposed in [8, 11, 24, 25, 28]. Inspired by
these inexact techniques, we will propose an Inexact Proximal-indefinite Stochastic
ADMM (IPS-ADMM) framework which enjoys an indefinite proximal term and an
adaptive expansion step with an Armijo-type linesearch approach to improve the al-
gorithm performance as well as reduce the sensitivity of the parameter choice. Our
proposed algorithm and its main features are organized in the forthcoming section.

Notations. We follow the same notations as introduced in [6]. The bold I
denotes the identity matrix and 0 denotes the zero matrix/vector. For any symmetric
matrices A and B having the same dimension, A � B(A � B) represents A− B is a
positive definite(semidefinite) matrix. For any symmetric matrix G, we simply denote

‖x‖2G := x>Gx and specially ‖x‖G =
√
x>Gx means a weighted norm if G � 0, where

the superscript > represents the transpose operator. The subdifferential of a convex
function f is denoted as ∂f(·) and it reduces to ∇f(·) if f is differentiable. The
mathematical expectation of a random variable is denoted as E[·]. For convenience of
analysis, we denote F (w) = f(x) + g(y) and define

w =

 x
y
λ

 , wk =

 xk

yk

λk

 , J (w) =

 −A>λ
−B>λ

Ax+By − b

 . (1.3)

2. Development of IPS-ADMM. In this section, we describe the development
of our IPS-ADMM based on the following preliminary assumption.

Assumption 2.1. For any symmetric positive definite matrix H, there exists a
constant v > 0 such that the gradients ∇fi satisfy the Lipschitz condition∥∥∇fi(x1)−∇fi(x2)

∥∥
H−1 ≤ v

∥∥x1 − x2∥∥H
for every x1, x2 ∈ Rm and i = 1, 2, · · · , N .

The above condition will reduce to the regular Lipschitz continuity when H is an
identity matrix. By the well-known Taylor expansion, Assumption 2.1 suggests that
the function f is v-bounded in the sense of

f(x1) ≤ f(x2) + 〈∇f(x2), x1 − x2〉+
v

2
‖x1 − x2‖2H. (2.1)

Now, we present our inexact stochastic ADMM as shown in Algorithm 2.1 which
enjoys an adaptive expansion step with the Armijo-type linesearch for the x-iterate
and shares the same routine xsub proposed in [5] to obtain an inexact solution. The
routine xsub is actually deduced by solving the proximal problem inexactly:

min
x∈Rm

Lβ(x, yk, λk) +
1

2

∥∥x− xk∥∥2Dk , Dk =Mk − βA>A, (2.2)
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ALG. 2.1. Inexact Proximal-indefinite Stochastic ADMM (IPS-ADMM)

Parameters: β > 0, H � 0, $ > 1, γ ∈ (0.5, 1], σ3 ∈ [0, 1),
σ1, σ2 ≥ 0 satisfying σ1 + σ2 ∈ [0, 1), (τ, s) ∈ ∆ is given by (2.8).

Initialization: (x0, y0, λ0, v0) ∈ Rm × Rn × Rl × Rn, x̆0 = x0, d0 = 0.
For k = 0, 1, · · ·
1. Choose mk > 0, ϑk > 0, and Mk � βA>A.
2. hk = −A>

[
λk − β(Axk +Byk − b)

]
.

3. (xk, x̆k+1) = xsub(xk, x̆k, hk,mk, ϑk,Mk,H).
4. Update xk+1 by one of the following strategies:

S1: xk+1 = xk; [when N is large]

S2: xk+1 = xk + αkd
k
, where d

k
= xk − xk, [when N is small]

and αk = $j with j > 0 being the largest integer such that

Lβ(xk+1,yk, λk) ≤ Lβ(xk,yk, λk)− 1
αk−1

∥∥xk+1 − xk
∥∥2
Mk−

1+αk
2 βA>A

and 1
αk
Mk − βA>A � 0;

5. λk+
1
2 = λk − τβ(Axk+1 +Byk − b).

6. Update yk+1 by (2.4) such that the condition in (2.6) holds

with dk+1 satisfying (2.7).

7. Update the auxiliary variable vk+1 = vk − dk+1.

8. λk+1 = λk+
1
2 − sβ(Axk+1 +Byk+1 − b).

end

(x+, x̆+) = xsub(x1, x̆1, h,mk, ϑk,Mk,H).
For t = 1, 2, . . . ,mk

1. Randomly select ξt ∈ {1, 2, . . . , N} with uniform probability.

2. βt = 2/(t+ 1), γt = 2/(tϑk), x̂t = βtx̆t + (1− βt)xt.
3. dt = ĝt + et, where ĝt = ∇fξt(x̂t) and et is a random vector

satisfying E
[
et
]

= 0.

4. x̆t+1 = arg min
x∈Rm

{〈
dt + h, x

〉
+ γt

2

∥∥x− x̆t∥∥2H + 1
2

∥∥x− xk∥∥2Mk

}
.

5. xt+1 = βtx̆t+1 + (1− βt)xt.
end
Return (x+, x̆+) = (xmk+1, x̆mk+1).

that is,

min
x∈Rm

1

N

N∑
i=1

fi(x)+
β

2

(∥∥Ax+Byk−b− λ
k

β

∥∥2−∥∥A(x−xk)
∥∥2)+

1

2

∥∥x−xk∥∥2Mk
. (2.3)

More precisely, we linearize the bracketed terms β
2 (·) in (2.3) as

〈
−A>[λk−β(Axk +

Byk − b)], x
〉
, apply (2.1) to the first summable term in (2.3) by replacing the full

gradient by a stochastic gradient, and exploit the popular momentum acceleration
technique to obtain the solver xsub. For an inexact solution of the y-subproblem, we
update it by employing an indefinite proximal term:

yk+1 ≈ arg min
y∈Rn

{
g(y) +

β

2

∥∥Axk+1 +By − b− λk+ 1
2 /β

∥∥2 +
1

2

∥∥y − yk∥∥2
L0

}
, (2.4)

where
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L0 = L− (1− γ)βB>B with γ ∈ (0.5, 1] (2.5)

for any arbitrarily positive semidefinite matrix L. When L is properly chosen and the
proximal operator of g(y) is available, the difficulty of solving the subproblem (2.4)
could be greatly alleviated. However, for the more general case, we will compute yk+1

such that the following relative error criterion

2
∣∣∣〈vk − yk+1 +

1− τ
1 + τ

dk, dk+1
〉∣∣∣+

3− τ
1 + τ

∥∥dk+1
∥∥2

≤σ1
∥∥yk+1 − yk

∥∥2
L

+ σ2
∥∥yk − yk−1∥∥2

L
+ (2− τ − s)σ3β

∥∥Axk+1 +Byk+1 − b
∥∥2 (2.6)

holds, where vk+1 = vk − dk+1 and

dk+1 ∈ ∂g(yk+1)−B>λk+ 1
2 + βB>(Axk+1 +Byk+1 − b) + L0(yk+1 − yk). (2.7)

