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Abstract

This paper studies the convergence of a Nesterov accelerated variant of the
Broyden-Fletcher-Goldfarb-Shanno (NA-BFGS) quasi-Newton method in the set-
ting where the objective function is strongly convex, its gradient is Lipschitz
continuous, and its Hessian is Lipschitz continuous at the optimal point. We
demonstrate that similar to the classic BFGS method, the Nesterov accelerated
BFGS method also achieves a nonasymptotic superlinear convergence rate of

the form ( 1
k
)

k
4 within a local neighbourhood of the optimal point. The work

provides a theoretical explanation of the superlinear convergence of NA-BFGS
non-asymptotically and explicitly.

Keywords: Nesterov accelerated Broyden Fletcher Goldfarb Shanno (NA-BFGS),
Broyden Fletcher Goldfarb Shanno (BFGS), Superlinear rate of convergence, Local
convergence, Non-asymptotic

1 Introduction

Here, we focus on the rate of convergence of the Nesterov accelerated BFGS algorithm
non-asymptotically or explicitly after a finite iteration. We minimize a function which
is twice continuously differentiable and strongly convex.

f : Rd −→ R. (1)

We assume that its gradient ∇f(x) is Lipschitz continuous, and its Hessian ∇2f(x) is
Lipschitz continuous at the optimal point.
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When solving convex optimization problems, first-order methods such as gradi-
ent descent, ADAM, Stochastic gradient descent, and Nesterov accelerated Gradient
descent are frequently used ([1]). The sequence xk converges to the optimal point x∗
linearly if ∥xk−x∗∥ ≤ Nτk∥x0−x∗∥, where N is a constant whose value depends upon
problem parameters and τ ∈ (0, 1). Generally, linear convergence rate is achievable if
we use these first-order methods. Nesterov accelerated gradient descent achieves a fast
linear rate of (1−

√
m
L )

k
2 when the dimension of the problem is higher ([2], [3]), where

m is strong convexity constant and L is the Lipschitz constant of the gradient of f(x).
To avoid these drawbacks, many researchers were interested in second-order meth-

ods ([4], [5], [6], [7]) such as Newton methods, etc. Newton’s method has a quadratic
convergence rate under certain assumptions ([1]) but has some drawbacks. The com-
putational cost in computing the inverse Hessian is high, and it is pretty demanding to
calculate the exact inverse Hessian matrix when the objective function involves many
variables.

Therefore, to solve these problems, the quasi-Newton methods are proposed ([8],
[9]), where they approximate the inverse Hessian matrix. The computational cost
per iteration for the Newton method is O(d3), but for Quasi-Newton methods, the
cost reduces to O(d2) ([2]). There are different variants in Quasi-Newton methods
such as SR1 ([10]), DFP ([11], [12]), BFGS ([13], [14]), but BFGS optimizes faster.
BFGS method has a super-linear rate of convergence([15], [16], [17]). The sequence
xk converges to the optimal point x∗ super-linearly if the ratio between the errors at
k + 1 time and k time tends to zero as k approaches infinity, i.e.,

lim
k→∞

∥xk+1 − x∗∥
∥xk − x∗∥

= 0. (2)

There have been several works on the asymptotic analysis of classical BFGS ([15],[17]).
Recently, the nonasymptotic convergence analysis of the classical Quasi-Newton
method has been carried out ([18]),([19]). Nonasymptotic convergence analysis gives
more information about the complexity of the algorithm. In neural network prob-
lems, Nesterov accelerated BFGS works better than BFGS ([20] [21]). However, the
nonasymptotic analysis of Nesterov accelerated BFGS has not yet been studied prop-
erly. Hence, in this paper, we are trying to find a nonasymptotic convergence analysis
of Nesterov accelerated BFGS under certain assumptions. This analysis gives more
insight into the complexity of Nesterov accelerated BFGS. We characterize an explicit
upper bound on the error of NA-BFGS methods after a finite number of iterations.
As a result, the overall complexity of NA-BFGS methods for achieving an ϵ-accurate
solution, i.e., ∥xk − x∗∥ ≤ ϵ , can be explicitly characterized.

Sec-(2) discusses some required notations used in our results. Sec-(3) describes
the newly proposed Nesterov accelerated BFGS (NA-BFGS). In Sec-(4), we discuss
our assumptions, which helps to prove our desired results, i.e., superlinear rate of
convergence. We prove some necessary lemmas in Sec-(5). In Sec-(6), we demonstrate
the linear rate of convergence of Nesterov accelerated BFGS. In Sec-(7), we prove our
main theoretical result, i.e., superlinear convergence rate for NA-BFGS.
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2 Notation

This section briefly discusses some notation and definitions used in theorems and their
proofs. [∇2f(x∗)]

1
2 and [∇2f(x∗)]

− 1
2 are the square root of [∇2f(x∗)] and [∇2f(x∗)]

−1,
respectively. Here, we use a weighted version of the Hessian approximation, i.e.,

B̂k = [∇2f(x∗)]
− 1

2Bk[∇2f(x∗)]
− 1

2 . (3)

Hence, B̂k is real symmetric positive definite matrix as [∇2f(x∗)]
− 1

2 and Bk are real
symmetric positive definite matrix. Here, we use the weighted gradient difference
ŷk, the weighted variable difference ŝk, the weighted gradient ∇̂f(xk), the weighted
momentum vector v̂k and the weighted average Hessian Ĵk such as

ŷk = [∇2f(x∗)]
− 1

2 yk, ŝk = [∇2f(x∗)]
1
2 sk, ∇̂f(xk) = [∇2f(x∗)]

− 1
2∇f(xk). (4)

vk = xk − xk−1, v̂k = [∇2f(x∗)]
1
2 vk. (5)

Jk =

∫ 1

0

[
∇2f(x∗ + α(xk − x∗))

]
dα, Ĵk = [∇2f(x∗)]

− 1
2 Jk[∇2f(x∗)]

− 1
2 . (6)

In order to measure the closeness between the iterate xk and the minima point x∗, we
assume rk, σk and τk in such a way that

rk = [∇2f(x∗)]
1
2 (xk − x∗), σk =

M

m
3
2

∥rk∥, τk = max

(
σk +

Mµ

m
3
2

∥v̂k∥, σk+1

)
. (7)

3 Nesterov accelerated BFGS

Nesterov accelerated BFGS is the accelerated version of BFGS, which works better in
many problems ([20], [21]). The momentum term in NA-BFGS is effective in reducing
number of iteration.

Let us assume that the function f is C2, i.e., the function f can be approximated
quadratically in the neighborhood of xk+µvk. Hence, the quadratic model is given by

f̂(x+ p) = f(x) +∇f(x)T p+
pTBp

2
. (8)

where B is the Hessian approximation of f(x) . The quadratic model is very accurate
in approximating f(x) when x is near the optimal point x∗ ([1]). In NA-BFGS, the
momentum is vk = xk+1 − xk, and the initial momentum is v0 = 0. The momentum
coefficient is µ ∈ (0, 1). Therefore, the first iteration behaves like classical BFGS. After
the second iteration, the momentum term plays its part. In NA-BFGS, it considers
the previous two iterations. The Nesterov accelerated BFGS ([20], [21]) is defined as

xk+1 = xk + µvk −Wk∇f(xk + µvk), (9)
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where Wk is the inverse Hessian approximation and updated as follows

Wk+1 =

(
I − yks

T
k

sTk yk

)T

Wk

(
I − yks

T
k

sTk yk

)
+

sks
T
k

sTk yk
, (10)

sk = xk+1− (xk +µvk), yk = ∇f(xk+1)−∇f(xk +µvk), µ ∈ (0, 1). From the Taylor’s
expansion, we use the following equality in order to prove the superlinear convergence
of Nesterov BFGS, i.e.,

∇f(xk + µvk) = ∇f(xk) + µ∇2f(zk)vk. (11)

for some zk on the line joining between xk and xk + µvk.

Algorithm 1 Nesterov accelerated BFGS ([20], [21])

Require: an initial guess x0 ∈ Rd, W0 ≻ 0 be the initial inverse Hessian
approximation, initial momentum vector v0 = 0 and µ ∈ (0, 1).

1: Let k = 0.
2: Compute ∇f(xk);
3: while (∥∇f(xk)∥ > ϵ) do
4: Compute vk+1 = µvk −Wk∇f(xk + µvk);
5: Update xk+1 = xk + vk+1;
6: Compute ∇f(xk+1);
7: Update Wk+1 using Equation-(10);
8: k=k+1;
9: end while

Here, we proposed an adaptive momentum parameter µk instead of µ to prove the
local superlinear convergence of Nesterov accelerated BFGS.

4 Assumptions

We take the following assumptions on the function f .

