
New Formulations and Pricing Mechanisms for Stochastic
Electricity Market Clearing Problem

Sakitha Ariyarathne∗1 and Harsha Gangammanavar†1

1Department of Operations Research and Engineering Management, Southern
Methodist University, Dallas TX

Abstract

We present new formulations of the stochastic electricity market clearing problem
based on the principles of stochastic programming. Previous analyses have estab-
lished that the canonical stochastic programming model effectively captures the re-
lationship between the day-ahead and real-time dispatch and prices. The result-
ing quantities exhibit desirable guarantees of revenue adequacy, cost recovery, and
price distortion in expectation. Motivated by these results, we develop alternative
stochastic programming model formulations that differ in how we model the nonan-
ticipativity requirement. We design new pricing mechanisms by developing suitable
dual optimization problems for these models. We analyze these pricing mechanisms
to assess their ability to provide revenue adequacy for the system operators, cost
recovery for generators, and price distortion. Unlike the previous mechanisms that
yield the desired properties in expectation, one of our pricing mechanisms extends
the benefits of cost recovery and bounded price distortion under every scenario while
retaining the long-run revenue adequacy for the system operator. We demonstrate
these benefits through numerical experiments conducted on well-known test systems.

History: First submission: May, 2023; Current version May 8, 2023.

1 Introduction

Power systems operators extensively use deterministic optimization to decide the electricity
market’s operational decisions, such as unit commitment and dispatch. These decisions are
made using bids for supply and demand submitted by generating firms and utilities. In addition
to clearing the market, the solutions obtained from deterministic optimization are also used to
form electricity prices. A conventional arrangement involves day-ahead and real-time markets.
This competitive market arrangement facilitates operational decisions and produces prices that
enable efficient utilization of energy resources and incentivizes participation (see Ott (2003)).

The typical operations decision process involves solving multiple layers of unit commitment
problems (e.g., day-ahead, short-term, and real-time) and culminates by solving an economic
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dispatch (ED) problem. However, the pricing mechanisms used in practice and those proposed
in academic literature often apply just the day-ahead and real-time components. A standard
procedure involves solving the unit commitment problem first, followed by a market-clearing
problem composing only the committed units. The optimal dual multiplier of the flow-balance
equation, which ensures sufficient electricity supply is available to meet the total demand at
each power network node, is used as the electricity price at the node. These dual multipliers are
often called locational marginal prices (LMPs).

This standard practice of price formation provides equilibrium prices that support generation
costs for committed units in the deterministic convex case. However, there are two notable
shortcomings. Firstly, this practice fails when the optimization problem involves nonconvexity,
for instance, from introducing binary unit commitment variables. Consequently, the standard
price mechanisms do not support fixed components of the generator’s operating costs, such as
start-up and no-load costs. Secondly, they fail to explicitly capture the effect of uncertainty on
price formation. This paper attempts to advance the research concerning the latter shortcoming
of the standard practice.

Stochastic programming (SP) provides a systematic framework to study decision-making un-
der uncertainty (Birge and Louveaux, 2011). SP models and methods have effectively addressed
many power systems planning and operations problems. The advent of large-scale integration
of renewable resources for electricity generation has further enhanced the interest in applying
SP-based approaches. The solutions obtained from these approaches have economic and envi-
ronmental benefits while improving operational reliability (Atakan et al., 2022) While there is
an established recognition for using SP for power systems operations problems, tools offered by
SP have yet to be fully exploited for electricity price formation.

Irrespective of the approach adopted for the price mechanism, the resulting prices must
satisfy properties that encourage market participation; these include revenue adequacy for the
system operator and cost recovery for generators. The former ensures the system operator
generates sufficient revenue to pay the generators, avoiding a deficit. The latter ensures that the
generators recover their costs through the payments they receive. Notice that if a generator fails
to achieve cost recovery, side or uplift payments become necessary to incentivize participation
in the market.

1.1 Previous work on SP-based Price Formation

The effect of uncertainty in spot (real-time) pricing was first studied using a simulation-based
approach by Kaye et al. (1990). This work establishes forward (day-ahead) contracts to share
the risk between the demand and supply sides. The authors propose to set the day-ahead price
to the best estimate (expectation) of the real-time price. Wong and Fuller (2007) were among
the first to offer pricing mechanisms based on solutions of two-stage SP models. In their model,
the first stage is a day-ahead capacity market, and the second stage includes energy and reserve
utilization in the real-time market. The prices are based only on second-stage flow-balance
equations. The authors propose using the expected value of the real-time prices as the day-
ahead price. However, this approach fails to achieve the desired price-formation properties.
To overcome this deficiency, the authors propose certain adjustments to their price formation
without establishing if these adjustments support market equilibrium.

Pritchard et al. (2010) use a two-stage SP model that gives prices that reflect uncertainty.
The first stage in their model involves day-ahead dispatch quantities and LMPs. The second
stage captures the real-time corrections to these quantities and an LMP that reflects these correc-
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tions under every uncertain scenario. They demonstrate that such a pricing mechanism achieves
revenue adequacy in expectation. Using a similar two-stage model and pricing mechanism,
Zavala et al. (2017) establish that generators recover their cost in expectation, or equivalently,
the expected uplift payments are zero. They also introduce the notion of price distortion and
argue that day-ahead prices need not be equal to the expected values of the real-time prices.
They establish that the real-time adjustment bids (premiums) bound the difference between the
day-ahead and expected real-time prices.

Morales et al. (2012) also use a two-stage linear SP formulation for the ED problem. Instead
of real-time market clearing, they use the reserve to clear the deviation between day-ahead and
real-time. The ramping capabilities of each generator determine reserve capacities. Using the
pricing mechanism of Pritchard et al. (2010), the payment to the day-ahead capacity is made
using the dual variable corresponding to the flow balance equation in the formulation, which
does not include reserves, load shedding, and renewables. On the other hand, the payment
to scenario-specific reserve utilization is based on reserve balancing (real-time flow balance)
constraints. As before, the pricing mechanism achieves cost recovery and revenue adequacy in
expectation since their first-stage decisions are scenario-independent.

Zakeri et al. (2019) propose that financial settlements be made only using second-stage real-
time quantities and prices, while the first-stage solutions only serve operational needs. In a
setting without a day-ahead market, the resulting pricing mechanism achieves revenue adequacy
under each scenario while reaching cost recovery in expectation. Using a similar setting, Cory-
Wright et al. (2018) present an alternative pricing mechanism that achieves scenario-wise cost
recovery while guaranteeing expected revenue adequacy. In all the pricing mechanisms presented
so far, it is worthwhile to note that either cost recovery or revenue adequacy can be achieved un-
der every scenario. At the same time, the other is ensured only in expectation. Simultaneously
guaranteeing scenario-specific cost recovery and revenue adequacy comes at the expense of eco-
nomic dispatch, as seen in Kazempour et al. (2018). The undesirable cost of market inefficiency
is imposed on the loads, as is the practice.

1.2 Contributions

The setting of Pritchard et al. (2010) and the corresponding pricing mechanism achieves both
revenue adequacy and cost recovery in expectation while ensuring an optimal dispatch. Previous
studies ensure cost recovery or revenue adequacy under every scenario while achieving the other
in expectation. Furthermore, the value of a two-stage decision process is well established in its
ability to identify operational decisions that are well-hedged against uncertainty and maintain
computational viability. Therefore, in this paper, we revisit the two-stage setting of Pritchard
et al. (2010) to develop our pricing mechanisms. In light of the above observations regarding
the existing stochastic clearing problem models and the pricing mechanisms derived from them,
the main contributions of this study are as follows.

1. New pricing mechanisms. We develop two alternative models for the two-settlement elec-
tricity market that account for renewable generation and demand uncertainty. These mod-
els are based on two-stage SP principles, particularly on the notion of nonanticipativity.
We develop two models based on the alternative approaches to capture the nonanticipativ-
ity requirement: mean-vector and state-vector formulations. In addition, we introduce two
pricing mechanisms using solutions of these models and show the relationships between
the models using stochastic convex programming duality.

2. Analyses of pricing mechanisms. We show that the new pricing mechanisms achieve rev-
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enue adequacy for the system operator in expectation; that is, the system operator does
not face a financial deficit in the long run. We also prove that every participating gen-
erator achieves cost recovery without any out-of-market payments in expectation with
mean-vector formulations’ pricing mechanism. For the state-vector formulations’ pricing
mechanism, we prove that all generators achieve cost recovery under every scenario, a
more significant result. Finally, for the state-vector formulation-based pricing mechanism,
we develop bounds on scenario-specific price distortion, the deviation between first- and
second-stage unit prices under every scenario. We illustrate these properties through nu-
merical experiments.

The paper is structured as follows. In the following section §2, we describe the market
setting we consider in this study, introduce the stochastic market clearing model elements, and
the market metrics. We present the alternative SP models for the stochastic market clearing
problem in §3. We also present the pricing mechanisms and their analyses in this section. The
proofs for all the results are presented in the associated online supplement. Finally, in section
§4, we numerically illustrate the properties of different pricing mechanisms introduced in the
previous sections.

2 Market Setting

In this section, we present the electricity market-clearing model formulations. We begin by
describing the market setting we consider in our study. We also present the metrics used to
analyze and compare the pricing mechanisms.

We consider a two-settlement market setting where the market participants partake in a
forward day-ahead market and a real-time balancing market. An Independent System Operator
(ISO) manages and clears the markets centrally. By P, we denote the market participants
who make offers separately in the day-ahead and real-time markets. We assume that a market
participant operates a single unit and does not cooperate with other market participants, thus
ensuring perfect competition. Therefore, a participant either operates a generation unit or is
a demand aggregator. We denote by G and D the set of generators and loads, respectively,
with P = G ∪ D. Typically, the ISO clears the day-ahead market by first scheduling generators
using a security-constrained unit commitment problem. Following the commitment problem, the
ISO identifies optimal generation amounts and reserves using a security-constrained economic
dispatch problem (see, for example, PJM (2022) for details regarding market operations at PJM
ISO). Our formulations assume that the unit commitment decisions are made a priori and are
available as input. This market setting is also the subject of previous works on stochastic market
clearing, particularly in Pritchard et al. (2010) and Zavala et al. (2017).

2.1 Model Elements

The power network is captured by a set of nodes (buses) N and a set of lines L. The day-ahead
market is cleared using the day-ahead offers that include price bids ci for i ∈ P. The offers
also include estimates of available maximum/minimum capacity that we denote by xmax

i /xmin
i

for i ∈ P. We denote the day-ahead settlement/cleared amounts by the decision variable xi
for either type of participants i ∈ P. A decision variable corresponding to a generator satisfies
xi ≥ 0, and that corresponding to a demand satisfies xi ≤ 0. These constitute the principal
elements of the consolidated first-stage decision vector y1 ∈ Rn1 . In addition to the day-ahead
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clearing decisions, the decision vector y1 also includes the power flows fij for (i, j) ∈ L that
support the cleared day-ahead quantities. Therefore, we define y1 := ((xi)i∈P , (fij)(i,j)∈L). The
capacity limits on these decision variables define the set C1 as:

C1 :=

y1

∣∣∣∣∣∣
xmin
i ≤ xi ≤ xmax

i ∀i ∈ P,
fmin
ij ≤ fij ≤ fmax

ij ∀(i, j) ∈ L,
(fij)(i,j)∈L ∈ F .