In (2.6), (τ, s) are the stepsize parameters of the dual variable belonging to

∆ =

{
(τ, s)

∣∣∣∣∣ 0 < τ + s < 2, τ > −1, (1− τ)2(1− s)2
−(1 + τ)(2− τ − s)(1− σ3)[(5− 3τ)γ + τ2 + τ − 4] ≤ 0

}
. (2.8)

The step 4 of the main algorithm implies Mk − 1+αk
2 βA>A � 0 since αk > 1 for

any k > 0. The relative error criteria in (2.6) implies that the iterate dk+1 involved in
the optimality condition of y-subproblem can be controlled by the y-residual and/or
the equality residual. Main features and contributions of the proposed IPS-ADMM
are summarized in the following three aspects:

(i) Flexibility of the dual stepsize. Unlike the classical ADMM, the proposed
IPS-ADMM updates the dual variable twice with a relatively flexible stepsize
region as shown in (2.8). Especially, IPS-ADMM reduces to the existing SAS-
ADMM [6] with an extra expansion linesearch step, see Remark 3.1 for more
details. By special choices for the parameters (σ3, γ), two instances of the
region ∆ are depicted in yellow area of Figure 2.1:

– If (σ3, γ) = (0, 1), the domain of (τ, s) is depicted in Figure 2.1 (a), where
the top boundary curve is actually obtained by τ2+s2+τs−τ−s−1 = 0.

– If (σ3, γ) = (0.5, 0.8), the domain of (τ, s) is depicted in Figure 2.1 (b),
where the top boundary curve is actually obtained by (1− τ)2(1− s)2−
1
2 (1 + τ)(2− τ − s)(τ2 − 7

5τ) = 0.

The first case shows that ∆ contains the classical region (0, 1+
√
5

2 ). Moreover,

in this case, the stepsize s could be 5/3 which is larger than 1+
√
5

2 . These
instances suggest that our dual variable allows more flexible stepsizes than
some in the literature.

(ii) Generality of the algorithm. First and foremost, our IPS-ADMM has
low memory requirement, since the x-subproblem is solved inexactly by an
accelerated stochastic gradient method and there is no need to save previ-
ous stochastic gradients and iterates. The relative error criterion (2.6) is
provided to solve the y-subproblem inexactly and ensure the convergence of
IPS-ADMM. When the parameters (σ1, σ2, σ3) are zero, i.e., dk+1 = 0, the
y-subproblem is solved exactly. However, unlike most of ADMM-type meth-
ods [4, 7, 26] that employ a positive definite/semidefinite matrix, our proxi-
mal matrix L0 is possibly positive-indefinite according to (2.5) and the lower
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Fig. 2.1: Two instances of the stepsize region ∆

bound of the parameter involved in L0 is 0.5. Similar indefinite proximal
matrix to L0 has been used in [25]. When (σ1, σ2) = (0, 0) and (τ, s) = (1, 0),
our (2.6) immediately reduces to the existing criterion in [28]. Note that
both the existing algorithms in [25, 28] are deterministic methods, while the
proposed method in this paper is a stochastic method. These cases implies
the generality and flexibility of IPS-ADMM.

(iii) Convergence and performance guaranteed. By a unified variational
characterization for both the saddle-point of the problem and the generated
iterates, we show that IPS-ADMM has the worst-case sublinear ergodic con-
vergence rate in terms of the expectation of both the objective value gap and
the constraint violation, and similar results can be found in [5, 26]. A key
step to prove the convergence of IPS-ADMM is to estimate the lower bound

of
∥∥wk − w̃k∥∥2

Gk
, where Gk is a given block symmetric but positive indefinite

matrix. Although Gk is positive indefinite, convergence of IPS-ADMM is still
established by making full use of the optimality condition of y-subproblem
and several variants of the Cauchy-Schwarz inequality. Numerical results
on testing a realistic 3D CT reconstruction problem in medical imaging and
the graph-guided fused lasso problem with public dataset demonstrate the
feasibility and effectiveness of the proposed IPS-ADMM, showing numerical
improvements over several existing state-of-the-art methods.

3. Convergence analysis. In this section, we first provide a variational charac-
terization for the saddle-point of (1.1) and a similar characterization for the iterates
generated by IPS-ADMM. Then, we analyze convergence of IPS-ADMM based on
some technical results from the first-order optimality condition of each subproblem.

3.1. Variational characterization. Let Ω := Rm×Rn×Rl. Since any saddle-
point of (1.2) is the primal-dual solution of the convex optimization problem (1.1),
we thus focus on the saddle-point of (1.1) in the following discussions. We call w∗ =
(x∗; y∗;λ∗) ∈ Ω the saddle-point of (1.1) if

L(x∗, y∗, λ) ≤ L(x∗, y∗, λ∗) ≤ L(x, y, λ∗)
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holds for any w ∈ Ω, i.e.,
f(x)− f(x∗) +

〈
x− x∗,−A>λ∗

〉
≥ 0,

g(y)− g(y∗) +
〈
y − y∗,−B>λ∗

〉
≥ 0,

Ax∗ +By∗ − b = 0.

Write these inequalities in a compact form to obtain

F (w)− F (w∗) +
〈
w − w∗,J (w∗)

〉
≥ 0, (3.1)

namely,

F (w)− F (w∗) +
〈
w − w∗,J (w)

〉
≥ 0 (3.2)

because the affine mapping J (w) defined by (1.3) satisfies〈
w − w,J (w)− J (w)

〉
= 0, ∀w,w ∈ Ω. (3.3)

Motivated by these discussions, a natural conjecture is that the iterative sequence
generated by IPS-ADMM shall converge to the primal-dual solution w∗ if it can be
characterized as a similar variational inequality to (3.2). To verify this conjecture, we
first provide a property about the iterates generated by the routine xsub with the aid
of the following notations

λ̃k = λk − β(Axk+1 +Byk − b) and δt = ∇f(x̂t)− dt.

Lemma 3.1. Suppose ϑk ∈ (0, 1/v) and Assumption 2.1 holds. Then, the iterates
generated by IPS-ADMM satisfy

f(x)− f(xk+1) +
〈
x− xk+1,−A>λ̃k

〉
≥
〈
xk+1 − x, D̃k(xk+1 − xk)

〉
+ ζk, (3.4)

where D̃k = 1
αk
Mk − βA>A and

ζk =
2

mk(mk + 1)

 1
ϑk

(∥∥x− x̆k+1
∥∥2
H −

∥∥x− x̆k∥∥2H)
−
∑mk
t=1 t

〈
δt, x̆t − x

〉
− ϑk

4(1−ϑkv)
∑mk
t=1 t

2
∥∥δt∥∥2H−1

 . (3.5)

Proof. First of all, we have by [5, Lemma 3.2] that

f(x)− f(xk) +
〈
x− xk,−A>

[
λk − β(Axk +Byk − b)

]
+Dk(xk − xk)

〉
≥ ζk, (3.6)

where Dk and ζk are given by (2.2) and (3.5) respectively. Then, the inequality in
(3.4) will be proved in two cases:

• If the strategy S1 is adopted, then (3.6) reduces to (3.4) by using xk+1 = xk

by forcing αk = 1.
• If the strategy S2 is adopted, then it follows from the inequality in S2 [and
αk > 1 if j > 0] that

f(xk)− f(xk+1) +
〈
xk − xk+1,−A>

[
λk − β(Axk+1 +Byk − b)

]〉
≥ 1

αk − 1

∥∥xk+1 − xk
∥∥2
Mk−

1+αk
2 βA>A

− β

2

∥∥A(xk − xk+1)
∥∥2. (3.7)
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Sum up the inequalities (3.6) and (3.7) together with the notations Dk in (2.2) and

λ̃k = λk − β(Axk+1 +Byk − b) to obtain

f(x)− f(xk+1) +
〈
x− xk+1,−A>λ̃k

〉
+
〈
x− xk, βA>A(xk − xk+1) +Dk(xk − xk)

〉
+
β

2

∥∥A(xk − xk+1)
∥∥2

≥ 1

αk − 1

∥∥xk+1 − xk
∥∥2
Mk−

1+αk
2 βA>A

+ ζk.

(3.8)

Notice that the expansion step in S2 indicates

xk − xk =
1

αk
(xk+1 − xk) and xk+1 − xk =

αk
αk − 1

(xk+1 − xk),

which, by Dk =Mk − βA>A, shows〈
x− xk, βA>A(xk − xk+1) +Dk(xk − xk)

〉
+
β

2

∥∥A(xk − xk+1)
∥∥2

=
〈
x− xk+1 + xk+1 − xk, βA>A(xk − xk+1)

〉
+
〈
x− xk,Mk(xk − xk)

〉
+
β

2

∥∥A(xk − xk+1)
∥∥2

=
〈
x− xk+1, βA>A(xk − xk+1

〉
+
〈
x− xk,Mk(xk − xk)

〉
+
〈
xk − xk+1,

β

2
A>A

(
xk − xk + xk+1 − xk

)〉
=
〈
x− xk+1, βA>A(xk − xk+1

〉
+
〈
x− xk+1 + xk+1 − xk, 1

αk
Mk(xk+1 − xk)

〉
+
〈
xk − xk+1,

β

2
A>A

(
1 +

1

αk

)
(xk+1 − xk)

〉
=
〈
x− xk+1,

( 1

αk
Mk − βA>A

)
(xk+1 − xk)

〉
+

1

αk − 1

∥∥xk+1 − xk
∥∥2
Mk−

1+αk
2 βA>A

.

Inserting this relation into (3.8) with simple algebra confirms (3.4). This completes
the proof.

In the above Lemma 3.1, ϑk ∈ (0, 1/v) is a necessary and sufficient condition to
ensure that the last term of ζk is positive. Next, we provide a variational characteri-
zation for the iterates generated by IPS-ADMM.

Lemma 3.2. Suppose ϑk ∈ (0, 1/v). Then, the iterates generated by IPS-ADMM
satisfy

F (w)−F (w̃k)+
〈
w−w̃k,J (w̃k)

〉
−
〈
y− ỹk, dk+1

〉
≥
〈
w−w̃k, Qk(wk−w̃k)

〉
+ζk (3.9)

for all w ∈ Ω, where

w̃k =

x̃kỹk
λ̃k

 =

xk+1

yk+1

λ̃k

 and Qk =

 D̃k L0 + βB>B −τB>
−B 1

β I

 . (3.10)

Proof. By the updates of λk+
1
2 and λ̃k, we have

λk+
1
2 = λk − τ(λk − λ̃k) = λ̃k + (τ − 1)(λ̃k − λk). (3.11)
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Then, combine the convexity of g and (2.7) to obtain

g(y)− g(ỹk) +

〈
y − ỹk,

{
−B>

[
λ̃k + (τ − 1)(λ̃k − λk)

]
− dk+1

+βB>(Ax̃k +Bỹk − b) + L0(ỹk − yk)

}〉
≥ 0 (3.12)

for any y ∈ Rn. Next, we focus on the {·} term in (3.12). Since β(Ax̃k +Byk − b) =

−(λ̃k − λk),

−B>
[
λ̃k + (τ − 1)(λ̃k − λk)

]
+ βB>(Ax̃k +Bỹk − b) + L0(ỹk − yk)− dk+1

=−B>
[
λ̃k + (τ − 1)(λ̃k − λk)

]
+ βB>B(ỹk − yk)− dk+1

+ βB>(Ax̃k +Byk − b) + L0(ỹk − yk)

=−B>λ̃k − τB>(λ̃k − λk) + (βB>B + L0)(ỹk − yk)− dk+1.

Substituting the above relation into (3.12) gives

g(y)− g(ỹk) +

〈
y − ỹk,

{
−B>λ̃k − τB>(λ̃k − λk)− dk+1

+(L0 + βB>B)(ỹk − yk)

}〉
≥ 0. (3.13)

Besides, the way of generating λ̃k implies〈
λ− λ̃k, (Ax̃k +Bỹk − b)−B(ỹk − yk) +

1

β
(λ̃k − λk)

〉
≥ 0, ∀λ ∈ Rl. (3.14)

So, the result (3.9) is confirmed by the last (3.4), (3.13) and (3.14).
Similar to the techniques in [20, 26], we need to reformulate the term Qk(wk−w̃k)

and ensure the positive definiteness of a new matrix related to Q for the convergence
of IPS-ADMM. In fact, by the updates of λk+1, λ̃k and (3.11), we have

λk+1 =λk+
1
2 − sβ(Axk+1 +Byk − b) + sβB(yk − yk+1)

=λk − τ(λk − λ̃k)− s(λk − λ̃k) + sβB(yk − ỹk),

that is,

λk − λk+1 = −sβB(yk − ỹk) + (τ + s)(λk − λ̃k).

Combine it with the notations x̃k = xk+1 and ỹk = yk+1 in (3.10) to get

wk − wk+1 = P (wk − w̃k), where P =

 I
I

−sβB (τ + s)I

 (3.15)

is clearly nonsingular for any τ + s > 0. By the first equality in (3.15), we obtain

Qk(wk − w̃k) = H(wk − wk+1) (3.16)

and

Hk = QkP
−1 =

 D̃k L0 + (1− τs
τ+s )βB>B − τ

τ+sB
>

− τ
τ+sB

1
β(τ+s)I

 . (3.17)
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In the following, we provide a sufficient condition to ensure the positive definite-
ness of Hk. In particular, the condition with γ = 1 is the same as that in [6, Lemma
4.3]. Besides, combine (2.5) and this condition to have L0 � (τ − 1)βB>B, which
indicates that L0 could be positive indefinite.

Lemma 3.3. Let L � (τ − γ)βB>B. Then, the matrix Hk given by (3.17) is
symmetric positive semidefinite for any (τ, s) ∈ ∆.