1. f is a C2 function, i.e., twice continuously differentiable function and f is strongly
convex with the parameter m, i.e.,∥∥∇f(x)−∇f(y)

∥∥ ≥ m
∥∥x− y

∥∥ ∀x, y ∈ Rd. (12)

2. The gradient of f is Lipschitz continuous with parameter L, i.e.,∥∥∇f(x)−∇f(y)
∥∥ ≤ L

∥∥x− y
∥∥ ∀x, y ∈ Rd. (13)

3. The Hessian of f is Lipschitz continuous with parameter M at the optimal point
x∗, i.e., ∥∥∇2f(x)−∇2f(x∗)

∥∥ ≤ M
∥∥x− x∗

∥∥ ∀x ∈ Rd. (14)
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5 Important Lemmas

Lemma 1. Let us assume that f(x) satisfies Assumption-14, then

∥∥∇f(x1)−∇f(x2)−∇2f(x∗)(x1−x2)
∥∥ ≤ M

2
∥x1−x2

∥∥(∥∥x1−x∗
∥∥+∥∥x2−x∗

∥∥), (15)

holds for all x1, x2 ∈ Rd.

Proof. One can refer to [19].

Lemma 2. From the notation section, we define σk from (7) and Ĵk from
Equation (6). Let us define matrix Hk = ∇2f(x∗ + αk(xk − x∗)), Ĥk =

[∇2f(x∗)]
− 1

2Hk

[
∇2f(x∗)

]− 1
2 and αk ∈ [0, 1]. Also, assume that f(x) satisfy

Assumption-(12) and Assumption-(14). Then the following inequalities hold for all
k ≥ 0

1

(1 + σk

2 )
I ⪯ Ĵk ⪯

(
1 +

σk

2

)
I, (16)

and

1

(1 + σk)
I ⪯ Ĥk ⪯ (1 + σk)I. (17)

Proof. The proof is similar to [19].

Lemma 3. From the notation section, recall the definition of τk from Equation-(7)
and let Bk+1 be the inverse Hessian matrix generated by Nesterov accelerated BFGS.
Let us assume that for some k ≥ 0 and δ ≥ 0, we have that τk < 1 and ∥B̂k − I∥ ≤ δ.
Then Bk+1 satisfies the following inequalities

∥∥∥B̂k+1 − I
∥∥∥
F
≤
∥∥∥B̂k − I

∥∥∥
F
− ŝk(B̂k − I)B̂k(B̂k − I)ŝk

2δŝTk B̂kŝk
+

3 + σk

1− σk
τk, (18)

and

∥B̂k+1 − I∥F ≤ ∥(B̂k − I)∥F + Zkτk, (19)

where Zk = 3+σk

1−σk
, τk = max

(
σk + Mµ

m
3
2
∥v̂k∥, σk+1

)
.

Proof. One can refer to [19].

Lemma 4. Let us assume that f(x) satisfies Assumptions-(12-14). Then, the
following inequalities hold for all t ≥ 0.

∥ŷt − ŝt∥ ≤ τt∥ŝt∥, (20)

(1− τt)∥ŝt∥2 ≤ ŝTt ŷt ≤ (1 + τt)∥ŝt∥2, (21)

(1− τt)∥ŝt∥ ≤ ∥ŷt∥ ≤ (1 + τt)∥ŝt∥, (22)

5



∥∇̂f(xt)− rt∥ ≤ σt

2
∥rt∥. (23)

Proof.

∥ŷt − ŝt∥ =
∥∥∥[∇2f(x∗)]

− 1
2 yt − [∇2f(x∗)]

1
2 st

∥∥∥
=
∥∥∥[∇2f(x∗)]

− 1
2

∥∥∥∥∥yt −∇2f(x∗)st
∥∥

=
∥∥[∇2f(x∗)]

− 1
2

∥∥∥∥∇f(xt+1)−∇f(xt + µvt)

−∇2f(x∗)
(
xt+1 − (xt + µvt)

)∥∥.
Now using Lemma-(1) and strong convexity assumption, we get

∥ŷt − ŝt∥ ≤ M

2m
1
2

∥∥st∥∥( ∥xt+1 − x∗∥+ ∥(xt + µvt)− x∗∥
)

≤ M

m
1
2

∥st∥max
(
∥xt+1 − x∗∥, ∥(xt + µvt)− x∗∥

)
.

From the notation, (xk − x∗) = rk[∇2f(x∗)]
− 1

2 and v̂k = [∇2f(x∗)]
1
2 vk, we have

max (∥xt+1 − x∗∥, ∥(xt + µvt)− x∗∥) ≤ ∥[∇2f(x∗)]
− 1

2 ∥
max (∥rt+1∥, ∥rt∥+ µ∥v̂t∥) .

and

∥st∥ =
∥∥∥[∇2f(x∗)]

− 1
2 [∇2f(x∗)]

1
2 st

∥∥∥
≤
∥∥∥[∇2f(x∗)]

− 1
2

∥∥∥ ∥ŝt∥ ≤ 1

m
1
2

∥ŝt∥.

As τt = max
(
σt+1, σt +

Mµ

m
3
2
∥v̂t∥

)
, therefore,

∥ŷt − ŝt∥ ≤ M

m
3
2

max (∥rt+1∥, ∥rt∥+ µ∥v̂t∥) ∥ŝt∥ = τt∥ŝt∥. (24)

Hence, the first claim is proved. Then by using Cauchy Schwarz inequality, we have

|(ŷt − ŝt)
T ŝt| ≤ ∥ŷt − ŝt∥∥ŝt∥ ≤ τt∥ŝt∥2. (25)

It implies that

(1− τt)∥ŝt∥2 ≤ ŝt
T ŷt ≤ (1 + τt)∥ŝt∥2. (26)
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Therefore, the second claim is proved. Applying reverse triangle inequality and
Equation-(24), we have ∣∣∥ŷt∥ − ∥st∥

∣∣ ≤ ∥ŷt − ŝt∥ ≤ τt∥ŝt∥. (27)

It implies (1− τt)∥ŝt∥ ≤ ∥ŷt∥ ≤ (1 + τt)∥ŝt∥. Hence, the third claim is proved.

∥∇̂f(xt)− rt∥ =
∥∥∥[∇2f(x∗)]

− 1
2∇f(xt)− [∇2f(x∗)]

1
2 (xt − x∗)

∥∥∥
≤
∥∥∥[∇2f(x∗)]

− 1
2

∥∥∥∥∥∇f(xt)−∇f(x∗)− [∇2f(x∗)](xt − x∗)
∥∥ .

Putting x2 = x∗ in Lemma-(1), we get

∥∇̂f(xt)− rt∥ ≤ M

2m
1
2

∥xt − x∗∥2

=
M

2m
1
2

∥∥∥[∇2f(x∗)]
− 1

2 [∇2f(x∗)]
1
2 (xt − x∗)

∥∥∥2
≤ M

2m
3
2

∥rt∥2 =
σt

2
∥rt∥.

Hence, the fourth claim is proved.

6 Linear Convergence of Nesterov Accelerated
BFGS

We take the following assumptions to prove the linear convergence of Nesterov
Accelerated BFGS.

1. Let us consider an initial point x0 such that

σ0 =
M

m
3
2

∥∥∥[∇2f(x∗)]
1
2 (x0 − x∗)

∥∥∥ ≤ ϵ. (28)

2. Let us choose the initial Hessian approximation B0 satisfies∥∥B̂0 − I
∥∥
F
=
∥∥∥[∇2f(x∗)]

− 1
2

(
B0 −∇2f(x∗)

)
[∇2f(x∗)]

− 1
2

∥∥∥ ≤ δ, (29)

where ϵ ∈ (0, 1
3 ), δ ∈ (0, 1

2 ) such that for some ρ, µk ∈ (0, 1), they satisfy

3 + ϵ

1− ϵ

(
3ϵ

1− ρ

)
≤ δ, (30)

ρ ≥ 1

1− 2δ

[ ϵ
2
+ 2δ

]
, (31)
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µk ≤ σk(1− ρ)

2g(1− 2δ)(1 + ρ)
(32)

where g =
L
m+(1+2δ)

1−2δ .

Proposition 1. Let us assume that f(x) satisfies Assumptions-
(
12−14

)
and

(
28−32

)
.

Then

σ1 ≤ ρσ0,
∥∥B̂0 − I

∥∥
F
≤ 2δ, (33)

∥∥∥B̂0

∥∥∥ ≤ 1 + 2δ,
∥∥∥B̂−1

0

∥∥∥ ≤ 1

1− 2δ
, (34)

where ρ ≥ 1
1−2δ

(
ϵ
2 + 2δ

)
.

