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ABSTRACT. Refining and extending works by Ye and Kitahara-Mizuno,
this paper presents new results on the number of pivots of simplex-type
methods for solving linear programs of the Leontief kind, certain linear
complementarity problems of the P kind, and nonnegative constrained
convex quadratic programs. Our results contribute to the further un-
derstanding of the complexity and efficiency of simplex-type methods
for solving these problems.
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1. INTRODUCTION

This paper is a continuation of our sustained interest in identifying classes of
linear and quadratic programs and linear complementarity problems (LPs,
QPs, and LCPs, respectively) for which the number of pivots in simplex-
type methods can be upper-bounded by certain quantities derived from the
problem input vectors and matrices. In favorable cases, such upper bounds
would be strongly polynomially bounded in the number of variables and con-
straints of the problems, hence rendering their strongly polynomial solvabil-
ity. Thus, this interest is different from the worst-case exponential behavior
or from the probabilistic average-case analysis of this kind of methods for
these problems, or from the polynomial analysis of the ellipsoid method or
interior-point approaches where the worst-case complexity is bounded by
the input size of the problem data. In what follows, we summarize some old
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and new results in the literature which provide the motivation for the kind
of results we aim to obtain.

Pre-2000: Since the seminal paper [30], there has been an extensive lit-
erature on the study of Leontief systems and associated linear programs
(LPs):
o e e T
minimize c¢'x
xeR? (1)
subject to Az = b and z > 0,

where ¢ € R™ and b € R™ are given vectors and the matrix A € R"™*"

satisfies the following conditions: (a) each column of A has at most one
positive entry, (b) b € R, , and (c) a feasible solution of (1)) exists. A matrix
A satisfying condition (a) is called pre-Leontief ; we call A pre-Leontief-plus
if each column of A has exactly one positive entry. A significant amount
of this literature is motivated by network-type problems [22] 14, 21] and
their solution by Dantzig’s simplex method. In particular, the reference [21]
shows that when A is a Leontief flow matrix, i.e., its entries are all integral
and the positive entries are all equal to one, then the LP can be solved
in O(n%U log(npU)) pivots by the simplex method using Dantzig’s rule for
choosing the entering variable, where p is the largest entry of A in absolute
value, and U is a valid upper bound on any extreme-point solution. An
interesting observation remarked in the paragraph before Theorem 3 in [21]
is that this complexity for (1) can be obtained by considering the special
case where A is a Leontief flow matrix and the vector b is the vector of ones.

Post-2000: With no mention of the references [22] 14, 21], Ye [31] showed
that when the LP is derived from a Markov decision problem with a
fixed discount rate, then the number of simplex pivots with the least reduced
cost rule to select the entering nonbasic variable is a low-order polynomial
in (m,n). Extending this special result to a general LP, the paper [16]
shows that for the general LP the number of distinct basic solutions
generated by the simplex method with the same least reduced cost rule is

O(n {m% log <m%>—‘ >, where v and § are the maximum and minimum,

respectively, of the positive components of all the basic feasible solutions. A
companion reference [I5] performs a similar analysis for the simplex method
for LPs with upper bounds. In a subsequent work [I8], the authors show
that the constant v can be computed by solving a linear program while the
computation of § is NP-hard in general.

Strong polynomiality: The authors of the above references recognized
that their results can be used to infer the strong polynomiality of the simplex
method if polynomiality of the key constants in the respective bounds can be
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established. In general, however, a nondegeneracy assumption is needed to
ensure that the number of different basic solutions generated by the method
equals the number of pivots.

The role of the Z-property: A square matrix with nonpositive off-
diagonal entries is called a Z-matrix. If a Z-matrix further has a nonnegative
inverse, it is called a Minkowski matrix. It is known that a Z-matrix M is
Minkowski if and only if there exists a positive vector d such that Mz = d
has a nonnegative solution (Theorem 3.11.10 [6]). Thus if the system is
feasible and A is a pre-Leontief-plus matrix, then subject to a proper permu-
tation of the columns, any feasible basis B of such a system with a positive
right-hand side must be a Minkowski matrix. Therefore, the nondegeneracy
assumption is satisfied by any feasible Leontief system because with b being
positive, it follows that B~'b > 0 is nondegenerate.

The matrix-theoretic Z-property has been responsible for the strongly poly-
nomial complexity of pivoting-type methods for solving various classes of
linear complementarity problems and bound-variable convex quadratic pro-
grams. The first result in this area is due to Chandrasekaran [4] for LCPs
with a Z-matrix. The most recent addition to this literature is the article
[25] that establishes the strongly polynomial solvability by parametric prin-
cipal pivoting for a certain class of convex quadratic programs with bounded
variables where some such bounds may be infinite. A brief summary of the
preceding results for LCPs with “H-matrices” with positive diagonals and
extensions can be found in the last reference.

