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Abstract. Submodularity is an important concept in integer and combinatorial optimization. A classical submod-
ular set function models the utility of selecting homogenous items from a single ground set, and such selections
can be represented by binary variables. In practice, many problem contexts involve choosing heterogenous items
from more than one ground set or selecting multiple copies of homogenous items, which call for extensions of sub-
modularity. We refer to the optimization problems associated with such generalized notions of submodularity as
Generalized Submodular Optimization (GSO). GSO is found in wide-ranging applications, including infrastructure
design, healthcare, online marketing, and machine learning. Due to the often highly nonlinear (even non-convex
and non-concave) objective function and the mixed-integer decision space, GSO is a broad subclass of challenging
mixed-integer nonlinear programming problems. In this tutorial, we first provide an overview of classical submod-
ularity. Then we introduce two subclasses of GSO, for which we present polyhedral theory for the mixed-integer
set structures that arise from these problem classes. Our theoretical results lead to efficient and versatile exact
solution methods that demonstrate their effectiveness in practical problems using real-world datasets.

Keywords mixed-integer programming; generalized submodularity; polyhedral study; exact approach

1 Introduction

Decision-making in complex systems commonly involves selecting items from a given collection to attain optimal
utility. For example, in sensor placement, we are interested in selecting the sensor locations that provide maximal
coverage. In such decision-making problems, we often observe the phenomenon of diminishing returns. That
is, the more items that we have selected, the lower is the marginal contribution of any additional item to the
total utility. In the example of sensor placement, the total coverage of a sensor placement plan typically follows
diminishing returns—as we install more sensors, the less additional coverage any newly added sensor contributes.
The phenomenon of diminishing returns is ubiquitous in real-world applications. Economies of scale, risk aversion,
clustering, coverage, and influence propagation all possess diminishing returns property.

Mathematically, the concept of submodularity formalizes diminishing returns. Submodularity is a property of set
functions, or functions defined over sets. Due to the prevalence of diminishing returns, submodular set functions are
used to model utilities in a rich and diverse array of applications, such as facility location [19], image segmentation
[40], network influence propagation [41, 82], and sensor placement [44]. The associated decision-making problems
are formulated as optimization problems with submodular set functions as their objectives, leading to submodular
set function optimization (submodular optimization, in short). In submodular optimization, we are given a supply
of homogenous items (e.g., sensors in sensor placement) and a finite ground set (e.g., candidate sensor placement
locations). We may think of the ground set as a set of ‘empty bins’, and our goal is to determine a best subset
of these ‘bins’ in which we place the provided homogenous items. Whether we place an item in a ‘bin’ or not is
naturally modeled by a binary decision variable, making submodular set function optimization a class of discrete
optimization problems. Figure 1 provides a pictorial high-level illustration of submodular optimization.

Despite the wide-ranging modeling power of submodular set functions, applications increasingly call for more
general modeling tools that still capture diminishing returns. Consider the two scenarios depicted in Figure 2. In
the first scenario on the left, we are given a supply of heterogenous items instead. Now our task is not only to
determine the best subset of the ‘bins’ to fill, but also the best type of items for the selected ‘bins’. This calls for
the multi-set extension of submodularity. In the second scenario on the right, we are given a finite ground set of
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Figure 1: A pictorial illustration of submodular set function optimization. The triangles represent the given
homogenous items, and N is a finite ground set. The subset X represents the decision of placing the items in the
first, the second, and the fourth ‘bins’. By slightly abusing notation, the vector x provides a binary encoding of
the same decision as X, with ones representing the locations at which we place an item, and zeros otherwise.

‘bins’ and a homogenous collection of items. However, we are now allowed to place multiple, and even fractional,
copies of the items in each ‘bin’. This scenario gives rise to the mixed-integer extension of submodularity. We
refer to classical submodularity and all its extensions by the unifying term Generalized Submodularity (GS). We

Figure 2: Two scenarios that call for generalizations of classical submodularity. The first scenario on the left calls
for the multi-set extension. The second scenario on the right gives rise to the mixed-integer extension.

summarize two examples of GS below. More applications are described in detail in Sections 4 and 5.
Multi-type sensor placement. In practice, we may be provided with multiple types of sensors that monitor

different aspects of the environment (e.g., temperature, humidity, and luminance), and each candidate sensor
location can hold one sensor. We now need to decide at which locations we place a sensor, and additionally, which
type of sensor we install at each selected location. The multi-set extension of submodularity is an ideal modeling
tool for this multi-type sensor placement problem.

Sensor energy management. In another sensor placement application, we are given sensors that monitor
the same environmental factors but with adjustable energy levels. The energy levels could be continuous ranges
or discrete dials, and our goal is to assign the energy levels that yield optimal utility. This problem fits under the
second scenario that calls for the mixed-integer extension.

In this tutorial, we introduce notions of GS and demonstrate their modeling power with real-world applications.
In addition, we review mixed-integer programming-based (polyhedral) approaches to optimize GS functions, with
or without constraints, to global optimality. The polyhedral approach has been highly successful in attaining global
optimal solutions to classical submodular optimization under complicating constraints [2, 18, 21, 68, 81, 86, 87, 91] as
well as for general set functions [9]. Furthermore, submodularity has been uncovered and exploited in improving the
formulations of mixed-binary convex quadratic and conic optimization problems [5, 6, 7, 8, 26, 43]. Furthermore,
these approaches have been fruitful in stochastic and risk-averse problems that involve submodular structures
[42, 67, 82, 83, 84, 85, 93]. We focus our attention to expanding the reach of these approaches to generalized
submodular functions.

The rest of this tutorial is structured as follows. We first provide preliminaries on classical submodularity
in Section 2. We demonstrate how classical submodularity can be exploited to facilitate solution of a class of
constrained submodular set function minimization problems in Section 3. In Sections 4 and 5, we formally state
two generalizations of submodularity and summarize their applications. We present the polyhedral results for the
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key mixed-integer sets arising from the associated GSO, with which we describe exact solution methods for these
optimization problems. We conclude this tutorial with Section 6.

2 Preliminaries

In this section, we provide an overview of classical submodularity. Let N = {1, 2, . . . , n} denote a finite non-empty
ground set, and let 2N be the collection of all the subsets of N . Formally, submodular set functions are defined as
follows.

Definition 2.1 A function f : 2N → R is submodular if

f(X) + f(Y ) ≥ f(X ∩ Y ) + f(X ∪ Y ) (1)

for any X,Y ⊆ N .

A function f is supermodular if inequality (1) is reversed for all X,Y ⊆ N , or equivalently, if −f is submodular.
Moreover, function f is monotone non-decreasing, or monotone for brevity, if f(X) ≤ f(Y ) for all X ⊆ Y . For any
subset X ⊂ N and any item i ∈ N , we define the marginal return of adding i to X as

ρi(X) := f(X ∪ {i})− f(X). (2)

Intuitively, submodularity is equivalent to diminishing returns. The next alternative definition for submodular set
functions clearly reflects this intuition.

Figure 3: An illustration of diminishing returns in sensor placement. Each circle represents the coverage of
each sensor. The sets X and Y are two sets of locations at which we have installed sensors. The solid regions
correspond to the total coverages of placement plans X and Y , respectively. The striped regions highlight the
marginal contributions of an additional sensor installed at location i to the two plans. The more sensors that we
have installed, the less additional coverage we will obtain by installing more sensors.

Definition 2.2 A function f : 2N → R is submodular if

ρi(X) ≥ ρi(Y ) (3)

for any X ⊆ Y ⊆ N and any i ∈ N\Y .

By Definition 2.2, the marginal return of item i diminishes as we switch from selection X to an inclusion-wise larger
selection, Y . Figure 3 demonstrates diminishing returns in sensor placement. We may determine whether a set
function is submodular and monotone non-decreasing using the following lemma.

Lemma 2.3 [81] A function f : 2N → R is submodular and monotone if and only if for all X,Y ⊂ N ,

f(Y ) ≤ f(X) +
∑

i∈Y \X

ρi(X).
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Examples of submodular set functions. Next we provide a few examples of submodular set functions which
frequently appear in combinatorial optimization. Recall N = {1, 2, . . . , n} denotes a finite non-empty ground set.
We consider the following set functions f : 2N → R.

• The linear function f(X) =
∑
i∈X ai, where a ∈ Rn, is both submodular and supermodular. Thus, we say

f is modular. If ai ≥ 0 for all i ∈ N , then f is also monotone.

• Suppose we are given a set of items, C, and n subsets of these items, A1, . . . , An ⊂ C. The set coverage
function f(X) = |

⋃
i∈X Ai| is submodular.

• Let G = (N,A) be a directed graph with vertex set N and arc set A. In addition, every arc (i, j) ∈ A has a
capacity cij ≥ 0. The graph cut function f(X) =

∑
(i,j)∈A:i∈X,j∈N\X cij is submodular but not monotone.

Operations on submodular set functions. The following list includes some operations that preserve
submodularity. Note that the functions h : 2N → R below are set functions defined over N = {1, 2, . . . , n}.