Proof. As per our Assumption-(29),

∥B̂0 − I∥F =
∥∥∥[∇2f(x∗)]

− 1
2 (B0 −∇2f(x∗))[∇2f(x∗)]

− 1
2

∥∥∥ ≤ δ. (35)

Therefore, ∥B̂0 − I∥F ≤ 2δ . From Equation-(35), all the eigenvalues of B̂0 are in
[1−2δ, 1+2δ]. Let λmax(B̂0) and λmin(B̂0) are the largest eigenvalue and the smallest
eigenvalue of B̂0. Then we have∥∥∥B̂0

∥∥∥ = λmax(B̂0) ≤ 1 + 2δ, (36)

and ∥∥∥B̂−1
0

∥∥∥ =
1

λmin(B̂0)
≤ 1

1− 2δ
. (37)

Hence, ∥∥∥B̂0

∥∥∥ ≤ 1 + 2δ and
∥∥∥B̂−1

0

∥∥∥ ≤ 1

1− 2δ
. (38)

We must show that σ1 ≤ ρσ0. As σk = M

m
3
2
∥rk∥, we have

σ1 =
M

m
3
2

∥r1∥ =
M

m
3
2

∥∥∥[∇2f(x∗)]
1
2 (x1 − x∗)

∥∥∥
=

M

m
3
2

∥∥∥[∇2f(x∗)]
1
2 (x0 + µ0v0 −B−1

0 (∇f(x0 + µ0v0))− x∗)
∥∥∥ .

As v0 = 0, we have

=
M

m
3
2

∥∥∥[∇2f(x∗)]
1
2 (x0 −B−1

0 ∇f(x0)− x∗)
∥∥∥
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=
M

m
3
2

∥∥[∇2f(x∗)]
1
2B−1

0

[
∇f(x0)−∇2f(x∗)(x0 − x∗)

− (B0 −∇2f(x∗))(x0 − x∗)
]∥∥

=
M

m
3
2

∥∥[∇2f(x∗)]
1
2B−1

0 [∇2f(x∗)]
1
2

(
[∇2f(x∗)]

−1
2 ∇f(x0)

− [∇2f(x∗)]
−1
2 ∇2f(x∗)(x0 − x∗)− [∇2f(x∗)]

−1
2 (B0 −∇2f(x∗))

[∇2f(x∗)]
−1
2 [∇2f(x∗)]

1
2 (x0 − x∗)

)∥∥
≤ M

m
3
2

∥∥∥B̂0
−1
∥∥∥∥∥∥[∇̂f(x0)− r0 −

(
B̂0 − I

)
r0

]∥∥∥
≤ M

m
3
2

∥∥∥B̂0
−1
∥∥∥ [∥∇̂f(x0)− r0∥+ ∥B̂0 − I∥∥r0∥

]
.

Using Equation-(38), Lemma-(4),

σ1 ≤ M

m
3
2

1

1− 2δ

[σ0

2
∥r0∥+ 2δ∥r0∥

]
≤ M∥r0∥

m
3
2

(
1

1− 2δ

[ ϵ
2
+ 2δ

])
≤ ρσ0,

where ρ ≥ 1
1−2δ

[
ϵ
2 + 2δ

]
.

Proposition 2. Let us assume that f(x) satisfies Assumptions-
(
12−14

)
and

(
28−32

)
.

Then

σ2 ≤ ρσ1,
∥∥B̂1 − I

∥∥
F
≤ 2δ, (39)

∥∥∥B̂1

∥∥∥ ≤ 1 + 2δ,
∥∥∥B̂−1

1

∥∥∥ ≤ 1

1− 2δ
, (40)

where ρ ≥ 1
1−2δ

[
ϵ
2 + 2δ

]
.

Proof. From Lemma-(3), ∥B̂1 − I∥F ≤ ∥(B̂0 − I)∥F + Z0τ0 and from our assumption
(29), we have ∥(B̂0 − I)∥F ≤ δ and

Z0 =
3 + σ0

1− σ0
≤ 3 + ϵ

1− ϵ
.

τ0 = max

(
σ0 +

Mµ0

m
3
2

∥v̂0∥, σ1

)
= σ0 ≤ ϵ.

Hence

Z0τ0 ≤ 3 + ϵ

1− ϵ
ϵ ≤ δ.
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Therefore,
∥B̂1 − I∥F ≤ ∥(B̂0 − I)∥F + Z0τ0 ≤ δ + δ = 2δ. (41)

Similarly, we can easily show that∥∥∥B̂1

∥∥∥ ≤ 1 + 2δ,
∥∥∥B̂−1

1

∥∥∥ ≤ 1

1− 2δ
. (42)

σ2 =
M

m
3
2

∥r2∥ =
M

m
3
2

∥∥∥[∇2f(x∗)]
1
2 (x2 − x∗)

∥∥∥
=

M

m
3
2

∥∥∥[∇2f(x∗)]
1
2 (x1 + µ1v1 −B−1

1 (∇f(x1 + µ1v1))− x∗)
∥∥∥ .

Using Equation-(11), we have

σ2 =
M

m
3
2

∥∥∥[∇2f(x∗)]
1
2 (x1 + µ1v1 −B−1

1 (∇f(x1) + µ1∇2f(z1)v1)− x∗)
∥∥∥

=
M

m
3
2

∥∥[∇2f(x∗)]
1
2B−1

1 [∇2f(x∗)]
1
2 [∇2f(x∗)]

−1
2

[
∇f(x1) + µ1∇2f(z1)v1

−∇2f(x∗)(x1 − x∗)− (B1 −∇2f(x∗))(x1 − x∗)− µ1B1v1
]∥∥

=
M

m
3
2

∥∥B̂1
−1∥∥∥∥[∇2f(x∗)]

−1
2

[
∇f(x1) + µ1∇2f(z1)v1 −∇2f(x∗)(x1 − x∗)

− (B1 −∇2f(x∗))(x1 − x∗)− µ1B1v1
]∥∥

=
M

m
3
2

∥∥B̂1
−1∥∥∥∥[∇̂f(x1) + [∇2f(x∗)]

−1
2 µ1∇2f(z1)v1 − r1 − [∇2f(x∗)]

−1
2(

B1 −∇2f(x∗)
)
[∇2f(x∗)]

−1
2 [∇2f(x∗)]

1
2 (x1 − x∗)− µ1∇2f(x∗)]

−1
2 B1

∇2f(x∗)]
−1
2 [∇2f(x∗)]

1
2 v1
]∥∥

=
M

m
3
2

∥∥∥B̂1
−1
∥∥∥∥∥[∇̂f(x1) + [∇2f(x∗)]

−1
2 µ1∇2f(z1)v1 − r1 −

(
B̂1 − I

)
r1

− µ1B̂1[∇2f(x∗)]
1
2 v1
]∥∥

≤ M

m
3
2

∥∥∥B̂1
−1
∥∥∥ [ (∥∇̂f(x1)− r1∥+ ∥B̂1 − I∥∥r1∥

)
+ µ1

(
∥[∇2f(x∗)]

−1
2

∇2f(z1)v1∥+ ∥B̂1[∇2f(x∗)]
1
2 v1∥

)]
.

Hence, we get

σ2 ≤ M

m
3
2

∥∥B̂1
−1∥∥[(∥∇̂f(x1)− r1∥+ ∥B̂1 − I∥∥r1∥

)
+ µ1

(
∥[∇2f(x∗)]

−1
2 ∇2f(z1)v1∥+ ∥B̂1[∇2f(x∗)]

1
2 v1∥

)]
.

(43)

∥∥∥[∇2f(x∗)]
−1
2 ∇2f(z1)v1

∥∥∥ =
∥∥∥[∇2f(x∗)]

− 1
2∇2f(z1)(x1 − x0)

∥∥∥
10



=
∥∥∥[∇2f(x∗)]

− 1
2

∥∥∥∥∥∇2f(z1)
∥∥ ∥(x1 − x∗) + (x∗ − x0)∥

=
∥∥∥[∇2f(x∗)]

− 1
2

∥∥∥∥∥∇2f(z1)
∥∥∥∥[∇2f(x∗)]

− 1
2 [∇2f(x∗)]

1
2(

(x1 − x∗) + (x∗ − x0)
)∥∥

≤
∥∥∥[∇2f(x∗)]

− 1
2

∥∥∥∥∥∇2f(z1)
∥∥∥∥∥[∇2f(x∗)]

− 1
2

∥∥∥∥∥[∇2f(x∗)]
1
2(

(x1 − x∗) + (x∗ − x0)
)∥∥

≤ L

m1/2

∥∥∥[∇2f(x∗)]
− 1

2 (r1 + r0)
∥∥∥

≤ L

m
(∥r1∥+ ∥r0∥) .

∥[∇2f(x∗)]
−1
2 ∇2f(z1)v1∥ ≤ L

m
(∥r1∥+ ∥r0∥) . (44)

∥∥∥[∇2f(x∗)]
1
2 v1

∥∥∥ =
∥∥∥[∇2f(x∗)]

1
2 (x1 − x0)

∥∥∥
=
∥∥∥[∇2f(x∗)]

1
2 (x1 − x∗ + x∗ − x0)

∥∥∥
≤ ∥r1∥+ ∥r0∥.

