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In this paper, we propose a new global optimization approach for solving nonconvex optimization problems
in which the nonconvex components are sums of products of convex functions. A broad class of nonconvex
problems can be formulated in this way, such as concave minimization problems, problems with difference
of convex functions in the objective and constraints, and fractional optimization problems. Our approach
leverages two techniques: first, we introduce a new technique, called the Reformulation-Perspectification
Technique (RPT), to obtain a convex approximation of the considered nonconvex continuous optimization
problem. Next, we employ a spatial branch and bound scheme that combines RPT with eigenvector branching
to obtain a global optimum solution. Numerical experiments on sum-of-max-linear-terms maximization, log-
sum-exp maximization, linear multiplicative optimization, quadratically constrained quadratic optimization,
and dike height optimization demonstrate that the proposed approach is competitive with state-of-the-
art global optimization solvers and can substantially outperform them on selected challenging instances,

particularly when strengthened with semidefinite constraints.
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1. Introduction

We introduce a new global optimization approach for nonconvex optimization problems where
the nonconvex elements are sums of products of convex functions. This formulation covers a wide
range of optimization problems, including nonconvex quadratic optimization, mixed binary linear
optimization, concave minimization, difference of convex programming, and fractional optimization.

For nonconvex quadratic optimization problems and mixed binary linear optimization problems,

hierarchical convex approximations can be obtained from the Reformulation-Linearization Technique
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(RLT) (Sherali and Adams, 1999). RLT was introduced in Sherali and Adams (1990), and improved
by many authors (Sturm and Zhang, 2003; Anstreicher, 2009, 2012, 2017; Bao et al., 2011; Yang
and Burer, 2016; Jiang and Li, 2019). RLT is also applicable to mixed binary polynomial and to
continuous nonconvex polynomial optimization problems (Sherali and Adams, 1999), and has been
extended to mixed binary semi-infinite and convex optimization problems (Sherali and Adams,
2009). RLT consists of two steps: a reformulation step and a linearization step. The reformulation
step generates redundant nonconvex constraints from pairwise multiplication of the existing linear or
quadratic inequalities. The linearization step then substitutes each distinct product of variables by
a continuous variable. We also refer to Jiang and Li (2020) for an overview of RLT approximations
for quadratic optimization problems.

We propose an extension of RLT, which we call the Reformulation-Perspectification Technique
(RPT), to obtain a convex relaxation of the original nonconvex optimization problem. RPT
consists of a reformulation and a perspectification step. Similarly to RLT, the reformulation step
of RPT generates redundant nonconvex constraints from pairwise multiplication of the existing
inequalities. Where in RLT only multiplications of linear or quadratic inequalities are considered,
RPT also considers pairwise multiplications of not necessarily linear or quadratic convex inequalities,
thereby handling more types of nonconvexity than RLT as well as potentially obtaining tighter
approximations than RLT-based methods.

Moreover, in this paper we use a spatial branch and bound scheme, leveraging RPT and
a modification of the eigenvector branching strategy proposed in Anstreicher (2022), to solve
the original nonconvex problem to global optimality. A branch and bound algorithm was first
introduced by Falk and Soland (1969), addressing optimization problems with continuous nonconvex
separable objectives, and extended by Horst (1976) to non-separable functions, leveraging a
different partitioning rule. In the context of nonconvex quadratically constrained quadratic problems
(QCQPs), Al-Khayyal et al. (1995) develop a method for solving nonconvex QCQPs based on
branch and bound, leveraging a linearization technique. Chen and Burer (2012) develop a branch
and bound method, utilizing co-positive programming, addressing nonconvex quadratic problems
over linear constraints. Anstreicher (2022) develops a spatial branching method termed eigenvector
branching in order to strengthen semidefinite relaxations of problems with a nonconvex quadratic
objective and/or constraints, leveraging the multiplication of linear with conic quadratic inequalities.
In the context of nonlinear problems (NLPs) and mixed integer nonlinear problems (MINLPs), Ryoo
and Sahinidis (1996) propose the branch and reduce algorithm, which is implemented in BARON
(Sahinidis, 1996). The latter uses a branch and bound algorithm that iteratively solves convex
relaxations of the initial problem and finds tighter variable bounds. BARON has been very successful

so far and is in fact considered a state-of-the-art method for nonconvex optimization problems.
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Another state-of-the-art method that utilizes branch and bound, addressing nonconvex problems
with an emphasis on integer problems, is the global optimization algorithm SCIP, developed by
Achterberg (2009).

Although eigenvector branching has been used before in global optimization, the novelty of
RPT-BB lies in combining it with the RPT relaxation. The branching inequalities and the bounds
on the branching direction are multiplied with the other constraints of the node. This yields child
relaxations that are at least as tight as those of Anstreicher (2022), and it extends the rule to
relaxations in which the semidefinite constraint linking the lifted and original variables is not
imposed. Section 6 proves that, under the stated assumptions, the obtained lower bounds converge
to the global optimum up to the accuracy with which the node relaxations are solved.

For the problem of maximizing a twice continuously differentiable convex function over a convex
compact feasible region, Selvi et al. (2022) develop an algorithm based on adjustable robust
optimization, which can be shown to be a special case of our RPT approach. Additionally, Ben-Tal
and Roos (2022) develop an algorithm called CoMax, which is based on gradient ascent. The latter
is also applicable to integer optimization problems where the feasible set is a polytope. While
both methods can find high-quality bounds on the optimal solution, neither can guarantee global
optimality. Specifically, Selvi et al. (2022) is limited to problems with only one norm constraint or
multiple linear constraints, while CoMax only obtains a lower bound for the optimal solution and
imposes strict assumptions on the constraints.

Our main contributions can be summarized as follows:

1. We extend the existing RLT approach to a broader class of nonconvex optimization problems,
namely optimization problems in which the nonconvex components are sums of products of
convex functions. The proposed RPT approach can handle multiplication of constraints that
are neither linear nor quadratic, and thereby potentially obtains tighter approximations than
RLT. Moreover, it can also handle more types of nonconvexity than RLT.

2. We introduce RPT-BB, a new global optimization approach that combines the new RPT
relaxation with a modification of the eigenvector branching strategy of Anstreicher (2022). Our
modification extends the branching strategy to settings in which the lifted rank-one residual
need not be positive semidefinite. Under the stated assumptions, we establish convergence of
the lower bounds to the global optimum.

3. We provide several theoretical insights for our approach. We show that using epigraphical
variables for the nonlinear convex components in the nonconvex objective and/or constraints,
yields an RPT relaxation that is at least as tight as without the introduction of epigraphical
variables. Further, we show that adding linear constraints that are redundant to existing linear
constraints does not tighten the RPT relaxation, while adding linear constraints that are

redundant to existing nonlinear constraints can be useful.
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4. We conduct a computational evaluation of the proposed RPT-based branch and bound methods
on five classes of problems: sum-of-max-linear-terms maximization, log-sum-exp maximization,
linear multiplicative optimization, quadratically constrained quadratic optimization, and
dike height optimization. In addition, we study alternative branching implementations in

Appendix A.

This paper is organized as follows. Section 2 introduces the generic nonconvex optimization problem
we consider. Section 3 presents the RPT-BB approach. Section 4 illustrates the approach on a
simple example. Section 5 discusses additional strengthening strategies. Section 6 provides the
convergence analysis. Section 7 shows how several known convex reformulations and relaxations

can also be obtained via RPT. Section 8 reports numerical experiments. Section 9 concludes.

Notation. We generally use bold faced characters such as a € R” and A € R™*" to represent
vectors and matrices, respectively, a; to denote the i-th element of the vector a, A; € R™ to
denote the i-th column of matrix A, and A;; to denote the entry of A in the i-th row and j-th
column, unless specified otherwise. The calligraphic letters Z, 7, K, £ and the corresponding capital
Roman letters I, J, K, L are reserved for finite index sets and their respective cardinalities, i.e.,
Z=A{1,...,1} etc. The subscript 0 for an index set indicates that the set additionally includes 0,
i.e., Ty ={0,..., I} etc. Let R™*™ denote the set of real m x n matrices, and S™ the set of real n x n
symmetric matrices. We use ri(V) to denote the relative interior of a set V C R™. The domain
of a function f:R™ — [—o0,+00] is defined as dom(f)={v € R"™ | f(v) < +o0c0}. The function
fis proper if f(v) > —oc for all v € R™ and f(v) < +oo for at least one v € R™, implying that
dom(f) # 0. In addition, f is closed if f is lower semicontinuous and either f(v) > —oc for all v € R™
or f(v)=—oo for all v € R™. The conjugate of a function f:R"™ — [—o0,+0o0] is the function
f*:R™ — [—o00,+00] defined through f*(w)=sup, {I/T'w - f(v)}. The conjugate (f*)* of f* is
called the biconjugate of f and is abbreviated as f**. The indicator function dy : R™ — [—00, +00]
of a set V C R™ is defined through éy(v) =0 if v € V and éy(v) = +oo if v ¢ V. The support
function &5, : R™ — [—00,400] of a set V C R™ is defined through 3 (w) =sup,,, {v w}. The
perspective function of a proper, closed and convex function f:R"™ — (—oo,+0o0] is defined as
h(v,t) =tf(v/t) if t >0, and h(v,0) = 0],y () for all v € R". For ease of exposition, we use
tf(v/t) to denote the perspective function h(v,t) for the rest of this paper.

2. Generic problem formulation

We consider a generic nonconvex optimization problem of the following form:

min  fo(x)
st. fu(z) <0, kek, (1)
reX,
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where fj, : R" — [—00,00] is a sum of convex times convex (SCC) function for all k € K, that is,

fr() = con(x +Zﬁk x)cip(x

1€Ty,

and cog, Tik, Cir, : R™ — (—00, +00], are proper, closed and convex functions for every i € Zy, k € K.

The set X CR" is defined by:

X={zecR™|ATz<b, P'xz=s, h(z) <0},
where A € R"=>*m1 P e R"=>m2 peR™, s € R™, h(x)=[ho(x) hi(xz) - hs(x)]", and h; : R™ —
(—00, +00] are proper, closed and convex for every j € J,. We make the following assumptions.
ASSUMPTION 1. The set X is nonempty and compact.

ASSUMPTION 2. If 1y, and c;, are both nonlinear, then i (x) >0 and c;(x) >0 for all x € X, for
every i €L and k € Kqo. If 14y, is linear and c;;, is nonlinear, then ry.(x) >0 for all x € X, for every
1€Z and k € Ky. If both ry, and c;;, are linear, then we do not impose any assumption on these

functions.

Observe that we can reformulate an SCC function in the following way:

Cgk(CC) + Z Tikcik(.’B) <0

ieIk
g < = . .
cox(@) + — rir(@)ea(@) <0 Tie(x) < Tik, if r;;, and ¢;;, are nonlinear,
K2
’ Tik(X) = Tik, if r;; is linear.

Hence in the remainder we can assume, without loss of generality, that the functions f; in (1) are

sum of linear times convex (SLC) functions for all k € Ky, that is,

f( _COk +Z Qik — zkm ($)7 (2)

€Ty
and g;x € R, d;x, € R™, and cog, ¢i : R — (—00, +00] are proper, closed and convex for every i € Zy,
and k € K. Throughout, (2) is read with the convention 0- ¢;,(x) =0.

We now present some examples of functions that are SLC or can be equivalently written as an

SLC function.

EXAMPLE 1 (DIFFERENCE OF CONVEX FUNCTIONS). Consider the Difference of Convex (DC)
function fi.(x) = cox(x) — c1r.(x) <0, where co, ¢15 : R™ — (—00, +00] are proper, closed and convex
for some k € Ky. We can then reformulate the corresponding constraint function into an SLC
function using the biconjugate reformulation (Rockafellar, 1970) and obtain

fe(x) <0 = inf  {con(x) —x y+ci(y)} <0

y€Edom(c], )

= Fyedom(cy): con®) -z y+ci(y) <O, (3)
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as long as the infimum is attained, since we can then remove the inf operator. In case the infimum is
not attained we refer to Appendix B. We note that for many important classes of convex functions,
their conjugates and domains are readily available from the literature. We summarize several of
them in Table 1. We note that DC functions constitute an important class of SLC representable
functions. For example, every twice continuously differentiable function has a DC decomposition
(Hartman, 1959) and can therefore be written as an SLC function. Moreover, every concave function

is a DC function, as we can take co(x) = 0.

Table 1 Examples of functions f(-) and their corresponding conjugates. For the functions in #8, we assume that

Niri(dom(g;)) # 0.
# f dom(f*) fr
L flz,z)=|zl.—= {(,9):llyll.<1, y=—-1} [ (y,9)=0
2 f(z)=zlog(x) {y:yeR} f*(y) =exp(y—1)
3 f(zr)=—log(x) {y:y<0} [ (y)=—log(~y) -1
4 flz)=—x {y:y <0} fy)=-4
5 f(x)=max;z; {y:y>0,> =1} [ (y)=0
6 f(a:) = El maXger,; Tik {{yz}z 1y, >0, Zke’ci Yik = 17W} f*(y) =0
7 f(x)=log (> ,exp(z;)) {y:y>0,>,y:=1} [ (y)=>_;vilog(y:)
8 flx)=>_gi(x) {22, yi:yi €dom(g;), Vi} f(y) =miny, y,—y >, 9; (¥i)

EXAMPLE 2 (FRACTIONAL OPTIMIZATION). Consider the following fractional function

fla) =3 o)

ieT ri(z)

where ¢; : R — R, is convex and r; : R™ — R | is concave for every ¢ € Z. Then f is not necessarily

convex or concave. However, the function is SCC, since 1/r;(x) is convex and nonnegative. O

EXAMPLE 3 (SOME EXAMPLES OF SLC FUNCTIONS). Table 2 lists several examples of SLC func-
tions that are generally nonconvex. These functions are SLC-representable provided that Assump-

tion 2 holds. Hence, our proposed approach can deal with Problem (1) containing (sums of) such

nonconvex components. O
# f(x) ¢ (x) (¢g—d"x) Assumptions
1 Jg—d'x (q—d'z)"'? q¢-d'x —
2 (¢—d'z) (g—d"x)' gq—d’z 6el0,1]
3 —(¢g—d'z) —(g—dTx) g—d'x 6e]l,2]
4 —(g—diz)In(gxp—djz) —In(gx—dyx) ¢s—djz —
5 (¢g—d'z)x"Qx ' Qx g—d'z Q>0

Table 2 Selected SLC-representable functions and their defining components.
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3. Reformulation-Perspectification Technique and Branch and Bound

In this section, we describe our new approach, called RPT-BB, to solve (1) to global optimality.

Our approach comprises five steps:

Step 1: Preprocessing. Introduce epigraphical variables for every nonlinear convex component

cor, k € Koy, in the nonconvex SLC functions.

Step 2: Reformulation and perspectification. Generate additional redundant nonconvex
constraints from pairwise multiplication of the existing convex inequalities in (1). Next, convexify all
nonconvex components in (1) and all nonconvex components in the additional generated constraints

by reformulating them in their perspective form and subsequently linearizing all product terms.

Step 3 (Optional): SDP relaxation. Add an additional LMI inequality from the SDP relaxation

of the linearization of all product terms.

Step 4: Obtaining upper bounds. Solve the convex RPT relaxation. From the solution of the
RPT relaxation, construct a set of candidate solutions for (1), substitute these candidate solutions

in Problem (1) and choose the best upper bound obtained.

Step 5: Branch and bound. Solve Problem (1) to optimality by means of a spatial branch and

bound method. In the next sections, we describe each of these steps in more detail.

3.1. Preprocessing step

We introduce epigraphical variables for the convex component in the nonconvex SLC functions

of (1), and from (2) we have

nmliTn To + Z (QiO - dZTom) cio(®)

i€Ty
st. T+ Z (qik — d;:z:) cin(x) <0, keK, (4)
€Ty,
(e, 7) €T,
where T = {(z,7) e R x RET! |z € X, ¢o(x) < 7}, and co(x) = [coo(x) cor(x) -+ cor ()] €

(—00, +00]K*+1. As we will see later in Theorem 1, we can multiply these extra epigraphical constraints

with the existing convex constraints to obtain a tighter convex relaxation.

3.2. Reformulation and perspectification

Now we are ready to explain the core idea of RPT. We first consider the univariate
case. The intuition is as follows: Consider the convex function ¢ : R — R and the non-

convex constraint set X = {z € R, : z¢(zr) <0}. The constraint set can be written as X =
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{( r)ER, xR, : zc ( > <0, 2=z } . Observe that the new set X is also nonconvex due to
the constraint 2’ = 22. However, observe that for x > 0, the function h(z,2') =z ¢ <%> is the
perspective function of ¢(-) and therefore it is jointly convex in 2 and x’. Thus, by either completely
relaxing ' = 2% and adding the hitherto redundant =’ > 0, or by relaxing it as ' > z? to preserve

convexity (and nonnegativity), one obtains a convex outer approximation of X.

REMARK 1 (RELATIONSHIP BETWEEN RLT AND RPT). Observe that the RLT approach is a
subcase of RPT as described above, assuming the function ¢(+) is linear. Since the perspective of a
linear function is the function itself, the perspectification step is not needed in RLT. However, for

nonlinear functions this is not the case and therefore the perspectification step is necessary.

In the general case, let f be an SLC function as given by (2), that satisfies Assumption 2. Then we
can perspectify the generally nonconvex function f by first multiplying and dividing the argument

d; x) for every i € T to obtain the following equivalent reformulation of f:
T
¢x—xx ' d;
o ()

in the argument of the reformulated f can be linearized by

of ¢; by <Qi_
f(x)=co(x

Then, the quadratic terms xa'

substituting xx " with X € S™ to obtain the following sum of perspective functions:
g;x— Xd;
St dl e (12 )

icT
which is jointly convex in (x, X) because ¢; is convex if and only if its perspective is convex
(Rockafellar, 1970). Observe that if Assumption 2 is not satisfied, i.e., ¢; — d; <0 for some x € X
and ¢ € Z, then the above sum of perspective functions might not be convex. We obtain the following

convex relaxation:

. giox — Xd;o
JT}_H;( To + Z Gio — dip) i < g0 —dlw )
1€Zy
ik — 4X-dz
s.t. Tk + Z Qi — Zk:z: Ciks <Qka> <0, kek, (6)
— Qi — d;yx
1€
(x,7)ET.

By pairwise multiplying inequalities in the set 7, we can obtain additional redundant SLC constraints,
which can then be convexified in a manner similar to what was described above. Once convexified,
these SLC constraints are no longer redundant and actually serve as bounds on the newly introduced
variables corresponding to the product terms. We can pairwise multiply the linear inequality
constraints in the set 7, similar to the approach in RLT, to derive bounds on the newly introduced

variables X € S"#. However, with RPT, we can incrementally improve this approximation by also
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considering the pairwise multiplication of the linear and convex constraints in the set 7T, followed
by the pairwise multiplication of the convex inequalities in the set T .
To be more precise, by considering the following cases of pairwise multiplication of the constraints

in the set T, we incrementally improve the convex relaxation of (1) derived from RPT:

Linear inequality x Linear inequality. This is well-known in RLT: we multiply the constraints

ATz <bof (1) with ATz < b, and obtain the redundant constraints:
br' A+ ATxb' <ATxx ' A+bb'.

Since the (7, 7)-th constraint is exactly the (j,7)-th constraint, we only consider the upper triangular
of the matrix equations; so m;(m; + 1)/2 constraints instead of m?. Next, the nonlinear quadratic
terms xx | are linearized by substituting them with X € S™=. We then obtain the following additional

convex constraints:

br' A+ ATxzb" <ATXA+bb". (7)
Moreover, we include the additional constraints
X;i >0, 1€{l,...,n.},
since x? >0 for all i € {1,...,n,}.

