Closing Duality Gaps of SDPs through Perturbation*

Takashi Tsuchiyal Bruno F. Lourenco? Masakazu Muramatsu®

Takayuki Okuno

April 2023

Abstract

Let (P,D) be a primal-dual pair of SDPs with a nonzero finite duality gap. Under
such circumstances, P and D are weakly feasible and if we perturb the problem data
to recover strong feasibility, the (common) optimal value function v as a function of
the perturbation is not well-defined at zero (unperturbed data) since there are “two
different optimal values” v(P) and v(D), where v(P) and v(D) are the optimal values
of P and D respectively. Thus, continuity of v is lost at zero though v is continuous
elsewhere. Nevertheless, we show that a limiting version v, of v is a well-defined mono-
tone decreasing continuous bijective function connecting v(P) and v(D) with domain
[0,7/2] under the assumption that both P and D have singularity degree one. The
domain [0, 7/2] corresponds to directions of perturbation defined in a certain manner.
Thus, v, “completely fills” the nonzero duality gap under a mild regularity condition.
Our result is tight in that there exists an instance with singularity degree two for which
v, 1S not continuous.
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1 Introduction

Consider the standard form dual pair of semidefinite programs:

H}}n CeX st. AleX=0b,i=1,....mX >0 (P)
m
max bly st.C—Y Ay =S, S=0, D
nax b'y ; i - (D)
where C, A i =1,...,m, X, and S are real symmetric n X n matrices and y € R™. We

denote the optimal values of P and D by v(P) and v(D), respectively. We use analogous
notation throughout this paper to represent optimal values. We assume that P and D are
feasible but not necessarily strongly feasible, i.e., neither P nor D satisfy Slater’s condition.
Under this assumption, P and D may have a finite nonzero duality gap as shown in the
following famous example adapted from Ramana [12]:

Example 1.1 ([12, Example 4]) The problem D is

1-— U1 0 0
max ¥ s.t. 0 —y2  —Uy1 > 0.
0 —Y1 0

With that, we have

1
C=10
0

o O O

0 100 000
0], At=(o0o0 1|, A2=[01 0], b=1
0 01 0 000

We have v(D) = 0 for this problem, because y1 = 0 is the only possible value for the
lower-right 2 x 2 submatriz to be positive semidefinite.
The associated primal P is

11 12 T13
min z11 s.t. 211 + 2293 =1, 292 =0, T12 T2 T23 >~ 0.

13 T23 I33

We have v(P) =1 for this problem, because x93 = 0 must hold for positive semidefiniteness
of the lower-right 2 x 2 submatriz, which drives x11 to be 1.

In general, P and D might fail to have interior feasible solutions and this opens the
possibility of nonzero duality gaps as in Example 1.1. On the other hand, most algorithms
for SDP are constructed under the assumption that P and D have interior feasible solutions.
This leads naturally to the question of how to solve SDPs with finite nonzero duality gaps
with the usual algorithms. A simple approach to fix that is to perturb the problem data
so that constraint qualifications are satisfied [11,15,17]. We can consider, for example, the
following perturbed/regularized system P(e,n) and D(e,n) from [17].



Regularized Primal-Dual Standard Form SDP (RPD-SDP)
P(e,n): H}}n (C+el)eX st. A'eX =0b+nAlel, i=1,....,m, X =0 (1.1)
and

Y,

m m
D(e,n) : max ;(bz +nAtel)y; s.t.C— ;Azyi +el=S5 S*>0, (1.2)
where I denotes the n x n identity matrix. We call the pair (1.1) and (1.2) the Regularized
Primal-Dual Standard Form SDP or RPD-SDP for short. P(e,n) and D(e, n) reduce to P
and D when ¢ and n are set to zero. RPD-SDP is obtained by relaxing the semidefinite
constraints X = 0 of P and S = 0 of D to X = —nl and S = —el, respectively, and by
redefining X := X +nl and S := 85 +¢l.

Under the assumption that P and D are feasible, the perturbed problems admit interior
feasible solutions for any € > 0 and 5 > 0, so, in this sense, the lack of interior solutions
of P and D is fixed. However, this is only useful if something can be said about how the
optimal values of D(e,n) and P(e,n) relate to the optimal values of the original P and D,
so let us briefly examine this issue.

For € > 0 and n > 0, Slater’s condition is satisfied at both (1.1) and (1.2), so they have
optimal solutions and a common optimal value, which we denote by v(e,n). In the sequel,
v(+,-) is referred to as pd-regularized optimal value function. We note that v(e,0) and v(0,7)
are also well-defined for any € > 0 and 1 > 0, since P(g,0) and D(0, ) have interior feasible
solution for any € > 0 and 1 > 0 and there is no duality gap in these cases according to the
standard duality theory for convex programming.

But v(0,0) is different since it is not well-defined when there exists a finite nonzero
duality gap, and ironically, the value of v(0,0) is what we really wish to compute. Thus,
the perturbation/regularization approach might not be theoretically sound when there are
nonzero duality gaps.

That said, we have recently analyzed the behavior of the pd-regularized optimal value
function v(e,n) in the neighbourhood of (g,7) = (0,0) and demonstrated that v(e,n) have
a directional limit when approaching (0,0), see [17]. Let us define the directional limit

v (0) == ltiirgv(tcos 0,tsinf). (1.3)

The function v, is referred to as limiting pd-regularized optimal value function. Then, the
following theorem holds.

Theorem 1.2 ([17, Theorem 2]) If P and D are feasible, the limiting pd-regularized
optimal value function v,(0) has the following properties.

1. v,(0) = v(P), ve(7/2) = v(D).

2. v4(0) is monotone decreasing in [0,7/2] and is continuous on (0,7/2).



In the case of Example 1.1, v,(6) is written as follows:

va(0) = (1.4)

1—tanf if 0 <tanf < %,
%cot@ if 1/2 < tan@.

See [17, Example 1] for its derivation!. In this instance, it can be shown that v, is a

strictly monotone decreasing continuous function on the closed interval [0, 7/2]. This implies
that, for each value w € [v(D),v(P)], there exists a unique angle § € [0,7/2] such that
va(0) = w holds. Thus, the limiting pd-regularized optimal value function v, is a continuous
bijection from [0, /2] to [v(D), v(P)]. This shows that the gap is only superficial and hidden
continuity behind the gap was brought to the surface. We may say that the nonzero duality
gap is “filled completely” because we may reach any value in [v(D), v(P)] by appropriately
selecting 6. It would be nice if this structure existed for any SDP with a finite nonzero
duality gap.

Theorem 1.2, however, does not exclude the possibility that v, is discontinuous on the
boundary of domain at # = 0 and § = 7/2. In particular, the continuity of v,(f) over the
entire interval [0, 7/2] was left open in [17]. If v, turns out to be continuous on the both end
points § = 0 and 6 = 7/2, then, v, is a continuous function from [0,7/2] to [v(D),v(P)],
and as a consequence, by controlling the direction to which (¢ cos @, ¢ sin §) approaches (0, 0)
we may force vg () to assume any value in [v(D), v(P)].

