Reformulation-Perspectification Technique for
nonconvex optimization problems

In this paper, we propose a new global optimization approach for solving nonconvex optimization problems
in which the nonconvex components are sums of products of convex functions. A broad class of nonconvex
problems can be formulated in this way, such as concave minimization problems, problems with difference of
convex functions in the objective and constraints, and fractional optimization problems. Our approach leverages
two techniques: first, we introduce a new technique, called the Reformulation-Perspectification Technique
(RPT), to obtain a convex approximation of the considered nonconvex continuous optimization problem.
Next, we employ a spatial branch and bound scheme, utilizing RPT together with a modified eigenvector
branching rule that extends Anstreicher (2022) to the case where X —xx ' may be indefinite, to obtain
a global optimal solution. Numerical experiments on sum-of-max-linear-terms maximization, log-sum-exp
maximization, linear multiplicative optimization, quadratically constrained quadratic optimization, and dike
height optimization demonstrate the effectiveness of the proposed approach. Across these experiments, RPT-
BB and RPT-SDP-BB are competitive with state-of-the-art global optimization solvers and are particularly

effective on several harder instances.
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1. Introduction

We introduce a new global optimization approach for nonconvex optimization problems where
the nonconvex elements are sums of products of convex functions. This formulation covers a wide
range of optimization problems, including nonconvex quadratic optimization, mixed binary linear
optimization, concave minimization, difference of convex programming, and fractional optimization.

For nonconvex quadratic optimization problems and mixed binary linear optimization problems,
hierarchical convex approximations can be obtained from the Reformulation-Linearization Technique
(RLT) (Sherali and Adams, 1999). RLT was introduced in Sherali and Adams (1990), and improved
by many authors (Sturm and Zhang, 2003; Anstreicher, 2009, 2012, 2017; Bao et al., 2011; Yang
and Burer, 2016; Jiang and Li, 2019). RLT is also applicable to mixed binary polynomial and to
continuous nonconvex polynomial optimization problems (Sherali and Adams, 1999), and has been
extended to mixed binary semi-infinite and convex optimization problems (Sherali and Adams,

2009). RLT consists of two steps: a reformulation step and a linearization step. The reformulation
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step generates redundant nonconvex constraints from pairwise multiplication of the existing linear
or quadratic inequalities. The linearization step then substitutes each distinct product of variables
by a continuous variable.

We also refer to Jiang and Li (2020) for an overview of RLT approximations for quadratic
optimization problems.

We propose an extension of RLT, which we call the Reformulation-Perspectification Technique
(RPT), to obtain a convex relaxation of the original nonconvex optimization problem. RPT
consists of a reformulation and a perspectification step. Similarly to RLT, the reformulation step
of RPT generates redundant nonconvex constraints from pairwise multiplication of the existing
inequalities. Where in RLT only multiplications of linear or quadratic inequalities are considered,
RPT also considers pairwise multiplications of not necessarily linear or quadratic convex inequalities,
thereby handling more types of nonconvexity than RLT as well as potentially obtaining tighter
approximations than RLT-based methods.

Moreover, in this paper we use a spatial branch and bound scheme, leveraging RPT and a
modification of the eigenvector branching strategy proposed in Anstreicher (2022), to obtain a
global optimal solution of the original nonconvex problem. A branch and bound algorithm was
first introduced by Falk and Soland (1969), addressing optimization problems with continuous
nonconvex separable objectives, and extended by Horst (1976) to non-separable functions, leveraging
a different partitioning rule. In the context of nonconvex quadratically constrained quadratic
problems (QCQPs), Al-Khayyal et al. (1995) develop a method for solving nonconvex QCQPs based
on branch and bound, leveraging a linearization technique. Chen and Burer (2012) develop a branch
and bound method, utilizing co-positive programming, addressing nonconvex quadratic problems
over linear constraints. Anstreicher (2022) develops a spatial branching method termed eigenvector
branching in order to strengthen semidefinite relaxations of problems with a nonconvex quadratic
objective and/or constraints, leveraging the multiplication of linear with conic quadratic inequalities.
In the context of nonlinear problems (NLPs) and mixed integer nonlinear problems (MINLPs), Ryoo
and Sahinidis (1996) propose the branch and reduce algorithm, which is implemented in BARON
(Sahinidis, 1996). The latter uses a branch and bound algorithm that iteratively solves convex
relaxations of the initial problem and finds tighter variable bounds. BARON has been very successful
so far and is in fact considered a state-of-the-art method for nonconvex optimization problems.
Another state-of-the-art method that utilizes branch and bound, addressing nonconvex problems
with an emphasis on integer problems, is the global optimization algorithm SCIP, developed by
Achterberg (2009).

Although the idea of using branch and bound to obtain the global optimal solution of nonconvex

optimization problems has already appeared in the literature, the novelty of RPT-BB lies in
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combining the new RPT relaxation with a modification of the eigenvector branching strategy of
Anstreicher (2022). In particular, because X — xzx " need not be positive semidefinite in our setting,
the branching rule is extended to also handle negative eigenvalues via an SOC-type child inequality.

For the problem of maximizing a twice continuously differentiable convex function over a convex

compact feasible region, Selvi et al. (2022) develop an algorithm based on adjustable robust
optimization, which can be shown to be a special case of our RPT approach. Additionally, Ben-Tal
and Roos (2022) develop an algorithm called CoMax, which is based on gradient ascent. The latter
is also applicable to integer optimization problems where the feasible set is a polytope. While
both methods can find high-quality bounds on the optimal solution, neither can guarantee global
optimality. Specifically, Selvi et al. (2022) is limited to problems with only one norm constraint or
multiple linear constraints, while CoMax only obtains a lower bound for the optimal solution and
imposes strict assumptions on the constraints.

Our main contributions can be summarized as follows:

1. We extend the existing RLT approach to a broader class of nonconvex optimization problems,
namely optimization problems in which the nonconvex components are sums of products of
convex functions. The proposed RPT approach can handle multiplication of constraints that
are neither linear nor quadratic, and thereby potentially obtains tighter approximations than
RLT. Moreover, it can also handle more types of nonconvexity than RLT.

2. We introduce RPT-BB, a new global optimization approach that combines the new RPT
relaxation with a modification of the eigenvector branching strategy of Anstreicher (2022).
Because X —xx " need not be positive semidefinite in our setting, we extend the branching
rule to also handle negative eigenvalues via an SOC-type child inequality. We show that the
resulting RPT-BB approach converges to the optimal solution under Adaptation A in Section 6.

3. We provide several theoretical insights for our approach. We show that using epigraphical
variables for the nonlinear convex components in the nonconvex objective and/or constraints,
yields an RPT relaxation that is at least as tight as without the introduction of epigraphical
variables. Further, we show that adding linear constraints that are redundant to existing linear
constraints does not tighten the RPT relaxation, while adding linear constraints that are
redundant to existing nonlinear constraints can be useful.

4. We demonstrate the effectiveness of the proposed RPT-based branch-and-bound methods
through numerical experiments on five classes of problems: sum-of-max-linear-terms maximiza-
tion, log-sum-exp maximization, linear multiplicative optimization, quadratically constrained
quadratic optimization, and dike height optimization. The results show that RPT-BB and
RPT-SDP-BB are competitive with state-of-the-art global optimization solvers and are par-

ticularly effective on several harder instances. In particular, for the sum-of-max-linear-terms
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benchmark, our methods often outperform BARON on the more difficult instances and, in the
nonconvex-feasible-region setting, RPT-BB is the only method that proves global optimality
within the time limit for some instances; for the log-sum-exp benchmark, both RPT-BB and
RPT-SDP-BB solve all instances to global optimality, while the biconjugate formulations
remain difficult for BARON and SCIP; and for the dike height optimization problem, RPT-
SDP-BB solves all tested instances at the root node in less than a second. In addition, we
extensively study alternative branching implementations in Appendix A, which motivates the

main-text choice of the Secant variant.

This paper is organized as follows. Section 2 introduces the generic nonconvex optimization problem
we consider. Section 3 presents the RPT-BB approach. Section 4 illustrates the approach on a
simple example. Section 5 discusses additional strengthening strategies. Section 6 provides the
convergence analysis. Section 7 shows how several known convex reformulations and relaxations

can also be obtained via RPT. Section 8 reports numerical experiments. Section 9 concludes.

Notation. We generally use bold faced characters such as a € R” and A € R™*" to represent
vectors and matrices, respectively, a; to denote the i-th element of the vector a, A; € R™ to
denote the i-th column of matrix A, and A;; to denote the entry of A in the i-th row and j-th
column, unless specified otherwise. The calligraphic letters Z, 7, K, £ and the corresponding capital
Roman letters I, J, K, L are reserved for finite index sets and their respective cardinalities, i.e.,
Z={1,...,1} etc. The subscript 0 for an index set indicates that the set additionally includes 0,
i.e., Iy ={0,..., I} etc. Let R™*"™ denote the set of real m x n matrices, and S™ the set of real n x n
symmetric matrices. We use ri(V) to denote the relative interior of a set V C R™. The domain
of a function f:R™ — [—00,+00] is defined as dom(f) ={v e R™ | f(v) < +oo}. The function
f is proper if f(v) > —oco for all v € R™ and f(v) < +oco for at least one v € R™, implying that
dom(f) # 0. In addition, f is closed if f is lower semicontinuous and either f(v) > —oc for all v € R™
or f(v)=—oo for all v € R™. The conjugate of a function f:R"™ — [—o0,+0o0] is the function
f*:R™ — [—00,400] defined through f*(w)=sup, {v"w— f(v)}. The conjugate (f*)* of f* is
called the biconjugate of f and is abbreviated as f**. The indicator function &y : R™ — [—00, +00]
of a set YV C R™ is defined through 6y (v) =0 if v € V and dy(v) = +oo if v ¢ V. The support
function 65, : R™ — [—00,400] of a set V C R™ is defined through d}(w) =sup,,¢,, {v w}. The
perspective function of a proper, closed and convex function f:R"™ — (—oo,+0o0] is defined as
h(v,t)=tf(v/t) if t >0, and h(v,0) = 3,4 (¥) for all v € R™. For ease of exposition, we use

tf(v/t) to denote the perspective function h(v,t) for the rest of this paper.
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2. Generic problem formulation
We consider a generic nonconvex optimization problem of the following form:
min  fo(x)
st. fu(x) <0, kek, (1)

reX,

where fj, : R"* — [—00,00] is a sum of convex times convex (SCC) function for all k € K, that is,

fr(®) = cor(x +Z7’zk x)cip(x

1€Ty,

and cor, rik, i : R™ — (—00, +00], are proper, closed and convex functions for every i € Z;,, k € Ko.

The set X CR™ is defined by:

X={xecR™|ATx<b, P'x=s, h(z)<0},
where A € R"=*™1 P eR"*m2 peR™, s€R™2, h(zx)=[hy(x) hi(x) --- hy(x)]", and h; : R" —
(—o00, +00] are proper, closed and convex for every j € J,. We make the following assumptions.
ASSUMPTION 1. The set X is nonempty and compact.

ASSUMPTION 2. If 1y, and c;, are both nonlinear, then i (x) >0 and c;x(x) >0 for all x € X, for
every i €L and k € Ko. If 7, is linear and c;;, is nonlinear, then r;,(x) >0 for all x € X, for every
1€ and k € Kqy. If both r;, and ¢y, are linear, then we do not impose any assumption on these

functions.

Observe that we can reformulate an SCC function in the following way:

COk(iD) + Z Tikcik(m) <0

ieIk
cor(x) + g T )e ) <0 <— . .
Ok 7 zk m le(w) < Tik, if r;;, and ¢;;, are nonlinear,
le k . . .
ri(X) =T, if 7, is linear.

Hence in the remainder we can assume, without loss of generality, that the functions f; in (1) are

sum of linear times convex (SLC) functions for all k € Ky, that is,

Jr(x) = cor(x +Z Qik — m"B cin(), (2)

1€Ly
and ¢;; € R, d;. € R™ | and cqy, ¢, : R™ — (—o00, +00]| are proper, closed and convex for every i € 7y,
and k € IC().

We now present some examples of functions that are SLC or can be equivalently written as an

SLC function.
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EXAMPLE 1 (DIFFERENCE OF CONVEX FUNCTIONS). Consider the Difference of Convex (DC)
function fi,(x) = cop(x) — 11 () <0, where cop, ¢ : R™ — (—00, +00] are proper, closed and convex
for some k € Kq. We can then reformulate the corresponding constraint function into an SLC

function using the biconjugate reformulation (Rockafellar, 1970) and obtain

fi@®) <0 = inf  {eon(@) — "y + iy (y)} <0
y€dom(c],)
<= Jyedom(c): con(x) —x 'y +cii(y) <O, (3)

as long as the infimum is attained, since we can then remove the inf operator. In case the infimum is
not attained we refer to Appendix B. We note that for many important classes of convex functions,
their conjugates and domains are readily available from the literature. We summarize several of
them in Table 1. We note that DC functions constitute an important class of SLC representable
functions. For example, every twice continuously differentiable function has a DC decomposition
(Hartman, 1959) and can therefore be written as an SLC function. Moreover, every concave function

is a DC function, as we can take coi(x) =0.

Table 1 Example of functions f(-) and their corresponding conjugates. For the functions in #8, we assume that

Niri(dom(g;)) # 0.
# f dom( f*) I
1 flz,z)=|zl.—2 {(v,9):1lyll2<1, y=1} [ (y,9)=0
2 f(z)=xlog(x) {y:yeR} [ (y) =exp(y—1)
3 f(z)=—log(x) {y:y<o0} f*(y)=—log(~y)—1
4 flz)=V= {y:y <0} [y =-3
5 f(x)=max;z; {y:y>0,>", vy, =1,Vk} f(y)=0
6 f(x) = Zl maXgerc; Ti {{yi}i (Y >0, Zkelci Yik = 1,Vi} f*(y) =0
7 f(z)=log (> ,exp(z;)) {y:y>0,> ,y:=1} f(y)=>_,yilog(y:)
8 flx)=39i(x) Hyiti 2o, yi=y,ys €dom(g;),Vi} f*(y) =ming,,, >, 9; (¥:)

EXAMPLE 2 (FRACTIONAL OPTIMIZATION). Consider the following fractional function

fa) =y “@)

ieT ri(x)’

where ¢; : R"* — R, is convex and r; : R"* — R, , is concave for every ¢ € Z. Then f is not necessarily

convex or concave. However, the function is SCC, since 1/r;(x) is convex and nonnegative. O

EXAMPLE 3 (SOME EXAMPLES OF SLC FUNCTIONS). Table 2 lists several examples of SLC func-
tions that are generally nonconvex. These functions are SLC-representable provided that Assump-
tion 2 holds. Hence, our proposed approach can deal with Problem (1) containing (sums of) such

nonconvex components. g
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# f(x) ci(x) (¢g—d"x) Assumptions
1 Vg—d'z (q—d"z)"V? g-d'x —
2 (¢—d'z) (g—d™z)’t q-d'z 0€c[0,1]
3 —(¢g—d'z)’ —(¢g—d™x)’"! g—d'x 0€]1,2]
4 —(g—diz)In(gx—djz) —In(gx—dyx) ¢s—djz —
5 (q—d'z)x"Qx z'Qx g—d'z Q>0

Table 2 Selected SLC-representable functions and their defining components.

3. Reformulation-Perspectification Technique and Branch and Bound

In this section, we describe our new approach, called RPT-BB, to obtain a global optimal solution

of (1). Our approach comprises five steps:

Step 1: Preprocessing. Introduce epigraphical variables for every nonlinear convex component

Cok, k € Ko, in the nonconvex SLC functions.

Step 2: Reformulation and perspectification. Generate additional redundant nonconvex
constraints from pairwise multiplication of the existing convex inequalities in (1). Next, convexify all
nonconvex components in (1) and all nonconvex components in the additional generated constraints

by reformulating them in their perspective form and subsequently linearizing all product terms.

Step 3 (Optional): SDP relaxation. Add an additional LMI inequality from the SDP relaxation

of the linearization of all product terms.

Step 4: Obtaining upper bounds. Solve the convex RPT relaxation. From the solution of the
RPT relaxation, construct a set of candidate solutions for (1), substitute these candidate solutions

in Problem (1) and choose the best upper bound obtained.

Step 5: Branch and bound. Solve Problem (1) to optimality by means of a spatial branch and

bound method. In the next sections, we describe each of these steps in more detail.

3.1. Preprocessing step

We introduce epigraphical variables for the convex component in the nonconvex SLC functions

of (1), and from (2) we have

min 7o+ ) (10— dw) cuo(®)

1€Zg
st. T+ Z (Qik - dﬁm) cin(x) <0, kek, (4)
1€ELy
(x,7)ET,
where 7 ={(z,7) e R™ x RET! |z € X, ¢y(x) <7}, and cy(x) = [coo(x) cor(®) -+ cor(x)]" C

(—00, +00]5+1. As we will see later in Theorem 1, we can multiply these extra epigraphical constraints

with the existing convex constraints to obtain a tighter convex relaxation.
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3.2. Reformulation and perspectification

Now we are ready to explain the core idea of RPT. We first consider the univariate
case. The intuition is as follows: Consider the convex function ¢ : R — R and the non-
convex constraint set X = {x €R,: zc(z) <0}. The constraint set can be written as X =
{( r)eR, xRy xe ( > <0, ' == } . Observe that the new set X is also nonconvex due to
the constraint 2’ = z2. However, observe that for x > 0, the function h(z,2') =z ¢ <%> is the
perspective function of ¢(-) and therefore it is jointly convex in = and «’. Thus, by either completely
relaxing ' = 2% and adding the hitherto redundant 2’ > 0, or by relaxing it as 2’ > z? to preserve

convexity (and nonnegativity), one obtains a convex outer approximation of X.

REMARK 1. Observe that the RLT approach is a subcase of RPT as described above, assuming
the function ¢(-) is linear. Since the perspective of a linear function is the function itself, the
perspectification step is not needed in RLT. However, for nonlinear functions this is not the case

and therefore the perspectification step is necessary.

In the general case, let f be an SLC function as given by (2), that satisfies Assumption 2. Then we
can perspectify the generally nonconvex function f by first multiplying and dividing the argument
of ¢; by (q; —d/ ) for every i € Z to obtain the following equivalent reformulation of f:

@) =cofa) + Y (0 - dl e, (122 LY
i€z
Then, the quadratic terms xzz' in the argument of the reformulated f can be linearized by
substituting " with X € S"* to obtain the following sum of perspective functions:

S —diwe () )
which is jointly convex in (@, X) because ¢; is convex if and only if its perspective is convex
(Rockafellar, 1970). Observe that if Assumption 2 is not satisfied, i.e., ¢; — d; £ <0 for some z € X
and ¢ € Z, then the above sum of perspective functions might not be convex. We obtain the following

convex relaxation:

. giox — Xd;g
;T“l_lf)l( 7'0+Z (Gio — 1093 Czo< o —diz >

€Ly
i Xd;
s.t. T + E Qir. — ka Cik <q’€w}¢> <0, kek, (6)
—— qix — dmw
? k
(x,7)ET.