 (1)

The first two constraints limit the first-stage decisions within their capacity limits. These limits
capture a generator’s minimum up-time generation (lower bound ) and generation capacity
(upper bound). On the other hand, for a load, the lower bound is set to the negative of the
demand forecast, and the upper bound is set to zero. The third requirement ensures that the
power flows satisfy the underlying physics. The description of the set F depends on the nature of
approximation (such as the direct-current approximation) or relaxations (such as second-order
conic programming and semidefinite programming-based relaxations) adopted to describe the
power flows on a line. We refer the reader to Molzahn and Hiskens (2019) for a detailed review on
modeling power flows. While choosing a particular form of F has computational implications,
our discussion in this paper is independent of the choice. Irrespective of the representation
chosen, we assume that 0 ∈ F . In addition to the above, the cleared day-ahead quantities and
the power flows satisfy the flow balance at all nodes. These are given by∑

j:(j,i)∈L

fji −
∑

j:(i,j)∈L

fji︸ ︷︷ ︸
:=τi(f)

+
∑

j∈P(i)

xj = 0 ∀i ∈ N . (2)

The function τi(f) =
∑

j:(j,i)∈L fji −
∑

j:(i,j)∈L fji captures the net flow (difference between
inflow and outflow) at bus i. For ease of exposition, we adopt an abstract form for power flow
equations as g1(y1) = 0. Finally, the day-ahead social deficit (negative social surplus, formally
defined later in this section ) is given by

f1(y1) :=
∑
i∈P

cixi. (3)

This constitutes the first-stage objective function.

The day-ahead and the real-time markets are cleared sequentially. The real-time market
conditions are uncertain when the day-ahead market is cleared. The uncertain conditions in-
clude (but are not limited to) renewable generation, demand, transmission line capacities, and
generator status. These uncertain elements are modeled by the random vector ω̃ defined on a
probability space (Ω,F ,P), where Ω is a set of all possible scenarios, F is the sigma-algebra, and
P is the probability distribution. We do not restrict Ω to be a finite set. The real-time market is
cleared only after observing a realization ω of the random vector ω̃. We will refer to individual
realizations as scenarios. Therefore, the quantities cleared in the real-time market may deviate
from those cleared in the day-ahead market.

The market participants submit separate generation and demand bids to address the de-
viation between the day-ahead and real-time conditions. The real-time offers include the ad-
ditional cost (premiums) for positive (δ+i )i∈P and negative deviations (δ−i )i∈P incurred by the
market participants. They also include maximum and minimum capacity bounds given by
Xmax

i /Xmin
i for i ∈ P. Analogous to the day-ahead settlements, we denote real-time settle-

ments/cleared amounts under realization ω by Xi(ω) for i ∈ P that satisfy Xi(ω) ≥ 0 for
generators and Xi(ω) ≤ 0 for loads. We collectively denote the real-time decisions by the vector
y2(ω) := ((Xi(ω))i∈P , (Fij(ω))(i,j)∈L) ∈ Rn2 , where Fij(ω) for (i, j) ∈ L denote the power flows
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that support real-time amounts. In the real-time market, the day-ahead amount of a participant
i ∈ P is adjusted by either (Xi(ω) − xi)+ or (Xi(ω) − xi)−, incurring operations cost δ+i and
δ−i , respectively. These deviation costs are a small fraction of the day-ahead cost ci. Therefore,
the day-ahead cost is adjusted by

f2(y1,y2(ω), ω) :=
∑
i∈P

[
(ci + δ+i )(Xi(ω)− xi)+ − (ci − δ−i )(Xi(ω)− xi)−

]
. (4)

The above constitutes the second-stage objective function. We define the real-time counterparts
of C1 and flow-balance equations for ω ∈ Ω as

C2(ω) :=

y2(ω)

∣∣∣∣∣∣
max{Xmin

i ,−Xavail
i (ω)} ≤ Xi(ω) ≤ min{Xmax

i , Xavail
i (ω)} ∀i ∈ P,

Fmin
ij ≤ Fij(ω) ≤ Fmax

ij ∀(i, j) ∈ L,
(Fij(ω))(i,j)∈L ∈ F


(5)

and

τi(F (ω))− τi(f(ω)) +
∑

j∈P(i)

Xj(ω)− xj(ω) = 0 ∀i ∈ N , (6)

respectively. As before, we will use g2(y2(ω)) = 0 to represent the flow-balance equations
succinctly. The quantity Xavail

i (ω) used in (5) denotes the observed quantity of ith participant
under realization ω. Notice the explicit dependence of the cleared real-time quantities, power
flows, and the cost function upon the realization ω.

2.2 Market Metrics

The next section presents pricing mechanisms based on the alternative SP formulations and their
properties. For each pricing mechanism, we analyze the payment received by market participants
and the revenue earned by the ISO. In our analyses, we use the notion of revenue adequacy for
the ISO and cost recovery for the participating generators. Price consistency was identified as
an appropriate metric for stochastic market settings in Zavala et al. (2017) as they help achieve
appropriate incentives. Therefore, we adopt price consistency as an additional metric to assess
our pricing mechanisms. Before presenting the model formulations and pricing mechanisms, we
introduce these metrics of interest.

Under a scenario ω, a market participant realizes a value given by

φi(ω) := −cixi(ω)− (ci + δ+i )(X(ω)− xi)+ + (ci − δ−i )(Xi(ω)− xi)− ∀i ∈ P. (7)

Recall that xi, Xi ≥ 0 for generators, xi, Xi ≤ 0 for loads, and δ+i , δ
−
i > 0. Therefore, the

realized value is negative for the generators and must be viewed as the generator’s cost. On
the other hand, the realized value is positive for loads which can be interpreted as the value
gained by meeting their demand. The social surplus is defined as the value realized across all
the market participants under ω ∈ Ω. That is,

φ(ω) :=
∑
i∈P

φi(ω). (8)

The stochastic market clearing problem aims to minimize the negative of expected social surplus.
The above form of social surplus can be derived from the definition of the day-ahead cost f1
in (3), and the real-time adjustment cost f2 in (4) through simple algebraic operations. It is
worth noting that the expected social surplus is a systemwide measure viewed from the ISO’s
perspective. For individual participants, we denote by ρi(ω) the payment made to a generator
(when ρi(ω) ≤ 0) by the ISO or received from a load (when ρi(ω) ≥ 0) under scenario ω.
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Definition 2.1. A participating generator i achieves scenario-specific cost recovery when,

ρi(ω)− φi(ω) ≤ 0, (9a)

under scenario ω. The participating generator achieves cost recovery in expectation when,

E[ρi(ω̃)]− E[φi(ω̃)] ≤ 0. (9b)

Notice that the cost recovery metric is defined for only the participating generators. When
a generator achieves cost recovery, it can cover its short-run costs through payments received
from the ISO. This case, also known as making whole, encourages the generators to participate
in the market. Without this feature, the payment mechanism has to incorporate additional
side payments known as uplift payments. Uplifts become essential under three cases (i) when
approximations/relaxations are employed for the optimal power flow equations, (ii) the inclusion
of binary-valued commitment decision, and (iii) when an approximate representation of uncer-
tainty is utilized. In this study, we focus our attention on the latter. From the ISO’s perspective,
the following metric is useful.

Definition 2.2. The ISO achieves scenario-specific revenue adequacy when,∑
i∈P

ρi(ω) ≥ 0, (10a)

under scenario ω. The ISO achieves revenue adequacy in expectation when,

E
[∑
i∈P

ρi(ω̃)

]
≥ 0. (10b)

When we achieve revenue adequacy under a specific payment mechanism, the ISO receives
sufficient payment from the loads to make payments to generators. It does not run into a
financial deficit. Finally, we use the following definition to capture the deviation of price signals
in the day ahead and in real-time.

Definition 2.3. The scenario-specific price distortion, denoted by Mn(ω) for all n ∈ N and
ω ∈ Ω, is the difference between the day-ahead and real-time prices. Furthermore, the prices
are said to be consistent in expectation at a node n if E[Mn(ω̃)] = 0.

Notice that we introduce metrics in scenario-specific and expectation forms. While the
scenario-specific statements are relatively stronger metrics, providing such strong guarantees
may not always be possible, as we illustrate in the next section.

3 Alternative Models and Pricing Mechanisms

This section presents alternative SP problem formulations of the stochastic electricity market
clearing problem. We present each formulation’s primal form and develop a suitable dual. In
identifying the alternative formulations, we particularly emphasize our computational ability to
solve the formulation optimally. Before we present the SP models, we describe a deterministic
model that will aid our discussions on pricing mechanisms in §3. The models we present in this
section satisfy the following assumption.

Assumption 3.1. The sets C1 and C2 are convex, closed, and nonempty. The functions f1(·) on
Rn1 and f2(·, ·, ω) on Rn1 × Rn2 are convex, everywhere-defined, and finite. The latter function
is measurable for each (y1,y2) ∈ Rn1 × Rn2.
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When we use the direct-current approximation or convex relaxations of power flows to rep-
resent F , the market clearing model elements satisfy the above assumptions. The real-time
quantities must only be within specified bounds; see (5), thereby allowing generation and load
shedding in the second stage. This ensures that f2 is everywhere-defined and finite as required
by the above assumption. It is also worthwhile to note that, under Assumption 3.1, the function
f2(·, ·, ω̃) is proper with closed, measurable, and convex epigraph outside a subset of Ω with
P-measure zero.

3.1 The Clairvoyant Problem

The clairvoyant problem is instantiated with the full knowledge of a scenario. For a scenario ω,
the total cost includes the cost realized in the day ahead followed by the cost associated with
real-time balancing, i.e., f1(y1) + f2(y1,y2, ω). The clairvoyant problem is stated as follows

min f1(y1) + f2(y1,y2, ω) (Sω)
subject to y1 ∈ C1, g1(y1) = 0,

y2 ∈ C2(ω), g2(y1,y2, ω) = 0.

Naturally, the optimal solution to the above problem is a function of scenario ω that we denote
as (y⋆

1(ω),y
⋆
2(ω)). The problem Sω is often referred to as the “scenario problem” in the SP

literature. Notice that the point forecast-based deterministic problems solved by the system
operators in today’s practice fall under our definition of a clairvoyant problem. Furthermore, if
we use the mean vector ω̄ = E[ω̃], the resulting problem is the so-called mean-value problem.

3.2 Canonical Stochastic Programming Model

The two-stage SP program for the two-settlement problem is typically stated as follows:

min f1(y1) + EP[f2(y1,y2(ω̃), ω̃)] (C)
subject to y1 ∈ C1, g1(y1) = 0,

y2(ω̃) ∈ C2, g2(y1,y2(ω̃), ω̃) = 0 a.s.

Notice the explicit dependence of the second-stage decision vector on the random variable ω̃.
Further, the second-stage constraints are required to hold almost surely, denoted as a.s. (that
is, these constraints must hold except for ω̃ in a subset of Ω with P-measure zero). Under
Assumption 3.1, the objective function in (C) is well-defined, and y2 is a bounded measurable
function of ω̃ ∈ Ω.

Let H(y1, ω) = infy2{f2(y1,y2, ω) | y2 ∈ C2, g2(y1,y2, ω) = 0}. Using this, the intrinsic
first-stage problem can be restated as:

min {f1(y1) + EP[H(y1, ω̃)] | y1 ∈ C1, g1(y1) = 0}. (SP)

Note that the objective function attains a value of +∞ unless f1(y1) < +∞, (C) satisfies
relatively complete recourse (i.e., H(y1, ω̃) < ∞, almost surely), and H(y1, ω) is a measurable
function of ω̃ ∈ Ω for each y1 ∈ Rn1 . If these conditions are met, a solution y1 attains minima to
(SP) if and only if it attains minima to (C). For results that establish this equivalence and the
measurability of h, we refer the reader to Theorem 1 and Proposition 1 in Rockafellar and Wets
(1976b), respectively. When Ω is finite, the above perspective on two-stage SP problems can
be solved using the L-shaped method (Van Slyke and Wets, 1969). This decomposition-based
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approach provides a computationally viable path for large-scale implementation. The previous
studies on stochastic market clearing problems (e.g., Pritchard et al. (2010) and Zavala et al.
(2017)) utilize this perspective. We refer the reader to (17) in the online supplement A.1 for a
detailed presentation of the canonical model of the stochastic clearing problem.