Now we are ready to state our goal in this paper. We presents two results under the
assumption of a finite nonzero duality gap, one is positive and the other negative. First,
we will show that v, is continuous at § = 0 and 0 = 7/2 if the singularity degree of D
and P are both one, and consequently, the limiting pd-regularized optimal value function
vg i a continuous bijective function from [0,7/2] to [v(D),v(P)] in that case. Here, the
singularity degree for a feasible SDP is defined as the minimum number of facial reduction
steps necessary to regularize the problem (see Section 2). Then, second, we present an
instance where v, is discontinuous at # = 7/2, thus showing that continuity cannot be
expected to hold in general.

This paper is organized as follows. In Section 2, we discuss the notation and some
prerequisite notions. In Section 3, we analyze the continuity of v, under the assumption
that the problems have singularity degree one. In Section 4 we present an instance to show

that v, may be discontinuous in general. Section 5 presents some concluding remarks.

2 Preliminaries

In this section, we introduce some terminology and mathematical definitions. The space of
real p X p symmetric matrices will be denoted by SP. The space of p x ¢ real matrices will
be denoted by RP*9. The cone of semidefinite matrices in SP will be denoted by Sﬁ. The
p-dimensional nonnegative orthant will be denoted by R”.. In this paper, we are using the

!The formula obtained in [17] is slightly different than (1.4). But we obtain exactly the same formula by
letting o = cos @ and B = sin 6.



convention that whenever the identity matrix I appears in a expression it has the “correct
size” as to make the expression well-defined.

We recall that P is said to be strongly feasible if there exists a positive definite feasible
solution X to P. This is the same as saying that P satisfies Slater’s condition. P is said to
be weakly feasible if it is feasible but not strongly feasible. Similar definitions apply to D.

In semidefinite programming it sometimes happens that the optimal value of P or D
is finite, but no optimal solution exists?>. In any case, provided that P is feasible, there
exists a sequence of matrices { X*} such that the X* are feasible to P and C @ X* converges
to v(P). We say that such a sequence is an optimal sequence (for P). Analogously, an
optimal sequence for D is a sequence {(y*, S¥)} for which C — >, Aly¥ = Sk Sk~ 0
and bTy* — v(D) holds.

Singularity Degree Let K C & be a closed convex cone contained in a finite-dimensional
Euclidean space £ equipped with an inner product (-,-). For a convex set C C &, let
riC denote its relative interior. Also, let C* and C* denote the dual cone and orthogonal
complement of C with respect to (-, ), respectively.

Let V C & be an affine space such that VN K # () and consider the following feasibility
problem:

find zeVnKk. (Feas)

In this case, there exists an unique minimal face F of K with the property that (VNK) C F
and VN (ri F) # (0. When (Feas) satisfies Slater’s condition (i.e., V N (riK) # @), then the
face F is K itself.

The process of finding the minimal face F is known as facial reduction and is one of
the standard approaches for handling conic linear programs that fail to satisfy constraint
qualifications, e.g., [2-4,7,9,16,19]. While the original problem might suffer from pathologies
arising from a lack of constraint qualifications, identifying F makes it possible to construct
a new equivalent problem where the absence of constraint qualifications is fixed.

The basic facial reduction algorithm as described, say, in [19], is based on the following
observation. We have V N (riK) = ( (i.e., Slater’s condition fails) if and only if V and
rikC can be properly separated by a hyperplane that does not contain ri/C entirely, see
[13, Theorem 20.2]. Under the hypothesis that ¥V N K # (), this implies the existence of
s€ (VENK*)\ K, eg., see [19, Lemma 3.2]. Then, letting

F=Kn{s}*,

F is a face of K strictly contained in /C (since s ¢ K) with the property that VNI C F. If it
turns out that VNri F # 0, then we are done. Otherwise, we can apply the same separation
result again to V and F and repeat the process. Since the dimension of faces decrease at
each step, this process must end in a finite number of steps, e.g., [19, Theorem 3.2]. This
leads to a chain of ¢ faces of K

FeC---CFH =K

2Consider, for example, minzi; s.t. (‘}1 xiz) € Si. The optimal value is 0 but not attained.



and ¢ — 1 reducing directions {si,..., s¢_1} such that:
(i) for alli e {1,...,¢ —1}, we have

si € FFNVE and Fiyp = Fin{s;}t. (2.1)

(ii) Fe,n YV =KNV and VN (ri Fy) # 0.

We note that ¢ must be bounded above by the dimension of K, see also [7] for tighter
bounds. Furthermore, item (ii) implies that Fy is the minimal face of K containing K N V.

There is freedom in the choice of the s; in item (i), so difference choices of s;’s might
lead to a smaller or larger ¢. The singularity degree of (Feas) is the minimal number of
facial reduction steps (i.e., the £) in order to find the minimal face of (Feas) as in items
(i) and (ii). The singularity degree was discussed extensively by Sturm in [16], although
Sturm’s definition of singularity degree is slightly different from the most current usage of
the term, see [7, Footnote 3].

For the main result of this paper, we will only need a discussion of problems having
singularity degree one, so we shall focus on that. (Feas) is said to have singularity degree
one if it is feasible and there exists s € (VX N K*)\ K+ such that

V@i (n{s}h)) #0.

In the following, we discuss what this definition means for the problems P and D. Letting
E:=38",K:=8"and V:=C + L, where L is the span of the A’ in D, the problem (Feas)
correspond to the feasible “slacks” associated to dual problem D. Then, D has singularity
degree one if and only if there exists a nonzero X € S?, with C @ X = 0 and A’ e X = 0 for
all ¢ in such a way that there exists y € R™ satisfying

C - Zm:Aiyi eri(Kn{x}h).

=1

Before we move further, we need to recall a classical characterization of the faces of S'.
Namely, every face F of S is linearly isomorphic to a smaller positive semidefinite cone.
Furthermore, there exists » < n and a nonsingular matrix V' such that

VFVT:{XGS"]X:(g 8),1/651;}, (2.2)

e.g., see [8] and also [1, Section 6].

Now we are ready to state the following proposition which plays a fundamental role in
our analysis.

Proposition 2.1 Suppose that D is feasible. Then the following statements hold.



1. After appropriate rescaling®, there exists r < n such that defining L(y) = C —
S Aly;, the following items hold:

(a) L(y) € St if and only if

L(y)e{XeS”]X:G; 8),1/631}.

(b) (Slater’s condition is satisfied for the reduced problem) There exists y € R™ such

that L(y) = ()0/ 8), Y eri(S) (ie., Y > 0).

In particular, defining L1 : R™ — 8", Lo : R™ — RTX("*T), Loy : R™ — 8™ " so that

_ (Lu(y) Lia(y) m
Ly = <L{2(y) L22(y)> ’ v € RY,

D is equivalent to the following strongly feasible problem
RD max by, s.t. L11(y) = 0, Lia(y) =0, Las(y) =0
Yy
and the optimal value of RD is equal to v(D).