Proof. The 4th step in IPS-ADMM ensures the positive definiteness of the ma-
trix D̃k involved in Lemma 3.1. Recalling the structure of Hk, we only needs to
demonstrate the positive semi-definiteness of its lower-upper 2-by-2 block, i.e.,[
L0 + (1− τs

τ+s )βB>B − τ
τ+sB

>

− τ
τ+sB

1
β(τ+s)I

]
=

[
L+ (γ − τs

τ+s )βB>B − τ
τ+sB

>

− τ
τ+sB

1
β(τ+s)I

]
:= HL

k .

For any L � (τ − γ)βB>B and β > 0, we have

HL
k �

[
(τ − τs

τ+s )βB>B − τ
τ+sB

>

− τ
τ+sB

1
β(τ+s)I

]
=

1

τ + s

( √
βτB>

− 1√
β
I

)> ( √
βτB − 1√

β
I
)
.

Clearly, the matrix in the right-hand-side of the last equality is positive semidefinite
for any τ + s > 0. Consequently, the matrix HL

k is positive semidefinite.

Corollary 3.4. Suppose ϑk ∈ (0, 1/v) and the conditions in Lemma 3.3 hold.
Then, we have

F (w)− F (w̃k) +
〈
w − w̃k,J (w)

〉
−
〈
y − ỹk, dk+1

〉
≥1

2

(∥∥w − wk+1
∥∥2
Hk
−
∥∥w − wk∥∥2

Hk

)
+

1

2

∥∥wk − w̃k∥∥2
Gk

+ ζk
(3.18)

for all w ∈ Ω, where Hk is given by (3.17) and

Gk =

 D̃k L0 + (1− s)βB>B (s− 1)B>

(s− 1)B 2−τ−s
β I

.
Proof. It follows from (3.3), (3.9) together with (3.16) that

F (w)− F (w̃k) +
〈
w − w̃k,J (w̃k)

〉
−
〈
y − ỹk, dk+1

〉
=F (w)− F (w̃k) +

〈
w − w̃k,J (w)

〉
−
〈
y − ỹk, dk+1

〉
≥ζk +

〈
w − w̃k, Hk(wk − wk+1)

〉
=ζk +

1

2

{∥∥w − wk+1
∥∥2
Hk
−
∥∥w − wk∥∥2

Hk

}
+

1

2

{∥∥wk − w̃k∥∥2
Hk
−
∥∥wk+1 − w̃k

∥∥2
Hk

}
,

(3.19)

where the equality uses the following identity〈
u− v,Hk(p− q)

〉
=

1

2

{
‖u− q‖2Hk − ‖u− p‖

2
Hk

+ ‖v − p‖2Hk − ‖v − q‖
2
Hk

}
(3.20)

with specifications u := w, v := w̃k, p := wk, q := wk+1.
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Now, we focus on the last {·} term in (3.19). It holds by (3.15) that∥∥wk − w̃k∥∥2
Hk
−
∥∥wk+1 − w̃k

∥∥2
Hk

=
∥∥wk − w̃k∥∥2

Hk
−
∥∥wk+1 − wk + wk − w̃k

∥∥2
Hk

=
∥∥wk − w̃k∥∥2

Hk
−
∥∥wk − w̃k − P (wk − w̃k)

∥∥2
Hk

=
∥∥wk − w̃k∥∥2

Gk
,

where

Gk = P>Hk +H>k P − P>HkP = Q>k +Qk − P>HkP

=

 D̃k L0 + (1− s)βB>B (s− 1)B>

(s− 1)B 2−τ−s
β I

 .
Finally, (3.18) follows from (3.19) and the last two relationships.

3.2. More technical results. If the matrix Gk is also positive semidefinite,
then convergence of IPS-ADMM can be proved by Corollary 3.4. However, it is not
always positive semidefinite for any (τ, s) ∈ ∆, which brings a new challenge in the
convergence analysis of IPS-ADMM. To proceed, a feasible scheme is to estimate a

lower bound of
∥∥wk − w̃k

∥∥2
Gk

with the aid of an evaluation on the crossing term

(Axk +Byk − b)>B(yk − yk+1).
Lemma 3.5. For any ς > 0, the iterates generated by IPS-ADMM satisfy〈

Axk +Byk − b, B(yk − yk+1)
〉

≥− ς

2

∥∥B(yk − yk+1)
∥∥2 − 1

2ς

∥∥Axk +Byk − b
∥∥2. (3.21)

Proof. It follows directly from the Cauchy-Schwarz inequlity.
Lemma 3.6. For γ ≤ 1, under the conditions in Lemma 3.3 we have∥∥wk − w̃k∥∥2

Gk

≥
∥∥xk − xk+1

∥∥2
D̃k

+
∥∥yk − yk+1

∥∥2
L

+ ω0

∥∥Axk+1 +Byk+1 − b
∥∥2

+ ω1

(∥∥Axk+1 +Byk+1 − b
∥∥2 − ∥∥Axk +Byk − b

∥∥2)+ ω2

[∥∥yk − yk+1
∥∥2
L

−
∥∥yk−1 − yk∥∥2

L
+ (1− γ)β

(∥∥B(yk − yk+1)
∥∥2 − ∥∥B(yk−1 − yk)

∥∥2)]
+ ω3

∥∥B(yk − yk+1)
∥∥2 +

2(1− τ)

1 + τ

〈
yk − yk+1, dk+1 − dk

〉
,

(3.22)

where ς > 0 is a constant and

ω0 =

(
2− τ − s− 1− τ

ς(1 + τ)

)
β,

ω1 =
1− τ
ς(1 + τ)

β, ω2 =
1− τ
1 + τ

,

ω3 =

(
γ − τ − 1− τ

1 + τ

[
2(2− 2γ + τ) + ς(1− s)2

])
β.

(3.23)
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Proof. Combine the definition of λ̃k and the notation w̃k in (3.10) to obtain

(Ax̃k +Bỹk − b)−B(ỹk − yk) +
1

β
(λ̃k − λk) = 0,

which, by the structure of Gk, further shows∥∥wk − w̃k∥∥2
Gk

=
∥∥xk − xk+1

∥∥2
D̃k

+
∥∥yk − yk+1

∥∥2
L+(γ−s)βB>B

+ 2(s− 1)
〈
λk − λ̃k, B(yk − yk+1)

〉
+

2− τ − s
β

∥∥λk − λ̃k∥∥2
=
∥∥xk − xk+1

∥∥2
D̃k

+
∥∥yk − yk+1

∥∥2
L

+ (γ − τ)β
∥∥B(yk − yk+1)

∥∥2
+ (2− τ − s)β

∥∥Axk+1 +Byk+1 − b
∥∥2

+ 2(1− τ)β
〈
Axk+1 +Byk+1 − b, B(yk − yk+1)

〉
.