Hence,
∥B̂1[∇2f(x∗)]

1
2 v1∥ ≤ (1 + 2δ)(∥r1∥+ ∥r0∥). (45)

Now using Lemma-(4), Equation-(45), Equation-(44), Equation-(41) and put the
bounds in Equation-(43), we have

σ2 ≤ M

m
3
2

1

1− 2δ

[σ1

2
∥r1∥+ 2δ∥r1∥+

µ1L

m
(∥r1∥+ ∥r0∥) + (1 + 2δ)µ1

(
∥r1∥

+ ∥r0∥
)]

=
M∥r1∥
m

3
2

1

1− 2δ

[
σ1

2
+ 2δ +

(µ1L

m
+ µ1(1 + 2δ)

)]
+

M∥r0∥
m

3
2

1

1− 2δ(µ1L

m
+ µ1(1 + 2δ)

)
≤ σ1

1− 2δ

[
σ1

2
+ 2δ +

(µ1L

m
+ µ1(1 + 2δ)

)]
+

σ0

1− 2δ

[
µ1L

m
+ µ1(1 + 2δ)

]
.

As µ1 ≤ (1−ρ)σ1

2g(1−2δ)(1+ρ) and take g =
[

L
m+(1+2δ)

(1−2δ)

]
σ2 ≤ σ2

1

2(1− 2δ)
+

2δσ1

(1− 2δ)
+ µ1(σ1 + σ0)g

≤ σ2
1

2(1− 2δ)
+

2δσ1

(1− 2δ)
+ (σ1 + σ0)g

(1− ρ)σ1

2g(1− 2δ)(1 + ρ)

11



= σ1

[
σ1

2(1− 2δ)
+

2δ

1− 2δ
+ (σ1 + σ0)

(1− ρ)

2(1− 2δ)(1 + ρ)

]
≤ σ1

[
ρσ0

2(1− 2δ)
+

2δ

1− 2δ
+ σ0(1 + ρ)

(1− ρ)

2(1− 2δ)(1 + ρ)

]
= σ1

[
2δ

1− 2δ
+

σ0

2(1− 2δ)

]
= σ1

[(
σ0

2 + 2δ
)

(1− 2δ)

]

≤ σ1

[(
ϵ
2 + 2δ

)
(1− 2δ)

]
≤ ρσ1.

Theorem 1. Let us assume that f(x) satisfies Assumptions-
(
12− 14

)
and

(
28− 32

)
.

Then the sequence of iterate xk generated by the Nesterov accelerated BFGS algorithm
(2) converges to an optimal solution x∗ with

σk+1 ≤ ρσk, ∀k ≥ 0. (46)

where ρ ≥ 1
1−2δ

[
ϵ
2 + 2δ

]
. Further,

(
∥B̂k∥

)k=∞

k=0
lie in a neighbourhood ∇2f(x∗) defined

as ∥∥∥B̂k − I
∥∥∥
F
≤ 2δ, ∀k ≥ 0. (47)

Besides,
(∥∥∥B̂k

∥∥∥)k=∞

k=0
and

(∥∥∥B̂−1
k

∥∥∥)k=∞

k=0
are uniformly bounded by

∥∥∥B̂k

∥∥∥ ≤ 1 + 2δ,
∥∥∥B̂−1

k

∥∥∥ ≤ 1

1− 2δ
. (48)

Proof. We use the induction method to prove all the inequality and linear convergence
of Nesterov accelerated BFGS. From Preposition-(1), we have σ1 ≤ ρσ0 ,

∥∥B̂0−I
∥∥
F
≤

2δ,
∥∥∥B̂0

∥∥∥ ≤ 1 + 2δ,
∥∥∥B̂−1

0

∥∥∥ ≤ 1
1−2δ , where ρ ≥ 1

1−2δ

(
ϵ
2 + 2δ

)
. Nesterov accelerated

BFGS behaves like a classical BFGS in the first iteration. After the first iteration,

acceleration is added. Then we have σ2 ≤ ρσ1,
∥∥B̂1 − I

∥∥
F

≤ 2δ,
∥∥∥B̂1

∥∥∥ ≤ 1 + 2δ,∥∥∥B̂−1
1

∥∥∥ ≤ 1
1−2δ . This shows that all the conditions are satisfied for k = 0, 1. Then,

assume all the conditions are true for 0 ≤ k ≤ t. Hence,

∥B̂t − I∥F ≤ 2δ,
∥∥∥B̂t

∥∥∥ ≤ 1 + 2δ,
∥∥∥B̂−1

t

∥∥∥ ≤ 1

1− 2δ
, σt ≤ ρσt−1, (49)

where ρ ≥ 1
1−2δ

[
ϵ
2 + 2δ

]
. Now, we have to prove for k = t + 1. Since the condition

from Equation-(47) is satisfied for 0 ≤ k ≤ t, i.e., ∥B̂k − I∥F ≤ 2δ for 0 ≤ k ≤ t, now

12



we have to show for k = t+ 1, i.e., ∥B̂t+1 − I∥F ≤ 2δ . From Lemma-(3), we have∥∥B̂k+1 − I
∥∥
F
≤
∥∥(B̂k − I)

∥∥
F
+ Zkτk, (50)

where Zk = 3+σk

1−σk
, τk = max

(
σk + Mµ

m
3
2

∥∥v̂k∥∥, σk+1

)
.

τk = max

(
σk +

Mµk

m
3
2

∥∥v̂k∥∥, σk+1

)
= σk +

Mµk

m
3
2

∥∥v̂k∥∥
≤ ϵ+

Mµk

m
3
2

∥∥v̂k∥∥.
∥∥v̂k∥∥ =

∥∥[∇2f(x∗)]
1
2 (xk − x∗ + x∗ − xk−1)

∥∥
≤
∥∥rk∥∥+ ∥∥rk−1

∥∥.
Hence, ∥∥v̂k∥∥ ≤

∥∥rk∥∥+ ∥∥rk−1

∥∥. (51)

Hence,

τk ≤ ϵ+
Mµk

m3/2
∥v̂k∥

≤ ϵ+
Mµk

m3/2

(∥∥rk∥∥+ ∥∥rk−1

∥∥)
= ϵ+ µkσk + µkσk−1 ≤ 3ϵ < 1,

for 0 ≤ k ≤ t. From the induction, we have ∥B̂k − I∥F ≤ 2δ for 0 ≤ k ≤ t, Next, we
have to show for k = t+ 1. Hence,

σk ≤ ρσk−1 ≤ ρ2σk−2 · · · ≤ ρkσ0.

Now, for 0 ≤ k ≤ t, σk ≤ ϵ. We have

t∑
k=0

σk ≤
t∑

k=0

ρkσ0 ≤ ϵ

1− ρ
.

As v0 = 0, we have

t∑
k=0

Mµk

m3/2
∥v̂k∥ =

t∑
k=1

Mµk

m3/2
∥v̂k∥ ≤

t∑
k=1

Mµk

m3/2

(
∥rk∥+ ∥rk−1∥

)

13



=

t∑
k=1

µk

(
σk + σk−1

)
≤

t∑
k=1

µk

(
ρkσ0 + ρk−1σ0

)
≤

t∑
k=1

µkσ0

(
ρk + ρk−1

)
.

As µk < 1 and σ0 ≤ ϵ from our assumption, we have

≤ σ0

t∑
k=1

(
ρk + ρk−1

)
≤ σ0

t∑
k=1

ρk−1(1 + ρ)

≤ ϵ
(1 + ρ

1− ρ

)
≤ 2ϵ

1− ρ
.

k=t∑
k=0

τk ≤
k=t∑
k=0

(
σk +

Mµk

m
3
2

∥∥v̂k∥∥) ≤
k=t∑
k=0

σk +

k=t∑
k=0

Mµk

m3/2
∥v̂k∥ ≤ 3ϵ

1− ρ
.

Taking sum from k = 0 to k = t on both sides from Equation-(50) and Zk = 3+σk

1−σk
≤

3+ϵ
1−ϵ for 0 ≤ k ≤ t, we have

∥∥B̂t+1 − I
∥∥
F
≤
∥∥(B̂0 − I)

∥∥
F
+

k=t∑
k=0

Zkτk

≤ δ +
3 + ϵ

1− ϵ

(
3ϵ

1− ρ

)
.

From our assumption, 3+ϵ
1−ϵ

(
3ϵ

1−ρ

)
≤ δ, then

∥∥B̂t+1 − I
∥∥
F
≤ 2δ.

It implies that the above inequality holds for k = t + 1. Since ∥B̂t+1 − I∥F ≤ 2δ,
therefore all the eigenvalues of B̂t+1 lies in [1− 2δ, 1 + 2δ]. Using the same argument,
let us assume λmax(B̂t+1) and λmin(B̂t+1) be the largest eigenvalue and the smallest
eigenvalue of B̂t+1 . Then we have∥∥∥B̂t+1

∥∥∥ = λmax(B̂t+1) ≤ 1 + 2δ, (52)

and ∥∥∥B̂−1
t+1

∥∥∥ =
1

λmin(B̂t+1)
≤ 1

1− 2δ
. (53)
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Hence,

∥B̂t+1 − I∥F ≤ 2δ,
∥∥∥B̂t+1

∥∥∥ ≤ 1 + 2δ,
∥∥∥B̂−1

t+1

∥∥∥ ≤ 1

1− 2δ
. (54)

σt+1 =
M

m
3
2

∥∥[∇2f(x∗)]
1
2 (xt + µtvt −B−1

t

(
∇f(xt + µtvt))− x∗

)∥∥
=

M

m
3
2

∥∥[∇2f(x∗)]
1
2 (xt + µtvt −B−1

t

(
∇f(xt) + µt∇2f(zt)vt − x∗

)∥∥,
where zt ∈ (xt, xt + µtvt).