2. Under the setting of item 1, let

. _,(Iin O n
refue(l D) es|ien).

0 L12(9) ) N }
L= . N eS"|geR™;,
{( Lia(§)" Laa(9) Y
where 111 € 8" and Io € S™ " are identity matrices. Note that L is a linear space

because it contains the zero matriz (see RD). We take T+ L =T ® L as perturbation
space, and consider the following SDP

RD(S) m;lX bTy, s.t. Lu(y) + s11111 = 0, ng(y) = 519, ng(y) + 5111992 = So9

obtained by adding the perturbation

S Si2 0 Sia
S = =s11d eTaL
(5?2 522) sl <5irg Sgo — 511[22> ©

to RD, where Si1 € 8", Soo € 8" and Sia € R~ and s11 € R is the (1,1)-
element of S. We note that S is decomposed as the sum of s111 € T and S—s111 € L,
which implies that Laa() = Soa — s11l22 holds for some g € R™.

Let w(S) be the optimal value function of the perturbed system* RD(S). Then,
w(0) = v(D) and w(S) is continuous at S = 0.

3Rescaling D corresponds to selecting a nonsingular matrix V and replacing the C' and the A° with
VCOVT and VA'VT. This transformation preserves the set of y that are feasible for D and also preserves
the presence (or absence) of duality gaps. For the purposes of this paper, there is no difference between
analyzing a problem or its rescalings.

4Compared with RD, the first constraint of RD(S) is perturbed by Si1 = s11/11, the second is shifted
by Si2 from 0, and the third is shifted by S22 — s11122 from 0.



3. Under the setting of item 1, if the singularity degree of D is one, then there exists a
nonzero X € S of rank n — r satisfying

CeX =0, A'eX =0, i=0,1,...,m, X>=0 (2.3)

with the form
x=(2 0 Xas = 0 (2.4)
- 0 X22 3 22 . .

Proof. Items 1 and 3 are an amalgam of well-known results about S and minimal faces,
so we only present a sketch of the proof. Let V := C + L, where £ is the span of the A’ in
D. Let F the minimal face of S containing V N S%. As discussed previously, such a face
must be as in (2.2) and have the property that (VNS?) € F and VN (ri F) # (. Rescaling
the C and A’ using V leads to the proof of item 1.

As for item 3, if the singularity degree is 1, then F = KN {X}*, where X € St N Vs
nonzero and satisfies VN (ri (87 N {X}1)). In view of (2.2), X has rank n —r and satisfies
(2.3) and (2.4).

It remains to prove item 2. Since w(0) corresponds to the unperturbed problem, we have
w(0) = v(D). Then, since RD satisfies Slater’s condition, continuity of w(S) at S = 0 in
item 2 is obtained as a consequence of Theorem 4.1.9 of [20]. For the sake of completeness,
we describe a detailed proof in Appendix A. m

We note that even though Proposition 2.1 is presented for problems in dual format, a
completely analogous discussion can be done for P if we let £ = ST, V = {X € §" |
Ale X =b;i=1,...,m} in (Feas).

3 Main Result and Proof

In this section, we show continuity of the limiting pd-regularized optimal value function v,
defined in (1.3) at § = 0 and 6 = /2 under the assumption that the singularity degree of
P and D is one. We also show bijectivity of v,. More precisely, we prove the following.

Theorem 3.1 Suppose that P and D are feasible. Then the following statements hold on
the limiting pd-reqularized optimal value function v, : [0,7/2] — R.

1. If the singularity degree of D is one, then v,(0) is continuous at 0 = 7 /2.
2. If the singularity degree of P is one, then vq(0) is continuous at 6§ = 0.

3. If the singularity degree of both P and D is one, then vy(0) is continuous at § = 0 and
0 = /2. Furthermore, v, is a monotonically decreasing continuous bijective function
from [0,7/2] to [v(D),v(P)].

In [17], we introduced the function o : Ry U{oco} — R as

0(B) = l}ﬁ)lv(t,tﬁ) (0 < B <), v(c0) = lgf[r)lv(o,t). (3.1)

8



In what follows, we define the function v : Ry U {oo} — R given by

() == lgf(rjlv(ta,t) (0<a< ), ()= ltijél v(t,0). (3.2)

The existence of the limit in (3.1) and (3.2) is shown in [17, Theorem 1]. We see, under the
convention that 1/0 = co and 1/00 = 0, that

B(a) = o (;) C #(B) =7 (;) . (3.3)

ve(0) = ltiﬁ)l v(tcos,tsinf) = o(tan ) = v(cot ). (3.4)

It also follows that

We provide the following proposition on a few fundamental properties of v and v.

Proposition 3.2 The following items hold.
1. 9(p) is monotone decreasing on Ry U{oo}, conver on Ry and continuous on R4 \{0}.

2. v(«) is monotone increasing on Ry U{oo}, concave on Ry and continuous on Ry \{0}.

Proof. Monotonicity and convexity of v is given in [17, Theorem 4]. Given the convexity
of o on Ry, continuity of v(a) on Ry\{0} follows from the well-known fact that a convex
function is continuous over the relative interior of its domain, e.g., [14, Theorem 10.1]. Item 2
is the dual counterpart to item 1, and follows in a similar manner as outlined below. It was
shown in [17, item 2 of Proposition 2] that for any fixed ¢t > 0, v(ta, t) is a concave function
in . Furthermore, since the feasible region of D(ta,t) gets larger as « increases (with
respect to the y variable) while the objective function is unchanged, v(ta,t) is a monotone
increasing function in « for any fixed ¢ > 0. Thus, v(ta,t) is monotone increasing and
concave in « for any fixed ¢ > 0. Since v(a) = limy_,g v(t, t), monotonicity and concavity
of ¥ is proved by taking the limit as £ — 0 in the similar manner as was done in the proof
of monotonicity and convexity of ¥ in [17, Theorem 4]. ]

Now we are ready to prove Theorem 3.1. Before proceeding to the proof, we com-
ment on the linear independence of the A',..., A™. Theorem 3.1 itself does not require
the assumption of linear independence of A',..., A™ to hold. Nevertheless, we assume
linear independence of A',... A™ in some parts of the proof. We remark that this is not
an essential assumption and it avoids certain unnecessary complications. Indeed, even if
Al ... A™ are not linearly independent, we can choose a subset {A%, ... A%}, say, as a
basis of the linear space spanned by A!,..., A™. The pd-regularized optimal value function
v(g,n) remains unchanged no matter whether {A!,... A™} or {A%, ... A%} is used for
representing the SDP under consideration.



3.1 Proof of item 1.

First we prove item 1 of Theorem 3.1. We start by recalling our main assumption for this
proof.

We assume feasibility of P and D, and assume that the singularity degree of D is one.

Furthermore, we assume that the problem data has been rescaled as in item 1 of Propo-
sition 2.1. And, since the singularity degree is assumed to be one, we can further assume
that we are in the setting of item 3 of Proposition 2.1. With that, by definition, v(ta,t) is
the optimal value of the following problem,

D(ta,t) max by —t(l(y) — ¢) s.t. L(y) + tad = 0, (3.5)
where we define
(y) =L(y)el, c:=Cel.