Linear inequality x Convex inequality. By multiplying each ¢-th linear inequality A, x < b,
of (1) with the convex constraints ¢o(x) <7 and h(x) < 0, we obtain m,(J + K + 2) redundant

SLC constraints of the form
(by— A} x)co () < (by— A/ x)T and (b— A} x)h(x)<0 te{l,...,m}.

Next, the redundant SLC constraints can be reformulated into:

_ T
(by—A/z)h(x)<0 <= (by—A/x)h (W) <0 and
¢ LAy
_ TA
(be— AT@)eo (@) < (b— Al 2)r = (bi— Al @)y (W) < (by— Al )T
£ 4y

T

Finally, the nonlinear quadratic terms &z " and the bilinear terms 72 " are linearized by substituting

them with X € S"» and V € RE+Ux"z {0 obtain the following additional convex constraints:

bgm—XAg béw_XAf
(bg — A;w)h <W> < 0 and (bg — Az—iB)Co <W> S b[r — VA[

Table 3 complements Table 2 in Example 3 by showing the perspectified forms of the SLC-

representable functions.
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# f(x) Perspectification Assumptions

—d'x
1 \q—dr —d’ a —
- (g "”)\/q2 “qd z+d Xd

2 (¢g—d'z)’ (g—d ) <q2—2(Jqd_Tz:;chXd)91 oeiol
3 —(¢—d'z)’ —(¢—d'x) <q2 QQQd_TZTJ;dTXd ot .
4 —(q—d/x)In(qz —djx) —(¢ —d]x)ln ¢192 — qld;z —_qflcTiia: + leXd2> -

5 (¢—d"@)aT Qo (qo-Xd) Quz—Xd) 0ro

g—dTz
Table 3 Perspectified forms of the SLC-representable functions in Table 2.

Linear equality x Convex inequality. When multiplying a linear equality constraint with a
convex inequality constraint, the denominator and coefficient of the resulting perspective function
are zero. Fortunately, all additional nonlinear constraints resulting from multiplying a linear equality
constraint with a convex inequality constraint are redundant as long as we consider the pairwise
multiplication of the linear equality constraints with all variables (see Lemma 1). For quadratic
problems, a similar observation was first mentioned by Sherali and Adams (1999, Remark 8.1).

Before we formally prove Lemma 1, we first define redundant constraints.

DEFINITION 1 (REDUNDANT EQUALITY CONSTRAINTS). An equality constraint f(x)=0, where

f:R"™ — (—o00,+00], is redundant to the nonempty set X CR™ if ¥ C{x | f(x) =0}.

LEMMA 1 (Redundant Equality Constraints). Let d'x =q be an equality constraint, where
d e R™ and q € R. If the function f:R" — (—o0,+0o0] is proper, closed and convex, then the
constraint (q—d'x)f (qw_Xd) =0 s redundant to {(:B,X) |d"x=q, Xd= qa:} )

qg—dTx

Proof. Fix (x,X) such that d"¢ =¢ and Xd=qz. Then ¢—d'z =0 and gz — Xd =0. By

the standard closure formula for the perspective of a proper, closed and convex function,

g — Xd .
(¢— dTSC)f(q_(iTag) = Gom(s+) (0)-

Since f is proper, closed, and convex, its conjugate f* is proper (Rockafellar, 1970, Thm. 12.2). By
definition of properness, dom(f*) # (), hence

:iom(f*)(o) = sup <07y> =0.
yedom(f*)

Therefore, (¢ —d'x)f (M> =0 is satisfied by every (¢, X) in the set, i.e., it is redundant. [

g—d'x
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Thanks to Lemma 1, it suffices to multiply each ¢-th linear equality constraint P, = s, with x

and 7 respectively. We then obtain mgyn, + mq(K + 1) redundant SLC constraints of the form
(se—P'x)x=0 and (s,—P,/x)T=0 ce{l,...,may}.

Finally, the nonlinear quadratic terms xx " and the bilinear terms 72 " are linearized by substituting
them with X € S"» and V € R+ x7e Including all additional constraints from pairwise multiplying
the linear constraints with the linear and nonlinear convex constraints in Problem (6) we obtain

the following convex relaxation:

. qiox — Xd;o
m.gl,v To + Z qdio — Zo-’E Cio (q—r>

e €Ty io — diT
qir® — X d;p,
s.t. Tk + Z qir — ka Cik <W> <0, kek,
1€Ty, ik
meA+AT:ch <ATXA+bb",
)(“207 ZE{l,,nQ,}, (8)
bg:IZ—XAg
bh—Ajz)h | ——=—)<0 teil,...
(Z Zx) <£€_A)(;';B4)_ ) 6{7 7m1}7
(by— A x)cy (W) <bgr—-VA, (e{l,....m},
14

sgx— X P, =0, EE{l,...,mQ},
S(T—VP(ZO, EE{]_,...,TTLQ},

(x,7)eT.
Note that there are my(J + 1+ ™) + (my +1)(K + 1) + (ms + 1)n, + mo(K + 1) additional
constraints and n2 + (n, + 1)(K + 1) additional variables in (8) compared to (1).
The following theorem demonstrates that introducing epigraphical variables for the convex
components of the SLC functions in (1) (as is done in the preprocessing step of RPT; see (4)), can

result in a potentially tighter RPT relaxation.

THEOREM 1 (Effectiveness of Preprocessing). The conver relazation (8) obtained from RPT
with the preprocessing step is at least as tight as the relaxation obtained from RPT without the

preprocessing step.

Proof.  Applying RPT without the preprocessing step yields the relaxation:

. o — Xd,;
min coo(x) + Z qio — z0117 Cio <(]00>

oo
qikT Xdzk
s.t. COk + EZI: qik — “Cl' Cik <Ctlk$> < O, ke IC,
el
br'A+ATzb' <ATXA+bb', (9)
X“‘ZO, ZE{l,,nz},

ng—XAg
(be— A/ z)h <be—AZ$> <0, te{l,...,mi},

ng—XPg:O, EE{l,...,mg},
reX.
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Compared to (8), problem (9) omits the following two sets of constraints:

(bg—Azw)Co(blf[m:iAXA/> SbeT—VAg, 56{1,...,7’)11},

==
Aé:v

(10)
ssT— VP, =0, EE{I,...,mg}.

Let (11) denote the problem obtained from (8) by dropping the two sets of constraints in (10):

. qiox — X djo
min To + Gio — d,; :c ()
xz,7,X,V Z 0 qio — d;Ba:

i€Zy
g — Xdy,
s.t. T + EZI: Qik — zkw (W) SO, kGK,

i€Ty,
br'A+A'xb' <ATXA+bb', 1
X, >0, ie{l,...,nx}, ( )

bgiB—XAg

(be— A/ 2)h <W> <0, te{l,...,m},
S(iB—XPgZO, EE{I,...,mQ},
cor() < i, k € Ko,

rxeX.

Since dropping constraints can only enlarge the feasible region, it follows that min (8) > min (11).
Next, observe that after removing (10), the variable V' no longer appears in any constraint and
can therefore be eliminated without affecting feasibility or the minimum. Moreover, in (11) each 7
appears, besides its epigraph constraint cox(x) < 73, only with coefficient +1 in the objective (k=0)
or in the k-th constraint (k € K). Hence decreasing 7 to cox () preserves feasibility and does not
increase the objective, so that 75, can be eliminated by setting it to cox(x) for every k € ICy. Observe
that, eliminating 7 from (11) recovers exactly (9). Hence, min (11) = min (9), which implies that
min (8) > min (9). Therefore, (8) is at least as tight as (9). O

The following example shows that introducing epigraphical variables for the nonlinear convex

components in the preprocessing step can indeed tighten the RPT relaxation.

EXAMPLE 4 (EFFECTIVENESS OF PREPROCESSING). Consider the following nonconvex optimiza-
tion problem:
x 2 4 (12)

In the following we compare two convex relaxations of (12) obtained from (i) applying RPT

without the epigraphical reformulation, and (ii) applying RPT with the epigraphical reformulation,



Bertsimas et al.: Reformulation-Perspectification Technique for nonconvexr optimization problems

13
respectively,
max Xio—T
x, X
s.t. Olegl, —4SI2§4,
X1 — 21, +12>0,
1 —X1120, X11 >0,
max X12_(1212)2 —4x; < Xy <4ay,
x, X $2*4(1*I1)§X12§I2+4(1*I1),
s.t. OSJHSI, —4§1‘2S4, X22+8(E2+1620, 16—X2220,
Xi1—22,+12>0, Xoo — 825 +162>0,
x1—X11 >0, X11 >0, and (zy —2)2
Ay < Xyp < dan, — <7
o —4(1—21) < Xyo <29 +4(1 —24), (X12—2$1)2<
X22+8$2+1620, 16_X2220, 41,1 X Vi,
X22—8(E2+1620, ($2—2—X12+2!I}1)2
ST_UD
( 4—4$1)2
21’2+X22—8
A
( 16—‘,—43;‘2 )2 < T+U27
6I27X22*8
— == <47 —0,.
16—doy, — 2

Here v; and v, are the additional variables that linearize the products 7z, and 7x,, respectively.
The maximum objective value of the convex relaxation without the epigraphical reformulation is
then %, which is finite but strictly larger than the global optimum 3. It is attained at x7 = %, Ty =
3, X5, = % In contrast, the objective value of the epigraphical reformulation equals the global
optimum 3, attained at (x7,z%, X7, X1y, X3,, 7%, 0}, v5) = (1,4,1,4,16,1,1,4). Thus the epigraphical
reformulation is exact here, whereas the non-epigraphical relaxation retains a strictly positive gap. In

fact, any two-sided bound —M < x5, < M with M > 4 yields the same picture, with non-epigraphical

value 2]‘{%5. O

However, as demonstrated in the following lemma, introducing epigraphical variables for the

linear components does not enhance the convex relaxation obtained from RPT.

LEMMA 2 (Redundant Epigraph Variables). Introducing epigraphical variables for the linear

components in the preprocessing step of RPT does not result in a tighter convex relaxation.

Proof.  Suppose cg; : R™ — R is a linear function in (1) for some k € Ky. In the preprocessing
step of RPT, one can introduce an epigraphical variable 7, for the linear component ¢y, and consider
the linear equality 7, = cor(x) in the constraints. From Lemma 1, we know that it suffices to
consider the multiplication of this constraint by & and 7 to obtain the convex relaxation from RPT.
Specifically, from the reformulation and perspectification step of RPT, we obtain:

(V1w

Ti!

X; )
Viei = 5o ( ) » 1€ {17'”77135}7 and - Tig =7 Cor <
T

%

>, kK €Ky,

Here (V") and T}, represent 7, and 7,7, respectively. Write cox(z) = a'x + b. The displayed
equalities fix (V) = Xa + bz and, when T is introduced, T}, = Va + br. Substituting these
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identities and 7, = cor(x) into the additional RPT products of this equality reduces them to
identities or to constraints already present before introducing 75,. Thus the new variables can be
eliminated without strengthening the projected relaxation. Using the epigraph inequality instead of

this equality cannot give a stronger relaxation. O

Convex inequality x Convex inequality. Just multiplying a nonlinear convex constraint h;(x) <
0 with another nonlinear convex constraint hj (a) <0 results in a constraint —h;(x)h; (x) <0 for
which the constraint function is not an SCC function, since in this case —h;(x) is concave instead
of convex. However, sometimes rewriting the constraints, and then multiplying the left-hand sides
and right-hand sides of the constraints yields convexifiable constraints. Consider for example the

following two exponential constraints:
exp(z1) <z and exp(z3) < xy.

We can then multiply the left-hand sides and the right-hand sides, and multiply the right-hand
side of each constraint with the other exponential constraint to obtain the following convexified

constraints:

exp(x; +x3) < Xog,
X
T4 €XP i < Xou,

LTy

X
Ty eXp ?23 < Xo4.
2

Also, several ways of obtaining a convexifiable constraint from pairwise multiplication of conic
quadratic constraints are readily available in the literature (Yang and Burer, 2016; Anstreicher,
2017; Jiang and Li, 2019).

A related mechanism arises when a nonlinear convex inequality is replaced by a redundant linear
support (e.g., a supporting hyperplane) and then combined with a second nonlinear convex inequality.
Although such linear supports do not change the feasible region, they can generate additional valid
inequalities after RPT, thereby tightening the relaxation. An analogous observation has already
been made in the literature for RLT; see, for example, the SOC-RLT construction in Burer and

Anstreicher (2013).

3.3. Additional SDP relaxation

In order to further tighten the convex relaxation, effective SDP cuts can be considered. In the
perspectification step of RPT, the nonconvex quadratic terms xx ' are linearized by a symmetric

matrix X. Such a linearization based relaxation for the nonconvex quadratic equality X = zx ™ may
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be significantly improved by the SDP relaxation X = xzx ", which can be equivalently reformulated

as an LMI by using Schur complement (Boyd and Vandenberghe, 2004):

(jﬁ ‘f) = 0. (13)

Because we also have epigraphical constraints, we can consider including the following LMI:

XViz

vV T 7| >0,

T T 1

where T' € SE*! denotes the matrix that substitutes the quadratic terms 77 . Although including
the LMI might tighten the convex RPT relaxation, it can significantly increase computation time.
Hence, this step is optional. Observe that if the above LMI is included, the additional constraints
X;;>0,ie{1,...,n,}, are redundant to the LMI.

3.4. Obtaining upper bounds

Let (x*,7*, X*,V*) be a feasible solution of the convex RPT relaxation (8). We construct the

candidate set

I fos o X X v v
X ={x",x7,...,x, ,xy,..., Ty},
where
xz*, xf=0, x*, T =0,
X _ : vV _
x; =4 X! 40 ie{l,...,n.}, and z, =4 (V*"), . ke K.
x xi 7é ) * ) Tk 7&07
x; T

Because (z*,7*) € T, we have z* € X

The construction is motivated by the exact lifted identities. If the relaxation is rank-one exact, then
X*=z*(x*)", and consequently X; =z x* for every i. Thus X /z} recovers x* whenever z; # 0.
When 7 =0, we use z* itself. Similarly, the exact identity V*=7*(z*)T gives (V* '), =772* and

motivates the candidates x} .

LEMMA 3 (Candidate Solution Construction). If the nonnegativity constraints x; > 0, i €
{1,...,n,}, occur explicitly among the rows of ATx < b, then x;* € X for alli € {1,...,n,}. Suppose,
in addition, that cor(x) >0 for all x € X and k € Ky, so that the inequalities T > 0 are valid for T.
If these inequalities are included in T and their RPT products with the constraints defining X are

included in the relaxation, that is, if the relaxation contains the linearized constraints

Tk

;
AT(VT) < mib, h((v)) <0,  keko, (14)

then also x} € X for all k € Ky, and hence X' C X.
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Proof. Fixi€{l,...,n,}. Since z* € X and x; >0 is a row of ATx < b, we have x} > 0. Hence,
if 27 #0, then x7 > 0. Moreover, because x; >0 is a row of ATz < b, its RPT products with the
linear inequalities, linear equalities, and convex inequalities defining X’ are among the constraints

of (8), and at the relaxation solution they read
T * * T * * * X:
A Xi §.’L‘Z-b, P Xi =x;8, xh() <0.

Dividing by z; > 0 preserves the inequality directions and gives

ATﬁgb, PTﬁ:s, h(Xi>§0.

T} Tk T}

These are precisely the defining conditions of X, so =X € X. If 27 =0, then =X =x* € X by
definition. Thus X € X for all i € {1,...,n,}.

For the second part, fix k € Ky. The definition of 7 gives coi(x) < 73, which together with
cox(x) >0 on X shows that 7, >0 is valid for 7. In particular, 7; > 0 because (x*,7*) € T, so if
71 #0, then 77 > 0. Evaluating the two relations in (14) and the equality constraints s,7 —V P, =0
of (8) at the relaxation solution and dividing by 77 > 0 gives

1 1 * 1
T T

bl *
Ty Tk Ty

and hence &) = (V*"), /77 € X. If 77 =0, then &} = x* € X by definition. Thus z} € X for all
k € Ko, and consequently X’ C X. O

Under Assumption 1, the nonnegativity requirement in Lemma 3 is without loss of generality.
Indeed, compactness of X’ allows us to translate each variable by its minimum over X, yielding an
equivalent formulation with explicitly nonnegative variables while preserving convexity and the
SLC structure.

Membership in X is not generally sufficient for feasibility of Problem (1). It is sufficient when
KC = (). Otherwise, the inequalities fi(x) <0, k € K, must also hold. We therefore test every candidate
in X’ by direct substitution into the original problem. Let X" contain the distinct candidates
that are feasible and have finite objective value. This check also covers formulations in which the
nonnegativity and product conditions of Lemma 3 are not imposed, so membership in X" is not
guaranteed in advance.

We additionally use each candidate in X’ at which the model functions are evaluable as an initial
point for a local solver such as Ipopt (Waechter et al., 2009), whether or not that candidate is
already feasible. Every feasible point with finite objective value returned by the solver is added

to X”. For the disjoint bilinear formulations obtained through the biconjugate representation, the
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mountain climbing method of Tao and An (1997) provides another local improvement procedure
(Appendix C). If X" (), then

min fo()

is a finite valid upper bound on the optimal value of Problem (1). If X" = (), this procedure produces

no finite upper bound.

3.5. Spatial branch and bound method

We solve Problem (1) to global optimality via a spatial branch and bound scheme. Each node N; of
the search tree is associated with a relaxation region X; C R"* x S™* that collects the constraints
on (x,X) inherited along the path to N; (including & € X). At node N;, we solve the convex
RPT relaxation (8) with the additional restriction (x, X) € A&j;; this yields a valid lower bound.
A feasible solution (and hence an upper bound) is obtained using the techniques in Section 3.4.
The algorithm terminates when the global optimality gap (Ub — Lb) is at most d, a user-specified
optimality tolerance.

Before formally defining the branching strategy, we make the following observation. Problem (8)
is a relaxation of Problem (1) obtained by omitting the rank-one condition X = xzx ™. Any feasible
x of (1) can be lifted to a feasible solution of (8) by setting X =xx " (and, when epigraph variables

are present, choosing T accordingly and setting V =7z "). Moreover,
{@.X)| X=za'}={(z,X) | WeR™: v &)’ <v'Xv, v Xv<(v'x)’}. (15

Thus, omitting the nonconvex constraints in (15) yields the convex relaxation (8), which can be
solved efficiently, but whose solution is often infeasible for Problem (1).

To address violations of (15), let (x*,7*, X*, V*) be the solution of the RPT relaxation at node
N, which is an optimal solution when the relaxation is solved exactly, let F; denote the feasible set
of that relaxation, and define

R :=X"—z*(z")".