Goals of this short note: Inspired by the analysis in [16] for linear pro-
grams, our work makes several important contributions that add to our
understanding of the performance of pivoting methods, and importantly,
the bottlenecks that may cause a large number of pivots in such methods.

e We give practical bounds on the two key constants v and § in the cited
reference for the case where A is a pre-Leontief-plus matrix; these bounds
are in terms of some constants derived from the Leontief properties of A and
the right-hand side vector b; see part B(ii) in Proposition

e We apply the above results to a class of matrices for which the associ-
ated LCPs are solvable by the Simplex Method, a subject first advanced by
Mangasarian’s pioneering idea of solving LCPs as LPs [20].

e We analyze the iteration count of a pivoting method for quadratic program-
ming due independently to Dantzig [8, [7] and to van de Panne-Whinston[28],
29); this method is formally described as Algorithm 4.2.11 in [6l, pages 248
251] where a proof of the finite-step termination of the algorithm can be
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found. Subsequently, we will abbreviate this as the DvPW algorithm. More-
over, we provide two applications and show how to estimate the complexity-
related bounds in those contexts.

2. THE LEONTIEF LP

Let A € R™*™ be pre-Leontief-plus. As such, we may assume with no
loss of generality that the matrix A is structured as follows: For each row

i=1,---,m, there is a group of columns G; such that a;; > 0 for all j € G;;
note that G; N Gy = () because each column of A has exactly one positive
entry. Let k, be the number of elements in group G, for g = 1,--- ,m so

m
that Z ky = n. We remark that if b > 0 and the problem is feasible,
g=1
then G, # 0 for all g. By permuting the columns of A if needed, we may
assume that the elements in these m groups of columns are consecutively
labelled in the same order as {1,---,n} so that with G; = {1,--- ,k1}, we

g—1 g
have, inductively, G, = Zk:j +1, -+, ij ,forg=2,---,m.
j=1 j=1

Below is an example of a 3 x 11 matrix A with 3 groups each with 4, 3, and
4 columns respectively arranged with the column labels being the same as
the labels of the variables:

Ty Ty x3 T4 | x5 me T7 | w3 T9 Tip i1
+ + + + | & 6 6 | 6 ©
e 6 6 6 | + + + | & ©

+ O O
+ O O

©o 6 6 6 |6 6 o6 | + +

With A structured as displayed, and G, # 0 for all g =1,--- ,m, we define
an m X m matrix A with entries
min a;; ifi =
N i€Gy 7 g
ig — e
—max|a;; | if ¢ .
= | ij | #9g

The off-diagonal entries of A is clearly nonpositive; so A is a Z-matrix. In
what follows we assume that the matrix A is Minkowski.

Proposition 1. Let A € R™*™ be pre-Leontief. The following two state-
ments (A) and (B) hold:

(A) If the system Az =b, x > 0 has a solution for some b € R, , then
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(i) every basic feasible solution is nondegenerate;

(ii) for every feasible basis B € R™*™, there exists a vector dp € R, such
that Bdg > 0;

(iii) the system Az = b’, x > 0 has a solution for all b’ € R".

(B) Conversely, if A is pre-Leontief-plus and the matrix A is Minkowski,
then

(i) the system Az = b, x > 0 has a solution for all vectors b € R} ; moreover,

(ii) if z is any basic feasible solution of the the system Az = b, > 0, where
b€ R, , then

. b; —
d £ min - < 0z < 9z < max [(A) 1b].é77
1<i<m magxaij 1<i<m ?
JEYi

where 0z and vz are the smallest positive element of T and the largest element
of x, respectively.

(iii) Let C £ % Then for any vector ¢ € R™ for which the LP (|1) with

b€ RY, has an optimal solution, the simplex method with the least reduced
cost rule will solve the LP (1)) in no more than O(n [m C log (m C)] ) pivots.

Proof. We prove only the bounds on Z. Let B € R™*™ be a feasible basis
corresponding to Z; thus B Zg = b, where Zg consists of the basic components
of Z corresponding to the basis B. By the above arrangement of the columns
of A, each column of B has exactly one positive elements, which are the
diagonals of B; moreover, we have 5; € G; for all i = 1,--- ;m. On one
hand, foralli =1,--- ,m, wehaveb; = (BZg); < Bj; g, = a;p, Tg,. Thus

b; b;
>

. This establishes the lower bound for dz. On the

Tg, 2

m m
other hand, we have, b; = (BZg); = a;p, Tg, +Z aig, Tg, > Z aig T, for
o g#i g=1
alli = 1,--- ,m. Thus b > AZg. The upper bound for 7z follows readily by
the nonnegativity of the inverse of A. The last statement of the proposition
is due to [16] and requires no proof. O

In the next section, we give a class of LPs for which the constant C' can be
identified more explicitly in terms of the problem data.

