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Abstract. Low-rank matrix completion consists of computing a matrix of minimal complexity that recovers a given set
of observations as accurately as possible. Unfortunately, existing methods for matrix completion are heuristics that, while
highly scalable and often identifying high-quality solutions, do not possess any optimality guarantees. We reexamine matrix
completion with an optimality-oriented eye. We reformulate low-rank matrix completion problems as convex problems over
the non-convex set of projection matrices and implement a disjunctive branch-and-bound scheme that solves them to certifiable
optimality. Further, we derive a novel and often near-exact class of convex relaxations by decomposing a low-rank matrix
as a sum of rank-one matrices and incentivizing that two-by-two minors in each rank-one matrix have determinant zero. In
numerical experiments, our new convex relaxations decrease the optimality gap by two orders of magnitude compared to
existing attempts, and our disjunctive branch-and-bound scheme solves 7 X m rank-r matrix completion problems to certifiable
optimality or near optimality in hours for max{m,n} <2500 and r < 5. Moreover, this improvement in the training error

translates into an average 2%—50% improvement in the test set error.

Key words: Low-rank matrix completion; branch-and-bound; eigenvector disjunctive cuts; matrix perspective relaxation;

semidefinite programming.

1. Introduction
This paper proposes a branch-and-bound scheme for solving low-rank matrix completion to provable

optimality. Given observations A; ; : (i, j) € I C [n] X [m] from a matrix A € R™"", we seek a low-
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rank matrix X € R which approximates the observed entries of A. This admits the formulation:

. 1 2 1 2
X R Z”X”F + 5 (UZ)EZ (Xi;—Aij)” st Rank(X) <k, (1)

where the hyperparameter k& bounds the rank of X and y controls its sensitivity to noise.

Problem (1) has received a great deal of attention since the Netflix Competition (Bell and
Koren 2007) and heuristics methods now find high-quality solutions for very large-scale instances.
Unfortunately, low-rank problems cannot be modeled as mixed-integer conic optimization problems
(see Lubin et al. 2022) and thus are out of scope for traditional combinatorial optimization techniques
and algorithms. For this reason, developing a certifiably optimal method for low-rank matrix
completion would be theoretically meaningful. Moreover, from a practical perspective, Bertsimas
et al. (2022) have shown that solving (1) via a provably optimal method gives a smaller out-of-
sample mean squared error (MSE) than the MSE obtained via a heuristic. However, to the best
of our knowledge, no method solves Problem (1) to provable optimality for n,m beyond 50 or r
beyond 1 (Naldi 2016, Bertsimas et al. 2022).

In this paper, we revisit Problem (1) and design a custom branch-and-bound method that solves
it to provable optimality using eigenvector disjunctive cuts as branching regions. Numerically, we
assess the scalability of our approach for instances with max{m, n} up to 2500 and k up to 5. We also
show numerically that this approach obtains more accurate solutions than state-of-the-art methods
like alternating minimization implementations of the method of Burer and Monteiro (2003), by up

to 50% for some small-scale instances with many local optima.

1.1. Literature Review
We propose a branch-and-bound algorithm that solves Problem (1) to provable optimality at scale.
To develop this algorithm, we require three ingredients: a strategy for recursively partitioning the
solution space; a technique for generating high-quality convex relaxations on each partition; a
local optimization strategy for quickly obtaining good solutions in a given partition. To put our
contribution into context, we now review all three aspects of the relevant literature and refer to
Udell et al. (2016), Bertsimas et al. (2022) for overviews of low-rank optimization.

Branching A variety of spatial branch-and-bound schemes have been proposed for generic non-
convex quadratically constrained quadratic optimization problems such as (1), since the work of
McCormick (1976). Unfortunately, these solvers currently cannot obtain high-quality solutions

for problems with more than fifty variables (see Kronqvist et al. 2019, for a benchmark and
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references). Recently, Bertsimas et al. (2022) reformulated (1) via projection matrices and solved
problems with 50 x 50 matrices and r = 1 using off-the-shelf solvers that use McCormick branching
regions. Problem-specific branching strategies have been investigated for other non-convex QCQPs.
Anstreicher (2022) integrated the disjunctive cuts of Saxena et al. (2010) within a branch-and-bound
scheme, and solved some numerically challenging two-trust-region problems. In a parallel direction,
Kocuk et al. (2018) proposed a branch-and-cut algorithm for optimal power flow problems.

Relaxations A number of works have proposed solving Problem (1) via their convex relaxations,
originating with Fazel (2002), who proposed replacing the rank minimization objective with a trace
term for positive semidefinite factor analysis and matrix completion problems (see also Candes
and Recht 2009, for an extension to the asymmetric case). More recently, Bertsimas et al. (2023)
proposed a general procedure for obtaining strong bounds to low-rank problems (see also Kim
et al. 2022, Li and Xie 2023, for related attempts). Namely, they combined the projection matrix
reformulation of Bertsimas et al. (2022) with a matrix analog of perspective functions (c.f. Ebadian
etal. 2011) and obtained a new class of convex relaxations for low-rank problems.

High-quality heuristics The most popular approach to find good solutions to Problem (1) is to
enforce the rank constraint via the decomposition X = UVT, where the matrices U and V have
only k£ columns, and to iteratively optimize with respect to U and V (Burer and Monteiro 2003).
However, the Burer-Monteiro approach is only guaranteed to converge to a local solution and several
works have investigated conditions under which convergence to a global optimum is guaranteed for
matrix completion (Jain et al. 2013, Hardt 2014, Ge et al. 2016, Ma and Fattahi 2023) or generic
semidefinite optimization problems (Boumal et al. 2016, Bhojanapalli et al. 2016, Cifuentes 2019).

1.2. Contributions
We develop a spatial branch-and-bound scheme which solves medium-sized instances of Prob-
lem (1) to certifiable (near) optimality.

The key contributions of the paper are threefold. First, we derive eigenvector disjunctive cuts
that can be used to recursively partition the feasible region and strengthen the matrix perspective
relaxations of Problem (1) more effectively than via McCormick relaxations. Although eigenvector
disjunctive cuts were proposed decades ago in the optimization literature (Saxena et al. 2008), they
are a “sleeping beauty” in the sense of Ke et al. (2015) as they were forgotten soon after they
were proposed due to the lack of appropriate algorithmic and computational machinery in those
days. Thus, the discovery that they are computationally useful for solving low-rank problems is a

contribution of the paper. Second, by combining an old characterization of rank via determinant
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minors, which is new to the matrix completion literature, with the Shor relaxation, we derive
new and tighter convex relaxations for matrix completion problems, from which we derive valid
inequalities. Third, we design a branch-and-bound algorithm that partitions the feasible region using
disjunctive cuts, computes valid lower bounds via the matrix perspective relaxation, and obtains
high-quality feasible solutions by running alternating minimization at the root and child nodes.
We remark that our approach improves the scalability of certifiably optimal methods for Problem
(1) compared to the state-of-the-art. In particular, we solve instances of Problem (1) with max{m, n}
in the thousands and k up to 5 to provable optimality in minutes or hours, while previous attempts
Bertsimas et al. (2022) solves problems where n = m =50 and r = 1 to provable optimality in hours,
but returns optimality gaps larger than 100% after hours when n > 60 or r > 1. This is because our
approach involves a custom branching scheme that supports imposing semidefinite constraints at
the root node and refining relaxations via eigenvector disjunctions, while Bertsimas et al. (2022)
used a commercial solver which does not support semidefinite relaxations at the root node, and
refines relaxations using weaker McCormick disjunctions. Indeed, as we establish in this work
(Proposition 1), using McCormick relaxations, it is often impossible to improve upon the root node
relaxation of a low-rank problem without expanding at least O (2%("~%)/2) nodes, which is very large

for n > k. On the other hand, eigenvector disjunctions improve after expanding O (2*) nodes.

1.3. Structure
The rest of the paper is structured as follows:

In Section 2, we derive Problem (1)’s matrix perspective relaxation and propose disjunctive cuts
for improving it. With our disjunctive inequalities, we separate an optimal solution to a relaxation
from its feasible region via a single eigenvalue cut. In contrast, using McCormick disjunctions, we
prove in Section 2.2 that disjuncting on fewer than 2("~%)/2 variables never separates a solution
from a McCormick relaxation.

In Section 3, we leverage a characterization of the rank of a matrix via its determinant minors to
develop a novel convex relaxation for low-rank problems, and derive new valid inequalities.

In Section 4, we combine the analysis in Sections 2-3 to design a spatial branch-and-bound
algorithm that converges to a certifiably optimal solution of Problem (1). We also discuss differ-
ent aspects of our algorithmic implementation, including node selection, branching rule, and an
alternating minimization strategy to obtain high-quality feasible solutions.

In Section 5, we investigate the performance of our branch-and-bound scheme via a suite of

numerical experiments. We identify that our new convex relaxation and preprocessing techniques
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reduce (sometimes substantially) the optimality gap at the root node and that our branch and bound
scheme solves instances of Problem (1) to certifiable (near) optimality when max{m,n} = 2500 in
minutes or hours. We also verify that running our branch-and-bound method with a time limit of
minutes or hours generates matrices with an out-of-sample MSE up to 50% lower than via state-

of-the-art heuristics such as the method of Burer and Monteiro (2003) and its recent refinements.