3.2.1 Pricing Mechanism 1

The first pricing mechanism is based on the properties of the canonical form (C) of the SP
problem when Ω is finite. This payment mechanism was proposed in Pritchard et al. (2010) and
further analyzed in Zavala et al. (2017). We can interpret the dual solution πc

n corresponding to
the first-stage flow-balance equation (g1(y1))n = 0 as the marginal cost of serving an additional
unit of forecasted demand at node n. The second-stage dual solution Πc

n(ω) can be interpreted
as the marginal cost associated with adjustments in demand under scenario ω. Therefore, the
following payment mechanism is appropriate for the canonical form.

Definition 3.1. Under scenario ω ∈ Ω, the market participants receive a payment given by

ρci (ω) = πc
n(i)xi +Πc

n(i)(ω)(Xi(ω)− xi) ∀i ∈ P. (Rc)

The day-ahead decision xi of an SP problem is hedged against uncertainty in real-time.
Therefore, the first term captures the payments for providing the well-hedged solutions that
are rectified in the second term by Πc

n(i)(ω)xi. The payment corresponding to the second-stage
quantity (i.e., Πc

n(i)(ω)Xi(ω)) can then be viewed purely as a spot-market trade. The following
result is well-known regarding the stochastic clearing problem in the canonical form.

Proposition 3.2. Let the incremental bids satisfy δ+i , δ
−
i > 0, ∀i ∈ P and the support of

Ω is finite. The optimal solutions of the canonical stochastic clearing model result in rev-
enue adequacy for the ISO and cost recovery for all generators in expectation under pricing-
mechanism (Rc). Furthermore, the expected price distortion at node n ∈ N satisfies
maxi∈P(n){−δ+i } ≤ E[Mc

n(ω̃)] ≤ mini∈P(n){δ−i }.

Notice the two critical features of the above pricing mechanism. Firstly, all elements neces-
sary to compute the payment in (Rc) can be obtained by solving extensive scenario formulation
of (C). Alternatively, they can be extracted using the solutions reported from decomposition
algorithms such as the L-shaped method applied to (SP). Secondly, the properties relating to
revenue adequacy, cost recovery, and price distortion hold only in expectation.

It is also worthwhile to notice that the optimal solutions to the clairvoyant problem can
also be used with pricing-mechanism (Rc). Since these problems are solved with complete
knowledge of a scenario, it is not surprising that the resulting prices achieve cost recovery for all
generators and revenue adequacy for the ISO under the corresponding scenario. However, the
solutions obtained from these scenario-specific clairvoyant problems are neither implementable
(as they violate the nonanticipativity requirement) nor suitable for designing day-ahead prices.
Nevertheless, the canonical formulation provides an important perspective for designing pricing
mechanisms; namely, capturing specific deviations and the effect of enforcing nonanticipativity
may provide a path toward more meaningful pricing under uncertainty.

Due to the decision structure of a two-stage setting, the first-stage here-and-now decisions
undergo a scenario-dependent correction in the second stage. Unfortunately, the clairvoyant
problem corresponding to a particular scenario, say ω is unaware of the corrections that might
become necessary under a different scenario ω′ ̸= ω. While the canonical form overcomes
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this deficit, this form in C or the intrinsic first-stage form (SP), is not directly amenable to
construct a dual optimization problem without imposing finiteness on Ω. The pricing mechanism
(Rc) fails to capture a generator’s flexibility to undergo the correction from day-ahead to real-
time. In other words, the payments received by generators depend only on the optimal dual
solutions corresponding to the flow balance equations (possibly viewed as the stochastic location
marginal prices). They do not account for the generator’s flexibility to offer second-stage/real-
time corrections, as the canonical form cannot capture this deviation explicitly. In the following,
we present SP formulations that explicitly capture the flexibility offered by market participants
in building prices while retaining optimal dispatch and computability.

3.3 Mean-vector Formulation

To overcome the deficit of the canonical model, we develop two alternative formulations of the
stochastic electricity clearing problem that are suitable to construct dual representations even
when Ω has continuous support. We will use the solutions of these primal and dual problems to
design the new pricing mechanisms. For this purpose, we define an extended real-valued function
ϕ(y1, ω) = f1(y1) + H(y1, ω) whenever g(y1) = 0 and y1 ∈ C1. Otherwise, ϕ(y1, ω) = +∞.
Using the function ϕ, the SP problem can be restated as the following:

min
y1∈L∞

n1

{EP[ϕ(y1, ω̃, u1)] | y1 ∈ N∞}. (11)

The above program aims to find a y1 ∈ L∞
n1

that minimizes the expectation-valued objective
function while restricting the decisions to a linear subspace N∞ ⊂ L∞

n1
. The set N∞ consists

of elements that are almost surely constant and is referred to in SP literature as the set of
nonanticipative elements. It captures the requirement that decision y1 must only depend on the
information available at the time of decision and not on any realization of the random vector ω̃.
Our treatment of the nonanticipativity constraints and the development of the dual problems are
motivated by the studies on stochastic convex programming by Rockafellar and Wets (1976b,a)
and Higle and Sen (2006).

The nonanticipative set can be represented in one of two forms. We obtain the first rep-
resentation of the nonanticipative set by setting y1(ω̃) to its expectation, almost surely. That
is, N∞ = {y1 ∈ L∞

n1
| y1(ω̃) − EP[y1(ω̃)] = 0 a.s.}. Using this representation, we write the

mean-vector formulation of the SP problem as

min
y1∈L∞

n1

EP[ϕ(y1(ω̃), ω̃)] (P-MV)

subject to y1(ω̃)− EP[y1(ω̃)] = 0, a.s. (12)

The detailed mean-vector formulation of the market clearing problem is presented in the online
supplement A.2. The following result identifies a dual problem to (P-MV).

Proposition 3.3. Let (P-MV) satisfy Assumption 3.1 and possess an optimal solution ȳ1 with
optimal value ν⋆p < ∞. The program

sup
µ∈L1

n1

EP[ϕ(y1(ω̃), ω̃) + ⟨µ(ω̃)− EP[µ(ω̃)],y1(ω̃)⟩]. (D-MV)

has a nonempty feasible region, and its optimal value equals ν⋆p .

In the above dual optimization problem, µ(ω) can be viewed as the dual multiplier cor-
responding to the nonanticipative constraint (12) associated with observation ω. Defining a

10
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stochastic Lagrangian function L(µ, ω) = supy1∈Rn1{⟨µ(ω)−EP[µ(ω̃)],y1⟩−ϕ(y1, ω)}, the dual
problem can also be stated as supµ∈L1

n1
{−EP[L(µ(ω̃), ω̃)]}.

The primal mean-vector formulation in (P-MV) is the basis for the scenario decomposition-
based methods, specifically the Progressive Hedging (PH) algorithm (Rockafellar and Wets,
1991). Hence, a scenario decomposition algorithm can recover the desired duals computationally
efficiently.

3.3.1 Pricing Mechanism 2

We derive the second payment mechanism from the mean-vector formulation (P-MV). Similar
to (Rc), the second mechanism also includes a day-ahead component and a real-time component
which are computed using the optimal dual solutions of the respective flow-balance equations.
However, unlike the previous mechanism, we include a scenario-wise adjustment for the first-
stage component. Using the optimal dual µx

i corresponding to the nonanticipative constraint of
the form in (12) for the variable xi(ω), we define this payment mechanism as follows:

Definition 3.2. Under scenario ω ∈ Ω, the market participants receive a payment as follows:

ρmi (ω) = (πn(i)(ω) + µx
i (ω))xi(ω) + Πn(i)(ω)(Xi(ω)− xi(ω)) ∀i ∈ P. (Rm)

Similar to the previous pricing mechanism, if ρmi (ω) ≤ φm
i (ω), the participant i achieves

cost recovery, and if
∑

i∈P ρmi (ω) ≥ 0 the ISO achieves revenue adequacy. The following result
captures the properties of (Rm).

Theorem 3.4. Let δ+i , δ
−
i > 0 ∀i ∈ P. If the optimal solutions obtained from the mean-vector

formulation of the stochastic market clearing problem satisfy
∑

i∈P E[µx
i (ω̃)]E[x(ω̃)] ≤ 0, then

pricing-mechanism (Rm) yields revenue adequacy in expectation for the ISO. Furthermore, if
generator i ∈ G satisfies E[µx

i (ω̃)] ≥ 0, then it achieves cost recovery in expectation. Finally, the
scenario-specific price distortion defined as Mm

i (ω) := πn(i)(ω) + µx
i (ω)−Πn(i)(ω) satisfies

Mm
i (ω) ∈ [−δ+i , δ

−
i ] + p(ω)µx

i (ω), ∀i ∈ P. (13)

A few remarks about (Rm) are in order. Firstly, unlike (Rc) where the prices and distortion
Mc

n are defined for nodes in the power network, the prices and distortion Mm
i under (Rm) are

defined for participants. This is due to the inclusion of participant-specific nonanticipative dual
in price construction. Secondly, if there is a deviation in the cleared quantities (Xi(ω)−xi(ω) ̸=
0), the price distortion under scenario ω is bounded by a quantity that depends on the real-time
premiums (δ+i , δ

−
i ) and the nonanticipativity dual (µx

i (ω)). It is worthwhile to note that the
width of the interval (δ−i + δ+i ) remains the same for all scenarios, while we observe a shift equal
to probability-weighted nonanticipativity dual value.

Thirdly, while the mean-vector formulation is amenable to a computationally efficient solu-
tion approach, the dual solutions obtained from solving this form provide the desired pricing
properties only when certain conditions are satisfied and only in expectation. Nevertheless, the
conditions depend on day-ahead quantities and nonanticipative duals, not real-time quantities.
Therefore, they can be computed upfront. Moreover, the price construction under (Rm) allows
the support of the underlying stochastic process to be continuous (but bounded). We overcome
these deficiencies of (Rm) in the next pricing mechanism.

11
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3.4 State-vector Formulation

The second formulation utilizes an alternative way to express the nonanticipativity set N∞. This
form involves a state vector χ1 ∈ Rn1 and is given by N∞ = {y1 ∈ L∞

n1
| y1(ω̃)− χ1 = 0, a.s.}.

Recall that ϕ(y1, ω) takes a finite value f1(y1) +H(y1, ω) only for feasible first-stage decisions,
i.e., when g(y1) = 0 and y1 ∈ C1, and +∞ otherwise. Using the alternative representation of
nonanticipativity requirement, the state-vector formulation of the SP problem is given by

min
y1∈L∞

n1
,χ1∈Rn1

EP[ϕ(y1(ω̃), ω̃)] (P-SV)

subject to y1(ω̃)− χ1 = 0, a.s. (14)

Notice that the above is an optimization problem in an extended space L∞
n1

× Rn1 obtained
by the inclusion of the state vector χ1 ∈ Rn1 . We denote its feasible region by N̂∞. The
next result identifies a suitable dual to the above (P-SV). For this purpose, we introduce
a set of multipliers M = {σ ∈ L1

n1
| EP[σ(ω̃)] = 0} and the conjugate function ϕ∗(σ, ω) =

supy1∈Rn1{⟨σ,y1⟩ − ϕ(y1, ω)}.

Proposition 3.5. Let (P-SV) satisfy Assumption 3.1 and possess an optimal solution (ȳ1, χ̄1)
with optimal value ν⋆p < ∞. The program

sup
σ∈L1

n1

{
− EP[ϕ

⋆(σ(ω̃), ω̃)] | EP[σ(ω̃)] = 0
}

(D-SV)

has a nonempty feasible region, and its optimal value equals ν⋆p .

To establish the above result, we utilize tools from the theory of conjugate duality of convex
analysis (Rockafellar, 1974). The dual program presented above exhibits key features we exploit
in developing the pricing mechanisms. First, the nonanticipative duals σ ∈ M can be viewed as
equilibrium prices. We establish this fact formally in the following result.