By pairwise multiplying inequalities in the set 7, we can obtain additional redundant SLC constraints,
which can then be convexified in a manner similar to what was described above. Once convexified,

these SLC constraints are no longer redundant and actually serve as bounds on the newly introduced



Author: Reformulation-Perspectification Technique for nonconvexr optimization problems

variables corresponding to the product terms. We can pairwise multiply the linear inequality
constraints in the set 7, similar to the approach in RLT, to derive bounds on the newly introduced
variables X € S™=. However, with RPT, we can incrementally improve this approximation by also
considering the pairwise multiplication of the linear and convex constraints in the set 7, followed
by the pairwise multiplication of the convex inequalities in the set T .

To be more precise, by considering the following cases of pairwise multiplication of the constraints

in the set T, we incrementally improve the convex relaxation of (1) derived from RPT:

Linear inequality x Linear inequality. This is well-known in RLT: we multiply the constraints

ATz <bof (1) with ATz <b, and obtain the redundant constraints:
br' A+ ATxb"' <ATxx ' A+bb'.

Since the (7, 7)-th constraint is exactly the (j,7)-th constraint, we only consider the upper triangular
of the matrix equations; so m;(m; + 1)/2 constraints instead of m?. Next, the nonlinear quadratic
terms x| are linearized by substituting them with X € S™=. We then obtain the following additional
convex constraints:

br' A+ ATzb" <ATXA+bb'. (7)
Moreover, we include the additional constraints
Xii>0, i€{l,....,n.},
since z? >0 for all i € {1,...,n,}.

Linear inequality x Convex inequality. By multiplying each /-th linear inequality A} = < b,
of (1) with the convex constraints ¢o(x) <7 and h(x) <0, we obtain m,(J + K + 2) redundant

SLC constraints of the form
(by— A} x)co () < (by— A/ x)T and (b— A,/ x)h(x)<0 e{l,...,my}.

Next, the redundant SLC constraints can be reformulated into:

_ T
by— Al z)h () <0 — by— A} x)h M <0 and
¢ ‘ by— Al x
¢ Sy
byx —xx' A
(- Alo)ea(@) < (- Ale)r = (- Az (V5T < - Al
e Ly

Finally, the nonlinear quadratic terms &z " and the bilinear terms 72 " are linearized by substituting
them with X € S"» and V € RE+Uxnz {0 obtain the following additional convex constraints:

bg.’L‘—XAg bgCC—XAg
(b[ — A;x)h (M}j) S 0 and (bg — AZ—CU)CO <W S b[r — VA[



Author: Reformulation-Perspectification Technique for nonconvex optimization problems

10

EXAMPLE 4 (PERSPECTIFIED FORMS OF SELECTED SLC-REPRESENTABLE FUNCTIONS). Table 3
complements Table 2 in Example 3 by showing the perspectified forms of the SLC-representable

functions. OJ

# f(x) Perspectification Assumptions

—d'x
1 Jg—dr —d" a —
q €T (q m)\/q2—2da33+dTXd

2 (¢—d x) (q—d"x) <q2_2qqdj27—;dTXd>e_l 0c0,1]
3 _(g—da) (g—dx) (q2—2qqdjz:;dTXd ot oL
U (o)l - dfe) (g —dfo)i (L2 0GI AT TAXG)

5 (g—d'z)z"Qx (gz—Xd)"Q(gz — Xd) " 1 Q>0

g—dTz
Table 3 Perspectified forms of the SLC-representable functions in Table 2.

Linear equality x Convex inequality. When multiplying a linear equality constraint with a
convex inequality constraint, the denominator and coefficient of the resulting perspective function
are zero. Fortunately, all additional nonlinear constraints resulting from multiplying a linear equality
constraint with a convex inequality constraint are redundant as long as we consider the pairwise
multiplication of the linear equality constraints with all variables (see Lemma 1). For quadratic
problems, a similar observation was first mentioned by Sherali and Adams (1999, Remark 8.1).

Before we formally prove Lemma 1, we first define redundant constraints.

DEFINITION 1 (REDUNDANT EQUALITY CONSTRAINTS). An equality constraint f(z) =0, where
f:R™ — (=00, 4+00], is redundant to the nonempty set X CR™ if X C{x| f(x)=0}.

LEMMA 1. Let d"x = q be an equality constraint, where d € R and q € R. If the function f :

R" — (—o0,+00] is proper, closed and convex, then the constraint (¢ —d'x)f (‘jﬁ;}fz) =0 is
redundant to {(x, X)|d 'z =q, Xd=qx}.

Proof. Fix (x,X) such that d"x =¢ and Xd=qz. Then ¢ —d"'z =0 and gz — Xd =0. By
the standard closure formula for the perspective of a proper, closed and convex function,

gr — Xd .
(q—dTw)f(q_dTw> = Gom(s+) (0)-

Since f is proper, closed, and convex, its conjugate f* is proper (Rockafellar, 1970, Thm. 12.2). By
definition of properness, dom(f*) # (), hence

gom(f*)(o) = sup <an> =0.
yedom(f*)
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Therefore, (¢ —d'x)f (%) =0 is satisfied by every (x, X)) in the set, i.e., it is redundant. [
Thanks to Lemma 1, it suffices to multiply each ¢-th linear equality constraint P,"x = s, with x

and 7 respectively. We then obtain mgyn, + mq(K + 1) redundant SLC constraints of the form
(ss—P/x)r=0 and (s;,—P z)Tr=0 ce{l,...,may}.

Finally, the nonlinear quadratic terms xx " and the bilinear terms 72 " are linearized by substituting
them with X € S"» and V € R+ >7e Including all additional constraints from pairwise multiplying
the linear constraints with the linear and nonlinear convex constraints in Problem (6) we obtain

the following convex relaxation:

. giox — Xd;o
min To + E qio — Zom Cio| ———F—
z,7,X,V dio — diox

1€Zg
g — Xdi
S.t. Tk+ Z Qik — ka Cik <W> SO, ]{TGIC,
i€y, ik
br' A+ Axb"' <ATXA+bb',
X“EO, ZE{l,,nQ,}, (8)
bga:—XAg
(be— Ajx)h <b[—A[T:1:) <0, te{l,...,m},
- XA
(bg —A;ZB)CO (lm) < bgT—VAg, {e {1,...,m1},
0 Sy
sqx— X P, =0, EE{L...,’I?’LQ},
st — VP, =0, te{l,...,my},

(x,7)eT.
Note that there are my(J + 1+ ™) + (my + 1)(K +1) 4+ (m2 + 1)n, + mo(K + 1) additional
constraints and n2 + (n, +1)(K + 1) additional variables in (8) compared to (1).

The following theorem demonstrates that introducing epigraphical variables for the convex
components of the SLC functions in (1) (as is done in the preprocessing step of RPT; see (4)), can

result in a potentially tighter RPT relaxation.

THEOREM 1. The convex relazation (8) obtained from RPT with the preprocessing step is at least

as tight as the relazation obtained from RPT without the preprocessing step.

Proof.  Applying RPT without the preprocessing step yields the relaxation:

. o — Xd,;
min coo(x) + Z qio — z0117 Cio <(]00>

oo
qikT Xdzk
s.t. COk + EZI: qik — “Cl' Cik <Ctlk$> < O, ke IC,
el
br'A+ATzb' <ATXA+bb', (9)
X“‘ZO, ZE{l,,nz},

ng—XAg
(be— A/ z)h <be—AZ$> <0, te{l,...,mi},

ng—XPg:O, EE{l,...,mg},
reX.
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Compared to (8), problem (9) omits the following two sets of constraints:

(bg-AZ(IJ)Co(M> <bT—-VA,, EE{I,...,ml},

b[—A;m

(10)
s;T— VP, =0, te{l,...,my}.

Let (11) denote the problem obtained from (8) by dropping the two sets of constraints in (10):

. o — Xd,;
min To + Z(qz'o — diTO:c)cio <qoo>

z,7,X,V s qio — d;rom
qirT — X d,

s.t. T + g — djx)c; () <0, kek,
k Zezz:k( k k ) k Qik_d;l;gm
bx' A+ ATxzb' <ATXA+0bb', "
XMZO, ie{laﬂ';nm}a ( )

b/x—XAp
—Alx)h | ") < 1,...

(bé em) < bg—A2—$ ) —07 EG{ ) aml})
spx— X P, =0, EE{l,...,mQ},
cor(x) < 7,4 k€ Ko,

reX.

Since dropping constraints can only enlarge the feasible region, it follows that min (8) > min (11).
Next, observe that after removing (10), the variable V' no longer appears in any constraint and
can therefore be eliminated without affecting feasibility or the minimum. Moreover, in (11) the
variable 7 appears only through epigraph constraints, and the objective is nondecreasing in T;
hence 7, can be eliminated by setting it to cox(x) for every k € Ky. Observe that, eliminating 7
from (11) recovers exactly (9). Hence, min (11) = min (9), which implies that min (8) > min (9).
Therefore, (8) is at least as tight as (9). O

The following example shows that introducing epigraphical variables for the nonlinear convex

components in the preprocessing step can indeed tighten the RPT relaxation.

EXAMPLE 5 (EFFECTIVENESS OF PREPROCESSING). Consider the following nonconvex optimiza-
tion problem:
(z2—2)°

: i (12)
st. 0<mz <1.

max T1To —

In the following we compare two convex relaxations of (12) obtained from (i) applying RPT

without the epigraphical reformulation, and (ii) applying RPT with the epigraphical reformulation,
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respectively,
max X12 —T
xz, X ,T,v
. (1272)2 s.t. 0 S I S 1,
IB,E)L(X Xip — 27 X1 —22,4+12>0,
s.t. nglgl, 331—X1120a
X11—2$1+120, Xllzov
x1— X1 >0, and (22 —2)? <
X120, 4 _27—7
(X12 — 22?1) < ’U,
4331 B
($2—2—X12+21‘1)2 <7'—'U
4*4331 B ’

Note that the maximum objective value of the convex relaxation without the epigraphical reformula-
tion is oo, where x} € [0,1], 5 =2, X7, € [max(2z} —1,0),z7] and X}, = co. In contrast, the objec-
tive value of the epigraphical reformulation is 3, with the optimal solution (x}, x5, X7, Xiy, 7, 0%) =

(1,4,1,4,1,1). O

However, as demonstrated in the following lemma, introducing epigraphical variables for the

linear components does not enhance the convex relaxation obtained from RPT.

LEMMA 2. Introducing epigraphical variables for the linear components in the preprocessing step of

RPT does not result in a tighter convex relaxation.

Proof.  Suppose cqi, : R™ — R is a linear function in (1) for some k € Ky. In the preprocessing
step of RPT, one can introduce an epigraphical variable 7, for the linear component cq, and consider
the linear equality 7, = cor() in the constraints. From Lemma 1, we know that it suffices to
consider the multiplication of this constraint by & and 7 to obtain the convex relaxation from RPT.
Specifically, from the reformulation and perspectification step of RPT, we obtain:

(Ve

Tr!

X, .
Vki:a:ic()k( ), ie{l,...,n,}, and Tkk/:Tk/COk<

> , = Ko,
where V,, and T}, are variables introduced to linearize the product terms 7@ and 7,7, respectively.
Since V;, and T}, do not appear anywhere else but in these linear equalities in the convex relaxation

from RPT, these equalities exactly determine V}, and T} and are therefore redundant. O

Convex inequality x Convex inequality. Just multiplying a nonlinear convex constraint h;(x) <
0 with another nonlinear convex constraint hj () <0 results in a constraint —h;(x)h; (x) <0 for
which the constraint function is not an SCC function, since in this case —h;(x) is concave instead
of convex. However, sometimes rewriting the constraints, and then multiplying the left-hand sides
and right-hand sides of the constraints yields convexifiable constraints. Consider for example the

following two exponential constraints:

exp(z1) <z and  exp(x3) < 4.
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We can then multiply the left-hand sides and the right-hand sides, and multiply the right-hand
side of each constraint with the other exponential constraint to obtain the following convexified

constraints:

exp(z1 + x3) < Xoy,

X

T4 €XP = < Xou,
Ly
X

To €XP — < Xo4.
T2

Also, several ways of obtaining a convexifiable constraint from pairwise multiplication of conic
quadratic constraints are readily available in the literature (Yang and Burer, 2016; Anstreicher,
2017; Jiang and Li, 2019).

A related mechanism arises when a nonlinear convex inequality is replaced by a redundant
linear support (e.g., a supporting hyperplane) and then combined with a second nonlinear convex
inequality. Although such linear supports do not change the feasible region, they can generate
additional valid inequalities after RPT, thereby tightening the relaxation. An analogous observation
has already been made in the literature for RLT; see, for example, the SOC-RLT construction in

Burer and Anstreicher (2013).

3.3. Additional SDP relaxation

In order to further tighten the convex relaxation, effective SDP cuts can be considered. In the
perspectification step of RPT, the nonconvex quadratic terms xx " are linearized by a symmetric
matrix X. Such a linearization based relaxation for the nonconvex quadratic equality X = zx " may
be significantly improved by the SDP relaxation X = xax ", which can be equivalently reformulated

as an LMI by using Schur complement (Boyd and Vandenberghe, 2004):

(jﬁ ”f) = 0. (13)

Because we also have epigraphical constraints, we can consider including the following LMI:

XV'iz

vV T 1| >0,

z' T 1
where T € SK*! denotes the matrix that substitutes the quadratic terms 77 7. Although including
the LMI might tighten the convex RPT relaxation, it can significantly increase computation time.

Hence, this step is optional. Observe that if the above LMI is included, the additional constraints
X;;>0,ie{l,...,n,}, are redundant to the LMI.
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3.4. Obtaining upper bounds

Let (*,7*, X", V*) be the solution of the convex RPT relaxation (8). We propose to construct the

set X' ={x*, xf,..., @ x),...,xY } of candidate solutions for (1), where

—+ otherwise, - otherwise,

i Tk

Note that by definition x* € X' is always satisfied.

x z* ifx; =0, v " it 77 =0, )
x; =4 x: and x, = VT, forallie{1,...,n.}, k€K,.

LEMMA 3. If X explicitly contains the nonnegativity constraints x > 0, then X’ C X.

Proof.  Since X explicitly contains the nonnegativity constraints & > 0, by construction, if

x; #0, it follows from x} >0 and ¥ = ff that
ATX7 <atb AT <b
P'X =2fs — PT):;'* —s
sih () <0 h(3)<o.

Otherwise, if 7 =0, we have =X = x* by definition, hence =X € X. Therefore, X € X for every
i€{l,...,n,}. Analogously, one can show that x} € X for every k € K. O
In cases where all constraints are convex (i.e., K =), substituting the candidate solutions into
the original Problem (1) yields upper bounds corresponding to each candidate solution, allowing us
to choose the best upper bound obtained. However, if « is not assumed to be nonnegative, or if we
also have nonconvexity in the constraints, then the candidate solutions in X’ obtained from the
RPT relaxation may not be feasible for Problem (1). In such scenarios, to determine the best upper
bound, we propose considering only those candidate solutions that are feasible for Problem (1).
Observe that if we have nonconvexities in the constraints, it is possible that none of the candidate
solutions is feasible. Furthermore, note that if only some of the z;, i € {1,...,n,}, are assumed

to be nonnegative, it is possible to obtain an upper bound by considering only those candidate

solutions fi* where the indices ¢ correspond to positive x}. This can be proved similarly to the
proof of Le;nma 3.

The obtained feasible solutions could also be used as warm starts for existing algorithms, to
improve the upper bound. Namely, we can use a local optimization algorithm, such as the Ipopt
solver (Waechter et al., 2009), initialized at the candidate feasible solution, to obtain a local
optimum. We then replace the candidate solution in X’ by the obtained local optimum. Note that
we can also initialize it from an infeasible solution, and if the solver finds a feasible solution, we
also add the solution to X”'. Moreover, for the problem of minimizing a concave or a difference of
convex function, using the biconjugate reformulation, the problem can be formulated as a disjoint
bilinear optimization problem, where the bilinear function is in fact an SLC function (see Example

1). Hence, we can leverage the mountain climbing algorithm by (Tao and An, 1997), to find a local

optimum of (1), see Appendix C.
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3.5. Spatial branch and bound method

We solve Problem (1) to global optimality via a spatial branch and bound scheme. Each node N; of
the search tree is associated with a relaxation region X; C R"* x S™ that collects the constraints
on (x,X) inherited along the path to N; (including & € X). At node N;, we solve the convex
RPT relaxation (8) with the additional restriction (@, X) € &j;; this yields a valid lower bound.
A feasible solution (and hence an upper bound) is obtained using the techniques in Section 3.4.
The algorithm terminates when the global optimality gap (Ub — Lb) is at most §, a user-specified
optimality tolerance.

Before formally defining the branching strategy, we make the following observation. Problem (8)
is a relaxation of Problem (1) obtained by omitting the rank-one condition X = xzx ™. Any feasible
x of (1) can be lifted to a feasible solution of (8) by setting X =xx " (and, when epigraph variables

are present, choosing T accordingly and setting V =7z "). Moreover,
{@,X)| X =za'}={(x,X) |WeR™: (v x)’<v'Xv, v Xv<(v'z)}. (14)

Thus, omitting the nonconvex constraints in (14) yields the convex relaxation (8), which can be
solved efficiently, but whose solution is often infeasible for Problem (1).

To address violations of (14) in solutions of (8), we use the following eigenvector branching
strategy. Let (*,7*, X*, V*) be an optimal solution of the RPT relaxation at node N;, and let
(\,v) denote an eigenpair of the symmetric matrix X* —x*(*) ", where |\| is maximal and v is
the corresponding unit eigenvector. Set I; = v @* and branch on the hyperplane v'x =1;. The

rank-one condition requires v' Xv = (v x)?, while at the relaxation solution we have
v X*v— vz =), (15)

so |A| measures the rank-one violation in direction v. Hence, eigenvector branching adaptively
selects a direction of maximal rank-one violation (Anstreicher, 2022). We now define the branching
rule according to the sign of A.

Case A < 0. We add the convex inequality (v'2)? <v' Xv in each child and define

X, ={(z,X) € X, | vie<l;, (v'z)<v'Xv},

J

szz{(w,X)EXj | I/TCUZZJ', (I/Tac)zgl/TXV}.