If R; # 0, choose a unit eigenvector v; associated with an eigenvalue A; of R; such that |\;| = || R,]|2,
and set s; := v/ x*. The rank-one condition requires v Xv; = (v x)?, while at the relaxation
solution

v X v, — (v @)’ =)

(16)

YR
so v; is a direction of maximal rank-one violation, as in the eigenvector branching of Anstreicher

(2022). Next, we compute the range of this direction over the node relaxation,

a; :=inf{v)z: (z,7,X,V) e F;} and by :=sup{v, x: (z,7,X,V) € F;}, (17)
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so that a; <s; <b;. Both values are finite (Lemma 5(c) in Appendix F). They need not be attained,
because the projection of F; onto the x-space need not be closed when F; is unbounded in the
lifted variables, but attainment is not needed in what follows. The two convex problems in (17) are
independent and can be solved in parallel. Alternative valid bounds are discussed in Remark 3.
Write ¢t = VJ»T.’B and y = VJ»TX v;. The left child N;, is obtained by appending the two linear
inequalities a; <t < s, to the constraints of NV;, and the right child N;, by appending s; <t <b;,. In
each child, the reformulation step of Section 3.2 is applied to the augmented system. The two new
inequalities are multiplied with themselves, with each other, and with every other constraint of the
node in which only @ appears, and the products are perspectified and linearized as before. Among

the generated inequalities, the product (s; —t)? > 0 of the branching inequality with itself gives
y>2s;t— s (18)
in both children, the product (s; —¢)(t —a;) > 0 of the two new inequalities gives
y < (aj+s;)t —a;s; (19)
in the left child, and the product (¢t —s;)(b; —t) >0 gives
y < (s;+b;)t —s,b; (20)

in the right child. These are the tangent of t* at s; and its secants on [a;,s;] and [s;,b;]. At the
parent solution, t =s; and y = s? + \; by (16), whereas (18) and the applicable secant force y = s?
at t =s;. Hence (x*, X*) is infeasible for both children whenever \; # 0. The tangent excludes it
when \; <0 and the secant when \; > 0. The same inequalities are generated in every child, so the
sign of A\; plays no role in the construction. In particular, the rule is applied unchanged when the
semidefinite constraint of Section 3.3 is imposed, in which case R; = 0 and \; > 0 whenever R, # 0.

The construction contains the eigenvector branching of Anstreicher (2022) as a special case.
There, the semidefinite constraint is imposed and v; is an eigenvector of the largest eigenvalue
of R;. For bounds a; < I/jTCC <b; that are valid over the relaxation, the two children are defined
by t > s; together with y < (s; + b;)t — s;b;, and by t < s; together with y < (a; + s;)t — a;s;
(Anstreicher, 2022, Proposition 2.1). These are the split and the secants (19)—(20). Minimizing and
maximizing l/jT x over the relaxation, as in (17), is one of the ways of obtaining a; and b; suggested
there. Two features distinguish the present rule. First, the secants are not appended as separate cuts
but arise as products of the appended inequalities. These inequalities are also multiplied with every
other constraint of the node, with the linear inequalities as in RLT and with the convex inequalities

through their perspectives. For a norm constraint, the latter products are the second-order cone
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constraints of Burer and Anstreicher (2013). Starting from the same relaxation at N; and using the
same bounds, each child relaxation of the present rule is therefore contained in the corresponding
child relaxation of Anstreicher (2022), that is, it is at least as tight. Second, the product of the
branching inequality with itself yields the tangent (18). This tangent is implied by the semidefinite
constraint when that constraint is imposed, but it is what excludes the parent solution when A; <0.
This is why the rule extends to relaxations in which R; need not be positive semidefinite.

Branching at node N; does not exclude any feasible solution of Problem (1) whose rank-one lifting
satisfies the restrictions at N;. Indeed, let « be feasible for Problem (1) and suppose (z,zx") € X;.
Then  can be lifted to a feasible solution of the node relaxation by setting X =xx" (and, when
epigraph variables are present, choosing T accordingly and setting V =7 "). The split l/jTac <s;
or v x > s; is exhaustive. The bounds (17) hold at = because the lifted solution belongs to F;,
and at an exact lift X =xzx " every generated inequality reduces to the square or the product of
nonnegative scalar slacks. Hence the lifted solution remains feasible in at least one child (Lemma 5
in Appendix F). Consequently, branching only on (x, X) is sufficient for correctness: it does not
exclude any feasible (in particular, globally optimal) solution of Problem (1). The auxiliary variables
7 and V need not be branched on and are re-optimized in each child relaxation.

After branching, we solve the RPT relaxation over each child region (optimizing over (x,7,X,V)
subject to (x, X) € &}, ) to obtain lower bounds and update the global upper bound using Section 3.4.
The branching rule is summarized in Algorithm 1. We do not use constraints involving X (including
the generated inequalities (18)—(20)) for further constraint multiplications, as doing so would
introduce products such as x; Xy, (i.e., third-order terms); instead, we keep these constraints in
their original form. The new inequalities and the inequalities generated from them are retained by
every descendant node. We prune a node whenever its lower bound exceeds the current best upper
bound and select the next node using best-bound selection (i.e., the active node with the smallest

lower bound). Algorithm 2 summarizes the overall procedure.

REMARK 2. Since the eigenvector v corresponding to the eigenvalue with the largest absolute value
is typically dense, the resulting branching constraints are dense as well. Dense constraints may
increase per-node solve time relative to coordinate branching; however, in our experiments we did
not observe a consistent or dominant runtime impact attributable to this density. Moreover, a dense

v couples many components of &, which can help tighten the relaxation when RPT is applied.

REMARK 3 (ALTERNATIVE DIRECTIONAL BOUNDS). Any bounds a; < uij < b; that are valid

over F; may be used in place of (17). The children remain valid, but the secants become weaker.

REMARK 4 (OPTIONAL SOC STRENGTHENING). When \; <0, the convex inequality (v} x)? <

I/jT Xv; is violated at the relaxation solution and may be added to the node before branching,
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followed by re-optimization, as in the cutting-plane method of Saxena et al. (2010). This inequality

does not partition the node. Appendix A compares this variant with branching alone.

Algorithm 1 Eigenvector branching strategy
Input: A node N;, its region X;, and the solution (*,7*, X*, V*) of the relaxation at N;.

Output (le,ng).
1: Set Rj« X*—x*(z*)".

2: Compute a unit eigenvector v; of R; associated with an eigenvalue \; satisfying |\;| = || R;]|2

(any unit vector if R; =0).
3: Set s; v x*.
4: Compute the bounds a; and b; of (17).
5: Form the left child &}, from &}, a; < I/jT:c <s,, and its standard RPT constraints.

6: Form the right child X, from &, s; < ujT;c <b;, and its standard RPT constraints.

4. A simple example

In this section we demonstrate the approach by solving the following toy problem:

min  3zy —3xs+ 323+ (21 + 22+ 1) exp (z1) + (21 + 22+ 1) exp (z3)

Z1,22,T3
s.t. T+ x> —1,

exp (xy — x3) < 7y,

2exp (T51) 4+ 2exp (52) <2+exp(—1).
Let Xt denote the feasible set of toy problem (21), consisting of four linear constraints and two
convex exponential constraints. The objective is nonconvex, however it is SLC, hence we can apply
the proposed framework to find the global optimum.

Linear x Linear. First, we perspectify the SLC objective, and then we consider adding constraints:

(21 + 20 +1)> =22 + 22 + 20125 + 22, + 225 +1 >0,
(ﬂfi - 10)(1‘1/ - 10) =X, Ty — 10113‘z - ].01131'/ + 100 Z 0, ) S ’i, S {1, 2, 3},
(10 — xl)(xl —+ 9+ 1) = 10.7)1 + 101’2 + 10 — Xl — TijXo — T; Z 0, xS {1, 2, 3},

22 >0, ie{1,2,3}.

K3
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Algorithm 2 Branch and bound via RPT
Input: (Ny, Xy, d), where 6 > 0 is the absolute optimality tolerance.

Output: (x*,Lb, Ub).

1: Solve the RPT relaxation over Xj; obtain its solution oq = (x, 7, X, Vi), its lower bound
Lby, and an upper bound Ub, (possibly +00) from Section 3.4; if Uby is finite, store the feasible
candidate attaining it as the incumbent x*.

2: Lb+Lby; Ub<« Uby; ACTIVE «+ {Ny}.

3: while ACTIVE #( and Ub—Lb > § do

4:  Nj<argminy,cactive Lb;;  ACTIVE < ACTIVE\ {N;}.

5. Apply Algorithm 1 to (N;,X;,0;) to obtain the child regions X}, and X,.

6: for k=1,2do

T: 1 4 jr. Solve the RPT relaxation over A;. If it is infeasible, discard IV;; otherwise obtain o;,
Lb;, and Ub,, and set Lb; <— max{Lb;,Lb;}. {the bound of the parent remains valid for
the child}

8: if Ub; < Ub then

9: Ub < Ub; and update the incumbent x*.

10: end if

11:  end for

12: for k=1,2 do

13: i< jg. if N; is feasible and Lb; < Ub then ACTIVE < ACTIVE U {N,}.
14:  end for

15:  Lb < min{Ub, miny,cacrive Lb; } if ACTIVE # (), and Lb < Ub otherwise.

16: end while

Finally, the product of variables a3, x3, x3, 122, ;23 and zox3 in both the perspectified objective
as well as the additional generated constraint are substituted by continuous variables Xi;, Xs,,

X33, X12, X13, and X535 € R respectively to obtain the following convex relaxation:

min 3z — 3wy + 3z + (x1 + 22+ 1) exp <m> + (1 +x2+1)exp (M)

z, X z1t+z2+1 z1+xo+1

st. xeXrp,
X1 +2X 15+ Xoo+ 221 + 225+ 1 >0, (22)
X, — 10z; — 102, + 100 > 0, i <i' €{1,2,3},
1021 + 1025 +10 — X;1 — X0 — 23 > 0, ie{l,2,3},

X, >0, ie{1,2,3)}.
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The numerical solution of (22) is

12.98 —48.13 —40.60
=(1.00,1.11,1.11)T,  X'= |—48.13 78.08 —39.55
—40.60 —39.55 0.00

The relaxation objective is approximately 3.000, which constitutes a lower bound, while the

corresponding feasible candidate gives an upper bound of 20.816.

Linear x Convex. Let X1, denote the feasible set of (22). We pairwise multiply the linear with

the nonlinear constraints and obtain the SLC constraints

(71 429 + 1) exp(wy — x3) < (T1 + 22+ 1)71,

(21 4 22 + 1)2exp ( ;1> + (@1 + 22+ 1)2exp (‘;2) < (@1 422+ 1)(2+ exp(—1)),

(10 — 2;) exp(@s — 23) < (10 — 7)1, i€{1,2,3},
(10 — ;)2 exp <_;> +(10— xz)Qexp< ; ) (10 — ;)(2 + exp(—1)), ie{1,2,3}.

Next, the nonconvex components in the LHS of the above SLC constraints can be reformulated as:

$1$2—$1$3+x5—x2$3+$2—$3>
’

1 - 1
(-’L'l+l'2+ )exp(m2 273) x1+$2+ )eXp< r1+a2+1

2(xy + w2+ 1)

2
—T1 Ty — X5 — T
12 1
(x1+x2+1) exp( 5 ) 2(xy + 0+ )exp< 2+ 721 1) ),

—x? —x1T0 — $1)
9

(r14+x2+1) 2exp< x1+x2+1)exp(

1025 — 1025 — 2, 4
(10 — x;) exp(w2 — x3) :(10—%)6@( e Ofg_z%xfrxl%) ; i€{1,2,3},
—10 i .
(10 — ;)2 exp < 29“> =2(10 — z;) exp (M) , ie{1,2,3},
— —10 i .
(10xi)26xp< ;2> =2(10 — x;) exp (M) , ie{1,2,3}.

Finally, all the product of variables x3, 23, 22, x,x,, 123 and xox3 are substituted with newly

introduced variables X, Xa2, X33, X12, X13, and X3 respectively. The resulting convex relaxation
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is:

min 3z —3xe + 323+ (21 + 22 + 1) exp <

xz, X
X3+ Xog + 3
X1+ T+ 1

Xu+Xp+o
I +l‘2+1

+ (21 +$2+1)exp<
s.t. (QZ,X) S XTLL:

X12—X13+X22—X23+372_5U3
1 +xzo+1)e
( 1 2 ) Xp< 1‘1+$2+1
X1 =X —2

+2(z1+x2+1)e
2(x1+372+1) > (1 2 )Xp<

<(24exp(—=1))(x; +x2+ 1),

1 —1 — X9 + X3,
01:2 2«33 2 T 3l> §10$1_X1i7 716{17273}7

=10z, + Xy, —10x5 + X,
2(10 — z;) exp (2(10_%)> +2(10 — z;) exp <2(10_%)>
<(2+exp(—1))(10 — ), i€{1,2,3}.
(23)

> < X1+ Xig + 2,

— X0 — Xog — 2
2(1’1 -+ To —+ 1)

2(351 +$2 =+ 1) exp <

(10 — 2;) exp <

The numerical solution of (23) is

1.77 0.75 0.23
o' =(1.17,0.93,0.77)7,  X'=|0.751.16 1.31
0.23 1.31 0.57

Its reported lower bound is 19.778 and its feasible candidate gives the upper bound 19.809, improving
both bounds obtained from (22).

Set of candidate solutions. The four candidate vectors, computed from the relaxation solution,

are

x' =(1.17,0.93,0.77) T, x¥ =(1.51,0.64,0.19) ",
xy = (0.81,1.25,1.40) ", x5 = (0.30, 1.70, 0.75) .

Only ' passes the feasibility check.

Branch and bound step. We apply the eigenvector rule of Section 3.5, with and without the

semidefinite constraint

Without the semidefinite constraint. The root bounds are
(Lbg, Ubg) = (19.778, 19.809).
The selected eigenpair of X —xzx " gives

v =(0.62, —0.54, —0.56) ", A =1.30.
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Solving both child relaxations yields
(Lby,Uby) = (19.790, 19.790), (Lby, Uby) = (19.787, 19.787).
Thus the global bounds after one branching iteration are
LB =19.787, UB =19.787,

and the incumbent is & ~ (1.19, 0.92, 0.75) ", which satisfy both absolute and relative stopping
criteria.

With the semidefinite constraint. The root bounds are

(Lbg, Ubg) = (19.784, 19.792).
The selected eigenpair of X —xzx " gives

v =(-0.46, 0.40, 0.79) T, A =0.69.
Solving both child relaxations yields
(Lby, Uby) = (19.787, 19.787), (Lby, Ubg) = (19.787, 19.787).

Thus the global bounds after one branching iteration are

LB =19.787, UB =19.787,

and the incumbent is & ~ (1.19, 0.92, 0.75) ", which satisfy both stopping criteria.

REMARK 5. The small search trees in this example are qualitatively consistent with the behavior
reported for eigenvector branching in Anstreicher (2022), where many instances are solved with
shallow trees and small final gaps.

5. Improving the RPT-BB approach

In this section, we describe several ways to strengthen the RPT-BB approach.

5.1. Multiplying with redundant linear constraints

We show that adding linear constraints that are redundant to existing linear constraints does not
tighten the RPT relaxation, while adding linear constraints that are redundant to existing nonlinear

constraints might be useful.

DEFINITION 2 (REDUNDANT INEQUALITY CONSTRAINTS). An inequality constraint f(x) < 0,

where f:R™ — (—o00, 400, is redundant to a nonempty set X CR"* if X C{x| f(x) <0}.
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THEOREM 2 (Redundant Inequality Constraints). Let the linear constraint d'x < q, where
deR"™ with d#0 and q € R, be redundant to {x | B'x <p} #0, where B € R"=*L gnd p € R-.
Then, the constraints d'x < q, 2qd " <d'Xd+¢*, and (¢—d'x)f (qw_Xd) <0, are redundant

g—dTa

to

Bz <p, f(x)<0

pr' B+B'xzp"' <B'XB-+pp'
(b~ b @)f (2252 ) <0, te

peszzl:

(2, X)

Here, f:R™ — (—o0,+00]| is proper, closed and convez; by, is the £-th column of the matriz B; and
the last two inequalities result from pairwise multiplication of the linear constraints p, —b; x with

itself and f(x) <0, respectively.

Proof. Assume that d'x < ¢ is redundant to {x | B'x < p}, then the optimal values of

i —dx max -p'
mwln q and oo q9—P Y
st. Blz<p st. By=d

coincide and both are nonnegative thanks to the strong duality of linear optimization and the
redundancy of d"x < ¢ to {z | B'x < p}, which implies that there exists a y € RY such that
d"x < q is redundant to {z | b, x <p,}, where b, = By =d and p, =p"y < ¢. Then, for any x
that satisfies b;m <p, and f(x) <0, we have that

(g—d'x)x

(py _b;m)m <0.
qg—dTz -

py—bjx

<q—dTw>f( ) <0 and (p,—b] w)f(

Moreover, for any X € S"=, since b, =d and q — p, > 0, we have (qxz — Xd, q—d"z) = (p,x —
Xb,, p, — b;jr:n) + (¢ —py)(x,1), so that the convexity and positive homogeneity of the perspective
function of f, together with f(x) <0, yield

qr — Xd T p,x — XDb,
(a-d"a)f (BT ) < b (B0

Notice that

e-vlo)f

)+a=pr(e) < - bonr (2220,

Dy — bgw

Pe — Xb[
pe—blx

)go, lelL = Zee(m—bh)f(

lel

(i) (Bt

tec Zee,c 0¢(pe — b; x)

py,—byjx )~

pgal‘—ng <0
pe—blx )~

= (py_bqjm)f (

where 0, =y,/ .. ye for all £ € L (note that 6 € R% and > vec 0o =1). Here, the second impli-
cation follows from the convexity of the perspective functions. Therefore, the constraint (¢ —

d'z)f (M) <0 is redundant to

g—dTx

— X
(2,X) | bz <p,, fl@)<0, (o —bla)f (PE=20) <o, ver).
pz—bea:
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Finally, since y > 0, the second family of constraints in the set gives 0 <y (B'XB +pp' —
pr'B—B'xp')y=d' Xd+p,—2p,d"x, and hence

d'Xd+¢*—2qd"x=d" Xd —f—pz — 2pydTm + (g —py) [(q — dT:c) + (py — dTaz)} >0,

because ¢ —p, >0,¢—d'x>0and p,—d'z=y"(p— B x)>0. This is the constraint 2¢gd’x <
d" Xd+ ¢%. Thus, the claim follows. O

REMARK 6. Theorem 2 parallels a standard observation in the RLT literature: adding a linear
inequality that is redundant for the original linear description does not strengthen the RLT
relaxation; see, e.g., Proposition 8.2 in Sherali and Adams (1999), and Proposition 3(i) in Hof and

Walter (2025) for a recent treatment.

Note that adding linear constraints that are redundant to existing nonlinear constraints might be

useful, as is demonstrated in Example 5.

ExXAMPLE 5. Consider the following nonconvex problem:

min  2z; + 3z, — 5x120 — (1 +2) In(z; + 2)

asl‘? T+ 20 <1, (24)
exp(—z1) + exp(—zq) <14 exp(—1).

Note that In(x; 4+ 2) is well defined if z; > —2, which is ensured by the second inequality. The
objective contains a sum of two SLC functions, namely, —5z122 and —(z; 4+ 2)In(z; + 2). The
obtained convex relaxation of Problem (24) from RPT without the optional SDP relaxation has an
objective value of —35.17. The obtained optimal solution @’ = (1,0)" is a feasible solution to (24),
and its corresponding objective value is —1.30, which constitutes an upper bound on the optimal
value of (24).

The linear constraints x; > —1 and x5 > —1 are redundant to the second inequality. However,
adding those constraints to (24) and subsequently applying RPT results in a convex relaxation of
Problem (24) with objective value of —4.47. Again, the obtained optimal solution =’ = (0.5,0.5)"
is a feasible solution to (24), and its corresponding objective value is —1.04, which constitutes
an upper bound on the optimal value of (24). Hence, by adding the redundant linear constraints

x1 > —1 and x5 > —1, we obtain a tighter lower bound on the optimal objective value of (24). O

REMARK 7. Example 5 illustrates the strengthening effect discussed in Section 3.2: even linear
inequalities that are redundant for the original feasible set can tighten the lifted RPT relaxation,
because they generate additional valid product constraints when combined with other (nonlinear)
constraints. Related effects are exploited in the SOC-RLT literature for QCQP-type models; see,
e.g., Burer and Anstreicher (2013).
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5.2. Handling biconvex problems with convex constraints
We consider the following generic instance of (1):
i T T
min co(®) + 225 i (y)en(@) (25)

s.t. reX,ye),

where the functions r;(-) and ¢ (-) are assumed to be convex, and 7 (y),cx(x) > 0. We show that
the constraints in the RPT relaxation of (25) resulting from pairwise multiplication in the same set,

i.e., either in X or in Y, are redundant as long as the LMI as given in Section 3.3 is not included.