(3.24)

Next, we analyze the crossing term in the second equality of (3.24). Setting y = yk

in (3.12) and y = yk+1 in (3.12) at the (k − 1)-th iteration respectively, we have

g(yk)− g(yk+1) +

〈
yk − yk+1,

{
−B>λk+ 1

2 + βB>(Axk+1 +Byk+1 − b)
+L0(yk+1 − yk)− dk+1

}〉
≥ 0

and

g(yk+1)−g(yk)+
〈
yk+1−yk,−B>λk− 1

2 +βB>(Axk+Byk−b)+L0(yk−yk−1)−dk
〉
≥ 0

respectively. Adding these two inequality and using the following relation

λk−
1
2 − λk+ 1

2 = τβ(Axk+1 +Byk+1 − b) + sβ(Axk +Byk − b) + τβB(yk − yk+1),

we have (since 1 + τ > 0 and γ ≤ 1)〈
Axk+1 +Byk+1 − b, B(yk − yk+1)

〉
≥ 1− s

1 + τ

〈
Axk +Byk − b, B(yk − yk+1)

〉
− τ

1 + τ

∥∥B(yk − yk+1)
∥∥2

+
1

β(1 + τ)

〈
yk − yk+1, (L− (1− γ)βB>B)

[
(yk − yk+1)− (yk−1 − yk)

]〉
+

1

β(1 + τ)

〈
yk − yk+1, dk+1 − dk

〉
=

1− s
1 + τ

〈
Axk +Byk − b, B(yk − yk+1)

〉
− τ

1 + τ

∥∥B(yk − yk+1)
∥∥2

+
1

β(1 + τ)

[
‖yk − yk+1‖2L −

〈
yk − yk+1, L(yk−1 − yk)

〉
− (1− γ)β‖B(yk − yk+1)‖2

+ (1− γ)β
〈
yk − yk+1, B>B(yk−1 − yk)

〉]
+

1

β(1 + τ)

〈
yk − yk+1, dk+1 − dk

〉
≥ 1− s

1 + τ

〈
Axk +Byk − b, B(yk − yk+1)

〉
− 2(1− γ) + τ

1 + τ

∥∥B(yk − yk+1)
∥∥2

+
1

2β(1 + τ)

(∥∥yk − yk+1
∥∥2
L
−
∥∥yk−1 − yk∥∥2

L
+ (1− γ)β

(∥∥B(yk − yk+1)
∥∥2

−
∥∥B(yk−1 − yk)

∥∥2))+
1

β(1 + τ)

〈
yk − yk+1, dk+1 − dk

〉
,

(3.25)
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where the last inequality uses the Cauchy-Schwarz inequality for the terms
〈
yk −

yk+1, L(yk−1− yk)
〉

and
〈
yk − yk+1, B>B(yk−1− yk)

〉
. Combine (3.24) and (3.25) to

get ∥∥wk − w̃k∥∥2
Gk

≥
∥∥xk − xk+1

∥∥2
D̃k

+
∥∥yk − yk+1

∥∥2
L

+ (2− τ − s)β
∥∥Axk+1 +Byk+1 − b

∥∥2
+ (γ − τ)β

∥∥B(yk − yk+1)
∥∥2 +

2β(1− τ)(1− s)
1 + τ

〈
Axk +Byk − b, B(yk − yk+1)

〉
− 2(2− 2γ + τ)(1− τ)

1 + τ
β
∥∥B(yk − yk+1)

∥∥2 +
2(1− τ)

1 + τ

〈
yk − yk+1, dk+1 − dk

〉
+

1− τ
1 + τ

[∥∥yk − yk+1
∥∥2
L
−
∥∥yk−1 − yk∥∥2

L
+ (1− γ)β

( ∥∥B(yk − yk+1)
∥∥2

−
∥∥B(yk−1 − yk)

∥∥2
)]

≥
∥∥xk − xk+1

∥∥2
D̃k

+
∥∥yk − yk+1

∥∥2
L

+
2(1− τ)

1 + τ

〈
yk − yk+1, dk+1 − dk

〉
+

(
2− τ − s− 1− τ

ς(1 + τ)

)
β
∥∥Axk+1 +Byk+1 − b

∥∥2
+

1− τ
ς(1 + τ)

β
(∥∥Axk+1 +Byk+1 − b

∥∥2 − ∥∥Axk +Byk − b
∥∥2)

+
1− τ
1 + τ

[∥∥yk − yk+1
∥∥2
L
−
∥∥yk−1 − yk∥∥2

L
+ (1− γ)β

( ∥∥B(yk − yk+1)
∥∥2

−
∥∥B(yk−1 − yk)

∥∥2
)]

+

(
γ − τ − 1− τ

1 + τ

[
2(2− 2γ + τ) + ς(1− s)2

])
β
∥∥B(yk − yk+1)

∥∥2,
where the second inequality follows from (3.21) for the term 2β(1−τ)(1−s)

1+τ

〈
Axk+Byk−

b, B(yk − yk+1)
〉
. As a result, (3.22) holds with ωi(i = 0, 1, 2, 3) given in (3.23).

Lemma 3.7. Suppose ϑk ∈ (0, 1/v), D̃k � D̃k+1 � 0 and the conditions in lemma
3.6 hold. Then, the iterates generated by IPS-ADMM satisfy

2
[
F (w)− F (w̃k) +

〈
w − w̃k,J (w)

〉]
≥ Φk+1(w)− Φk(w) + Ψk+1 + 2ζk, (3.26)

where

Φk(w) =
∥∥w − wk∥∥2

Hk
+
∥∥y − vk∥∥2 + ω1

∥∥Axk +Byk − b
∥∥2

+ (ω2 + σ2)
∥∥yk−1 − yk∥∥2

L
+ ω2(1− γ)β

∥∥B(yk − yk+1)
∥∥2 +

2(1− τ)

1 + τ

∥∥dk∥∥2
(3.27)

and

Ψk =
∥∥xk − xk+1

∥∥2
D̃k

+
∥∥yk − yk+1

∥∥2
(1−σ1−σ2)L− 1−τ

1+τ I

+ ω0

∥∥Axk+1 +Byk+1 − b
∥∥2 + ω3

∥∥B(yk+1 − yk)
∥∥2 (3.28)

with ω0 =
[
(2− τ − s)(1− σ3)− 1−τ

ς(1+τ)

]
β and ωi(i = 1, 2, 3) given by (3.23).

Proof. First of all, we have

2
〈
yk − yk+1, dk+1 − dk

〉
=
∥∥yk − yk+1 + dk+1 − dk

∥∥2 − ∥∥dk+1 − dk
∥∥2 − ∥∥yk − yk+1

∥∥2
≥(
∥∥dk+1

∥∥2 − ∥∥dk∥∥2) + 2
〈
dk, dk+1

〉
− 2
∥∥dk+1

∥∥2 − ∥∥yk − yk+1
∥∥2 (3.29)
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Rearrange (3.18) with ỹk = yk+1 to obtain

2
[
F (w)− F (w̃k) +

〈
w − w̃k,J (w)

〉]
−
∥∥wk − w̃k∥∥2

Gk
− 2
〈
vk − yk+1, dk+1

〉
+
∥∥dk+1

∥∥2 − 2ζk

≥
(∥∥w − wk+1

∥∥2
Hk
−
∥∥w − wk∥∥2

Hk

)
− 2
〈
vk − y, dk+1

〉
+
∥∥dk+1

∥∥2
=
(∥∥w − wk+1

∥∥2
Hk
−
∥∥w − wk∥∥2

Hk

)
+ 2
〈
y − vk, vk − vk+1

〉
+
∥∥vk − vk+1

∥∥2
=
(∥∥w − wk+1

∥∥2
Hk
−
∥∥w − wk∥∥2

Hk

)
+
∥∥y − vk+1

∥∥2 − ∥∥y − vk∥∥2,
(3.30)

where the first equality follows from the 7th step of IPS-ADMM and the last equality
uses the aforementioned identity in (3.20).