In what follows we will use the following convention, given an arbitrary Z € 8™, we will use

Z11, Z9s and Z19 to denote the blocks of Z according to the block division in Proposition 2.1,
so that Z = <Z¥ Zl2> with Z11 € 8", Zy € 8" ", Z19 € R7*(n=r),
Z12 Z2

We start the proof with the following two preliminary lemmas.

Lemma 3.3 The following statements hold:
1. v(D) < 9(ar) < v(P).
2. Fort >0, v(t,0) is finite and limy o v(t,0) = v(c0) = v(P).
3. Fort >0, v(0,t) is finite and limy o v(0,t) = 0(0) = v(D).

Proof. Ttem 1 readily follows from Theorem 1.2, since v is the function v, with a different
parametrization, see (3.4). To prove item 2, we observe that P and P(¢,0) have the same
feasible region. Since P is feasible, P(¢,0) is feasible and v(¢,0) < +o0o. Since D is feasible,
D(t,0) is also feasible. This means that —oo < v(¢,0). Thus, v(¢,0) is finite. It follows
from item 1 of Theorem 1.2 that lim;jov(¢,0) = v(P). Item 3 is the dual counterpart of
item 2 and follows analogously. [

Lemma 3.4 There exists a constant M > 0 such that for every t > 0 the following impli-
cation holds:
Loo(y) +tlag =0 = tMIyy = Los(y) + tlaa = 0. (3.6)

Proof. Recall that we are under the setting of item 1 of Proposition 2.1 and D has
singularity degree one. With X as in item 3 of Proposition 2.1, the rank of Xso is n — 7.
Since X9 is positive definite, there exists a constant x« > 0 such that

V|| < kXpneY, VY eS8V, (3.7)

e.g., [5, Lemma 26].

10



Next, given some arbitrary ¢ > 0, we define
Ct = {Y c Si_T ‘ Y = L22(y) + tIQQ = 0, Yy e Rm}.

By the assumptions on X we have 0 = X o A’ = A§2 e Xooand 0 =C e X = (Cyy e Xo9.
That is, Loa(y) @ X22 = 0 holds for every y. In view of (3.7), for Y € C;, since Y belongs to
S} as well, we conclude that the following bound holds.

HYH < KkXog e (ng(y) -+ tIQQ) = /ﬁ:t(XQQ ° IQQ).

In particular, letting M = k(X292 @ I53), we conclude that the maximum eigenvalue of
an arbitrary Y € C; satisfies Apax(Y) < tM and M does not depend on t. In particular,
tM1I59 = Loo(y) + tlzg holds for all y such that Loo(y) + tIza = 0. m

In the following, we define

I§5(y) = L12(y) ® Li5(y),
li1(y) == L11(y) ® I11, (3.8)
la2(y) = Laa(y) ® Izo.

We will use M as a global constant satisfying (3.6) in Lemma 3.4. Let us consider the
following problem.

135(y) Lii(y) + tal Li2(y)
RD1(o,t ply — 22290 gt 1 = 12 = 0.
(a,t)  max bTy — =5, s LT,(y) Loo(y) + tads ) =

Let ui(a, t) be the optimal value function of RD1(a, t). We show that v(t«, t) is majorized
by the optimal value u;(«,t) as follows.

Lemma 3.5 Fort >0 and a > 0, we have
v(0,t) < v(ta,t) < up(a,t) + t2an + te. (3.9)

Proof. We prove the first inequality. Recall that v(0,t) is the optimal value of D(0, ¢) and
v(ta, t) is the optimal value of D(t«,t). Since the objective functions of the two problems
are identical and the feasible region of D(ta,t) contains the feasible region of D(0,t) (with
respect to the y variable), we have v(0,t) < v(ta,t).

Now we prove the second inequality. Recalling the definitions in (3.8) and (3.5), D(ta, t)
can be written as follows.

Li1(y) + tadyy Li2(y)

Li5(y) Laa(y) + tada ) = 0. (3.10)

max b'y +t(c — i (y) — laa(y)), s.t. (
We note that D(ta,t) and RD1(«,t) share the same feasible region. Furthermore, D(ta, t)
satisfies Slater’s condition so there exists a sequence of y* corresponding to feasible solu-
tions to D(ta, ) such that the corresponding matrices are all positive definite and (b y* —

tl11(y*) — tla(y*) + tc) converges to the optimal value D(ta,t). Thus, in order to establish
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the second inequality in (3.9), it is enough to examine the y’s that correspond to positive
definite matrices.

So, let y be feasible solution to D(t«,t) associated to a positive definite matrix. First,
we find an upper bound on —tl11(y). Computing the Schur complement, we obtain

Lll(y) + taly; — LlQ(y)(LQQ(y) =+ tO[IQQ)_lL,{Q(y) > 0. (311)

Since Loo(y)+talss = 0, we obtain Mtalss = (Loa(y)+talss) from (3.6). So each eigenvalue
of (Laa(y) +talss) is less than or equal to Mta. This implies that (Laa(y)+talss) ™! = 22
Therefore, we have

_ I
Lia2(y) ((Lzz + tadyp) ™t — Aj;) Li2(y)" =0,

which implies that

L12(y) (Lo + talss) ' Lia(y)" = Lia(y)~——

Then, in view of (3.11), we obtain

1
L tal;; — ——L L T .
11(y) + tadyy Ma 12(y)L12(y)” =

Taking the inner-product with I;; and multiplying by ¢, we obtain

1
thi(y) + tPar — ml%z(y) > 0. (3.12)
Since Lao(y) + talys = 0, we have —tlas(y) < t?a(n — r). From this inequality and (3.12),
we see that the objective function of (3.10) is majorized by the objective function of RD1
plus a constant t2an + tc as follows.
if5(y)

by + tle—l(y) —laa(y)) < by — Mo + t2an + te.

Since the optimal value of (3.10) (or equivalently D(ta,t)) is v(ta,t) and the optimal
value of RD1(a, t) is ui (v, t), the second inequality of (3.9) follows immediately from this

inequality. [

Lemma 3.6 Let o > 0. Then, there exists a constant to, > 0 depending on « such that, if
t € (0,t) and {y*} is an optimal sequence of RD1(a,t)° then the following bound holds
for sufficiently large k:

2,(y*) < M(v(P) —v(D) 4+ 2)a = Ka, (3.13)

where K = M (v(P) —v(D) 4+ 2) and M is a constant as in Lemma 3.4.