Proposition 3.6. Consider a Lagrangian L : L∞
n1
×Rn1×L1

n1
→ R associated with the perturbed

problem defined as

L(y1, χ1, σ) = EP[ϕ(y1(ω̃), ω̃) + ⟨y1(ω̃)− χ1, σ(ω̃)⟩]. (15)

A solution (ȳ1, χ̄1) ∈ N̂∞ is an optimal solution of (P-SV) if and only if there exists a multiplier
vector σ̄ ∈ M such that

(ȳ1, χ̄1) ∈ argmin
(y1,χ1)∈L∞

n1
×Rn1

L(y1, χ1, σ̄).

The above result shows that (ȳ1, χ̄1, σ̄) is a saddle point of the Lagrangian L. For v ∈ L∞
n1

,
let us define a function F : L∞

n1
× Rn1 × L∞

n1
→ (−∞,∞] as

F (y1, χ1, v) =

{
f1(y1) + EP[H(y1, ω̃)] if y1 ∈ C1, g1(y1) = 0,y1(ω̃)− χ1 = v(ω̃)

+∞ otherwise.

The function F has been referred to in the literature as the “bivariate function” (Bauschke et al.,
2011), the “perturbation function” (Zalinescu, 2002), and more recently, as the Rockafellian
(Royset, 2021). Notice that the SP problem in (P-SV) is equivalent to finding (y1, χ1) that

12
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minimizes the Rockafellian F (y1, χ1, 0). Let φ(v) = infy1,χ1 F (y1, χ1, v), then

φ(0) = L(ȳ1, χ̄1, σ̄) = inf
(y1,χ1)

L(y1, χ1, σ̄)

≤ inf
(y1,χ1)

{
inf

v∈L1
n1

F (y1, χ1, v) + EP[⟨v(ω̃), σ̄(ω̃)⟩]
}

≤ inf
(y1,χ1)

F (y1, χ1, v) + EP[⟨v(ω̃), σ̄(ω̃)⟩]

⇒ φ(0) ≤ φ(v) + EP[⟨v(ω̃), σ̄(ω̃)⟩]. (16)

The above inequality shows that the deviation v results in a value of φ(v) in place of φ(0),
however, this change is associated with a cost of EP[⟨v(ω̃), σ̄(ω̃)⟩]. It is worthwhile to note that
EP[⟨v(ω̃), σ̄(ω̃)⟩] is only the perceived cost at the time the first-stage decision is taken. Therefore,
σ̄ must be interpreted as a system of equilibrium prices. These prices indicate that there is no
incentive to deviate from the first-stage implementable decision χ̄1. Since the decision χ̄1 is
chosen for implementation in a nonanticipative manner, it is determined before the realization
of uncertainty. If a specific scenario ω is realized and we could change the decision to ȳ1(ω) =
χ̄1(ω) + v(ω) using the complete knowledge of the realized scenario, then the cost of doing so is
σ̄(ω)v(ω). Therefore, σ̄(ω) can also be viewed as the price of information realized under scenario
ω.

Second, it can be seen that (P-SV) is equivalent to (C) and (P-MV) obtained by setting
χ1 = EP[y1(ω̃)]. The dual problems (D-MV) and (D-SV) are also equivalent. This equivalence
is established by simply noting that σ(ω̃) = µ(ω̃)−EP[µ(ω̃)], almost surely, is feasible to (D-SV).
A dual of (C) can be obtained only in the case of finite support for Ω. We summarize the
relationship between the solutions of all three alternative SP formulations for the case when Ω
has finite support in the following result.

Proposition 3.7. Let (πc, (Πc(ω))∀ω∈Ω) denote the optimal dual solutions corresponding to
flow-balance equations, (2) and (6) in (SP). Similarly, let (πm(ω),Πm(ω), µ(ω))∀ω∈Ω denote
the optimal multipliers for (2), (6), and nonanticipativity constraint (12) in (P-MV). Finally,
let (πs(ω),Πs(ω), σ(ω))∀ω∈Ω denote the optimal multipliers for (2), (6), and nonanticipativity
constraint (14) in (P-SV). These solutions satisfy

i. πc = E[πm(ω)] = E[πs(ω)];

ii. E[σ(ω̃)] = 0;

iii. If πs(ω) = πm(ω), then σ(ω) = µ(ω)− E[µ(ω̃)] for all ω ∈ Ω;

iv. Πc(ω) = Πm(ω) = Πs(ω), for all ω ∈ Ω.

It is worthwhile to note the following about the above theorem. The dual optimal solutions
corresponding to the day-ahead flow-balance equations of the mean-vector and state-vector form
are equal only in expectation to the dual optimal solution corresponding to the day-ahead flow-
balance equation of the canonical form. On the other hand, those corresponding to the real-time
flow-balance equations are equal for every observation. Finally, the relationship in item iii.
enables us to use the scenario decomposition methods such as progressive hedging as a solution
approach and translate the resulting dual solution into those corresponding to (P-SV). In this
sense, we retain an efficient computational approach to solving stochastic clearing problems.

13
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3.4.1 Pricing Mechanism 3

We derive the third payment mechanism from the state-vector formulation (P-SV). Similar
to previous payment mechanisms, this mechanism also includes a day-head component and a
real-time component which are computed using the optimal dual solutions of the respective
flow-balance equations. Furthermore, like in (Rm), we include a scenario-wise adjustment for
the first-stage component. We define this payment mechanism as follows:

Definition 3.3. Under scenario ω ∈ Ω, the market participants receive a payment given by

ρsi (ω) = (πs
n(i)(ω) + σx

i (ω))xi(ω) + Πs
n(i)(ω)(Xi(ω)− xi(ω)) ∀i ∈ P. (Rs)

Here, σx
i (ω) is the dual corresponding to the nonanticipative constraint of the form in (14) for

the variable xi(ω).

Notice that the payment mechanism differs from (Rm) only in its use of σx
i (ω) instead of

µx
i (ω). Furthermore, the day-ahead component in this pricing mechanism is scenario-dependent

that satisfies E[(πs
n(i)(ω̃) + σx

i (ω̃)] = πc
n(i) (due to Theorem 3.7, parts i. and ii.). In other

words, the day-ahead component of (Rm) aligns in expectation with the day-ahead component
of (Rc). The clairvoyant problem can identify the best dispatch plan for a given scenario.
With the aim of hedging against uncertainty, the SP optimal dispatch deviates from the best
scenario-specific dispatch. The quantity σx

i (ω)xi(ω) included in (Rs) allows us to reflect the
value offered by a participant i to attain a well-hedged stochastic solution in their payment.
For this pricing mechanism, the scenario-specific price distortion is given by Ms

i (ω) := πs
n(ω) +

σx
i (ω) − Πs

n(ω), ∀i ∈ P, ω ∈ Ω. As in Rm, notice that the prices and price distortion under
(Rs) are defined for participants. In other words, multiple participants at the same node in
the power network can receive different payments and observe different distortions based on the
value of their respective nonanticipative dual. This pricing mechanism exhibits the following
characteristics.

Theorem 3.8. Under the assumption that δ+i , δ
−
i > 0 ∀i ∈ P, the payment mechanism (Rs),

computed using the optimal solutions of the (P-SV), yield revenue adequacy in expectation for
the ISO and cost recovery under every scenario for all generators. Furthermore, the scenario-
specific price distortion satisfies

−δ+i ≤ Ms
i (ω) ≤ δ−i ∀i ∈ P, ω ∈ Ω.

The above results demonstrate that the pricing-mechanism (Rs) retains the desired proper-
ties of revenue adequacy in expectation from (Rm). However, pricing-mechanism (Rs) provides
a stronger guarantee of scenario-specific cost recovery for all participating generators. Further-
more, under pricing-mechanism (Rc), we attain price consistency in the sense that the expected
price distortion is bounded to an interval that depends only on δi+ and δ−i (see Proposition 3.2).
This result is also strengthened under pricing-mechanism (Rs) as we attain bounds on scenario-
specific price distortions. Together with the fact that E[σx

i (ω̃)] = 0 for all i ∈ P (Proposition
3.7, Part ii.), the bounds on scenario-specific price distortions imply bounds on expected price
distortion. The premise of the stochastic clearing problem is that the real-time adjustments to
quantities cleared in the day-ahead market incur a premium. While keeping the day-ahead and
real-time prices consistent under every scenario is desirable (i.e., Ms

i (ω̃) = 0, almost surely),
such an endeavor is impossible as long as the adjustment costs (δ+i and δ−i ) are nonzero. This
also implies that it is impossible to achieve revenue adequacy under every scenario while main-
taining the optimality of dispatch. Therefore, the above result establishes the best one could
achieve under a stochastic clearing model. Finally, we argue that scenario-specific cost recovery
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(a) Cost recovery (b) Price distortion (δ+i = 9, δ−i = 12)

Figure 1: Cost recovery and price distortion result for thermal 2 in the canonical formulation.

and bounded price distortions encourage generators to participate in the market. On the other
hand, it suffices for the ISO to be revenue adequate in the long run, a possibility under a pricing
mechanism that guarantees this property in expectation.

Before we close this section, we emphasize that the primal and dual formulations built based
on the mean-vector and state-vector representations of nonanticipativity are equivalent. How-
ever, the interpretation of the nonanticipative dual and its role in price formation is significantly
different. The duals from the mean-vector formulation result (Theorem 3.4) in revenue adequacy
and cost recovery in expectation only when certain additional conditions are met. On the other
hand, the duals from the state-vector formulation ensure revenue adequacy in expectation and
scenario-specific cost recovery as shown in Theorem 3.8. Therefore, Rs is a suitable pricing
mechanism for the stochastic electricity market clearing problem. We illustrate these results
numerically in the next section.

4 Numerical Illustrations

This section illustrates the properties of all the pricing mechanisms presented in §3. We im-
plemented all the models using C++ Concert technology and solved them using CPLEX 12.9
solver. The experiments were conducted on an Intel Core i3, 2.20 GHz processor, and 8GB
RAM.

For our experiments, we utilize three test systems. The first two test systems are those
used in Pritchard et al. (2010) and Zavala et al. (2017). We refer to these systems as PZP-6
and ZKAB-6, respectively. Instances of the first two test systems have 25 scenarios. We use
the IEEE-30 instance from Christie (1999) to set up the third test system. This system has
a more general network topology and utilizes wind generation scenarios generated using the
change point-based model proposed in Ariyarathne et al. (2022). We use 200 independently
generated scenarios in our experiments with this test system. The change point-based model
allows us to examine the pricing mechanism under realistic wind outcomes by capturing wind
speed’s nonstationarity and spatiotemporal correlation. We refer to this system as SODA-30.
We refer the reader to §C in the online supplement for more details about the test systems.

To begin, we numerically verified the relationships between the primal and dual solutions
established in Theorem 3.7 for all three test systems. Recall that the pricing mechanism Rc

guarantees cost recovery, revenue adequacy, and price distortion properties only in expectation.
The expected revenue and cost for the system operator of PZP-6 were $30154.1 and $7067.88,
respectively. Figure 1a illustrates profits for a thermal generator in PZP-6. Notice that while the
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System
Rm Rs

Condition Cost Revenue Net income Cost Revenue Net income
PZP-6 546,674 $7,067.88 -$509,902.24 -$502,834.36 $7,067.88 $22,234.08 $29,301.96

ZKAB-6 12,562 $19,482.40 $161,922.56 $181,404.96 $19,482.40 $162,200.00 $181,682.40
SODA-30 -146.65 $45,957.25 $244,880.00 $290,837.25 $45,957.25 $245,929.54 $291,886.79

Table 1: Results verifying revenue adequacy in expectation under Rm and Rs

profits are negative for some scenarios and positive for others, however, the mean value is zero.
This indicates that the generator achieves cost recovery in expectation. Further, Figure 1b shows
that there are some scenarios in which the price differences are outside their distortion interval
[−δ+i , δi−]. However, in expectation, the generator archives a price distortion of 3.08 ∈ [−9, 12].