LEMMA 4 (Redundant Pairwise Multiplications). The additional constraints in the RPT
relaxation of (25) resulting from pairwise multiplication in X x X and Y x Y are redundant, if
the additional constraints resulting from pairwise multiplication in X x Y are included, and the
following LMI
X U
Uu'y

:IZT

=0,

—e 8

yT
where zx", Ty and yy' are linearized by X, U € R™=*"™ aqnd Y € R™*" respectively, is not

included in the RPT relaxation.

Proof.  Notice that any feasible solution for the problem involving all constraint multiplications
is also feasible for the one involving only those in X x ). On the other hand, if a solution is feasible
for the problem involving only the multiplications in X’ x ), since we are not using the LMI, we
can take X =xzx ", Y =yy' and therefore have a feasible solution for the problem involving all
multiplications. Therefore, we conclude that the two formulations are equivalent, which shows that
the constraint multiplications in X x X and ) x ) are redundant. O

Observe that the problem of minimizing a DC function is a special case of (25) where J = dom(c7)
and both r;, and ¢, are linear, as a result of the biconjugate reformulation as explained in Example 1.
Finally, we have the following remark in terms of branching, when we solve Problem (25) with

Algorithm 2.

REMARK 8 (LMI IN THE (x,y)-SPACE). When we apply Algorithm 2 to minimization problems
of the form (25) in which we include the LMI, we typically generate hyperplanes by computing the
eigenvector corresponding to the largest eigenvalue of X —xx ", i.e., we only generate hyperplanes
in the x-space. Alternatively, hyperplanes can be generated in the (x,y)-space by considering the
eigenvectors of the matrix

(5 V)@@
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where (x,y) denotes the vector formed by stacking & and y. We observe that also generating
hyperplanes in the (x,y)-space adds many more constraints in each branch and bound iteration,
which can increase the computation time at each successive child node. On the other hand, generating
hyperplanes in the (x,y)-space might reduce the total number of hyperplanes that need to be
generated, potentially decreasing the overall computation time. The question of whether generating
hyperplanes in the (x,y)-space could be beneficial is left for future research. Finally, we note that
when we apply Algorithm 2 to minimization problems of the form (25) in which we do not include
the LMI, one can branch based on left and right directions associated with the matrix R=U —zy .

Concretely, let v” be a unit eigenvector corresponding to the largest eigenvalue of RT R, i.e.,
R'Rv" =\ (R'R)v".

If Rv" # 0, define v‘ = Rv"/||Rv"||; then v* is a unit eigenvector corresponding to the largest

eigenvalue of RRT, i.e.,
RR v’ = \pur(RRT) 0.

5.3. Strengthening upper bounds with eigenvectors of the optimal solution

At an exact lift, X =za". If £ # 0, multiplying both sides by = gives X« = (x ' x)x. Therefore,
we notice that x is an eigenvector of X with corresponding eigenvalue =" z. Hence, we can add
the eigenvectors of X to the candidate set X’, as described in Section 3.4. As for every element of
X', an eigenvector-derived candidate is used to obtain an upper bound only after direct feasibility
and finite-objective checks. Example 6 illustrates a case where the tightest upper bound can be

obtained from an eigenvector of X.

ExXAMPLE 6. Consider the following toy problem:

min (2 + 29+ 1) exp(zs)

st.  TiHaze+1>0, (26)
1T 2 —1.

An optimal solution of (26) is (—1,0) with optimal value 0. After applying RPT we obtain the

following relaxation

; X12+Xoo+a9
min (x1+x2+1)exp ( pr— )

st. x4+ x+12>0, (27)
X192 —1,
X11 +X22 +2X12 +2x1 +2x2 + 1 Z 0.

The optimal solution of (27) is

N { 0.71

o _1'57} and X*:[2.73 —1.00]7

—1.00 0.00
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with optimal value 0, which gives us a lower bound for the optimal value of (26). We have the

following candidate vectors

x_Xi_[385] __Xi_[o6d
The eigenvectors of X* are
oy [-0.31 oy [~0.95
¥30 = [—0.95 T T 08 |
We observe that x* is infeasible as zx3 = —1.11 < —1. Moreover, 3 is infeasible as (x);(2), =

—5.44 < —1 and xfV is infeasible as (zFV); + (z§")2 + 1 =—0.26 < 0. Finally, we notice that x5 is
feasible and gives an upper bound of 1.64, while ¥V is also feasible and gives an upper bound of
0.49. Therefore, in this example the tightest upper bound is obtained from the second eigenvector

of X*. O

6. Convergence analysis of the RPT-BB approach

In this section we show that Algorithm 2 converges for Problem (1). Theorem 3 shows that the
solution returned by the algorithm is J-optimal whenever the algorithm terminates, and that
the global lower bounds converge to the optimal value, up to the accuracy with which the node
relaxations are solved, whenever the algorithm does not terminate. Corollary 1 shows that the
algorithm terminates after finitely many iterations under additional conditions. The proofs are
given in Appendix F.

Throughout this section we assume that Assumptions 1 and 2 hold, that Problem (1) is feasible,
and that its optimal value v* is finite. Here X and @ are those of the SLC formulation that is
actually solved, including any auxiliary variables introduced by a reformulation.

We use the following notation. For a node N;, F; is the feasible set of its RPT relaxation. Solving
this relaxation returns a point o; = (x;, 7;, X;, V;) € F; with relaxation objective value p;, together
with a lower bound ¢; on the relaxation objective value of every point of F;. Algorithm 1 branches
on o;. The lower bound Lb; of the node in Algorithm 2 is ¢; or, if larger, the bound inherited
from the parent. We write R; = X; —x;x, and p; = || R;||>, and we denote the diameter of X' by
D, :=maxy zcx || —|]2. As in Algorithm 2, Lb and Ub are the global lower and upper bounds,

and x™° is the incumbent, that is, the solution x* that Algorithm 2 returns. Finally, an infinite

nested branch is an infinite sequence of nodes in which every node is a child of the previous one.

ASsUMPTION 3 (Accuracy of the Node Relaxation Solutions). There is a tolerance € > 0
such that, for every node N; generated by Algorithm 2, solving the relaxation of N; in finite time
either correctly reports that F; =0, or returns a point o; € F; with relazation objective value p; and

a lower bound £; €R on the relazation objective value of every point of F; such that

l;<p; <t +e. (28)
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THEOREM 3 (Convergence and Optimality Certificates). Let Assumptions 1-3 hold, and let
Algorithm 2 be run with any 6§ > 0. Then the following statements hold.

(a) If the algorithm terminates, then it returns a feasible incumbent '™ with
0< fo(x™) —v*<Ub—-Lb<4.

In particular, the incumbent is globally optimal when § =0.
(b) If the algorithm does not terminate, then the global lower bounds Lb converge monotonically to
a limit L with v* —& < L <wv*. Moreover, every accumulation point & of the relazation solutions

x; along an infinite nested branch is feasible for Problem (1) and satisfies fo(x) < L+& <v*+¢.

REMARK 9 (UPPER BOUNDS AND FINITE TERMINATION). Theorem 3 is a result on the lower
bounds. It does not state that the upper bounds converge to v*, and hence it does not guarantee
that Algorithm 2 terminates when § > 0. The proof of Corollary 1 below shows what is needed for
termination. Consider an infinite nested branch {N,} and a subsequence of relaxation solutions
x,, — . Suppose that the upper-bounding procedure of Section 3.4, applied to the nodes N,,,
produces feasible solutions @,, with liminf, fo(2,,) < fo(Z). Then Ub—Lb < fy(2,,) — Lb,, when
N,

+, 1s selected, and the limit inferior of the right-hand side is at most fy(z) — L <&. For ¢ > & this

contradicts the stopping criterion, so the algorithm terminates. If = and f; is continuous, then
&, = x, has this property. If £ # (), then the solutions x, may violate the constraints fi(x) <0 at
every node of the branch, even though their limit points satisfy these constraints. In that case,
the candidate solutions and local searches of Section 3.4 need not produce feasible solutions whose

objective values approach fo(Z).

COROLLARY 1 (Finite §-Optimal Termination When K = (). Let Assumptions 1-3 hold with
£ < 6. Suppose that K =10 and that fy is finite and continuous on X. Then Algorithm 2 terminates

after finitely many iterations and returns a feasible incumbent '™ satisfying 0 < fo(x™¢) —v* < 4.

7. Known convex reformulations and relaxations obtained via RPT

In this section, we show that several convex reformulations and relaxations for several classes of

nonconvex problems derived in the literature can also be obtained via RPT.

7.1. Disjunctive optimization

A description of the convex hull of the union of convex sets can be derived by using RPT. It

follows from the definition that the convex hull of the union of nonempty, compact convex sets

Xy ={x | hp(x) <0}, ke K is:

El.’BkEXk,AZOI(E:Z)\kCCk, Z)\kzl },

keK ke
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where hy.(z) = [hig (@) hog(x) -+ hyp(x)]", and hjy, : R™ — (—o0, +00] is proper, closed and convex
for every j € J, k € K. This description is nonlinear and nonconvex, since it contains products of

variables Ayxy, k € K. One can apply RPT to obtain the following convex relaxation

{m

This convex relaxation is exact according to Gorissen et al. (2014, Lemma 1), which applies

Eluk::c:Zuk, ZA]CZI, AZO, )\khk(uk/)\k)go, kEIC}

keKx keKx

because X}, k € K, are nonempty, compact and convex sets. We now use this observation to derive
convex relaxation for disjunctive optimization problems with general convex sets. In Sherali and
Adams (2005, Section 4), the authors derive similar result for disjunctive optimization problems
with a linear objective function and polyhedral sets &}, k € K. Consider a generic disjunctive

optimization problem
min  f(x)
s.t. T e U Xk, (DP)

where f:R"™ — (—o0,+00] is proper, closed and convex. Disjunctive optimization problems are in
general nonconvex because its feasible region constitutes a union of convex sets X}. By applying
RPT to the feasible region of (DP), we obtain the following convex relaxation:

min  f (Z uk>

y{upts ek
s.t. yehi(ur/y,) <0,  kek,

> u=1,

kek
yr > 0, kek,

which is often referred to as the hull relaxation (Grossmann and Lee, 2003). Note that this hull
relaxation is tight if f(-) is a linear function, and X}, k € K, are nonempty, compact and convex

sets.

7.2. Generalized linear optimization

Consider a generalized linear optimization problem of the following form (Dantzig, 1963, p. 434):

min c'y

y{zpte Z
s.t. xLye < b,
forc (GLP)
y=>0,

.’Bke.)(k, ]CGIC(),
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where X, = {x | hy(x) <0}, k € Ko, and hy : R"* — (—o0,+00]”’ is a vector of J proper, closed and
convex functions for each k € KCy. The partial RPT relaxation of (GLP) is:

. T
wlude
S.t. Z up < b,
keko
yehi(ue/yr) <0, ke Ky,
y > 0.

The convex problem is in general a convex relaxation of (GLP), which has the same optimal value
as (GLP) if one of the following regularity conditions is satisfied: (i) X} is bounded for each k € Iy
(Gorissen et al., 2014, Lemma 1); (ii) there exists a (y,{x;}) with y > 0 that is feasible for (GLP)
(Zhen et al., 2023, Lemma 6). While for a special case where X}, k € K, are (nonempty) boxes, the

corresponding linear relaxation of (GLP) is exact due to Dantzig (1963).

7.3. Convex hull representation for 0-1 mixed-integer convex programs

Consider the following 0-1 mixed-integer constrained set (Sherali and Adams, 2009):

v={o

where the vector € R™* is the concatenation of the binary vector z and the continuous vector x¢,

T E {0, 1}n37 Tc € [0, l]nc

namely, € = (xp,xc) with n, =np + nc. Assume X # (). Similarly to Sherali and Adams (2009),
for each subset J C B, where B={1,--- ,np}, we define the polynomial factors

Fy(@p)=[](=s); [] (1—(=n);).
Jjeg JEB\T
Observe that these factors satisfy the identity
E Fy(xp) = H((fﬁB)j +(1—(zp);) =1
JCB j€B

We linearize each factor F7(xp) by introducing a variable A7 € R;. We then impose the simplex

constraints
Ar=0 VTCB, Y As=1, (29)
JCB
and
(Tp)i= Y s Vi€B (30)
JCB:ieT

Note that, since € {0,1}"5, constraints (29) and (30) imply that

0, otherwise.

{1, if 7={ieB:(xp); =1},
)\j:
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Hence, Ay = F7(xp) for all 7 C B.
Next, for each subset J C B, we introduce a vector y; € R™ to represent the product xA;

componentwise. For the binary block, this yields the exact identities

Ay, ifieJ,

((yJ)B)i = {0’

For the continuous block, we linearize the product £cAs by (y7)c, and use the bounds 0 <z <1

Vie B, VJ CB. (31)

otherwise,

to impose

0<(ys)c<1A;y VICB, (32)

where 0,1 € R"¢ denote the all-zeros and all-ones vectors, respectively. Finally, since > JCB Ar=1

and y7 =x A, we obtain
z=> ys. (33)
JcB
Moreover, (31) and (33) imply (30), so the latter need not be imposed again.

Using these variables, and convexifying each bilinear constraint A sh; () <0 via the perspective

of hy, we obtain
Y
XCOnv: i E'A7’yj)\jhk )\j>§07 k‘E/C, ng
(29), (31), (32), (33)
The formulation (34) is convex and, as shown in Sherali and Adams (2009), it equals the convex

hull of X, that is,

(34)

Xeony = conv(X).

This exact description enumerates all 2”8 subsets J C B, that is, all binary assignments.

7.4. Approximate S-Lemma for quadratically constrained quadratic optimization

Consider a quadratically constrained quadratic optimization problem with only one (quadratic)
constraint:
min  x" Ay +2b] T + ¢

x cQP
st. x Ajx+2b/x+c <0, (QCQP)

where A; € R"=*"= b, € R™ and ¢;, € R for each k € {0,1}. It is well-known that such a problem
admits a convex reformulation via the S-lemma. In the following, we show that the dual of the
obtained convex reformulation from the S-lemma can be interpreted as an RPT relaxation. Suppose

that there exists an @ € R™ with " A;x + 2b] © + ¢; <0, then we have

: max
min  x' Agxz + 2by T + ¢ A>0y

“ T T — Ap by Oo0 A b
.t. < _
s.t T A1$+2b1 CC+Cl _0 s.t. b(‘)r Co i’y OT 1 A b;r e s
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where O € R"»*"» i3 a matrix of all zeros. Here the ” <=" holds due to the S-lemma (Boyd and

Vandenberghe, 2004, Appendix B). The dual of the obtained semidefinite problem is

I;{lin Tr (A(]X) + 2b(—)ra3 + ¢

st. Tr(A;X)+2bjx+c <0,
X x
|:213T 1:| ioa

which is clearly an RPT relaxation of (QCQP). Consider now a generic quadratically constrained

quadratic optimization problem with more than one quadratic inequality constraint:

min  x' Agx + 2bj x + ¢
st. x Az +2b -+, <0 keK,

where A, € R"**"= b, € R™ and ¢, € R for each k € y. Similarly, the dual of the convex relaxation

obtained from using the approximate S-lemma coincides with the convex relaxation from RPT:

I}(un (Ao X)+2b] = + ¢y

st. Tr(ApX)+2blx+c¢,<0, keK,
X T
' 1|~

Note that here the obtained relaxation is not tight in general, and for more details on the approximate

S-lemma, we refer to Ben-Tal et al. (2002).

7.5. Fractional optimization

Consider the following generic fractional optimization problem

min M
= g(x) (FP)
s.t. hk(ﬂf) SO kGIC,

where f:R" — R, is convex and nonnegative, g : R™ — R, is concave and positive, and hy, :
R™ — (—o00,+00] is proper, closed and convex for every k € K. By first introducing an epigraphical
variable 7 for the positive convex function 1/g(x), we obtain the SLC constraint 7g(x) > 1, and

then apply RPT, linearizing the products 7@ by v, to obtain:

min  7f(v/7)

)

st.  Tg(v/T)>1
Thk(v/T)S kek.

The obtained convex problem is an exact convex reformulation of (FP) (Schaible, 1974).
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8. Numerical experiments

We evaluate RPT-BB and RPT-SDP-BB on five classes of nonconvex optimization problems: sum-
of-max-linear-terms maximization, log-sum-exp maximization, linear multiplicative optimization,
quadratically constrained quadratic optimization, and dike height optimization. The first three use
the biconjugate reformulation, whereas the latter two are already in the generic form (1).

All numerical experiments in this paper were run on a MacBook Pro with an Apple M3 Pro
chip (11 CPU cores: 5 performance and 6 efficiency) and 18 GB RAM. The RPT methods are
implemented in Julia 1.12.5 (JuliaLang contributors, 2026) with JuMP.jl 1.29.4 (JuMP developers,
2026). Gurobi 13.0.0 (Gurobi Optimization, LLC, 2026) solves the linear optimization problems
and MOSEK 11.0.30 (ApS, 2025) the conic node relaxations. Ipopt is used for the local searches
of Section 3.4 in the quadratically constrained quadratic and dike height optimization problems.
Both RPT methods in the main tables use the branching rule of Algorithm 1, with an absolute or
relative optimality tolerance of 10~ and a time limit of 1800 seconds per problem instance. We
compare the proposed approach with BARON 21.1.13 (Sahinidis, 1996; The Optimization Firm,
LLC, 2021), called through Pyomo 6.7.2 (Bynum et al., 2021; Hart et al., 2011), with SCIP 10.0.0
(Hojny et al., 2025), called through JuMP.jl, and with CPLEX 22.1.2 (ILOG, Inc., 2017), called
through docplex 2.32.264. All solvers are run with one thread, with the same optimality tolerance
and time limit as the RPT methods, with a constraint feasibility tolerance of 1076, and with one
solver call per problem instance. We distinguish direct and biconjugate formulations by the suffixes
Dir and Bic, where applicable.

The tables report the best feasible objective value returned (Opt), the number of branching
hyperplanes (Hyp), the computation time in seconds (Time), and the number of instances that
reach the time limit (TO). For the randomly generated groups, Opt, Hyp and Time are averages
over the ten instances of the group, and TO is reported out of ten. The time of an instance that
reaches the time limit is recorded as 1800 seconds. A solver may also stop before the time limit
without proving optimality, so a feasible objective value or a zero timeout count does not by itself
establish optimality. We retain feasible objective values even when optimality is not established.
Incumbent candidates of all methods are checked against the original constraints with a feasibility
tolerance of 1075. A dash indicates that no feasible solution was returned, and the group mean is
withheld if any instance of the group returns none. Appendix A compares branching rules within

RPT-BB and RPT-SDP-BB.
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8.1. Sum-of-max-linear-terms maximization over convex and nonconvex constraints

We consider the following generic sum-of-max-linear-terms maximization problem from Zhen et al.

(2022) and Selvi et al. (2022):

.
max erxéz%{Aj x+0b;}, (35)
teL

reX

where A € R"=*"v b e R"™. We consider three cases of X: a set defined by linear constraints, a
set defined by an additional geometric constraint, and a set defined by an additional nonconvex

constraint, i.e., X =&}, X = A5, and X = X3, where

X, ={zeR¥” |D'z<d},

Xo=<axeck | log (iexp(xﬁ) Sa},
=1

ng ZBE(Yl HajHQ—i_Z\/ESC}
=1

Here D € R"**™ and d € R™. Since the objective of (35) is a closed convex function, we can replace

it by its biconjugate function and obtain the following equivalent maximization problem:

T T
max (A'z+b) vy, (36)

yey

where ) equals the domain of the conjugate function of the objective of (35), i.e.,

Zyj:mec}.