J

The current solution (z*, X*) is infeasible in both children because (v'z*)? —vT X*v=-X>0

violates (v'Tx)? <v'Xwv.
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Case A > 0. We would like to impose v Xv < (v'x)? in each child, but this inequality is non-
convex. We therefore replace it by secant inequalities, following Saxena et al. (2010) and Anstreicher

(2022). Define

I :=min{v'z: (z,X) € A}, lj:=max{v'z:(z,X) € X;}.

=J
The two convex child regions are then

Xy ={(@, X)eX; |ve<l, v'Xv<(+l)v e—1L]1},

Xj2:{(x,X)€Xj ‘ VT$le7 VTXVS(IJ‘ +ij)I/T£U—lij}.

The current solution (z*, X*) is again infeasible in both child relaxations because v X*v =
(v'x*)? 4 X, whereas both secant right-hand sides evaluate to I = (vTx*)* at v a* =1;. Moreover,
these secant inequalities are valid for all rank-one solutions: if X =z ", then v' Xv = (v'x)?,
and on [1;,1;] and [I;,1;] the function (vx)? lies below its secant. Since the split is exhaustive, any
feasible (in particular, globally optimal) rank-one solution remains feasible in at least one child.
Branching at node N; therefore does not exclude any feasible solution of Problem (1) that is
consistent with N;. Indeed, let & be feasible for Problem (1) and suppose (z,zx ") € X;. Then x
can be lifted to a feasible solution of the node relaxation by setting X =xx' (and, when epigraph
variables are present, choosing 7 accordingly and setting V =7z "). By the case analysis above, the
child inequalities are valid for such rank-one lifted solutions, and since the split v '@ <[; or v @ > [;
is exhaustive, the lifted solution remains feasible in at least one child. Consequently, branching
only on (x, X) is sufficient for correctness: it does not exclude any feasible (in particular, globally
optimal) solution of Problem (1). The auxiliary variables 7 and V' need not be branched on and

are re-optimized in each child relaxation.
X x
z' 1
points of the relaxation, and hence A < 0 cannot occur. Without this constraint, X —xzx ' may

If the semidefinite constraint > 0 is enforced, then X —xx " > 0 holds for all feasible
be indefinite, and either sign of A can arise; the branching rule above covers both cases. We treat
|A| < 6eig (for a prescribed tolerance d. > 0) as indicating no significant rank-one violation in the
selected direction. In that event, eigenvector branching provides little refinement, so we apply a
coordinate split as a fallback spatial refinement step (see Section 6 for more details).

After branching, we solve the RPT relaxation over each child region (optimizing over (z,7,X,V')
subject to (x, X) € X}, ) to obtain lower bounds and update the global upper bound using Section 3.4.
The branching rule is summarized in Algorithm 1. To construct the RPT relaxation at a node, we
perform constraint multiplications only for inequalities involving x alone, including the branching

inequality '@ <[; or v @ >[;. We do not use constraints involving X (e.g., the secant inequalities
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or (v x)? <v' Xw) for constraint multiplications, as doing so would introduce products such as
x; Xpe (i-e., third-order terms); instead, we keep these constraints in their original form. We prune a
node whenever its lower bound exceeds the current best upper bound and select the next node using
best-bound selection (i.e., the active node with the smallest lower bound). Algorithm 2 summarizes

the overall procedure.

REMARK 2. Since the eigenvector v corresponding to the eigenvalue with the largest absolute value
is typically dense, the resulting branching constraints are dense as well. Dense constraints may
increase per-node solve time relative to coordinate branching; however, in our experiments we did
not observe a consistent or dominant runtime impact attributable to this density. Moreover, a dense

v couples many components of @, which can help tighten the relaxation when RPT is applied.

Algorithm 1 Eigenvector branching strategy
Input: &}, 0.

Output: (X, X},).

1: Solve the RPT relaxation over X; and obtain (z*, X*).

2: Compute an eigenpair (A, v) of X* —z*(x*)" such that || is maximized and ||v|, = 1.
3: if |A| < g then

4:  (Fallback) Apply an exhaustive spatial refinement rule to X; (e.g., a coordinate split; see

Section 6) and return the resulting two child regions X;, and X,.

5: else if A <0 then

6:  Setlj:=v'zx".

. Xy {(@, X)eX |vTe<l;, vx)<v'Xv}

8 X, {(x, X)eX;|lvie>l, (vz)2<v Xv}

9: else
10:  Setlj:=v'z*.
1 Lemin{vz|(z, X)X} L max{vz|(z,X)c X}
122 Xy —{(x, X)eX v e<l;, v' Xv<(,+1;)v e}
13: X, {(x, X)eX;j|vie>l, v Xv<(;+1)v -1}
14: end if

15: return X,

X;,.
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Algorithm 2 Branch and bound via RPT
Input: (Ny, Xy, Lbg, Ubyg, d).
Output: (x*,Lb, Ub).
1: Lb+Lby; Ub ¢ Ub.
2: ACTIVE <« {Ny}.
3: while Ub—Lb > ¢ do
4:  N; < argminy,cacrive Lb;.
5. Partition node IN; by constructing &, , X, from &; via Algorithm 1.
6: for k=1,2do
7 14— Jg.
8: Solve the RPT relaxation over X; at node N; and obtain Lb; and Ub;.
9: if Ub; < Ub then
10: Ub < Ub, and update the incumbent x*.
11: end if
12:  end for
13: for k=1,2 do
14: i .
15: if Lb; < Ub then
16: ACTIVE «+ ACTIVEU {N,}.
17: end if
18:  end for
19:  ACTIVE + ACTIVE\ {N;,}.
20:  if ACTIVE =0 then
21: break.
22:  end if
23:  Lb < miny,cacrive Lb;.
24: end while
4. A simple example
In this section we demonstrate the approach by solving the following toy problem:
min  3zy —3xs+ 323+ (21 + 22+ 1) exp (21) + (21 + 22+ 1) exp (z3)
YT a1,
z; <10, i€{1,2,3},  (16)

exp (xy — x3) < xy,
2exp (77””1) +2exp (%”) <2+4exp(—1).
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Let Xt denote the feasible set of toy problem (16), consisting of four linear constraints and two
convex exponential constraints. The objective is nonconvex, however it is SLC, hence we can apply
the proposed framework to find the global optimum.

Linear x Linear. First, we perspectify the SLC objective, and then we consider adding constraints:

(x1 + 29+ 1) =22 + 25 + 21125 + 27, + 225 +1 >0,

(2 — 10) (2 — 10) = 232 — 102, — 102y + 100 > 0, i <i'e{1,2,3),
(10 = x;)(x1 + 2o + 1) = 102y + 1025 + 10 — 2,21 — 2329 — ; > 0, i€{1,2,3},
22 >0, ie{1,2,3).

Finally, the product of variables 2, 3, 2, 123, ;73 and z,x3 in both the perspectified objective
as well as the additional generated constraint are substituted by continuous variables Xi;, Xs,,

X33, X102, X13, and X3 € R respectively to obtain the following convex relaxation:

min 32y — 8y + 32y + (w1 + 25 + 1) exp (XK o () 4y + 1) exp (XrtXaaten )

z, X x1ta2+1 z1+xo+1
s.t. xeXr,
Xi1+2X5+ X0+ 221 +22,+1 >0, (17)
X —10z; — 10z + 100 > 0, i<i' e{1,2,3},
10z, + 1025 + 10 — X1 — X9 — 23 > 0, ie{1,2,3},
X; >0, ie{1,2,3}.

The solution of (17) appears to be

1 X!, X!y X, 12.94 —48.08 —41.10
o' =|1.10] and X'=|X} X}, X | =|-48.08 78.01 —40.07|,
1.10 X!, X5, XL, —41.10 —40.07 0

with objective value 3, which constitutes a lower bound on the optimal value of (16). Since Xt
consists of only convex constraints, the obtained «’ is contained in the set of feasible candidate
solutions to (16), and its corresponding objective value is 20.796, which constitutes an upper bound

on the optimal value of (16).

Linear x Convex. Let Xt denote the feasible set of (17). We pairwise multiply the linear with

the nonlinear constraints and obtain the SLC constraints

1+ 2o+ 1) exp(as — x3) < (21 + 29 + 1)1,
_— +1>2exp( ;”) T (st 1)203p (‘;”) < (@1 422+ 1)(2+ exp(—1)),
10 — z;) exp(z2 — x3) < (10 — x;) 1, ie{l,2,3},

(
(
(
(10 — z;)2 exp <_2x> + (10— xz)2exp< 2’5 ) (10 — ;)(2 + exp(—1)), i€{1,2,3).
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Next, the nonconvex components in the LHS of the above SLC constraints can be reformulated as:

T1To — T1T3 + w% — X2X3+To— T3
1 - 1
(x1+x2+1)exp(xs — x3) = (21 + 22+ 1) exp < P | > ,

—22 — 2129 — 14
r1+x2+1)2ex 2(zy +x2+1)ex 1 ,
(1 2 p< ) 1 2 ) p<2(x1+x2+1)

—X1 Ty — T3 — Ty
2(x; + 22+ 1) ) ’

10zy — 1023 — x;20 + 73203

10 — x; ) ’

_ —10 i .
5 ) =200 e (eI, ie (123}

—T9 —10$2+$i$2
(10 — x;)2exp - =2(10—z)exp| ———— |,

2(10 — ;)

(r1+x2+1) 2exp< ) x1+x2+1)exp(

(10 — ;) exp(x2 — x3) = (10 — svl)exp< ie{1,2,3},

(10 — x;)2exp <
ic{1,2,3).

Finally, all the product of variables a2, 2, 22, z,x,, x,73 and xox3 are substituted with newly
introduced variables Xi;, X2, X33, X12, Xi3, and Xa3 respectively. The convex relaxation that

results from the RPT approach is therefore:

. X+X+z
mp 3B (ot Dewp (S2ETRER )
Xi3+Xos+ 23
+ (1 +22+1l)exp| ———
(1 2 ) p( SL‘1+1’2+1

s.t. A XTLL)

Xio—Xi3+Xoo — Xos+20— 2
(z1+x2+1)exp< 12 13 22 23 2

3) <Xy + X2+ 71,

T+ T2+ 1
- X1 =X —m — X9 — Xop — @
2 1 2 1
(@1 42 + )eXp< 2(z1 + a2+ 1) >+ (1 425+ )eXp< 2(z: + a2+ 1) >

<(24exp(—1))(z; +x2+1),

1025 — 1023 — Xo; + X35
10 — z;
( x;) exp < 10—z,

—10z; + Xy —10z5 4+ X5
2(10 — z;) exp (aﬂl) +2(10 — z;) exp (W)

> S]-OIAI*XM’ 7:6{172,3}’

210 — z,) 2010 —z,)
< (2+exp(—1))(10 — z;), i€{1,2,3}.
(18)
The solution of (18) is
1.17 X!, X1, X0 [1.77 0.75 0.23
2 =093 and X'=|X} X., X4 | = [0.75 1.16 1.31] ,
0.77 X x5 x|l 023 1.31 057

with objective value 19.778, which constitutes a tighter lower bound on the optimal value of (16)
than (17). The obtained &’ is contained in the set of feasible candidate solutions to (16), and its

corresponding objective value is 19.809, which constitutes a tighter upper bound on the optimal

value of (16) than (17).
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Set of candidate solutions. We have the following candidate solutions:

1.17 1.51 0.81 0.30
=093, z=[064], z=|125], x5 =[1.47
0.77 0.20 1.22 0.61

Observe that only ' is feasible, hence the set of candidate feasible solutions is given by X" = {z'}.

Branch and bound step. We next illustrate the branching mechanism of Section 3.5 on the toy

problem (16), with and without enforcing the semidefinite constraint

X x
(a:T 1) = 0.

In all runs below, we use the same stopping tolerances, namely § = 10~* and REL_GAP_TOL = 10~*,
and terminate when either the absolute gap is below § or the relative gap is below REL_GAP_TOL.

We first consider the case without the semidefinite constraint. At the root node, we obtain

Lby =19.778, Ubg = 19.809.

The first branching step corresponds to a positive largest absolute eigenvalue of X —zx ", with

v =(0.62, —0.54, —0.56) ", l=-0.21,
and therefore yields secant splits:
v ' Xv<-1065v"x—2.16 (N,), v Xv<7.68v x+1.63 (Ny).
Solving the two child relaxations yields
(Lby,Uby) = (19.790, 19.790), (Lby, Uby) = (19.787, 19.788).

Hence, the global bounds are

LB =19.787, UB =19.788.

With REL_GAP_TOL = 10~*, the relative-gap criterion is satisfied after one branching iteration, and

the returned incumbent feasible value is 19.788 with
&~ (1.19,0.92,0.75) .

When the semidefinite constraint is enforced, the root-node RPT relaxation and upper-bounding
procedure yield

Lby =19.784, Ubgy =19.792.
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The first branching step uses
v =(-0.46, 0.40, 0.79) ", 1=0.43,

and the largest absolute eigenvalue is positive. Hence, Algorithm 1 again generates secant splits

(rather than SOC splits):
v' Xv<-639v Tz +291 (NV), v' Xv<11.91v 2 —4.90 (Ny).
Solving the two child relaxations yields
(Lby, Uby) = (19.787, 19.787), (Lby, Uby) = (19.787, 19.787).
Thus, the global bounds satisfy
LB =19.787, UB =19.787,
and the algorithm again terminates after one branching iteration. In both runs, the selected split is

secant, and no SOC split is activated.

REMARK 3. The behavior observed in this toy example, that is, a small search tree and several
nodes where the relaxation closes the gap (here, LB = UB), is qualitatively consistent with the
computational behavior reported for eigenvector branching in Anstreicher (2022), where many

instances are solved with shallow trees and very small final optimality gaps.

5. Improving the RPT-BB approach

In this section, we describe several ways to strengthen the RPT-BB approach.

5.1. Multiplying with redundant linear constraints

We show that adding linear constraints that are redundant to existing linear constraints does not
tighten the RPT relaxation, while adding linear constraints that are redundant to existing nonlinear

constraints might be useful.

DEFINITION 2 (REDUNDANT INEQUALITY CONSTRAINTS). An inequality constraint f(x) < 0,

where f:R™ — (—o0, 400, is redundant to a nonempty set X CR" if X C{x| f(x) <O0}.

THEOREM 2. Let the linear constraint d'x < q, where d € R™ with d+# 0 and q € R, be redundant
to {x| B'x < p} #0, where B € R"*L and p € RL. Then, the constraints d'x < q, 2qd"x <
d"Xd+q¢?, and (¢—d'x)f (qm*Xd> <0, are redundant to

g—d'x

B'x<p
pr'B+B'xp' <B'XB+pp'

(pe— bl ) f (7”@”"”@) <0, el

pe—bzw

(2, X)
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Here, f:R™ — (—o00,+00] is proper, closed and convex; by, is the {-th column of the matriz B; and
the last two inequalities result from pairwise multiplication of the linear constraints p, — b} x with

itself and f(x) <0, respectively.

Proof. Assume that d"x < ¢ is redundant to {x | B'x < p}, then the optimal values of

i —-d7 max -p'
min ¢ x and nax.  ¢-py
st. BTa<p st. By=d

coincide and both are nonnegative thanks to the strong duality of linear optimization and the
redundancy of d'x < ¢ to { | B'a < p}, which implies that there exists a y € R} such that
d'x < q is redundant to {z | b, x <p,}, where b, = By =d and p, =p'y < ¢. Then, for any =

that satisfies b;m <p, and f(x) <0, we have that

(g—d'x)x

—-b7
(g—d'z)f (q_dTm) <0 and (p,—blm)f <W> <0.

py—b,x
Moreover, for any X € S™* we have

qr — Xd

- Xb
_dT = < _p" py:ciy <
(q dw)f(q_d%)_o = (py bﬁ)f(py_b?jm)_O,

because b, =d so that xxz'd=xx"b, and Xd = Xb,. Notice that

(pe—b;x)f<lM>go,56£ . Zee(pz_b;m)fcw—m)g

pe—bjx ~ pr—blx
Ze c O¢(pex — X by)
— Oy(p;—b, f< S <0
(; e ‘ )> Zeeﬁ Oe(pe — bzm)

pyx — Xb, <0,
py—bjx )~

e (py—b;,rw)f<

where 0, =y,/ >, ye for all £ € L (note that 6 € R% and > vec 0e=1). Here, the second impli-
cation follows from the convexity of the perspective functions. Therefore, the constraint (q —

d'z)f (qw_xal) <0 is redundant to

g—d'x
{w

Thus, the claim follows. U

pgl'*ng
b;azgpy, (pe—b; ) f <P€_beT33> <0, 565}-

REMARK 4. Theorem 2 parallels a standard observation in the RLT literature: adding a linear
inequality that is redundant for the original linear description does not strengthen the RLT

relaxation; see, e.g., Proposition 1(i) in Hof and Walter (2025).
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Note that adding linear constraints that are redundant to existing nonlinear constraints might be

useful, as is demonstrated in Example 6.

ExAMPLE 6. Consider the following nonconvex problem:

min  2x; + 3z — bzyxy — (21 + 2) In(z + 2)

St mtma<l, (19)
exp(—z1) + exp(—zs2) <1+4exp(—1).

Note that In(x; 4+ 2) is well defined if z; > —2, which is ensured by the second inequality. The
objective contains a sum of two SLC functions, namely, —5z125 and —(z; + 2)In(z; + 2). The
obtained convex relaxation of Problem (19) from RPT without the optional SDP relaxation has an
objective value of —35.17. The obtained optimal solution @’ = (1,0)" is a feasible solution to (19),
and its corresponding objective value is 1.30, which constitutes an upper bound on the optimal
value of (19).

The linear constraints x; > —1 and x5, > —1 are redundant to the second inequality. However,
adding those constraints to (19) and subsequently applying RPT results in a convex relaxation of
Problem (19) with objective value of —4.47. Again, the obtained optimal solution @’ = (0.5,0.5)"
is a feasible solution to (19), and its corresponding objective value is —1.04, which constitutes
an upper bound on the optimal value of (19). Hence, by adding the redundant linear constraints
x> —1 and x5, > —1, we obtain a tighter lower- and upper bound on the optimal objective value of

(19). O

REMARK 5. Example 6 illustrates the strengthening effect discussed in Section 3.2: even linear
inequalities that are redundant for the original feasible set can tighten the lifted RPT relaxation,
because they generate additional valid product constraints when combined with other (nonlinear)
constraints. Related effects are exploited in the SOC-RLT literature for QCQP-type models; see,
e.g., Burer and Anstreicher (2013).

5.2. Handling biconvex problems with convex constraints

We consider the following generic instance of (1):

Hmllgl co(@) + >, re(Y)ex(z) (20)
st. xeX,ye),

where the functions ri(-) and ¢ (-) are assumed to be convex, and 7 (y),cx(x) > 0. We show that
the constraints in the RPT relaxation of (20) resulting from pairwise multiplication in the same set,

i.e., either in X or in ), are redundant as long as the LMI as given in Section 3.3 is not included.
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LEMMA 4. The additional constraints in the RPT relazation of (20) resulting from pairwise multi-
plication in X X X and Y x Y are redundant, if the additional constraints resulting from pairwise

multiplication in X x Y are included, and the following LMI

X Uz
U'"Y y| =0,
z' y' 1
where xx", Ty and yy' are linearized by X, U € R"=*"™ aqnd Y € R"*" respectively, is not

included in the RPT relaxation.