4.1 Verification of Pricing Mechanism Rm

Next, we focus on the solutions obtained from the mean-vector formulation and the resulting
prices constructed using Rm. Recall that, in Theorem 3.4, to achieve revenue adequacy in
expectation, the mean-vector solutions have to satisfy

∑
i∈P E[µx∗

i (ω̃)]E[x∗i (ω̃)] ≤ 0. Table 1
shows results verifying the revenue adequacy under (Rm), including the condition, cost incurred
(payments made to the generator), revenue generated (payments received from the loads), and
the net income for the ISO. As shown in Table 1, PZP-6 and ZKAB-6 test systems fail to
satisfy this condition. While the ISO for PZP-6 is not revenue-adequate, the ZKAB-6 ISO has a
positive net income, indicating revenue adequacy in expectation. On the other hand, the SODA-
30 system satisfies the condition and achieves revenue adequacy, as shown by the positive net
income in Table 1. These results validate our claim that the condition is sufficient for revenue
adequacy but not necessary.

Theorem 3.4 identifies that generators achieve cost recovery in expectation if E[µx∗
i (ω̃)] ≥ 0.

This result is illustrated in Figure 2. The boxplots capture the scenario-specific profits for
all six generators in PZP-6. The crosses inside the box plots indicate the expected profit,
and the parenthetical values under the generator names are the values of E[µx∗

i (ω̃)] for the
respective generators. Notice that generators with E[µx∗

i (ω̃)] > 0, e.g., Wind 1 and Wind 2,
are revenue adequate in expectation. On the other hand, Thermal 2, Hydro 1, and Hydro

Figure 2: Cost recovery for individual scenarios and in expectation under Rm.
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(a) System: PZP-6.

(b) System: ZKAB-6.

(c) System: SODA-30.

Figure 3: State-vector cost recovery results.

2 also have a positive expected profit even though the condition is violated. This illustrates
that E[µx∗

i (ω̃)] ≥ 0 is only a sufficient condition for cost recovery in expectation. Finally, the
figure indicates negative profits for some scenarios, most prominently for Thermal 1 and Hydro
1 generators, indicating that the mean-vector formulation cannot achieve scenario-wise cost
recovery for all the generators.

4.2 Verification of Pricing Mechanism Rs

Table 1 also presents the cost, revenue, and net income for the ISO under Rs. The results
indicate that the expected total revenue generated from meeting the demand is higher than the
expected total payment made to the generators. This results in revenue adequacy in expectation
for the operator. We next demonstrate the property on cost recovery for all generators in every
scenario. Figure 3 depicts the profit of each generator under every scenario for all three systems.
Notice that all the generators recover their costs under every scenario. While the wind generators
make the most profit in PZP-6, the hydro generator and Thermal-1 generate the most profits in
ZKAB-6 and SODA-30, respectively.

Finally, we discuss the price distortion results under pricing mechanism Rs. Recall that we
define price distortion as the difference between the day-ahead and real-time unit payments.
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(a) System: PZP-6. (b) System: ZKAB-6. (c) System: SODA-30.

Figure 4: State-vector price distortion results for all three test systems.

Theorem 3.8 bounds the price distortion to an interval defined by the deviation premiums as
[−δ+i , δ

−
i ]. Figure 4 depicts the price distortions for all generators in the three test systems scaled

to the [−1, 1]. Notice that all price distortions are within their respective distortion bounds.
This implies that the prices formed under Rs do not deviate outside an interval set by the market
participants’ real-time offers.

5 Conclusion

In this paper, we presented alternative SP models, namely, mean-vector and state-vector mod-
els, for the electricity market clearing problem. While the canonical SP model can capture the
stochasticity in the real-time market and is well studied, it fails to construct prices that adapt
to uncertain scenarios. To address this issue, we developed electricity market clearing models
that are based on the concept of nonanticipativity in SP. Modeling first-stage decision variables,
in our case, day-ahead market decisions for each scenario, and tying them together using nonan-
ticipativity constraints allowed us to extract scenario-specific dual solutions. In particular, the
dual solution corresponding to the nonanticipativity constraint captured the cost of deviating
from the scenario’s optimal solution.

Alternative approaches to model nonanticipativity resulted in two different models and cor-
responding pricing mechanisms. While the mean-vector form is more compatible with solution
algorithms (notably, the progressive hedging algorithm), the pricing mechanism Rm based on
this form yields revenue adequacy and cost recovery in expectation only when additional condi-
tions are met. Although these conditions depend only on primal solutions and nonanticipativity
duals and are easy to verify, they are challenging to interpret and hence, less desirable in practice.

The state-vector form and the corresponding pricing mechanism Rs overcame these deficien-
cies in the mean-vector form. The prices constructed under Rs always ensure revenue adequacy
for the system operator in expectation. Furthermore, Rs offered the desirable property of cost re-
covery under every scenario for all the participating generators. Finally, we determined uniform
bounds on scenario-wise price distortion that only depend on participants’ real-time premiums.
The cost recovery and bounded price distortion results provide the much-needed incentives for
generators to participate in stochastic markets.

Our approach to constructing stochastic market clearing models, nonanticipative-based price
construction, and their analyses is based on duality theory for stochastic convex programs.
Therefore, the results are invariant to the nature of the power flow relaxations adopted in the
clearing models. More importantly, the duality theory seamlessly extends to multistage stochas-
tic programs (see, e.g., Higle and Sen (2006)), opening a viable path to design a hierarchical
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or a multi-settlement market that is consistent with operations planning prevalent in practice
today. We will undertake a detailed study of multi-settlement markets in our future research.

A Detailed stochastic programming models

This section presents the detailed problem formulations for the three stochastic programming
(SP) formulations for the stochastic electric market clearing problem discussed in this paper.
The notation used in these formulations is summarized in the following table.

Sets
N Set of nodes (buses).
L Set of lines.
P Set of market participants (generators an loads).
Ω Set of scenarios.

Parameters
ci Day-ahead biding price for ith participant.

δ+i /δ−i Real-time positive/negative deviation penalty of the ith participant.
xmin
i /xmax

i Day-ahead minimum/maximum capacity of the ith participant.
Xmin

i /Xmax
i Real-time minimum/maximum capacity of the ith participant

fmin
ij /fmax

ij Day-ahead minimum/maximum capacity of the line (i, j)

Fmin
ij /Fmax

ij Real-time minimum/maximum capacity of the line (i, j)

We denote the day-ahead settlement/cleared amounts by the decision variable xi for either
type of participants i ∈ P. A decision variable corresponding to a generator satisfies xi ≥ 0,
and that corresponding to a demand satisfies xi ≤ 0. In addition to the day-ahead clearing
decisions, we denote the power flows that support the cleared day-ahead quantities by fij for
(i, j) ∈ L. The corresponding real-time decision variables are denoted Xi and Fij , respectively.
In our models, we use F to capture the feasible power flows in the network. While our analysis
and pricing mechanisms apply to any convex approximation or relaxations of the power flows,
we use the direct-current approximation in our experiments. In this case, the set is defined as

F =

{
(fij)(i,j)∈L, (θi)i∈B)

∣∣∣∣∣ fij =
ViVj

Bij
(θi − θj) (i, j) ∈ L,

θmin ≤ θi ≤ θmax

}
.

Here, θi is an auxiliary decision variable that captures bus voltage angle at i ∈ B . The parameter
Vi is the bus voltage magnitude which is usually set to one for all i ∈ B, and Bij is the line
susceptance for (i, j) ∈ L. Finally, we use P(n) ⊂ P to denote the subset of market participants
that are connected to bus n.

A.1 Canonical Formulation

Using the above notation, the two-stage canonical formulation of the electricity market clearing
is stated as follows:

min
∑
i∈P

cixi + E[(ci + δ+i )(Xi(ω̃)− xi)+ − (ci − δ−i )(Xi(ω̃)− xi)−], (17a)

s.t. xmin
i ≤ xi ≤ xmax

i ∀i ∈ P, (17b)

fmin
ij ≤ fij ≤ fmax

ij ∀(i, j) ∈ L, (17c)
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(fij)(i,j)∈L ∈ F , (17d)∑
j:(j,n)∈L

fjn −
∑

j:(n,j)∈L

fjn +
∑

i∈P(n)

xi = 0, ∀n ∈ N , (17e)

Xmin
i ≤ Xi(ω̃) ≤ min{Xmax

i , Xavail
i (ω̃)} ∀i ∈ P, ω̃ ∈ Ω, (17f)

Fmin
ij ≤ Fij(ω̃) ≤ Fmax

ij ∀(i, j) ∈ L, ω̃ ∈ Ω, (17g)

(Fij(ω̃))(i,j)∈L ∈ F , ∀ω̃ ∈ Ω, (17h)∑
j:(j,n)∈L

Fjn(ω̃)−
∑

j:(n,j)∈L

Fjn(ω̃)−
∑

j:(j,n)∈L

fjn −
∑

j:(n,j)∈L

fjn

+
∑

i∈P(n)

(Xi(ω̃)− xi) = 0, ∀i ∈ N , ω̃ ∈ Ω. (17i)

Notice that the model incorporates the stochastic behavior of the real-time market and uses an
expectation-valued objective function, (17a). Constraints (17b)-(17e) represent the day-ahead
market constraints. Constraints (17f)-(17i) are for the real-time market. Notice that each
constraint is applied for every scenario ω̃ ∈ Ω. When Ω has continuous support, the ω̃ ∈ Ω must
be viewed as constraint being applied almost surely.

A.2 Mean-vector form two-stage model

The mean-vector formulation of the stochastic electricity clearing problem is stated as follows:

min
∑
i∈P

E[cixi(ω̃) + (ci + δ+i )(Xi(ω̃)− xi(ω̃))+ − (ci + δ−i )(Xi(ω̃)− xi(ω̃))−], (18a)

s.t. xmin
i ≤ xi(ω̃) ≤ xmax

i ∀i ∈ P, (18b)

fmin
ij ≤ fij(ω̃) ≤ fmax

ij ∀(i, j) ∈ L, (18c)

(fij(ω̃))(i,j)∈L ∈ F , (18d)∑
j:(j,n)∈L

fjn −
∑

j:(n,j)∈L

fjn +
∑

i∈P(n)

xi = 0, ∀n ∈ N , (18e)

Xmin
i ≤ Xi(ω̃) ≤ min{Xmax

i , Xavail
i (ω̃)} ∀i ∈ P, ω̃ ∈ Ω, (18f)

Fmin
ij ≤ Fij(ω̃) ≤ Fmax

ij ∀(i, j) ∈ L, ω̃ ∈ Ω, (18g)

(Fij(ω̃))(i,j)∈L ∈ F , ∀ω̃ ∈ Ω, (18h)∑
j:(j,n)∈L

Fjn(ω̃)−
∑

j:(n,j)∈L

Fjn(ω̃)−
∑

j:(j,n)∈L

fjn −
∑

j:(n,j)∈L

fjn

+
∑

i∈P(n)

(Xi(ω̃)− xi) = 0, ∀i ∈ N , ω̃ ∈ Ω, (18i)

xi(ω̃)− E[xi(ω̃)] = 0 ∀i ∈ P, ω̃ ∈ Ω, (18j)
fij(ω̃)− E[fij(ω̃)] = 0 ∀(i, j) ∈ L, ω̃ ∈ Ω. (18k)

The non-anticipativity constraints are given in (18j) and (18k) for clearing amounts and power
flows respectively. In these equations, the scenario-dependent day-ahead solution is set to their
respective expected values.
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A.3 State-vector form two-stage model