1.4. Notations

We let non-boldface characters, lowercase bold-faced characters, and uppercase bold-faced char-
acters (e.g., b,x,A) denote scalars, vectors, and matrices respectively. Calligraphic uppercase
characters such as Z denote sets. We let [n] denote the running set of indices {1,...,n}. We let
e denote the vector of ones, 0 the vector of all zeros, e; the j-th vector of the canonical basis,
and I the identity matrix. We let S" denote the set of n X n symmetric matrices, and S} denote
n X n positive semidefinite matrices. We let Y¥ := { YeS":Y?=Y, r(Y)<k } denote the set of
n x n orthogonal projection matrices with rank at most k. The convex hull Y is Conv (ynk ) =

{(YeS":0Y<L u(Y)<k}.

2. Mixed-Projection Formulations, Relaxations, and Disjunctions

In this section, we derive Problem (1)’s semidefinite relaxation in Section 2.1, and refine its
relaxation via eigenvector disjunctive cuts. This is significant because while eigenvector disjunctive
cuts have been studied in the non-convex quadratically constrained optimization literature, they
have not yet been shown to be practically useful at solving large-scale problems, and our refinement
technique sets the stage to do so. We also establish that our proposed approach allows us to
separate an optimal solution to the original semidefinite relaxation with a single disjunctive cut.
In comparison, we justify the poor performance of traditional disjunctions based on McCormick
inequalities, as benchmarked against in our numerics (Section 5), by proving in Section 2.2 that

some McCormick disjunctions over 2%("=%)/2 regions cannot improve the semidefinite relaxation.

2.1. Mixed-Projection Formulations and Relaxations
Motivated by Bertsimas et al. (2022, 2023), we introduce a projection matrix Y € Y, to model the

rank of X via the bilinear constraint X =Y X. Hence, we can replace the rank constraint on X by a
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linear constraint on Y: tr(Y) < k. By Bertsimas et al. (2023, Theorem 1), we enforce the bilinear

constraint implicitly via the domain of a matrix perspective function and write (1) as:

1 1 Y X
mink min 2—tr((%))+§ Z (Xi,j—A,-,j)z s.t. . =0. 2)
Yedi Agesm Y (el X' o

By relaxing Y} to its convex hull, Conv (¥}) = {Y € 87 : Y < I}, we immediately have the

following semidefinite relaxation (see also Bertsimas et al. 2022, Lemma 4):

1 1 Y X
min - omin (@) +5 > (Xi;-Ayy)° st =0, Y=UU", (3)
vecom(yf) XECr 2y 2 (O | X" 0
UeRrnxk OcS LJ

where we introduce the redundant matrix variable U € R"** in order to obtain a tractable set of
disjunctions in the next section. Note that if Y is a rank-k projection matrix then we have that
Y =UUT for some U € R™*_In our relaxation, we impose the semidefinite constraint Y = UUT,
with the idea to enforce the reverse inequality via the disjunctions we are about to derive.

When we solve (3), one of two situations occur. Either we obtain a solution Y with binary
eigenvalues and the relaxation is tight, or ¥ has strictly fractional eigenvalues. In the latter case,
we improve the relaxation by separating ¥ from the feasible region using disjunctive programming

techniques, as we propose in the rest of this section.

2.2. Failure of McCormick Disjunctions
To further justify the need for a new type of disjunctions, we emphasize that most commercial
spatial branch-and-bound code for non-convex quadratic optimization problems rely on McCormick
disjunctions (McCormick 1976). However, these disjunctions can be ineffective, as shown in a
different context by Khajavirad (2023). In this section, we support theoretically the ineffectiveness of
McCormick disjunctions: For our matrix completion problem, we show that, even after O (2(*=%)/2))
McCormick disjunctions, the value of the relaxation (3) can be left unimproved. Our theoretical
result echoes the poor numerical performance of McCormick disjunctions we observe in Section 5.
Formally, for each entry of U, U;;, we start with box constraints U; ; € [-1,1] and recur-

sively partition the region into smaller boxes U, ; € [Ql.j,ﬁ,-, ;1. We also introduce variables
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Vi.j1.j» to model the product U; ;U j,. It is well documented that the convex hull of the set

{69 [v=27, (6,3 € [£7] X [y, 71 | denoted M(x, %, 7). is given by
{(v,x,y) ‘max{)_cywx —xy,Xy+yx =Xy} <v <min{yx +Xy — Xy, yx +xy —;_cy}} :

For our matrix completion problem, this yields a disjunction over relaxations of the form:

1 1 Y X
min min_—tr(@)+> > (Xij-Ai) st =0, Y=UU",
YeConv(YK), XeR™m @eS™ 2y 2 (er XT O
UcR"™k, "/
VGRnXka

)

N

n
i=1 i=1

(V'isjl,J.Z’ Ui’jl’ Ui,jz) € M(Ql',jl ’ﬁi’jZ’gi,jz’Ui,jz), V NS [n]’ V.]] aj2 € [k]a
where the last constraint links U and V.
We now prove that, for any p, disjuncting on at most p < (n—k)/2 variables U; ; in each column

J € [k] of U cannot improve on our root node relaxation (proof deferred to Appendix EC.1.1):

PROPOSITION 1. Consider Problem (4) and suppose that for every column j in U we have a
disjunction U, [Qf],ﬁfj] for each i in some index set I () of cardinality at most p < (n—k)/2, but
(U i',j’Ui’, i1 =1[-1,1] for all other indices i’ ¢ 1 (j). Then, Problem (4) possesses the same optimal

objective value as Problem (3).

Proposition 1 reveals that we must branch on more than (n — k) /2 variables in a given column of U
before we can hope to improve upon the root node relaxation. Moreover, the structure of the proof
reveals that we must branch on either U;; or U, ; for each t € [n] to have any hope of improving
on the root node relaxation. This behavior will contrast with our eigenvector disjunction, which
separates the solution to the root node relaxation with a single cut and often improves (numerically)
our root node relaxation immediately. This observation complements a body of work demonstrating
that McCormick relaxations are often dominated by other relaxations in both theory and practice
(Kocuk et al. 2018, Khajavirad 2023).

Moreover, it challenges the ongoing practice in commercial non-convex solvers, which use
McCormick disjunctions. Indeed, some branching strategies like best-first search rely upon estimates
of the improvement in solution quality after branching and hence struggle when no branching

decision at a root node improves the lower bound.
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2.3. Improving Relaxations via Eigenvector Disjunctions

A challenging predicament in separating an optimal solution to Problem (3) from (2)’s feasible
region is that branching on the eigenvalues of Y directly—which would be the most natural extension
of the branching scheme in binary optimization—is not, to our knowledge, possible. Accordingly,
we generalize the lifted approach proposed by Saxena et al. (2010) for mixed-integer QCQO to
optimization over rank-k projection matrices where we may have k > 1.

For Y to be a rank-k projection matrix, it should satisfy ¥ < UUT in an optimal solution
(17, U, X , (:)) of the semidefinite relaxation (3). Owing to the constraint ¥ = UUT, this would imply
that ¥ = UUT, and thus Y is a rank-k matrix. Since Span(X ) C Span(Y) (Bertsimas et al. 2023), we
can conclude that X solves the original rank-constrained problem (1). Otherwise, we have Y 20U,
i.e., there exists an x € R" : [|x||2 = 1 such that ||Ux||§ < xTYx. Therefore, we would like to impose
the (non-convex) inequality x "Yx < ||[U"x II% via a disjunction.

Observe that, for any feasible U, ||Ux||3 < 1. First, we decompose the square-norm term ||Ux ||% =
2 jeln] (e]TUx)z. Then, we bound each term by a piece-wise linear upper approximation. For any
uo € (=1, 1), the function u € [—1, 1] — u? has the following piecewise upper approximation with

breakpoint u:

5 u+uug—uy ifu € lug, 1],
u- < (5)
—u+uug+uy ifue[-1,up].

Usingup=e; U x yields the following upper bound:

T T e, T T
(eJTUx)zs x UUx+ej (U-0U)x 1ferx€[—1,erx],
xTUUx +eJT(U— U)x if eJTUx € [eJlex, 1].

and the following disjunction over 2* regions:
e]TUx € [—l,e]TUx] VjeL,

\/ ¥ e]Ux € [e]Ux,1] VielkI\L, L (g
Lc[n] xYx <x"UUx +Ze;(l7—U)x + Z e]T(U—Ij)x
JjeL jeln]\L
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As aresult, we can strengthen our convex relaxation (3) by imposing this disjunction and optimizing

over the 2F resulting convex problems. We formalize this result in the following proposition:

PROPOSITION 2. Let (Y,U,X,®) be an optimal solution to (3) so that ||Ux||§ <xTYx for
some vector x € R" such that ||x||, = 1. Then, any solution to (3) with Y =UUT satisfies (6), but

A

(Y, U. X, (:)) does not satisfy (6).

Proof of Proposition 2 Let U,Y be matrices so that UUT =Y. We have x" (Y -UU")x =0
for any vector x, which implies the disjunction is equivalent to requiring that, for each j, either
e]T.UTx €[-1, eJTﬁTx] or eJTUTx € [eJTﬁTx, 1], which is trivially true.