σt+1 =
M

m
3
2

∥∥[∇2f(x∗)]
1
2B−1

t

[
∇f(xt) + µt∇2f(zt)vt −∇2f(x∗)(xt − x∗)

− (Bt −∇2f(x∗))(xt − x∗)− µtBtvt
]∥∥

=
M

m
3
2

∥∥[∇2f(x∗)]
1
2B−1

t [∇2f(x∗)]
1
2 [∇2f(x∗)]

−1
2

[
∇f(xt) + µt∇2f(zt)vt

−∇2f(x∗)(xt − x∗)− (Bt −∇2f(x∗))(xt − x∗)− µtBtvt
]∥∥

=
M

m
3
2

∥∥B̂t
−1∥∥∥∥[∇̂f(xt) + [∇2f(x∗)]

−1
2 µt∇2f(zt)vt − rt − [∇2f(x∗)]

−1
2(

Bt −∇2f(x∗)
)
[∇2f(x∗)]

−1
2 [∇2f(x∗)]

1
2 (xt − x∗)− µt[∇2f(x∗)]

−1
2

Bt[∇2f(x∗)]
−1
2 [∇2f(x∗)]

1
2 vt
]∥∥

≤ M

m
3
2

∥∥B̂t
−1∥∥∥∥[∇̂f(xt) + [∇2f(x∗)]

−1
2 µt∇2f(zt)vt − rt −

(
B̂t − I

)
rt

− µtB̂t[∇2f(x∗)]
1
2 vt
]∥∥

≤ M

m
3
2

∥∥B̂t
−1∥∥[(∥∇̂f(xt)− rt∥+ ∥B̂t − I∥∥rt∥

)
+ µt

(
∥[∇2f(x∗)]

−1
2

∇2f(zt)vt∥+ ∥B̂t[∇2f(x∗)]
1
2 vt∥

)]
.

From Equation-(12) and Equation-(13), we have

∥[∇2f(x∗)]
−1/2∇2f(zt)vt∥ ≤ L√

m
∥vt∥.

From Equation-(51), we have

≤ L√
m
∥[∇2f(x∗)]

−1/2∥ (∥rt∥+ ∥rt−1∥)

≤ L

m
(∥rt∥+ ∥rt−1∥) .
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Therefore,

∥[∇2f(x∗)]
−1
2 ∇2f(zt)vt∥ ≤ L

m
(∥rt∥+ ∥rt−1∥) . (55)

∥∥B̂t[∇2f(x∗)]
1
2 vt
∥∥ =

∥∥B̂t[∇2f(x∗)]
1
2 (xt − x∗ + x∗ − xt−1)

∥∥
≤ (1 + 2δ)

(
∥rt∥+ ∥rt−1∥

)
.

Therefore, ∥∥B̂t[∇2f(x∗)]
1
2 vt
∥∥ ≤ (1 + 2δ)

(
∥rt∥+ ∥rt−1∥

)
. (56)

Using Equations-[54-56] and Lemma-(4), We have,

σt+1 ≤ M

m
3
2

1

1− 2δ

[σt

2
∥rt∥+ 2δ∥rt∥+

Lµt

m
(∥rt∥+ ∥rt−1∥) + µt(1 + 2δ)(∥rt∥

+ ∥rt−1)
]

=
M∥rt∥
m

3
2

1

1− 2δ

[
σt

2
+ 2δ +

Lµt

m
+ µt(1 + 2δ)

]
+

M∥rt−1∥
m

3
2

1

1− 2δ[
Lµt

m
+ µt(1 + 2δ)

]
=

σt

1− 2δ

[
σt

2
+ 2δ +

(µtL

m
+ µt(1 + 2δ)

)]
+

σt−1

1− 2δ

(µtL

m
+ µt(1 + 2δ)

)
.

As µt ≤ (1−ρ)σt

2g(1−2δ)(1+ρ) and taking g :=
[

L
m+(1+2δ)

(1−2δ)

]
, we get

σt+1 ≤ σ2
t

2(1− 2δ)
+

2δσt

(1− 2δ)
+ µt(σt + σt−1)g

≤ σ2
t

2(1− 2δ)
+

2δσt

(1− 2δ)
+ (σt + σt−1)g

(1− ρ)σt

2g(1− 2δ)(1 + ρ)

= σt

[
σt

2(1− 2δ)
+

2δ

1− 2δ
+ (σt + σt−1)

(1− ρ)

2(1− 2δ)(1 + ρ)

]
≤ σt

[
ρσt−1

2(1− 2δ)
+

2δ

1− 2δ
+ σt−1(1 + ρ)

(1− ρ)

2(1− 2δ)(1 + ρ)

]
= σt

[
2δ

1− 2δ
+

σt−1

2(1− 2δ)

]
= σt

[(σt−1

2 + 2δ
)

(1− 2δ)

]

≤ σt

[(
ϵ
2 + 2δ

)
(1− 2δ)

]
≤ ρσt.

Hence, it is true for k = t+ 1. Therefore,

σk+1 ≤ ρσk. (57)
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Therefore, all the above inequality is true for k = t + 1, and our induction step is
complete.

Using Theorem-1, we assume

µk ≤ ρkσ0(1− ρ)

2g(1− 2δ)(1 + ρ)
(58)

where g =
L
m+(1+2δ)

1−2δ .
Remark 1. Here, we choose ϵ and δ and ρ satisfying Equation-30 and Equation-31.
The assumptions on the triplet (ϵ, δ, ρ) are the same as in ([19]). The only difference
is that ϵ ∈ (0, 1

3 ) instead of (0, 1
2 ). Equations-(30, 31) give an upper and a lower

bounds of ρ. Also, one may notice that for the smooth movement of the convergence
analysis, ρ should be chosen near 0 and avoided near 1. For the ρ We have to choose

µ0 such that 0 < µ0 ≤ σ0(1−ρ)
2g(1−2δ)(1+ρ) < 1. For implementation purpose, from (32), we

choose µ1 = ρµ0, µ2 = ρ2µ0, . . . , µk = ρkµ0. Hence, µk ≤ µk−1 ≤ · · · ≤ µ0, i.e.,
µk decreases in every iteration as it nears the optimal point. It behaves like a feedback
system. Indeed, as σ0 measures the distance of the initial point from the solution x∗,
ρkσ0 signifies the distance of the k-th iteration from the solution or the optimal point.

Algorithm 2 Nesterov accelerated BFGS with adaptive momentum parameter

Require: an initial guess x0 ∈ Rn, L,M,m, σ0, ϵ, δ, ρ,W0 ≻ 0 be the initial
inverse Hessian approximation and initial momentum vector v0 = 0, and µ0 ∈
(0, σ0(1−ρ)

2g(1−2δ)(1+ρ) );

1: k=0;
2: Compute ∇f(xk);
3: Compute vk+1 = µkvk −Wk∇f(xk + µkvk);
4: Update xk+1 = xk + vk+1;
5: Compute ∇f(xk+1);
6: Update Wk+1 using Equation-(10);
7: Update µk+1 = ρµk;
8: k=k+1;

In the next section, we prove the superlinear convergence of Nesterov accelerated
BFGS using the above linear rate of convergence of NA-BFGS.
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7 Superlinear Convergence of Nesterov Accelerated
BFGS

Lemma 5. Let us assume that f(x) satisfies Assumptions-
(
12 − 14

)
and

(
28 − 32

)
.

Then the following inequalities hold for all t ≥ 0,

∥∥Ĵt−1
(Ĵt − B̂t)ŝt

∥∥ ≤
(
1 +

σt

2

)[
ρ(1 + ∥µt∥+ ρ) + ∥µt∥

](σt

2
+

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
)
∥rt−1∥.

(59)

∥∥Ĵt−1
[∇2f(x∗)]

−1/2∇2f(zt)vt
∥∥ ≤ (1 +

σt

2
)
L

m
(1 + ρ) ∥rt−1∥. (60)

∥∥[∇2f(x∗)]
1/2vt

∥∥ ≤ (1 + ρ)∥rt−1∥. (61)

Proof. ∥∥Ĵt−1
(Ĵt − B̂t)ŝt

∥∥ = ∥Ĵt
−1

[(Ĵt − I)ŝt − (B̂t − I)ŝt]∥

≤ ∥Ĵt
−1

∥
(
∥(Ĵt − I)ŝt∥+ ∥(B̂t − I)ŝt∥

)
= ∥Ĵt

−1
∥

(
∥Ĵt − I∥+

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
)
∥ŝt∥.