• Let f : 2N → R be a submodular set function. For any constant c ∈ R, the function h(X) := f(X) − c, for
all X ⊆ N , is submodular.

• Suppose f, g : 2N → R are two submodular set functions. Then for any nonnegative constants α, β ∈ R+,
the function h(X) := αf(X)+ βg(X), for all X ⊆ N , is submodular. More generally, any conic combination
of submodular functions is submodular.

• Let f : R → R be a concave function and g : 2N → R be a nonnegative linear function. The composition
h(X) := f(g(X)), for all X ⊆ N , is submodular.

• Suppose f, g : 2N → R are two submodular set functions, such that f − g is monotone non-decreasing or
non-increasing. The minimum h(X) := min{f(X), g(X)} is submodular.

We provide the definitions and properties above to help the readers identify submodularity in applications.
To illustrate how submodularity can be exploited to attain optimal decisions in these applications, we further
summarize a few key results of submodular set function optimization.

Throughout the remaining discussion, we assume that f(∅) = 0. This assumption is without loss of generality
because otherwise we can equivalently consider f ′(X) := f(X) − f(∅) for all X ⊆ N . If f is submodular and/or
monotone, then so is f ′. We also assume that f is available explicitly via a value oracle—given any X ⊆ N , f(X) is
returned in time that is polynomial in n. By slightly abusing notation, we use X ⊆ N and its binary representation
interchangeably. To be precise, any X ⊆ N uniquely corresponds to a binary vector x ∈ {0, 1}n, where

xi =

{
1, if i ∈ X,
0, otherwise.

Now a set function f : 2N → R can be rewritten as a function defined over binary vectors, f : {0, 1}n → R.

2.1 Submodular set function minimization

We first consider the unconstrained minimization problem

min
X⊆N

f(X), (4)

where f is a submodular set function. This class of optimization problems is known to be strongly polynomial-time
solvable [20, 27, 35, 36, 37, 47, 49, 57, 65]. In fact, f can be further extended to the continuous domain [0, 1]n via
Lovász extension [48].

Definition 2.4 Suppose we are given an arbitrary function f : {0, 1}n → R. The Lovász extension fL : [0, 1]n → R
of f is defined by

fL(x) =

n∑
i=1

(xδ(i) − xδ(i+1))f
(
Xδ,i

)
, (5)

for any x ∈ [0, 1]n. Here, δ = (δ(1), δ(2), . . . , δ(n)) is a permutation of N = {1, 2, . . . , n}, such that xδ(1) ≥ xδ(2) ≥
· · · ≥ xδ(n). We let xδ(n+1) = 0, and Xδ,i := {δ(1), . . . , δ(i)} for any i ∈ N .
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We note that (5) is equivalent to

fL(x) =

n∑
i=1

[
f
(
Xδ,i

)
− f

(
Xδ,i−1

)]
xδ(i) =

n∑
i=1

ρδ(i)

(
Xδ,i−1

)
xδ(i),

where Xδ,0 = ∅, and ρ·(·) is defined as in (2). While fL appears to be linear, due to the fact that the permutation
δ depends on x, this is not necessarily the case. Nevertheless, the Lovász extension is easy to compute given an
efficient value oracle. When f is submodular, fL has the following desirable property.

Proposition 2.5 [48] The Lovász extension of f coincides with its convex closure f c if and only if f is a submodular
set function, where

f c(x) = min

∑
S⊆N

αSf(S) :
∑
S⊆N

αS1S = x,
∑
S⊆N

αS = 1, αS ≥ 0,∀ S ⊆ N

 ,

and 1S is a binary vector with ones at i ∈ S and zeros in all other entries.

In other words, minimizing the convex closure of the submodular function f yields binary optimal solutions.
Therefore, unconstrained submodular set function minimization is equivalent to minimizing a convex function,
which suggests that this problem can be solved efficiently.

The complexity of unconstrained submodular set function minimization also follows from the polynomial equiv-
alence of optimization and separation. We next discuss this class of minimization problems from a polyhedral
perspective. Let

Qf := {(x, w) ∈ {0, 1}n × R : w ≥ f(x)}

be the epigraph of f . Problem (4) has an equivalent reformulation:

min{w : (x, w) ∈ conv (Qf )}. (6)

The convex hull of the epigraph, conv (Qf ), is described by the trivial inequalities 0 ≤ x ≤ 1 and all the extended
polymatroid inequalities (EPI) [8, 9, 48]. Each EPI is associated with a permutation of N and is defined as follows.

Definition 2.6 Given any permutation δ of N , the corresponding extended polymatroid inequality (EPI) is

w ≥
n∑
i=1

ρδ(i)

(
Xδ,i−1

)
xδ(i), (7)

where Xδ,· = {δ(1), . . . , δ(i)} for any i ∈ N , Xδ,0 = ∅, and ρ·(·) is defined as in (2).

The convex hull conv (Qf ) in formulation (6) is defined by all the EPIs and 0 ≤ x ≤ 1, making this formulation a
linear program with exponentially many constraints.

Delayed constraint generation framework. To tackle optimization problems with large numbers of con-
straints, it is natural to apply the Delayed Constraint Generation (DCG) framework. Consider reformulation (6)
as an example. Instead of entering this full master problem with exponentially many EPIs into a solver, we can
iteratively solve relaxed master problems that have fewer constraints and add necessary constraints in each iteration.
A relaxed master problem assumes the form of

min w

s.t. (x, w) ∈ C,
(8)

where C is constructed by only a subset of the constraints defining conv (Qf ) in Problem (6). Algorithm 1 provides
an outline of the DCG algorithm. The term (UB−LB)/UB measures the optimality gap, where LB and UB denote
the lower and upper bounds on the objective value, respectively. In this algorithm, while the optimality gap exceeds
a pre-specified tolerance parameter ϵ, we solve the relaxed master problem (8) to obtain its optimal solution and
objective pair (x, w). Given that (8) is a relaxed version of the original problem (6), w serves as a lower bound on
the optimal objective. The function evaluation f(x) is an upper bound because x is feasible. If w does not match
f(x), then we add a violated valid inequality to C (line 7). The problem of determining such an inequality is called
a separation problem. Ideally, we would like to find a most violated valid inequality, which is the most powerful
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constraint that will cut off (x, w) in the next iteration of DCG. Furthermore, by aiming to maximize violation, we
are also able to identify if no violation exists. We solve the updated relaxed master problem and repeat until the
optimality gap is sufficiently small.

Algorithm 1: Delayed Constraint Generation

1: Input initial C, LB = −∞, UB =∞;
2: while (UB− LB)/UB > ϵ do
3: Solve the current relaxed master problem (8) to get (x, w);
4: LB← w;
5: Compute f(x);
6: if w < f(x) then
7: Determine a violated valid inequality w ≥ π⊤x and add it to update C;
8: end if
9: if UB > f(x) then

10: UB← f(x);
11: end if
12: Update the incumbent solution to x;
13: end while
14: Output w, x.

As indicated by the Ellipsoid method, informally, optimization problems min{c⊤x : x ∈ X} are polynomially
solvable if the separation problem for conv (X ) can be solved in polynomial time. The separation problem for
conv (Qf ) in Problem (6) happens to be ‘easy’. The most violated EPI for any x ∈ [0, 1]n can be found using an
O(n log n) greedy algorithm proposed by [21].

In contrast to the unconstrained case, constrained submodular minimization (e.g., with cardinality constraints)
is generally NP-hard [76]. There exist exceptions when the problems satisfy special properties, such as minimizing
the composition of a concave function with a non-negative affine function under a cardinality constraint [31, 56].
We discuss the mixed-integer programming approach to this particular problem class in Section 3. To attain the
exact optimal solutions for general constrained submodular minimization, we may implement reformulation (6)
with additional linearly representable constraints in the DCG framework (see [8] for example).

2.2 Submodular set function maximization

Submodular maximization is NP-hard even in the unconstrained case. Given the complexity, many heuristics and
approximation algorithms are proposed [16, 46, 53, 58, 75]. In particular, [54] propose a celebrated (1 − 1/e)-
approximation algorithm for the cardinality-constrained maximization problem:

max
X:|X|≤k

f(X),

when f is monotone and submodular. Here, e is the base of normal logarithm. This algorithm is a greedy method
that sequentially collects k items with the highest marginal returns.

In many applications, especially those that involve high-capital investments like facility location and sensor
network design, it is desirable to solve for the exact optimal solutions rather than resorting to suboptimal ones.
This is because the exact optimal solutions can lead to significant utility improvements and cost reductions. In
[81], the authors tackle submodular maximization, namely

max
X⊆N

f(X), (9)

using an integer programming approach. We note that the submodular objective function f does not have to be
monotone. Let f∗(X) := f(X) −

∑
j∈X ρj(N \ {j}) for all X ⊆ N . The authors propose the following equivalent

mixed-integer programming formulation:

max
(x,w)∈{0,1}n×R

{w : (x, w) ∈ Qf}, (10)

where

Qf := {(x, w) ∈ Rn+ × R : w ≤ f∗(S) +
∑

j∈N\S

[f∗(S ∪ {j})− f∗(S)]xj +
∑
j∈N

ρj(N \ {j})xj ,∀ S ⊆ N}
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is the hypograph of f when x’s are restricted to binary vectors. Each inequality

w ≤ f∗(S) +
∑

j∈N\S

[f∗(S ∪ {j})− f∗(S)]xj +
∑
j∈N

ρj(N \ {j})xj (11)

is called a submodular inequality associated with S ⊆ N . Formulation (10) has exponentially many constraints,
which can be solved by DCG. The mixed-integer programming approach is able to handle additional constraints,
and Formulation (10) has been further strengthened for constrained submodular maximization by [2, 68, 86].