2.1. Mangasarian’s class of LCPs. In [20], Mangasarian introduced a
class of matrices M € R™" for which the LCP, which we denote by the
pair (¢,M): 0 < z L w = ¢+ Mz > 0, with ¢ € R", where L is the



6 SHAONING HAN, XINYAO ZHANG, AND JONG-SHI PANG

perpendicularity notation which in this context denotes the complementarity
relation between the two vectors z and w, can be solved by a single LP. Some
important properties of this class of matrices are obtained in [5]. Coined a
hidden Z-matrix in [23] 24], a matrix M belongs to this class if there exist
Z-matrices X and Y and positive vectors 7 and § such that (a) M X =Y and
(b) 7T X +5"Y > 0. We highlight two important properties of such a matrix
M: (i) X must be nonsingular; and (ii) the matrix A £ [ X7 YT | €
R™*27 is pre-Leontief; see [5]. Most importantly, a solution of the LCP
(g, M), which must exist if the problem is feasible, can be obtained by

letting Z = X v, where v is the unique solution of the LP:
minimize pTv
v
subject to ¢+ Yv > 0 and Xv > 0,

for any vector p € R™ such that p" X > 0; such a vector p must necessarily
be positive if X is Minkowski. The dual LP is
minimize ¢'s
(r,s)>0 (2)
subject to X'r+YTs = p.

We can apply Proposition [1| to the latter dual LP by assuming that the
matrix A with entries defined below is Minkowski:

Qi =

—max (| Xy |, [Vji]) ifi#j

We recall that a real square matrix is a P-matrix if all its principal minors
are positive. It is a fundamental result in LCP theory that if M € R™"*" is a
P-matrix, then the LCP (¢, M) has a unique solution for all vectors ¢ € R™.
Without assuming nondegeneracy, the following result gives an upper bound
on the number of pivots for the simplex method to compute such a solution
when M is additionally hidden Z.

Proposition 2. Let M be a hidden Z-matrix with the two defining Z-
matrices X and Y. Suppose that the matrix A with entries defined by
is Minkowski. Then both M and X must be P-matrices and the following
two statements hold.

e For every vector ¢ € R", the LCP (¢, M) has a unique solution; moreover,
such a solution can be obtained via LP duality by solving the dual LP
for any vector p satisfying p' X > 0.

e For every vector ¢ € R” and any vector p satisfying p' X > 0, an optimal
solution to the dual LP can be obtained by the simplex method with the
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least reduced cost rule in no more than O(n [nC log (n C)]) pivots, where
= Xii, Yii
C £ | max [(A)lp}i] X [max max()}

1<i<n 1<i<n bi
Proof. By [0, Theorem 3.11.19], being hidden Z, the matrix M is P if and

only if there exists a vector v > 0 such that for any index set a C [n] £

X Xoa
{1,---,n}, we have Wv > 0, where W £ | where a s
Yao Yaa

the complement of «, and each of the four blocks in W is a submatrix

of X and Y, respectively, whose rows and columns are indexed by the pair
(ar, @), correspondingly. For any nonnegative vector a, it is easy to show that
Wa > ZTa, provided that X and Y have nonnegative diagonal elements.
Consequently, if A is Minkowski, then so is its transpose; hence a positive
vector v exists such that 4' v > 0. This is enough to show that M is P. By
taking a = [n], it follows that W = X and thus Xv > 0, which implies X
is a Minkowski matrix and thus a P-matrix. Finally, the claim about the
number of pivots of the simplex method for solving the dual LP follows
readily from part B(iii) in Proposition O

3. NONNEGATIVELY CONSTRAINED CONVEX QUADRATIC PROGRAMS

In this section, we derive an upper bound for the DvPW pivoting algorithm
for solving the convex quadratic program (QP):
minimize v(z) £ % 2TMz+ qTZ, (4)
z€RY
where the matrix M is symmetric positive semidefinite and ¢ is arbitrary.
This QP is the dual of the strictly convex QP:

1
{ miniﬂ{{nize B z' Qz + p'z subject to Az < b}
TER™

with a positive definite Q € R™*™ via the identifications: M = AQ TAT
and ¢ = b+ AQ 'p. Thus a solution of will yield an optimal solution
of the latter QP. The Karush-Kuhn-Tucker (KKT) conditions for are
given by the LCP (¢, M). In terms of the vector w = ¢ + Mz we have
v(z) = 5 [q¢"z +w'2] for an arbitrary vector z. Note that if A has linearly
independent rows, then the matrix M is positive definite.