JE€ETe

yz{yeRT

Note that n, =", . |J¢|. We compare RPT-BB, RPT-SDP-BB, and BARON. Furthermore, for
X =X, and X = X),, we also compare them with the exact mixed integer optimization reformula-
tion (MIP), given by

ey )

Az lel
st N<Alz4+b+M(1-2z), jednleLl,

37
> =1, lecL, (37)
JETe
z€{0,1}".

We solve Problem (37) with Gurobi for X; and MOSEK for A,. Instances labeled 1-5 correspond to
single instances, taken from Selvi et al. (2022), whereas instances labeled 1r—5r report averages over 10
independently generated random instances, generated according to the exact same mechanism. We

refer to Appendices D.1 and E.1 for the convex RPT relaxation and problem instances, respectively.
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pY # RPT-BB RPT-SDP-BB BARON MIP
Opt Time Hyp TO Opt Time Hyp TO Opt Time TO Opt Time TO
1 2329 0.01 0.0 0/1 23.29 0.01 00 0/1 23.29 0.11 0/1 23.29 0.00 0/1
1r 22,72 0.01 0.0 0/10 22.72 0.01 0.0 0/10 22.72 0.10 0/10 22.72 0.00 0/10
2 233.94 011 0.0 0/1 233.94 0.45 0.0 0/1 23394 031 0/1  233.94 002 0/1
2r 211.87 0.19 0.2 0/10 211.87 0.44 0.0 0/10 211.87 0.74 0/10 211.87 0.02 0/10
gy 3 1081.62 126.19 78.0 0/1 1081.62 26.50 0.0 0/1 1081.62 1800.00 1/1  1081.62 1.18  0/1
T 3r 115990  56.70 344 0/10 1159.90  59.83 0.3 0/10 1159.90 1800.00 10/10  1159.90 1.06 0/10
4 113.70 0.03 0.0 0/1 113.70 0.05 00 0/1 113.70 229  0/1 113.70 0.01 0/1
4r  83.78 0.16 0.5 0/10 83.78 0.10 0.0 0/10 83.78 2.49 0/10 83.78 0.00 0/10
5 3002.44 2.63 1.0 0/1 3002.44 11896 1.0 0/1 3002.44 1800.00 1/1  3002.44 327.52 0/1
5r 2898.05 9.46 6.0 0/10 2898.05 141.77 1.3 0/10 2898.05 1800.00 10/10  2898.05 1073.88 4/10
1 14.58 0.02 0.0 0/1 14.58 0.03 00 0/1 14.58 0.18 0/1 14.58 0.05 0/1
Ir 14.54 0.02 0.0 0/10 14.54 0.03 0.0 0/10 14.54 0.13 0/10 14.54 0.06 0/10
2 136.22 035 0.0 0/1 136.22 096 00 0/1 136.22  1800.00 1/1 136.22 1115.66  0/1
2r 122.21 2.18 3.3 0/10 122.21 3.57 0.7 0/10 122.21 1800.00 10/10 122.21  468.78 0/10
¥ 3 837.94 559.62 76.0 0/1 837.94 92.00 0.0 0/1 837.94 1800.00 1/1 790.75 1800.00 1/1
2 3r 890.07 93213 77.0 4/10 890.07 312.34 0.6 0/10 890.07 1800.00 10/10  843.66 1800.00 10/10
4 33.73 4.06 150 0/1 33.73 3.86 20 0/1 33.73 45.78  0/1 33.73 0.13  0/1
4r  31.81 1.94 49 0/10 31.81 147 0.8 0/10 31.81 19.76  0/10 31.81 0.11 0/10
5 1610.69 1800.00 210.0 1/1  1610.69 1800.00 5.0 1/1  1610.69 1800.00 1/1  1588.59 1800.00 1/1
5r 1670.92 1800.00 140.4 10/10 1670.92 1800.00 5.5 10/10 1671.02 1800.00 10/10  1657.09 1800.00 10/10
1 13.45 215.12 642.0 0/1 13.41 11.76 19.0 0/1 13.45 0.22 0/1
1r  14.99 369.08 432.2 1/10 14.99 11.77 13.1  0/10 15.02 0.14 0/10
2 140.87 112.86 179.0 0/1 140.62 41.25 4.0 0/1 140.89 5.59 0/1
2r 129.29  148.51 213.9 0/10 129.10 41.29 4.1 0/10 129.31 23847 0/10
¥ 3 76896 801.40 99.0 0/1  768.94 1800.00 2.0 1/1  768.97 1800.00 1/1
3 3r 795.18 1404.88 157.7 7/10  793.83 1800.00 2.0 10/10  805.60 1800.00 10/10
4 4534 1800.00 216.0 1/1 45.34 232.76 51.0 0/1 45.34 74.31 0/1
dr 4479  1492.21 443.6 6/10 44.89 575.90 58.0 1/10 44.97 40.45 0/10
5 2267.99 1800.00 195.0 1/1 - 1800.00 2.0 1/1  2125.58 1800.00 1/1
5r 2342.89 1800.00 61.6 10/10 - 1800.00 2.1 10/10 2185.23 1800.00 10/10
Table 4  Results for Problem (36) over the feasible regions X1, X2, and Xjs.

From Table 4, we observe that the RPT methods are competitive with MIP over X; and A5,

and substantially faster on several instances for which BARON reaches the time limit. The LMI

strengthening can reduce computation time when it substantially reduces branching, as on instances

3 and 3r over X,, but can increase computation time when RPT-BB already needs few hyperplanes.

Over X3, no method is uniformly best. RPT-BB returns the highest objective values on instances

5 and b5r, although all methods reach the time limit, whereas RPT-SDP-BB returns no feasible

solution. The lower objective values returned by RPT-SDP-BB on some other instances also indicate

numerical difficulties. Thus the LMI strengthening is useful on some instances, but is not consistently

advantageous.

8.2. Log-sum-exp maximization over linear constraints

We consider the log-sum-exp maximization problem subject to linear constraints:

max
xreX]

log [ > exp(x;)
=1

(38)
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Since the objective of (38) is a closed convex function, we can replace it by its biconjugate function

and obtain the following equivalent maximization problem:

,
max @ yA%zfjua, (39)
(y,w)ey i=1

where ) equals the domain of the conjugate function of the objective of (38), i.e.,

Y; exp <w’> <l,ie{l,...,n.}, Zyl:l}'
Yi —

Observe that here we make use of case 7 in Table 1 and introduce epigraphical variables w; for every

y:{yeRiI»wean

ie{l,...,n,}. We refer to Appendices D.2 and E.2 for the convex RPT relaxation and problem
instances, respectively. The results are illustrated in Table 5. Each entry corresponds to the average

over 10 randomly generated instances.

X # RPT-BB RPT-SDP-BB BARON-Dir SCIP-Dir BARON-Bic SCIP-Bic
Opt Time Hyp TO Opt Time Hyp TO Opt Time TO Opt Time TO Opt Time TO Opt Time TO
1 1001 0.75 0.0 0/10 10.01 0.91 0.0 0/10 10.01 0.07 0/10 10.01 0.00 0/10 10.01 1800.00 10/10 10.01 1800.00 10/10
2 40.00 1.03 0.0 0/10 40.00 28.74 0.0 0/10 40.00 1800.00 10/10  40.00 0.00 0/10  40.00 1800.00 10/10 - 1800.00 10/10
X, 3 610 229 1.0 0/10 6.10 4.06 1.0 0/10 6.10 0.13  0/10 6.10 0.02 0/10 5.71 1800.00 10/10 6.10 1800.00 10/10
4 2196 0.28 0.0 0/10 21.96 1.40 0.0 0/10 21.90 1080.07 6/10 21.96 0.11 0/10 14.77 1800.00 10/10  20.89 1800.00 10/10
5 - 754 0.0 0/10 34.76 14891 0.0 0/10 34.76 1440.05 8/10 34.76 0.21 0/10 15.11 1800.00 10/10  33.40 1800.00 10/10

Table 5  Results for Problem (38).

From Table 5, we observe that SCIP is fastest on the direct formulation, whereas RPT handles
the biconjugate formulation much faster than BARON-Bic and SCIP-Bic, both of which reach the
time limit on every instance. The benefit of the biconjugate reformulation therefore depends on
the relaxation used to solve it. Within RPT, the LMI strengthening does not reduce branching
on these instances and increases computation time. RPT-BB is consequently faster, although on
instance 5 MOSEK stalls on the root relaxation of one of the ten random instances and RPT-BB

returns no solution for it, so the group mean of the objective value is withheld.

8.3. Linear multiplicative optimization

We consider the following linear multiplicative optimization problem from Ryoo and Sahinidis

(1996):

y
min H (Alz+0b,), (40)
=1

where A € R ™ beR™, X ={x cR?™ | D'x<d, AJz+b, >0}, DcR** and dcR".
Without loss of generality we assume A @ +b; >0 for all i € Z. Utilizing a log transformation, as

in Ryoo and Sahinidis (1996), Problem (40) can be equivalently reformulated as

ny

min Zlog (A z+b). (41)

xeX
i=1
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Since the objective of (41) is a closed concave function, we can replace it by its biconjugate function

and obtain the following equivalent maximization problem:

"y
T T
max —(A'z+b) y— Zwi, (42)
(y,w)ey i=1

where ) equals the domain of the conjugate function of the objective of (41), i.e.,
Y= {y eRM weR™ { exp(—w; — 1) <wy;, 1 € {1,...,ny}} .

Observe that here we make use of case 3 in Table 1 and introduce epigraphical variables w; for every
ie{l,...,n,}. Moreover, Y is not bounded, which is one reason we make no general asymptotic-
convergence claim for this formulation. We refer to Appendices D.3 and E.3 for the convex RPT
relaxation and problem instances, respectively. The results are illustrated in Table 6. Each entry

corresponds to the average over 10 randomly generated instances.

RPT-BB RPT-SDP-BB BARON-Dir SCIP-Dir BARON-Bic SCIP-Bic
Opt Time Hyp TO Opt Time Hyp TO Opt Time TO Opt  Time TO Opt Time TO Opt Time TO
1 12.14 2.27 26.5 0/10 12.14 453 18.0 0/10 12.14 0.15 0/10 12.14 0.11 0/10 12.14 2548 0/10 12.14 2.12  0/10
2 2347 8.52 532 0/10 2347 24.14 31.1 0/10 2347 0.29 0/10 2347 6.05 0/10 23.47 1413.00 6/10 23.47 711.06 2/10
3 2096 36.65 1389 0/10 20.96 30.78 28.6 0/10 20.96 0.50 0/10 20.96 266.91 0/10 20.96 1149.62 4/10 20.96 1220.68 6/10
4
5

18.99 1748.07 1256.5 8/10 18.99 208.97 40.7 0/10 1899 7.63 0/10 18.99 1800.00 10/10 18.99 1800.00 10/10  18.99 1800.00 10/10
8.90 1800.00 291.8 10/10 - 52211 33.2 0/10 8.90 0.41 0/10 8.90 1416.36 7/10 8.90 5226 0/10 8.90 110.43 0/10

Table 6  Results for Problem (40).

BARON-Dir and SCIP-Dir are applied to the logarithmic reformulation (41), and BARON-Bic
and SCIP-Bic to (42). From Table 6, we observe that the logarithmic reformulation is particularly
effective for BARON-Dir, which has the lowest computation time on instances 2-5 and no timeouts.
For the biconjugate formulation, RPT-SDP-BB is faster than BARON-Bic and SCIP-Bic on
instances 2-4. The LMI strengthening also substantially reduces branching relative to RPT-BB,
most clearly on instance 4, but increases computation time on the first two instances. These results
illustrate the importance of both the formulation and the relaxation. On instance 5, MOSEK stalls
on the root relaxation of one of the ten random instances and RPT-SDP-BB returns no solution for

it, so the group mean of the objective value is withheld.

8.4. Quadratically constrained quadratic optimization

We consider the following quadratically constrained quadratic optimization problem:
min «' Pyx+ qOTa: + 79
reEX] (43)
st. x Pux+q,x+r,<0, ke,

where P, € R"™=*"= Lk € Ky, are not necessarily positive semidefinite and as a result Problem (43) is

not necessarily convex. However, the nonconvex quadratic functions are SLC, hence we can apply
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RPT. CPLEX is run only on instances 1-5, which have linear constraints. It is not run on instances
6-10, which contain nonconvex quadratic constraints. We refer to Appendices D.4 and E.4 for the

convex RPT relaxation and problem instances, respectively. The results are illustrated in Table 7.

RPT-BB RPT-SDP-BB BARON CPLEX
# Opt Time Hyp TO Opt Time Hyp TO Opt  Time TO Opt Time TO
1 394.75 6.12 1 0/1 394.75 7.50 1 0/1 394.75 0.38 0/1 394.75 0.07 0/1
2 884.75 0.24 0 0/1 884.75 0.26 0 0/1 884.75 0.27 0/1 884.75 0.04 0/1
3 6888.78 0.02 0 0/1 6888.78 0.02 0 0/1 6888.78 0.07 0/1 6888.78 0.02 0/1
4 98382.63 0.56 0 0/1 08382.63 1.73 0 0/1 98382.63 1800.00 1/1 98382.63 0.71 0/1
5 77448239  40.25 0 0/1 774482.39  35.70 0 0/1 774482.38 1800.00 1/1  774482.38 8.60 0/1
6 1717.80 0.78 0 0/1 1717.80 0.82 0 0/1 1717.80 0.22 0/1
7 4507.75 0.29 1 0/1 4507.75 0.33 1 0/1 4507.75 0.21 0/1
8  17084.82 0.62 3 0/1 17084.82 0.08 0 0/1 17084.82 0.19 0/1
9  46632.36 1800.00 483 1/1 46632.36  49.32 21 0/1 46632.36  18.12 0/1

10 52233.70 1800.00 133 1/1 52233.70 1800.00 151 1/1 52233.70 1800.00 1/1

Table 7  Results for Problem (43). Instances 1-5 contain only linear constraints, while instances 6-10 contain

additional nonconvex quadratic constraints.

From Table 7, we observe that all methods return the same objective values within the tolerance.
CPLEX has the lowest computation time on instances 1, 2 and 5, and ties with the RPT methods
on instance 3 at the reported precision. RPT-BB is fastest on instance 4, whereas BARON reaches
the time limit on instances 4 and 5. RPT-BB and RPT-SDP-BB solve instances 1-8 in at most 40.25
seconds with at most three hyperplanes. On instance 9, BARON has the lowest computation time
(18.12 seconds), RPT-SDP-BB terminates after 49.32 seconds with 21 hyperplanes, and RPT-BB
reaches the time limit after 483 hyperplanes, which shows the effect of the LMI strengthening on
the instances with nonconvex quadratic constraints. On instance 10, all methods reach the time

limit.

8.5. Dike height optimization
Eijgenraam et al. (2017) develop a model to optimize dike heightening in the Netherlands. The

authors show that the optimal solution is periodic, i.e., the dike is heightened by the same amount
every t years, and explicit expressions are derived for ¢ and the optimal heightenings. However, in
practice there are several reasons to deviate from the periodic solution. For example, it may be
desirable to combine heightenings of several dikes. In this section, we propose to use RPT to solve
the dike heightening problem in which the years at which heightening takes place are fixed and may
deviate from every t years. Such problems cannot be solved by the approach in Eijgenraam et al.
(2017). We consider the following dike height optimization problem, which is the time truncated

version of the problem in Eijgenraam et al. (2017):

: S S
Inin (C + bxy,) exp (Ahy, — 0ty) + Z =9 (exp (Bstis1) — exp (Bsty)) exp (—0hy) + FO exp (851 — 6hy),
= keKo k€K

Investment costs Expected damage costs Future damage costs

(DHO)
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where t is the vector of all moments in time at which the dike height is increased, to =0, « is the
vector of all increases in dike height, where x;, is the increment of the dike height at time ¢, hy, is
the increase in dike height after ¢ years, i.e., hy, = Zf:o T, hg = Zke,co xi, and Bs,0,0,A,b,C, T and
Sy are constants, which are explained in more detail in Appendix E.5. The feasible region of (DHO)
is not compact without upper bounds on . The constraints x; <300 used in the implementation
make it compact, as required by Assumption 1.

The objective of (DHO) is to minimize the sum of investment costs and the total expected cost
of flooding, both as a result of heightening dikes, see Eijgenraam et al. (2017) for a full description.
Since t is fixed, the objective of (DHO) is SLC, as it consists of two convex terms (expected damage
costs and future damage costs) and a sum of linear times convex functions, hence we can apply
RPT-BB. We compare RPT-BB, RPT-SDP-BB, and BARON. We refer to Appendices D.5 and E.5
for the convex RPT relaxation and problem instances, respectively. The results for the homogeneous

dike rings 10, 15 and 16 in the Netherlands are shown in Table 8.

" 4 RPT-BB RPT-SDP-BB BARON
Opt Time Hyp TO Opt Time Hyp TO Opt Time TO

10 61.98 1800.00 2935 1/1 61.98 0.08 0/1 61.98 4.09 0/1
t, 15 608.74 1800.00 4335 1/1 608.74 0.10 0/1 608.74 213.64 0/1
16 1268.11 1800.00 3365 1/1  1268.11 0.09 0/1  1268.11 55.61 0/1

10 61.31 1800.00 2073 1/1 61.31 8.71 0/1 61.31  25.55 0/1
ts 15 609.92 1800.00 854 1/1 609.92 0.15 0/1 609.92 1362.23 0/1
16 1269.63 1.05 3 0/1 1269.63 0.20 0/1 1269.63 220.94 0/1

10 55.50 853.89 2999 0/1 55.50 0.04 0/1 55.50 0.73 0/1
tso 15 54523  392.32 1176 0/1 545.23 0.04 0/1 545.23 1.34 0/1
16 1100.07 91.43 680 0/1 1100.07 0.05 0/1 1100.07 0.45 0/1

Table 8 Results for Problem (DHO), for dike rings 10, 15, and 16 in the Netherlands.

SO O | oo o | oo o

From Table 8, we observe that RPT-SDP-BB solves every instance at the root node, in at most
8.71 seconds, and has the lowest computation time on every instance. RPT-BB solves the three
instances with the 50-year schedule and dike ring 16 with the 25-year schedule, but reaches the
time limit on the remaining five instances after 854 to 4335 hyperplanes. BARON solves all nine
instances, in between 0.45 and 1362.23 seconds. For this problem, the LMI strengthening makes the

RPT relaxation exact at the root node.

9. Discussion and conclusion

In summary, we develop a method for globally solving nonconvex optimization problems involving
SLC functions. We introduce the RPT framework, which enables us to obtain a convex relaxation

of the original nonconvex problem, while introducing additional variables and constraints. We then
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incorporate it in spatial branch and bound, combining the new RPT relaxation with a modification
of eigenvector branching that also handles the indefinite case. We establish convergence guarantees
for the proposed branching scheme, showing that the global lower bounds converge to the optimal
value up to a prescribed accuracy. Moreover, when only the objective function is nonconvex, we
prove finite termination with a d-optimal solution under the stated assumptions.

In the numerical experiments, the proposed methods are competitive with BARON, SCIP, and
CPLEX, and RPT-SDP-BB is the fastest method on several of the harder instances. Notably,
RPT-SDP-BB solves the dike height optimization instances at the root node. Overall, RPT-BB
and RPT-SDP-BB solve most instances with few branching hyperplanes. This, together with the
efficiency of MOSEK for solving conic optimization problems, drives the speed of the method.