3 Cardinality-Constrained Submodular Minimization

To illustrate how to exploit submodularity to facilitate decision-making and how to apply the mixed-integer pro-
gramming approach, this section focuses on a class of constrained submodular set function minimization problems.

As mentioned in the previous section, the composition of a univariate concave function and a nonnegative
linear function is a submodular set function. That is, for any a ∈ Rn+ and any concave function f : R → R,
F (X) := f

(∑
i∈X ai

)
for all X ⊆ N , is submodular. Alternatively, F can be written as F (x) = f (

∑n
i=1 aixi) for

all x ∈ {0, 1}n.
Such functions are frequently used to model utilities in problems that involve risk aversion or economies of

scale, including mean-risk optimization [7, 8] and concave cost facility location [23, 28]. Mean-risk optimization is
a powerful modeling tool in financial applications, including investment portfolio management. We again observe
diminishing returns in these applications. In investment portfolio management, for example, an investor’s perception
of risk can be modeled using the aforementioned functions due to the diminishing returns intuition—as an investor’s
portfolio becomes more aggressive, she tends to perceive the risk associated with any additional financial product
to be milder. The number of financial products chosen is limited by a cardinality upper bound, k. Therefore, it is
of practical interest to consider the following problem:

min

{
f

(
n∑
i=1

aixi

)
: x ∈ {0, 1}n,

n∑
i=1

xi ≤ k

}
. (12)

Problem (12) has the following reformulation:

min {w : (x, w) ∈ Pmk } ,

where

Pmk =

{
(x, w) ∈ ×{0, 1}n × R : w ≥ f

(
n∑
i=1

aixi

)
,

n∑
i=1

xi ≤ k

}
(13)

represents the epigraph of f under the cardinality constraint. The superscriptm ∈ {1, 2, . . . , n} denotes the number
of distinct values in a. Problem (12) is polynomially solvable [31, 56], despite the NP-hardness of general constrained
submodular minimization. This complexity result suggests that a complete convex hull characterization of Pmk may
be tractable. Such a characterization is desirable because it leads to a versatile branch-and-cut approach to handle
more constraints in addition to the cardinality constraint. However, a tractable characterization for conv (Pmk ) has
been an open problem.

Recall from Section 2 that the EPIs (7) describe the epigraph convex hull without the cardinality constraint.
The authors in [87] account for the cardinality constraint and provide the full description of conv

(
P1
k

)
(i.e., when

ai = α ≥ 0 for all i ∈ N). The authors propose strong valid linear inequalities called the separation inequalities
(SIs).

Definition 3.1 For any permutation δ = (δ(1), δ(2), . . . , δ(n)) of N and a fixed integer parameter 0 ≤ i0 ≤ k − 1,
a separation inequality (SI) is given by

w ≥
i0∑
i=1

ρδ(i)xδ(i) +

n∑
i=i0+1

ψxδ(i), (14)

where ψ := f(kα)−f(i0α)
k−i0 , and ρδ(i) := f(iα)− f((i− 1)α).
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The authors show that the SIs, the cardinality constraint, and 0 ≤ x ≤ 1, completely describe conv
(
P1
k

)
. Fur-

thermore, they obtain a class of valid inequalities for conv (Pmk ) with general m, given by Definition 3.2. For ease
of notation, given any permutation δ of N , we re-index N such that δ is the natural order (1, 2, . . . , n). Thus we
omit δ in the notation below.

Definition 3.2 The approximate lifted inequalities, or ALIs, assume the form of

w ≥
k∑
i=1

ρixi +

n∑
i=k+1

ϕixi.

The coefficients ρi for i ∈ {1, . . . , k} are consistent with those in (14). For each i > k, let T with |T | = k − 1 be
a subset of {1, . . . , i − 1} such that the sum of the weights are as high as possible, and ϕi = f(ai +

∑
j∈T aj) −

f(
∑
j∈T aj).

Stronger valid inequalities have also been proposed for the general case (i.e., arbitrary m) without explicit forms
of the coefficients.

In [91], we make further progress in the case where a contains up to two distinct values and show multiple
ways to apply their results to the general case (i.e., any m ≥ 1). When m = 2, we denote the two weights in a by
aL and aH , respectively, with aL ≤ aH . We also define IL = {i ∈ N : ai = aL} and IH = {i ∈ N : ai = aH} as
the index sets corresponding to the lower and higher values in a. The results that we describe next hold for any
permutation δ of N . The ground set N is re-indexed so that δ is the natural order and thus is dropped from the
notation. Consider any subset S ⊆ N with cardinality k. By re-indexing, we assume S = {1, . . . , k} without loss
of generality.

We now share two important observations. First, consider the set

P2
k(S) =

{
(x, w) ∈ {0, 1}k × R : w ≥ f

(
k∑
i=1

aixi

)}
,

which is exactly P2
k with xi fixed to zeros for all i ∈ N \ S. The cardinality constraint trivially holds because at

most k variables could be non-zero. We observe that each EPI (7), w ≥
∑k
i=1 ρixi, associated with any ordering

of S is facet-defining (i.e., among the strongest valid inequalities) for P2
k(S). Next, consider the sets P1

k(IL) and
P1
k(IH), where

P1
k(IL) =

{
(w, x) ∈ R× {0, 1}IL : w ≥ f

(
aL
∑
i∈IL

xi

)
,
∑
i∈IL

xi ≤ k

}
, (15)

and

P1
k(IH) =

{
(w, x) ∈ R× {0, 1}IH : w ≥ f

(
aH

∑
i∈IH

xi

)
,
∑
i∈IH

xi ≤ k

}
. (16)

In P1
k(IL), all the variables xi with i ∈ IH are fixed to zeros, and P1

k(IH) imposes the same restrictions on i ∈ IL.
We note that the SIs are facet-defining for these two sets. These two observations imply that we may obtain
facet-defining inequalities for P2

k by exact lifting.
Lifting is a technique for strengthening valid inequalities, and thereby, improving MIP formulations. We

illustrate this technique with an example of lifting EPIs. Prior to lifting, the facet-defining inequality w ≥
∑k
i=1 ρixi

concerns only the variables xi for i ∈ S. Our goal is to construct the strongest inequality of the form

w ≥
k∑
i=1

ρixi +

n∑
i=k+1

ξixi. (17)

that is valid for P2
k . To achieve this goal, we go through a sequence-dependent lifting procedure to gradually add

variables xi, i ∈ N \ S, to this inequality with strong coefficients. At each intermediate step, we lift the inequality
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with xj for j ∈ {k + 1, . . . , n} by solving the j-th lifting problem (18).

ξj := min w −
k∑
i=1

ρixi −
j−1∑
i=k+1

ξixi

s.t. w ≥ f

(
aj +

j−1∑
i=1

aixi

)
,

j−1∑
i=1

xi ≤ k − 1,

x ∈ {0, 1}j−1.

(18)

The optimal objective ξj is precisely the lifted coefficient in the facet-defining inequality w ≥
∑k
i=1 ρixi +∑j

i=k+1 ξixi for the convex hull of the polyhedron

P2
k({1, . . . , j}) =

{
(w, x) ∈ R× {0, 1}j : w ≥ f

(
j∑
i=1

aixi

)
,

j∑
i=1

xi ≤ k

}
.

In [91], we give the closed-form optimal solutions and objectives of the lifting problems for EPIs and SIs. We
propose three classes of strong valid inequalities, which we call the lifted-EPIs (LEPIs), lower-SIs (LSIs) and
higher-SIs (HSIs). We refer the readers to [91] for the exact forms of these proposed inequalities.

Example 3.3 (LEPIs versus ALIs [91]) Suppose N = [6] and k = 2. We are given a = [4, 100, 100, 100, 4, 4] and

a concave function f(a⊤x) =
√
a⊤x. The ALI [87] with permutation δ = (5, 2, 3, 1, 4, 6) is

w ≥ 0.198x1 + 8.198x2 + 4.142x3 + 4.142x4 + 2x5 + 0.198x6.

The LEPI, lifed from the EPI associated with S = {2, 5} and δ, is

w ≥ 0.828x1 + 8.198x2 + 5.944x3 + 5.944x4 + 2x5 + 0.828x6.

The lifted-EPI dominates the ALI. In general, lifted-EPIs are at least as strong as the approximate lifted inequalities
[87].