For any index subsets a and v of [n] £ {1,---,n}, My, is the submatrix
of M with rows indexed by a and columns indexed by ~; in particular,
M is a principal submatrix of M g, is similarly defined. Associated with
an index set o with M,, nonsingular is the basic solution (z4,0), where
Za = —(Maa) 1qa. We call the index set o feasible if z, > 0. The full
vector (zq,0) is a solution of the LCP (g, M) if the vector of reduced costs
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Wa = ¢a — Maa(Mao) 'qq is nonnegative, where @ is the complement of
a in [n]. We note that by the symmetry and positive semidefiniteness of
M, the nonsingularity of the principal submatrix M, is equivalent to its
positive definiteness; moreover, the Schur complement, denoted (M /M,) £
Mag — Mao(Mao) tMyga, remains symmetric positive semidefinite.

Throughout we make a blanket assumption that the optimal value of the
QP is finite. Two constants play an important role in the following
A

analysis: Amax(M ), which is the largest eigenvalue of M, and ppin(M) =

AI/I[lin . Amin(Maqa), where My, = 0 means that M, is positive definite
a:Meaa ™

and Apin () denotes the smallest eigenvalue of a positive definite matrix.

We make some comments on ppmin(M). If M itself is (symmetric) posi-

tive definite, then pyin(M) = Amin(M). In general, it can be shown that

Pmin(M) < AT (M), where AT. (M) > 0 is the smallest positive eigenvalues
k

of M. Indeed, consider the eigen-decomposition M = Z Nt (uf) T where

i=1
AL > Ay > -+ > A > 0 are the positive eigenvalues of M and the family
{u'}%_, are the associated normalized eigenvectors (thus [|u’|| = 1). Take any

index set a such that |a| = k and {uf }¥_, are linearly independent, and let
k

M2 My = Z Nat(@h " = 0, where @¢ £ ul,. Take a vector v € R¥ such
that [jv]| =1 ;jlld v is orthogonal to @? for all i = 1,..., k—1. It follows that
puin(M) < prin() < 03w = N (7%) < Nl WP < e =
)\:nn(M ). The following upper bound on the norm of any basic feasible so-
lution of can easily be obtained.

Lemma 1. For any basic feasible solution z of the LCP (¢, M) with M
villg |2
Pmin(M)

being symmetric positive semidefinite, one has || z||; < , where

¢ 2 max{0, —q}.

Proof. For any basic feasible solution z = (z4,0), we have pmin(M) || 2|3 <
2T Mz = —2"q < zTq_ because z is nonnegative. Hence || z |1 < vn| 2|2 <

M, which is the desired bound. [l
Pmin (M )

For a matrix F' € R™™  we denote its largest singular value by Apax(F) =

Max (FFT) = Apax(F 7). For a subset a of [n] with cardinality |a|, we
denote by F,e the rows of F indexed by « and the transpose of F,e by

El, € R™¥lel. Note that Amax(Fae) = Amax(Fls) < Amax(F). Similar
definitions apply to Feg for any subset 8 of [m].
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In contrast to many other pivoting-type algorithms for solving QPs, a sig-
nificant feature of the DvPw algorithm is that it can always terminate in
finite steps even when the problem is degenerate. Referring to [6, Al-
gorithm 4.2.11] for details, we sketch the DvPW algorithm for solving the
LCP (¢, M) as follows. It is convenient to use the tableau form to represent
w=q+ Mz;

1 z
q'z 0 q" (5)
w q M

After each principle pivot in which the basic variables z, and wg (where 3
is the complement of o), and the product ¢' z are expressed in terms of the
nonbasic variables w, and zg, we obtain the following tableau:

1 We 23
QTZ _q;{l' (Maa)_l%z q(;r(Maoz)_l qg - Q;—(Maa)_lMaﬁ (6)
Za —(Maa) ' ¢a (Maa)™! —(Maa) ™" Mag
wg | 45— Mpa(Maa) " da | Mpa(Maa) ™| Mag—Mpa(Maa) ™' Mag

Consisting of major and minor cycles, the algorithm starts with an index set
« of the basic z-variables for which the following two conditions hold: (a)
M., is nonsingular (thus positive definite), and (b) zq = —(Maa) 'qa > 0.
With wg # 0 where f is the complement of «, a most negative component

w, with r € miél w; is identified and the algorithm attempts to increase the
1€

value of z, by pivoting while keeping the basic z-components nonnegative;
this is determined by a ratio test as in the standard simplex method in
linear programming. There are two types of pivots, depending on whether
(a) the increase of z, is blocked by a basic z-component becoming zero, or
(b) w, is the blocking variable, i.e., its value reaches zero. In the former
case, there is one less basic z-component after the pivot, and z, continues
its increase; this is termed a minor cycle. In the latter case, z,. becomes
basic while its complement w, becomes nonbasic; this completes the current
major cycle. Notice there are at most n — 1 minor cycles within each major
cycle because there are at most n — 1 basic z-variables to be (potentially)
pivoted out during each major cycle. Thus, in order to analyze the total
number of pivots in the algorithm, it suffices to upper bound the number
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of major cycles. The derivation of such bounds is the principal task in the
following analysis. Note that at the beginning of each major cycle ¢, the pair
(2%, w') is primal feasible and satisfies complementarity; i.e., 0 < 2 L w!;