On the other hand, at the point U = U, our approximation of the constraint x 'Yx < |U Tx||% is
tight so our disjunction requires x T (UUT — ¥)x > 0, which contradicts x T (U™ - ¥)x < 0. m|

Proposition 2 reveals that the disjunction (6) in Problem (3) separates the optimal solution to (3)
whenever it is infeasible for the original problem (1).

REMARK 1. For tractability considerations, we work on a lifted version of the semidefinite
relaxation (3), which involves additional variables U € R”*¥ such that Y =UU" . Instead, we could
derive a set of disjunctions on ¥ alone by manipulating the constraint Y2 =Y. Unfortunately, while
simpler to derive, this results in a set of 2", rather than 2k, disjunctions, which is problematic
as k < n in practical low-rank matrix completion problems. That being said, working on a lifted
formulation may create symmetry issues: if (Y,U, X, ) is a solution to the relaxation, then so is
(Y,UIl, X, O) for any k-by-k permutation matrix Il. Hence, Problem (3)’s lower bound may not
actually improve until we apply a disjunction for each permutation of the columns of U, which
is likely computationally prohibitive in practice. We alleviate these issues by exploring branching
strategies and symmetry-breaking constraints in Section 4.

REMARK 2. We obtain our 2% disjunction by constructing a piecewise linear upper approxi-
mation of u € [—1, 1] — u? with two pieces, i.e., a single breakpoint 1. We can construct tighter
approximations by considering more pieces/breakpoints. For example, with the two breakpoints

{—|uol, +|uol, }, we obtain the following 3-piece linear approximation

W <42 if u € [=luol, luol], @

u+ulug| — |uol if u € [|uo|, 1],
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and with the three breakpoints {—|ug|, 0, |ug|},

—u — u|ug| — |ug| if ue [-1,—luol],
—u|uo) if u € [—|uogl,0],
u? <A (®)
u|uo| if u € [0, |uol],
u+ ulug| — |ug] if u € [|ugl, 1].

In general, introducing more pieces results in a stronger but more expensive to compute disjunctive
bound. Therefore, there is a trade-off between the quality of the piecewise linear upper approxi-
mation and the number of convex optimization problems that need to be solved to compute the

corresponding bound, which we explore numerically in Section 5.

3. Convex Relaxations and Valid Inequalities

In this section, we use a different characterization of low-rank matrices in terms of their determinant

minors to derive a new convex relaxation for low-rank matrix completion problems, which improves

upon (3). We also show how to use this relaxation to derive valid inequalities that strengthen (3).
Our starting point is the observation that the rank of X is fully characterized by the following

well-known lemma (as proven in, e.g., Horn and Johnson 1985):

LEMMA 1. Let X be a matrix. Then, the rank of X is at most k if and only if all (k+1) x (k+1)

minors of X have determinant .

Lemma 1 provides a characterization of low-rank matrices that is complementary to the projection-
matrix characterization studied in the previous section. For our low-rank matrix completion prob-
lems, we decompose X into a sum of rank-one matrices, apply Lemma 1’s characterization to
each rank-one matrix individually, and combine this characterization with our matrix perspective

relaxation to obtain stronger relaxations.

3.1. Convex Relaxations

We construct our new convex relaxation via the following steps: First, we decompose X = Zle L
as a sum of rank-one matrices X’. Second, for each t € [k], we introduce a matrix to model
the outer product of each vectorized two-by-two minor of X with itself, in particular letting
Wl’ ; model (Xl.”j)2 in all moment matrices. Third, we use that each two-by-two minor should

have zero determinant to eliminate some moment variables —by introducing the same variable

3.t

(i) Gira) 1 each entry of the anti-diagonal of the moment matrix. Fourth, we model the term
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X2, = (Zle l?’j)z = e (X[ )2 +2 50 < XZ’JXf] in the objective by also performing a relaxation
on the moment matrix generated by the vector (1 Xl.l’]. ij ... Xl.’fj) and selecting the appropriate
off-diagonal terms to model each product X ltlj X ltzj Finally, we replace Xf ; with W, ; in the objective
where applicable and link ©; ; with the appropriate terms in W to impose appropriate objective

pressure in our relaxation.

We have the following result:

PROPOSITION 3. The following relaxation is at least as strong as the matrix perspective

relaxation for matrix completion (3) where k € [min(n, m)]:

) 1 1
min —r(O) + = > (Al.% S=2X! AW, j) 9)
X' W,WEER™M Ve [k], 2y 2 (i er e ’
YeConv(Y)), @S, I
Vot HY Vit e[k]
Y Zze k X'
s.L. . 4] =0,
t
2refi X 0
t t t t

1 X i X i X X i
t t 1,t 2,t 3.t . .

Xil,jl Wil,jl i1,(J1,J2) (i1,02),J1 V(il,iz),(jl J2) Vip<iz€|[n],
t 1,t t 3,t 2.t . .
iy inGini) itz i Vg, |20, Vi <j2€[ml],
t 2,t 3,t t 1,t
gt i) i), (i) 2.1 i2.(ji.j2) vielk],
t 3,t 2.t 1,t t
2,72 " (i1,02),(J1.J2) (i1,12) )2 i2,(J1.J2) i2, )2

1 2 k

1 Xl.,j Xi,]. Xl.’j
1 1 1,2 1.k

Xi,j Wl} Lj g
2 1,2 2 2,k : :

X H - W H =0, Vieln], je[m],
k gLk 752k k

Xk HECHE L wE

O 7= ) Wij Wej= D [Wi+ > H|Vie[n], jelm].

i€[n] te|k] t'elk]:t' #t

Proof of Proposition 3  This follows immediately from the fact that any feasible solution to (9)

is feasible in (3) with the same objective value. O
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Section 5 augments Proposition 3 by providing many examples where (9) provides a strictly
stronger lower bound than (3), sometimes to the extent that, when combined with a feasible solution

from a heuristic, the bound gap from (9) is an order of magnitude smaller than that from (3).

3.2. Partial Convex Relaxations
Despite its strength, our new relaxation is also computationally prohibitive to solve at scale.
Accordingly, we use it to derive valid inequalities that we further impose to (3) to develop more
scalable (yet less tight) semidefinite relaxations.

To develop our relaxation, we begin with the following problem, which is equivalent to (3) but
also includes each slice X’ and variables W; ; to model X l% ; for each (i, j):

. 1 1
min —tr(@) + > Z Z (Al.z’j — 2Xi[,in,j + Wi’j)

X' W,WIeR™m vie[k], 2y P4
YeConv(Y), @SV (t.))eT telk]

Y Zte[k] X'
Zte[k] XZT )

S.t. =0, (10)

2
©1j= > Wip Vielml | Y X, | <Wiy Vieln], jem).
ie[n] te[k]

Given a solution to this relaxation, we select a subset of the 2 X 2 minors of X according to a
pre-specified criteria, e.g., all 2 X 2 minors where all four entries (i1, i, ji, j2) are observed, and a
random sample of 2 X 2 minors where at least three entries are observed. Next, for each such minor
(1,12, j1, J2), we introduce appropriately indexed variables V, W', H, omit the constraint linking

X! ; and W ;, and impose the following constraints:

t t t t
1 Xil,jl Xil,jz Xiz,jl Xiz,jz
.[ ) Wt ) Vl,l’ VZ,I 3,t
i1.J1 in.J1 i,(J1.2) (i1,52) 1 (i1,2),(J1-J2)
1,t t 3.t 2.t
xt . yeto w! . Voo, |7 =0, Vielk
i1,.J2 i1,(J1.j2) i1,)2 (i1,i2),(J1.j2) (i1,12),/2 ’ LK,
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All in all, we impose k 5 x5 PSD constraint and at most 4 (k + 1) X (k + 1) PSD constraint for each
2 X 2 submatrix we aim to model, which allows us to control the computational complexity of our
relaxation via the number of cuts at each problem size. In particular, the computational complexity

of modeling a Shor relaxation of a given 2 X 2 minor scales independently of n, m.

4. A Custom Branch-and-Bound Algorithm

In this section, we propose a nonlinear branch-and-bound framework to obtain e-optimal and e-
feasible solutions to Problem (2) by recursively solving its semidefinite relaxation (3), strengthened
by the techniques described in Section 3, and partitioning the feasible region via the eigenvector
disjunctions derived in Section 2. We first provide a high-level description of our approach and

relevant pseudocode before describing our branching and incumbent generation strategies in detail.

4.1. Pseudocode and Convergence Results
At the root node, we solve the matrix perspective relaxation (3), possibly strengthened with some
of the valid inequalities from Section 3.2.

After solving the relaxation, we obtain a solution (Y,0) and compute the smallest eigenvector
of UUT - ¥, denoted x. If x7 (00T —f’)x > —¢ then, recalling ¥ = UU7, ¥ is, up to a toler-
ance of €, a projection matrix and solves (2) to optimality and e-feasibility. Otherwise, we have
x' (17 UT - f’) x < —e and apply a disjunction, e.g., (6), as in Section 2. This generates a new node
or subproblem for each piece of the disjunction, which is appended to the list of open nodes and
eventually selected for branching.

We proceed recursively, by selecting a subproblem from the list of open nodes, solving the

corresponding convex relaxation, and imposing a new disjunction which creates more nodes, until
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we identify an e-feasible solution (Y,U). We obtain a search tree where each node models a
semidefinite relaxation and each edge corresponds to selecting one region of a disjunction.