Cardinality-constrained mean-risk minimization. We now showcase how the proposed inequalities can
be used in a branch-and-cut algorithm to improve computational performance. We first motivate the mean-risk
minimization problem with its application in investment portfolio management. Suppose we are given a set, N ,
of n investment options. We have a limited budget which allows us to select at most k options. Let the losses on
the investment options be normal random variables p̃ with mean µ and covariance Q. Our goal is to select up to
k options for our portfolio, such that with sufficiently high probability, we attain maximal gain, (or equivalently,
minimal loss). With this goal, we obtain the following formulation:

min
x∈{0,1}n

{
w : P

(
p̃⊤x ≤ w

)
≥ β,

n∑
i=1

xi ≤ k

}
. (19)

Each binary decision variable xi, i ∈ N , represents whether the corresponding option is chosen or not. The auxiliary
variable w captures the total loss of our portfolio, which we would like to minimize. The parameter β ∈ (0.5, 1)
represents how risk-averse we are. We may set higher β if we prefer lower risk while allowing potentially lower
profit, and vice versa. In fact, the optimization problem above is called Value-at-Risk minimization, and it can be
reformulated as the following [5, 7, 8, 13]:

min
x∈{0,1}n

{
−µ⊤x+Ω

√
x⊤Qx :

n∑
i=1

xi ≤ k

}
. (20)

Here, Ω is a constant parameter Φ−1(β), where Φ is the standard normal cumulative distribution function. We
note that Q is a positive semidefinite matrix. Problem (20) is cardinality-constrained mean-risk minimization with
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correlated random variables [5, 7]. We use the notation diag(y) to denote the diagonal matrix with a vector y as
its diagonal. The covariance matrix Q is the sum of Q − diag(a) and diag(a), for a ∈ Rn+ with Q − diag(a) ⪰ 0.
The benefit of this decomposition is that the separable quadratic term x⊤diag(a)x can be linearized to a⊤x. As
such, problem (20) has an equivalent formulation (SOCP):

min
(w,y,z,x)∈R3

+×{0,1}n
{−µ⊤x+Ωz : w ≥

√∑
i∈N

aixi,

n∑
i=1

xi ≤ k,

y ≥
√
x⊤(Q− diag(a))x, z2 ≥ w2 + y2},

(21)

which can be handled by optimization solvers, such as Gurobi. We notice that the set {(w,x) ∈ R× {0, 1}n : w ≥√∑
i∈N aixi,

∑n
i=1 xi ≤ k}, which is defined by a subset of the constraints from Problem (21), coincides with Pmk

given in (13). Under this observation, we may use the valid inequalities from [87, 91] in a branch-and-cut algorithm
in order to improve the computational performance. To apply LEPIs and LSIs proposed by [91], we decompose a
into atwo+ares so that atwo,ares ∈ Rn+, and atwo contains two distinct weights. Then Problem (21) can be rewritten
as

min
(v,w,y,z,x)∈R4

+×{0,1}n
{−µ⊤x+Ωz : w ≥

√∑
i∈N

atwo
i xi,

n∑
i=1

xi ≤ k,

v ≥
√∑
i∈N

aresi xi, y ≥
√
x⊤(Q− diag(a))x,

z2 ≥ v2 + w2 + y2}.

Table 1 summarizes the computational performance on problem (20) of a branch-and-cut algorithm with LEPIs
and LSIs (BC-LEPI-LSI), a branch-and-cut algorithm with ALIs (BC-ALI), and directly solving Problem (21)
(SOCP). All test instances are randomly generated. The experiments are executed on one thread of a Linux server
with Intel Haswell E5-2680 processor at 2.5GHz and 128GB of RAM. All the solution methods are implemented
in Python 3.6 and Gurobi Optimizer 9.5.1. The first column of Table 1 reports the risk tolerance parameter
β ∈ {0.95, 0.975, 0.99}. The second column shows the cardinality upper bound k ∈ {5, 10, 15} in each test case.
The fourth column presents the average runtime in seconds. The next column lists the average end gaps. An
end gap is computed by (UB−LB)/UB×100%, where UB and LB are the best upper and lower bounds on the
objective. The last two columns report the average numbers of branch-and-bound nodes visited and inequalities
added. BC-LEPI-LSI algorithm outperforms BC-ALI and SOCP in all the test cases—BC-LEPI-LSI solves to
optimality all but one test case with β = 0.99 and k = 15. In this particular case, BC-LEPI-LSI attains a small
end gap of 0.6%. BC-ALI and SOCP have longer average runtime than BC-LEPI-LSI and more failed instances.

The previous sections showcase the power of submodular set function optimization in the modeling and compu-
tation of decision-making problems. Next, we elaborate on two notions of generalized submodularity, namely the
multi-set extension and the mixed-integer extension, and how the techniques described previously can be applied
to these cases.

4 Multi-Set Extension of Submodularity

In this section, we consider the situations in which we are given heterogenous items, and our task is to determine
the best subset of the ‘bins’ to fill, as well as the types of items to place in the selected ‘bins’ (see Figure 2). In
particular, we discuss the multi-set extension of submodularity, called k-submodularity. Here, k ≥ 1 is a positive
integer that represents the number of item types.

Before formally defining k-submodularity, we first set forth some notations. Recall that N = {1, 2, . . . , n} is
a finite and non-empty ground set. We call a k-tuple of pairwise disjoint subsets of N a k-set. Figure 4 provides
an example of a 3-set—we are given three types of items and X is a 3-set. Each component Xi, i ∈ {1, 2, 3}, of
X contains the ‘bins’ at which items of type i are placed. Every ‘bin’ can hold one item, so these components are
pairwise disjoint. We use

(k + 1)N = {(S1, S2, . . . , Sk) : Sq ⊆ N,Sq ∩ Sq′ = ∅, for all q, q′ ∈ {1, 2, . . . , k} with q ̸= q′}

to denote the collection of all k-sets. For ease of notation, we let S = (S1, S2, . . . , Sk) ∈ (k + 1)N . When k = 1,
(k + 1)N = 2N is exactly the power set of N .
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Table 1: Computational performance of BC-LEPI-LSI, BC-ALI and SOCP on Problem (20). Superscript i means
that i our of five instances are solved within the time limit of one hour. For BC-LEPI-LSI, the average number
of total cuts is represented as mLEPI +mLSI = m, where mLEPI is the average number of LEPIs added across five
trials, and mLSI is that of LSIs.

β k method time (s) end gap # nodes # cuts

0.95

5
BC-LEPI-LSI 171.95 0.0% 6295.2 394.6+140.2=534.8

BC-ALI 244.15 0.0% 10723.2 1071.4
SOCP 1702.15 0.0% 173698.4 N/A

10
BC-LEPI-LSI 577.55 0.0% 15612.2 1251.0+248.6=1499.6

BC-ALI 958.35 0.0% 26572.0 2656.6
SOCP –0 5.8% 82144.0 N/A

15
BC-LEPI-LSI 124.35 0.0% 3414.6 258.0+73.0=331.0

BC-ALI 217.25 0.0% 5907.4 590.0
SOCP 2789.62 1.7% 79930.6 N/A

0.975

5
BC-LEPI-LSI 827.45 0.0% 20236.2 1176.2+705.2=1881.4

BC-ALI 1254.15 0.0% 41768.4 4175.6
SOCP 3349.51 31.1% 166471.6 N/A

10
BC-LEPI-LSI 838.95 0.0% 21996.8 1498.6+648.8=2147.4

BC-ALI 1187.44 1.2% 40896.2 4088.8
SOCP –0 12.9% 74527.4 N/A

15
BC-LEPI-LSI 988.65 0.0% 19225.8 1575.0+324.2=1899.2

BC-ALI 1912.73 0.8% 43951.8 4393.8
SOCP –0 6.9% 52940.8 N/A

0.99

5
BC-LEPI-LSI 650.15 0.0% 20280.0 1175.6+715.4=1891.0

BC-ALI 947.55 0.0% 38703.6 3869.4
SOCP 3355.91 72.3% 259287.8 N/A

10
BC-LEPI-LSI 1855.75 0.0% 38376.0 2946.4+842.4=3788.8

BC-ALI 3068.41 4.7% 88635.6 8862.6
SOCP –0 30.8% 75435.8 N/A

15
BC-LEPI-LSI 1354.14 0.6% 24718.6 2269.6+184.4=2454.0

BC-ALI 2434.12 1.8% 70845.8 7083.4
SOCP –0 10.5% 65965.4 N/A

Definition 4.1 For any positive integer k, a function f : (k + 1)N → R is k-submodular if for any X =
(X1, X2, . . . , Xk),Y = (Y1, Y2, . . . , Yk) ∈ (k + 1)N ,

f(X) + f(Y) ≥ f(X ⊓Y) + f(X ⊔Y),

where
X ⊓Y = (X1 ∩ Y1, X2 ∩ Y2, . . . , Xk ∩ Yk),

and

X ⊔Y =

(
(X1 ∪ Y1)\

k⋃
q=2

(Xq ∪ Yq), . . . , (Xk ∪ Yk)\
k−1⋃
q=1

(Xq ∪ Yq)

)
.