Based on the previous inequalities (2.6) and the assumption that D̃k � D̃k+1 � 0
(showing that Hk � Hk+1), it holds by (3.29)-(3.30) and (3.22) that

2
[
F (w)− F (w̃k) +

〈
w − w̃k,J (w)

〉]
≥
(∥∥w − wk+1

∥∥2
Hk+1

+
∥∥y − vk+1

∥∥2)− (∥∥w − wk∥∥2
Hk

+
∥∥y − vk∥∥2)

+
∥∥wk − w̃k∥∥2

Gk
+ 2
〈
vk − yk+1, dk+1

〉
−
∥∥dk+1

∥∥2 + 2ζk

≥2ζk + 2
〈
vk − yk+1 +

1− τ
1 + τ

dk, dk+1
〉
− 3− τ

1 + τ

∥∥dk+1
∥∥2 − 1− τ

1 + τ

∥∥yk − yk+1
∥∥2

+
∥∥xk − xk+1

∥∥2
D̃k

+
∥∥yk − yk+1

∥∥2
L

+ ω0

∥∥Axk+1 +Byk+1 − b
∥∥2 + ω3

∥∥B(yk+1 − yk)
∥∥2

+ Φk+1(w)− Φk(w) + σ2

(∥∥yk − yk−1∥∥2
L
−
∥∥yk+1 − yk

∥∥2
L

)
≥2ζk + Φk+1(w)− Φk(w) + σ2

(∥∥yk − yk−1∥∥2
L
−
∥∥yk+1 − yk

∥∥2
L

)
− 1− τ

1 + τ

∥∥yk − yk+1
∥∥2

+
∥∥xk − xk+1

∥∥2
D̃k

+
∥∥yk − yk+1

∥∥2
L

+ ω0

∥∥Axk+1 +Byk+1 − b
∥∥2 + ω3

∥∥B(yk+1 − yk)
∥∥2

− σ1
∥∥yk+1 − yk

∥∥2
L
− σ2

∥∥yk − yk−1∥∥2
L
− (2− τ − s)σ3β

∥∥Axk+1 +Byk+1 − b
∥∥2

=2ζk + Φk+1(w)− Φk(w) + Ψk+1.
(3.31)

This completes the proof.
Remark 3.1. We explain for any (τ, s) ∈ ∆ and γ ∈ (0.5, 1], all of parameters

ω0 and ωi(i = 0, · · · , 3) are nonnegative. First of all, for any τ > −1, τ + s < 2 and
σ3 < 1, by choosing ς ≥ 1−τ

(1+τ)(2−τ−s)(1−σ3)
, we know ς > 0 and it satisfies (3.21).

• It follows from ς > 0 that (2 − τ − s)(1 − σ3) − 1−τ
ς(1+τ) ≥ 0, which together

with β > 0 indicates ω0 ≥ 0. By the following relationship

ω0 = ω0 + σ3(2− τ − s)β,

we have by ω0 ≥ 0 that ω0 ≥ 0. Also, both ω1 and ω2 are nonnegative for any
τ > −1 and ς > 0. For any

ς ≤ (5− 3τ)γ + τ2 + τ − 4

(1− τ)(1− s)2
,

it holds that γ − τ − 1−τ
1+τ

[
2(2− 2γ + τ) + ς(1− s)2

]
≥ 0 and hence ω3 ≥ 0.
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• Combining the above lower and upper bound constraints for ς, we further have

1− τ
(1 + τ)(2− τ − s)(1− σ3)

≤ (5− 3τ)γ + τ2 + τ − 4

(1− τ)(1− s)2
,

which shows

γ ≥ (1− τ)2(1− s)2

(1 + τ)(2− τ − s)(1− σ3)(5− 3τ)
− τ2 + τ − 4

5− 3τ
. (3.32)

If γ < 1, then the proximal matrix L0 is positive indefinite. If γ = 1, then,
by the last inequality we have

(1− s)2 < (1− σ3)(2− τ − s)(1 + τ).

Moreover, when σ3 = 0 the above inequality reduces to the third inequality of

∆0 proposed by [6], and τ = 0 shows s ∈ (0, 1+
√
5

2 ) which is the region in
the classical ADMM. By (3.32), we can see the lower bound of the parameter
γ is more flexible than the lower bound 0.75 provided in e.g. [16, 22]. For
example, if we take s = 1 and τ → −1, then we have γ > 0.5, which meets
the same lower bound in [25].

3.3. Iteration complexity. In this subsection, we present the following key
convergence result based on Lemma 3.7.

Theorem 3.8. Let L � max
{

(τ − γ)βB>B, 1−τ
(1−σ1−σ2)(1+τ)

I
}

and (τ, s) ∈ ∆. If

for some integers κ, T > 0, the following conditions hold for all k ∈ [κ, κ+ T ]:
(i) ϑk ∈ (0, 1

2v ) and the sequence
{
ϑkmk(mk + 1)

}
is nondecreasing;

(ii) D̃k � D̃k+1 � 0, E(‖δt‖2H−1) ≤ σ2 for some σ > 0, where δt and D̃k are
defined in Lemma 3.1.

Then, we have

E
[
F (wT )−F (w)+

〈
wT−w,J (w)

〉]
≤ 1

2(1 + T )

{
σ2

κ+T∑
k=κ

ϑkmk+
4
∥∥x− x̆κ∥∥2H

mκ(mκ + 1)ϑκ
+Φκ(w)

}
(3.33)

for any w ∈ Ω, where wT = 1
1+T

∑κ+T
k=κ w̃

k and Φk(w) is defined by (3.27).
Proof. By the assumptions together with Ψk ≥ 0, it follows from Lemma 3.7 that

F (w̃k)− F (w) +
〈
w̃k − w,J (w)

〉
≤ −ζk +

1

2

(
Φk(w)− Φk+1(w)

)
.

Summing the inequality over k between κ and κ+ T , we have by Lemma 3.3 that

κ+T∑
k=κ

F (w̃k)− (1 + T )
[
F (w)−

〈
wT − w,J (w)

〉]
≤ −

κ+T∑
k=κ

ζk +
1

2
Φκ(w). (3.34)

The convexity of the composite function F shows F (wT ) ≤ 1
1+T

∑κ+T
k=κ F (w̃k). Then,

divide (3.34) by 1 + T to obtain

F (wT )− F (w) +
〈
wT − w,J (w)

〉
≤ 1

2(1 + T )

(
− 2

κ+T∑
k=κ

ζk + Φκ

)
. (3.35)
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In what follows, we estimate the expectation about terms involving ζk. Since
{mk(mk + 1)ϑk} is nondecreasing for any k ∈ [κ, κ+ T ] and H � 0, it holds that

κ+T∑
k=κ

2

mk(mk + 1)ϑk

(∥∥x− x̆k∥∥2H − ∥∥x− x̆k+1
∥∥2
H

)
≤

2 ‖x− x̆κ‖2H
mκ(mκ + 1)ϑκ

.