The state-vector two-stage SP model is stated as follows:

min
∑
i∈P

E[cixi(ω̃) + (ci + δ+i )(Xi(ω̃)− xi(ω̃))+ − (ci + δ−i )(Xi(ω̃)− xi(ω̃))−], (19a)

s.t. xmin
i ≤ xi(ω̃) ≤ xmax

i ∀i ∈ P, (19b)

fmin
ij ≤ fij(ω̃) ≤ fmax

ij ∀(i, j) ∈ L, (19c)

(fij(ω̃))(i,j)∈L ∈ F , (19d)∑
j:(j,n)∈L

fjn −
∑

j:(n,j)∈L

fjn +
∑

i∈P(n)

xi = 0, ∀n ∈ N , (19e)

Xmin
i ≤ Xi(ω̃) ≤ min{Xmax

i , Xavail
i (ω̃)} ∀i ∈ P, ω̃ ∈ Ω, (19f)

Fmin
ij ≤ Fij(ω̃) ≤ Fmax

ij ∀(i, j) ∈ L, ω̃ ∈ Ω, (19g)

(Fij(ω̃))(i,j)∈L ∈ F , ∀ω̃ ∈ Ω, (19h)∑
j:(j,n)∈L

Fjn(ω̃)−
∑

j:(n,j)∈L

Fjn(ω̃)−
∑

j:(j,n)∈L

fjn −
∑

j:(n,j)∈L

fjn

+
∑

i∈P(n)

(Xi(ω̃)− xi) = 0, , ∀i ∈ N , ω̃ ∈ Ω, (19i)

xi(ω̃)− χx
i = 0 ∀i ∈ P, ω̃ ∈ Ω, (19j)

fij(ω̃)− χf
ij = 0 ∀(i, j) ∈ L, ω̃ ∈ Ω. (19k)

Notice that additional non-anticipative constraints (19j) and (19k) for day-ahead dispatch
amounts and power flows, respectively. In these equations, the scenario-dependent quantities
are set equal to their respective state variables.

B Omitted Proofs

This section presents the proof of the technical results concerning the properties of pricing mech-
anisms Rc, Rm, and Rs. The proofs for Propositions 3.3 and 3.5 are based on the corresponding
results for multistage stochastic convex programs in Higle and Sen (2006). Since we are focused
on two-stage formulations in this paper, our results in these propositions are a special case of
the more general settings studied in Higle and Sen (2006).

Proof of Proposition 3.2. See Theorems 1 and 2 in Pritchard et al. (2010) for the results on
revenue adequacy and cost recovery in expectation. Under pricing-mechanism (Rc), scenario-
specific price distortion is given by Mc

n(ω) = πc
n −Πc

n(ω), ∀n ∈ N , ω ∈ Ω. Theorem 9 in Zavala
et al. (2017) establishes the bounds on expected price distortion, i.e.,−δ+i ≤ E[Mc

n(i)(ω̃)] ≤
δ−i , ∀i ∈ P.

The proofs of Proposition 3.3 and Proposition 3.5 follow similar agruments. Therefore, we
only construct the necessary elements to prove Proposition 3.3 in the following.

Proof of Proposition 3.3. To begin, note that for any y1 ∈ L∞
n1

and µ ∈ L1
n1

, we have
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EP[⟨µ(ω̃),EP[y1(ω̃)]⟩] = ⟨EP[µ(ω̃)],EP[y1(ω̃)]⟩ = EP[⟨EP[µ(ω̃)],y1(ω̃)⟩]. Therefore,

EP[⟨µ(ω̃),y1(ω̃)− EP[y1(ω̃)]⟩] = EP[⟨µ(ω̃),y1(ω̃)⟩ − ⟨µ(ω̃),EP[y1(ω̃)]⟩]
= EP[⟨µ(ω̃),y1(ω̃)⟩ − ⟨EP[µ(ω̃)],y1(ω̃)⟩]
= EP[⟨µ(ω̃)− EP[µ(ω̃)],y1(ω̃)⟩]. (20)

We define a stochastic Lagrangian function L(µ, ω) = supy1∈Rn1{⟨µ(ω) − EP[µ(ω̃)],y1⟩ −
ϕ(y1, ω)}. Using the Lagrangian and the relationship in (20), we obtain a dual form of the
mean-vector formulation which satisfies:

v⋆p ≥ sup
µ∈L1

n1

−EP[L(µ(ω̃), ω̃)] = sup
µ∈L1

n1

EP[ϕ(y1(ω̃), ω̃) + ⟨µ(ω̃)− EP[µ(ω̃)],y1(ω̃)⟩]. (21)

Notice that the dual on the right-hand side is an unconstrained optimization problem. Using
the stochastic Lagrangian function and the definition of a conjugate function, we have L(µ, ω) =
ϕ∗(µ(ω) − E[µ(ω̃)], ω). The rest of the proof follows the same arguments as Proposition 3.5
presented later in this section.

Proof of Theorem 3.4. Consider the Lagrangian relaxation of (P-MV).

Lm = E
[∑
i∈P

cixi(ω̃) + (ci + δ+i )(Xi(ω̃)− xi(ω̃))+ − (ci − δ−i )(Xi(ω̃)− xi(ω̃))−

−
∑
n∈N

πn(ω̃)
(
τn(f(ω̃)) +

∑
i∈P (n)

xi(ω̃)
)

−
∑
n∈N

Πn(ω̃)
(
τn(F (ω̃))− τn(f(ω̃)) +

∑
i∈P (n)

(Xi(ω̃)− xi(ω̃))
)

−
∑
i∈P

µx
i (ω̃)

(
xi(ω̃)− E[xi(ω̃)]

)
−
∑
i∈L

µf
i (ω̃)

(
fi(ω̃)− E[fi(ω̃)]

)]
. (22)

Since Lm is minimized over C1 and C2, the optimal solution
(x∗(ω̃), X∗(ω̃), f∗(ω̃), F ∗(ω̃), π∗(ω̃),Π∗(ω̃), µ∗(ω̃)) also minimizes the Lagrangian relaxation
with the optimal value Lm∗ . Notice that the solution obtained by setting f(ω) = 0 and F (ω) = 0
for all ω ∈ Ω is a sub-optimal feasible solution. For such a solution we have E[f(ω̃)] = 0 and

Lm∗ ≤ E
[∑
i∈P

cix
∗
i (ω̃) + (ci + δ+i )(X

∗
i (ω̃)− x∗i (ω̃))+ − (ci − δ−i )(X

∗
i (ω̃)− x∗i (ω̃))−

−
∑
n∈N

π∗
n

( ∑
i∈P (n)

x∗i (ω̃)
)
−

∑
n∈N

Π∗
n(ω̃)

( ∑
i∈P (n)

(X∗
i (ω̃)− x∗i (ω̃))

)
−
∑
i∈P

µx∗
i (ω̃)

(
x∗i (ω̃)− E[x∗i (ω̃)]

)]
.

Substituting Lm∗ from (22) and rearranging the terms we obtain

−E
[ ∑
n∈N

π∗
n(ω̃)τn(f

∗(ω̃)) + Π∗
n(ω̃)

(
τn(F

∗(ω̃))− τn(f
∗(ω̃))

)
+
∑
i∈L

µf∗

i (ω̃)
(
f∗
i (ω̃)− E[f∗

i (ω̃)]
)]

≤ 0.

Since the optimal solution satisfies f∗
i (ω) − E[f∗

i (ω̃)] = 0 for all i ∈ L, ω ∈ Ω, the last term in
the above inequality equates to zero. The optimal solution also satisfies x∗i (ω) − E[x∗i (ω̃)] = 0.
Using this, we obtain

−E
[ ∑
n∈N

π∗
nτn(f) + Π∗

n(ω̃)
(
τn(F

∗(ω̃))− τn(f
∗(ω̃))

)
+
∑
i∈P

µx∗
i (ω̃)

(
x∗i (ω̃)− E[x∗i (ω̃)]

)]
≤ 0.
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Using the flow balance equations (2) and (6), we have

E
[∑
i∈P

(
π∗
n(i)(ω̃)x

∗
i (ω̃) + Π∗

n(i)(ω̃)(X
∗
i (ω̃)− x∗i (ω̃)) + µx∗

i (ω̃)
(
x∗i (ω̃)− E[x∗i (ω̃)]

))]
≤ 0.

E
[∑
i∈P

(
π∗
n(i)(ω̃)x

∗
i (ω̃) + Π∗

n(i)(ω̃)(X
∗
i (ω̃)− x∗i (ω̃)) + µx∗

i (ω̃)x∗i (ω̃)

])
−
∑
i∈P

E[µx∗
i (ω̃)]E[x∗i (ω̃)] ≤ 0.

If we have
∑

i∈P E[µx∗
i (ω̃)]E[x∗i (ω̃)] ≤ 0, we obtain E[

∑
i∈P ρmi (ω̃)] ≤ 0 which implies that

pricing-mechanism (Rs) is revenue adequate in expectation.

Since the problem is convex, the optimal dual values, (π∗(ω̃),Π∗(ω̃)) satisfy

Lm∗
= min

x(ω̃),X(ω̃),f(ω̃),F (ω̃)
E
[∑
i∈P

cixi(ω̃) + (ci + δ+i )(Xi(ω̃)− xi(ω̃))+ − (ci − δ−i )(Xi(ω̃)− xi(ω̃))−

−
∑
n∈N

π∗
n(ω̃)

(
τn(f(ω̃)) +

∑
i∈P (n)

xi(ω̃)
)

−
∑
n∈N

Π∗
n(ω̃)

(
τn(F (ω̃))− τn(f(ω̃)) +

∑
i∈P (n)

(Xi(ω̃)− xi(ω̃))
)

−
∑
i∈P

µx∗
i (ω̃)

(
xi(ω̃)− E[xi(ω̃)]

)
−

∑
i∈L

µf∗

i (ω̃)
(
fi(ω̃)− E[fi(ω̃)]

)]
.

Notice that the optimization problem on the right-hand side of the above inequality decomposes
into participant-specific optimization problems. Therefore,

Lm∗
=

∑
i∈P

E
[

min
xi(ω̃),Xi(ω̃)

L1
i (xi(ω̃), Xi(ω̃))

]
+ min

f(ω̃),F (ω̃)
E
[
L2(f(ω̃), F (ω̃))

]
.

Here, we define

L1
i (xi(ω), Xi(ω)) = cixi(ω) + (ci + δ+i )(Xi(ω)− xi(ω))+ − (ci − δ−i )(Xi(ω)− xi(ω))− − π∗

n(i)(ω)xi(ω)

−Π∗
n(i)(ω)(Xi(ω)− xi(ω))− µx∗

i (ω)
(
xi(ω)− E[xi(ω̃)]

)
∀i ∈ P,

L2
i (fi(ω), Fi(ω)) = −

∑
n∈N

π∗
n(ω)τn(f(ω))−

∑
n∈N

Π∗
n(ω)

(
τn(F (ω))− τn(f(ω))

)
−
∑
i∈L

µf∗

i (ω)
(
fi(ω)− E[fi(ω̃)]

)
.

Further, we can minimize Lm∗ by minimizing the above functions separately for every partici-
pant. Now consider the Lagrangian L1

i (xi(ω̃), Xi(ω̃)) and its optimal solution (x∗i (ω̃), X
∗(ω̃)).