Definition 4.1 is similar to Definition 2.1 for submodular set functions. They differ by the fact that the
intersection and union operators in Definition 4.1 apply to k-sets component-wise. In particular, the ⊔ operator
excludes additional items to ensure pairwise disjointness of the resulting k-set. When k = 1, the functions satisfying
Definition 4.1 are exactly the submodular set functions. When k = 2, we call these functions bisubmodular functions.

4.1 Applications of k-submodularity

Next, we describe a few applications of k-submodularity to demonstrate its modeling power.
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Figure 4: An example of a k-set.

4.1.1 Multi-type sensor placement.

Internet of things (IoT) has enabled sensor networks to monitor systems such as smart homes [25], smart grids [1]
and smart cities [92]. In these applications, we often have more than one type of sensors that measure different
aspects of the environment (e.g. temperature, humidity, and luminance). Suppose we are given k ≥ 2 types of
sensors and a set N = {1, 2, . . . , n} of candidate locations such that each location holds up to one sensor. Let the
locations for type-i sensors be Si. Then every k-set, S = (S1, . . . , Sk) ∈ (k + 1)N , uniquely represents a k-type
sensor placement plan. The effectiveness of any placement plan can be quantified using the following entropy
function H(XS) = −

∑
x∈XS

P(XS = x) logP(XS = x), where XS is a random variable representing the possible
observations made by sensors of corresponding types installed at S, and the set XS contains all possible observations
[55]. Intuitively, the entropy of XS is high when the k types of measurements at locations S1, . . . , Sk, respectively,
are difficult to predict. The function f(S) = H(XS) for all S ∈ (k + 1)N , is k-submodular [55].

4.1.2 Multi-topic influence propagation.

Social media platforms have served as a crucial source of information. The mechanism of information spread over a
social network can be modeled using a submodular set function, which maps a set of initial information spreaders to
the expected total number of network users who are influenced by this information [41]. This model is particularly
helpful for applications such as viral marketing. This model is generalized to allow k ≥ 2 types of influence [55].
In a social network G = (N,A), N = {1, 2, . . . , n} represents the network users, and the arc set A models the
interactions among the users. For any i, j ∈ N and q ∈ {1, 2, . . . , k}, pq(i,j) is the probability of i influencing j

on topic q. In viral marketing, pq(i,j) can be interpreted as the likelihood of i convincing j to purchase product q.

Let Sq ⊆ N be the influencers selected to promote the type-q products. Moreover, let Aq(Sq) be the individuals
influenced by the initial spreaders Sq about product q under the stochastic model proposed by [41]. The function

f(S) = E[|
⋃k
q=1Aq(Sq)|] evaluates the expected total number of influenced individuals given initial influencers S,

and it has been shown to be monotone and k-submodular [55].

4.1.3 Multi-class feature selection.

Feature selection is an important technique in numerous fields of research, such as machine learning [66], bioinfor-
matics [63], and data mining [61]. This process improves the interpretability of the models and avoids the curse
of dimensionality. Multi-class feature selection generalizes the usual feature selection problem. In k-class feature
selection, we are given k uncorrelated prediction variables and a pool of features. Our goal is to select the most infor-
mative features and to determine the corresponding prediction variables for the selected features. When k = 2, the
problem is called the coupled feature selection problem [70]. More specifically, C1, C2 are two prediction variables
andN is a set of features. For any S = (S1, S2) ∈ 3N , Si contains the features selected for predicting Ci, i ∈ {1, 2}. It
is assumed that S1, S2 are mutually conditionally independent given C = {C1, C2}. The informativeness of a coupled
feature selection is measured by its mutual information I(S;C) = H(S1∪S2)−

∑
i∈S1

H(i | C1)−
∑
j∈S2

H(j | C2),

where H(X) = −
∑
x∈X P(X = x) logP(X = x), and H(X | Y ) = −

∑
x∈X ,y∈Y P(X = x, Y = y) log P(X=x,Y=y)

P(Y=y) .
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Higher mutual information suggests that the biset of features is more informative for the prediction tasks. The
function f(S) = I(S;C) is monotone and bisubmodular [70].

4.1.4 Drug-drug interaction detection.

When certain drugs are taken concomitantly, they react in our bodies. Such reactions are referred to as the drug-
drug interactions (DDIs). DDIs comprise at least 30% of the adverse drug events, which cause 770,000 injuries
and deaths every year [59, 77]. The authors in [33] introduce a function that models the correlation between
combinations of drugs and adverse effects, and they further show that this function is bisubmodular and determine
DDIs based on online medical forum data by exploiting bisubmodularity.

4.2 Exact solution methods for k-submodular optimization

The previous section illustrates how k-submodular functions model utilities in real-world applications. After obtain-
ing such a model, our next step is to optimize the k-submodular utility function in order to determine an optimal
decision. In this section, we describe exact solution approaches to k-submodular function maximization and mini-
mization. Throughout this section, we assume without loss of generality that f(∅) = 0, where ∅ = (∅, . . . , ∅).

4.2.1 k-submodular maximization.

A k-submodular maximization problem assumes the following form:

max
X∈X

f(X), (22)

where f is k-submodular, and X ⊆ (k + 1)N contains all the feasible k-sets. When Problem (22) is unconstrained,
X = (k + 1)N . We may also incorporate linear constraints, such as cardinality and knapsack constraints, to make
X ⊊ (k + 1)N .

Submodular set function maximization is a special case of k-submodular maximization. Given that submodular
maximization is NP-hard, k-submodular maximization is NP-hard as well. Most of the methods proposed for k-
submodular maximization are approximation algorithms. A class of bisubmodular functions can be maximized
by a constant-factor approximation algorithm [70]. Studies including [38, 79, 80] establish a 1/2-approximation
guarantee of a randomized greedy algorithm for unconstrained bisubmodular maximization. When k ≥ 3, [80]
achieve an approximation guarantee of max(1/3, 1/(1 + max(1,

√
(k − 1)/4))), and this result has been improved

to 1/2 by [39]. Other studies consider maximizing nonnegative monotone k-submodular functions under various
constraints (e.g., cardinality constraints [55], matroid constraints [64]).

In this tutorial, we focus on the exact solution methods derived from mixed-integer programming approaches.
By slightly abusing notation, we introduce the following binary representation of the k-sets. That is, every X ∈
(k + 1)N is uniquely mapped to x = [x1, . . . ,xk]⊤ ∈ {0, 1}kn, with

∑k
q=1 x

q
i ≤ 1 for all i ∈ N and

xqi =

{
1, if i ∈ Xq,

0, otherwise.

The linear inequalities
∑k
q=1 x

q
i ≤ 1 for all i ∈ N ensure pairwise disjointness of the components in the corresponding

k-set. We let X denote the feasible k-sets, as well as the feasible binary incidence vectors. Then we can rewrite
Problem (22) as

max{w : (x, w) ∈ Tf ,x ∈ X}, (23)

where

Tf =

{
(x, w) ∈ {0, 1}kn × R : w ≤ f(x),

k∑
q=1

xqi ≤ 1 for all i ∈ N

}
.

Let ρq,i(X) = f(X1, . . . , Xq ∪ {i}, . . . , Xk) − f(X) be the marginal contribution of adding item i ∈ N to the
q-th component of X ∈ (k + 1)N .

Definition 4.2 A k-submodular function f : (k + 1)N → R is monotone non-decreasing, or simply monotone, if
f(Y) ≥ f(X) for any X,Y ∈ (k + 1)N such that Xq ⊆ Yq for all q ∈ {1, . . . , k}. Equivalently, f is monotone if

ρq,i(X) ≥ 0, for any X ∈ (k + 1)N , i ∈ N\
⋃k
p=1Xp, and q ∈ {1, . . . , k}.
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Given a non-monotone k-submodular function f , we can construct its monotone counterpart as the following.
For every i ∈ N and q ∈ {1, . . . , k}, let

ξqi = min

{
ρq,i(S) : S ∈ (k + 1)N\{i},

k⋃
p=1

Sp = N\{i}

}
.

Lemma 4.3 [89] Given any non-monotone k-submodular function f ,

f∗(X) := f(X)−
k∑
q=1

∑
i∈Xq

ξqi

is k-submodular and monotone.

We refer the readers to Lemma 3.2 of [89] for more details on this result.

Definition 4.4 Given any k-submodular function f and any S ∈ (k+1)N , the k-submodular inequality associated
with S is

w ≤ f(S) +
k∑
q=1

∑
i/∈

⋃k
r=1 Sr

ρq,i(S)x
q
i +

k∑
q=1

∑
p∈{1,...,k}\{q}

∑
i∈Sp

ρq,i(∅)xqi −
k∑
q=1

∑
i∈Sq

ξqi (1− x
q
i ). (24)

Proposition 4.5 [89] For any k-submodular function f and any S ∈ (k + 1)N , the k-submodular inequality (24)
associated with S is valid for Tf .