SRD1(a,t) is not a linear SDP, but we can define optimal sequences analogously as in Section 2.
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Proof. Recall that lim o v(ta, 0) = v(P) and let £, > 0 be small enough such that
1
v(ta,0) < o(P) + B (3.14)

holds for 0 < t < #,.
Let t € (0,%,) and let {¢*} be an optimal sequence to RD1(a,t). Each 3" is also a
feasible solution to D(ta, 0), so the following inequality holds for every k

bIyF < u(ta,0). (3.15)

Next, let {y%} be an optimal sequence to D. Then limg_, b7 y%, = v(D). Recalling that
we are under the setting of Proposition 2.1, we have that ng(y%) = 0 holds which implies
that 125(y%) = 0 holds as well, see (3.8). Furthermore, each y¥ is feasible to RD1(a,?)
as well. In view for these facts, for sufficiently large k, we have v(D) — 1 < bTy% < v(D)
which leads to

v(D) —1 < bTyk

1
=blyp — Mi@@(ﬂ%)
< v(RD1(a,t))

1
<blyk — mlfz(yk) +
1
< o(ta,0) — mlfz(yk)
1
7l%2<yk)7

Ma

1
2
+

N

<v(P)+1-

where the first equality holds because I2, (y,%) = 0, the second inequality holds because yj]% is
feasible for RD1(a, t), and the third inequality holds (for sufficiently large k) because {y*}
is an optimal sequence. Moreover, the last two inequalities follow from (3.15) and (3.14),
respectively. Overall, we have

for sufficiently large k. m
Now we consider

Li1(y) + talyy Li2(y)

RD2(o,t) max bly, s.t.
(@:2) Y ( Li5(y) Loa(y) + taly

) ~0, By(y) < Ka,

where K is as in Lemma 3.6. Let us denote by ua(c,t) the optimal value of RD2(a, t).

Lemma 3.7 For o > 0, the function defined by u(c) := limy o ug(av, t) is well-defined and
finite.
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Proof. We note that v(ta,0) is the optimal value of D(t«,0) and D(ta, 0) is precisely
the problem obtained by removing the constraint “I3,(y) < Ka” from RD2. Therefore, we
have

ug(a, t) < v(ta,0).

By item 2 of Lemma 3.3, for sufficiently small ¢ > 0, v(t,0) is bounded from above by a
finite value, which implies that the same is true for us(a,t). For fixed «, if we increase t,
the feasible region of RD2(«,t) enlarges (more precisely, it does not shrink). Therefore,
us(,t) < ug(a,t) holds if 0 < ¢t < £, namely, us(c,t) is a monotone increasing function
with respect to ¢. In addition, us(a,t) is bounded below by v(D), since any feasible solution
to D is feasible to RD2(«, t) (again, we recall that we assume that Proposition 2.1 holds,
so Li2(y) = 0 and Loa(y) = 0 if y is feasible to D). Therefore, lim;_,g ua(c, t) exists and is
finite, thus showing that u(«a) is a well-defined function assuming finite values. ]

Now we are ready to finish the proof of item 1 of Theorem 3.1. For o > 0 and £, > 0 as
in Lemma 3.6, an optimal sequence {y*} to RD1(a,t) satisfies (3.13) for sufficiently large
k. Furthermore, for each y*, the objective value associated to RD2(«, t) is greater or equal
than the corresponding objective value associated to the problem RD1(«,t). In view of
these facts and of Lemma 3.6, we see that ui(«,t) < ug(a,t). Combined with Lemma 3.5,
we obtain

v(0,t) < v(ta,t) < ui(a,t) + t2an + te < us(a, t) + t2an + te. (3.16)

Recalling the definitions of v and @ in (3.2) and Lemma 3.7, respectively, and invoking
item 1 of Theorem 1.2, we let ¢ — 0 in (3.16) in order to obtain

v(D) < o(a) < ulw).
Therefore, if we can show that

lim () = lim li t) = v(D 3.17
J%U(a) ngtlfguz(a,) v(D), (3.17)

then limg o () = v(D) will hold as well, which, in view of (3.4) and Theorem 1.2 implies
the continuity of v, at § = w/2, which is what we wanted to show. We will prove (3.17) by
contradiction.

Proof of (3.17): First, we recall that, in view of item 1 of Proposition 2.1, every y that is
feasible to D is feasible to RD2(a,t), for every a > 0, t > 0. Therefore

v(D) < us(a, t), Yo > 0,Vt >0,

which implies that
v(D) < u(aw), Va > 0.

If (3.17) does not hold, there exists § > 0 and a positive sequence {a*} such that limj,_,o, of =
0 for which
0 < 20 < |a(a®) — v(D)| = @(c”) — v(D)
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holds for sufficiently large k. Next, since @(a®) = limy o uz(a*,t), for any given k, we can
pick t* € (0,1/k] such that |@(a*) — ug(a®, tF)| < 1/k.
Therefore, there exists a sequence (o, t¥) — (0,0) such that

ug(a® t*) > v(D) + 4§

holds for sufficiently large k. Then, for each k sufficiently large, there exists a feasible
solution y* to RD2(a*, tF) satisfying

bI'y* > v(D) + 6.

Next, we define S¥, = t*a¥I11, S5, = Loa(y*) + tFaFls, SF, == Lia(y*) and S* =
k k

<(5€11)T g}f) Note that S¥ € T @ L holds, where T @ £ was introduced as pertur-
12 22

bation space in item 2 of Proposition 2.1. By definition, y* is a feasible solution to the

following problem.

Li1(y) + S¥ Lis(y) >
RD3 max bly, s.t. 11 -0
o ( Lis(y) Loo(y) + thak Iy | =

Loo(y) + t*aF Iy = S5, Lia(y) = Sty, 135(y) < KoP.

Because y* is also feasible to RD2(a* %), we have S§, = Lao(y*) + t*aFIys = 0 and by
Lemma 3.4, S%, goes to 0 as t* and o goes to zero. Similarly, since Lia(y*) e Lia(y*) =
12,(y*) < Ko* holds, S%, also goes to zero as o goes to 0. By definition, S¥; goes to zero
as t* and o goes to 0. So, overall S* goes to 0 as k — oo.

Finally, recalling item 2 of Proposition 2.1, we note that ¥ is also a feasible solution to
RD(S*) satisfying b”y* > v(D) + 6. Therefore, w(S*) > v(D) + 6 and S¥ — 0 holds as k
goes to infinity. But this contradicts the continuity of w(S) at S = 0, that is, the conclusion
of item 2 of Proposition 2.1. |
Thus, (3.17) must hold, and the proof of item 1 of Theorem 3.1 is complete.

3.2 Proof of item 2

Now, we proceed to prove item 2 of Theorem 3.1. Item 2 is the dual counterpart of item 1,
and therefore one may argue that item 2 follows automatically from item 1 by primal-dual
symmetry. But to be more precise, we proceed as follows. Our purpose is to show that
va(0) is continuous at # = 0, which is equivalent to continuity of 9(3) at 8 = 0. To this
end, we rewrite P in the dual format and apply item 1.