for such a pair, we have v; = v(zf) = 1 qut

The derivation proceeds in several lemmas, the first of which gives an amount
of decrease of the objective value from the beginning of one major cycle to
the end of the same cycle.

Lemma 2 (Strict decrease for each major cycle). Let w, be the value of w,
—2
w’f

t the beginning of t-th maj le. Th - Z D
a € beginning o major cycle €N UV — V41 = 4>\maX(M)

Proof. Assume that the t-th major cycle consists of K minor cycles and
we denote the increment of z,. during each minor cycle as Ay. Let @wF be
the value of w, at the beginning of the k-th minor cycle so that w} =
w, < - < wEtY = 0. We have |wF| — |@Ft!| = Ay sg, where s, 2
My — Mya, (Makak)_lM%r with aj, being the corresponding a-index set in
k-th minor cycle within the major cycle t. Then we can see that 0 < s <
Myr < Amax(M), which follows from the positive definiteness of My, o, and
|wk‘ _ ’wk—&-l‘
)\maX(M)
w'* denote the values of the vectors z and w, respectively, at the beginning
of the k-th minor cycle within the ¢-th major cycle, we then have

U(Zt’k) - U(Zt’k+1) — %qT(Zt’k o Zt,k-i-l ) + % [(zt,k)th,k _ (zt,k+1)th,k+1:|

_ Bk [qr _ quék(Makak)flMak,r] I % [(gt,k)th,k _ (Et,k+1>th,k+1}

_ 2k ’wk |41 [<2t,k)th,k _ (Et,k+1>th,k+l} ,

the Courant-Fischer Theorem. Hence Ay > . Letting 25 and

where the last equality is due to Z,, = —(Maya,) 'qa, and @F = ¢, +

Mo, Za, - Hence, with v; = v(zb1) and vy = v(z55+1) and since (201) Twh!—

(2B Tpt K+ = 0, we deduce
K K -k —k+1
_ w, | + |w . _ _
20— rv) =3[l 20 3 )'7"2'7"Ak (since || > |@h* )

& \w'fr+|w'f+lr) (k| — [k 1)

>Z N (M)

= k1 )2 w;
Amas( ;( ) (! >:2Amax(M)'

This completes the proof. O
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Remark 1. From the proof, we see that we can replace Apax(M) in the
denominator of the bound by max M;;. We retain Apax(M) in the bound
1

as it will be combined with Apin(M) to obtain the condition number of M
in Theorem [21

By the bound in Lemmal[l] we obtain the next lemma that gives the deviation
from optimality of the iterates during the DvPW algorithm.

< vola-lz,

Lemma 3 (Distance to v,). For each major cycle, vy —v, < o)
pmln

where v, is the optimal value of .

Proof. With (2!, @') denoting the value of the pair (z,w) at the beginning
of the t-th major cycle, we have the following string of inequalities:

vy —v; > (@0')T (2" —Z')  (by the gradient inquality of the objective)

=(wj )TZE (since z! L @' and w!, = 0)
n
zwrz zf = —|w,|||Z*]|1, (by the definition of the negative 1w, = minw})
i1 ieh
from which the desired bound of v; — v, follows readily. O

We can now combine Lemmas 2] and [3]to yield an upper bound on the subop-
timality of any basic feasible solution obtained during the DvPW algorithm
for solving the QP ({4)).

A max (M
Theorem 1. Let xk 2 ax(M) | g

— 3 Kn
. Th — vy < .
pmin(iu )2 o e Ve = t—1

Proof. Define a sequence of deviations: {e;} with e, £ 4y — vy. Then by
Lemmas [2] and Lemma [3] we have

€ — el _ Ut = Util w; Pmin(M)? _ 1
ef (ve —v:)? 7 max(M) nlg- 302 Kn
1
Since e; > e441, which implies et > es erq1, hence, it follows that — —— >
€t+1 €t
1 1 1 1
—, which yields — > —+—(t—1) > — (t—1) from which the claimed
KN et e1 KN KN
bound of e; follows readily. O

While the DvPW algorithm is a finite algorithm on the pivots (see e.g. [6]),
this finite termination is not captured by Theorem [I} In order to complete
this finite-termination analysis, we need to introduce the two constants 7
and ¢ for the QP . In the following, we restrict our definition to a positive
definite matrix M. Specifically, let

A

min min{ &2t 2 [~ (Maa)™ qa] > 0} and vqp £  max maxzy.