Hence,

∥Ĵt
−1

(Ĵt − B̂t)ŝt∥ ≤ ∥Ĵt
−1

∥

(
∥Ĵt − I∥+

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
)
∥ŝt∥. (62)

From Lemma-(2), we get ∥Ĵt
−1

∥ ≤ 1 + σt

2 and ∥Ĵt − I∥ ≤ σt

2 . From Theorem-(1), we

get σt+1 ≤ ρσt, where ρ ∈ (0, 1). As σt =
Mµt

m3/2 ∥rt∥, we have ∥rt+1∥ ≤ ρ∥rt∥.

∥ŝt∥ =
∥∥[∇2f(x∗)]

1/2 (xt+1 − xt − µtvt)
∥∥

=
∥∥ [∇2f(x∗)

]1/2
(xt+1 − x∗ + x∗ − xt − µtvt)

∥∥
≤
∥∥[∇2f(x∗)]

1/2(xt+1 − x∗)
∥∥+ ∥∥[∇2f(x∗)]

1/2(xt − x∗)
∥∥

+ ∥µt∥
∥∥[∇2f(x∗)]

1/2vt
∥∥

≤
∥∥rt+1

∥∥+ ∥∥rt∥∥+ ∥µt∥
∥∥ [∇2f(x∗)

]1/2
(xt − xt−1)

∥∥
≤ ρ∥rt∥+ ∥rt∥+ ∥µt∥

(
∥rt∥+ ∥rt−1∥

)
= (1 + ∥µt∥+ ρ)∥rt∥+ ∥µt∥∥rt−1∥
≤ ρ(1 + ∥µt∥+ ρ)∥rt−1∥+ ∥µt∥∥rt−1∥
≤
[
ρ(1 + ∥µt∥+ ρ) + ∥µt∥

]
∥rt−1∥.
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Hence, we have ∥∥ŝt∥∥ ≤
[
ρ(1 + ∥µt∥+ ρ) + ∥µt∥

]
∥rt−1∥. (63)

From Theorem-(1), we have σk+1 ≤ ρσk, ∥(B̂k − I)∥F ≤ 2δ, ∥B̂k∥ ≤ 1 + 2δ and

∥B̂k
−1

∥ ≤ 1
1−2δ . Since, for any t ≥ 0, we have τt = max(σt +

Mµt

m3/2 ∥v̂t∥, σt+1) =

σt +
Mµt

m3/2 ∥v̂t∥. Putting δ = 2δ in Lemma-(3), we have

∥∥(B̂t+1 − I)
∥∥
F
≤
∥∥(B̂t − I)

∥∥
F
− ŝTt (B̂t − I)B̂t(B̂t − I)ŝt

4δŝt
T B̂tŝt

+
3 + σt

1− σt

[
σt +

Mµt

m3/2
∥v̂t∥

]
.

Now, taking summation both sides from t = 0 to t = k − 1, we get

∥(B̂k − I)∥F ≤ ∥(B̂0 − I)∥F −
k−1∑
t=0

ŝTt (B̂t − I)B̂t(B̂t − I)ŝt

4δŝt
T B̂tŝt

+

k−1∑
t=0

3 + σt

1− σt

[
σt +

Mµt

m3/2
∥v̂t∥

]
.

Then, rearranging the term, we have[
k−1∑
t=0

ŝTt (B̂t − I)B̂t(B̂t − I)ŝt

4δŝTt B̂tŝt

]
≤ ∥(B̂0 − I)∥F − ∥(B̂k − I)∥F

+

k−1∑
t=0

3 + σt

1− σt

[
σt +

Mµt

m3/2
∥v̂t∥

]

≤ ∥(B̂0 − I)∥F +

k−1∑
t=0

3 + σt

1− σt

[
σt +

Mµt

m3/2
∥v̂t∥

]
.

We have

k−1∑
t=0

σt ≤
k−1∑
t=0

ρtσ0 ≤ ϵ

1− ρ
.

As v0 = 0, we have

k−1∑
t=0

Mµt

m3/2
∥v̂t∥ =

k−1∑
t=1

Mµt

m3/2
∥v̂t∥.
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From Equation-(51), we have

k−1∑
t=1

Mµt

m3/2
∥v̂t∥ ≤

k−1∑
t=1

Mµt

m3/2

(
∥rt∥+ ∥rt−1∥

)
=

k−1∑
t=1

µt

(
σt + σt−1

)
≤

k−1∑
t=1

µt

(
ρtσ0 + ρt−1σ0

)
≤

k−1∑
t=1

µtσ0

(
ρt + ρt−1

)
.

As µk < 1 and σ0 ≤ ϵ from our assumption, we have

≤ ϵ

k−1∑
t=1

(
ρt + ρt−1

)
≤ ϵ

k−1∑
t=1

ρt−1(1 + ρ)

≤ ϵ
(1 + ρ

1− ρ

)
≤ 2ϵ

1− ρ
.

Hence, we have[
k−1∑
t=0

ŝTt (B̂t − I)B̂t(B̂t − I)ŝt

4δŝt
T B̂tŝt

]
≤ ∥(B̂0 − I)∥F +

k−1∑
t=0

3 + σt

1− σt

[
σt +

Mµt

m3/2
∥v̂t∥

]
≤ δ +

3 + ϵ

1− ϵ

[ ϵ

1− ρ
+

2ϵ

1− ρ

]
≤ δ +

3 + ϵ

1− ϵ

( 3ϵ

1− ρ

)
≤ δ + δ = 2δ.

Therefore, [
k−1∑
t=0

ŝTt (B̂t − I)B̂t(B̂t − I)ŝt

ŝTt B̂tŝt

]
≤ 8δ2. (64)

Using the bounds of the Equation-(48), we have

ŝTt (B̂t − I)B̂t(B̂t − I)ŝt = xT B̂tx ≥ 1

∥B̂−1
t ∥

∥(B̂t − I)ŝt∥2

≥ (1− 2δ)∥(B̂t − I)ŝt∥2,

ŝTt B̂tŝt ≤
∥∥∥B̂t

∥∥∥ ∥ŝt∥2 ≤ (1 + 2δ)∥ŝt∥2.
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Hence, we have

ŝTt (B̂t − I)B̂t(B̂t − I)ŝt

ŝt
T B̂tŝt

≥ 1− 2δ

1 + 2δ

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
2

. (65)

By combining bounds from Equation-(64) and Equation-(65), we have

k−1∑
t=0

1− 2δ

1 + 2δ

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
2

≤ 8δ2.

It implies that

k−1∑
t=0

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
2

≤ 8δ2
1 + 2δ

1− 2δ
| = 8δ2q2.

By using Cauchy-Schwarz inequality and q2 = 1+2δ
1−2δ , we have

k−1∑
t=0

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥ ≤ 2
√
2δq

√
k. (66)

By combining Equation-(66), Equation-(63) and Lemma-(2) and putting the values in
Equation-(62), we get

∥∥Ĵt−1
(Ĵt − B̂t)ŝt

∥∥ ≤ ∥Ĵt
−1

∥

(
(∥Ĵt − I)∥+

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
)
∥ŝt∥

≤ (1 +
σt

2
)
(
ρ(1 + ∥µt∥+ ρ) + ∥µt∥

)(σt

2
+

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
)

∥rt−1∥.

∥∥Ĵt−1
(Ĵt − B̂t)ŝt

∥∥ ≤ (1 +
σt

2
)
(
ρ(1 + ∥µt∥+ ρ) + ∥µt∥

)(σt

2
+

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
)
∥rt−1∥.

(67)
Using equation-(55) and Lemma-2, we have

∥Ĵt
−1

[∇2f(x∗)]
−1/2∇2f(zt)vt∥ ≤ (1 +

σt

2
)
L

m
(∥rt∥+ ∥rt−1∥)

≤ (1 +
σt

2
)
L

m
(1 + ρ) ∥rt−1∥.

Using Equation-(51), we get∥∥v̂k∥∥ =
∥∥[∇2f(x∗)]

1/2vt
∥∥ ≤

∥∥rt∥∥+ ∥∥rt−1

∥∥ ≤ (1 + ρ)∥rt−1∥.

21



Hence, we have ∥∥[∇2f(x∗)]
1/2vt

∥∥ ≤ (1 + ρ)∥rt−1∥. (68)

Theorem 2. Let us assume that f(x) satisfies Assumptions-
(
12− 14

)
and

(
28− 32

)
.

Then xn generated by Nesterov accelerated BFGS (2) converges to x∗ superlinearly
with a rate of∥∥∥[∇2f(x∗)]

1
2 (xk − x∗)

∥∥∥∥∥∥[∇2f(x∗)]
1
2 (x0 − x∗)

∥∥∥ ≤

(
M1q

√
k +M2

k

)k/2

∀k ≥ 1, (69)

and

f(xk)− f(x∗)

f(x0)− f(x∗)
≤ (1 + ϵ)2

(
M1q

√
k +M2

k

)k

∀k ≥ 1, (70)

where M1 = 4δP (1 + ϵ
2 ), M2 =

(
(1 + ϵ

2 )
L
m + 1

)
ϵ

g(1−2δ) + P (1 + ϵ
2 )

ϵ
(1−ρ) , P =

[
ρ(1 +

∥µ0∥+ ρ) + ∥µ0∥
]
, g =

L
m+(1+2δ)

1−2δ and q =
√

1+2δ
1−2δ .