Without loss of generality, we may assume the matrices Ay,..., Ay, are linearly inde-
pendent. Let 7 :=nx (n+1)/2—m. We rewrite P(e,n) in the dual format by taking a basis
Al .. AT of thespace X :={X € S" | A'eX =0, i=1,...,m}. Let X* be anxn matrix
satisfying A® @« X = b; for i = 1,...,m. Representing X as {)N( eS| X=- S AL G}
and reversing the sign of the objective function to flip “max” and “min”, we obtain the

following representation of P(g,n).
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max; Z?:l(gz +eAl o) — (C+el) o (X*+nl)

st (X*4nl) =" Algi=X, X0,

where b; = C' e A’ for i = 1,...,7. The optimal value of this problem is —uv(e,n) if
(67 77) 7é 07 and _U(P) if (8777) = 0.
Dropping the constant term —(C + ¢I) @ (X* 4 nl), we obtain the following problem.

Dp(n,¢): max; ¢ S (b +eAL e D)
st (X*4nl) =S Algi=X, X =0

The dual problem of Dp(n,¢) is

Pp(n,e) : ming (X* +¢cl)eS
s.t. AioS:bi+nAioI, i=1,...,n, S=0,

Note that Pp(n,e) coincides with D(e,n) represented in standard form using AY (i =
1,...,n) and X*, except that min and max are flipped by multiplying the objective function
by —1 and the constant term —(C + ) e (X* + nI) is dropped.

Let us denote by vi(n,e) the common optimal value of Pp(n,e) and Dp(n,e) (if it
exists). Since X part of P(e,n) and X part of Dp(n, ) coincide, and since S part of D(e, 7)
and S part of Pp(e,n) coincide, vy (1, ¢) is well-defined if and only if v(e, ) is well-defined,
and the two functions are connected by the relation

vi(n,€) = —v(e,n) + (C+el) o (X* +nl) (3.18)
for (g,m) # (0,0). In the case of (¢,n7) = (0,0), we have
v(Dp(0,0)) = —v(P)+ Ce X", v(Pp(0,0)) =—-v(D)+CeX". (3.19)

Now, consider the primal-dual pair Dp(0,0) and Pp(0,0). It follows from (3.19) that
Pp(0,0) and Dp(0,0) have a finite nonzero duality gap that is equal to the duality gap
between P and D. Furthermore, the singularity degree of Dp(0,0) and Pp(0,0) is one,
because applying facial reduction to Dp(0,0) and Pp(0,0) corresponds to applying facial
reduction to P and D, respectively, which finishes in one step. Therefore, we can apply the
result of item 1 to Dp(0,0).

We define 01 () = limy o v1(¢5,t). Then it follows from item 1 that v1(3) is continuous
at 5 = 0. Due to (3.18) and the definition of ¥;, we have 91(8) = —0(8) + C o X*.
Consequently, 9(f) is continuous at 8 = 0, as we desired. [

3.3 Proof of item 3

We move on to a proof of item 3 of Theorem 3.1. The first half of item 3 follows immediately
from items 1 and 2. In the following, we deal with the second half of item 3. Since
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monotonicity and continuity of v, on [0,7/2] was already established, we focus on the
bijectivity of v,. To this end, we make use of Proposition 3.2, which ensures monotonicity,
convexity /concavity, and continuity of ¢ and v.

In view of (3.4), it is enough to argue that v is bijection from [0,00) U {+00} to
[v(D),v(P)] with the convention that v(+00) = limgy— 400 0(c) = v(P) as in (3.2).

By contradiction, assume that v(«) is (monotone increasing but) not strictly monotone
increasing. Then, there exists an interval J C R, where v is constant. Slightly abusing the
notation, let us denote this constant by ©(J). There are three cases to be considered:

(1) o(J)
(73) v(D) =9(0) < v(J) < v(00) = v(P);

v(0) = v(D);

(i4d) 5(J)

v(c0) = v(P).

In case (i), we recall that ¢ is monotone increasing, so v(D) is the minimum value of ©
throughout Ry. Since this minimum value is attained in an interval and v is concave,
v must be constant throughout Ry, see [14, Theorem 32.1] for the analogous fact about
convex functions. That is, v(a)) = v(D) < v(P) holds for all @ > 0. This contradicts the
fact that lim,— oo 0(a)) = v(P). So case (i) cannot occur.

In case (ii), let  be a point in the relative interior of J, then x would be a local
maximum of ¥ that is not global. This contradicts the concavity of ¥ and cannot occur.

Finally, in case (#ii), since ¢ is monotone increasing and v(P) is the maximum value, J
can be taken to be a closed half line of the form [a*, +00), with a* > 0. Now we turn our
attentions to ¥ and recall that v and ¢ are related as in (3.3). We have v(a) = 9(1/a) = v(P)
for all @ > a*. Recall that ©(0) = v(P), and thus 9(0) = 9(1/a) = v(P), for all & > ™.
Since v(P) is the maximum value of the convex function v, o must be constant throughout
its domain, again by [14, Theorem 32.1]. Therefore, v(5) = v(P) holds for all 5 € R,.
Therefore,

EJI’IOI'I_}((X) = Eﬂ%ﬁ(l/o‘) =v(P) > v(D) = v(0),

which contradicts the continuity of v at @ = 0.

4 A Counter-Example

In the previous section, we established that the limiting pd-regularized optimal value
function v, is a monotonically decreasing continuous bijective function from [0,7/2] to
[v(D),v(P)] if P and D admit a finite nonzero duality gap and the singularity degree
of P and D is one. In this section, we present a counter-example where v,([0,7/2]) #
[v(D),v(P)]. The instance is obtained by modifying Example 1.1 and the singularity de-
gree of this instance is two. We will show that continuity of v,(0) is violated at 6 = /2.
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Let us consider the following semidefinite program in dual format:

1—y1 0 —wy3

Y3
max ¥y s.t. 0 ~y2 0 > 0. (4.1)
yeR3 -y3 —vn1 —ys O
g3 0 0 0

The (4,4)-element of the matrix in (4.1) is zero, this forces y3 to be 0 in order for y € R3
to be feasible. This, however, implies that the (3, 3)-element is 0, which leads to y; = 0.
Therefore, the optimal value of (4.1) is 0.

The corresponding primal P is

)I(ni‘& X11 st X911 +2Xo3 =1, Xoo =0, X33+ 2(X33+X14) =0, X =0. (4.2)
€

If X is feasible for (4.2), then we must have X92 = 0 and Xs3 = 0, which implies that
X11 = 1. Therefore the optimal value of (4.2) is 1.

In conclusion, there is a duality gap between the primal dual pair of problems (4.1),
(4.2). However, in contrast to Example 1.1, the singularity degree of (4.1) is two®, so we
are outside of the scope of Theorem 3.1.

Now we consider the problem D(e,n) as in (1.2):

l4+e—y1 0 —Y3 —Ys3
0 E—Y2  —W 0
max (1 + + + s.t. > 0.
mey (I+n)y1 +ny2 +nys s R =
—13 0 0 €

Recalling the definition v, in (3.4), we prove the following theorem, which states that
the range of v, is {0,1}. Therefore, in this case, duality gap fails to be filled completely in
the sense of Theorem 3.1.