A key limitation of the RPT-BB method is its reduced tractability when applied to problems with a
large number of variables and constraints. This issue arises because the method involves squaring the
number of variables and performing pairwise multiplications across all linear and convex constraints
within the feasible region. To enhance scalability, future research could explore methodological
adaptations designed to manage larger problem instances more efficiently. Potential adaptations
might include employing partial constraint multiplications and selectively generating variable
products. An iterative constraint generation approach could also be beneficial. This would involve
initially solving the RPT relaxation with a subset of constraints, then progressively incorporating
additional constraints based on whether the solutions violate any remaining constraints. Assessing
the efficiency of this iterative approach, considering it requires multiple resolutions of the RPT
relaxation, would be essential.

Finally, it would be interesting to investigate the potential of RPT-BB beyond the scope discussed
in this paper, by applying RPT-BB also to nonconvex optimization problems in other fields,
such as mixed integer nonlinear optimization, robust optimization, adaptive robust optimization,

distributionally robust optimization, polynomial optimization, and bilevel optimization.
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Appendix

A. Comparison of branching variants

We compare three branching rules for RPT-BB (U-LP, U-RX and U-RX+SOC) and two for RPT-
SDP-BB (U-LP and U-RX) on the five problems of Section 8. All rules branch on the eigenvector
associated with the eigenvalue of largest absolute value of the residual X* —x*(x*)". U-RX is the
rule of Algorithm 1. It computes the bounds a; and b; by solving the two problems in (17). U-LP
appends only the branching inequality and relies on its products with the linear inequalities of the
node, which imply the secants with the bounds obtained from the linear constraints of the node.

U-RX+SOC first adds the violated inequality
vz’ <v'Xv (44)

and re-solves the node relaxation as long as the selected eigenvalue is negative, subject to the
optimality tolerance and the time limit, and then applies U-RX (Remark 4). Under the LMI,
negative eigenvalues cannot occur in exact arithmetic, so the SOC variant is not compared for
RPT-SDP-BB. The convergence analysis of Section 6 covers U-RX.

The experiments use the same hardware and software as the main tables, with a time limit of 600
seconds per instance. The tables report the objective value (Opt), the computation time in seconds
(Time), the number of nodes whose relaxation is solved (Nodes), the number of problems (17) solved
(Bnd), the number of re-solves of a node after adding (44) (SOC), and the number of instances that
reach the time limit (TO). The conventions are those of Section 8. For the randomly generated
groups, the numerical columns are averages over the ten instances of the group. The reported times
are the actual computation times, which may exceed the time limit because the limit is checked

only between relaxation solves.

A.1l. Sum-of-max-linear-terms maximization over convex and nonconvex constraints

Table 9 compares the rules over X}, X, and As.

RPT-BB. Over X, the rules perform similarly on the instances that are solved at the root node.
On instances 3 and 3r, U-LP is the fastest rule (90.36 and 39.92 seconds against 120.91 and 52.25
seconds for U-RX). On instance 3, U-RX reduces the number of explored nodes from 181 to 157,
but this reduction does not compensate for the 156 additional bound problems. The SOC rounds
increase the computation time on these instances and cause one timeout on 3r. Over Xy, the tighter
bounds often reduce the tree. On instance 4, U-LP, U-RX and U-RX+SOC explore 33, 31 and 21
nodes in 2.44, 3.82 and 2.77 seconds, respectively, so the smallest tree is not the fastest. All three

rules reach the time limit on five of the ten random instances of 3r and on all instances of 5 and 5r.
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Sum-of-max-linear-terms maximization over convex and nonconvex constraints
RPT-BB
x 7 U-LP U-RX U-RX+50C
Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO
1 23.29 0.01 1 0 0 0/1 23.29 0.01 1 0 0 0/1 23.29 0.01 1 0 0 0/1
1r 2272 0.01 1 0 0 0/10 22.72 0.01 1 0 0 0/10 22.72 0.01 1 0 0 0/10
2 233.94 0.11 1 0 0 0/1 233.94  0.08 1 0 0 0/1 233.94  0.09 1 0 0 0/1
2r  211.87 0.17 1.4 0 0 0/10 211.87  0.19 1.4 0.4 0 0/10 211.87 0.32 14 0.4 0.2 0/10
X 3 1081.62 90.36 181 0 0 0/1 1081.62 120.91 157 156 0 0/1 1081.62 162.82 205 193 14 0/1
T 3r 1159.90 39.92 80.2 0 0 0/10 1159.90 52.25 69.8 68.7 0 0/10 1159.90 108.92 133.2 121.9 9.3 1/10
4 113.70  0.02 1 0 0 0/1 113.70  0.05 1 0 0 0/1 113.70 0.02 1 0 0 0/1
4r  83.78 0.12 2 0 0 0/10 83.78 0.12 2 1 0 0/10 83.78 0.15 2 1 0.2 0/10
5 3002.44 2.01 3 0 0 0/1 3002.44 2.32 3 2 0 0/1 3002.44 2.28 3 2 0 0/1
5r 2898.05 6.03 12.8 0 0 0/10 2898.05 8.44 13 12 0 0/10 2898.05 15.00 12.8 114 7.1 0/10
1 14.58 0.02 1 0 0 0/1 14.58 0.02 1 0 0 0/1 14.58 0.02 1 0 0 0/1
1r  14.54 0.02 1 0 0 0/10 14.54 0.02 1 0 0 0/10 14.54 0.02 1 0 0 0/10
2 136.22  0.30 1 0 0 0/1 136.22  0.28 1 0 0 0/1 136.22  0.28 1 0 0 0/1
2r 12221 1.82 8.4 0 0 0/10 122.21 1.88 7.6 6.6 0 0/10 122.21  1.89 6.6 5.6 0.8 0/10
x 3 837.94 355.15 195 0 0 0/1 837.94 449.46 153 142 0 0/1 837.94 364.48 121 116 7 0/1
2 3r  890.07 38248 220.6 0 0 5/10 890.07 393.21 136.3 127.3 0 5/10 890.07 397.29 1334 1266 6.4 5/10
4 33.73 2.44 33 0 0 0/1 33.73 3.82 31 30 0 0/1 33.73 2.77 21 20 3 0/1
4r  31.81 1.25 12.8 0 0 0/10 31.81 1.82 10.8 8.4 0 0/10 31.81 1.08 6.2 4 0.8 0/10
5 1610.69 600.08 386 0 0 1/1 1610.69 600.08 250 140 0 1/1 1610.69 600.08 198 123 55 1/1
5r 1670.92 600.03 3955 0 0 10/10 1670.92 600.07 252.6 142.2 0 10/10  1670.92 600.08 209 116.5 49.4 10/10
1 13.45 46.01 587 0 0 0/1 13.45 214.65 1285 688 0 0/1 13.45 215.55 1285 688 0 0/1
Ir  15.01 260.51 13522 0 0 2/10 14.99 248.51 797.4 421.7 0 1/10 14.98 414.13 775 403.3 0.3 4/10
2 140.87  24.59 43 0 0 0/1 140.87  112.63 359 182 0 0/1 140.62  946.20 91 47 0 1/1
2r  129.29 131.51 4146 0 0 0/10 129.29 147.70 428.8 221.1 O 0/10 129.25 469.52 3954 203.6 0 3/10
x 3 768.96 252.97 77 0 0 0/1 768.96  600.42 157 106 0 1/1 768.96 600.11 84 56 0 1/1
3 3r  804.71 39535 117.3 0 0 4/10 794.78 558.85 117.8 68.5 0 8/10 794.76  880.18 49.3 293 0 10/10
4 45.32 188.94 467 0 0 0/1 45.34 600.01 373 211 0 1/1 45.34 1073.78 108 61 1 1/1
4r  44.60 45897 6999 0 0 6/10 44.15 545.61 509.1 267.7 0 9/10 43.50 858.78 244.1 1294 0.6 10/10
5 2267.32 600.08 218 0 0 1/1 2267.99 600.13 167 113 0 1/1 2273.72 600.00 75 53 31 1/1
5r  2358.87 600.02 202.8 0 0 10/10 2349.45 600.05 154.7 104.7 0 10/10  2342.73 600.09 113 73.9 428 10/10
RPT-SDP-BB
X # U-LP U-RX
Opt Time Nodes Bnd TO Opt Time Nodes Bnd TO
1 23.29 0.01 1 0 0/1 23.29 0.01 1 0 0/1
Ir 2272 0.01 1 0 0/10 22.72 0.01 1 0 0/10
2 233.94 045 1 0 0/1 233.94  0.42 1 0 0/1
2r  211.87 045 1 0 0/10 211.87 0.45 1 0 0/10
X 3 1081.62 26.73 1 0 0/1 1081.62 26.65 1 0 0/1
bo3r 1159.90 43.02 1.6 0 0/10 1159.90 58.70 1.6 0.5 0/10
4 113.70  0.04 1 0 0/1 113.70  0.04 1 0 0/1
4r  83.78 0.08 1 0 0/10 83.78 0.08 1 0 0/10
5 3002.44 80.72 3 0 0/1 3002.44 116.80 3 2 0/1
5r  2898.05 92.22 3.6 0 0/10 2898.05 139.43 3.6 2.6 0/10
1 14.58 0.03 1 0 0/1 14.58 0.03 1 0 0/1
1Ir  14.54 0.03 1 0 0/10 14.54 0.02 1 0 0/10
2 136.22  1.02 1 0 0/1 136.22  0.97 1 0 0/1
2r  122.21  2.67 2.4 0 0/10 122.21  3.56 2.4 1.3 0/10
x 3 837.94 9247 1 0 0/1 837.94  90.75 1 0 0/1
2 3r  890.07 21431 2.1 0 1/10 890.07 246.28 1.8 0.8 1/10
4 33.73 1.29 5 0 0/1 33.73 3.83 5 4 0/1
4r  31.81 0.75 2.6 0 0/10 31.81 1.44 2.6 1.6 0/10
5 1610.69 1262.88 4 0 1/1 1610.69 605.38 4 4 1/1
5r - 681.05 6.9 0 10/10 1670.92 603.12 4.1 4 10/10
1 13.44 3.14 15 0 0/1 13.41 11.73 39 27 0/1
Ir  14.99 15.43 48 0 0/10 14.99 11.76 27.2 22,5 0/10
2 140.62 27.95 9 0 0/1 140.62 41.23 9 5 0/1
2r  129.09 25.96 8.6 0 0/10 129.10 41.22 9.2 6.9 0/10
x 3 768.94 604.04 3 0 1/1 768.94 602.88 1 0 1/1
3 3r 793.83 60346 3 0 10/10 789.16 602.42 1 0 10/10
4 45.33 95.63 95 0 0/1 45.34 233.08 103 59 0/1
4r 44.84 180.21 1054 0 1/10 44.57 328.28 81.5 54.3 3/10
5 - 600.44 3 0 1/1 - 601.96 1 0 1/1
5r - 605.19 3 0 10/10 - 602.78 1.7 0.7 10/10
Table 9 Results for Problem (36) over the feasible regions X, X2, and X3 for the different branching strategies in

RPT-BB and RPT-SDP-BB.

Over A3, the objective values and the timeout counts differ between the rules, and U-LP has fewer
timeouts than U-RX on 3r and 4r.
RPT-SDP-BB. U-LP and U-RX perform similarly on the instances that are solved at the root

node. When branching occurs, the additional bound problems do not give a consistent advantage.
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U-LP is faster on instances 5 and 5r over X} and on 4 and 4r over A5. Overall, no rule is uniformly

preferable over the three feasible regions.

A.2. Log-sum-exp maximization over linear constraints

Table 10 shows little difference between the rules on instances 1, 2 and 4, which are solved at
the root node by both methods. On instance 3, U-RX+SOC has the lowest computation time for
RPT-BB (1.04 seconds against 2.03 for U-LP and 2.28 for U-RX), whereas U-LP is the fastest
rule for RPT-SDP-BB. On instance 5, MOSEK stalls on the root relaxation of one of the ten
random instances, so RPT-BB returns no solution for it under any of the three rules, whereas both
RPT-SDP-BB rules return solutions for all ten. The additional bound problems do not reduce the

computation time on this problem.

Log-sum-exp maximization over linear constraints

RPT-BB
x 7 U-LP U-RX U-RX+50C
Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO
1 10.01 0.76 1 0 0 0/10 10.01 0.74 1 0 0 0/10 10.01 0.75 1 0 0 0/10
2 40.00 1.05 1 0 0 0/10 40.00 1.03 1 0 0 0/10  40.00 1.03 1 0 0 0/10
X 3 6.10 203 34 0 0 0/10 6.10 228 3 1.7 0 0/10 6.10 1.04 1.6 0.6 0.1 0/10
4 21.96 028 1 0 0 0/10 2196 030 1 0 0 0/10 21.96 0.29 1 0 0 0/10
5 - 753 1 0 0 0/10 - 748 1 0 0 0/10 - 7.66 1 0 0 0/10
RPT-SDP-BB
x 7 U-LP U-RX
Opt Time Nodes Bnd TO Opt Time Nodes Bnd TO
1 10.01 0.92 1 0 0/10 10.01 0.91 1 0 0/10
2 40.00 28.82 1 0 0/10 40.00 28.40 1 0 0/10
X 3 6.10 263 3 0 0/10 6.10 4.04 3 2 0/10
4 21.96 1.41 1 0 0/10 2196 139 1 0 0/10
5 34.76 154.44 1 0 0/10 34.76 146.82 1 0 0/10

Table 10  Results for Problem (38) for the different branching strategies in RPT-BB and RPT-SDP-BB.

A.3. Linear multiplicative optimization

Table 11 shows that U-LP has the lowest computation time for RPT-BB on instances 1-3 and
reaches the time limit on eight of the ten random instances of instance 4, against ten for U-RX
and U-RX4SOC. The SOC rounds increase the computation time considerably. On instance 2,
the mean time increases from 8.61 seconds for U-RX to 273.02 seconds for U-RX+SOC. All three
rules reach the time limit on all random instances of instance 5. For RPT-SDP-BB, U-LP is also
the fastest rule. On instances 3 and 4, it takes 17.16 and 70.79 seconds, against 30.86 and 126.39
seconds for U-RX. On instance 5, MOSEK stalls on the root relaxation of one of the ten random

instances, so RPT-SDP-BB returns no solution for it under both rules.
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Linear multiplicative optimization

RPT-BB
x 7* U-LP U-RX U-RX+S0C
Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO
1 12.14 1.77 53.8 0 0 0/10 12.14  2.27 54 481 0 0/10 12.14 2293 1786 1735 14 0/10
2 2347 547 106 0 0 0/10 23.47 861 1074 999 0 0/10 23.47 273.02 1033.8 985.7 4.9 1/10
3 2096 26.51 307.8 0 0 0/10 20.96 36.55 278.8 268.9 0 0/10 20.96 456.90 951.1 923.9 44 5/10
4 1899 585.60 2043 0 0 8/10 18.99  600.23 1014.2 999.2 0 10/10  18.99 600.69 369.2 348.5 2.7 10/10
5 890 600.84 4044 0 0 10/10 8.90  600.75 275.8 254.6 0 10/10  8.90 601.51 120 116.2 1.3 10/10
RPT-SDP-BB
X # U-LP U-RX
Opt Time Nodes Bnd TO Opt Time Nodes Bnd TO
1 12.14 291 37 0 0/10 12.14 4.52 37 35.7 0/10
2 2347 13.74 634 0 0/10 23.47 24.12  63.2 61.2 0/10
3 2096 17.16 582 0 0/10 20.96 30.86 582 54.6  0/10
4 1899 70.79 81 0 0/10 18.99 126.39 824 79 0/10
5 - 298.66 68.2 0 0/10 - 425.36 58.2  56.1  4/10

Table 11  Results for Problem (40) for the different branching strategies in RPT-BB and RPT-SDP-BB.

A.4. Quadratically constrained quadratic optimization

Quadratically constrained quadratic optimization

RPT-BB
x 7 U-LP U-RX U-RX+80C

Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO
1 394.75 6.18 3 0 0 0/1 394.75 6.10 3 2 0 0/1  394.75 6.14 3 2 0 0/1
2 884.75 025 1 0 0 0/1 884.75 024 1 0 0 0/1  884.75 024 1 0 0 0/1
3 6888.78 0.02 1 0 0 0/1 6888.78 0.02 1 0 0 0/1  6888.78 0.02 1 0 0 0/1
4 98382.63 0.81 1 0 0 0/1 98382.63  0.53 1 0 0 0/1 98382.63 0.54 1 0 0 0/1
5 774482.39 42.00 1 0 0 0/1 774482.39 40.11 1 0 0 0/1 77448239 40.84 1 0 0 0/1
[§ 1717.80  0.90 1 0 0 0/1 1717.80  1.07 1 0 0 0/1 1717.80 088 1 0 0 0/1
7 4507.75 0.21 3 0 0 0/1 4507.75 0.28 3 2 0 0/1  4507.75 0.29 3 2 0 0/1
8 17084.82  0.60 7 0 0 0/1 17084.82  0.62 7 6 0 0/1 17084.82 1.35 5 4 1 0/1
9 46632.36  600.22 445 0 0 1/1 46632.36  600.00 302 302 0 1/1  46632.36  600.08 233 232 93 1/1
10 52233.70 600.01 120 0 0 1/1 52233.70  600.24 85 83 0 1/1  52233.70 600.01 93 92 25 1/1

RPT-SDP-BB
x 7 U-LP U-RX

Opt Time Nodes Bnd TO Opt Time Nodes Bnd TO
1 394.75 7.19 3 0 0/1 394.75 7.37 3 2 0/1
2 884.75 029 1 0 0/1 884.75 0.26 1 0 0/1
3 6888.78 0.02 1 0 0/1 6888.78 0.02 1 0 0/1
4 98382.63 1.73 1 0 0/1 98382.63 1.74 1 0 0/1
5 774482.39 36.17 1 0 0/1 774482.39 35.30 1 0 0/1
6 1717.80  0.86 1 0 0/1 1717.80  0.81 1 0 0/1
7 4507.75 0.22 3 0 0/1 4507.75 0.33 3 2 0/1
8 17084.82  0.08 1 0 0/1 17084.82  0.08 1 0 0/1
9 46632.36  29.02 39 0 0/1 46632.36  59.48 43 42 0/1
10 52233.70 198.62 101 0 0/1 52233.70  600.70 149 144 1/1

Table 12 Results for the quadratically constrained quadratic optimization problem for the different branching

strategies in RPT-BB and RPT-SDP-BB.

For RPT-BB, Table 12 shows similar computation times for the three rules on instances 1-8,
which are solved with at most seven explored nodes, and all three rules reach the time limit on
instances 9 and 10. For RPT-SDP-BB, the two rules are again close on instances 1-8. U-LP is faster
on instance 9 (29.02 seconds against 59.48 seconds for U-RX), and on instance 10 it terminates

after 198.62 seconds, whereas U-RX reaches the time limit.



Bertsimas et al.: Reformulation-Perspectification Technique for nonconvexr optimization problems

50

A.5. Dike height optimization

Table 13 shows that the effect of the rule for RPT-BB depends on the dike ring and the heightening
schedule. U-LP reaches the time limit on four instances, U-RX on six and U-RX+SOC on eight,
and all rules return the same objective values. For RPT-SDP-BB, both rules solve every instance at
the root node, so the branching rule plays no role. The LMI strengthening matters more for this

problem than the choice of the branching rule.