5011)
feasible a i€ feasible a i€
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We first restate Lemma |3|in terms of v, when M is positive definite.

Lemma ’. If M > 0, then for each major cycle, vy — vy < nygp | Wy |.

Proof. This follows from v; — v, < |w,| || 2* |1 proved in Lemma [3[and from
1211 < nyvgp- a

We can now prove the following finite termination of the DvPW algorithm
when M is positive definite. A noteworthy point about this result is that the
condition number of the matrix M appears in the bound, This seems to be
the first time that the condition number of a matrix appears in bounding the
number of pivots in a simplex-type method for solving quadratic programs.

Theorem 2. If M > 0, then for any vector ¢, the DvPW algorithm with
the least reduced cost rule computes the unique optimal solution of the QP

2
in no more than 1+ 8 <n7qp > cond(M) iterations, where cond(M) =

5qp
Amax (M)

————~is the condition number of M.
Amin(]\4)

Proof. Similar to the proof of Theorem [1] and using Lemma [3]' instead, we
can derive

€t~ Ct41 w; 1 _ 1
6% 4 )\maX(M) TL2 'lD% fyglp B 4 )\max(M) TL2 fygp ’
which implies
4 A (M) n2 ~2
v — vy < —2 t( )1 Jap. (7)

Define I; £ supp(z?)\supp(z*) and I, = supp(z*)\supp(z?), where supp(e)
denotes the support of a vector, i.e., the index set of the nonzero components
of the vector. We claim that if v* is not optimal, then |I; U 5| is not empty,
i.e. [ Ul > 1. Indeed if I U Iy = (), then supp(z*) = supp(z*); this would
then imply that 2! = z* by the nonsingularity of the principal submatrix of
M induced by supp(z*). We can now establish the desired upper bound on
the iteration count ¢ by the following string of derivations:

v — vy = (Mz2*+q)T (28 = 2%) + 2" - )T M (2" — 2*) (Taylor expansion)

> %(Zt - Z*)TM(zt —2z") (by the optimality of z*)
M)ty (M) 2 ) - Amin(M)
> rnm2 ||Zt e ||% > % Z(Zf)Z + Z(zz )2 > %(ﬁp
ich icly
. . L 81 Amax (M),
Combining the last inequality with , we have t < +1. O

Anin(M)32,
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If M is a Stieltjes matrix (i.e., a symmetric Minkowski matrix), the DvPW
algorithm for solving essentially reduces to Chandrasekaran’s algorithm
[4]. Tt is known that in this case, the algorithm can terminate in n steps.
In essence, the proof is based on the observation that for any index set «,
we must have (Maa)_lMag < 0; this then implies that a z-variable once
becomes basic can only increase in value, and in particular, will not become
nonbasic. Thus, every pivot is the exchange of the nonbasic z,.-variable with
the basic w,-variable, and the method terminates in n steps. In the recent
paper [12], it is shown that similar results can be established for submodular
objectives, which include the Stieltjes quadratic function as a special case.
This indicates that the iteration count for solving with a Stieltjes matrix
is drastically lower than the general case for an arbitrary positive definite
M. Whether the bound in Theorem [2| can be improved remains a subject
to be further studied.

4. SOME APPLICATIONS

In this section, we give two applications of the theoretical results developed
in Section The first application pertains to Theorem [I| and is a variant
of network flow least squares problems. The second application provides
a class of matrices @) to illustrate the estimation of the two key constants
Ygp and dgp in Theorem [2} specifically, we consider ) that is the sum of a
“simple” matrix and a low-rank matrix.

4.1. Least squares in network flow problems. Consider a directed
graph G = (V, E) without self-loops, where V' = [n] is the set of vertices
and £ C V x V is the set of arcs. We assume n > 2 in this section. Let
A e RIVI x RIZI denote the vertex-arc incidence matrix of G, i.e., for all
veVandee€ E, Aye =1if e = (v,u) for some u € V, —1 if e = (u,v) for
some u € V, and 0 otherwise. We aim to solve