Theorem 4.1 The following statements hold for the problem (4.1):

1. v,(0) =v(P) =1 for all 0 €[0,7/2),

2. vg(m/2) = v(D) = 0.

Proof. In view of (3.4), it is enough to analyze v (defined in (3.2)). We will show that
0(0) = 0 and v(a) = 1 for all @ > 0. Since v(D) = v(0) = 0 and v(P) = v(c0) = 1, this

will imply that v is discontinuous at 0 and is continuous at +o0o. We analyze the problem
D(ta,t):

IT+ta—uy 0 —Y3 —Y3
0 ta — yo -y 0
max (1+¢ + tys + tys s.t. > 0. 4.3
yeR3 ( Jur + tyz + tys —Y3 -y —ys+ta O (4.3)
—Y3 0 0 ta

5To see that, we observe that the first reducing direction s; in (2.1) must be a 4 x 4 matrix whose only
nonzero and positive entry is its (4,4)-element. One can then confirm that the SDP obtained by performing
one step of facial reduction with s; is essentially Example 1.1 which requires one more step of facial reduction
to recover strong feasibility.
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We already know that 0 < v(a) <1 for 0 < o < 00. Let a > 0 be fixed. In view of the
definition of ¥ in (3.2), in order to prove that v(«) = 1 holds, it is enough to show that for
any & > 0, if ¢ > 0 is sufficiently small, the problem (4.3) admits a feasible solution 3* € R3
with objective value at least 1 — 9, i.e.,

(L+t)yh +tys +ty; > 106 (4.4)

This would imply v(ta,t) > 1 — 4 for sufficiently small ¢ and thus () > 1 — 6 holds. Then,
since ¢ is arbitrary, we obtain v(«a) = 1.

In view of this, we focus our efforts on establishing the existence of feasible solutions as in
(4.4). We will proceed by analyzing what conditions must a feasible solution to (4.3) satisfy.
We note that since (4.3) is strongly feasible, there are feasible solutions corresponding to
positive definite matrices such that the objective value is arbitrarily close to the optimal
value. Therefore, it is enough to focus on analyzing the y’s that are feasible to (4.3) and
correspond to positive definite matrices.

So suppose that y € R3 corresponds to a positive definite solution to (4.3). First, we
take the Shur complement with respect to the (4, 4)-element. Then, positive definiteness is
equivalent to

2
14t -y — 32 0 —Y3
0 ta — Y2 —U1 > 0. (45)
—Y3 -y —Ys+ta

Next, we take the Shur complement of the left hand side of (4.5) with respect to the
(1,1)-element. Then, positive definiteness is equivalent to the following conditions

ta — Yo U

2
—1 —y3 + ta — yisyQ > 0.
1+ta—y1—£

Y3

1+t0[—y1—f
ta

> 0,

This is equivalent to
y2
I+ta—y — 32 >0,

2 4.6
ta—y2 >0, (ta—1y)|—y3s+ta— —B— | —y?>0. (4.6)
1+tafylf$—g

2
Diving the third inequality by <—y3 + ta — y32> which is ensured to be positive

1+ta7y17y—3

ta

in view of (4.6), we obtain that

2
tao—yp >0, l4+ta—y —32 >0,
2 2
ta — & 2 > Y2, —Yysz+ila— yi‘;?z > 0. (4'7)
—y3+ta— Y3 1+ta—y1—z—2

y2
1+ta—yq 7%

is equivalent to (4.6). Therefore, if y € R3 satisfies (4.7), then y is a feasible solution to
(4.3) corresponding to a positive definite matrix.
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Let y3 := —yVat, and let y; := 1 — v — (, where ~, ( are arbitrary positive numbers.
Then, we have

2
1+ta—y1—f—3:1+toz—y1—fy2:ta+ﬁ>0
«
and ) )
at
—ys + ta — Y3 = wat +at— L2
1—|—ta—y1—?—g at +¢
Furthermore, let
2 2 2
y 1—9"-¢
Y2 =t — ! 42 —§{=ta— ( i )yzat - &,
—ys +ta — —3——~ yvat+at — o
l+t047y1f?t/—g
where £ > 0 is an arbitrary positive number. Then y = (y1,¥2,y3) defined as above

constitutes a strict feasible solution to (4.3) when ¢ > 0 is sufficiently small, since they
satisfy (4.7) when ¢ > 0 is sufficiently small. Furthermore, the objective value

t(1—9*—¢)?
yat + ot — 372

(1+ta)ys +tya +tys = (1+ta)(1—~2 () +t?a—

—t& — ytvat,

which can be arbitrarily close to 1 —~? — ¢, if t > 0 is taken sufficiently close to zero.
By taking 72 4+ ( = §/2, we obtain a strict feasible solution to (4.3) satisfying (4.4) for ¢
sufficiently close to 0, as we desired. ]

5 Concluding Discussion

In this paper, we analyzed the behavior of v,(#) which was introduced in [17] to bridge the
primal and dual optimal value in the presence of a nonzero duality gap. We assumed that
P and D are feasible and they have nonzero duality gap, and showed that, surprisingly, v,
is a monotone bijective function from [0, 7/2] to [v(D), v(P)] if the singularity degrees of P
and D are both one, thus filling the duality gap completely. However, we also produced an
example showing that when the singularity degree is higher, then v, can be discontinuous
at § = 0. The study of deeper relations between the discontinuity of v, and the singularity
degree of P and D is an interesting topic for further research. Another interesting direction
of further research is to extend the results to the case where either P or D is weakly
infeasible (or both!). We note that there are several papers focused on weakly infeasible
problems and their underlying structure [6, 10, 18]. These works may provide clues on how
to extend our results to the weakly infeasible case.
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A Proof of item 2 of Proposition 2.1

In this appendix, we provide a proof of item 2 of Proposition 2.1. Without loss of generality,
we may assume that Al ... A™ are linearly independent. Let V := {310 A%y, | y € R™}.
Since RD is feasible, the subspace

W = {W = ZAzyl | RS Rm, Wi = O,WQQ = 0}
i=1

of V is nonempty. Here we are using the convention that given Z € S™, the matrices
Z11 €8, Z19 € R”(”_’"), Z9o € 8™ denote the blocks of Z according to the division given
in Proposition 2.1. We also recall that, in view of item (1) of Proposition 2.1, there exists
at least one y for which Li2(y) = 0 and Loo(y) = 0. This implies that £ satisfies

i, Sl ) |ver)
=t v A ) | e
{ < Zi:l(Alz)Tyi Zi:1 ASoyi Y

0 Ci2 >
e L. Al
< C?Z 022 ( )
In particular, £ is a linear space. We define ) as the subspace of 8" whose (1, 1)-block is

zero, i.e., Y € 8™ belongs to Y if and only if Y1; = 0. Then, let 7 : 8™ — )Y denote the
orthogonal projection onto ) so that the following holds for every Y € §™:

77(<Y11 Y12>>:< 0 Ym)
Yih Yo Vi Yo )
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Recall that our perturbation space is 7T ® L. Given S € T ® L, S is represented uniquely
as the sum of S5 € T and Sy € L. This decomposition is given as

0 S12 )
S =s11l+ ,
1 < ST, Sag — s111a

Ii; O

where I = < 0 Iy

>. With that, we have

_ _ 0 S12
Sr—suleT, Sp— < ST S > €L (A.2)

Now we are ready to proceed. For the proof of item 2 of Proposition 2.1, we take a
suitable basis of V as described in the following proposition.
Proposition A.1 There are matrices B',..., B™ € S™ with the following properties:

1. {B,..., B™} forms a basis of V.