To avoid retaining each node in memory and maintain a search tree of a practical size, we also
perform a prune or fathom step (i.e., do not impose an additional disjunction) in two different
situations. First, if /lmin(ﬁ UT - 17) > —e then we have an e-feasible solution which provides a global
upper bound on (2)’s optimal value and we need not impose additional disjunctions at this node. As
we establish in Theorem 1, this is guaranteed to occur at a sufficiently large tree depth for any € > 0.
Second, if the value of the relaxation at a given node is within € of our global upper bound, then no
solution with the constraints inherited from this node can improve upon an incumbent solution by
more than € and we do not branch.

We describe our branch-and-bound scheme in Algorithm 1; implementation details will be made
clear throughout this section. In Algorithm 1, we describe a subproblem as a set of constraints Q
and a depth 7. The constraints in Q stem from the eigenvector cuts described in Section 2 and are
parameterized by the solution at which they were obtained, (U , 17), the most negative eigenvector
x, and a vector z € [¢]* encoding which one of the g* regions we are considering. For concision,
we denote fi;q(-; up) the ith piece of the piece-wise linear upper-approximation with g pieces of
u — u?, obtained from the breakpoint uy.

To verify that Algorithm 1 convergences, we prove in Theorem 1 that a breadth-first node selection
strategy which iteratively minimizes (3) and imposes a disjunctive cut of the form (6), according to
a most negative eigenvector of UU — Y 7, an optimal solution to (3) at the current iterate, eventually
identifies an e-feasible solution (where Amin (UU T —Y) > —€) within a finite number of iterations for
any € > 0. The proof of Theorem 1 reveals that any node sufficiently deep in our search tree which
contains a feasible solution to the semidefinite relaxation (intersected with appropriate constraints
from our disjunctions) gives an e-feasible solution to the original problem. Therefore, due to the
enumerative nature of branch-and-bound, this result verifies that our approach converges for any

search and node selection strategy, possibly with a different number of pieces in each disjunction.

THEOREM 1. Let (Y;,Uy) denote a solution generated by the (th iterate of the procedure:

e ForeachteN, set (Y;,U,) according to the optimal solution of (3), possibly with disjunctive
cuts of the form (6).

o [f Adnin(U;U; —Y;) > —€ then terminate.

e Else, impose the disjunctive cut (6) in (3) with the eigenvector x,, where

x;€ argmin (xx',UU -Y,).
xeR™: ||x],=1
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For any € > 0 there exists an € € N so that Ayin(UeUr —Yy) > —€ and Yy is an optimal, e-feasible

solution to (2). Moreover, suppose we set € — 0. Then, any limit point of {Y,}}2, solves (2).

Proof of Theorem 1  Deferred to Appendix EC.1.2. O
Note that an “optimal, e-feasible” solution refers to a solution with objective value at least as
good as any solution to (2), which is e-feasible. This is also known as a “superoptimal” solution. In
our branch-and-bound code, we also impose symmetry-breaking constraints on U throughout the

tree, by noting that U represents a set of k orthonormal vectors in R". We do so via:
Uij>0, Vjelk],Vie{n—k+jn-k+j+1,...,n} (12)

We now expound on implementation details of Algorithm 1 pertaining to node selection (Section

4.2), the branching strategy used (Section 4.3), and incumbent selection (Section 4.4).

4.2. Node Selection: Depth-First vs Breadth-First vs Best-First Search
One of the most significant design decisions in a branch-and-bound scheme is the node selection
strategy employed. The three node selection heuristics that we consider in this work are depth-first
search (where nodes are selected in a last-in-first-out manner), breadth-first search (where nodes
are selected in a first-in-first-out manner), and best-first search (where the node with the lowest
remaining lower bound is selected at each iteration).

While we assumed a breadth-first strategy to establish the convergence of Algorithm 1 in Theorem
1, we observe in Section 5 that best-first search is usually faster than the other strategies considered

here. Accordingly, except where explicitly stated otherwise, we use best-first search.

4.3. Branching Strategy
When running our branch-and-bound algorithm on a rank-k matrix, each node that is not fathomed
generates g¥, g > 2, child nodes corresponding to the ¢g* regions of the disjunction. For example,
the disjunction (6) generates 2k child nodes, but, as explained for the rank-one case in Section 2.3,
more fine-grained upper approximations of the 55 norm lead to disjunctions over 3% or 4* regions.
Accordingly, another algorithmic design decision is selecting the number of pieces g > 2 which
should be used in our disjunctive cuts. Indeed, increasing the number of child nodes generated at
each iteration, ¢*, improves the tightness of the bound at the expense of additional computational

time for solving all ¢* subproblems. We investigate this tradeoff numerically in Section 5.
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Algorithm 1 Branch-and-bound for low-rank matrix completion (3)

1: Initialize D =@, t =0, Zjgwer = —00, Zypper = +9;

2: Initialize a queue of problems derived from Problem (3), Q = { (D, 1) };

3: while Q is non-empty and Zypper — Ziower > € do

4:

5:

9:

10:

11:

12:

13:

14:

15:

16:

17:

18:

19:

Retrieve a problem (D, ) from the queue: Q — Q \ (D, 1);
Solve following problem, yielding ((:)(z+1), f’(m), X (t+1)5 U (1+1)) With objective Z:

1 1
i — Xi'—Ai'2+—t (0]
oesn 2 Z (Xij = Aij)"+ ()
YeS” (i,j)ef
XGRV[X}n
UER"Xk
t rox =0, 0xY<I t(Y)<k YUH)
S. . [ P} — — Ly r —_ b —_ b
X" O U™ 1 (1)

U;'—x € [ij’ij+1] V] € [k]

S V(U.Y,x,2) €D
Yxx')< ) f..WU;x; U;x)
j=1

if Ij(Hl)lA](Tm) - 17(,+1) > 0 then
if Z < Zypper then
Zypper < Z
(@opts Yopts Xopts Uopt) — (O(41y, Yirv1ys X(141), Uran))
end if
else if Z < Z,per then
Compute (unit-length) x ;1) s.t. x(TM) (0(,+1)0(Tl+1) - ?(t+1)) X(+1) <0;
Generate ¢g* subproblems and add them to the queue:
for each z € [¢]* do
Dy =D U{(U 41y, Y1), X 1419, 2) }
Q—QU{(D,t+1)}
end for

Update Zjower as the minimum of the lower bounds of all unexplored nodes.

end if

20: end while

21: return (Oope, Yopt, Xopt, Uopt)
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4.4. Incumbent Selection via Alternating Minimization
High-quality feasible solutions dramatically accelerate the convergence of branch-and-bound algo-
rithms such as Algorithm 1, by providing an initial upper bound which allows Algorithm 1’s search
tree to be aggressively pruned. Accordingly, in our implementation of Algorithm 1 on matrix com-
pletion problems with noise, we supply an initial incumbent solution derived from an alternating
minimization heuristic. However, we do not provide an initial solution at the root node for noiseless
matrix completion problems. Indeed, identifying feasible solutions to noiseless problems is as hard
as solving them to optimality.

To implement the alternating minimization heuristic, we follow Burer and Monteiro (2003) in
applying the reformulation X = UV. Starting with a solution U°, we have:

P —argmin  ~ > (@vyy- A,,,.)2 s LoV
2y

VeRkxm f
(i,j)el (13)

0 =argmin = 3 (W0, - a,,) 4 uve
vernxk 2 Sl ’ ’ 2y

and we iteratively solve for (U’, V') until we either converge to a local minimum or exceed a limit on

the number of iterations. To initialize the method, we obtain an initial X by setting (Xinitia1)i,j = Ai,j

if (i, j) € 7, and 0 otherwise, and recover an initial U° € R™* from Xinitia1 as the U-factor of the

compact SVD of Xjpiia1. On convergence, we let Xyjmin = ﬁendVend and compute Uyjmin via a

compact SVD of Xitmin, SO Usitmin has orthogonal columns.

Since the alternating minimization approach is only guaranteed to converge to a stationary (or
locally optimal) solution, the solution obtained at the root node might not be globally optimal.
Accordingly, we consider running alternating minimization on subregions defined by nodes of
our search tree by requiring that U remains (approximately) within the feasible region defined
by the node. After solving the relaxation (3) at a child node and obtaining a relaxed solution

(Yg,Ug, Xg, ®g), we consider rounding Y to be the projection matrix ¥;ound = UroundU where

round’

Uound 1s the U-factor of a compact SVD of Yz. We initialize an alternating minimization process

by U,oung and replace (13) with U™ set equal to

, 1 3 2 A
arg min > (V) - ai) laadFs (14)
UeR™k, UePy, (i.))el
Ui 13<1, U:+U;|13<2 Vi.je[k]. '

1
+—|
2y

where Py is a polyhedron composed of linear constraints on U which are derived from disjunctions

applied from the root node to this child node, and we impose a second-order cone relaxation of
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the constraint UTU < [, to approximately restrict alternating minimization within the set of feasible
U’s defined by the current node without incurring the computational expense of repeatedly solving
SDOs, as suggested by Bertsimas et al. (2022).

After convergence, we obtain a feasible solution via Xyjmin = ﬁendVend and taking a compact
SVD to obtain Ugjmin. Since we want the subregions which we run this alternating minimization
procedure on to be diverse, we select the nodes on which we run alternating minimization randomly,
with a probability of selection that degrades with the tree depth. In Section 5, we investigate
the trade-off between the improved upper bounds from implementing alternating minimization at

certain leaf nodes against its time cost.