We refer the readers to Proposition 4.2 in [89] for the proof of this proposition. We note that the submodular
inequalities (11) proposed by [81] is a special case of the k-submodular inequalities when k = 1. The k-submodular
inequalities provide a piecewise linear representation of the objective function f , with which we derive another
equivalent formulation of k-submodular maximization as shown in the next theorem.

Theorem 4.6 [89] Problem (23) is equivalent to

max
(x,w)∈{0,1}kn×R

{w : w ≤ f(S) +
k∑
q=1

∑
i/∈

⋃k
r=1 Sr

ρq,i(S)x
q
i +

k∑
q=1

∑
p∈{1,...,k}\{q}

∑
i∈Sp

ρq,i(∅)xqi

−
k∑
q=1

∑
i∈Sq

ξqi (1− x
q
i ),∀ S ∈ (k + 1)N ,

k∑
q=1

xqi ≤ 1,∀ i ∈ N,x ∈ X .}

(25)

We use the DCG framework (see Algorithm 1) to overcome the challenge of having exponentially many k-
submodular inequalities in the mixed 0-1 linear program reformulation (25). A computational study on multi-type
sensor placement problem is included in Section 4.3.

4.2.2 k-submodular minimization

In this section, we summarize the results on minimizing k-submodular functions. In particular, we focus on the case
where k = 2. The study [60] proves an analogue of Lovász extension (see Section 2) for bisubmodular functions. This
result suggests that unconstrained bisubmodular minimization can be solved in polynomial time using the ellipsoid
method. Weakly and strongly polynomial algorithms have also been proposed for unconstrained bisubmodular
minimization [24, 50]. The Min-Max Theorem for submodular and bisubmodular minimization is generalized to
the k-submodular case with k ≥ 3 [34], but the complexity of general k-submodular minimization remains an
open problem. In [88], we completely characterize the epigraph convex hull of any bisubmodular function, and
this polyhedral characterization leads to an effective cutting plane algorithm to solve constrained bisubmodular
minimization to global optimality.
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We now consider the constrained bisubmodular minimization problem:

min f(S1, S2)

s.t. (S1, S2) ∈ S ⊆ 3N ,
(26)

and summarize the mixed-integer programming approach we propose in [88]. Without loss of generality, we again
assume f(∅, ∅) = 0. In addition, S ⊆ 3N is the set of feasible solutions after possibly incorporating any linearly
representable constraints. This is a class of nonlinear optimization problems over bisets, which could not be directly
entered into optimization solvers.

In order to reformulate Problem (26) as a mixed-integer linear program, we first convert the bisets into ternary
characteristic vectors. To be more precise, for any (S1, S2) ∈ 3N , there is a unique vector x ∈ {0,±1}n such that
for every i ∈ {1, 2, . . . , n},

xi :=


1, i ∈ S1,

−1, i ∈ S2,

0, otherwise.

Conversely, every x ∈ {0,±1}n corresponds to a unique biset. To this point, we have successfully turned the set
S of feasible bisets in Problem (26) to the integer vectors x ∈ X , where X contains every x ∈ {0,±1}n that also
satisfies all the additional linear constraints.

The next step is to rewrite the nonlinear objective function f into a form that the optimization solvers could
handle. In [88], we propose a piecewise linear representation of f . This representation relies on the extremal
poly-bimatroid inequalities, which are defined as the following.

Definition 4.7 Let any permutation δ = (δ1, δ2, . . . , δn) of N and any σ ∈ {±1}n be given. An extremal poly-
bimatroid inequality associated with δ and σ is w ≥ π⊤x, where π ← Signed Greedy(δ,σ) (see Algorithm 2).

Algorithm 2: Signed Greedy [3, 50]

1: Input a permutation δ = {δ1, δ2, . . . , δn} of N , a vector σ ∈ {±1}n;
2: π ← 0, S1 ← ∅, S2 ← ∅;
3: for i = 1, 2, . . . , n do
4: if σδi = 1 then
5: πδi ← f(S1 ∪ {δi}, S2)− f(S1, S2);
6: S1 ← S1 ∪ {δi};
7: else
8: πδi ← −f(S1, S2 ∪ {δi}) + f(S1, S2);
9: S2 ← S2 ∪ {δi};

10: end if
11: end for
12: Output π ∈ Rn.

Theorem 4.8 below formally establishes that the extremal poly-bimatroid inequalities provide a piecewise linear
representation of f . We refer the readers to [88] for the proof of Theorem 4.8.

Theorem 4.8 [88] The convex hull of the epigraph of f , conv ((x, w) ∈ {0,±1}n × R : w ≥ f(x)), is described
completely by all the extremal poly-bimatroid inequalities w ≥ π⊤x, and the trivial inequalities −1 ≤ xi ≤ 1 for all
i ∈ {1, 2, . . . , n}.

Following from Theorem 4.8, the constrained bisubmodular minimization problem (26) has an equivalent re-
formulation:

min w

s.t. (x, w) ∈ C,
x ∈ X .

(27)

The polyhedral set C is defined by all the extremal poly-bimatroid inequalities. The set X contains all the ternary
characteristic vectors that correspond to feasible bisets. Due to the observation that Problem (27) has exponentially
many extremal poly-bimatroid inequalities, it is desirable to apply the DCG framework (see Algorithm 1). The
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problem of separating an extremal poly-bimatroid inequaliy at any fractional solution x ∈ Rn can be efficiently
solved by an O(n log n) greedy algorithm (Algorithm 3).

Algorithm 3: Generalized Greedy [15]

1: Input x ∈ Rn;
2: Sort entries in x to obtain a permutation δ such that |xδ1 | ≥ |xδ2 | ≥ · · · ≥ |xδn |;
3: π ← 0, S1, S2 ← ∅;
4: for i = 1, 2, . . . , n do
5: if xδi ≥ 0 then
6: πδi ← f(S1 ∪ {δi}, S2)− f(S1, S2);
7: S1 ← S1 ∪ {δi};
8: else
9: πδi ← −f(S1, S2 ∪ {δi}) + f(S1, S2);

10: S2 ← S2 ∪ {δi};
11: end if
12: end for
13: Output An extremal poly-bimatroid inequality w ≥ π⊤x.

Now that we have described exact solution methods to tackle k-submodular maximization and minimization,
we demonstrate the proposed DCG algorithms in the multi-type sensor placement problem, as well as its robust
variant.

4.3 An In-Depth Example of Multi-Type Sensor Placement

We delve deeper into the multi-type sensor placement problem, described in Section 4.1.1, to demonstrate how k-
submodular optimization is applied in practice. We refer the readers to Example 5.1 in [88] for a numerical example
of the entropy function that models the utility in this application. Recall that we are given k types of sensors and
n candidate locations. We would like to determine an optimal k-type sensor placement plan S ∈ (k + 1)N that
maximizes entropy. In addition, we have a limited budget which restricts the number of sensors available to us—we
may install up to Bq sensors of type q, for q ∈ {1, 2, . . . , k}. These restrictions are formulated as the cardinality
constraints,

∑n
i=1 x

q
i ≤ Bq for every q ∈ {1, 2, . . . , k}.

Because of the high nonlinearity of the objective function, there is no compact mixed-integer linear formulation
for this problem. Thus we compare the DCG algorithm with k-submodular inequalities against the only exact
solution approach, exhaustive search (ES). We randomly generate test instances using the Intel Berkeley research
lab dataset [14], which contains the sensor readings of luminance, temperature, and humidity at 54 locations in the
lab. For the set of experiments with k = 2, we aim to find the best placement plan for luminance and temperature
sensors. When k = 3, our goal is to determine the optimal placement plan for all three measurements. Our
experiments are executed on two threads of a Linux server with Intel Haswell E5-2680 processor at 2.5GHz and
128GB of RAM. Our algorithms are implemented in Python 3.6 and Gurobi Optimizer 7.5.1 with time limit of one
hour. We include our computational results in Table 2. We alter n, the number of candidate locations, between 20
and 50. We use 100 tuples of luminance, temperature and humidity readings to evaluate entropy. The cardinality
upper bounds Bq are set to n/10 for all q ∈ {1, . . . , k}. We report the computational statistics of DCG, including
runtime, the number of k-submodular inequalities added, the number of visited branch-and-bound nodes, and the
end gaps (i.e., (UB−LB)/UB). For ES, we report the average runtime.

DCG solves all test instances to optimality under half an hour. On the other hand, ES fails to solve any
instances beyond n = 20 for both k = 2 and k = 3. Consider the test case of k = 2 and n = 50 as an example,
ES needs to enumerate 50!/(5!5!40!) ≈ 2.59 × 1012 feasible solutions to find an optimal solution. Each entropy
evaluation takes 1.6 × 10−4 seconds on average, so it takes approximately 13.13 years for ES to reach optimality.
In contrast, our algorithm finds an optimal solution under eight minutes.