Proof. As f(x) is twice continuously differentiable function, applying Taylor theorem
around x∗, we get

f(xt)− f(x∗) = f(x∗) +∇f(x∗)(xt − x∗) + (1/2)(xt − x∗)
THt(xt − x∗)− f(x∗)

= (1/2)(xt − x∗)
T [∇2f(x∗)]

1/2[∇2f(x∗)]
−1/2Ht[∇2f(x∗)]

−1/2

[∇2f(x∗)]
1/2(xt − x∗)

=
rTt Ĥtrt

2
,

where ∇f(x∗) = 0, Ht = ∇2f(x∗ + α(xt − x∗)), α ∈ [0, 1] and Ĥt =
[∇2f(x∗)]

−1/2Ht[∇2f(x∗)]
−1/2. Using Lemma-(2) and σt ≤ ρσ0 ≤ ϵ, we get

f(xk)− f(x∗) =
rTk Ĥkrk

2
≤ 1 + σk

2
∥rk∥2 ≤ 1 + ϵ

2
∥rk∥2. (71)

Similarly, from Lemma-(2), we have

f(x0)− f(x∗) =
rT0 Ĥ0r0

2
≥ ∥r0∥2

2(1 + σ0)
≥ ∥r0∥2

2(1 + ϵ)
. (72)

From Equation-(71) and Equation -(72), we have

f(xk)− f(x∗)

f(x0)− f(x∗)
≤

1+ϵ
2 ∥rk∥2
∥r0∥2

2(1+ϵ)

= (1 + ϵ)2
∥rk∥2

∥r0∥2
. (73)
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Here, we require to find an upper bound of ∥rk∥2

∥r0∥2 . We have Jt(xt−x∗) = ∇f(xt) from

Equation-(6). Hence, xt − x∗ = Jt
−1∇f(xt). We get from Equation-(9) that

st = xt+1 − (xt + µtvt) = −B−1
t ∇f(xt + µtvt)

= −B−1
t [∇f(xt) + µt∇2f(zt)vt],

where zt = αxt + (1 − α)(xt + µtvt) and α ∈ (0, 1). Hence, ∇f(xt) = −Btst −
µt∇2f(zt)vt. From that above equation, we get

xt+1 − x∗ = xt − x∗ + µtvt + st

= J−1
t ∇f(xt) + st + µtvt

= −J−1
t Btst − µtJ

−1
t ∇2f(zt)vt + st + µtvt.

As ∇f(xt) = −Btst − µt∇2f(zt)vt, multiplying [∇2f(x∗)]
1/2 both the sides, we have

[∇2f(x∗)]
1/2(xt+1 − x∗) = −[∇2f(x∗)]

1/2J−1
t [∇2f(x∗)]

1/2[∇2f(x∗)]
−1/2Bt

[∇2f(x∗)]
−1/2[∇2f(x∗)]

1/2st − µt[∇2f(x∗)]
1/2J−1

t

[∇2f(x∗)]
1/2[∇2f(x∗)]

−1/2∇2f(zt)vt + [∇2f(x∗)]
1/2

st + µt[∇2f(x∗)]
1/2vt.

Therefore,∥∥rt+1

∥∥ =
∥∥− Ĵt

−1
B̂tŝt − µtĴt

−1
[∇2f(x∗)]

−1/2∇2f(zt)vt + ŝt + µt[∇2f(x∗)]
1/2vt

∥∥
=
∥∥Ĵt−1

(Ĵt − B̂t)ŝt + µt

(
[∇2f(x∗)]

1/2vt − Ĵt
−1

[∇2f(x∗)]
−1/2∇2f(zt)vt

)∥∥.
Hence,∥∥rt+1

∥∥ ≤
∥∥Ĵt−1

(Ĵt−B̂t)ŝt
∥∥+∥µt∥

(∥∥[∇2f(x∗)]
1/2vt

∥∥+ ∥∥Ĵt−1
[∇2f(x∗)]

−1/2∇2f(zt)vt
∥∥) .

(74)

Using the bounds of ∥Ĵt
−1

(Ĵt−B̂t)ŝt∥, ∥[∇2f(x∗)]
1/2vt∥, ∥Ĵt

−1
[∇2f(x∗)]

−1/2∇2f(zt)vt∥
from Lemma-(5) and putting the values in Equation-(74), we get

∥∥rt+1

∥∥ ≤ (1 +
σt

2
)
[
ρ(1 + ∥µt∥+ ρ) + ∥µt∥

](σt

2
+

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
)
∥rt−1∥

+ ∥µt∥
(
(1 +

σt

2
)
L

m
(1 + ρ) ∥rt−1∥+ (1 + ρ)∥rt−1∥

)
.
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As µt ≤ ρtµ0, we have ∥µt∥ ≤ ∥µ0∥. Hence,

∥∥rt+1∥ ≤ (1 +
σt

2
)
[
ρ(1 + ∥µ0∥+ ρ) + ∥µ0∥

](σt

2
+

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
)
∥rt−1∥

+ ∥µt∥
(
(1 +

σt

2
)
L

m
(1 + ρ) ∥rt−1∥+ (1 + ρ)∥rt−1∥

)
.

Therefore,

∥rt+1∥
∥rt−1∥

≤ (1 +
σt

2
)P

(
σt

2
+

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
)

+ ∥µt∥
(
(1 +

σt

2
)
L

m
(1 + ρ) + (1 + ρ)

)
.

where P =
[
ρ(1+∥µ0∥+ρ)+∥µ0∥

]
. Taking sum both the sides from t = 0 to t = k−1

and using σt ≤ ϵ, we have

k−1∑
t=0

∥rt+1∥
∥rt−1∥

≤ P (1 +
ϵ

2
)

(
k−1∑
t=0

σt

2
+

k−1∑
t=0

∥∥∥∥∥ (B̂t − I)ŝt
ŝt

∥∥∥∥∥
)

+

k−1∑
t=0

∥µt∥(
(1 +

ϵ

2
)
L

m
(1 + ρ) + (1 + ρ)

)
.

Case-1 (Let k = 2n)
As the arithmetic mean is greater than equal to the geometric mean, we get

∥rk∥
∥r0∥

=
∥r2n∥
∥r0∥

= Πn−1
t=0

∥r2t+2∥
∥r2t∥

≤

∑n−1
t=0

∥r2t+2∥
∥r2t∥

n

n

≤

P (1 + ϵ
2 )
(

ϵ
2(1−ρ) + 2

√
2δq

√
n
)
+ (1 + ρ)

(
(1 + ϵ

2 )
L
m + 1

)∑n−1
t=0 ∥µ2t+1∥

n

n

≤

P (1 + ϵ
2 )
(

ϵ
2(1−ρ) + 2

√
2δq

√
n
)
+ (1 + ρ)

(
(1 + ϵ

2 )
L
m + 1

)∑n−1
t=0

ρ2t+1σ0(1−ρ)
2g(1+ρ)(1−2δ)

n

n

≤

P (1 + ϵ
2 )
(

ϵ
2(1−ρ) + 2

√
2δq

√
n
)
+
(
(1 + ϵ

2 )
L
m + 1

)
ϵ

2g(1−2δ)

n

n

=

P (1 + ϵ
2 )

(
ϵ

2(1−ρ) + 2
√
2δq
√

k
2

)
+
(
(1 + ϵ

2 )
L
m + 1

)
ϵ

2g(1−2δ)

k
2


k
2
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=

2P (1 + ϵ
2 )
(

ϵ
2(1−ρ) + 2δq

√
k
)
+
(
(1 + ϵ

2 )
L
m + 1

)
ϵ

g(1−2δ)

k


k
2

.

where P =
[
ρ(1 + ∥µ0∥+ ρ) + ∥µ0∥

]
.

f(xk)− f(x∗)

f(x0)− f(x∗)

≤ (1 + ϵ)2

2P (1 + ϵ
2 )
(

ϵ
2(1−ρ) + 2δq

√
k
)
+
(
(1 + ϵ

2 )
L
m + 1

)
ϵ

g(1−2δ)

k

k

.

Case-2 (Let k = 2n+ 1)

∥rk∥
∥r0∥

=
∥r2n+1∥
∥r0∥

= Πn−1
t=0

∥r2t+3∥
∥r2t+1∥

∥r1∥
∥r0∥

≤

∑n−1
t=0

∥r2t+3∥
∥r2t+1∥

n

n

∥r1∥
∥r0∥

≤ ρ

P (1 + ϵ
2 )
(

ϵ
2(1−ρ) + 2

√
2δq

√
n
)
+ (1 + ρ)

(
(1 + ϵ

2 )
L
m + 1

)∑n−1
t=0 ∥µ2t+2∥

n

n

= ρ

P (1 + ϵ
2 )

(
ϵ

2(1−ρ) + 2
√
2δq
√

k−1
2

)
+ (1 + ρ)

(
(1 + ϵ

2 )
L
m + 1

)∑ k−1
2 −1

t=0
ρ2t+2σ0(1−ρ)
2g(1+ρ)(1−2δ)

k−1
2


k−1
2

= ρ

2P (1 + ϵ
2 )
(

ϵ
2(1−ρ) + 2δq

√
k − 1

)
+
(
(1 + ϵ

2 )
L
m + 1

)
ϵ

g(1−2δ)

k − 1


k−1
2

.

f(xk)− f(x∗)

f(x0)− f(x∗)

≤ (1 + ϵ)2ρ2

2P (1 + ϵ
2 )
(

ϵ
2(1−ρ) + 2δq

√
k − 1

)
+
(
(1 + ϵ

2 )
L
m + 1

)
ϵ

g(1−2δ)

k − 1

k−1

.