Since (xmin
i , Xmin

i ) is a sub-optimal feasible solution, we have for all i ∈ P

E[L1
i (x

∗
i (ω̃), X

∗
i (ω̃))] ≤ E

[
cix

min
i + (ci + δ+i )(X

min
i − xmin

i )+ − (ci − δ−i )(X
min
i − xmin

i )−

− π∗
n(i)(ω̃)x

min
i −Π∗

n(i)(ω̃)(X
min
i − xmin

i )− µx∗
i (ω̃)

(
xmin
i − E[xmin

i ]
)]
.
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Substituting L1
i (x

∗
i (ω̃), X

∗
i (ω̃) and rearranging the terms, we obtain

E
[
cix

∗
i (ω) + (ci + δ+i )(X

∗
i (ω)− x∗i (ω))+ − (ci − δ−i )(X

∗
i (ω)− x∗i (ω))−

−
(
cix

min
i + (ci + δ+i )(X

min
i − xmin

i )+ − (ci − δ−i )(X
min
i − xmin

i )−

)]
≤ E

[(
π∗
n(i)(ω) + µx∗

i (ω)
)
x∗i (ω) + Π∗

n(i)(ω)
(
X∗

i (ω)− x∗i (ω)
)]

− E[µx∗
i (ω̃)]E[x∗i (ω̃)]

− E1

[
π∗
n(i)(ω) + µx∗

i (ω)
)
xmin
i +Π∗

n(i)(ω)
(
Xmin

i − xmin
i )

]
+ E[µx∗

i (ω̃)]E[xmin
i (ω̃)].

If the startup costs are sufficiently covered through the uplifts paid by the commitment problem,
we can focus on payment settled using the clearing problem studied here. In this case, we have

E
[
cix

∗
i (ω)+(ci + δ+i )(X

∗
i (ω)− x∗i (ω))+ − (ci − δ−i )(X

∗
i (ω)− x∗i (ω))−

]
≤ E

[(
π∗
n(i)(ω) + µx∗

i (ω)
)
x∗i (ω) + Π∗

n(i)(ω)
(
X∗

i (ω)− x∗i (ω)
)]

− E[µx∗
i (ω̃)]E[x∗i (ω̃)].

Using (7) and (Rm) in the above inequality, we obtain as E[ρmi (ω̃) − φi(ω̃)] ≥ 0 whenever
E[µx∗

i (ω̃)]E[x∗i (ω̃)] ≥ 0. Noting that E[µx∗
i (ω̃)] ≥ 0 for all i ∈ G, the latter condition holds for

all generators implying that they recover their costs in expectation.

We next show the price distortion properties. Notice that

cixi(ω) + (ci + δ+i )(Xi(ω)− xi(ω))+−(ci − δ−i )(Xi(ω)− xi(ω))−

= ciXi(ω) + (δ+i + δ−i )(Xi(ω)− xi(ω))+ − δ−i (Xi(ω)− xi(ω))

Using the above relationship in Lm, the partial Lagrangian with respect to day-ahead quantity
xi(ω̃) at the stationary point can be written as follows:

0 ∈ ∂xi(ω)L
m = (δ+i + δ−i )∂xi(ω)(Xi(ω)− xi(ω))+ + δ−i −

(
πn(i)(ω)−Πn(i)(ω) + (1− p(ω))µx

i (ω)
)

⇒
− δ−i + (πn(i)(ω)−Πn(i)(ω) + (1− p(ω))µx

i (ω))

δ+i + δ−i
∈ ∂xi(ω)(Xi(ω)− xi(ω))+.

Since,

∂xi(ω)(Xi(ω)− xi(ω))+ =


−1, if Xi(ω) > xi(ω)

0, if Xi(ω) < xi(ω)

[−1, 0] if Xi(ω) = xi(ω)

.

We have

− 1 ≤
− δ−i + (πn(i)(ω)−Πn(i)(ω) + (1− p(ω))µx

i (ω))

δ+i + δ−i
≤ 0

⇒ −δ+i + p(ω)µx
i (ω) ≤ (πn(i)(ω) + µx

i (ω))−Πn(i)(ω) ≤ δ−i + p(ω)µx
i (ω) ∀i ∈ P, ω ∈ Ω.

This completes the proof.

To establish an appropriate dual problem for (P-SV), we begin with the following result
that establishes that M is complementary to N∞.

Lemma B.1. For any y1 ∈ N∞ and σ ∈ M, we have EP[⟨σ(ω̃),y1(ω̃)⟩] = 0.
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Proof. Since y1(ω̃) = χ1, a.s., we have EP[⟨σ(ω̃),y1(ω̃)⟩] = EP[⟨σ(ω̃), χ1⟩] = ⟨EP[σ(ω̃)], χ1⟩ =
0.

Proof of Proposition 3.5. Consider a feasible solution (ȳ1, χ̄1) ∈ N̂∞ to (P-SV). Using the
conjugate of ϕ(ȳ1, ω) we have

ϕ⋆(σ(ω), ω) = supy1∈Rn1

{
⟨σ(ω),y1(ω)⟩ − ϕ(y1(ω), ω)

}
≥ ⟨σ(ω), ȳ1(ω)⟩ − ϕ(ȳ1(ω), ω) ∀ω ∈ Ω.

⇒ ϕ(ȳ1(ω), ω) ≥ −ϕ⋆(σ(ω), ω) + ⟨σ(ω), ȳ1(ω)⟩ ∀ω ∈ Ω.
⇒ EP[ϕ(ȳ1(ω̃), ω̃)] ≥ −EP[ϕ

⋆(σ(ω̃), ω̃)] + EP[⟨σ(ω̃), ȳ1(ω̃)⟩]

The term on the right-hand side of the last inequality can attain a value of +∞ unless EP[σ(ω̃)] =
0, in which case we have EP[⟨σ(ω̃), ȳ1(ω̃)⟩] = 0 from Lemma B.1. Therefore, we can obtain a
lower bound on the optimal value of (P-SV) as

v⋆p ≥ sup
σ∈L1

n1

{
− EP[ϕ

⋆(σ(ω̃), ω̃)] | EP[σ(ω̃)] = 0
}
. (23)

Since the mapping ω → ∂ϕ(ȳ1(ω), ω) is P-measurable and closed, there exists a σ̄ ∈ L1
n1

such that σ̄(ω̃) ∈ ∂ϕ(ȳ1(ω̃), ω̃), almost surely. This implies that

ϕ(y1, ω) ≥ ϕ(ȳ1(ω), ω) + ⟨σ̄(ω),y1 − ȳ1(ω)⟩ ∀y1 ∈ Rn1 , ω ∈ Ω.
⇒ ⟨σ̄(ω), ȳ1(ω)⟩ − ϕ(ȳ1(ω), ω) ≥ ⟨σ̄(ω),y1⟩ − ϕ(y1, ω) ∀y1 ∈ Rn1 , ω ∈ Ω.

Therefore, ȳ1(ω̃) ∈ argmax{⟨σ̄(ω̃),y1⟩ − ϕ(y1, ω̃)}, almost surely. It follows from the definition
of conjugate functions that the term on the left-hand side of the above inequality is ϕ⋆(σ̄(ω), ω).
This implies

−EP[ϕ
⋆(σ̄(ω̃), ω̃)] = EP[ϕ(ȳ1(ω̃), ω̃)]− EP[⟨σ̄(ω̃), ȳ1(ω̃)⟩]. (24)

Notice that (24) holds for any ȳ1 ∈ N∞ and the subgradient σ̄ calculated at ȳ1.

Now, if we focus specifically on (ȳ1, χ̄1) that is an optimal solution to (P-SV), we have
0 ∈ ∂EP[ϕ(ȳ1(ω̃), ω̃)] + N̂⊥

∞(ȳ1, χ̄1). Here, N̂⊥
∞(y1, χ1) is the normal cone to N̂∞ at the point

(y1, χ1) such that any (ηy, ηχ) ∈ N̂⊥
∞(y1, χ1) satisfies ⟨ηy(ω̃),y1(ω̃)⟩ + ⟨ηχ(ω̃), χ1⟩ = 0, almost

surely. This implies that

0 = EP[⟨ηy(ω̃),y1(ω̃)⟩+ ⟨ηχ(ω̃), χ1⟩] = EP[⟨ηy(ω̃) + ηχ(ω̃), χ1⟩]
= ⟨EP[ηy(ω̃) + ηχ(ω̃)], χ1⟩.

If χ1 ̸= 0 ⇒ EP[ηy(ω̃) + ηχ(ω̃)] = 0. (25)

Further, since ϕ is a lower semicontinuous proper convex function on Rn1 , almost surely, we have
∂EP[ϕ(ȳ1(ω̃), ω̃)] = EP[∂ϕ(ȳ1(ω̃), ω̃)] (Rockafellar and Wets, 1982). The first-order optimality
condition, therefore, implies that there exists (ηy, ηχ) ∈ N̂⊥

∞(ȳ1, χ̄1) that along with σ̄(ω̃) ∈
∂ϕ(ȳ1(ω̃), ω̃) satisfies

ηy(ω̃) + σ̄(ω̃) = 0 and ηχ(ω̃) = 0 a.s. ⇒ EP[ηy(ω̃) + σ̄(ω̃)] = 0 and EP[ηχ(ω̃)] = 0. (26)

Combining the above result with (25), we conclude that EP[σ̄(ω̃)] = 0. Using this result in (24)
and Lemma B.1, we obtain an upper bound on the optimal value of (P-SV).

− EP[ϕ
⋆(σ̄(ω̃), ω̃)] = EP[ϕ(ȳ1(ω̃), ω̃)]− EP[⟨σ̄(ω̃), ȳ1(ω̃)⟩] = EP[ϕ(ȳ1(ω̃), ω̃)] = min (P-SV)

⇒ sup
σ∈L1

n1

{
− EP[ϕ

⋆(σ(ω̃), ω̃)] | EP[σ(ω̃)] = 0
}
≥ −EP[ϕ

⋆(σ̄(ω̃), ω̃)] = min (P-SV). (27)

Combining (23) and (27) completes the proof.
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Proof of Proposition 3.6. Let σ̄ ∈ M and (ȳ1, χ̄1) ∈ N̂∞ be the minimizer to the Lagrangian L.
From the first-order optimality conditions, we have

0 ∈ ∂L(ȳ1, χ̄1, σ̄) = (EP[∂ϕ(y1(ω̃), ω̃)] + EP[σ̄(ω̃)],−EP[σ̄(ω̃)])
⊤.

Since the set M is equivalent to N⊥
∞, it follows that 0 ∈ EP[∂ϕ(y1(ω̃), ω̃)] + N̂⊥

∞(ȳ1, χ̄1), which
is the sufficient condition for (ȳ1, χ̄1) to be an optimal solution for (P-SV). The arguments for
the converse follow from (25) and (26).

Proof of Theorem 3.8. Consider the following Lagrangian relaxation of the (P-SV).

Ls =E
[∑
i∈P

cixi(ω̃) + (ci + δ+i )(Xi(ω̃)− xi(ω̃))+ − (ci − δ−i )(Xi(ω̃)− xi(ω̃))−

−
∑
n∈N

πn(ω̃)
(
τn(f(ω̃)) +

∑
i∈P (n)

xi(ω̃)
)

−
∑
n∈N

Πn(ω̃)
(
τn(F (ω̃))− τn(f(ω̃)) +

∑
i∈P (n)

(Xi(ω̃)− xi(ω̃))
)

−
∑
i∈P

σx
i (ω̃)

(
xi(ω̃)− χx

i

)
−
∑
i∈L

σf
i (ω̃)

(
fi(ω̃)− χf

i

)]
. (28)

Since Ls is minimized over C1 and C2, the optimal solution
(x∗i (ω̃), X

∗
i (ω̃), χ

x∗
i , f∗

i (ω̃), F
∗
i (ω̃), χ

f∗

i , π∗
i (ω̃),Π

∗
i (ω̃), σ

x∗
i , σf∗

i ) also minimizes the Lagrangian
relaxation. Let Ls∗ be the value of the Lagrangian at the optimal solution. Further since,
(x∗i (ω̃), X

∗
i (ω̃), χ

x∗
i , 0, 0, χf∗

i , π∗
i (ω̃),Π

∗
i (ω̃), σ

x∗
i , σf∗

i ) (obtained by setting f(ω) = 0 and F (ω) = 0
for all ω ∈ Ω) is a sub-optimal feasible solution, we have

Ls∗ ≤ E
[∑
i∈P

cix
∗
i (ω̃) + (ci + δ+i )(X

∗
i (ω̃)− x∗i (ω̃))+ − (ci − δ−i )(X

∗
i (ω̃)− x∗i (ω̃))−

−
∑
n∈N

π∗
n(ω̃)

( ∑
i∈P (n)

x∗i (ω̃)
)
−

∑
n∈N

Π∗
n(ω̃)

( ∑
i∈P (n)

(X∗
i (ω̃)− x∗i (ω̃))

)
−

∑
i∈P

σx∗
i (ω̃)

(
x∗i (ω̃)− χx∗

i

)
+
∑
i∈L

σf∗

i (ω̃)χf∗

i

]
.