Dike height optimization

# RPT-BB
t U-LP U-RX U-RX+S0OC
Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO
10 61.98  600.00 4846 0 0 1/1 61.98  600.00 2380 2361 0 1/1  61.98 600.01 1653 1628 733 1/1
t, 15 608.74 600.02 4732 0 0 1/1 608.74 600.02 3171 3119 0 1/1  608.74 600.00 2641 2606 326 1/1
16 1268.11 241.48 2063 0 0 0/1 1268.11 600.02 2697 2680 0 1/1  1268.11 600.02 2089 2065 356 1/1
10 61.31  600.21 3504 O 0 1/1 61.31  600.11 1541 1482 0 1/1  61.31  600.05 1276 1247 341 1/1
tys 15 609.92  600.01 3050 O 0 1/1 609.92  600.04 2070 2055 0 1/1  609.92 600.03 1487 1440 265 1/1
16 1269.63 509.22 2571 0 0 0/1 1269.63 1.09 7 5 0 0/1 1269.63 600.12 1121 1116 451 1/1
10 55.50  289.94 5279 0 0 0/1 55.50  600.05 4201 4200 0 1/1 5550  600.02 4131 4129 756 1/1
tso 15 54523 92.03 2303 O 0 0/1 545.23  151.17 2353 2350 0 0/1 545.23 600.01 5481 5477 1205 1/1
16 1100.07 17.94 405 0 0 0/1 1100.07 89.13 1361 1360 0O 0/1 1100.07 114.17 1251 1249 287 0/1
# RPT-SDP-BB
t U-LP U-RX
Opt Time Nodes Bnd TO Opt Time Nodes Bnd TO
10 61.98 0.11 1 0 0/1 61.98  0.08 1 0 0/1
t, 15 608.74 0.10 1 0 0/1 608.74  0.10 1 0 0/1
16 1268.11 0.09 1 0 0/1 1268.11 0.09 1 0 0/1
10 6131 872 1 0 0/1 61.31  8.65 1 0 0/1
tys 15 60992 0.15 1 0 0/1 609.92 0.15 1 0 0/1
16 1269.63 0.17 1 0 0/1 1269.63 0.20 1 0 0/1
10 55,50 0.03 1 0 0/1 55.50  0.03 1 0 0/1
tso 15 54523 0.04 1 0 0/1 545.23  0.04 1 0 0/1
16 1100.07 0.05 1 0 0/1 1100.07 0.05 1 0 0/1

Table 13  Results for Problem (DHO).

A.6. Overall comparison of branching rules

Across the five problems, no rule is consistently the fastest. U-LP, which solves no additional
optimization problems at a branching, often has the lowest computation time, in particular for
linear multiplicative optimization. U-RX can reduce the number of explored nodes, but the two
additional problems (17) per branching do not always reduce the total computation time. The SOC
rounds give no consistent improvement. When the root relaxation already solves an instance, the
branching rule plays no role. We use U-RX in the main tables because it is the rule of Algorithm 1.
The comparison shows the trade-off between U-RX and U-LP. Tighter bounds may reduce the

number of nodes, but the cost of computing them can outweigh this reduction.

B. When infimum is not attained

If the infimum of (3) is not attained, we assume that (1) satisfies the following regularity condition.
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ASSUMPTION 4. There exists a vector x® € ri(Ngex, dom(fx)) such that fi.(x%) <0 for all k €
K, ATz5 <b, P"2°=s, and h(z%) <0.

Note that Assumption 4 implies that =5 resides in the sets N ke, ri(dom(cy))
1€Z,U{0}

and Njeg,ri(dom(h;)) thanks to Proposition 2.42 in Rockafellar and Wets (2009), and thus, z° is a

strict Slater point of (1). Furthermore, there exists a (75, X5, V) such that (x5, 75 X5, VS) is a

strict Slater point of the corresponding RPT relaxation (8) of (1) with fi(x) <0 is replaced by

cor(®) = sup  {zTy—ci(y)} <0
E|y . yedom(c]y) (45)
y € dom(ciy).

Finally, thanks to Remark 1 and the proof of Theorem 6(iii) of Zhen et al. (2023), the inf operator
in the constraint of (8) can be merged with the inf operator (instead of min operator because the

optimal y may not be obtained) in the objective function without affecting the infimum of (8).

C. Mountain climbing procedure

We use a mountain climbing (MC) procedure based on the algorithm from Tao and An (1997), to
find an upper bound for problems involving the biconjugate. The MC procedure takes as starting
points the candidates in X" at which the model functions are evaluable (see Section 3.4) and returns
a candidate solution, subject to the direct feasibility and finite-objective checks of Section 3.4. For
X3, a starting point must also pass the feasibility test described in Appendix D. The procedure is
summarized in Algorithm 3, for the problem of maximizing a function f(x,y) over X x Y. If no

candidate in X’ is usable as a starting point, MC cannot be initialized.

D. RPT-SDP formulations of the numerical experiments
Throughout the experiments we consider five cases of the feasible set X: X =X}, X =X, X = A3,
X =X, and X = X5, where

X, ={xeRy | D'z <d}

log (Z eXP(%)) < a}

i=1

XQZ wEXl

ng wEXl

HwHQ+ZmSc}

=1
Alz+b;>0,ie{l,....,n,}}

acTPkw—i-q,;ra:—i-rk <0, keICC}.

X4: weXl
st weXl

We notice that both X, and X3 are not in conic form, but they can be reformulated as such, in
the following way. First, for X, we observe that log (Y exp(z;)) <a <= Y .'* exp(z; —a) <1.

Using epigraphical variables z; we obtain the following equivalent form:

zizexp(wi—a),zziél}.

i=1

ng{weXl,ZEan
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Algorithm 3 Mountain climbing procedure
Input: X/, £L=0.

1: for x €¢ X’ do

2:  y<« argmax f(x,y)

yey

3: e+1

4:  while € > 0.001 do

5: Lb + f(x,y)

6: x < argmax f(x,y)
reX

7: y < argmax f(x,y)
yey

8: Lb, «+ f(x,y)

9: g« Lb, —Lb

10:  end while

11: L+ LU{(z,y)}

12: end for

13: (z*,y") < argmax, , <. f(T,y)
14: Lb* = f(x*,y*)

15 return (Lb*, x*, y*)

Regarding X5 we first reformulate the nonconvex constraint via the biconjugate and obtain the

equivalent set

X3:{$EX1

||, + inf {Z;_mu}gc}.

=Ry o

We introduce epigraphical variables for the convex component of the SLC constraint. Since the
convex component of the SLC constraint consists of a sum of two basic cone functions we introduce
an epigraphical variable for each basic cone function. Subsequently, we reformulate every convex
constraint in terms of one of the basic cone constraints. Next, we convexify the SLC constraint,

such that we obtain the following relaxed set of constraints

s+p+§:Vn§c

=1
. re kX, VeRw " 2R, HwHQSS
Y=\ teR™, scRpeR,, S
Zti <p
=1

T .
’(zi—ti,l) H2§Zi+ti, ie{l,...,n.} )

The set X3 is bounded in the generated instances. The auxiliary representation in z displayed above,

however, is not compact, and the infimum over z is not attained when some x; = 0. This lifted
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formulation therefore illustrates that compactness and refinement of the original x-space alone do
not establish asymptotic convergence of every auxiliary lifted block (see Section 6).

The mountain climbing procedure is applied as follows. For X = X3, it is started only from
candidates that pass an explicit feasibility test. For A}, Lemma 3 guarantees feasibility of * and of
the candidates derived from X, whereas the candidates derived from V are always checked directly.
The blocks between which the procedure alternates depend on the formulation. For X it alternates
between x and y, for A, between (x,z) and y, and for X3 between x and (y, z).

In the formulations for the numerical experiments we encounter several products of variables.
These are linearized as follows: We linearize xz " by X, yy' by Y, zz" by Z, ww' by W, tt'
by T, zy" by U, xzz" by V, zw' by Q, zt" by F, yz" by R, yw' by P, yt" by G, zw' by
K, 2t" by H, sz by a, sy by 3, sz by ~, st by ¢, s> by o, px by A, py by u, pz by v, pt by 1,
ps by p and p? by 7.

D.1. RPT-SDP formulation of Problem (35)

Replacing the objective function with the biconjugate function in (35) we obtain the following

equivalent maximization problem

T T
max (A'z+0b)'y, (CM5)

yey

where ) is given by

yz{yeRiﬂzyj:l,eG,c}.

Jj€Te

X =X,;. The RPT-SDP formulation is given by

max  Tr(A'U)+b'y

z,y,U, XY
st. D'X;—dx; <0, ic{l,...,n.}, (46a)
D'U; -dy; <0, je{l,...,n,}, (46b)
de"'D+D"xd" <D"XD+dd", (46¢)
> yi=1, leL, (46d)
JE€ETe
> U -z=0, lel, (46¢)
JE€Ty
> Y, —y=0, leL, (46f)
JETy
X,Y,U>0, (46g)
X U x
U'Y y|>o, (46h)

z' y' 1
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where constraints (46a) - (46g) result from pairwise multiplication of the linear constraints and
constraint (46h) results from the additional SDP relaxation.

Observe that = € X, is redundant. The constraint D"z < d is redundant by (46e), (46d) and
(46b):

D'z<d<«= D') U;j-d<0<+=D"> U;-d) y;<0 <= > (D'U;—dy,)<0.
i€y J€Te i€Te i€

The nonnegativity constraint @ > 0 is redundant by (46e) and (46g). Moreover, the nonnegativity
constraint y > 0 is redundant by (46f) and (46g). Hence, these constraints are not included in the
above formulation.

In the RPT-SDP formulation we hence obtain n,|L| + n,|L| + nyn, + L'n, +n.(n, +1)/2 +
L'(L’+1)/24n,L"+n,(n,+1)/2 additional linear constraints, one additional SDP constraint and
ng(ne +1)/2+n,(n, +1)/2+n,n, extra variables.

X =X,. The RPT-SDP formulation is given by

max Tr(A'U)+b'y

x,Y,z
UV .R
XY Z
s.t.  (46a) — (46g)
Zzigl, (47a)
i=1
i=1
> Ri—y<o, (47¢)
i=1
Dz-DT) V,<d(1-) z), (47d)
i=1 i=1
i,j=1 i=1
exp(z; —a) < z;, ie{l,...,n.}, (471)
X.. —ax.
T, exp <”ax]) <V, i, €{1,...,n.}, (47g)
Ty
Us: —ay, ) .
yjexp(]y_ayj)SRﬂ, ie{l,...,n.},7€{1,...,n,},
’ (47h)
dex; —ad, — D] X, D]
(dg—D;:B)eXp by T ade e_r ralex <d;z — D,V ie{l,...,n. 1 te{l,...,L'},
dg*DZ Zr
(471)
e zi—a—y."" Vii+ad "z s ) )
1-) 2 exp< I z <zi— Y Zj, 1e{l,...,n.}, (475)
( le ) 1= Jzzl

exp (z; +z; — 2a) < Zj, i<je{l,...,n.}, (47k)
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2, exp (Vazf) <7, i<jel{l,...,n.}, (471)
Zj
> (RT);—z=0, leL, (47m)
JE€ET
X U Vx
UTY R
VIR z 4|70 (47n)

z' y' 2T 1
where constraints (47b) - (47e) result from pairwise multiplication of the new linear constraint
over z with the previous linear constraints (47g) - (471) result from pairwise multiplication of the
exponential constraint with the linear inequalities and itself, constraint (47m) results from pairwise
multiplication of the initial linear constraint over y with z and constraint (47n) results from the
additional SDP relaxation.

Our implementation omits constraint (471). The displayed formulation therefore contains a valid
inequality that is not imposed in the code. The counts below refer to the displayed formulation.
In the RPT-SDP formulation we hence obtain 2n,|L| + n,|L| + n,n, + L'n, + ny(n, +1)/2 +
L'(L'+1)/2+n,L' +ny,(n, +1)/2+n, +n, + L' + 1 additional linear constraints, n,n, + n2 +
L'n, +n,(n, + 1) + n, additional exponential constraints, one additional SDP constraint and

ng(ng + 1) +ny,(n, +1)/2 + 2n,n, +n2 extra variables.

X:X3.

The pairwise multiplication of the linear constraints gives us the following constraints:

(46a) — (46g)

s+p+> Va<e, (48a)
i=1
> ti<p, (48b)
=1
D'V, < zd, ie{l,...,n,}, (48¢)
D'F,<td, ie{l,...,n.}, (48d)
D" A< pd, (48¢)
> (RT);-z=0, leL, (48f)
JET,
> (GT),—t=0, lerL, (48g)
JETe
> Bi—s=0, leL, (48h)
JET
> wi—p=0, tec, (481)
JET,
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i=1

> (det; — D] F;) <pd,— D] A, tefl1,...,L'},

i=1

™— 221&#27’@0,
ij=1

V,F,R7G,H,Z,T20,
A u,v,p o,m>0.

Further, the pairwise multiplications of the non-linear ones result in the following constraints:

2], < s,

H(zi—t,-,l)TH2§zi+ti, ie {1, n.),
ie{l,...,n.},

U], < B, i€{l,...,n,},

Vil <, i€{l,...,n,},

| E|, < &, i€{l,...,n.},

1Al <,

|dex — XD, |, < sd,— D/ e, tef1,...,L'},

A 2gp—nzi¢i,

X <o

| (Vi = Fyis) ||, < Vii+ Fao i,7€{l,...,n.},

| (Rji = Gjiyy;) ||, < Ryi + G, ie{l,... n}jell,...

| (Zji = Hyi, ) ||, < Zji + Hys, i,j€{l,...,n,},

| (Hi; = Ti,t5) ||, < Hij + Ty, i,j€{l,...,n.},

| (vi =i, p) ||, < vi 42, ic{l,...,n,},

| (de(z; — ;) + D] (F; = Vi), dy — D/ @) ||, < de(z:+ ;) = D] (F;+ V), €€{l,...,L'},

| (Vi— Fi,z) ||, <7+ ¢, ie{l,...,n,},

I (”i—wi—ZHuJFZTij»P_itf) HQSWJFW_ZI:HU_EI:TZW re{l,.. sty
j=1 j=1 i=1 j=1 Jj=1

(48K)

(481)

(48m)

(48n)
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<Zij —Hij — Hji + Ty 2 —ltb>

S Zij +H1] +Hji+ﬂja 7”.] € {la"'anm}v (498)
2
X U V

F
U'Y R G
VITR" Z H
FTG"H'™ T
ol BT AT @7
AT uT vT YT p

CCT

= 0. (49¢)

In the RPT-SDP formulation we hence obtain (3|L|+ 2L + 7)n, + (|£| + 1)n, + 3n,n, + L'n, +
3ng(n,+1)/2+3n2+ L' (L'+1)/2+n,L +n,(n,+1)/2+2|L|+ 2L +6 additional linear constraints,
5n? + ngny + 51, + n, + 2L + 3 additional second order cone constraints, one additional SDP

constraint, and 3n,(n, +1)/24 3n2 +n,(n, +1)/2+ 3n,n, + 6n, + 2n, + 3 extra variables.

D.2. RPT-SDP formulation of Problem (38)

Replacing the objective function with the biconjugate function in (38) we obtain the following

equivalent maximization problem

.
max @ y+;wi, (LSEMp)

(y,w)ey

where ) is given by

Yi €Xp <w> <1,ie{l,...,n.}, 2%:1}
Yi =1

7

y:{yemﬂn,weww

The RPT-SDP formulation is given by

.Y, W,
X,Y W, i=1
U,Q,P
st. x e X, (50a)
(yw) €, (50D)
X,Y,U >0, (50c)
D™X,—dz; <0, ie{l,...,n.}, (50d)
DTUi_dyz‘S(L i€{17-~-7nz}a (506)
de™D+D xzd" <D"XD+dd", (50f)
ie{l,...ng}
> Y=y, (50h)
e{l,..., ng}
> (P) =w, (50)
e{l,..., ng}

Ujiexp(Qj%) Swja iaje{lw",nz}v (50J)



Bertsimas et al.: Reformulation-Perspectification Technique for nonconvexr optimization problems

58
Y., exp Y, <y, ,7€{1,...,n.}, (50k)
dg’LU T .
dyy; de—D, x 1,... 4 1,...,L 1
( Zyz (dz l—DTU> ZG{ 9 7nz}; 6{ 9 9 }7 (50)
P P,
Y,; exp (“;”) <1, i<je{l,...,n.}, (50m)
ij
X U Q =
Uy P
QT PT W ,l:lj) >__Oa (5011)
z" yT w' 1

where constraints (50c¢) - (50i) result from pairwise multiplication of the linear constraints. Note that
we only multiply the linear equality constraint with the variables (see Theorem 1). Constraints (50j)
- (501) result from pairwise multiplication of the linear inequality constraints with the exponential
cone constraints, constraint (50m) results from pairwise multiplication of the exponential cone
constraints with each other, and constraint (50n) results from the additional SDP relaxation.

In the RPT-SDP formulation we hence obtain n,(n, + 1) + n2 + (2L’ 4+ 3)n, + L'(L' + 1)/2
additional linear constraints, 2n? + L'n, + n,(n, + 1)/2 additional exponential cone constraints,
one additional SDP constraint and 3n,(n, + 1)/2+ 3n2 additional variables.

Observe that we could exclude the nonnegativity constraints from the above reformulation, since

from constraints (50b), (50g), and (50h) it follows that they are redundant.

D.3. RPT-SDP formulation of Problem (40)

Replacing the objective function with the biconjugate function in (40) we obtain the following

equivalent maximization problem

T T
may - —(ATerb)ly- 3w (€M)
(y,w)ey i€{1,...,ny}

where ) is given by
Y= {yERT,'wGR”y ! exp(—w; —1)<wy;, 1 € {1,...,ny}}.

The RPT-SDP formulation is given by

-
nax  — Tr(A'U sz
X, Y W,
U,Q,P
st. D'z <d, (5la)
X,Y,U>o, (51b)
DX, —dx; <0, ie{l,...,n.}, (51c)
D'U; -dy; <0, je{l,...,n,}, (51d)
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dz"D+D ad <D'XD+dd", (51e)
exp(—w; — 1) <w;, ie{l,...,n,}, (51f)
xjexp<_QZ_xj>§Uﬂ, ie{l,....,n,},je{l,....,n.},

J
(51g)
—Pji —y; ..
Y; €Xp Y <Y, i,je{l,...,ny}, (51h)
J
D/ (z+Q;) — de(1+w;)
(d;— D/ z)exp < i —Dw

<dw,—D/U;, i€{l,...,n,},0€{1,...., L'}, (51i)

exp(—w; —w; —2) <Y, i<je{l,...,ny}, (51j)
X U Q =
Uu'y P
QT PT 17,7 ,g} EO, (51k)
z' y' w' 1

where constraints (51b) - (51d) result from pairwise multiplication of the linear constraints, con-
straints (51g) - (51j) result from pairwise multiplication of the exponential constraints with the
linear and constraint (51k) results from the additional SDP relaxation.

In the RPT-SDP formulation we hence obtain n,(n, +1)/2+n,(n,+1)/24+n,n, + L' (n, +n,) +
L'(L'4-1)/2 additional linear constraints, n,n,, +nZ 4 L'n, +n,(n, +1)/2 additional exponential
cone constraints, one additional SDP constraint and n,(n, 41)/2+n,(n, +1) +2n,n, 4+ n2 additional

variables.