Hence, the results are established.

Remark 2. The superlinear convergence rate of NA-BFGS doesn’t depend on the prob-
lem dimension d but on the condition number. In our case, the superlinear behaviour
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starts from the first iteration onwards. The superlinear convergence behaviour of NA-
BFGS begins when we reach the local neighbourhood of the optimal point, and to reach
the local neighbourhood, we can use the Nesterov accelerated gradient descent. The
non-asymptotic error bound in NA-BFGS will help predict the maximum number of
iterations to achieve the desired accuracy.
Corollary 7.1. Let us assume that f satisfies Assumptions-

(
12 − 14

)
. Moreover,

suppose the initial point and initial Hessian approximation matrix B0 satisfy

M

m
3
2

∥∥∥[∇2f(x∗)]
1
2 (x0 − x∗)

∥∥∥ ≤ 1

240
. (75)

∥∥∥[∇2f(x∗)]
− 1

2

(
B0 −∇2f(x∗)

)
[∇2f(x∗)]

− 1
2

∥∥∥
F
≤ 1

10
. (76)

Then xk generated by Nesterov accelerated BFGS (2) converges to x∗ superlinearly
with a rate of ∥∥∥[∇2f(x∗)]

1
2 (xk − x∗)

∥∥∥∥∥∥[∇2f(x∗)]
1
2 (x0 − x∗)

∥∥∥ ≤
(

1√
k

)k/2

∀k ≥ 1, (77)

and

f(xk)− f(x∗)

f(x0)− f(x∗)
≤ 1.1

(
1√
k

)k

∀k ≥ 1. (78)

Proof. Comparing Equations (75-76) to Equations (28-29), we get the value of ϵ = 1
240 ,

δ = 1
10 . From Theorem-2, we can take ρ = 1

2 and µ0 = 0.0004. Putting all the values
in Equations (77-81), we get the desired inequalities.

Remark 3. In corollary-7.1, we validate Theorem-2 by taking suitable ϵ, δ, ρ and µ0.
We can also take different values of ϵ, δ, ρ, µ0 to validate our theoretical results.

To initiate the NA-BFGS, one requires the initial Hessian approximation. In the
following Corollary-7.2, we choose the initial Hessian approximation as ∇2f(x0) and
show that the above results hold.
Corollary 7.2. Let us assume that f satisfies Assumptions-

(
12 − 14

)
. Moreover,

suppose the initial point and initial Hessian approximation matrix B0 satisfy

M

m
3
2

∥∥∥[∇2f(x∗)]
1
2 (x0 − x∗)

∥∥∥ ≤ min

(
1

240
,

1

10
√
d

)
, B0 = ∇2f(x0). (79)

Then xk generated by Nesterov accelerated BFGS (2) converges to x∗ superlinearly
with a rate of ∥∥∥[∇2f(x∗)]

1
2 (xk − x∗)

∥∥∥∥∥∥[∇2f(x∗)]
1
2 (x0 − x∗)

∥∥∥ ≤
(

1√
k

)k/2

∀k ≥ 1, (80)
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and

f(xk)− f(x∗)

f(x0)− f(x∗)
≤ 1.1

(
1√
k

)k

∀k ≥ 1. (81)

Proof. From assumption, we have M

m
3
2

∥∥∥[∇2f(x∗)]
1
2 (x0 − x∗)

∥∥∥ ≤ 1
240 . We know that

∥A∥F ≤
√
d∥A∥ for any matrix of order Rd×d. Hence, we have∥∥∥[∇2f(x∗)]

− 1
2

(
∇2f(x0)−∇2f(x∗)

)
[∇2f(x∗)]

− 1
2

∥∥∥
F

≤
√
d
∥∥∥[∇2f(x∗)]

− 1
2

(
∇2f(x0)−∇2f(x∗)

)
[∇2f(x∗)]

− 1
2

∥∥∥
≤

√
d
∥∥∥[∇2f(x∗)]

− 1
2

∥∥∥2 ∥∥∇2f(x0)−∇2f(x∗)
∥∥

≤
√
d
M

m
∥x0 − x∗∥

=
√
d
M

m

∥∥∥[∇2f(x∗)]
− 1

2 [∇2f(x∗)]
1
2 (x0 − x∗)

∥∥∥
≤

√
d
M

m

∥∥∥[∇2f(x∗)]
− 1

2

∥∥∥∥∥∥[∇2f(x∗)]
1
2 (x0 − x∗)

∥∥∥
≤

√
d

(
M

m3/2

∥∥∥[∇2f(x∗)]
1
2 (x0 − x∗)

∥∥∥) .

Using Equation-(79), we have∥∥∥[∇2f(x∗)]
− 1

2

(
∇2f(x0)−∇2f(x∗)

)
[∇2f(x∗)]

− 1
2

∥∥∥
F

≤
√
d

(
1

10
√
d

)
=

1

10
.

Hence, using Corollary-7.1, we get the desired result.

Corollary 7.3 (Estimating the norm of the gradient). Let us assume that f(x) satisfy
Assumption-

(
12− 14

)
,
(
28− 32

)
. Then, the number of iterations of the NA-BFGS to

reach the small norm of the gradient ∥∇f(xk)∥ ≤ α satisfies the following bound

k ≥ M2V
2

α2
, (82)

where V = Lϵm
M and q =

√
1+2δ
1−2δ .

Proof. From Assumption-(13), putting x = xk and y = x∗, we get∥∥∇f(xk)−∇f(x∗)
∥∥ ≤ L

∥∥xk − x∗
∥∥. (83)
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From Equation-(77), we have

∥∥rk∥∥ ≤

(
M1q

√
k +M2

k

)k/2

∥r0∥.

we know that m1/2
∥∥xk − x∗

∥∥ ≤ ∥rk∥ and ∥r0∥ ≤ ϵm3/2

M . Therefore,

∥∥xk − x∗
∥∥ ≤

(
M1q

√
k +M2

k

)k/2
∥r0∥
m1/2

≤

(
M1q

√
k +M2

k

)k/2
ϵm3/2

Mm1/2

≤

(
M1q

√
k +M2

k

)k/2
ϵm

M
.

As ∇f(x∗) = 0, and using Equation-(83), we get

∥∥∇f(xk)
∥∥ ≤ L

∥∥xk − x∗
∥∥ ≤

(
M1q

√
k +M2

k

)k/2
Lϵm

M
.

Define V := Lϵm
M . Hence,

∥∥∇f(xk)
∥∥ ≤

(
M1q

√
k+M2

k

)k/2
V . We require to prove the

following inequality (
M1q

√
k +M2

k

)k/2

V ≤ α

⇒ (M1q
√
k +M2)

k/2 ≤ α

V
(k)

k/2

⇒ M1q
√
k +M2 ≤

( α
V

)2/k
k

⇒ M2 ≤
( α
V

)2/k
k −M1q

√
k ≤ k

( α
V

)2/k
⇒ lnM2 ≤ lnk +

2

k
ln
( α
V

)
≤ lnk + 2ln

( α
V

)
⇒ ln

M2V
2

α2
≤ lnk

⇒ k ≥ M2V
2

α2
.
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Remark 4. From the above results, we can predict the least iteration number k for
which ∇f(xk) ≤ α is satisfied. Here, iteration number k depends on V , i.e., the initial
distance from the optimal point, and M2. M2 depends on the condition number and
inverse of the 1− ρ. It shows that if ρ is chosen near to 1, the iteration number k will
be higher.

8 Conclusion

Here, from Equation-(77), we get the rate of convergence of Nesterov accelerated

BFGS is ( 1k )
k
4 , and Nesterov accelerated BFGS works well in the local neighbourhood

of the optimal point. We know that the rate of convergence of Nesterov accelerated
gradient descent is optimal among all the first-order methods for higher dimensional
problems [22]. Therefore, we suggest that one use the Nesterov accelerated gradient
descent till one reaches the local neighbourhood of the optimal point and then use
Nesterov accelerated BFGS for getting the superliner rate of convergence.

Here, we suggest some further development of the above results. While finding
the rate of convergence of NA-BFGS, we assume that the gradient of f is Lipschitz
continuous, and L is known to us. One could develop an adapting algorithm that starts
from any initial guess L0 and adjusts inverse Hessian approximation each iteration so
that the original estimate remains the same. Also, one can study its rate of convergence
in the above analysis. One could extend the analysis to the global convergence.
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