We further consider a robust variant of the coupled sensor placement problem. This time, our goal is to
determine a coupled sensor placement plan with the highest worst-case entropy. In particular, we would like our
placement plan to be robust against two kinds of potential faults. First, given any placement plan, up to W ∈ Z+

sensors of the wrong type will be installed. Second, some sensors will malfunction due to software or hardware
faults, but at least B′

1 type-1 sensors and B′
2 type-2 sensors will function properly. Problem (28) is the robust
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Table 2: Computational performance of DCG and ES in k-type sensor placement. The statistics are averaged
across three trials. The superscript ℓ means that ℓ instances reach the time limit of one hour.

k n time (s) # cuts # nodes end gap ES time (s)

2

20 1.09 38.67 42.33 – 17.68
30 13.04 250.33 253.67 – –3

40 161.80 1783.33 1791.00 – –3

50 478.09 3559.33 3566.33 – –3

3

20 1.58 32.67 35.33 – 2953.18
30 20.27 222.33 226.67 – –3

40 164.97 1043.00 1049.33 – –3

50 1779.49 6907.67 6920.00 – –3

coupled sensor placement problem.

max
(S1,S2)∈3N

min
(T1,T2)∈3S1∪S2

f(T1, T2) (28a)

s.t. |S1| = B1, |S2| = B2, (28b)

|T1| ≥ B′
1, |T2| ≥ B′

2, (28c)

|T1 ∩ S2|+ |T2 ∩ S1| ≤W. (28d)

Given a placement plan (S1, S2) ∈ 3N selected in the outer maximization problem, in the inner minimization
problem, the decision (T1, T2) corresponds to the functioning sensors after the two kinds of faults in the worst
case. This inner minimization problem is constrained bisubmodular minimization. Due to the nonlinear objective
and cardinality constraints, we apply the DCG algorithm to tackle the mixed-integer reformulation (29) of the
inner problem. In this formulation, C in constraint (29b) is defined by all the extremal poly-bimatroid inequalities.
Classical robust optimization techniques such as the L-shaped method [45] could be used to tackle the outer
maximization problem.

min w (29a)

s.t. (x, w) ∈ C, (29b)

xi = y1i − y2i , for all i ∈ N, (29c)

y1i + y2i ≤ 1, for all i ∈ N, (29d)∑
i∈N

y1i ≥ B′
1, (29e)∑

i∈N
y2i ≥ B′

2, (29f)

y1i , y
2
i = 0, for all i ∈ N\(S1 ∪ S2), (29g)∑

i∈S1

y2i +
∑
i∈S2

y1i ≤W, for all i ∈ N, (29h)

y1i , y
2
i ∈ {0, 1}, for all i ∈ N. (29i)

We again generate random instances using the temperature and humidity readings from Intel Berkeley research
lab dataset. We randomly pick n candidate locations, and we vary the number t of temperature and humidity
readings that we use for entropy evaluation. We set B1 = ⌊2n/5⌋, B2 = ⌊n/2⌋, B′

1 = ⌊4B1/5⌋, B′
2 = ⌊3B2/5⌋,

and W = ⌊3(B1 + B2)/5⌋. In Table 3, we report the average runtime of DCG in seconds, the average numbers
of extremal poly-bimatroid inequalities added, and the average numbers of branch-and-bound nodes visited. We
observe that DCG solves all test instances within five minutes on average. In smaller test cases with n ≤ 10,
DCG attains optimality within five seconds. Overall, DCG is an efficient method to exactly optimize the inner
constrained bisubmodular minimization problem.
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Table 3: Computational results of DCG for the bisubmodular minimization subproblem in robust coupled sensor
placement. The statistics are averaged across ten instances.

n t time (s) # cuts # nodes

5

10 0.003 2.1 2.0
20 0.012 10.2 25.9
50 0.011 4.9 6.4
100 0.035 11.4 28.9
500 0.096 8.0 20.7

10

10 0.104 62.4 493.1
20 0.238 97.1 1113.1
50 0.339 77.9 750.0
100 0.896 114.9 1024.1
500 4.261 142.6 1162.3

20

10 0.405 103.8 2015.4
20 1.121 167.5 2906.7
50 88.371 1568.9 127030.7
100 154.587 2257.2 122514.8
500 277.127 1800.5 111079.2

To this point, we have demonstrated the modeling power of the multi-set extension of submodularity—k-
submodularity—in real-life applications. These decision-making problems give rise to nonlinear optimization prob-
lems over k-sets that cannot be directly entered into optimization solvers. We have discussed the ways to reformulate
these challenging problems as mixed-integer linear programs. The DCG algorithm leverages the power of MILP
solvers and efficiently solves the reformulated problems to optimality despite the large numbers of constraints.
Next, we provide a brief overview of another notion of generalized submodularity.

5 Mixed-Integer Extension of Submodularity

Recall in Section 1, we have motivated the mixed-integer extension of submodularity, in which we are allowed to
place multiple, and even fractional, copies of the provided homogenous items in each ‘bin’ (see Figure 2). Instead
of having binary decision variables as in submodular set function optimization, now we need to incorporate mixed-
integer decision variables. Specifically, we focus on Diminishing Returns (DR)-submodularity in this tutorial.

Let ei ∈ Rn be a vector with one in the i-th entry and zero everywhere else.

Definition 5.1 A function f : X ⊆ Rn → R is DR-submodular if

f(x+ αei)− f(x) ≥ f(y + αei)− f(y)

for every i ∈ {1, 2, . . . , n}, for all x,y ∈ X with x ≤ y component-wise, and for all α ∈ R+ such that x+ αei,y +
αei ∈ X .

Similar to Definition 2.2 for submodular set functions, Definition 5.1 reflects the diminishing returns intuition. The
marginal contribution of adding a positive step α in the i-th coordinate to a component-wise smaller vector x is
higher than that to a larger vector, y. A continuous DR-submodular function can be convex, concave, or neither.
Figure 5 (left) is an example of a nonconvex and nonconcave DR-submodular function. A twice differentiable
function is DR-submodular if and only if its Hessian entries are nonpositive at every point in the domain [12].

There exists another related mixed-integer extension of submodularity.

Definition 5.2 Consider a function f : X ⊆ Rn → R. Suppose

f(x) + f(y) ≥ f(x ∧ y) + f(x ∨ y),

for all x,y ∈ X , where ∧ and ∨ are the component-wise minimum and maximum operators, respectively. Then f
is referred to as submodular (see [10, 12, 29, 74, 78]), or lattice submodular when X ⊆ Zn (see [22, 71, 73]).
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Figure 5: A continuous nonconvex and nonconcave DR-submodular function f(x) = −x21 − 13x1x2 + 50x1 + 30x2
and the convex hull of its epigraph under box constraints. The convex hull is polyhedral.

Note that DR-submodularity is a subclass of (lattice) submodularity [12]. Due to its diminishing returns property,
DR-submodularity is prevalent in many applications, including but not limited to, optimal budget allocation,
revenue management, sensor energy management, stability number of graphs, and mean field inference [12, 52, 62,
72, 73]. Therefore, we focus on DR-submodularity in this section.

5.1 Applications of DR-submodularity

We now provide detailed descriptions of two applications of DR-submodular functions.

5.1.1 Advertisement planning.

We are interested in designing an advertisement plan with optimal influence. Let N = {1, 2, . . . , n} be a set of
media platforms (e.g., inline ads, TV commercial spots, social media influencers) and T be the set of our target
audience. Each media option i ∈ N has a probability pit of influencing the audience t ∈ T . Our decisions are
the ad volumes xi via media option i, for all i ∈ N . This variable could be continuous (e.g., TV air time)
or discrete (e.g., number of social media influencers). Given a plan x ∈ Rn, the total influence of this plan is
f(x) =

∑
t∈T

[
1−

∏
i∈N (1− pit)xi

]
, which is DR-submodular [12].

5.1.2 Sensor energy management.

The global energy crisis has made energy efficiency a crucial consideration in many applications. We describe
the problem of placing sensors with adjustable energy levels to detect contamination events [71]. We are given
N = {1, 2, . . . , n} candidate locations for sensor placement, and our task is to decide the level of energy xi made
available to i ∈ N . The amount of energy could fall under a continuous range or discrete levels, making our decision
variables x continuous and discrete, respectively. We let xi = 0 if no sensor is placed in i. When a contamination
event e ∈ E occurs, z(i, e) represents the time taken for the pollution to reach sensor location i in this event. Let
0 < p < 1 be a constant representing the chance of detection failure per unit of energy at any sensor location. When
the pollution reaches sensor location i, the probability of successfully detecting it is 1 − pxi . We note that higher
energy increases the chance of successful detections. Given e ∈ E, let Ie be a random variable representing the first
sensor that detects the pollution in event e. Let z∞ = maxi∈N,e∈E z(i, e) be the maximal time for the pollution in
event e to reach any sensor location i ∈ N . If no sensor detects the pollution in event e, then we let z(i, e) = z∞.
The expected time reduction in pollution detection is modeled by the function f(x) = Ee∈EEIe [z∞ − z(Ie, e)]. It
has been shown that function f is DR-submodular [71].

5.2 DR-submodular optimization

Motivated by numerous applications, DR-submodular maximization has attracted much attention. For continuous
DR-submodular maximization, researchers have developed approximation and global optimization algorithms [11,
12, 30, 51, 62]. Other studies examine DR-submodular maximization with integer decision variables and propose
approximation algorithms with theoretical guarantees [72, 73].