Proof.  Notice that any feasible solution for the problem involving all constraint multiplications
is also feasible for the one involving only those in X x ). On the other hand, if a solution is feasible
for the problem involving only the multiplications in X’ x )/, since we are not using the LMI, we
can take X =xzx", Y =yy' and therefore have a feasible solution for the problem involving all
multiplications. Therefore, we conclude that the two formulations are equivalent, which shows that
the constraint multiplications in X x X and Y x ) are redundant. O

Observe that the problem of minimizing a DC function is a special case of (20) where ) = dom(c})
and both r;, and ¢, are linear, as a result of the biconjugate reformulation as explained in Example 1.
Finally, we have the following remark in terms of branching, when we solve Problem (20) with

Algorithm 2.

REMARK 6. When we apply Algorithm 2 to minimization problems of the form (20) in which we
include the LMI, we typically generate hyperplanes by computing the eigenvector corresponding to
the largest eigenvalue of X —xx ", i.e., we only generate hyperplanes in the x-space. Alternatively,

hyperplanes can be generated in the xy-space by considering the eigenvectors of the matrix

(5 V)@@

where (x,y) denotes the vector formed by stacking x and y. We observe that also generating
hyperplanes in the y-space adds many more constraints in each branch and bound iteration, which
can increase the computation time at each successive child node. On the other hand, generating
hyperplanes in the y-space might reduce the total number of hyperplanes that need to be generated,
potentially decreasing the overall computation time. The question of whether generating hyperplanes
in the y-space could be beneficial is left for future research. Finally, we note that when we apply
Algorithm 2 to minimization problems of the form (20) in which we do not include the LMI, one
can branch based on left and right directions associated with the matrix R=U — zy". Concretely,

let v" be a unit eigenvector corresponding to the largest eigenvalue of R' R, i.e.,

R Rv" =A\pux(R'R) V"
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If Rv" # 0, define v* = Rv"/||Rv"||; then v’ is a unit eigenvector corresponding to the largest
eigenvalue of RR', i.e.,

RR" v =\ (RRT) 0.

5.3. Strengthening upper bounds with eigenvectors of the optimal solution

At optimality we will always have X = xx . If we multiply both sides with  we obtain X« =
(z"x)x. Therefore, we notice that x is an eigenvector of X with corresponding eigenvalue x ' .
Hence, we can add the eigenvectors of X to the set of candidate feasible solutions X”’, as described
in Section 3.4. Example 7 illustrates a case where the tightest upper bound can be obtained from

an eigenvector of X.

ExampLE 7. Consider the following toy problem:

min  (z; + 22+ 1) exp(z2)

st. @i4z+1>0, (21)
T1T9y Z —1.

The optimal solution of (21) is (—1,0) with optimal value 0. After applying RPT we obtain the

following relaxation

min  (z;+ 23+ 1)exp (%)
st. x1+xz24+12>0, (22)
Xip > —1,

X11 +X22 +2X12 + 2%1 + 21’2 + 1 2 0.
The optimal solution of (22) is

. { 0.71

~|-1.57

. [273 —1.00
} and - X —{—1.00 0.00]’

with optimal value 0, which gives us a lower bound for the optimal value of (21). We have the

following candidate vectors

X*
X _ A1 2
TUT T Tt T2 T T (0000

*
Ty

) -

The eigenvectors of X* are

v [~0.31 pv_ [~095
3 —0.95(" 4 0.31 |-
We observe that z* is infeasible as zjx3 = —1.11 < —1. Moreover, & is infeasible as (27 ), (), =

—5.44 < —1 and "V is infeasible as (zF"); + (z€Y), +1=—0.26 < 0. Finally, we notice that xz is
feasible and gives an upper bound of 1.64, while =¥V is also feasible and gives an upper bound of

0.49. Therefore, in this example the tightest upper bound is obtained from the second eigenvector

of X*. O
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6. Convergence analysis of the RPT-BB approach

In deterministic global optimization, convergence of branch and bound (B&B) algorithms that
rely on dual (lower) bounds is typically established under three structural ingredients: (i) a valid
lower-bounding procedure based on relaxations, (ii) an upper-bounding mechanism that maintains
the best known feasible objective value, and (iii) an exhaustive refinement rule, meaning that along
any infinite sequence of nested nodes, the associated regions are refined so that their diameters tend
to zero. This type of requirement is standard; see, e.g., Diir (2001) and the references therein. In
the RLT-based global-optimization literature, convergence proofs are commonly organized around
the same template, with the main technical burden being to show that the node relaxations are
asymptotically exact under refinement, i.e., along any nested sequence of nodes whose regions shrink
to a point, the relaxation gap vanishes (equivalently, the relaxation optimal values converge to
the objective value at the limiting point); see, e.g., Sherali and Alameddine (1992); Sherali and
Tuncbilek (1992).

The practical branching scheme in Section 3.5 is designed to highlight the effect of eigenvector
branching and is the one used in the numerical experiments. For the purpose of a general convergence
proof, however, it is convenient to consider a variant that enforces an explicit exhaustive spatial
refinement step. We therefore introduce below a periodic coordinate-refinement (Adaptation A) and
establish convergence for Algorithm 2 with this adaptation. This adaptation is included only for the
theoretical analysis; it was not incorporated into the computational study, so as not to confound

the performance assessment of the proposed eigenvector branching mechanism.

Adaptation A (periodic exhaustive coordinate refinement). Fix d € Z, ., and define J :=
{kd:k €Z,.}. For every depth j € J and every leaf node N at depth j, we replace the eigenvector
branching rule by a longest-edge coordinate split in a-space, constructed as follows.

For a node N with region Xy CR"™ x S™ define its x-projection by
IL(Xy):={xeR"™ |IX eS"™: (x,X) € Xn}.
By Assumption 1, IT,(Xy) is bounded. We compute valid coordinate bounds

r(N) :=min{x; : & € 1, (Xn)}, r(N) :==max{z;: x € 11, (Xn)}, i=1,...,n,,

K3 K3

and choose

i’ €arg max (z](N)—z]"™(N)).

i i
i=1,...,ng

We then branch on

1 .
zo = 5 (2 (V) + 2" (V),

i.e., we create the two children by adding z; < 1(z3*(N) + 2%™(N)) and zy > L(z3*(N) +

min

™ (N)), respectively.
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THEOREM 3. If for each i € Z and k € Kq, the function c;, and its corresponding recession func-

tion 0%

dom(ct,) OTe Lipschitz continuous, then Algorithm 2 with Adaptation A converges to a global

optimal solution of Problem (1).

Proof. We verify the standard ingredients for convergence of a dual-bounding spatial B&B
method.

First, at every node, the RPT formulation solved by Algorithm 2 is a valid convex relaxation of
Problem (1) with the node restrictions included, hence the node optimal value is a valid lower bound.
Second, the upper-bounding procedure in Section 3.4 produces feasible solutions of Problem (1),
hence valid upper bounds. It remains to prove asymptotic exactness of the node relaxations along
any infinite nested branch.

Let {N,},>1 be any infinite nested branch of the B&B tree. Because Adaptation A is applied at
all depths in 7, there exists an infinite subsequence {N,,},>; of nodes on this branch at depths
in J, and each N,, is branched by the longest-edge coordinate rule of Adaptation A. For simplicity,
define

1 . . 1
al = i(xinax(Nn) +$§nm(Nrt)), w; =z (Ny,) — 27 (N,), €=, 1pax w;.
Then, by construction,
IL(Xy, ) C{z eR™ | |z — || <€}, (23)
where o := (af,...,a! ).

Since Adaptation A performs longest-edge bisection at each node N,,, and the branch is nested,
the corresponding sequence of enclosing boxes is nested and undergoes infinitely many longest-edge
bisections. By the standard exhaustiveness property of longest-edge bisection in finite dimension
(see, e.g., Dir (2001)), we have

e —0 (t — 00). (24)

We next show that X —xx ' vanishes asymptotically on the node relaxations along this sub-
sequence. Fix ¢, and let (x,X) be feasible for the node relaxation at N,,. From (23), for any

p,q€{1,...,n,}, we have the valid inequalities

T, — ozf, < ¢, (25)
T, — o > —€, (26)
T, — aﬁl <, (27)
Tq— Q> —€ (28)
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These inequalities are redundant for IT, (X Nrt)' Hence, by Theorem 2, the inequalities obtained from
multiplying them and applying the same RPT /perspectification step are also redundant for the
node relaxation.

Multiplying (26) and (28), and applying RPT, yields
0< (zp— ol +e)(xg— ol + &) = Xpg— b g+ €xq + (2, — )+ €)(—, + ).
Rearranging and using (23) (hence |z, —a}| <€ and |z, —a;| < ¢) gives
Xpg — xpwq > —dey(Jab| +€).
Similarly, multiplying (26) and (27) and applying RPT yields
Xpg — 2pwg < e (|0 + ).

Therefore,
| Xpg — xpg| < 4e (|| + ), p,q=1,...,n,. (29)
By Assumption 1, there exists Mx < oo such that ||z« < Mx for all € X. Since z™*(N,,) and

r"**(N,,) are bounds over subsets of X', we also have || < My for all ¢,t. Using (29), we obtain

I X —xx"||r <n, max | Xy — Tpy| < 4ng e,(Mx +€;). (30)
Combining (30) with (24) shows that
| X —zx"||p—0 (t— o0)

along the subsequence {N,, }.
We now show asymptotic exactness of the perspectified terms. Fix k € Iy, and let fk(az, X)) denote
the corresponding perspectified contribution in the RPT relaxation. For X', X" € S"= and for the

case q;, — d;, @ >0, Lipschitz continuity of ¢;; implies

| Fi(@, X7) = fi(@, X")| <> L [[(X' = X" )i |

(Z LikHdikH> X" = X"l

::f/k HXI—X”HF.

IN

Taking X’ =X and X” =zx ', and using (30), we obtain

|fo(z, X) = fi(m,zz")| <L, | X —zz"|r >0  (t—o0).
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When ¢, — d}, & =0, the same conclusion follows analogously from the assumed Lipschitz continuity
of the recession function (530111(%).

Hence, along any infinite nested branch, the node relaxations are asymptotically exact under
Adaptation A. Together with valid lower bounds, valid upper bounds, pruning, and best-bound
node selection in Algorithm 2, the standard convergence theory for dual-bounding spatial B&B

applies and yields convergence to a global optimum of Problem (1). O

REMARK 7. Adaptation A is a theoretical safeguard introduced to enforce exhaustive refinement
and thereby establish a general convergence guarantee. It was not included in the numerical
experiments, whose purpose is to isolate and assess the computational effect of the proposed

eigenvector branching strategy.

Theorem 3 requires Lipschitz continuity of the recession functions of c;;,. The following example

shows that convergence may fail without this assumption:
c(x) = ze®, x>0.
Its perspective function is
iz, 2') =ze"/* (x>0),

with the usual closed extension at x = 0. Now take x = 0. Even if 2’ > 0 is arbitrarily close to 0, one
has ¢(0,2") = oo for every 2’ > 0. Thus, continuity (and hence the asymptotic-exactness argument

above) can fail at the boundary.

7. Known convex reformulations and relaxations obtained via RPT

In this section, we show that several convex reformulations and relaxations for several classes of

nonconvex problems derived in the literature can also be obtained via RPT.

7.1. Disjunctive optimization

A linear description of the convex hull of the union of convex sets can be derived by using RPT.
It follows from the definition that the convex hull of the union of nonempty, compact convex sets
Xy ={x | hi(x) <0}, ke K is:

where hy.(z) = [hig (@) hog(x) -+ hyp(x)]", and hjy, : R™ — (—o0, +00] is proper, closed and convex

EwkeXk,)\ZO:w:ZAkwk, Z)\kzl },

keK ke

for every j € J, k € K. This description is nonlinear and nonconvex, since it contains products of

variables Ayxy, k € K. One can apply RPT to obtain the following convex relaxation

{m

Jup iz = wi, > Ae=1, A>0, \hy(ur/X) <0, ke/c}.

kerx kek
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This convex relaxation is exact according to Gorissen et al. (2014, Lemma 1), which applies
because X}, k € K, are nonempty, compact and convex sets. We now use this observation to derive
convex relaxation for disjunctive optimization problems with general convex sets. In Sherali and
Adams (2005, Section 4), the authors derive similar result for disjunctive optimization problems
with a linear objective function and polyhedral sets X}, k € K. Consider a generic disjunctive

optimization problem

st. xe€ U X, (DP)

where f:R™ — (—o00,+00] is proper, closed and convex. Disjunctive optimization problems are in
general nonconvex because its feasible region constitutes a union of convex sets X}. By applying
RPT to the feasible region of (DP), we obtain the following convex relaxation:

min  f (Z uk>

y{urtk ek
s.t. yrhi(un/yr) <0, keK,

Zyk = ]-7
ke
yr > 0, kelk,

which is often referred to as the hull relaxation (Grossmann and Lee, 2003). Note that this hull
relaxation is tight if f(-) is a linear function, and X}, k € K, are nonempty, compact and convex

sets.

7.2. Generalized linear optimization

Consider a generalized linear optimization problem of the following form (Dantzig, 1963, p. 434):

: T
min C
y{zktk Zy
s.t. LYk < b,
foerch (GLP)
y =0,
T € Xk, k S ’Co,

where Xy, = {x | hy(x) <0}, k € Ky, and hy : R™ — (—o0,+00]” is a vector of .J proper, closed and
convex functions for each k € K. The partial RPT relaxation of (GLP) is:

. T
wlude Y
s.t. Z Uy S b,
keko
yrhy(wg/yr) <0, ke,
y > 0.

The convex problem is in general a convex relaxation of (GLP), which has the same optimal value

as (GLP) if one of the following regularity conditions is satisfied: (i) X is bounded for each k € Ky
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(Gorissen et al., 2014, Lemma 1); (ii) there exists a (y, {x}r) with y > 0 that is feasible for (GLP)
(Zhen et al., 2023, Lemma 6). While for a special case where X}, k € K, are (nonempty) boxes, the

corresponding linear relaxation of (GLP) is exact due to Dantzig (1963).

7.3. Convex hull representation for 0-1 mixed-integer convex programs

Consider the following 0-1 mixed-integer constrained set (Sherali and Adams, 2009):

r={o

where the vector & € R™ is the concatenation of the binary vector &z and the continuous vector x¢,

hk(w)gov ke’cv
iBBG{O,l}nB, :ECE[O,l]”C ’

namely, € = (xg,xc) with n, =np+ nc. Assume X # (). Similarly to Sherali and Adams (2009),
for each subset J C B, where B={1,--- ,ng}, we define the polynomial factors

Fr(xp)=[](=s);, [] (1-(z5);).
JjET JEB\T
Observe that these factors satisfy the identity
> Fr(xp)=]]((xs); + (1 - (x5);) =1.
JCB jeB

We linearize each factor F7(xp) by introducing a variable A7 € R,. We then impose the simplex

constraints
A;>0 VT CB, > =1, (31)
JCB
and
(Tp)i= Y s Vi€B (32)
JCB:ieT

Note that, since xp € {0,1}"5B, constraints (31) and (32) imply that

N 1, fJ={ieB:(xp); =1},
7 0, otherwise.
Hence, Ay = F7(xp) for all 7 CB.
Next, for each subset J C B, we introduce a vector y; € R™ to represent the product s

componentwise. For the binary block, this yields the exact identities

((yJ)B): A 1fl€j.’ Vie B, VJ CB. (33)
¢ 0, otherwise,

For the continuous block, we linearize the product xcAs by (y7)c, and use the bounds 0 <z <1
to impose
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where 0,1 € R"¢ denote the all-zeros and all-ones vectors, respectively. Finally, since > gesAg =1

and y7 =x A, we obtain

z=) ys. (35)

JCB
Moreover, (33) and (35) imply (32), so the latter need not be imposed again.
Using these variables, and convexifying each bilinear constraint Azhy(x) <0 via the perspective
of hy, we obtain
Y
Azhy, 3 ><O kek, JCB ‘ (36)
(31), (33)7 (34), (35)

The formulation (36) is convex and, as shown in Sherali and Adams (2009), it equals the convex

hull of X, that is,

2(conv - T HA yYg -

Xeony = conv(X).

In particular, this construction enumerates all 2”8 subsets J C B, corresponding to all binary

assignments. Therefore, no branch and bound is required once all such subsets are included.

7.4. Approximate S-Lemma for quadratically constrained quadratic optimization

Consider a quadratically constrained quadratic optimization problem with only one (quadratic)
constraint:

min  x' Ay + 2bj T + ¢

P cQP
st. x'Ajx+2b x+c <0, (QCQP)

where A; € R*=*"= b, € R™ and ¢;, € R for each k € {0,1}. It is well-known that such a problem
admits a convex reformulation via the S-lemma. In the following, we show that the dual of the
obtained convex reformulation from the S-lemma can be interpreted as an RPT relaxation. Suppose

that there exists an € R" with " A,z + 2b]  + ¢; < 0, then we have

min  x" Agx +2b] T + ¢ ,\z%,}g 1 1
? — A, =b OO0 A b,
t. TA T < 0 3% _ 1

S.t T 1$+2b1 CU"’Cl_O S.t. |:ébg CO:| 5’7|:0T 1:| >\|: bT 01:|a

where O € R"**"* is a matrix of all zeros. Here the ” <=-" holds due to the S-lemma (Boyd and

Vandenberghe, 2004, Appendix B). The dual of the obtained semidefinite problem is

min  Tr (A, X) + 2b; x + co

X,z

X)
st Tr(A; X)+2b/z+c <0,
=0

=il
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which is clearly an RPT relaxation of (QCQP). Consider now a generic quadratically constrained
quadratic optimization problem with more than one quadratic inequality constraint:
min  x" Agx +2b] T + ¢
s.wt. wTAkw—l—ngcc—i—ckSO kel
where A, € R"=*"= b, € R™ and ¢, € R for each k € KCy. Similarly, the dual of the convex relaxation
obtained from using the approximate S-lemma coincides with the convex relaxation from RPT:
gr(n;l Tr (Ao X) +2b] = + ¢y

s.t. Tr (AkX)+2b;€rl'+Ck SO, kE’C,

X x
|:$T 1] = 0.

Note that here the obtained relaxation is not tight in general, and for more details on the approximate

S-lemma, we refer to Ben-Tal et al. (2002).