2. {BY,...,B*} forms a basis of W (k < m), in particular, Biy =0 and B, = 0 for all
i=1,... k.

3. Every element V =% ", Aly; €V is written uniquely as

k m
V=> Bzu+ > B
i=1 i=k+1
= < Z§=1 Bizi 0 ) + < Z:n?;k-&-l Biléz E?mikﬂ Biﬂz’ > .
0 0 Yt (Bia) 2 D oilpyg Bagzi

4. There exists a nonsingular m x m matriz D such that B* = Py dijAl (i=1,...,m)
holds. If y,z € R™ are such that Y v, Aly; = Py Bizj, then yT = 2TD.

Proof. To obtain the basis B!,..., B™ satisfying items 1 and 2, we first construct a
basis of W and then expand it by adding independent elements from ¥ until the chosen
elements forms a basis of V. Item 3 is a direct consequence of items 1 and 2, and item 4
follows from a standard argument in linear algebra since {A',... A™} and {B!,..., B™}
are two bases of the same linear space V. [

Lemma A.2 With the B' as in Proposition A.1, define 7 : R™™F — L, 7y : R™F
R™(=") gnd 199 : Rk — S 7 sych that

T(Zka1y- -+ 2m)
_ ( 0 T12(Zk415 - - -5 Zm) >
TlQ(Zk-‘y-lu “e 7Zm)T 7—22(21454-17 ey Zm)
. m
= < m 0 ! z%k—i_l Bizz’i ) =T Z Bizi .
D imky1 Blazi 2oilpq Baoi il

Then, T is a bijective linear map.
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Proof. We first observe that 7 is surjective. Recall that {B!,..., B™} is a basis of V
and £ = w(V). Pick any element X in £. Since £ = m(V), there exists z € R such that
X =n(3", B'z). Then it follows that

X=mr (i Bizi> =7 ( i Bizi> = iw(Bi)zi =7r(F 2™,
i=1

1=k+1 k+1

and this proves that 7 is a surjection.
Next, we check that 7 is injective by showing that its kernel is trivial. Suppose that
T(Zk+41,- -+, 2m) = 0. That is,

( 0 Xilp Biox ) _ <0 0>
> imky1 Blozi 20y Biozi 0 0
holds. Therefore, Z?;kﬂ Biz; € W. Since B',...,B* form a basis for W, there are

(21,...,2k) such that
k

ZBiZi: in: BZZl

i=1 i=k+1
By the linear independence of the B?, all the z; must be 0, so 7 is injective as claimed.
Thus, 7 is surjective and injective, and hence 7 is bijective, and the proof is complete. =
Now, we are ready to prove item 2, i.e., the optimal value function w(S) of the following
problem:

RD(S) mz}n bTy subject to Lll(?/) + s11111 = 0, ng(y) = S, LQQ(y) + s11129 = S99,

where S € T &L, is continuous at S = 0. We note that s;1/11 = S11 holds for any S € THL.
To this end, we rewrite this problem in terms of B*,i =1,...,m and z, to obtain that

min, ' DT, st. Ci1 + s11l11 — Z;nzl B{lzj =0,
Cra = 3 il Blozi = Sha, (A.3)
Coz + s11loz — 32704y Biozi = Sa.

Now, observe that the two equality constraints in (A.3) can be written as
T12(2k415 - -+ 2m) = C12 — S12,  T22(2k41,- -+ 2m) = C22 — (S22 — s11122). (A4)

Since 7 is a bijective mapping from R™ % to £ as was shown in Lemma A.2, its inverse
mapping is well-defined. Let us denote by 7 the inverse mapping of 7. Slightly abusing
the notation, we write TinV(ng, L) as a function of Ly and Loy implicitly assuming that

0 Z12 . 0 012 0 512
E{z 222 € L. Then, recalling that ( Cng Co ) € L and ( S%; Sy — sl ) crl
(see (A.1), (A.2)), we see that (A.4) implies that

(Zht1s -5 2m) = (T (Cra—S12, Co2—(S22—511122)), - - - , Ti¥ (C12— S12, Con— (Saz —s11122))
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must hold, that is, (zx41,...,%m) is determined uniquely by the perturbation S in (A.3).

Therefore, (A.3) is equivalent to the following semidefinite programs with respect to (z1, ..., zx):
k m .
( min : Z(Db)izi + Z (Db);T;™" (C12 — S12, C22 — (S22 — s11122))
Bl Rk i=1 i= k+1

st (Cr+ sl — Z BHTIHV(CH S12,C22 — (S22 — s11022)))  (A.5)
j=k+1

k
J
~> Bz =0
7j=1

The optimal value function of (A.5) is is equal to w(S).

nv

Since 7 is a linear mapping and (A.1) and (A.2) holds, we have, for each j = k +

1,...,m,
7™ (C1z — Si2, Caz — (S22 — s11122)) = 7" (Cha, Ca2) — 7)™ (S12, S22 — s11122).

Therefore, we may further rewrite (A.5) as

mln Z Db Zl + Z Db mv(012, 022) Z (Db)iTiinV(Slz, SQQ - 811[22)
(21,00 i=k+1 i=k+1
(Cn+ Z BHT (C12,C92)) + s11111 (A.6)

j=k+1

k
— Z BHT 512, 522 — 811[22 Z B{lzj t 0.
j=k+1 j=

Overall, (A.6) is equivalent to RD(S) and the optimal value of (A.6) as a function of
perturbation S € T @ L coincides with w(.S).

Since the second and third term of the objective function is a constant and a linear
function of S, respectively, in order to establish continuity of w(S) at S = 0, it is enough
to show continuity of the optimal value function of the semidefinite program

k
min (Db);z;
(Z1,...7Zk) ’L:l
Cll + Z BHTIH 012,022)) + 511111 (A’])
j=k+1
_ Z BH’T 812,522 — 811[22 ZBHZJ -
j=k+1

obtained by dropping the second and the third terms of the objective function in (A.6).
The feasible region of (A.7) is the same as (A.6) and hence (A.7) is strongly feasible at
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S = 0. The perturbation term

m
sidi — Z B 7;™ (S12, S22 — s11122)
=kt

exists only at “the constant part of the constraint” in (A.7) and this term vanishes at
S = 0. Therefore, we can directly apply Theorem 4.1.9 of [20] to show that the optimal
value function of (A.7) is continuous at S = 0 and so is the optimal value function of (A.6).
This completes the proof.
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