5. Numerical Experiments

In this section, we evaluate the numerical performance of our branch-and-bound scheme, imple-
mented in Julia version 1.9 using Mosek version 10.0 to solve all semidefinite optimization
problems. All experiments were conducted on MIT’s supercloud cluster (Reuther et al. 2018), which
hosts Intel Xeon Platinum 8260 processors. To perform our experiments, we generate synthetic
instances of matrix completion and basis pursuit problems, as described in Section 5.1.

We evaluate the effectiveness of the valid inequalities in Section 3 in strengthening the
root node relaxation, in Section 5.2. Next, in Section 5.3, we benchmark the performance
of different node selection, branching, breakpoint, and incumbent generation strategies for
our branch-and-bound algorithm. Finally, we evaluate the scalability of our branch-and-bound
algorithm in Section 5.4, in terms of its ability to identify an optimal solution, and find
feasible solutions that outperform a naive alternating minimization strategy. To bridge the
gap between theory and practice, we make our branch-and-bound implementation available
at github.com/sean-lo/OptimalMatrixCompletion.jl and our experiments at

github.com/sean-10/0LRMC_experiments.

5.1. Generation of Synthetic Instances

We compute a matrix of observations, A, € R, from a low-rank model: Ag,; = UV +€ Z, where
the entries of U € Rk ¥V e R¥™ and Z € R™"™ are drawn independently from a standard normal
distribution, and € > 0 models the degree of noise. We fix € = 0.1. We then sample a random subset
I C [n] X [m], of predefined size, which contains at least one entry in each row and column of
the matrix (see also Candes and Recht 2009, Section 1.1.2). To do so, if the target size | 7| is large

enough, we iteratively add random entries until this property is satisfied, which will happen with
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less than |7 | draws with high probability. In regimes where |7 | is small, i.e., close to k(n+m), we
use a random permutation matrix to sample k (n+m) entries, one in each row and column, directly.
We then independently sample the remaining entries of 7 to reach the desired size.

For simplicity, in our experiments, we set m =n and only vary the dimension of the problem, n,
and the number of observed entries, |7 |. Also, to allow for a better comparison across instances of
varying size n, we generate one large N X N matrix Ay and consider its top-left n-by-n submatrices
for various values of n, which creates correlations between the instances generated for different
values of n—the instances generated for a given size n, however, remain independent since they
come from different matrices Ay, obtained with different random seeds.

We remark that this data generation process is standard in the literature, and generates matrices
from the same distribution as those considered by many other authors (e.g., Candes and Recht 2009,

Bertsimas et al. 2022).

5.2. Root Node: Strengthened Relaxations
In this section, we evaluate the benefit of the valid inequalities presented in Section 3.

As argued in Section 3.2, we can strengthen the matrix perspective relaxation (3) by imposing
additional semidefinite constraints (Shor LMIs) on all 2 X 2 minors of the slices of X, X', € [k].
To minimize the impact on tractability, however, we do not impose these constraints for all minors.
Instead, we consider two-by-two minors with all four entries present in 7 (denoted My), or with at
least three entries in 7 (M3). We compare the original relaxation (3) with (10) strengthened with
Shor LMISs for all minors in My, all minors in My and a (random) half of the minors in M3, and
all minors in My and M3, using two metrics: optimality gap at the root node (the upper bound is
obtained via alternating minimization) and computational time for solving the relaxation.

We consider rank-one matrix completion where n € {10, 20, 30, 50,75, 100}, and | 7 | = 2nlog(n).
Figures 1a and 1b represent the optimality gap at the root node and computational time respectively
of using these strengthened relaxations. We observe that, while adding Shor LMIs for minors
in My only has a moderate impact on the optimality gap, considering all minors in My and
M3 reduces the optimality gap by one to two orders of magnitude, often solving the problem
to optimality, but substantially increases the computational time. Alternatively, introducing Shor
LMIs for only half the minors in My and M3 partially alleviates the computational burden while
retaining some benefits in relaxation tightness. This provides us with greater flexibility to control
the optimality-tractability trade-off. Figure EC.1 and Table EC.1 in EC.2.1 report the optimality

gap and computational time of each method and each instance.
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We observe that the relative strength of our relaxation crucially depends on the proportion of
missing entries, especially as the rank k increases. Figures 2a—2b show the objective value of our
relaxation with Shor LMIs for minors in My, relative to the relaxation without any minors, for
different values of |I|. We consider |7 | = Cn (resp. |I| = Cn?) for rank-1 (resp. rank-2) instances
in Figure 2a (resp. Figure 2b). In both cases, we observe that the relative benefit from adding Shor
LMIs to the root node relaxation increases as C increases. We also observe that the number of
entries required to observe an improvement from the Shor LMIs is higher in the rank-2 than in the
rank-1 case—notably in its scaling with respect to n. A larger number of observed entries, however,
might be computationally more expensive (because there are more Shor LMIs to add) and not
available in practice.

w0t 10*

[ No minors [ No minors
M [y

[ /7, and M, (half) L |, and a7, (half)
=, and M, = 71, and O,

Relative gap, log
=
o
Time (s), log

10 20 30 50 75 100 10 20 30 50 75 100
Size (n) Size (n)
(a) Root node relative gap (rank-1) (b) Time taken (rank-1)

Figure 1 Root node relative gap (a) and time taken (b) at the root node for rank-1 n-by-n matrix completion
problems with 2knlog;((n) filled entries, in a regime with low regularization (y = 80.0).

5.3. Branch-and-bound Design Decisions
In this section, we benchmark the efficacy of different algorithmic design options for our branch-
and-bound algorithm, including whether to use disjunctive cuts (as developed in Section 2) or
a disjunctive scheme based on McCormick inequalities (as described in Section 2.2); the node
expansion strategy (breadth-first, best-first, or depth-first); and whether alternating minimization,
as described in Section 4.4, should be run at child nodes in the tree.

Tables 1-2 report the final optimality gaps and total computational time of our branch-and-bound
scheme with different configurations as we vary n. We impose two termination criteria for these

experiments: a relative optimality gap 10~ and a time limit of one hour. Eigenvector disjunctions
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Figure2  (Scaled) lower bounds of M, relaxation relative to the relaxation with no Shor LMIs, with Cr or Cn?
entries, with low regularization (y = 80.0).

achieve optimality gaps about an order of magnitude smaller than McCormick disjunctions. Running
alternating minimization at child nodes also improves the average optimality gap by around an order
of magnitude, which provides evidence that the Burer-Monteiro alternating minimization method
is not optimal in practice when run from the root node, and can be improved via branch-and-
bound. Moreover, the best-first node selection strategy, which comprises selecting the unexpanded
node with the smallest lower bound at each iteration, outperforms both breadth-first and depth-first
search. This phenomenon is consistent across p and y; see Tables EC.2-EC.7. Accordingly, we
use best-first search with eigenvector disjunctions and alternating minimization run at child nodes
throughout the rest of the paper, unless explicitly indicated otherwise.

We remark that in preliminary numerical experiments, we also considered solving matrix com-
pletion problems via the multi-tree branch-and-cut approach proposed in Bertsimas et al. (2022),
and directly with Gurobi’s non-convex QCQP solver. Unfortunately, neither approach was com-
petitive with either the McCormick disjunction or the eigenvector disjunction approach, likely
because Gurobi does not allow semidefinite constraints to be imposed, and the root node relax-
ation without semidefinite constraints is often quite weak. Indeed, for instances where n =50 and
r > 1, neither approach produced a better lower bound than the matrix perspective relaxation.

We also investigate the effect of the number of pieces in our disjunction, g, on the time needed
to achieve a 10™* optimality gap for rank-one matrix completion problems, in Figure 3. We do
not observe a significant difference between using ¢ =2 or g = 3 pieces. However, we find that
implementing a disjunctive scheme with g =4 pieces allows our branch-and-bound strategy to

converge orders of magnitude faster, across all values of p and . We suspect this occurs because
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With McCormick disjunctions With eigenvector disjunctions
A_dt_e rr.1at11.1g Best-first ~ Breadth-first Depth-first ~ Best-first ~ Breadth-first Depth-first
minimization
10 X 6.63x107!1 6.82x107! 6.84x1071 572x1071 5.61x107! 2.65%107!
10 v 1.26x1072 2.18x1072 1.63x1071 3.57x1073 1.01x1072 5.29x1072
20 X 824x1072 8.24x1072 8.24x107%2 6.44x107%2 6.75%x1072 8.78x 1072
20 v 9.44%1073 1.19x1072 1.19x1072 1.71x1073 3.36x1073 9.52x1073
30 X 488x1072 4.88x1072 4.88x1072 4.15x1072 4.23x1072 4.79x1072
30 v 1361072 1.71x1072 1.71x1072 1.71x1073 2.88x1073 1.12x1072
40 X 492%107%2 4.92x1072 4.92x1072 4.44x1072 4.49%x1072 2.14x1072
40 v 2.03x1072 2.03x1072 2.03x1072 6.53x107% 9.50x10™% 1.10x1072
50 X 1.50x 1072 1.50x 1072 1.50%x1072 2.68x1072 2.81x1072 2.97x1072
50 v 6.06x1073 6.06x1073 6.09x1073 2.22x107* 3.36x10™* 8.83x1073

Table 1 Final optimality gap across rank-one matrix completion problems with | 7| = pnlog,y(n) filled entries,
averaged over 20 instances per row (p =2.0, y =20.0).