Because δt = ∇f(x̂t) − dt = ∇f(x̂t) − ∇fξt(x̂t) − et relies on the index ξt, we have
E[δt] = 0 since the random variable ξt ∈ {1, 2, . . . , N} is selected with uniform prob-
ability and E[et] = 0. Besides, we have

E
[
〈δt, x̆t − x〉

]
= 0 (3.36)

because x̆t relies on ξt−1, ξt−2, . . .. The assumption E(‖δt‖2H−1) ≤ σ2 together with
mk ≥ 1 implies

E
[ mk∑
t=1

t2 ‖δt‖2H−1

]
≤ σ2mk(mk + 1)(2mk + 1)

6
≤ σ2

2
m2
k(mk + 1). (3.37)

Based on the above discussions and the condition ϑk ≤ 1/(2v), we have

−E
[ κ+T∑
k=κ

ζk
]
≤

2
∥∥x− x̆κ∥∥2H

mκ(mκ + 1)ϑκ
+
σ2

2

κ+T∑
k=κ

ϑkmk.

Substituting the last inequality into (3.35) confirms the result (3.33).
Remark 3.2. Suppose the conditions in Theorem 3.8. Let

ϑk = min
{ c1
mk(mk + 1)

, c2

}
and mk = max

{
dc3k%e ,m

}
, (3.38)

where c1, c2, c3 > 0, % ≥ 1 are constants and m > 0 is a given integer. Then, set
w = w∗ in (3.26) together with the property in (3.1) and Ψk ≥ 0 to obtain

0 ≤2
[
F (w̃k)− F (w∗) +

〈
w̃k − w∗,J (w∗)

〉]
≤Φk(w∗)− Φk+1(w∗)− 4

mk(mk + 1)ϑk

(∥∥x∗ − x̆k+1
∥∥2
H −

∥∥x∗ − x̆k∥∥2H)
+

1

mk(mk + 1)

{
4

mk∑
t=1

t
〈
δt, x̆t − x∗

〉
+

ϑk
(1− ϑkv)

mk∑
t=1

t2
∥∥δt∥∥2H−1

}
,

which, by the choice in (3.38), gives

Φk+1(w∗) +
4

c1

∥∥x∗ − x̆k+1
∥∥2
H

≤Φk(w∗) +
4

c1

∥∥x∗ − x̆k∥∥2H
+

1

mk(mk + 1)

{
4

mk∑
t=1

t
〈
δt, x̆t − x∗

〉
+

ϑk
(1− ϑkv)

mk∑
t=1

t2
∥∥δt∥∥2H−1

}
≤ · · · · · ·

≤Φ1(w∗) +
4

c1

∥∥x∗ − x̆1∥∥2H
+

k∑
i=1

1

mi(mi + 1)

{
4

mi∑
t=1

t
〈
δt, x̆t − x∗

〉
+

ϑi
(1− ϑiv)

mi∑
t=1

t2
∥∥δt∥∥2H−1

}
.
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Taking expectation on both sides of the last inequality together with the previous results
in (3.36)-(3.37), we have

E
[
Φk+1(w∗) +

4

c1

∥∥x∗ − x̆k+1
∥∥2
H

]
≤ Φ1(w∗) +

4

c1

∥∥x∗ − x̆1∥∥2H + c1σ
2

k∑
i=1

1

1 + c3i%

due to ϑimi ≤ c1
1+c3i%

by the choice in (3.38). And the last term in the above inequality

is O(1) if % > 1, while it is O(log k) if % = 1. Hence, the sequence {wk} is bounded
in expectation.

The following theorem shows that by a proper choice for the algorithm parameters,
we can establish the convergence rate of IPS-ADMM in the expectation of both the
objective function value gap and the constraint violation.

Theorem 3.9. Suppose the conditions in Theorem 3.8 and (3.38) hold. Then,
we have

E
[
F (wT )− F (w∗)

]
= E%(T ) = E

[∥∥AxT +ByT − b
∥∥], (3.39)

where E%(T ) = O(1/T ) for % > 1 and E%(T ) = O(T−1 log T ) for % = 1.
Proof. The proof is omitted since it is same as that of [5, Theorem 4.2].
Remark 3.3. The objective error and the constraint violation converge to zero

in expectation as the result in (3.39), but this does not imply the boundedness of the

ergodic iterates. If there exists c > 0 such that the matrix D̃k in Lemma 3.1 satisfy-
ing D̃k ≥ cI, then the iterates (xk, yk, λk) are bounded in expectation. Furthermore,
under a strong convexity assumption, the ergodic iterates converge expectation, see
our previous analysis in [5, Appendix]. Note that the total iteration of ALG 2.1 is
T (mk + t), where t is the iteration of solving y-subproblem which can be tackled by
some first-order methods such as the proximal gradient method in [29]. If one wish
ALG 2.1 has O(1/T ) convergence rate, both mk and t should be large. This can be
approximated since the proximal gradient method in [29] includes FISTA as a special
case and the xsub is also an accelerated method.

4. Numerical experiments. In this section, we evaluate the performance of
the proposed IPS-ADMM for solving the 3D CT reconstruction problem in medical
imaging and the graph-guided fused lasso problem in machine learning.

4.1. 3D CT reconstruction problem. Recall the so-called 3D CT reconstruc-
tion problem

min
x,y

F (x, y) :=
1

N

N∑
j=1

(Rjx− bj)2 + µ‖y‖1

s.t. ∇x = y,

(4.1)

where Rj is the 3D x-ray transform of the beam indexed by [14] and ∇ is the discrete
gradient operator. The size of 3D image to be reconstructed is 256 × 256 × 64, the
detector plane is 512 × 384 and the number of views is 668. Clearly, the size of the
observed data b, i.e., N = 131334144 and is a big data. So, the strategy S1 is used
in the following experiments. Problem (4.1) fits (1.1) with (A,B, b) = (∇,−I,0) and
applying IPS-ADMM to (4.1) results in the following key iterations{

x̆t+1 = [γtH+Mk]−1[γtHx̆t +Mkx
k − dt − hk],

yk+1 = Shrink
(

µ
ι+γβ , y

k − λk+
1
2−β(∇xk+1−yk)

ι+γβ

)
,
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where Shrink(·, ·) is the soft shrinkage operator and can be computed by the built-in
MATLAB function ”wthresh”. Since the y-subproblem has a closed-form solution due
to B = I, we can compute yk+1 exactly, i.e., dk+1 = 0. That is, the parameters
σi(i = 1, 2, 3) used to control the accuracy of the inexact solution are set to 0. The
regularization parameter of the problem is set as µ = 10−1 and the penalty parameter
β = 10−8. For computational efficiency, we let the number of inner iteration mk = 10.
We use the tuned parameters (H,Mk) = (10−5I, 10−2I), ι = 0.5 (i.e., L = ιI) and
(τ, s, γ) = (0.9, 1.09, 0.51). By these choices, the parameters satisfy the previous
region in (2.8).