7.5. Fractional optimization

Consider the following generic fractional optimization problem

B g (FP)
st (@) <0 kek,

where f:R" — R, is convex and nonnegative, g : R"™ — R, , is concave and positive, and hy, :
R"™ — (—00,+00] is proper, closed and convex for every k € K. By first introducing an epigraphical
variable 7 for the positive convex function 1/g(x), we obtain the SLC constraint 7g(x) > 1, and

then apply RPT to obtain:
min  7f(v/7)

5.t Tg(v/T)>1,
Thi(v/7) <0, Ekek.

The obtained convex problem is an exact convex reformulation of (FP) (Schaible, 1974).

8. Numerical experiments

In this section, we demonstrate the efficiency and effectiveness of our RPT-based branch-and-
bound methods on several nonconvex optimization problems, including a sum-of-max-linear-terms
maximization problem, a log-sum-exp maximization problem, a linear multiplicative optimization
problem, a quadratically constrained quadratic optimization problem, and a dike height optimization
problem. Using the biconjugate reformulation, we show that the first three problems can be
formulated as bilinear optimization problems subject to convex and nonconvex, though SLC,
constraints. The latter two problems are already in generic form (1). In the implementation of

RPT-BB, all problems are assumed to be minimization problems, by switching to the minus of the
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objective if necessary. Moreover, in all problems that we address, except for the linear multiplicative
optimization problem, the conditions for convergence of RPT-BB are satisfied.

Numerical experiments were performed on a MacBook Pro with an Apple M3 Pro chip (11 CPU
cores: 5 performance and 6 efficiency) and 18 GB RAM. All computations for RPT-BB, RPT-
SDP-BB, and SCIP were implemented in Julia 1.12.5 (JuliaLang contributors, 2026) using JuMP.jl
1.34.3 (JuMP developers, 2026), with MOSEK version 11.0.30 (ApS, 2025), Gurobi version 13.0.0
(Gurobi Optimization, LLC, 2026), and SCIP version 10.0.0 (Hojny et al., 2025). All computations
were carried out with BARON version 21.1.13 (Sahinidis, 1996; The Optimization Firm, LLC,
2021), using Pyomo version 6.7.2 as the modeling interface (Bynum et al., 2021; Hart et al., 2011).
Finally, all computations with CPLEX were carried out with CPLEX version 22.1.2 (ILOG, Inc.,
2017) and implemented using the Python package docplex version 2.23.259. Within RPT-BB and
RPT-SDP-BB, we use Gurobi for the linear optimization problems and MOSEK for the nonlinear
optimization problems. In all branch and bound implementations the optimality gap d is set to 1074,
We compare our approach, when applied with (RPT-SDP-BB) and without the LMI (RPT-BB),
with BARON, and with SCIP, applied either on the direct formulation (BARON-Dir, SCIP-Dir) or
the biconjugate reformulation (BARON-Bic, SCIP-Bic), where applicable.

In the remainder of this section, in the tables depicting the results, we use the abbreviations
“Opt”, “Hyp”, “SHyp”, and “Time” to represent the optimal value, the total number of hyperplanes
generated during branch and bound, the number of secant hyperplanes, and the computation time
in seconds, respectively. Moreover, we set the maximum time limit equal to 1800 seconds, hence
if the computation time equals 1800*, the optimum cannot be found within 1800 seconds and
all approaches return the best value they can obtain within 1800 seconds. A superscript k on a
computation time indicates that k out of 10 randomly generated instances reached the time limit
without proving optimality; in such cases, we use the incumbent objective value at termination and

W

record the runtime as 1800 seconds. Finally, a indicates that no solution was returned after

1800 seconds.

8.1. Sum-of-max-linear-terms maximization over convex and nonconvex constraints

We consider the following generic sum-of-max-linear-terms maximization problem from Zhen et al.

(2022) and Selvi et al. (2022):

rzcX

-
max leléa};{Aj x+b;}, (37)
tec
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where A € R™*™ b e R"™. We consider three cases of X: a set defined by linear constraints, a
set defined by an additional geometric constraint, and a set defined by an additional nonconvex

constraint, i.e., X =&}, X = A5, and X = X3, where

X, ={zeR”|D'z<d},

Xo=<xech | log (iexp(wﬁ) ga},
i=1

ng mEXl HmH2+Z\/E§C}
i=1

Here D € R"**™ and d € R™. Since the objective of (37) is a closed convex function, we can replace

it by its biconjugate function and obtain the following equivalent maximization problem:

T T
max (A'z+b) y, (38)
yey

where ) equals the domain of the conjugate function of the objective of (37), i.e.,

Zyj:mec}.

J€Tp

y={y€RT

Note that n, =", . |J¢|. We compare RPT-BB, RPT-SDP-BB, and BARON. Furthermore, for
X =X and X = A}, we also compare them with the exact mixed integer optimization reformula-
tion (MIP), given by

max ) A

A,z LeLl

st M<Alz+b+M(1-z), jeT,leLl,

szzl, le L,

JETy

ze{0,1}".

We solve Problem (39) with Gurobi for A; and MOSEK for A5. Instances labeled 1-5 correspond to
single instances, taken from Selvi et al. (2022), whereas instances labeled 1r—5r report averages over 10
independently generated random instances, generated according to the exact same mechanism. We
refer to Appendices D.1 and E.1 for the convex RPT relaxation and problem instances, respectively.

From Table 4, we observe that for X = X, all methods find the global optimum for every instance.
MIP achieves the lowest computation time for instances 1-4 and their averaged counterparts 1r—4r,
solving them in at most 1.18 seconds. For instances 5 and 5r, RPT-BB has the lowest computation
time (1.81 and 11.00 seconds, respectively), whereas MIP requires significantly more time and
BARON cannot prove optimality within the time limit. We further observe that for instances 3 and
3r, RPT-SDP-BB achieves a lower computation time than RPT-BB, which can be attributed to the

tighter relaxation provided by the semidefinite constraint.
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x RPT-BB RPT-SDP-BB BARON MIP
Opt Time Hyp SHyp Opt Time Hyp SHyp Opt Time Opt Time
1 23.29  0.01 0.0 0.0 2329  0.02 0.0 0.0 23.29  0.16 23.29  0.00
1r  22.72 0.01 0.0 0.0 22.72 0.02 0.0 0.0 22.72 0.10 22.72 0.00
2 233.94 0.09 0.0 0.0 233.94 0.61 0.0 0.0 233.94 0.24 233.94 0.02
2r  211.87 0.19 0.2 0.0 211.87 0.51 0.0 0.0 211.87 0.77 211.87 0.02
3 1081.62 115.15 73.0 48.0 1081.62 32.44 0.0 0.0 1081.62 1800.00% 1081.62 1.18
3r  1159.90 51.95 37.0 25.6 1159.90 48.63 03 0.3 1159.90 1800.00*%  1159.90 1.06
pY 4 113.70  0.02 0.0 0.0 113.70  0.09 0.0 0.0 113.70 2.12 113.70  0.01
b4 8378 0.09 04 04 83.78  0.06 0.0 0.0 83.78  2.67 83.78  0.00
5 3002.44 1.81 1.0 1.0 3002.44 71.63 1.0 1.0 3002.44 1800.00% 3002.44 327.52
5r  2898.05 11.00 6.5 5.1 2898.05 73.41 1.1 1.1 2898.05 1800.00*  2898.05 1073.88%
14.54  0.02 0.0 0.0 14.58  0.03 0.0 0.0 14.58  0.75 14.56  0.05
1r 1454 0.02 0.0 0.0 14.54 0.03 0.0 0.0 14.54 0.13 14.54 0.06
2 136.22 0.38 0.0 0.0 136.22 1.05 0.0 0.0 136.22 1800.00% 136.22 1115.66
2r 12221 2.68 3.7 21 122.21 2.54 0.7 0.7 122.21  1800.00%  122.21 468.78
3 837.94 325.78  104.0 79.0 837.94 94.39 0.0 0.0 837.94 1800.00%  790.75 1800.00%
3r 890.07 765.24  233.2 1922 890.07 231.52 0.6 0.6 890.07 1800.00*  843.66 1800.00*
pe 4 33.73  4.12 16.0 12.0 33.73  2.00 2.0 0.0 33.73  43.00 33.73 0.13
2 4r 3181 1.43 5.8 4.5 31.81 0.70 0.8 0.0 31.81 20.19 31.81 0.11
5 1610.69 1800.00% 561.0 88.0 1610.69 1800.00% 11.0 11.0 1610.69 1800.00%  1588.59 1800.00*
5r  1670.92 1800.00* 563.0 133.5  1670.92 1800.00* 11.0 11.0 1671.02 1800.00*  1657.09 1800.00*
13.45 107.81 676.0 636.0 13.44 5.01 10.0 10.0 13.45  0.29
Ir  15.02  346.06' 439.0 351.1 14.99  11.88 18.7 18.7 15.02 0.14
2 140.88 59.61 138.0 137.0 140.62 28.73 40 4.0 140.89 5.22
2r 129.29 95.89 213.0 208.1 129.08 26.74 3.8 38 129.31 231.13
3 768.96 264.37 48.0 45.0 768.96 1800.00% 5.0 5.0 768.97  1800.00%
3r  805.98 587.95> 70.9 70.8 805.96 1733.86° 3.9 3.9 805.60  1800.00*
pY 4 4534  45.08 84.0 83.0 45.34 14734  58.0 58.0 45.34  74.28
3 4r 4478 1137.76° 569.3 555.6 44.86  310.24' 65.2 65.2 44.97  40.02
5 2268.17 1800.00% 245.9 77.0 - 1800.00% 5.0 5.0 2264.37 1800.00%
5r  2359.75 1800.00% 245.9 66.3 - 1800.00* 5.2 5.2 2186.57 1800.00*

Table 4 Results for Problem (38) over the feasible regions X1, X2, and Xjs.

For X = X,, RPT-BB achieves the lowest computation time for instances 1, 1r, and 2, while MIP
is fastest for instances 4 and 4r. For instance 2r, RPT-BB and RPT-SDP-BB achieve comparable
computation times (2.68 and 2.54 seconds, respectively). For instances 3 and 3r, RPT-SDP-BB
achieves the lowest computation time, solving them in 94.39 and 231.52 seconds, respectively,
whereas BARON cannot prove optimality within the time limit. Moreover, for instances 3, 3r, 5,
and 5r, MIP does not find the global optimum within the time limit. For instances 5 and 5r, all
methods except MIP find the same best objective value but cannot prove optimality within the
time limit.

For X = X3, the MIP reformulation is not applicable due to the nonconvex constraint. BARON
achieves the lowest computation time for instances 1, 1r, 2, and 4r, while RPT-SDP-BB is fastest
for instance 2r and RPT-BB for instance 4. Moreover, RPT-BB is the only method that proves
global optimality for instance 3 within the time limit, and for instance 3r, RPT-BB solves the
most instances to optimality (8 out of 10). For instances 5 and 5r, none of the methods can prove
optimality, but RPT-BB obtains better objective values than BARON, while RPT-SDP-BB does
not find a feasible solution. We refer to Appendix A for a comparison of three branching strategies
used within RPT-BB and RPT-SDP-BB.
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8.2. Log-sum-exp maximization over linear constraints

We consider the log-sum-exp maximization problem subject to linear constraints:

max log (Z; exp(wﬂ) . (40)

Since the objective of (40) is a closed convex function, we can replace it by its biconjugate function

and obtain the following equivalent maximization problem:

.
max wy+§:m, (41)
(y,w)ey i=1

where ) equals the domain of the conjugate function of the objective of (40), i.e.,

wW; . o
yiexp | — | <1,ie{l,...,n,.}, yi=1%.
() >

2

y:{yeRT,wERW

Observe that here we make use of case 7 in Table 1 and introduce epigraphical variables w; for every
ie{l,...,n,}. We refer to Appendices D.2 and E.2 for the convex RPT relaxation and problem
instances, respectively. The results are illustrated in Table 5. Each entry corresponds to the average

over 10 randomly generated instances.

x % RPT-BB RPT-SDP-BB BARON-Dir SCIP-Dir BARON-Bic SCIP-Bic
Opt Time Hyp SHyp Opt Time Hyp SHyp Opt Time Opt Time Opt Time Opt Time
1 10.01 0.06 0.0 0.0 10.01 0.20 0.0 0.0 10.01 0.07 10.01 0.00 10.01 1800.00%  10.01 1800.00*
2 40.00 1.28 0.0 0.0 40.00 32.92 0.0 0.0 40.00 0.19 40.00 0.00 33.34 1800.00* - 1800.00*
X 3 6.10 1.71 1.0 0.9 6.10 220 0.8 0.8 6.10 0.11 6.10 0.03 5.32  1800.00*  6.10  1800.00*
4 2196 031 0.0 0.0 21.96 1.68 0.0 0.0 21.90 360.93> 21.96 0.16 - 1800.00*  20.89 1800.00*
5 34.76 5.47 0.0 0.0 34.76 124.45 0.0 0.0 34.76 360.962 34.76 0.28 - 1800.00%  33.40 1800.00*

Table 5  Results for Problem (40).

From Table 5, we observe that both RPT-BB and RPT-SDP-BB find the global optimum for
all instances. For instances 1-3, SCIP-Dir and BARON-Dir achieve the lowest computation times,
solving them in fractions of a second. For instances 4 and 5, SCIP-Dir remains the fastest, while
BARON-Dir encounters timeouts on 2 out of 10 randomly generated instances and does not always
find the global optimum. RPT-BB solves all instances, achieving computation times of 0.31 and
5.47 seconds for instances 4 and 5, respectively, and outperforms RPT-SDP-BB in all instances. We
further observe that BARON-Bic and SCIP-Bic fail to find the global optimum within the time
limit for most instances, and do not return any feasible solution for instances 4-5 (BARON-Bic)
and instance 2 (SCIP-Bic), demonstrating that the biconjugate reformulation (41) is significantly
harder for general-purpose solvers. We refer to Appendix A for a comparison of three branching

strategies.
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8.3. Linear multiplicative optimization

We consider the following linear multiplicative optimization problem from Ryoo and Sahinidis

(1996):
rEX

y
min H Alx+b;, (42)
i=1

where A € R ™ beR™, X ={x cR?™ | D'x<d, AJz+b; >0}, DcR**L and dcR".
Without loss of generality we assume A x + b; > 0 for all i € Z. Utilizing a log transformation, as

in Ryoo and Sahinidis (1996), Problem (42) can be equivalently reformulated as

Ty
min z:; log (A +1b;). (43)

Since the objective of (43) is a closed concave function, we can replace it by its biconjugate function
and obtain the following equivalent maximization problem:

Ny

T T
max  —(ATz+b)'y- ) w, (44)
(yw)ey i=1

where ) equals the domain of the conjugate function of the objective of (43), i.e.,
Y={yeRP weR™ | exp(—w; —1) <y;, i €{1,...,n,}}.

Observe that here we make use of case 3 in Table 1 and introduce epigraphical variables w; for every
ie{l,...,n,}. Moreover, observe that ) is not bounded. Hence, the conditions for convergence of
RPT-BB are not satisfied. We refer to Appendices D.3 and E.3 for the convex RPT relaxation and
problem instances, respectively. The results are illustrated in Table 6. Each entry corresponds to

the average over 10 randomly generated instances.

pe RPT-BB RPT-SDP-BB BARON-Dir SCIP-Dir BARON-Bic SCIP-Bic
Opt Time Hyp  SHyp Opt Time Hyp SHyp Opt Time Opt  Time Opt Time Opt  Time
12.14 1.24 25.6 2.2 12.14 6.74 20.7 0.3 12.14 0.27 12.14 2.12 12.14 552.27° 12.14 3.64

23.47 6.33 56.2  18.9 23.47 18.15  30.3 5.7 23.47 1800.00%  23.47 31.14 23.47 1664.19°  23.47 800.19*
20.96 26.19 151.5  79.7 2096 21.14  25.1 2.2 20.96 1261.477  20.96 36.87 20.96 1800.00%  20.96 1283.12°
18.99 1590.08% 1778.4 1442.7 18.99 84.61  35.7 15.4 18.99 1584.35°  18.99 570.33* 18.99 1800.00*  18.99 1800.04*
8.90 1800.00* 364.5 96.7 8.90 536.41' 40.8 17.5 8.90 236.84' 8.90 4.39 8.90 845.89* 8.90 132.23

Table 6  Results for Problem (42).

Tk W N = :ﬁ:

From Table 6, we observe that our approach often outperforms BARON and SCIP on linear
multiplicative optimization problems. Specifically, for instance 1, BARON-Dir achieves the lowest
computation time (0.27 seconds), while for instance 5, SCIP-Dir is the fastest (4.39 seconds). For
instance 2, which involves 10 linear terms, RPT-BB achieves the lowest computation time (6.33

seconds). For instances 3 and 4, which involve 9 and 8 linear terms, respectively, RPT-SDP-BB
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achieves the lowest computation time (21.14 and 84.61 seconds, respectively), while RPT-BB and
BARON-Dir both encounter frequent timeouts for instance 4. Moreover, BARON-Bic encounters
timeouts for all instances, while SCIP-Bic encounters timeouts for instances 2-4. We further observe
that RPT-SDP-BB consistently achieves lower computation times than RPT-BB for instances 3-5,
which can be attributed to the tighter relaxation reducing the number of hyperplanes needed during

branch and bound. We refer to Appendix A for a comparison of three branching strategies.

8.4. Quadratically constrained quadratic optimization
We consider the following quadratically constrained quadratic optimization problem:

min z' Pyx+q, x+ 7o
reX] (45)
st. x Pux+qxt+r, <0, ke,

where P, € R"»*"= | € ICy, are not necessarily positive semidefinite and as a result Problem (45) is
not necessarily convex. However, the nonconvex quadratic functions are SLC, hence we can apply
RPT. In the first five instances involving nonconvex QPs over linear constraints, we also compare
with CPLEX, which has a specialized algorithm for these problems. We refer to Appendices D.4 and
E.4 for the convex RPT relaxation and problem instances, respectively. The results are illustrated

in Table 7.

X # RPT-BB RPT-SDP-BB BARON CPLEX
Opt Time Hyp SHyp Opt Time Hyp SHyp Opt Time Opt Time

1 394.75 1.00 1.0 1.0 394.75 1.12 1.0 1.0 394.75 0.38 394.75 0.11
2 884.75 0.06 0.0 0.0 884.75 0.10 0.0 0.0 884.75 0.28 884.75 0.05
3 6888.78 0.01 0.0 0.0 6888.78 0.01 0.0 0.0 6888.78 0.07 6888.78  0.01
4 98382.63 2.41 1.0 0.0 98382.63  2.04 0.0 0.0 98382.63  1800.00*  98382.63 0.67
5 774482.39 87.03 1.0 0.0 774482.39 43.34 0.0 0.0 774482.38 1800.00*  774482.38 7.53
6 1717.80 0.04 1.0 0.0 1717.80 0.02 0.0 0.0 1717.80 0.14
7 4507.75 0.06 2.0 2.0 4507.75 0.13 2.0 2.0 4507.75 0.19
8 17084.82 0.17 3.0 2.0 17084.82 0.11 1.0 1.0 17084.82  0.17
9 46631.07  955.72 4330.0 2581.0 - 1800.00*% 406.0 325.0  46632.36 17.44
10 - 1800.00*% 3667.0 1680.0 52233.41 81.69 46.0 46.0 52233.70  1800.00*

Table 7  Results for Problem (45). Instances 1-5 contain only linear constraints, while instances 6-10 contain

additional nonconvex quadratic constraints.