With McCormick disjunctions With eigenvector disjunctions
A.lt.e H.latlr.lg Best-first Breadth-first Depth-first Best-first Breadth-first Depth-first
minimization
10 X 3061.5 3078.2 3240.0 2448.9 2546.7 3240.0
10 v 1453.9 1603.7 3061.8 1675.8 1974.4 2824.6
20 X 3060.1 3060.1 3060.1 1939.4 2254.9 2894.2
20 4 2540.1 2700.1 2700.1 1539.7 1862.5 2370.4
30 X 3600.3 3600.4 3600.2 3084.1 3155.5 3600.3
30 4 3060.4 3060.4 3060.3 2285.9 2363.7 3060.4
40 X 2881.3 2881.1 2881.0 1818.1 1827.6 2881.4
40 4 2701.1 2701.2 2701.2 1203.4 1290.2 2701.0
50 X 2703.0 2702.9 2702.8 1749.5 2400.8 2703.7
50 4 2343.4 2343.1 2343.1 959.32 1299.7 2437.2

Table2  Total computational time (s) across rank-one matrix completion problems with | 7| = pnlog;(n) filled
entries, averaged over 20 instances per row (p =2.0, y =20.0).

four-piece disjunctions include zero as a breakpoint, which breaks some symmetry. However, we

also observe this advantage vanishes as n increases; Figure EC.2 confirms this on larger instances.

5.4. Scalability Experiments

Table 2 reveals that the strongest implementation of our algorithm solves rank-one matrix completion
problems where m = n =50 in minutes. Accordingly, we now investigate the scalability of our
algorithm with this configuration, and its ability to obtain higher-quality low-rank matrices than
heuristics. We apply our algorithm to rank-k matrix completion problems on rectangular instances

of size 50 x m, with km log,,(m) observed entries, k € {1,2,3,4,5}, and a time limit of three hours.
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Figure 3  Comparison of time taken to optimality (relative gap 10~%) for rank-one matrix completion problems
with pnlog,y(n) filled entries, over different numbers of pieces g € {2,3,4} in upper-approximation.
We set p =2.0 (less entries) in the top plots, and p =3.0 (more entries) in the bottom plots. We set
v =20.0 (more regularization) in the left plots, and y =80.0 (less regularization) in the right plots.

Figure 4 depicts the relative gap between the root node relaxation and the best incumbent
solution at the root node (left panel), and after applying branch-and-bound for three hours (right
panel).Comparing the left and right panels, we observe that our algorithm effectively reduces this
gap across all instances, and is especially effective for k = 1.

As the rank k increases (and to a lesser extent, as m increases), the difference between the gap
at the root node (left panel) and at termination (right panel) is less acute. This behavior can be
explained by two factors. First, the root node gap decreases with m due to the sparsity regime,
providing less room for improvement; for example, from 38% when m = 100 to 9% when m = 2500
for rank-2 instances. Second, the time needed to solve each SDP relaxation increases with £ (and,
to a lesser extent, with m), leading to a smaller number of nodes explored within the time limit
(see Figure EC.3). Nevertheless, we show through our results that implementing the alternating
minimization in subregions defined by the branch-and-bound tree (from Section 4.4) finds high-
quality solutions while requiring a very small number of nodes, and therefore yields significant
improvements in the relative gap within the time limit, even for the most challenging instances.

Interestingly, the benefits in terms of optimality gaps are partially due to the fact that branching,

combined with alternating minimization within each node, finds better solutions than a standalone
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51 34.02% QREWWLE 7.93% 8.55% 8.13% 29.80% WNWALZ 8.54% 8.13%

4 27.28% 9.89% 9.30% 8.35% 14.92%

23.30% BERET/ 8.28%

24.09% 8.12% 7.70% 12.80% 12.22% 7.42% 12.56%

2 20.45% 12.28% 17.26%

Rank k (kmlog,ym entries filled)
Rank k (kmlog,ym entries filled)

1 16.57% 12.05% 13.58% 11.86% 12.04% 11.42%
100 250 500 1000 1500 2000 2500 100 250 500 1000 1500 2000 2500
m m

Figure 4  Comparison of relative optimality gap at root node (left) and after running branch-and-bound for
three hours (right) for rank-k matrix completion problems of dimension 50 xm, with kmlog;,(m) filled
entries, varying m and k, with y =120.0, averaged over 10 random instances.

Burer-Monteiro method (i.e., the root node solution). To illustrate this, Figure 5 (and Table EC.8)
compares the solution found via alternating minimization at the root node against the best solution
found by our branch-and-bound scheme after branching for three hours, as measured by the per-
centage improvement in out-of-sample mean squared error (Figure EC.4 shows the before-and-after
values of the out-of-sample MSE). We observe that the improved solutions found by branch-and-
bound translate to improvements in MSE across the board. The improvements are consistently in
the 1-10% range, and the largest improvements are when m is small and Burer-Monteiro at the root
node yields poor-quality solutions. In short, branch-and-bound improves the test set performance

of our imputed matrices.

5.5. Summary of Findings from Numerical Experiments
The main findings from our numerical experiments are as follows:

» Section 5.2 demonstrates that our valid inequalities for matrix completion problems strength-
ens, often significantly, the semidefinite relaxation (3), and indeed routinely improve the root node
gap by an order of magnitude or more in the rank-1 case. However, their efficiency depends on
the number of observed entries, especially at larger ranks. Future work could investigate more
data-cheap relaxations for the rank k > 1 cases.

* Section 5.3 investigates the impact of design choices in our branch-and-bound scheme, and
demonstrates that eigenvalue-based disjunctions obtain optimality gaps over an order of magnitude

smaller than McCormick-based ones in the same amount of computational time.
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Figure 5 Percentage improvement in out-of-sample MSE for rank-k 50 x m matrix completion problems, with
kmlog;y(m) filled entries, varying m and k, with y =120.0, averaged over 10 random instances.

 Section 5.4 demonstrates the scalability of our branch-and-bound scheme for matrix comple-
tion problems. While scalability depends on the rank, data regime and extent of regularization, we
show that we can solve rectangular 50 X m instances with m as large as 2500 in hours. One necessary
limitation of branch-and-bound is memory; our method requires O (K min{m, n}>) memory, where
K is the number of nodes explored.

» We observe that, at the information-theoretic threshold identified by Candes and Recht (2009)
with O(nklogn) entries observed, our branch-and-bound scheme obtains low-rank matrices with
an out-of-sample predictive power 1%—-50% better than solutions obtained via a Burer-Monteiro

heuristic, depending on the rank and the dimensionality of the problem.

6. Conclusion
In this paper, we propose a new branch-and-bound scheme for solving low-rank matrix completion
problems to certifiable optimality. The framework considers matrix perspective relaxations and
recursively partitions their feasible regions using eigenvector disjunctions. We provide theoretical
and empirical evidence to justify the superiority of eigenvector disjunctions compared with the
widely used McCormick disjunctions. We further strengthen the semidefinite relaxations via valid
inequalities. On rank-1 matrix completion problems, we numerically find that these inequalities
routinely improve the root node gap by an order of magnitude.

Altogether, our approach scales to matrix completion problems on n X m matrices with

max{m,n} = 2500 and rank up to 5 with optimality guarantees. Compared with the existing and
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popular scalable heuristics (which, unfortunately, do not provide any optimality guarantees), our
branch-and-bound scheme obtains low-rank matrices with an out-of-sample reconstruction error
1%—-50% lower, depending on the rank and the dimensionality of the problem, illustrating the

practical value of certifiably optimal methods for solving matrix completion problems.
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Electronic Companion
EC.1. Omitted Proofs
EC.1.1. Proof of Proposition 1

Proof of Proposition 1 1t suffices to show that every feasible solution to Problem (3) can be
mapped to a feasible solution to (4) with the same objective value. Therefore, let (Y, U) be a feasible
solution to Problem (3),let D ={ (i, j) : j € [k] } denote the set of indices that have been disjuncted
on, and select a branch of the disjunction such that U satisfies the constraints U; ; € [U i U; 7], and
Ui,; € [-1, 1] for all other indices. Then, we need only construct a V which satisfies the constraints
in (4) to establish the result. To construct such a V, we recall that p < (n — k) /2, and thus there are
at least (n — k) /2 variables V; ; ; which have McCormick constraints reducing to V; ; ; € [-1,1].
Therefore, we can feasibly setV; ; ; = U7 forany i € I (j) and V; ; ; = I_Zn‘ff]% forany i ¢ I(j),
which is a feasible choice by the 2 X 2 minors of the inequality I XY < UUT. Moreover, we have
that 337, Vi ;=1

Similarly, set V; ;, i, = U; U, j, for any i € 7 (j1) U I (j>). By assumption, there are at least
n—|I(j1)UI(j2)|>1 variablesV;  ;, that have not been fixed in this manner, for any (i, j2) €
[k] x [k] : j1 # j2, and thus we can set V; ;, ;, = m( ;‘GI(].I)U](].Z) Vi,jl,jz) for these
indices, and it follows from the fact that |U].T1 Uj,| <1 that this is a feasible choice of V with