minimize ||Az —b|3 +c'z, (8)
x>0

where b € R™ and ¢ € le‘. In this context, M = AT A is called the edge-
Laplacian matriz of G, in contrast to the standard Laplacian matrix defined
as L = AAT. Note that since 17 A = 0, one can see that A\pin(L) = A\, (L) =
0 and unless 1"b = 0, the equation system Az = b has no solution. Thus,
the quadratic term in the problem can be interpreted as follows: given a
node-vector b € RV that is “unbalanced”, i.e., for which the network system
Az = b, x > 0 is not feasible (due perhaps to corrupted or historical data),
compute a “small” correction (measured in the Euclidean norm) 6b of b so
that the corrected system Ax = b+ 6b, x > 0 is feasible. Moreover, the cost
of traversing arc e € E is denoted by c.. If ¢ = 0, the problem can be
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efficiently solved by combinatorial algorithms; see [I3]. Nevertheless, With
¢ # 0, the complexity for solving does not seem to have been studied
in the literature, especially when ¢ is not in the range of AT. For any arc
subset @ C FE, the undirected counterpart of the subgraph induced by « is
represented as G. A symmetric matrix @ is reducible if it is block diagonal
and each block is a proper submatrix of (). Matrix @ is called irreducible if
it is not reducible. Lemma [ states some basic results from spectral graph
theory (see e.g., [2]), which are needed to estimate the iteration count of the
DvPW algorithm on .

Lemma 4. Given a submatrix M., of M with o C F, the following state-
ments hold true.

M, is nonsingular if and only if G, is a forest;
M, is irreducible if and only if G is connected;
e If M, is irreducible and nonsingular, then det(Myo) = || + 1;

Amax(Maa) < 2|a, and if My, is nonsingular, then Apin(Maq) >

T
n?’

Proof. Write My, = AI—QA.Q. Since Aeq is the incidence matrix of the
subgraph induced by the arc set «, it suffices to prove the results for a = F.
For this reason, we drop the subscript « throughout the proof. The first
inequality in the last conclusion follows from Apax(M) = Amax(L) < 2|a| by
Corollary 4.14 [2]. Since M is nonsingular if and only if A has full column
rank and the latter is further equivalent to G containing no (undirected)
circle, the first conclusion holds true. The second conclusion is trivial. Due
to the second conclusion, we can assume without loss of generality that G
is a tree in the rest of the proof. Because the eigenvalue spectrum of AT A

n—1
coincides with the one of AAT, det(M) = [] A\i(L) which is exactly n times
i=1

the number of spanning tree of G by the renowned Matrix-Tree Theorem:;
see Theorem 4.11 [2] for details. Since G itself is a tree, this implies that
det(M) =n = |a| + 1. It remains to prove the second inequality in the last
conclusion. We first observe that Apin(M) = Ap—1(M) = A\p—1(L), where
An—1(L) is called the algebraic connectivity of G. Since G is connected,

according to Proposition 4.3 of [I1], A\,—1(L) > 2(1 — cos(w/n)) > —
n

where the last inequality is due to 1 — cos(t) > t?/m Vt € [0,7/2]. This
finishes the proof. O

Combining Lemma [4) and Theorem [I] one can immediately deduce Proposi-
tion B
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Proposition 3. When applying the DvPW algorithm to , one has vy —

4nS [[]|3
T2t —-1)
2

Proof. By Lemma Amax (M) < 2n and ppin (M) > n—z Now we estimate

2 2

o2 < H[ATHC} < H[A%}
—ll2 —ll2
< Amax(LD) 1613 = Amax (M) [[b]5

2
<2nbll3,

where the second inequality is due to ¢ > 0. To get a shaper complexity
result, we note from Remark |1/ that one can use max M;; = max | Aeill3 < 2
1€ 1€

in place of Apax(M) in the definition of k. The conclusion follows from
Theorem [1| by plugging the bound of puin(M) and ||¢_||3 in the formula of
K. U

Proposition 4. Assume b and c are integer data. Then the DvPW algo-

rithm with the least reduced cost rule computes the unique optimal solution
of the QP in no more than n* ||b\|§ /2 iterations.

Proof. Since the matrix M = AT A may not be positive definite unless G is
a forest, Theorem [2] is not directly applicable. For this reason, we proceed
after Lemma [2l and use notations consistent with those in this lemma. Since
M} is nonsingular, by Lemma [4, there exists a partition o = U,’f:lai such
that each G, is a connected component of G,. Note that G,, is a tree.
Since M,,, is block diagonal, by definition we have 0, = ¢, — Mo M5 qs =
g — S (Ao’ Aea; M4, qa;- Observe that r ¢ «, and (Aer) " Aga, #
0 if and only if the subgraph G,, is incident with edge r in G. Hence
there are at most two indices in [k], say i1 and is, such that (Ae,)' Aea, #
0. Consequently, W, = ¢, — (A.T)—l—A.%.1 G — (Aa) " Aeas, G%, where §7 £

-1

Qi

j = 1,2. Moreover, by our assumption ¢ = A"b+ ¢ is integral. This implies

that |w,| =

. Qoy; 1s an integral multiple of 1 / det(Maijaij) by Cramer’s rule for
J

for some integer W > 0. Therefore,
det(May, oy, ) det(Ma, o, ) &

one can deduce from Remark [1 that
w? 1
4 (mlax Mu) [det(Mailo[i1 ) det(]\JO(i2 O(1.2)
1 2 2
2 Z 4 2 77
8 [(Jaiy | + 1) (Javiy | +1)] (Jaiy + 1] +]ag, +1)°