From Table 7, we observe that for instances 1-3, all approaches find the optimum within
approximately one second. CPLEX achieves the lowest computation time for instances 4 and 5 (0.67
and 7.53 seconds, respectively), while BARON cannot prove optimality within the time limit for
these instances. RPT-BB and RPT-SDP-BB also solve instances 4 and 5, with RPT-SDP-BB being
faster than RPT-BB. For instances 6-8, which contain additional nonconvex quadratic constraints,
RPT-BB and RPT-SDP-BB achieve the lowest computation times, solving all instances in less than

0.2 seconds. For instance 9, BARON achieves the lowest computation time (17.44 seconds), while
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RPT-BB also finds the global optimum but requires 955.72 seconds, and RPT-SDP-BB does not
find a feasible solution within the time limit. For instance 10, RPT-SDP-BB achieves the lowest
computation time (81.69 seconds), whereas BARON finds the optimum but cannot prove optimality,
and RPT-BB does not find a feasible solution within the time limit. We refer to Appendix A for a

comparison of three branching strategies.

8.5. Dike height optimization

Eijgenraam et al. (2017) develop a model to optimize dike heightening in the Netherlands. The
authors show that the optimal solution is periodic, i.e., the dike is heightened by the same amount
every t years, and explicit expressions are derived for ¢ and the optimal heightenings. However, in
practice there are several reasons to deviate from the periodic solution. For example, it may be
desirable to combine heightenings of several dikes. In this section, we propose to use RPT to solve
the dike heightening problem in which the years at which heightening takes place are fixed and may
deviate from every ¢ years. Such problems cannot be solved by the approach in Eijgenraam et al.
(2017). We consider the following dike height optimization problem, which is the time truncated
version of the problem in Eijgenraam et al. (2017):

min Y (C+bay)exp (A — 0t,) + Y 5o (exp (Bstrgr) — exp (Bstr)) exp (—0hy) + % exp (85T — Ohx),

z>0,h 5
keKo keKo

Investment costs Expected damage costs Future damage costs

(DHO)
where t is the vector of all moments in time at which the dike height is increased, to =0, « is the
vector of all increases in dike height, where x;, is the increment of the dike height at time %, hy
is the increase in dike height after ¢, years, i.e., hy = Zf:o i, hg = Zke,co x, and B5,0,0,A,b,C, T
and Sy are constants, which are explained in more detail in Appendix E.5. Observe that the feasible
region is not compact. However, we can add redundant upper bounds on « such that we obtain
a compact feasible region. Moreover, since C > 0, the conditions for convergence of RPT-BB, as
specified in Theorem 3, are satisfied.

The objective of (DHO) is to minimize the sum of investment costs and the total expected cost
of flooding, both as a result of heightening dikes, see Eijgenraam et al. (2017) for a full description.
Since t is fixed, the objective of (DHO) is SLC, as it consists of two convex terms (expected damage
costs and future damage costs) and a sum of linear times convex functions, hence we can apply
RPT-BB. We compare RPT-BB, RPT-SDP-BB, and BARON. We refer to Appendices D.5 and E.5
for the convex RPT relaxation and problem instances, respectively. The results for the homogeneous

dike rings 10, 15 and 16 in the Netherlands are shown in Table 8.
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" u RPT-BB RPT-SDP-BB BARON
Opt Time Hyp  SHyp Opt Time Hyp SHyp Opt Time
10 61.98  1800.00* 6499.0 2015.0 61.98 0.15 0 0 61.98  105.08
t, 15 608.74 1800.00* 7344.0 1494.0 608.74 0.16 0 0 608.74  1800.00*
16 1286.11 1800.00* 7953.0 1903.0 1268.11 0.14 0 0 1268.11 1800.00*
10  61.31 1800.00*% 4476.0 1773.0 61.31  0.68 O 0 61.31 1092.25
trs 15 609.92 1800.00% 4322.0 672.0 609.92 0.23 0 0 609.92  1800.00*
16 1269.63 1800.00* 4485.0 846.0 1269.63 0.24 0 0 1269.63 1800.00*
10 55.50  580.42  3229.0 1060.0 5550 0.06 O 0 55.50  1.62
tso 15 54523 146.77  1078.0 191.0 545.23 0.07 0 0 545.23 1.12
16  1100.07 71.62 616.0 380.0 1100.07 0.14 0 0 1100.07 1800.00*

Table 8 Results for Problem (DHO), for dike rings 10, 15, and 16 in the Netherlands.

From Table 8, we observe that RPT-SDP-BB solves every instance at the root node in less than
a second, achieving the lowest computation time across all instances. RPT-BB finds the optimal
solution for t50 (580.42, 146.77, and 71.62 seconds for dike rings 10, 15, and 16, respectively), but
cannot prove optimality within the time limit for ¢;, and to5. BARON proves optimality for 5, on
dike rings 10 and 15 (1.62 and 1.12 seconds, respectively) and for dike ring 10 on #;, (105.08 seconds)
and to5 (1092.25 seconds), but cannot prove optimality within the time limit for the remaining
instances. We further observe that the number of hyperplanes generated by RPT-BB is substantially
larger for t;, and to5 than for t5o, indicating that the branch and bound procedure requires more
refinement for the irregular and 25-year heightening schedules. We refer to Appendix A for a

comparison of three branching strategies.

9. Discussion and conclusion

In summary, we develop a method for globally solving nonconvex optimization problems involving
SLC functions. We introduce the RPT framework, which enables us to obtain a convex relaxation
of the original nonconvex problem, while introducing additional variables and constraints. We
then incorporate it in spatial branch and bound, combining the new RPT relaxation with a
modification of eigenvector branching that also handles the indefinite case, in order to solve the
initial problem to optimality by sequentially partitioning the feasible region into smaller regions. In
the numerical experiments, we demonstrate that the proposed method compares favorably with
current state-of-the-art global optimization methods. Overall, we observe that for the considered
problem instances, RPT-BB and RPT-SDP-BB are able to solve most problems by generating a few
branching hyperplanes. This, together with the efficiency of MOSEK for solving conic optimization
problems, is what drives the speed of the method.

A key limitation of the RPT-BB method is its reduced tractability when applied to problems with a

large number of variables and constraints. This issue arises because the method involves squaring the
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number of variables and performing pairwise multiplications across all linear and convex constraints
within the feasible region. To enhance scalability, future research could explore methodological
adaptations designed to manage larger problem instances more efficiently. Potential adaptations
might include employing partial constraint multiplications and selectively generating variable
products. An iterative constraint generation approach could also be beneficial. This would involve
initially solving the RPT relaxation with a subset of constraints, then progressively incorporating
additional constraints based on whether the solutions violate any remaining constraints. Assessing
the efficiency of this iterative approach, considering it requires multiple resolutions of the RPT
relaxation, would be essential.

Finally, it would be interesting to investigate the potential of RPT-BB beyond the scope discussed
in this paper, by applying RPT-BB also to nonconvex optimization problems in other fields,
such as mixed integer nonlinear optimization, robust optimization, adaptive robust optimization,

distributionally robust optimization, polynomial optimization, and bilevel optimization.
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Appendix

A. Branch and bound strategies comparison

We compare three branching strategies for RPT-BB (None, Secant, and SOC') and two branching
strategies for RPT-SDP-BB (None and Secant) across the five numerical experiments described
in Section 8. Under the None strategy, branching only partitions the feasible region using the
hyperplane
vie=I s

where v is the eigenvector associated with the largest absolute eigenvalue of X* —z*(x*)", and
l[; =v'x*. No additional convex inequalities are added, so branching only splits the current node
relaxation into child relaxations. Under the Secant strategy, convex secant inequalities are introduced

after branching to approximate the nonconvex constraint
v' Xv<(viz)?

whenever the corresponding eigenvalue is positive. Under the SOC strategy, additional second-order
cone (SOC) constraints are imposed whenever the eigenvalue is negative, thereby strengthening the

relaxation through the convex inequality
vz <v'Xv.

The SOC strategy is not applicable to RPT-SDP-BB, because in that case the matrix X* —x*(x*) "
is positive semidefinite and therefore cannot have negative eigenvalues.

Results are reported in Tables 9-13. We assess performance using two criteria: (a) computation
time and (b) the number of runs that hit the time limit of 600 seconds, reported in the TO column.
Equivalently, the latter also indicates how many runs were solved within the time limit. Within each
approach and for each instance, the fastest runtime is identified, and all runtimes within 5% of that
best value are highlighted in bold. This tolerance accounts for minor numerical and computational
variability, so runtimes within 5% are regarded as practically equivalent.

The experiments were run on the same computational environment as in Section 8, namely a
MacBook Pro with an Apple M3 Pro chip (11 CPU cores: 5 performance and 6 efficiency) and 18
GB RAM, using the same software stack described there.

A.1l. Sum-of-max-linear-terms maximization over convex and nonconvex constraints

The results for this comparison are given in Table 9.

RPT-BB. For X}, all three branching strategies perform similarly. All instances are solved to

optimality without timeouts, and runtimes are nearly identical across strategies for most cases.
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Sum-of-max-linear-terms maximization over convex and nonconvex constraints
RPT-BB
X #* None Secant SOC
Opt Time Hyp TO Opt Time Hyp Sec Hyp TO Opt Time Hyp SOC Hyp Sec Hyp TO
2329  0.01 0.0 0/1 23.29  0.01 0.0 0.0 0/1 23.29  0.01 0.0 0.0 0.0 0/1
1r  22.72 0.01 0.0 0/10 22.72 0.01 0.0 0.0 0/10 22.72 0.01 0.0 0.0 0.0 0/10
233.94 0.07 0.0 0/1 233.94 0.09 0.0 0.0 0/1 233.94 0.10 0.0 00 0.0 0/1
2r 211.87 0.14 02 0/10 211.87 0.19 0.2 0.0 0/10 211.87 0.23 02 0.2 0.0 0/10
pe 3 1081.62 104.37 74.0 0/1 1081.62 115.15 73.0 48.0 0/1 1081.62 117.64 115.0 16.0 99.0 0/1
Yo3r 1159.90 69.77 41.7 0/10 1159.90 51.95 37.0 25.6 0/10 1159.90 55.85 53.4 4.7 48.7 0/10
4 113.70  0.02 0.0 0/1 113.70  0.02 0.0 0.0 0/1 113.70 0.02 0.0 00 0.0 0/1
4r  83.78  0.08 04 0/10 83.78  0.09 04 04 0/10 83.78  0.07 0.5 0.1 0.4 0/10
5 3002.44 1.81 1.0 0/1 3002.44 1.81 1.0 1.0 0/1 3002.44 1.47 1.0 0.0 1.0 0/1
5r 2898.05 11.83 6.8 0/10 2898.05 11.00 6.5 5.1 0/10 2898.05 54.74 6.6 4.0 2.6 0/10
14.58 0.02 0.0 0/1 14.58 0.02 0.0 0.0 0/1 14.58 0.02 0.0 0.0 0.0 0/1
1r  14.54  0.03 0.0 0/10 14.54  0.02 0.0 0.0 0/10 14.54  0.02 0.0 0.0 0.0 0/10
2 136.22 0.45 0.0 0/1 136.22 0.38 0.0 0.0 0/1 136.22 0.28 00 0.0 0.0 0/1
2r 122.21  2.05 2.5 0/10 122.21  2.68 3.7 2.1 0/10 122.21 1.58 3.1 1.0 2.1 0/10
x 3 837.94  600.00* 161.0 1/1 837.94 325.78 104.0 79.0 0/1 837.94 346.64 106.0 11.0 95.0 0/1
2 3r  890.07 506.64** 139.9 8/10 890.07 408.17*F 67.5 48.2 6/10 890.07 384.59** 99.8 12.0 87.8 6/10
4 33.73  1.52 7.0 0/1 3373 412 16.0 12.0 0/1 33.73  2.89 16.0 2.0 14.0 0/1
4r  31.81 0.92 2.7 0/10 31.81 1.43 5.8 4.5 0/10 31.81 1.41 6.0 1.4 4.6 0/10
5 1610.69 600.00% 159.0 1/1 1610.69 600.00% 1.0 0.0 1/1 1610.69 600.00*% 10.0 10.0 0.0 1/1
5r  1670.92 600.00* 150.3 10/10 1670.92 600.00* 224 6.7 10/10  1670.92 600.00* 95.8 71.6 24.2 10/10
13.45  63.04 396.0 0/1 13.45 107.81 676.0 636.0 0/1 13.45 109.11 676.0 0.0 636.0 0/1
Ir 1501  223.38** 537.0 2/10 15.01 204.52** 388.0 318.1 3/10 15.01  252.56** 307.0 0.3 251.1 4/10
2 140.86 58.58 138.0 0/1 140.88 59.61 138.0 137.0 0/1 140.88 56.75 138.0 0.0 137.0 0/1
2r  129.29 74.08 116.0 0/10 129.29 95.89 213.0 208.1 0/10 129.29 101.29 230.6 0.1 225.7 0/10
Py 3 769.11 376.17 73.0 0/1 768.96 264.37 48.0 45.0 0/1 768.96 261.37 47.0 3.0 44.0 0/1
3 3r  805.98 317.12*%* 33.6 2/10 805.96 342.95%* 351 34.9 3/10 805.96 396.11** 315 0.2 31.0 4/10
4 45.34  81.43 151.0 0/1 45.34  45.08 84.0 83.0 0/1 45.34 44.18 88.0 1.0 87.0 0/1
4r 44.80  518.96** 409.8 7/10 44.78  450.05** 351.2 346.3 6/10 44.54  491.12** 353.8 2.2 350.1 7/10
5 2257.31 600.00% 67.0 1/1 2267.88 600.00% 91.0 19.0 1/1 2268.17 600.00% 87.0 58.0 29.0 1/1
5r  2354.84 600.00* 81.6 10/10 2359.75 600.00*% 82.0 17.0 10/10  2359.96 600.00* 72.8 46.0 26.8 10/10
RPT-SDP-BB
X # None Secant
Opt Time Hyp TO Opt Time Hyp Sec Hyp TO
1 2329  0.02 0.0 0/1 2329  0.02 0.0 0.0 0/1
1r 2272  0.02 0.0 0/10 22.72  0.02 0.0 0.0 0/10
2 233.94 0.57 0.0 0/1 233.94 0.61 0.0 0.0 0/1
2r  211.87 0.52 0.0 0/10 211.87 0.51 0.0 0.0 0/10
X 3 1081.62 30.13 0.0 0/1 1081.62 32.44 0.0 0.0 0/1
bo3r 1159.90 46.26 03 0/10 1159.90 48.63 0.3 0.3 0/10
4 113.70 0.06 0.0 0/1 113.70  0.09 0.0 0.0 0/1
4r  83.78  0.06 0.0 0/10 83.78  0.06 0.0 0.0 0/10
5 3002.44 80.36 1.0  0/1 3002.44 71.63 1.0 1.0 0/1
5r 2898.05 80.82 1.1 0/10 2898.05 73.41 1.1 1.1 0/10
14.58  0.03 0.0 0/1 14.56  0.03 0.0 0.0 0/1
Ir 1454  0.04 0.0 0/10 14.54  0.03 0.0 0.0 0/10
136.22 1.19 0.0 0/1 136.22  1.05 0.0 0.0 0/1
2r 12221 277 0.7 0/10 122.21 2.54 0.7 0.7 0/1
X 3 837.94 104.21 0.0 0/1 837.94 94.39 0.0 0.0 0/1
2 3r 890.07 222.30%* 0.6 1/10 890.07 210.05** 0.6 0.6 1/10
4 33.73 1.63 20 0/1 33.73  2.00 2.0 0.0 0/1
4r 31.81 0.70 0.8 0/10 31.81 0.70 0.8 0.0 0/10
5 1610.69 600.00% 4.0 1/1 1610.69 600.00% 4.0 4.0 1/1
5r  1670.92 600.00% 4.0 10/10 1670.92 600.00* 4.0 4.0 10/10
13.44 5.08 10.0 0/1 13.44 5.01 10.0 10.0 0/1
1r 1499  20.85 27.7 0/10 1499  11.88 18.7 18.7 0/10
2 140.62 26.77 40 0/1 140.62 28.73 40 4.0 0/1
2r  129.08 30.73 48 0/10 129.08 26.74 38 38 0/10
x 3 768.96 600.0% 20 11 768.96 600.0% 20 20 1/1
3 3r 805.08 600.0%* 2.0 10/10 805.95 600.0* 20 20 10/10
4 45.34 116.81 52.0 0/1 45.34 147.34 58.0 58.0 0/1
4r  44.88  219.65 54.0 1/10 44.83  261.83 58.1 58.1 3/10
5 - 600.0% 20 11 - 600.0% 20 20 1/1
5r - 600.0* 2.0 10/10 - 600.0* 2.0 20 10/10
Table 9  Results for Problem (38) over the feasible regions X1, X2, and X5 for the different branching strategies in

RPT-BB and RPT-SDP-BB.

The only notable deviation occurs for instance 5r, where SOC is substantially slower than the
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other strategies (54.74s, compared with 11.83s for None and 11.00s for Secant). Overall, the three
strategies are very close on X, with None and Secant appearing slightly more stable than SOC.

For &5, Secant and SOC perform best overall. In particular, Secant and SOC solve instance 3 to
optimality within the time, whereas None hits the time limit on this instance. For the replicated
instance 3r, Secant and SOC solve more instances than None to optimality. For the remaining
instances, runtime and timeout behavior are broadly similar across strategies, with all three variants
reaching the time limit on instances 5 and 5r.

For X3, no single strategy dominates. None is the fastest strategy for instances 1 and 2r and
yields fewer timeouts on the replicated instances 1r and 3r. On the other hand, Secant and SOC
are advantageous on instances 3 and 4, where they reduce runtime relative to None. In addition,

Secant yields the fewest timeouts for the replicated instance 4r.

RPT-SDP-BB. For &}, &,, and A3, no single branching strategy consistently outperforms the

other.

Conclusion. For this benchmark, the results do not reveal a clear winner among the branching

strategies, as their relative performance varies across X, X,, and Xjs.