1 Viji.j» =0; observe that we need p < (n—k)/2forn—|7 (j;1)UZ (j2)| > 1. Therefore, (Y,U,V)
is feasible within one branch of our disjunction, and there is thus no hope of improving upon the

root node relaxation without branching on (n — k)/2 + 1 variables in a given column at once. O

EC.1.2. Proof of Theorem 1
Proof of Theorem 1  Suppose that at the Lth iterate this procedure has not converged. Then,

since (Y,Uy) satisfies the disjunction (6) for any x; such that / < L, we have that
k
Z(xlTU;,xlTU’L>+|(Ult—UtL)Tx1| > (xx],YL). (EC.1)
=1
But (Y;,U;) was not e-feasible, and thus we have that
k
(x|, X)) - Z<xITU;,xlTU§ ) > €. (EC.2)
=1
Adding these inequalities then reveals that

k k
e[ Y=Yy + ) (e[ ULx[ (UL = UDY+ ) k] (U -U))| > €. (EC.3)
=1

t=1
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Next, since |xlTU;| < 1 by construction, using this identity and taking absolute values allows us to
conclude that

k
e Y = Y1) +2 ) x] (U - US| > €. (EC.4)

t=1
Moreover, by applying the Cauchy-Schwarz inequality to both terms in this inequality we obtain
ix Y, -Y) <Y, -Yillpand 35 |x] (U -U!)| < 35, U= ||l = |U; = Uy |21 Further,
by norm equivalence we have |U; — U ||>.1 < Vn||U; — UL ||r. Combining these results allows us to
conclude

1Y =Yl +2Vn|lU; - ULllF > €. (EC.5)

That is, with respect to the decision variables (Y,U), our procedure never visits any ball of radius
ﬁ twice. Moreover, the set of feasible (Y,U) is bounded vial <Y X UUT,tr(Y) < Vk. Therefore,
we have that ||Y||r < Vk and ||U||r < Vk, and thus there are finitely many non-overlapping balls
of radius ﬁ which contain a point in the feasible region. Therefore, for any € > 0, our procedure
converges within L(e) iterations for some L € N. O

EC.2. Numerical results
EC.2.1. Root Node: Strengthened Relaxations

Figure EC.1 and Table EC.1 illustrate the trade-off between optimality gap at the root node (the upper
bound is obtained via alternating minimization) and computational time, for solving the strength-
ened relaxation in rank-1 matrix completion. Observe that imposing more Shor LMIs yields tighter
but (potentially significantly) more computationally expensive semidefinite relaxations across all
sizes, regularization parameters, and sparsity settings. Moreover, imposing constraints on all minors
in My and M3 (as compared to just those in M) leads to a larger reduction in optimality gap when
v =80.0 (1-3 orders of magnitude) than when y =20.0 (0-2 orders of magnitude). Therefore, the
benefits from our strengthened relaxation appear more salient in regimes with less regularization.
Notably, while including different types of minors (M, and M3 instead of just M,) provides
a way to control the trade-off between computation time and relaxation strength, this can also be
done by including a subset of minors in M4 U M3. The merits of either approach differ based on

sparsity (number of filled entries) and problem size.
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Comparison of relative bound gap at the root node against time for the root node relaxations
of rank-1 matrix completion problems, varying the number and kind of Shor LMIs added. Each
point is the average (geometric mean) of 20 random problem instances with the specified

Figure EC.1

parameters.
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Time taken (s) Root node gap

n p y None Shor(4) Shor(4, 3) None Shor(4) Shor(4, 3)
10 20 200 00167 0.0392 0.137 424%x1071  423x107!  3.62x107!
80.0 0.0186  0.0366 0.171 1.09 x 10° 1.07 x 10° 5.26x 107!
3.0 200 0.0196  0.0636 0.506 149%x10°!  1.39x1071  9.15%x 1072
80.0  0.0231  0.0643 0.544 592x107!  4.84x107!  297x107!
20 2.0 200 0.106 0.389 2.22 1.44%1072 1.34x1072  7.38x1073
80.0 0.110 0.372 2.42 7.80x1072  6.56x 1072  4.46x 1072
3.0 200 0.0993  0.722 11.3 260x1072  227x107%2  1.62x1072
80.0  0.109 0.647 11.8 1.46x1071  1.08x1071  5.34%x1072
30 2.0 200 0410 2.13 124 1.81x1072  1.75x1072  1.28x 1072
80.0  0.436 1.73 13.7 1.13x1071  1.05x107!  547x1072
3.0 200 0.427 3.06 78.5 1.56x1072  1.45x1072  1.33x1072
80.0  0.477 3.59 73.9 1.02x1071  7.56x1072  4.95%x1072
50 2.0 200 270 17.7 94.9 220x1072  2.18x1072  2.13x 1072
80.0 2.97 15.9 102.0 1.10x107!  1.05x1071  8.45%x1072
3.0 200 2.88 18.4 714.0 7.07x1073  6.90x1073  6.85x 1073
80.0 3.14 24.5 716.0 474%1072  3.80%x1072  2.88x 1072
75 20 200 159 98.0 518.0 238%x1073 235x1073 2.27x1073
80.0 18.0 99.6 590.0 209%x1072  1.94x107%2  7.67x1073
3.0 200 16.0 93.6 4200.0 8.11x107% 7.88x10™%  7.87x107*
80.0 17.9 134.0 4210.0 1.19%x 1072 7.32x1073  2.14x1073
100 20 200 529 323.0 1790.0 1.67x1073  1.66x1073  1.85x1073
80.0 55.8 361.0 1950.0 1.19x 1072 1.07x1072  3.56x1073

3.0 200 54.1 321.0 - 5661073 5.66x1073 -

80.0 59.6 437.0 - 220x1072  2.02x1072 -

Table EC.1 Time taken and relative gap at root node across rank-one matrix completion problems with

pknlog;y(n) filled entries, with different Shor LMIs added (averaged over 20 instances per row).
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EC.2.2. Branch-and-bound Design Decisions

In this section, we document the performance of our branch-and-bound scheme with various
parameter settings: comparing our eigenvalue disjunctions to a naive McCormick-based approach,
changing the order of the nodes explored, and including alternating minimization at child nodes
of the search tree. We evaluate all combinations of parameter settings, and record their relative
optimality gap and time taken (capped at 1 hour) for rank-1 matrix completion problems with
regularization y € {20.0,80.0} and pnlog,y(n) filled entries with p € {2.0,3.0}. The results are
shown in Tables 1-2, EC.2-EC.3 (less entries p = 2.0 and less regularization y = 80.0), EC.4-EC.5
(more entries p = 3.0 and more regularization y = 20.0), and EC.6—EC.7 (more entries p = 3.0 and
less regularization y = 80.0) respectively.

The tables show that eigenvector disjunctions perform consistently better than McCormick
disjunctions, and that best-first search on unexplored child nodes is usually a good node selection
strategy. They also illustrate the power of performing alternating minimization at (some) child
nodes, because better feasible solutions can be found with different initializations, which yield tight
upper bounds and thereby accelerating the branch-and-bound procedure.

In Figure EC.2, we observe the effect of the number of pieces used g in our disjunctive scheme on
the final relative gap after branch-and-bound for 1 hour on rank-1 matrix completion problems with
n > 50. As the problem size n increases, keeping the number of observed entries at 2nlog;,(n),
the relative advantage of 4-piece disjunctions vanishes — this is likely due to the fact that, as n

increases, the time taken for a single semidefinite relaxation increases and using 4-piece disjunctions

With McCormick disjunctions With eigenvector disjunctions

A.lt.e rr.latlr.lg Best-first Breadth-first Depth-first Best-first Breadth-first Depth-first

minimization
10 X 1.42 % 10° 1.50 x 10° 1.50 x 10° 2.21x10° 2.40x 100 1.91 x 10°
10 v 7.97%x1072  1.14x1071  6.26x107!  539x1072  8.89x1072  3.18x 107!
20 X 3.38%x 107! 3.38%x 107! 3.38x10°!  5.02x107! 5.27% 107! 4.09% 107!
20 v 8.61x1072  8.77x1072  877x1072 511x1072 6.50x1072  2.25x107!
30 X 234x107!  234x107!  234x10°!  234x107!  242x10°!  2.18x 107!
30 v 1.08x 107! 1.13x107! 1.13x1071  471x1072  542x107%2  1.04x 107!
40 X 2.12x10°0 2.12x107t 2.12x1070 2.07x1071 2.11x107! 2.13x 107!
40 v 1.05x1071  1.05x107'1  1.05x107!  3.08x1072  3.38x1072  8.51x1072
50 X 7.45%1072  745x1072  7.45x107%2  1.35x107! 1.37x107! 1.39% 107!
50 v 453%x1072 453x1072  453x1072  2.15x1072  232x107%2  6.64x 1072

Table EC.2  Final optimality gap across rank-one matrix completion problems with |7 | = pnlog;(n) filled
entries, averaged over 20 instances per row (p =2.0, y = 80.0).
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With McCormick disjunctions

With eigenvector disjunctions

A_dt_e rr.1at11.1g Best-first Breadth-first ~ Depth-first ~ Best-first ~ Breadth-first ~ Depth-first

minimization
10 X 3424.9 3425.3 3600.0 3430.1 3600.0 3600.0
10 v 3162.1 3204.4 3600.0 3274.8 3600.0 3600.0
20 X 3600.1 3600.1 3600.1 3600.1 3600.1 3600.1
20 v 3600.1 3600.1 3600.1 3600.1 3600.1 3600.1
30 X 3600.4 3600.3 3600.3 3600.3 3600.3 3600.4
30 v 3600.4 3600.3 3600.2 3600.3 3600.3 3600.4
40 X 3601.0 3601.1 3600.7 3600.8 3600.9 3600.9
40 v 3601.2 3601.0 3600.8 3600.9 3601.1 3600.8
50 X 3602.5 3602.1 3602.1 3602.0 3602.1 3602.7
50 v 3602.4 3602.1 3602.1 3601.9 3602.5 3602.1

Table EC.3  Computational time (s) across rank-one matrix completion problems with || = pnlog;o(n)

entries, using McCormick disjunctions (top), eigenvector disjunctions (bottom), averaged over 20 instances
(p =2.0, y=280.0).