Up = V41 2

— Admax M;; — 2
i

>
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where the third inequality is due to Lemma [4|and the fact that max M;; < 2,
K3

and the fourth inequality is due to the mean-value inequality ajas < (a1 +
az)?/4. The desired conclusion now follows from the fact that the objective
of |8 is nonnegative and has a trivial upper bound [|b]|3. O

Note that any basic solution has the form M !q, which is homogeneous
in ¢ for fixed M. Hence, if b and ¢ are generic rational numbers, one can
scale b and ¢ to make them integral and get an equivalent problem for which
Proposition [4]is applicable. It is important to note the significant difference
between the two bounds in the above two propositions. There are two key
factors that contribute to this difference; one is the integrality assumption
of the vectors b and ¢ Proposition [4] which enables us to derive a constant
amount of decrease in each iteration, whereas no such constant decrease
is possible in Proposition [3] Another key background result is Lemma [
that enables the bound of det(M,,). These two properties: the integrality
assumption and a bound of det(M,, ), persist in the next class of problems
for which the general results of the last section can be sharpened.

4.2. A special class: M = KZ + FF . In this subsection, we consider a
structured version of

mir;i>r61ize z7 (KE + FFT> z+q 2, 9)
where K > 0 is an integer, ¢ € R", = is a positive definite matrix, and
F € R™" is a low-rank matrix. We assume all data of @D are rational
numbers. Moreover, by properly scaling, one can further assume that the
entries of =, F' and ¢ are integers. We are interested in the case where the
determinant of all Z,,, denoted by det(Z,4), and the rank of F' are small.
For instance, in factor models of portfolio risk analysis, = = I captures the
idiosyncratic variance of the portfolio in question, and the rank r represents
the number of economic factors and is usually a small number [I], 3, [17].
The case where a certain index of the stock market serves as the solely
economic factor (r = 1) is studied in [26]. Based on Theorem [2| the next
proposition offers an estimate for the number of iterations incurred during
the implementation of the DvPW algorithm.

Proposition 5. Assume that K, =, F and, ¢ are integer data. Define

D= ma{ux} det(Eqa). The DVPW algorithm with the least reduced cost rule
aCln

computes the unique optimal solution of the QP @ in no more than

8n2D2T+2 [K)‘min(E) + )\maX(F)2]2T [K)‘maX(E) + )‘maX(F)2] Hqu

1
+ K)\min(E)Zr—l-?)

(10)
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iterations. In particular, with = = I, the iteration bound reduces to 1 +
2r+1
8n? [K+)‘maX(F)2] ' ang
% .

Proof. We first estimate §. By the Morrison-Woodbury formula, M(;o} =
1 1
—= b eelp CRTIET =1 where R= KI+F.="1F , € R"™%". More-

K‘—‘oza K‘—‘aa ae ae—aq? oe—an
=1 ! =, where Z is a certain integer matrix. As
2. = ——E W = X.
e = et (Zpa) s

1 ~ 1
Kdet(Zaa)” K det(Zaa)
serve that det(Z,4)R is an integral matrix. Since ¢ is an integer vector, one
can deduce from Cramer’s rule that any component of the solution z is a

. Thus,

over, one has

EFpe(det(Baa)R) ELE. Ob-

a result, M ! = el

tive int 1 multiple of
nonnegative integral multiple o K det(Bag) det(det (Zan) )

% < K det(San) det(det(Ena)R)
< K det(Zaa) ™ Amax(R)" = K det(Zaa)™! [K + Amax (FZacFoe)]”
< K det(Zaa) [K + Amax(Fis Fae) /Amin(Zaa) |
< KD K 4 Apax(F)?/ Amin(2)] -

Furthermore, we have Apax(M) = Amax(KE 4+ FF') < Klpax(E) +
)\maX(FFT) = K)\max(E) + Amax(F)Q, /\min(M) > K)\min(E)7 and 7 <

max HMc:o}anQ < M Plugging all these bounds in Theorem
o KA\nin(2)
we can easily deduce the claimed bound . U

5. CONCLUSIONS

In this note, we have studied the iteration count of Dantzig’s Simplex Meth-
ods for solving linear and convex quadratic programs. The complexity
bounds rely on the condition number of the matrix in question or/and the
magnitude of the basic solutions. These results supplement those in the ex-
isting literature and are particularly useful when some key constants can be
estimated under certain circumstances. Whether the iteration bounds can
be improved is an open question to be investigated in the future.
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