Substituting Ls∗ from (28) on the left-hand side of the above and rearranging the terms, we
obtain

− E
[ ∑
n∈N

π∗
n(ω̃)τn(f

∗(ω̃)) + Π∗
n(ω̃)

(
τn(F

∗(ω̃))− τn(f
∗(ω̃))

)
+
∑
i∈L

σf∗

i (ω̃)f∗
i (ω̃)

]
≤ 0.

Since, f∗
i (ω) = χf∗

i ∀i ∈ L, ω ∈ Ω

− E[
∑
n∈N

π∗
n(ω̃)τn(f

∗(ω̃)) + Π∗
n(ω̃)

(
τn(F

∗(ω̃))− τn(f
∗(ω̃))

)
] + E[

∑
i∈L

σf∗

i (ω̃)]χf∗

i ≤ 0,

⇒− E[
∑
n∈N

π∗
n(ω̃)τn(f

∗(ω̃)) + Π∗
n(ω̃)

(
τn(F

∗(ω̃))− τn(f
∗(ω̃))

)
] ≤ 0.

In the second inequality, we have used E[
∑
i∈L

σf∗

i (ω̃)] = 0, due to Theorem 3.7 ii. Similarly, since

E
[∑

i∈P σx∗
i (ω̃)

]
= 0 (also from Theorem 3.7 ii.), we have

− E
[ ∑
n∈N

π∗
n(ω̃)τn(f

∗(ω̃)) + Π∗
n(ω̃)

(
τn(F

∗(ω̃))− τn(f
∗(ω̃))

)]
+ E[

∑
i∈P

σx∗
i (ω̃)χx∗

i ] ≤ 0.
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Using the flow balance equations (2) and (6), and the state-vector form of the non-anticipativity
constraint (14) in the above inequality, we obtain

E
[∑
i∈P

(
π∗
n(i)(ω̃) + σx∗

i (ω̃))xi(ω̃) + Π∗
n(i)(ω̃)(X

∗
i (ω̃)− x∗i (ω̃))

)]
≤ 0.

The above implies that E[
∑

i∈P ρsi (ω̃)] ≤ 0, thereby, establishing the revenue adequacy of (Rs).

Since the problem is convex, the optimal dual values, (π∗(ω̃),Π∗(ω̃), σx∗
i , σf∗

i ) satisfy

Ls∗ = min
x(ω̃),X(ω̃),sx,

f(ω̃),F (ω̃),sf

E
[∑
i∈P

cixi(ω̃) + (ci + δ+i )(Xi(ω̃)− xi(ω̃))+ − (ci − δ−i )(Xi(ω̃)− xi(ω̃))−

−
∑
n∈N

π∗
n(ω̃)

(
τn(f(ω̃)) +

∑
i∈P (n)

xi(ω̃)
)

−
∑
n∈N

Π∗
n(ω̃)

(
τn(F (ω̃))− τn(f(ω̃)) +

∑
i∈P (n)

(Xi(ω̃)− xi(ω̃))
)

−
∑
i∈P

σx∗
i (ω̃)

(
xi(ω̃)− χx

i

)
−
∑
i∈L

σf∗

i (ω̃)
(
fi(ω̃)− χf

i

)]
.

Notice that the optimization problem on the right-hand side of the above inequality decomposes
into participant-specific optimization problems. Therefore,

Ls∗ =
∑
i∈P

E
[

min
xi(ω̃),Xi(ω̃),χx

i

L1
i (xi(ω̃), Xi(ω̃), χ

x
i )

]
+ min

f(ω̃),F (ω̃),χf
E[L2(f(ω̃), F (ω̃), χf )],

where, we define

L1
i (xi(ω),Xi(ω), χ

x
i ) = cixi(ω) + (ci + δ+i )(Xi(ω)− xi(ω))+ − (ci − δ−i )(Xi(ω)− xi(ω))−

− π∗
n(i)(ω)xi(ω)−Π∗

n(i)(ω)(Xi(ω)− xi(ω))− σx∗
i (ω)

(
xi(ω)− χx

i

)
∀i ∈ P,

L2(fi(ω),Fi(ω), χ
f
i ) = −

∑
n∈N

π∗
n(ω)τn(f(ω))−

∑
n∈N

Π∗
n(ω)

(
τn(F (ω))− τn(f(ω))

)
−
∑
i∈L

σf∗

i (ω)
(
fi(ω)− χf

i

)
,

for all ω ∈ Ω. Further, we can minimize Ls∗ by minimizing the above functions separately for
every participant and ω ∈ Ω. Now consider the Lagrangian L1(xi(ω), Xi(ω), χ

x
i ) and its optimal

solution (x∗i (ω), X
∗(ω), χx∗

i ). Since (xmin
i , Xmin

i , χx∗
i ) is a sub-optimal feasible solution, we have

L(x∗i (ω), X∗
i (ω), χ

x∗
i ) ≤ cix

min
i + (ci + δ+i )(X

min
i − xmin

i )+ − (ci − δ−i )(X
min
i − xmin

i )−

− π∗
n(i)(ω)x

min
i −Π∗

n(i)(ω)(X
min
i − xmin

i )− σx∗
i (ω)

(
xmin
i − χx∗

i

)
.

Substituting L(x∗i (ω), X∗
i (ω), χ

x∗
i ) and rearranging the terms, we obtain

cix
∗
i (ω) + (ci + δ+i )(X

∗
i (ω)− x∗i (ω))+ − (ci − δ−i )(X

∗
i (ω)− x∗i (ω))−

−
(
cix

min
i + (ci + δ+i )(X

min
i − xmin

i )+ − (ci − δ−i )(X
min
i − xmin

i )−

)
≤

(
π∗
n(i)(ω) + σx∗

i (ω)
)
xi(ω) + Π∗

n(i)

(
ω)(Xi(ω)− xi(ω)

)
−
(
π∗
n(i)(ω) + σx∗

i (ω)
)
xmin
i +Π∗

n(i)(ω)
(
Xmin

i − xmin
i

)
.
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Once again, if the uplifts payments from the unit commitment problem cover the minimum
generation then the above can reduce to φi(ω) ≤ ρsi (ω). This implies cost recovery for all
generators under every scenario ω ∈ Ω.

Finally, to establish the property of scenario-specific price distortion, notice that

cixi(ω) + (ci + δ+i )(Xi(ω)− xi(ω))+−(ci − δ−i )(Xi(ω)− xi(ω))−

= ciXi(ω) + (δ+i + δ−i )(Xi(ω)− xi(ω))+ − δ−i (Xi(ω)− xi(ω))

Using the above relation in the Lagrangian Ls in (28), the partial derivative of the Lagrangian
with respect to day-ahead quantity xi(ω) at the stationary point can be written as follows:

(δ+i + δ−i )∂xi(ω)(Xi(ω)− xi(ω))+ + δ−i − (πn(i)(ω)−Πn(i)(ω) + σx
i (ω)).

Since 0 ∈ ∂xi(ω)L
s, we have

⇒
− δ−i + (πn(i)(ω)−Πn(i)(ω) + σx

i (ω))

δ+i + δ−i
∈ ∂xi(ω)(Xi(ω)− xi(ω))+.

Note that

∂xi(ω)(Xi(ω)− xi(ω))+ =


−1, if Xi(ω) > xi(ω)

0, if Xi(ω) < xi(ω)

[−1, 0] if Xi(ω) = xi(ω).

This implies that

− 1 ≤
− δ−i + (πn(i)(ω)−Πn(i)(ω) + σx

i (ω))

δ+i + δ−i
≤ 0,

⇒ −δ+i ≤ πn(i)(ω) + σx
i (ω)−Πn(i)(ω) ≤ δ−i ∀i ∈ P, ω ∈ Ω.

This completes the proof.

C Details of Test Systems used in computational study

This section summarizes the characteristics of the three test systems used in our numerical
experiments.

C.1 PZP-6

We adopt the PZP-6 system from Pritchard et al. (2010), depicted in Figure 5. The system
operates six buses connecting six generators and a load. The line connecting buses 1 and 6 has
a maximum capacity of 150 MW, and the remaining lines are uncapacitated. Figure 5 presents
the capacities, day-ahead unit bid prices, real-time negative deviation and positive deviation
premiums (in parentheses) for generators, and demand quantity for the load. With equal prob-
ability, each wind generator can realize any scenario from the possible set (30, 50, 60, 70, 90) (all
in MW). Thus, there are a total of 25 scenarios. Other generators can increase or decrease their
generation in the real-time market to mitigate the impact of the wind generation uncertainty.
Both hydro generators connect to the system through the same bus six. Further, we assume
all lines are lossless. Note that we used 90, the maximum possible output, as the first-stage
capacity limit of the wind generators.
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2 4

1 5

6

100, $45 (12, 9)
Thermal 2

W1, $0 (0.1, 0.2)
Wind 1

(30, 50, 60, 70, 90)

W2, $0 (0.25, 0.3)
Wind 2

(30, 50, 60, 70, 90)

100, $40 (11, 10)
Thermal 1

50, $42 (13, 10.5)
60, $80 (14, 9.5)

Hydro

264

Load 1

150

Figure 5: Network diagram of PZP-6 system.
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100, $100 (10, 10)
Thermal 2

W1, $1 (0.1, 0.1)
Wind 1

W2, $1 (0.1, 0.1)
Wind 2

100, $100 (10, 10)
Thermal 1

50, $200 (20, 20)

Hydro

250 (0.001, 0.001)

Load 1

50 50

2550

25

100

25

100 100

Figure 6: Network diagram of ZKAB-6 system.

C.2 ZKAB-6

The ZKAB-6 is a modified version of PZP-6 from Zavala et al. (2017), depicted in Figure 6.
Similar to PZP-6, the ZKAB-6 system operates six buses. However, the system has only five
generators and a single deterministic load. All lines in the network have capacities, and they are
shown in Figure 6. Further, generator capacities, day-ahead unit bid prices, real-time negative
deviation premiums and positive deviation premiums (in parentheses), and demand quantity for
the load are shown in Figure 6. As in the case of PZP-6, each wind generator can realize any
scenario from the possible set (10, 20, 60, 70, 90) (all in MW), resulting in a total of 25 scenarios.
We assume all lines are lossless. Note that we used 90, the maximum possible output, as the
first-stage capacity limit of the wind generators.
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C.3 SODA-30

Our final test system is the IEEE 30 bus system. This network comprises 30 buses, six generators
(4 thermal and two wind), and 21 demands. $200, $175, $100, and $300 are the generation costs
for thermal generators, and renewable generation cost is $1. Similarly, the positive and negative
deviation premiums are $0.4, $0.35, $0.2, $0.6 for the thermal generators, and $0.65, $0.6 for the
wind generators. We developed 200 independent scenarios for the wind electricity outputs.
Further, all demands are deterministic. Similar to the previous instances, we assumed all the
power lines are lossless, and the thermal generators can adjust their outputs in the real-time
market. We set the day-ahead availabilities for the wind generators to their respective capacities.
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