Alternating

With McCormick disjunctions

With eigenvector disjunctions

minimization Best-first Breadth-first Depth-first Best-first Breadth-first Depth-first
10 X 335x1070  355x107! 357x1070 1.73%x 107! 1.73x1071  3.13x107!
10 340%x1072  4.83x1072  149x10°!  7.16x1073 1.29%x1072  1.15%x 107!
20 X 463x1072 4.63x1072  463x1072  1.08x1072  1.16x1072  1.20x1072
20 v 9.58%x1073  254x1072  254x1072  1.79x107%* 9.03x107%  1.13x1072
30 X 6.18x1072  6.18x1072  6.18x1072  9.70x1073  9.57x1073  4.65x1072
30 v 3.99x1073  1.56x1072  1.56x1072  1.32x107% 222x107%  3.02x1073
40 X 1.27%1072 1271072 127x1072  443x1073  455x1073  8.10x1073
40 v 9.62x1073  9.62x1073  9.62x1073  1.96x10™* 2.89x10™%  844x1073
50 X 9.11x1073  9.11x1073  9.11x1073 1.01x107™% 1.07x107% 231x1073
50 v 7.13x1073  7.13x1073  7.13x107%  1.01x107* 1.06x107%  6.18x1073

Table EC.4 Final optimality gap across rank-one matrix completion problems with || = pnlogy(n) filled

entries, averaged over 20 instances per row (p =3.0, y =20.0).

introduces more child nodes, leading to an overall increase in computational time. Hence, we only

recommend using 4-piece disjunctions for rank-1 matrix completion problems of low to moderate

size.
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ec’/

With McCormick disjunctions

With eigenvector disjunctions

A_dt_e rr.1at11.1g Best-first Breadth-first ~ Depth-first ~ Best-first ~ Breadth-first ~ Depth-first

minimization
10 X 2547.4 2553.2 3060.0 2152.4 2118.6 3060.1
10 v 1871.5 1885.8 3060.0 1524.9 1990.3 2809.7
20 X 3240.1 3240.1 3240.1 1746.0 2260.7 2880.1
20 v 2704.7 3060.1 3060.1 1743.3 2262.4 2880.1
30 X 3060.4 3060.3 3060.3 1340.8 1517.6 2880.4
30 v 2565.5 2700.5 2700.4 854.99 1429.6 2340.5
40 X 1981.3 1981.3 1981.3 976.3 1546.2 1981.2
40 v 1981.4 1981.5 1981.2 597.66 1141.3 1981.4
50 X 1983.7 1983.8 1983.3 262.55 406.79 1100.1
50 v 1443.7 1443.9 1443.7 253.22 381.37 959.29

Table EC.5 Computational time (s) across rank-one matrix completion problems with || = pnlogo(n)

entries, using McCormick disjunctions (top), eigenvector disjunctions (bottom), averaged over 20 instances
(p =3.0, y=20.0).

Alternating

With McCormick disjunctions

With eigenvector disjunctions

minimization Best-first Breadth-first Depth-first Best-first Breadth-first Depth-first
10 X 5261071 5.93x107!  596x107!  4.73x107!  540%x10°!  5.76x 107!
10 v 1.03x1071  1.48x107'  276x107!  7.03x1072  1.10x10"!  2.52x107!
20 X 463x1072 4.63x1072  4.63x1072  1.08x 1072 1.16x107%2  1.20x 1072
20 v 9.58x 1073 2.54x1072  254%x1072  1.79x107*  9.03x107%  1.13x1072
30 X 6.18x1072  6.18x1072  6.18x1072 9701073 9.57x1073  4.65x 1072
30 v 3.99%x 1073 1.56x1072  156x1072  1.32x107% 222x107*  3.02x1073
40 X 1.27x1072  1.27x1072  127x1072  443x1073  455x1073  8.10x1073
40 v 0.62x1073  9.62x1073  9.62x1073  1.96x107* 2.89x107%  8.44x1073
50 X 9.11x1073  9.11x1073  9.11x1073 1.01x107™* 1.07x107% 231x1073
50 v 7.13x107%  7.13x1073  7.13x1073  1.01x107*  1.06x107*  6.18x1073

Table EC.6  Final optimality gap across rank-one matrix completion problems with |7 | = pnlog;,(n) filled

entries, averaged over 20 instances per row (p = 3.0, y =80.0).
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With McCormick disjunctions With eigenvector disjunctions
Alt_e rr.1at11.1g Best-first Breadth-first ~ Depth-first ~ Best-first ~ Breadth-first ~ Depth-first
minimization
10 X 3329.9 3346.5 3600.0 3600.0 3600.0 3600.0
10 v 3228.0 3308.0 3600.0 3600.0 3600.0 3600.0
20 X 3600.1 3600.1 3600.1 3600.1 3600.1 3600.1
20 v 3600.1 3600.1 3600.1 3600.1 3600.1 3600.1
30 X 3600.3 3600.4 3600.3 3600.4 3600.3 3600.3
30 v 3600.3 3600.4 3600.3 3600.4 3600.2 3600.4
40 X 3601.2 3600.9 3600.8 3600.9 3600.8 3601.1
40 v 3601.0 3601.0 3600.8 3601.1 3600.9 3601.0
50 X 3602.4 3602.2 3602.2 3602.5 3602.0 3602.4
50 v 3602.3 3602.9 3602.0 3602.3 3602.1 3602.9

Table EC.7  Computational time (s) across rank-one matrix completion problems with || = pnlog;,(n)
entries, using McCormick disjunctions (top), eigenvector disjunctions (bottom), averaged over 20 instances
(p =3.0, y=280.0).
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Figure EC.2 Comparison of relative gap (at root node, and after branching with 2-piece and 4-piece dis-
junctions) for rank-one matrix completion problems with 2nlog;,(n) filled entries, after 1 hour

(averaged over 20 instances per point).
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EC.2.3. Scalability Experiments
Here we delve into a more detailed investigation of the scalability of our approach for matrix
completion problems to large problem sizes and larger ranks.

Figure EC.3 shows the number of nodes explored through branch-and-bound for three hours and
the time taken to solve the semidefinite relaxation at each node. We see that as the time required for
solving each SDP relaxation increases according to k and m, the number of nodes explored within
3 hours of branch-and-bound falls correspondingly.

We remark here that we terminate the branch-and-bound procedure for m = 100 possibly earlier
than the three-hour time limit due to memory availability. Indeed, since we store (¥,U) for every
node in the tree (as solutions from ancestors are required to impose disjunctive constraints), the
memory requirements of branch-and-bound scale as n> multiplied by the number of total nodes in

the tree.
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Figure EC.3  SDP relaxation solve time in seconds (left) and number of branch-and-bound nodes explored
(right) for rank-k matrix completion problems of dimension 50 x m, with kmlog;((m) filled entries,
varying m and k, with y = 120.0, averaged over 10 random instances.

Figure EC.4 shows the out-of-sample mean-squared error (MSE), at the root node and after
branching for three hours, on the large rectangular 50 X m instances. These plots show that branching
improves the out-of-sample MSE for all values of m, with the most significant improvement in

out-of-sample MSE when m is small.
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Figure EC.4  Out-of-sample MSE at the root node and after branching, for rank-k matrix completion problems
of dimension 50 xm, with kmlog,,(m) filled entries, varying m and &, with y = 120.0, averaged over
10 random instances.

m
k 100 250 500 1000 1500 2000 2500
1 822x1072  4.15x1072  531x1072 5.66x1072  6.16x1072  6.33x1072  6.65%x1072
2 584x1071  6.68x1072 821x1072  6.40x1072  491x107%2 1.02x1071  4.39%x1072
3 133x107!  883x1072  630%x1072  3.11x1072  9.48x1073  7.07x1073 -9.29x107°
4 6.86x1072  1.94%x107%2  3.09x1072  471x107* 882x1073 494x1072 4.94%x1072

5 993x1072 7.21x1073  574x1072 127x1072  1.16x1073  1.10x1072  3.34x1073

Table EC.8  Relative improvement in out-of-sample MSE after branching for 3 hours, for rank-k matrix
completion problems of dimension 50 x m, with kmlog,,(m) entries, varying m and &, with y =120.0, averaged

over 10 random instances.
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