A.2. Log-sum-exp maximization over linear constraints

Table 10 indicates that, for RPT-BB, the Secant strategy is marginally the strongest variant overall:
it attains the fastest runtime on instances 1-3, ties for best on instance 4, and remains competitive
on instance 5. For RPT-SDP-BB, Secant and None perform very similarly: they tie on instance 1,
Secant is faster on instances 2 and 3, and None is slightly faster on instances 4 and 5. Overall,

Secant has a slight edge, although the differences among the strategies are small.

Log-sum-exp maximization over linear constraints
RPT-BB

X # None Secant SOC
Opt Time Hyp TO Opt Time Hyp Sec Hyp TO Opt Time Hyp SOC Hyp Sec Hyp TO
1 10.01 0.08 0.0 0/10 10.01 0.06 0.0 0.0 0/10 10.01 0.09 0.0 0.0 0.0 0/10
2 40.00 1.32 0.0 0/10 40.00 1.28 0.0 0.0 0/10 40.00 1.30 0.0 0.0 0.0 0/10
X, 3 6.10 4.09 3.0 0/10 6.10 1.71 1.0 09 0/10 6.10 1.73 1.1 0.1 1.0 0/10
4 21.96 0.31 0.0 0/10 21.96 0.31 0.0 0.0 0/10 2196 0.38 0.0 0.0 0.0 0/10
5 34.76 5.44 0.0 0/10 34.76 5.47 0.0 0.0 0/10 34.76 586 0.0 0.0 0.0 0/10
RPT-SDP-BB
X # None Secant
Opt Time Hyp TO Opt Time Hyp Sec Hyp TO
1 10.01 0.20 0.0 0/10 10.01 0.20 0.0 0.0 0/10
2 40.00 34.56 0.0 0/10 40.00 32.92 0.0 0.0 0/10
X 3 6.10 2.61 0.8 0/10 6.10 2.20 0.8 0.8 0/10
4 21.96 1.61 0.0 0/10 21.96 1.68 0.0 0.0 0/10
5 34.76 124.07 0.0 0/10 34.76 124.45 0.0 0.0 0/10

Table 10  Results for Problem (40) for the different branching strategies in RPT-BB and RPT-SDP-BB.
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A.3. Linear multiplicative optimization

Table 11 shows that, for RPT-BB, the Secant strategy performs best overall. It consistently
achieves the fastest computation times for the first three instances and reduces the number of
timeouts relative to the other strategies. For RPT-SDP-BB, None consistently attains the fastest
computation times across all instances and records fewer timeouts on instance 5 than Secant (2/10
versus 3/10). Overall, Secant is clearly preferable for RPT-BB, whereas for RPT-SDP-BB the choice
between None and Secant depends on whether one prioritizes average runtime or solved-run count

on the hardest instance.

Linear multiplicative optimization

RPT-BB
X # None Secant SOC
Opt Time Hyp TO Opt Time Hyp Sec Hyp TO Opt Time Hyp SOC Hyp Sec Hyp TO
1 12.14 1.64 25.7 0/10 12.14 1.24 25.6 2.2 0/10 12.14 14.63 105.5 1.3 1.8 0/10
2 23.47 9.04 51.2 0/10 23.47 6.33 56.2 18.9 0/10  23.47 218.43** 535.5 3.4 35.2 2/10
3 20.96 194.20%*  349.1 3/10 20.96 26.19 151.5  79.7 0/10  20.96 353.78%* 573.7 3.4 22.1 1/10
4 18.99 572.45** 1059.6 8/10  18.99 575.91** 1029.5 748.2 8/10  18.99 600.00* 268.8 1.4 0.0 10/10
5 8.90  600.00* 161.1 10/10 8.90 600.00* 149.7 15.1 10/10  8.90 600.00* 929 1.5 0.0 10/10
RPT-SDP-BB
X # None Secant
Opt Time Hyp TO Opt Time Hyp Sec Hyp TO
1 12.14 4.70 20.7  0/10 12.14 6.74 20.7 0.3 0/10
2 23.47 18.01 30.3 0/10 23.47 18.15 30.3 5.7 0/10
3 20.96 20.49 25.1 0/10 20.96 21.14 25.1 2.2 0/10
4 18.99 74.19 35.7  0/10 18.99 84.61 35.7 154 0/10

5 8.90 358.74** 349 2/10 890 409.70** 33.3 10.5 3/10
Table 11  Results for Problem (42) for the different branching strategies in RPT-BB and RPT-SDP-BB.

A.4. Quadratically constrained quadratic optimization

From Table 12, we observe that for RPT-BB, the Secant and SOC strategies perform similarly and
both clearly outperform the None strategy. In particular, both Secant and SOC solve instance 5 to
optimality within the time limit, whereas None fails to do so.

For RPT-SDP-BB, the Secant strategy performs slightly better overall, achieving marginally
lower computation times on most instances. However, the differences between Secant and None are
small.

Overall, Secant appears to be the best default choice. For RPT-BB, Secant and SOC perform
similarly and both outperform None, while for RPT-SDP-BB Secant consistently achieves slightly

lower computation times.

A.5. Dike height optimization

Table 13 shows that, for RPT-BB, the picture depends on the time grid. For t;, and t,5, all three

strategies hit the time limit on all instances, so there is little separation in solved-run count. For t5g,
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Quadratically constrained quadratic optimization
RPT-BB
X # None Secant SOC
Opt Time Hyp TO Opt Time Hyp Sec Hyp TO  Opt Time Hyp SOC Hyp Sec Hyp TO
1 394.75 1.23 1.0 0/1  394.75 1.00 1.0 1.0 0/1  394.75 0.77 1.0 0.0 1.0 0/1
2 884.75 0.08 0.0 0/1 884.75 0.06 0.0 0.0 0/1  884.75 0.05 0.0 0.0 0.0 0/1
3 6888.78  0.01 0.0 0/1 6888.78  0.01 0.0 0.0 0/1  6888.78  0.01 0.0 0.0 0.0 0/1
4 98382.63 7.13 3.0 0/1 98382.63 241 1.0 0.0 0/1  98382.63 1.42 1.0 0.0 0.0 0/1
5 - 600.00% 6.0 1/1  774482.39 87.03 1.0 0.0 0/1 774482.39 93.63 1.0 0.0 0.0 0/1
6 1717.80  0.10 2.0 0/1 1717.80  0.04 1.0 0.0 0/1 1717.80  0.07 1.0 1.0 0.0 0/1
7 4507.75  0.13 4.0 0/1  4507.75  0.06 2.0 2.0 0/1  4507.75  0.04 2.0 0.0 2.0 0/1
8 17084.82  0.23 3.0 0/1 17084.82 0.17 3.0 2.0 0/1  17084.82 0.16 3.0 1.0 2.0 0/1
9 - 600.00% 1336.0 1/1 - 600.00* 1773.0 1061.0 1/1 - 600.00% 1343.0 604.0 739.0 1/1
10 - 600.00% 532.0 1/1 - 600.00% 880.0 329.0 /1 - 600.00% 293.0 156.0 137.0 1/1
RPT-SDP-BB
X None Secant
Opt Time Hyp TO Opt Time Hyp Sec Hyp TO

1 394.75 1.18 1.0 0/1 394.75 1.12 1.0 1.0 0/1
2 884.75 0.13 0.0 0/1 884.75 0.10 0.0 0.0 0/1
3 6888.78  0.02 0.0 0/1 6888.78  0.01 0.0 0.0 0/1
4 98382.63 2.22 0.0 0/1 98382.63 2.04 0.0 0.0 0/1
5 774482.39 42.31 0.0 0/1 774482.39 43.34 0.0 0.0 0/1
6 1717.80  0.03 0.0 0/1 1717.80  0.02 0.0 0.0 0/1
7 4507.75  0.18 2.0 0/1 4507.75  0.13 2.0 2.0 0/1
8 17084.82  0.13 1.0 0/1 17084.82 0.11 1.0 1.0 0/1
9 600.00% 299.0 1/1 600.00% 526.0 526.0 1/1

10 52233.41 87.21 46.0 0/1 5223341 81.69 46.0 46.0 0/1

Table 12 Results for the quadratically constrained quadratic optimization problem for the different branching

strategies in RPT-BB and RPT-SDP-BB.

however, Secant is clearly the strongest variant: it solves dike ring 10 to optimality within the time
limit, whereas both None and SOC hit the time limit, and for dike rings 15 and 16 it is faster than
SOC while None again fails to solve the instances within the time limit.

For RPT-SDP-BB, both strategies solve all instances almost instantaneously. Secant is marginally
faster on most instances, but the differences are negligible because all computation times are below
one second.

Overall, Secant is the most effective choice for this benchmark.

A.6. Overall comparison of branching strategies

Across the five numerical experiments, no single branching strategy consistently dominates in
all settings. Nevertheless, the Secant strategy emerges as the most reliable choice overall. For
the sum-of-max-linear-terms instances, no clear winner emerges, and relative performance varies
across instance classes. For the log-sum-exp benchmark, Secant achieves slightly lower runtimes on
average, although the differences relative to None and SOC are small. For the linear multiplicative
optimization benchmark, Secant is clearly preferable for RPT-BB, whereas for RPT-SDP-BB None
yields slightly lower average runtimes but Secant solves one additional run on the hardest instance.
Finally, for both the quadratically constrained quadratic optimization benchmark and the dike

height optimization benchmark, Secant is the most natural default choice.
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Dike height optimization

4 RPT-BB
t None Secant SOC
Opt Time Hyp TO Opt Time Hyp Sec Hyp TO  Opt Time Hyp SOC Hyp Sec Hyp TO

10 61.98  600.00* 737.0 1/1 61.98  600.00%* 1654.0 430.0 1/1  61.98  600.00% 1520.0 829.0 691.0 1/1
t, 15 608.74 600.00%* 1418.0 1/1 608.74 600.00* 1643.0 389.0 1/1  608.74 600.00%* 1389.0 642.0 747.0 1/1
16 1268.11 600.00% 733.0 1/1 1268.11 600.00* 1839.0 380.0 1/1  1268.11 600.00% 1304.0 738.0 566.0 1/1
10 61.31  600.00% 863.0 1/1 61.31  600.00% 1176.0 412.0 1/1  61.31  600.00% 1112.0 528.0 584.0 1/1
ts 15 609.92 600.00%* 647.0 1/1  609.92 600.00% 1182.0 130.0 1/1  609.92 600.00% 719.0 512.0 207.0 1/1
16 1269.63 600.00 476.0 1/1  1269.63 600.00* 1192.0 317.0 1/1  1269.63 600.00* 818.0 257.0 307.0 1/1
10 55.50  600.00% 326.0 1/1 55.50 580.42 3229.0 1060.0 0/1 55.50  600.00% 2734.0 1092.0 1642.0 1/1
t;o 15 545.23  600.00%* 600.0 1/1 545.23 146.77 1078.0 191.0 0/1 54523 194.95 1266.0 585.0 681.0 0/1
16 1100.07 600.00* 439.0 1/1 1100.07 71.62 616.0 380.0 0/1 1100.07 102.04 564.0 257.0 307.0 0/1

RPT-SDP-BB
None Secant
Opt Time Hyp TO Opt Time Hyp Sec Hyp TO

10 61.98 0.18 0 0/1 6198 0.15 0 0 0/1
ti, 15 608.74 0.17 0 0/1 608.74 0.16 0 0 0/1
16 1268.11 0.15 0 0/1 1268.11 0.14 0 0 0/1
10 61.31 0.69 0 0/1 61.31 0.68 0 0 0/1
t,s 15 609.92 0.22 0 0/1 609.92 0.23 0 0 0/1
16 1269.63 0.26 0 0/1 1269.63 0.24 0 0 0/1
10 55.50  0.06 0 0/1 5550 0.06 0 0 0/1
tso 15 54523 0.07 0 0/1 545.23 0.07 0 0 0/1
16 1100.07 0.15 0 0/1  1100.07 0.14 0 0 0/1

Table 13 Results for Problem (DHO).

B. When infimum is not attained
If the infimum of (3) is not attained, we assume that (1) satisfies the following regularity condition.

ASSUMPTION 3. There exists a vector @® € 1i(Ngex, dom(fx)) such that fi.(x%) <0 for all k €
K, ATz% <b and h(z®) <O0.

Note that Assumption 3 implies that @° resides in the sets Nrex, ri(dom(c;y)) and Nje g, ri(dom(h;))
i€y

thanks to Proposition 2.42 in Rockafellar and Wets (2009), and thus, x5 is a strict Slater point
of (1). Furthermore, there exists a (75, X5, V) such that (x5 75, X5 V3) is a strict Slater point
of the corresponding RPT relaxation (8) of (1) with fx(x) <0 is replaced by

cou(x) = sup  {x"y—ci(y)} <0

Hy . yEdom(c]}) (46)

y € dom(cj,).

Finally, thanks to Remark 1 and the proof of Theorem 6(iii) of Zhen et al. (2023), the inf operator

in the constraint of (8) can be merged with the inf operator (instead of min operator because the

optimal y may not be obtained) in the objective function without affecting the infimum of (8).

C. Mountain climbing procedure

We use a mountain climbing (MC) procedure based on the algorithm from Tao and An (1997), to
find an upper bound for problems involving the biconjugate. The MC procedure takes as input X,
the list of candidate vectors obtained from the solution of the RPT relaxation (see Section 3.4)

and returns a local optimum. The procedure is summarized in Algorithm 3, for the problem of
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maximizing a function f(x,y) over X x ), where X and ) are disjoint sets. Note that it is possible

that X" =, in which case MC cannot be applied.

Algorithm 3 Mountain climbing procedure
Input: X', £L=0.

1: for x € X’ do

2:  y<«argmax f(x,y)
yey

3: e+1

4:  while € >0.001 do

5: Lb + f(x,y)

6: x < argmax f(x,y)
xeX

T: y < argmax f(x,y)
yey

8: Lb, « f(x,y)

9: g« Lb,—Lb

10:  end while

11: L+ LU{(z,y)}

12: end for

13: (z*,y") < argmax, ., f(T,y)
14: Lb* = f(x*,y*)

15: return (Lb*, x*,y*)

D. RPT-SDP formulations of the numerical experiments
Throughout the experiments we consider five cases of the feasible set X: X =&, X = A&,, X = A%,
X =X,, and X = X5, where

X, ={xeRy | D'z <d}

log (nz exp(wi)> < a}

i=1

XQZ CCGXl

ng CCGXl

HwHﬁZ@SC}

=1
Alc+b;>0,ie{l,....,n,}}

X4 = :I:GXl
' Par+q,x+r, <0, keKc}.

X5: :I:GXl

We notice that both X, and X3 are not in conic form, but they can be reformulated as such, in

the following way. First, for X, we observe that log (3, exp(z;)) <a < > exp(x; —a) < 1.

Using epigraphical variables z; we obtain the following equivalent form:

XQZ{meXl,zER”” zi>exp(xi—a),zzi<1}.
=1
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Regarding X3 we first reformulate the nonconvex constraint via the biconjugate and obtain the

equivalent set

X3:{$€Xl

We introduce epigraphical variables for the convex component of the SLC constraint. Since the
convex component of the SLC constraint consists of a sum of two basic cone functions we introduce
an epigraphical variable for each basic cone function. Subsequently, we reformulate every convex
constraint in terms of one of the basic cone constraints. Next, we convexify the SLC constraint,

such that we obtain the following relaxed set of constraints

stp+ S Vi<e
=1

) TEX VR zeRy,, | |2l <5

3= teR,seRpeR, mt <

i>P

T .
L ‘(Zz—tz,l) H2§21+t“ ZG{l,...,nm})

We choose ¢ to be large enough such that (38) with X' = X satisfies Assumption 1.

When applying the mountain climbing procedure for X = &5, we only apply it for the candidate
vectors that are feasible, while for X = &, and X = X3, we alternate between maximizing for ¢,z € X
and maximizing for y € ) and vice versa.

In the formulations for the numerical experiments we encounter several products of variables.
These are linearized as follows: We linearize xz " by X, yy' by Y, zz" by Z, ww' by W, tt'
by T, xy’ by U, xzz" by V, zw' by Q, zt" by F, yz" by R, yw' by P, yt" by G, zw' by
K, 2t" by H, sz by a, sy by 3, sz by ~, st by ¢, s> by o, px by A, py by u, pz by v, pt by 1,
ps by p and p? by 7.

D.1. RPT-SDP formulation of Problem (37)

Replacing the objective function with the biconjugate function in (37) we obtain the following

equivalent maximization problem

.
wy (Axtb)y (CMa)

yey

where ) is given by

yZ{yERi”Zyj:l,EEﬁ}.

JETp
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X =X,;. The RPT-SDP formulation is given by

max  Tr(UA)+b'y

z,y,U,X)Y
st. D'X;—dx; <0, ie{l,...,n,}, (47a)
D'U,; —dy; <0, je{l,...,n,} (47Db)
de'D+D"'zd" <D'"XD+dd', (47c)
Zyj =1, lel, (47d)
JETp
> U -z=0, lel, (47¢)
JE€ETp
> Y,—y=0, teL, (47f)
J€Tp
X,Y,U >0, (47g)
X U x
U'"Y y| =0, (47h)
z' y' 1

where constraints (47a) - (47g) result from pairwise multiplication of the linear constraints and
constraint (47h) results from the additional SDP relaxation.

Observe that = € X, is redundant. The constraint D"z < d is redundant by (47¢), (47d) and
(47b):

D'z<d <+ D'} U -d<0+ D'} U -d) y;<0<+ ) (D'U;~dy)<0.

i€y JETL JETy i€y
The nonnegativity constraint @ > 0 is redundant by (47e) and (47g). Moreover, the nonnegativity
constraint y > 0 is redundant by (47f) and (47g). Hence, these constraints are not included in the
above formulation.
In the RPT-SDP formulation we hence obtain n,|L| + n,|L| + n.n, + L'n, +n.(n, +1)/2 +
L'(L’+1)/24n,L"+n,(n,+1)/2 additional linear constraints, one additional SDP constraint and
ng(ne +1)/2+n,(n, +1)/24+n,n, extra variables.