Fig. 4.1: PSNR results of five comparative algorithms

Fig. 4.2: The average PSNR and relative error of each algorithm

In order to quantitatively evaluate the performance of IPS-ADMM, we consider
four state-of-the-art baselines: stochastic ADMM (sto-ADMM, [23]) with mini-batch
stochastic gradients; Generalized ADMM (G-ADMM, [10]); SARAH-ADMM with the
SARAH gradient estimator and SAGA-ADMM with the SAGA gradient estimator, see
[2]. We terminate these algorithms when the maximal iterations 104 or the allowable
running time 2000 seconds is satisfied. The quality of the reconstructed image is
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Fig. 4.3: Final reconstruction images of different methods for the 7th slice

Fig. 4.4: Final reconstruction images of different methods for the 57th slice

evaluated by the widely-used Peak Signal-to-Noise Ratio (PSNR):

PSNR = 10 log10

(
dx × dy × dz

MSE

)
with MSE = ‖x− x̃‖2,

where x and x̃ are the original and reconstructed images, respectively. We also calcu-
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late the Relative Error = ‖x− x̃‖/‖x‖. For each algorithm, we calculate the average
and standard deviation of these two metrics over 5 independent runs.

We report some experimental results in Figures 4.1-4.4, and all experiments are
run in MATLAB R2019a on a heterogeneous high-performance computational cluster
equipped with Tesla V100 GPU with 24 cores and 192GB memory. Figure 4.1 shows
how the PSNR of reconstructed images changes by different algorithms, and we can see
the performance of all methods improves as the running time increases. Although the
left zoom-in view in Figure 4.1 indicates that SARAH-ADMM can achieve a specific
PSNR value in a relatively short time, the running time of our IPS-ADMM is similar
to SARAH-ADMM and significantly faster than the other three algorithms. Moreover,
the right zoom-in view in Figure 4.1 shows that IPS-ADMM achieves obviously the
best restoration result and the PSNR is still improving, most likely due to the two
updates of the dual variable and the use of a more flexible stepsize region. Figure
4.2 describes the obtained average PSNR and relative error of each algorithm, which
indicates that IPS-ADMM consistently has the best quality of reconstructed images
in terms of the obtained PSNR and relative error. Figures 4.3 and 4.4 visualize the
7th and 57th slices of the reconstructed 3D CT image, respectively. It can be seen
that IPS-ADMM produces visually superior results than SAGA-ADMM, G-ADMM
and sto-ADMM, and also slightly better results than SARAH-ADMM employing the
biased SARAH gradient estimator. Compared to SARAH-ADMM, IPS-ADMM has a
relative improvement of 2.43% and 1.17% on the 7th slice and 57th slice, respectively.
As shown in Figure 4.3, many fuzzy circular contours can be observed in the 7th
slice images reconstructed by the algorithms sto-ADMM, G-ADMM SAGA-ADMM
and SARAH-ADMM. However, these circular contours are not obvious in images
reconstructed by IPS-ADMM.

4.2. Graph-guided fused lasso problem. Consider the following graph-guided
fused lasso problem in machine learning:

min
x,y

F (x, y) := f(x) +
µ

2
‖y‖2 + δC(y)

s.t. Ax = y,
(4.2)

where f(x) := 1
N

∑N
j=1 fj(x) with fj(x) = log

(
1 + exp(−bja>j x)

)
denoting the logis-

tic loss function on the feature-label pair (aj , bj) ∈ Rm×{−1, 1}, N(> m) is the data
size, µ > 0 is a given regularization parameter, and δC is the indicator function of
the set C = {y ∈ Rl : 0 ≤ y ≤ u, 1>y = c}, i.e., δC(y) = 0 if y ∈ C; δC(y) = ∞,
otherwise. Here, 1 is the vector of ones, c is a positive number, A = [G; I] is a matrix
encoding the feature sparsity pattern, and G is the sparsity pattern of the graph that
is obtained by sparse inverse covariance estimation [12]. Applying our IPS-ADMM to
the above problem, we have the following key iterations{

x̆t+1 = [γtH+Mk]−1[γtHx̆t +Mkx
k − dt − hk],

yk+1 ≈ arg miny∈Rl δC(y) + µ+τβ
2

∥∥y − ykc ∥∥2 ,
where ykc = τβyk−λk+

1
2 +β(Axk+1−yk)
µ+τβ . Note that the involved y-subproblem, which

needs a projection on a simplex set, has no closed-form-solution. Hence, we solve it
inexactly by the method developed in [29] using the previous criterion (2.6). Although
the above x̆t+1 has a closed formula, the original x-subproblem in (2.3) is solved
inexactly by our procedure xsub.
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In the next experiments, the parameters u and c are chosen as 10*1 and 5 respec-
tively, the regularization parameter µ is fixed as 10−5, the penalty parameter β in
IPS-ADMM uses the tuned value 0.005, and the matricesMk are updated adaptively
by the strategy in Remark 4.2 [5] with ρ0 = 1, ρmin = 10−5 and H = 2 × 10−5I.
The rest parameters and the vector et are chosen in the same way as that used in [5,
Section 7.1]. We use the following relative objective value error

Obj err(k) =
|F (xk, yk)− F ∗|

max{F ∗, 1}

and the optimality error

Opt err(k) = max
{
‖Axk − yk‖, ‖∇f(xk)−A>λk‖, ‖yk − PC(yk − µyk − λk)‖

}
to measure the performance of our IPS-ADMM. Here, PC(·) denotes the projection
operator onto the convex set C, and F ∗ is the approximate optimal objective function
value obtained by running IPS-ADMM for more than 1000 minutes.
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Fig. 4.5: Comparison of Obj err(k) and Opt err(k) against the CPU time
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Fig. 4.6: Comparison of the final iterate xk+1 and hist(xk+1) after 1 and 10 successive runs

By implementing IPS-ADMM in MATLAB R2018a (64-bit) and on a PC with



22

Windows 10 operating system, with an Intel i7-8700K CPU and 16GB RAM and start-
ing with the initial point (x0, x0, λ0) = (0,0,0), Figure 4.5 plots the error Obj err(k)
and Opt err(k) against the CPU time on the public dataset mnist (including 11,791
samples and 784 features, that is, (N,m) = (11791, 784)) downloaded from LIBSVM
website, where we make 1 and 10 successive runs of IPS-ADMM (denoted by IPS-
ADMM-1 and IPS-ADMM-10) under the CPU time budgets 200s, respectively and
then report the average results. The finally obtained iterative solution xk+1 and
hist(xk+1) under different successive runs are shown in Figure 4.6. The reported
results in both figures show that the proposed method is feasible and promising.
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