Few studies have focused on DR-submodular minimization. They generally assume the decision variables to be
box-constrained (i.e., 0 ≤ xi ≤ ui for ui ∈ R+, i ∈ N). In [22], the authors reduce DR-submodular optimization
with integer decision variables to submodular set function optimization, which implies that integer DR-submodular
minimization under box-constraints is polynomially solvable. The complexity depends on the size of the decision
space and the logarithm of the parameter values of the box-constraints (see also [74]).
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Figure 6: An example of a directed rooted forest.

Recall that (lattice) submodularity subsumes DR-submodularity, so the works on (lattice) submodular mini-
mization also apply to DR-submodular minimization. Topkis [78] explores the properties of the minimizers for a
class of parametric (lattice) submodular minimization problems. Bach [10] generalizes Choquet integral (equivalent
to Lovàsz extension) to (lattice) submodular functions and proposes an algorithm for minimizing (lattice) submod-
ular functions under box constraints. The time complexity of the algorithm is polynomial in the decision space size
and the box constraints parameters and is thus pseudo-polynomial. Han et al. [29] consider a class of constrained
submodular minimization problems with mixed-binary variables and establish its polynomial solvability. We take
a polyhedral approach to tackle constrained DR-submodular minimization problems with mixed-integer variables
in [90].

5.2.1 DR-submodular minimization

We next discuss how the mixed-integer programming approach is applied to tackle constrained mixed-integer DR-
submodular minimization [90].

Consider the following problem:
min

x∈X (G,u)
f(x), (30)

where X (G,u) is defined by box constraints and possibly monotonicity constraints:

X (G,u) := {x ∈ Zn × Rm : 0 ≤ x ≤ u, xi ≤ xj , ∀ (i, j) ∈ A}. (31)

Our decision x contains n ∈ Z+ general integer variables (n ≥ 1) and m ∈ Z+ continuous variables. We let
V = {1, . . . , n + m} be the index set of all the variables, and let N be the set of indices corresponding to the
integer variables. Notation G refers to a digraph with vertices V and arcs A. The arc set A ⊂ V × V governs the
monotonicity constraints for the feasible set. The monotonicity constraints are inspired by monotone systems of
linear inequalities, or the inequalities each with two variables and coefficients of opposite signs [4, 17, 32, 69]. They
naturally arise in applications as well. For example, in sensor energy management (see Section 5.1.2), certain sensor
locations provide more helpful information than others, thus we may be interested in imposing a partial ordering
on the energy allocation.

We allow G to be any directed rooted forest, which is a disjoint union of directed trees, each with a designated
root and all arcs pointing away from the root. Figure 6 is an example of a directed rooted forest. Such digraphs
do not contain cycles, which would imply redundant equalities. We set forth the following definitions related to a
directed rooted forest. For i ∈ V, we use R+(i) ⊆ V to denote the vertices that i can reach following the arcs in A.
We call these vertices the descendants of i.

Surprisingly, the constrained mixed-integer nonlinear optimization problem (30) can be reformulated as a
continuous linear program. To see this, we first rewrite problem (30) as

min
{
w : (x, w) ∈ conv

(
PX (G,u)
f

)}
, (32)

where
PX (G,u)
f := {(x, w) ∈ X (G,u)× R : w ≥ f(x)}

is the epigraph of f under X (G,u). Theorem 5.3 proposes a full characterization of conv
(
PX (G,u)
f

)
, and this

convex hull happens to be polyhedral. Therefore, (32) becomes a linear program with continuous variables and
exponentially many linear constraints. Figure 5 (right) pictorially illustrates this result on an example.

Theorem 5.3 [90] All the DR inequalities associated with valid permutations, along with the Mixed-Integer Round-
ing (MIR) inequalities, the box constraints, and the monotonicity constraints that define conv (X (G,u)), fully de-

scribe conv
(
PX (G,u)
f

)
, under some technical conditions.
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We next define the MIR inequalities and the DR inequalities mentioned in Theorem 5.3. The MIR inequalities
are needed to convexify the mixed-integer feasible set X (G,u). Let

Ψ := {ψ ∈ V : uψ /∈ Z, R+(ψ) ∩N ̸= ∅}

be a collection of the vertices corresponding to the non-integer upper-bounded variables that each has at least
one discrete descendant. For any ψ ∈ Ψ, uψ /∈ Z. The existence of such variables tends to make the continuous
relaxation of X (G,u) differ from its convex hull. Thus, we need additional valid inequalities to strengthen the
continuous relaxation. The MIR inequality associated with ψ is the following linear inequality:

−xch(ψ) −
uψ − xψ
uψ − ⌊uψ⌋

≤ −⌈uψ⌉,

where ch (ψ) is a vertex with (ψ, ch (ψ)) ∈ A. We provide an example of MIR inequalities in Example 5.4.

Example 5.4 Consider the feasible set X (G,u) = {x1 ∈ R, x2 ∈ Z : 0 ≤ x1 ≤ 2.4, 0 ≤ x2 ≤ 3, x1 ≤ x2}. We notice
that Ψ = {1}. In Figure 7, the solid black dot and lines represent the mixed-integer feasible points. The dotted
region is the continuous relaxation of X (G,u), and the purple region highlights conv (X (G,u)). We observe that the
continuous relaxation of X (G,u) does not match the convex hull. The dashed purple line corresponds to the MIR
inequality −x2 − (2.4 − x1)/0.4 ≤ −3 associated with ψ = 1. This MIR inequality and the box and monotonicity
constraints fully characterize conv (X (G,u)).

Figure 7: An example of an MIR inequality.

As stated in the next theorem, the MIR inequalities associated with all ψ ∈ Ψ are important for the convex hull
description of the mixed-integer feasible set.

Theorem 5.5 [90] The MIR inequalities associated with all ψ ∈ Ψ, and the box and monotonicity constraints,
sufficiently describe the convex hull of the feasible set X (G,u), under some technical conditions.

The DR inequalities further involve the epigraph variable w. Let δ be a permutation of V. We define a DR
inequality associated with δ by

w ≥
|V|∑
k=1

t(δ,x)k[f(P (δ, k))− f(P (δ, k − 1))], (33)

For every k ∈ {0, 1, . . . , |V|}, t(δ,x)k is a linear function of x, and P (δ, k) is an extreme point of conv (X (G,u)).
The closed forms of t(·, ·) and P (·) are provided in [90]. We remark that all DR inequalities are linear and
homogenous. Furthermore, they reduce to the celebrated EPIs (7) when f is a classical submodular function. Given
that every DR inequality is associated a permutation of V (that satisfies certain properties), there are exponentially
many DR inequalities. Each DR inequality can be separated exactly using an O(|V|2 log |V|) algorithm [90]. Due
to the equivalence between separation and optimization, we reach the following conclusion:

Corollary 5.6 [90] DR-submodular minimization over the mixed-integer feasible set X (G,u) is polynomial-time
solvable, under some technical conditions.
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6 Conclusions

In this tutorial, we introduce generalized submodularity by providing an overview on submodularity and two of its
extensions. We show the modeling power of generalized submodularity by describing examples of its applications in
detail. These applications give rise to mixed-integer nonlinear optimization problems with generalized submodular
objectives, and these optimization problems are challenging to solve exactly, due to the discrete decision space
and the nonlinearity. We overcome these challenges with mixed-integer programming techniques. Specifically, we
derive mixed 0-1 or continuous linear programming reformulations of the original problems and devise effective
exact solution methods by applying the Delayed Constraint Generation framework and leveraging the power of
mixed-integer linear programming solvers.
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[18] Coniglio, S., Furini, F., and Ljubić, I. (2022). Submodular maximization of concave utility functions composed
with a set-union operator with applications to maximal covering location problems. Mathematical Programming,
196(1-2):9–56.

[19] Cornuejols, G., Fisher, M., and Nemhauser, G. L. (1977). On the uncapacitated location problem. In Annals
of Discrete Mathematics, volume 1, pages 163–177. Elsevier.

[20] Cunningham, W. H. (1985). On submodular function minimization. Combinatorica, 5(3):185–192.

[21] Edmonds, J. (2003). Submodular functions, matroids, and certain polyhedra. In Combinatorial Optimization–
Eureka, You Shrink!, pages 11–26. Springer.

[22] Ene, A. and Nguyen, H. L. (2016). A reduction for optimizing lattice submodular functions with diminishing
returns. arXiv preprint arXiv:1606.08362.

[23] Feldman, E. R., Lehrer, F., and Ray, T. (1966). Warehouse location under continuous economies of scale.
Management Science, 12(9):670–684.

[24] Fujishige, S. and Iwata, S. (2005). Bisubmodular function minimization. SIAM Journal on Discrete Mathe-
matics, 19(4):1065–1073.

[25] Ghayvat, H., Liu, J., Mukhopadhyay, S. C., and Gui, X. (2015). Wellness sensor networks: A proposal and
implementation for smart home for assisted living. IEEE Sensors Journal, 15(12):7341–7348.
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