X =X,. The RPT-SDP formulation is given by

T,Y,z
U,V,R
X\Y.Z
st (47a) — (47g)
> <, (48a)
i=1
Y Vi—z<o, (48b)
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Z R,—y<O0, (48c)
=1
D'z-DTY V.<d(1-) z), (48d)
i=1 i=1
DETRE SERRER) =
bi=1 i=1
exp(z; —a) <z, i€{l,...,n.}, (48f)
X.. —ax.
T, exp (”xax]) <V, i,je{l,...,n.}, (48¢)
J
Uij —ay; . .
Y; €Xp T SRjia Ze{lv"'anac}hj 6{17"'7’”‘1;}7
’ (48h)
dyz; —ad, — D} X; +aD]
(dy— D] a)exp (LB 0= D 2iFaD 2N DIV, ie{l,...n b lef{l,....L'}
d[—DZ$
(481)
o zi—a—> = Vi.4+ad " 2 o
(1—2,2]-) exp< 1171 ni =1 J)SZZ-—ZZ]-Z-, 1e{l,...,n.}, (48j)
i=1 i=1%i j=1
exp (z; + z; — 2a) < Zy, 1<je{l,...,n.}, (48k)
Vi; —az; o
2, exp (z%) <7, i<je{l,...,n.}, (481)
J
> R;—z=0, kek, (48m)
J€Tk
X U V«x
UTY R
VIR Z 3|20 (48n)
' oyl 2T 1

where constraints (48b) - (48e) result from pairwise multiplication of the new linear constraint
over z with the previous linear constraints (48g) - (48l) result from pairwise multiplication of the
exponential constraint with the linear inequalities and itself, constraint (48m) results from pairwise
multiplication of the initial linear constraint over y with z and constraint (48n) results from the
additional SDP relaxation.

In the RPT-SDP formulation we hence obtain 2n,|L|+ n,|L| + n,n, + L'n, +n,(n, +1)/2 +
L'(L'+1)/2+n,L' +ny(n, +1)/2+n, +n, + L' + 1 additional linear constraints, n,n, + n2 +
L'n, +n,(n, + 1) + n, additional exponential constraints, one additional SDP constraint and

ng(ng + 1) +ny,(n, +1)/2 + 2n,n, +n2 extra variables.

X = X3.
The pairwise multiplication of the linear constraints gives us the following constraints:
(47a) — (47g)

s+p+y Vi<e, (49a)

=1



Author: Reformulation-Perspectification Technique for nonconvex optimization problems

o8

i=1

D'V, < zd, ie{l,...,n.},
D'F, <td, ie{l,...,n.},
D™ A<pd,
Z r;—2=0, {el,
JE€ETy
Zgj_t:()a €€£,
J€ETy
Z’Yj —s=0, tel,
JETe
> wi—p=0, ter,
JETe
i=1
ZGl <IJ”
i=1
ZHi <v,
=1
> T <,
i=1
Z% <7T,
=1
> dit;— D] F, <pd, — D] X, tef{1,....L'}
i=1
77_221/%4‘ Z T,; >0,
i=1 i,j=1

V,F,R.G,H,Z,T >0,

A7H7V’¢70’7ﬂ-20'

Further, the pairwise multiplications of the non-linear ones result in the following constraints:

Izl <,

H(ZZ_tul)THQSZZ—’_t“ ’LE{l,,nz},
X, < ai, i€{l,...,n.},
HUi|2SBi7 1€{1,...,n,},
H‘/ZHZS’Y'L? ie{lw"?n:c}a
|E 2S¢17 7’6{177nz}a
Al <0

Hdgw—XDZHQSSdg—D;a, €€{1,...,L'},

(49b)

(49c¢)
(494d)
(49¢)
(491)
(49g)
(49h)

(49i)
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IN=D_Fl,<p-> ¢ (501)
=1 =1
X[ <o, (505)
| (Vi = Fyis) ||, < Vii+ i i,j€{l,...,n,}, (50k)
H(R]'_G]“y])HQSR“_'_G]“ ZE{I,,nx},]E{l,,ny},
(501)
| (Z;i — Hji,2) ||, < Zji + Hy, i,j€{1,...,n.}, (50m)
| (Hij = Tist5) ||, < Hij + Ty, i,je{l,...,n.}, (50n)
| (vi = i, 0) ||, < vi 42, ief{l,...,n.}, (500)
| (de(zi —t:))+ D] (F, = V;),d,— D/ ) ||, <di(z:+t;) = D/ (F;+ Vi), (e{l,...,L'}, (50p)
| (Vi = F @) ||, <vi + ¢, ic{l,...,n.}, (50q)
I (Visz-ZHijJrZﬂ-j,pth) I, < vitv — ZH” Z sy de{l,.. . n,}, (50r)
j=1 j=1 Jj=1
2
X U V Falzx
UT"Y R GBpuy
VIRT Z H~v =z
FTGTH T ¢ot]|=o. (50t)
al IBT ,.YT ¢T op s
)\T V'T I/T ’l,ZJT p TP
z' y' 2T tT s p1

In the RPT-SDP formulation we hence obtain (3|£]|+ 2L+ 7)n,

+ (|£]+1)n, + 3n,n, + L'n, +

3ng(n.+1)/2+3n2+L'(L'+1)/2+n, L +n,(n,+1)/242|L|+2L" +6 additional linear constraints,

5nZ + ngny, + 5n, + n, + 2L + 3 additional second order cone constraints, one additional SDP

constraint, and 3n,(n, +1)/24 3n2 +n,(n, +1)/2+ 3n,n, + 6n, + 2n, + 3 extra variables.

D.2. RPT-SDP formulation of Problem (40)

Replacing the objective function with the biconjugate function in (40) we obtain the following

equivalent maximization problem

N
max a:Ty—l— g Wi,
TEX] -
(yw)ey i=1

where ) is given by

V= {yemw, weR™

yexp( ><1 ie{l, ...,nx},Zyizl}.
Yi i=1

The RPT-SDP formulation is given by

U)+ ZT: w;
i=1

(LSEM3)
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st. xe X, (51a)
(y,w)ey, (51b)
X, Y, U >0, (51c)
DX, —dz; <0, 1e€{1,...,n.}, (51d)
DU, —dy,; <0, i€{l,...,n.}, (51e)
dr'D+D"2d" <D"XD+dd", (51f)
ie{1,..., ng}
> Y=y, (51h)
ie{l,..., ng}
> (P) =w, (51i)
ie{l,..., ng}
Uj; exp (%) <uzj, i,je{l,...,n.}, (51j)
Ji
P, .
%) eXp (}/J) Sij Za] € {L"'vnz}a (51k)
ij
dew; — D]V, .
(dgyi—D;Ui) exp (M) <d,— D/ =z, ie{l,...,n.}, Le{l,...,L'}, (511)
[3 Y4 [3
P+ P,
s exp (;) <1, i<je{l,...n}, (51m)
ij
X U Q «x
ury P
QTP W g} =0, (51n)

z" y' w' 1

where constraints (51c) - (51i) result from pairwise multiplication of the linear constraints. Note that
we only multiply the linear equality constraint with the variables (see Theorem 1). Constraints (51j)
- (511) result from pairwise multiplication of the linear inequality constraints with the exponential
cone constraints, constraint (51m) results from pairwise multiplication of the exponential cone
constraints with each other, and constraint (51n) results from the additional SDP relaxation.

In the RPT-SDP formulation we hence obtain n,(n, + 1) +n2 + (2L’ 4+ 3)n, + L'(L' + 1)/2
additional linear constraints, 2n2 + L'n, + n,(n, + 1)/2 additional exponential cone constraints,
one additional SDP constraint and 3n,(n, +1)/2+ 3n? additional variables.

Observe that we could exclude the nonnegativity constraints from the above reformulation, since

from constraints (51b), (51g), and (51h) it follows that they are redundant.

D.3. RPT-SDP formulation of Problem (42)

Replacing the objective function with the biconjugate function in (42) we obtain the following

equivalent maximization problem

(AT T, '
max - —(ATedb)Ty- 5, w (€M)
(y,w)ey i€{1l,...,ny}
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where ) is given by
Y= {yERT’,wER”y ! exp(—w; — 1) <y, ie{l,...,ny}}.
The RPT-SDP formulation is given by
y
-
Inax Tr(UA)+b y—l—Zwi
XY w, i=1
U.Q.P
st. D'z<d, (52a)
X,Y,U>0, (52b)
DX, —dz; <0, i€{l,...,n.}, (52c)
D'U; —dy, <0, jed{l,...,n,}, (52d)
de'D+D"'zd" <D'XD+dd', (52e)
exp(—w; — 1) <w;, ie{l,...,n,}, (52f)
xjexp<Qij>§Uﬁ, ie{l,...,n,},je{l,....,n.},
J
(52g)
~Pi—y, -
Y exp (Jyyj> <Y, i,j€{l,...,n,}, (52h)
J
D/ (z+Q;)—di(1+w;)
(dy — D/ x)exp < i—Dix

<dw;—D,/U;, ie{l,...,n,},0€{l,..., L'}, (52i)

exp(—w; —w; —2) <Y, i<jed{l,...,n,}, (523)
XU Q =
U'y P
QT PT W 3] EO, (52k)

z' y' w' 1

where constraints (52b) - (52d) result from pairwise multiplication of the linear constraints, con-
straints (52g) - (52j) result from pairwise multiplication of the exponential constraints with the
linear and constraint (52k) results from the additional SDP relaxation.

In the RPT-SDP formulation we hence obtain n,(n, +1)/2+n,(n, +1)/24+n,n, + L' (n, +n,) +
L'(L’ 4 1)/2 additional linear constraints, ngn,, +n2 4+ L'n, +n,(n, + 1)/2 additional exponential
cone constraints, one additional SDP constraint and n,(n,+1)/2+n,(n, +1) +2n,n, +n’ additional

variables.
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D.4. RPT-SDP formulation of Problem (45)

The convex quadratic constraints (C) are reformulated as second order cone constraints, that
is HR-l/ 2:1:” , ST — g, . The nonconvex quadratic constraints (NC) are linearized as follows:

tr(P,X)+q € +r; <0. The RPT-SDP formulation is given by

mi)? Tr(PyX)+q, v+

st. xe, (53a)
D'X,—dz; <0, ie{l,...,n.}, (53b)
dr'D+D"zd" <D"XD+dd", (53c)
Tr(P.X) + kg x+ 1 <0, keNC, (53d)
HP,:/233H2§—7';€—qszc, kec, (53e)
|P2X P, <rirj+rig o +rq] z+q] Xqj, i,jec, (53f)
|de P2 — PY?XDy||, < —rpde + D] @ — dogx +q] XDy, keC Le{l,....L'},
(53g)
HPlcl/szHS_kaEj—quj, keC,je{l,...,n.},
(53h)
X >0, (53i)

(jﬁ f) -0, (531)

where constraints (53b) - (53¢) and (531) result from pairwise multiplication of the linear constraints,
constraints (53f) - (53h) result from pairwise multiplication of the convex quadratic constraints
with the linear constraints and each other and constraint (53j) results from the additional SDP
relaxation.

In the RPT-SDP formulation we hence obtain L'n, +n,(n,+1)/2+L'(L' +1)/2+|NC| additional
linear constraints, (n, + L'+ 1)|C| + |C|(|C| + 1)/2 additional second order cone constraints, one

additional SDP constraint and n,(n, + 1)/2 additional variables.

D.5. RPT-SDP formulation of Problem (DHO)

We introduce the following epigraphical variables: We use z; for the nonconvex terms in the objective

(C + bzxy) exp ()\ Zf:o T; — 5tk>, and wy, for exp (—9 Zf:o xl) The RPT-SDP formulation is given

min Z 2p+ Z ;: (exp (Bstrs1) — exp (Bstr)) wi + S exp (BsT) wi

; 0
WV, kex keKy

s.t.  (C+bxy)exp ( ke Ko, (54a)

AChy + A0 SF X — 6t (C + bay,)
S ks
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D'z <d, (54b)
k

exp (—02 xb> < wy, ke Ko, (54c)

i=0
DX, <x,d, k € Ko, (54d)
dr'D+D'zd" <D'"XD+dd', (54e)

—0d, " 2, +0%" D] X,
(dg—D;$)eXp ( Zzz_zlj +D%Z_O £ ) Sdgwk—D;Qk, kGKo,ge{l,...,L/},
¢y
(54f)
ok X,
xjexp <2?£_0J> < Qjk, k,j € Ko, (54g)
J
k J
exp (—92@—92@) < Wik, j, k€ Ky, (54h)
i=1 i=1
—oF ,
w; exp (W) < ij, j, ke IC(), (541)
J

z,X >0, (54j)

X Q =z
Q: w 1f >0, (54k)

' w

where constraint (54b) represents the upper bounds on « such that we obtain a compact feasible
region, (54d) - (54f) result from pairwise multiplication of (54b) with all other constraints, (54g)
results from pairwise multiplication of (54c) with the nonnegativity constraint @ >0, (54h) - (54i)
result from pairwise multiplication of the exponential constraint with itself, (54j) results from
pairwise multiplication of the nonnegativity constraints, and constraint (54k) results from the
additional SDP relaxation.

In the RPT-SDP formulation we hence obtain |KCo| + L'(L' +1)/2+ |KCo|(|Ko| + 1) /2 additional
linear inequalities, (L' + 1)|Ko| + 2|Ko|* additional exponential cone inequalities, and one additional

LMI.

E. Data generation of numerical experiments
E.1. Data generation of numerical experiments of Problem (37)

We use the data generated by Selvi et al. (2022, Appendix F.5). Instances 1 - 5 refer to the instances

1,2, 3,7, and 11 in Selvi et al. (2022, Appendix F.5) respectively. In every problem, every max-term
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has the same number of elements, i.e., |J;| = |Jr| for every ¢,0' € L.

Problem instance 1: A;; ~[-5,5],b; =0,D" =1I,d; =n, /i,
Problem instance 2: A;; ~[-5,5],b; =0,D" =1,d;, =n,/i,
Problem instance 3: A;; ~[-5,5],b; =0,D" =1I,d; =n,/i,
Problem instance 4: A;; ~ [-5,5],b; ~ [-10,10], D;; ~ [0,1],d; ~ [5,15],

Problem instance 5: A;; ~ [—5,10],b; ~ [-10,10], and D and d are given by :

37 0-51 10 211
70-51 10 2 —1-11
051 1 0 2 -1-1-91
51 1 0 2 -1-1-9 3 1
110 2 -1-1-93 51
1 0 2 -1-1-93 5 01 F_5]
002 -1-1-93 5 0 01 9
9 1-1-93 5 0 0 11 1
1-1-93 5 00 1 71 3
193 500 1 7 71 5
D=| 935 00 1 7 —7-41|> ad d=1 1,
35 0 0 1 7 —7-4-61 1
5 0 0 1 7 —7-4-6-31 0
00 1 7 -7-4-6-371 9
0 1 7 -7-4-6-37 01 40 |
1 7 —7-4-6-37 0 -51
T T-4-6-37 0 -5 1 1
7_4-6-37 0 -51 11
4-6-37 0-511 01
| 6-37 05110 21

respectively. The values for the parameters of each distinct problem instance are given in Table 14.

Table 14

Instance n, |L| |T] a ¢ M
1 5 1 5 3 6 100
2 5 10 5 3 6 100
3 20 10 10 11 25 1000
4 10 2 5 3 7 1000
5 20 10 10 5 30 1000

Problem (38) parameters for each instance. n, refers to the number of variables, |£| to the number of
max linear terms, |J;| to the number of elements within a max-term, a to the parameter used in Xz, ¢ to the

parameter used in X3 and M to the big M parameter used in Problem (39).



Author: Reformulation-Perspectification Technique for nonconvexr optimization problems

65

E.2. Data generation of numerical experiments of Problem (40)

The problem instances are adopted from Selvi et al. (2022) and can be summarized as follows: In

instances 1 and 2 the linear constraints are defined as

1 1
——<z; < —,
n n

in instance 3 as
z; <8, T +x; <uyy,
where w;; ~ [5,15]. Finally, for the last two we have
Problem instance 4: D;; ~ [0,1],d; ~ [10,30],
Problem instance 5: D;; ~ [0,1],d; ~[20,60].
The parameters describing each instance are summarized in Table 15.

Table 15  Problem (40) parameters for each instance. n, refers to the number of variables and L’ to the number of

linear constraints.

Instance n, L'
1 10 20
2 40 80
3 10 100
4 20 20
5 50 50

E.3. Data generation of numerical experiments of Problem (42)

The problem instances were generated in the same way as in BARON (Ryoo and Sahinidis, 1996).
Namely, the constraint coefficients were generated as D;; ~ [—100,0],d; ~ [-100,0] and the linear
terms as A;; ~ [0, 10],b; ~[0,10]. The parameters describing each instance are summarized in Table

16.

Table 16  Problem (42) parameters for each instance. n, refers to the number of variables, L’ to the number of

linear constraints, and n, to the number of linear multiplications in the objective.

Instance n, L' n,
1 5 5 5

2 7 7 10
3 10 10 9
4 20 20 8
5 40 40 4
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E.4. Data generation of numerical experiments of Problem (45)

The first 5 problem instances are adopted from Selvi et al. (2022) and can be summarized as follows:
In instances 1 and 2 the objectives are f(x) = —1 2 (z;—2)% and f(zx) = -1 20 (x4 5)?
respectively and the linear constraints are as in instance 11 for problem (37). Instances 3, 4 and 5

are defined by the linear constraints D'z <d, =z <uz,e, where

Problem instance 3: D;; ~[0,1],d; ~[20,60],z, =5,

Problem instance 4: D;; ~[0,1],d; ~ [30,60],z, = 3,

Problem instance 5: D;; ~ [0,1],d; ~ [80,120],z, =2.
Instances 6, 7, 8, 9 and 10 were adopted from Al-Khayyal et al. (1995). Each matrix P; € R™**"= in
both the objective and the constraints has integer entries uniformly at random between -10 and
10 and further in each row, half of the entries are randomly set to 0. Each vector g; € R™* is also

generated with integer entries between -10 and 10 and each r; is set to 0. The parameters describing

each instance are summarized in Table 17.

Table 17  Problem (45) parameters for each instance. n, refers to the number of variables, L to the number of

linear constraints and nc-q to the number of nonconvex quadratic constraints.

Instance n, L nc—gq
1 20 10 0
2 20 10 0
3 10 15 0
4 50 62 0
5 100 130 0
6 8§ 8 4
7 12 12 6
8 16 16 8
9 30 30 15

10 40 40 20

E.5. Data generation of numerical experiments of Problem (DHO)

The linear constraints are defined as z; < 300. Moreover, the time periods in each instance are:
t,5 = (0,25,50,75,100, 125,150, 175,200,225, 250, 275) T,
tso = (0,50,100,150,200,250) ",
t;. = (0,20,50,90,130,155, 180,210, 255,270) .

In each instance, the number of variables n, is equal to the number of time periods. The parameters

describing each instance are summarized in Table 18. Moreover, we have 6 = a — (, s =an+~y — 0.
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Table 18  Problem (DHO) parameters for each instance.

Instance @ C b A ¢ n So vy o T

10 0.033027 16.6939 0.6258 0.0014 0.003774 0.32 0.68938 0.02 0.04 300

15 0.0502 125.6422 1.1268 0.0098 0.003764 0.76 16.2008 0.02 0.04 300

16 0.0674 324.6287 2.1304 0.01 0.002032 0.76 25.0071 0.02 0.04 300
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