D.4. RPT-SDP formulation of Problem (43)

For completeness, the SOC-RLT products displayed below apply when the constraints indexed
by C are supplied in the norm-bound form HRU 233H2 < —r; — g x, with a nonnegative right-hand
side on the feasible region. This form should not be confused with the general convex quadratic
constraint © " Pyx + g & +7; <0. The latter has the exact rotated-cone representation HPil/ 233”3 <
—r; — g;' ® and requires the corresponding products of that rotated-cone formulation rather than
constraints (52e)—(52h). In all instances considered in Section 8, C =, so the convex-constraint
case is not exercised in our experiments. The nonconvex quadratic constraints (N'C) are linearized
as follows: tr(P;X) + ¢  +r; <0. The RPT-SDP formulation is given by

min - Tr(PX) + g, T+ 7o

st. xe A, (52a)
DX, —dz; <0, i€{l,...,n.}, (52b)
dr'D+D'zd"' <D"XD+dd', (52c)
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Tr(P.X)+q,x+7, <0, ke NC, (52d)
| P x|, < —ri. —q) =, kec, (52e)
HP;/QXP;/QHFgnrj+riq;a:+rjq;ac+qiTqu, i,jeC, (52f)
|deP}*x — P/*XD,||, < —ride+ 1D x —deq x +q. XD,, keC, le{l,....L'},
(52g)

1P X, <~y — af X, ke, jefl,...,n.},
(52h)
X >0, (52i)
X x .
(:I;T 1) =0, (52))

where constraints (52b) - (52¢) and (52i) result from pairwise multiplication of the linear constraints,
constraints (52f) - (52h) result from pairwise multiplication of the convex quadratic constraints
with the linear constraints and each other and constraint (52j) results from the additional SDP
relaxation.

In the RPT-SDP formulation we hence obtain L'n, +n,(n,+1)/2+ L'(L' +1)/24 |NC| additional
linear constraints, (n, + L'+ 1)|C| + |C|(|C| + 1)/2 additional second order cone constraints, one

additional SDP constraint and n,(n, + 1)/2 additional variables.

D.5. RPT-SDP formulation of Problem (DHO)

We introduce the following epigraphical variables: We use z; for the nonconvex terms in the objective
(C + bxy,) exp ()\ Zf:o Ty — 6tk>, and wy, for exp (—9 Z?:o xl) The RPT-SDP formulation is given
by

min Z 2+ Z Z: (exp (Bstr+1) — exp (Bstr)) wy + S exp (BsT) wi

XOW  rery keKo 0
sit.  (C+bxy)exp (AChk +Ab Z%ofgl;; OO+ bxk)) <z, ke Ko, (53a)
D'z <d, (53b)
exp (—9 zk: xl) < wy, ke Ky, (53c)
DX, < ::d, k € Ko, (53d)
dr'D+D'zd' <D"XD+dd", (53e)

—0d, %z +03" D] X,
(dg—D;m)GXp< Zzz_(c)lj +D%z—0 ¢ >§d¢wk—D;Qk, kGICQ,EG{].,...,L/},
it/

J

o X,
Zjexp <Z:£_OJ> < Qjks k,j e Ko, (53g)
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k J
exp (—92@—92%) < Wi, i,k e Ko, (53h)
i=0 i=0

0% 0,
U}j exXp (ZJ)J)%) S ij, j, k S ICO, (531)
J
x, X >0, (53j)
X Q x
Q" W w| =0, (53k)
' w' 1

where constraint (53b) represents the upper bounds on « such that we obtain a compact feasible
region, (53d) - (53f) result from pairwise multiplication of (53b) with all other constraints, (53g)
results from pairwise multiplication of (53c) with the nonnegativity constraint >0, (53h) - (53i)
result from pairwise multiplication of the exponential constraint with itself, (53j) results from
pairwise multiplication of the nonnegativity constraints, and constraint (53k) results from the
additional SDP relaxation.

In the RPT-SDP formulation we hence obtain |ICo| + L' (L' +1)/2 4 |KCo|(|o| + 1) /2 additional
linear inequalities, (L' + 1)|Ko| + 2|Ko|* additional exponential cone inequalities, and one additional

LMI.

E. Data generation of numerical experiments
E.1. Data generation of numerical experiments of Problem (35)

We use the data generated by Selvi et al. (2022, Appendix F.5). Instances 1 - 5 refer to the instances
1,2,3,7, and 11 in Selvi et al. (2022, Appendix F.5) respectively. In every problem, every max-term

has the same number of elements, i.e., |J;| = |Jw| for every ¢,0' € L.

Problem instance 1: A;; ~[-5,5],b; =0,D" =1,d, =n, /i,
Problem instance 2: A;; ~[-5,5],b; =0,D" =1,d, =n,/i,
Problem instance 3: A;; ~[-5,5],b; =0,D" =1I,d, =n, /i,
Problem instance 4: A;; ~ [-5,5],b; ~ [-10,10], D;; ~ [0,1],d; ~ [5,15],

Problem instance 5: A;; ~ [—5,10],b; ~ [—10,10], and D and d are given by :



Bertsimas et al.: Reformulation-Perspectification Technique for nonconvexr optimization problems

62

37 0 51 1 0 2 —11]
70 51 1 0 2 —-1-11
051 10 2 -1-1-91
51 1 0 2 -1-1-931
1 10 2 -1-1-93 51
1 0 2 -1-1-93 5 01 5]
0 2 -1-1-93 5 0 01 2
2 -1-1-93 5 0 0 11 —1
1-1-93 5 0 0 1 71 -3
1-93 5 0 0 1 7 -71 5

D=|93 5 00 1 7 -7-41|> and d=1 1,
3500 1 7 -7-4-61 1
5 0 0 1 7 —7—-4-6-31 0
00 1 7 -7-4-6-371 9
0 1 7 -7-4-6-37 01 | 40 |
1 7 -7-4-6-37 0 —51
7 -7-4-6-37 0 -5 11
7 4-6-37 0 51 11
—4 -6 -3 051 1 01
—6-37 0-51 1 0 2 1

respectively. The values for the parameters of each distinct problem instance are given in Table 14.

Instance n, |L| |J] a ¢ M
1 5 1 5 3 6 100
2 5 10 5 3 6 100
3 20 10 10 11 25 1000
4 10 2 5 3 7 1000
) 20 10 10 5 30 1000

Table 14  Problem (36) parameters for each instance. n, refers to the number of variables, |£| to the number of

max linear terms, |7¢| to the number of elements within a max-term, a to the parameter used in Xz, ¢ to the

parameter used in X3 and M to the big M parameter used in Problem (37).

E.2. Data generation of numerical experiments of Problem (38)

The problem instances are adopted from Selvi et al. (2022) and can be summarized as follows: In

instances 1 and 2 the linear constraints are defined as

/) Ny
—— <x; < —,

Ny i
in instance 3 as
x; <8, wi+ 1 <y,
where w;; ~ [5,15]. Finally, for the last two we have
Problem instance 4: D;; ~ [0,1],d; ~[10,30],
Problem instance 5: D;; ~ [0,1],d; ~[20,60].

The parameters describing each instance are summarized in Table 15.
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Table 15  Problem (38) parameters for each instance. n, refers to the number of variables and L’ to the number of

linear constraints.

Instance n, L’
1 10 20
2 40 80
3 10 100
4 20 20
5 50 50

E.3. Data generation of numerical experiments of Problem (40)

The problem instances were generated in the same way as in BARON (Ryoo and Sahinidis, 1996).
Namely, the constraint coefficients were generated as D;; ~ [—-100,0],d; ~[—100,0] and the linear

terms as A;; ~ [0, 10],b; ~[0,10]. The parameters describing each instance are summarized in Table

16.

Table 16  Problem (40) parameters for each instance. n, refers to the number of variables, L’ to the number of

linear constraints, and n, to the number of linear multiplications in the objective.

Instance n, L n,
1 5 5 5

2 7 7 10
3 10 10 9
4 20 20 8
5 40 40 4

E.4. Data generation of numerical experiments of Problem (43)

The first 5 problem instances are adopted from Selvi et al. (2022) and can be summarized as follows:
In instances 1 and 2 the objectives are f(x) = —1 2 (z; —2)% and f(zx) = -1 20 (x4 5)?
respectively and the linear constraints are as in instance 5 for problem (35). Instances 3, 4 and 5

are defined by the linear constraints D'z <d, z <uz,e, where

Problem instance 3: D;; ~[0,1],d; ~[20,60],z, =5,

Problem instance 4: D;; ~[0,1],d; ~[30,60],z, =3,

Problem instance 5: D;; ~ [0,1],d; ~[80,120],z, = 2.
Instances 6, 7, 8, 9 and 10 were adopted from Al-Khayyal et al. (1995). Each matrix P; € R™»*"= in
both the objective and the constraints has integer entries uniformly at random between -10 and

10 and further in each row, half of the entries are randomly set to 0. Each vector g; € R"* is also

generated with integer entries between -10 and 10 and each r; is set to 0. In the data used for
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these five instances, D = I and d = 20e, so their nonnegative variables satisfy 0 < x < 20e. The

parameters describing each instance are summarized in Table 17.

Table 17  Problem (43) parameters for each instance. n, refers to the number of variables, L to the number of

linear constraints and nc-q to the number of nonconvex quadratic constraints.

Instance n, L nc—gq
1 20 10 0
2 20 10 0
3 10 15 0
4 50 62 0
5 100 130 0
6 8 8 4
7 12 12 6
8 16 16 8
9 30 30 15

10 40 40 20

E.5. Data generation of numerical experiments of Problem (DHO)

The linear constraints are defined as x; < 300. Moreover, the time periods in each instance are:
tys = (0,25,50,75,100, 125,150, 175,200, 225, 250,275) ",
tso = (0,50,100,150,200,250) ",
t;. = (0,20,50,90,130, 155,180,210, 255,270) .

In each instance, the number of variables n, is equal to the number of time periods. The parameters

describing each instance are summarized in Table 18. Moreover, we have 0 =« — (, Bs =an+~v — 6.

Table 18  Problem (DHO) parameters for each instance.

Instance @ C b A ¢ n So vy o T
10 0.033027 16.6939 0.6258 0.0014 0.003774 0.32 0.68938 0.02 0.04 300
15 0.0502  125.6422 1.1268 0.0098 0.003764 0.76 16.2008 0.02 0.04 300
16 0.0574  324.6287 2.1304 0.01 0.002032 0.76 25.0071 0.02 0.04 300

F. Proofs of the convergence results

Throughout this appendix, we use the assumptions and the notation of Section 6, including
Assumption 3. We first state and prove the supporting lemmas, and then prove Theorem 3 and

Corollary 1.
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F.1. Properties of the node relaxations

Let F; be the feasible set of the relaxation at node N; and let o; = (x;, 7;, X, V;) € F; be the point
returned when this relaxation is solved, on which we branch. When the larger LMI of Section 3.3 is
included, F; and o; denote the corresponding projections with the additional block T' suppressed.

For k € K, let
awx — Xd,;
@y (x, X) :=cor(x) + Z (qix — djx) car ((Mk> (54)

ity Qi — djx
be the perspectified form of f; from Section 3.2, where each perspective term follows the convention
of Section 1 at a zero multiplier, takes the value +o0o for a negative multiplier, and is replaced by its
affine expression in (x, X) when c¢;;, is affine. Since (z,7) € T gives coi(x) < 74, every point of F;
satisfies @, (x, X) <0 for k € K and has relaxation objective value at least ®q(x, X). In particular,
p; = ®o(x;, X;).

LeEMMA 5 (Properties of the Node Relaxations). Let N; be a node generated by Algorithm 2.

(a) For every k € Ko, ®;, is lower semicontinuous on R" x S*  and ®(x,zx") = fir(x) for all
x € X. In particular, fo,..., fx are lower semicontinuous on X, and v* is attained.

(b) If x is feasible for Problem (1) with fy(x) < +oo and satisfies the branching and directional-
bound inequalities inherited by N;, then (z,co(x),zx’, co(x)x ") € F; with relazation objective
value fo(x). Consequently £; < fo(x), and if N; is branched, the exact lift of  belongs to F;,
or to Fj,.

(c) If F; #0, then for every unit vector v the values inf{v'x: (x,7,X,V) € F,;} and sup{v'x:
(x,7,X,V)eF;} are finite and differ by at most D,.. In particular, the bounds (17) satisfy
a; <s;<bj and b; —a; < D,.

(d) If R; =0, then x; is feasible for Problem (1) and fy(x;) <p,;. Consequently, Ub <Lb, + &

from the moment N; has been solved.

Proof of Lemma 5. (a) Fix k € Ky and i € Z), with ¢;;, nonlinear. The function (¢,u) — t ¢ (u/t)
for t > 0, extended by 6§0m(62k)(u) at t =0 and by +oo for ¢ <0, is the closure of the perspective
of the proper, closed and convex function ¢;, and is therefore closed and convex (Rockafellar,
1970, Section 8). Its composition with the affine map (x, X) — (¢ — d,,x, ginx — X d;;,) is lower
semicontinuous, as is cgy, and the affine expression used for an affine ¢;;, is continuous. All terms take
values in (—o0, +00], so their finite sum ®,, is lower semicontinuous. Now let & € X. For a nonlinear
cir, Assumption 2 gives q;, — dj @ > 0. If ¢ — dx >0, then (¢px —xzx"dit)/(qix — d),x) =
and the term equals (¢;x — dj @), (z). If ¢ip — djx =0, then gx — zax'd;; = 0 and the term
equals 530“1(%)(0) =0, as in the proof of Lemma 1, which is the value of (g;, — d,,@)c;x(x) under

the convention 0-c;x(x) =0 of (2). For an affine ¢, the affine expression evaluated at X = zx "
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is the product itself. Hence ®(x,zx") = fi(x). Since x — (z,zx") is continuous, f; is lower
semicontinuous on X. The feasible set of Problem (1) is then a nonempty closed subset of the
compact set X', and fy attains its minimum v* on it.

(b) Let & be as stated and set 7:=cy(x), X :=zx', and V :=7x". The vector T is finite,
because fi(x) <0 for k € K and fo(x) < 400, while every other term of f, is greater than —oco. We
verify the constraints of the relaxation at NN;, which consist of the constraints of (8), the optional
semidefinite constraint of Section 3.3, the inherited branching and directional-bound inequalities
together with their products with themselves, with each other and with the other constraints
in x, and the optional inequalities of Remark 4. The constraints in @ alone hold by hypothesis,
and (x,7) € T by the choice of 7. By part (a), the perspectified constraint of index k € K reads
T+ @ (2, X) — cor(x) = fr.(x) <0, and the objective equals 75 + @o(x, X ) — coo(x) = fo(x). The
diagonal inequalities X;; > 0 reduce to z? > 0. Every generated product of two linear inequalities,
including products involving the inherited inequalities, reduces at X =xx " to the product of two
nonnegative slacks. For a linear inequality Az <b, (or an inherited inequality) and a convex
constraint h,.(z) <0, the perspectified product equals (b, — A, x)h, () <0 when b, — A/ x > 0 and
Oom(nz)(0) =0 when b, — A/ x =0, by the computation in part (a). The products with ¢j(z) <
reduce in the same way to (b, — A} x)co(x) < (by — A] )T = by — V A,. The products with the

equality constraints hold because s,z — X P, = (s, — P,/ z)x =0 and s,7 — VP, = (s, — P,/ )T =0.
Xz\ (z\(=z
z' 1) \1 1

u
) = 0 (if the larger LMI of Section 3.3 is included, its block T is set
to 777, and the full matrix equals (z",77,1)"(z",77,1) = 0), and (v'z)>=v" Xv for every v,

Finally, (
which verifies the optional inequalities of Remark 4. Hence the lift belongs to F; with objective
value fo(x), and £; < fo(x) by Assumption 3. If N; is branched, then v/ @ <s; or v/ x> s;, and
a; <v]x <b; by (17), because the lift belongs to F;. Thus z satisfies the inequalities of at least
one child, and the first part of the proof applied to that child shows that the lift belongs to its
feasible set.

(c) The x-component of every point of F; lies in X, because (x,7) € T. Hence, for a unit vector v,
the infimum and the supremum of v " over F; lie between mingey v '@ and max,cr v '@, which
are finite, and they differ by at most max{v" (z —a’) : @, ' € X} < D, by the Cauchy—Schwarz
inequality. Since o; € F; and s; = v, x;, the bounds (17) satisfy a; < s; <b;.

(d) If R; =0, then X; =x;x;, and part (a) gives fp(x;) = ®p(x;, X;) <0 for k € K, so x;
is feasible, and fo(x;) = ®o(x;, X;) < p;. In particular, fo(x;) is finite. The point x; belongs
to the candidate set of Section 3.4 and is evaluated when Nj; is solved, so that from then on
Ub < fo(z;) <p; <{;+&<Lb, +¢& by (28), where the last inequality holds because Lb; is ¢; or an
inherited larger bound. O
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F.2. Consistency along infinite branches

LEMMA 6 (Directional Descendant Estimate). Let Ny be branched with direction vy, level
s, =V, x, and bounds ay < s, < by, and let N, be a proper descendant of N;, whose relazation is
feasible. Then

}V;unk‘ < (by — ay,) !V,j(wq - iL'k)‘ <D, ||z, — xk2- (55)

Proof of Lemma 6. Write t = v z,, y = v, X,v, and d = v (x, — x,) =t — 55, so that
v, R,v;, =y —t* The descendant N, inherits the branching inequalities and the generated inequali-
ties of the child of IV, from which it descends, and o, satisfies them because o, € F,. The tangent (18)
gives y — t? > 25t — s7 — t* = —d?. If N, descends from the left child, then ay <t <s; and (19)
gives y — t? < (ay + i)t — axsy — 2 = (t — ay,) (s, — t) < (by — ax)|d|. If N, descends from the right
child, then s, <t <b; and (20) gives y — t? < (t — s3)(by —t) < (b — ay)|d|. Since t and s, both
lie in [ag, by], also d* < (b, — ay)|d|, which proves the first inequality in (55). The second follows
from by —ay, < D, (Lemma 5(c)) and from |d| <||x, — @x||2, which holds by the Cauchy-Schwarz

inequality because ||vg]|2 = 1. O

PROPOSITION 1 (Vanishing Residual Along Infinite Branches). If {N,},>1 is an infinite
nested branch of nodes, each branched by Algorithm 1, then p, — 0.

Proof of Proposition 1. Suppose some subsequence r; satisfies p,, > >0, and set S, := R,., / Prjs
a symmetric matrix of spectral norm one. Compactness of X, of the unit sphere, and of the set
of symmetric matrices with spectral norm one yields a further subsequence, not relabelled, such

that T, >,V — U, and ST]. — S. Node N, . is a descendant of Nrj, and ar; <8 < brj by

Jj+1

Lemma 5(c), so Lemma 6 applies with k=r; and ¢ =r;,. Dividing (55) by p,,,, > € gives

.
uer'TjHu,«j < —mrj||2 —0,

Ti+1

D
<=
5

because @, and the shifted sequence x converge to the same limit . On the other hand, the

T+
selection rule of Algorithm 1 gives \VTTJ SV, A=1A, 11/ pr; ., =1 for every j. By continuity of

(v,8) — v " Sy, both left-hand sides converge to | Sv|, which would have to equal both 0 and 1.

Hence no such subsequence exists and p, — 0. 0

LeEmMA 7 (Rank-one Consistency). Let {N,},>1 be an infinite nested branch with p, — 0, and
let T be the limit of a subsequence {x,,} of the relazation solutions. Then & is feasible for Problem (1)

and fo(x) <liminf, . p,,.

Proof of Lemma 7. We have & € X by closedness, and X,, = .’137-2:13:4 + R,, » &' because
pr — 0. Every point of F, satisfies ®,(x,., X,) <0 for k € I, so lower semicontinuity and Lemma 5(a)
give

fu(®) =P (z,z2") <liminf &, (x,,, X,,) <0,

£— 00
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so & is feasible for Problem (1). For the objective, p, > ®¢(x,, X, ), and the same argument gives

Jo(®) =Po(z, zx") <liminf, ®o(x,,, X,,) <liminf,p,,. O

F.3. Proofs of the main guarantees

Proof of Theorem 3. We first record two facts about the bounds. Every bound Lb; stored by
Algorithm 2 is a lower bound on the relaxation objective value of every point of F;. For ¢; this is
Assumption 3, and an inherited bound is such a bound for the parent, whose relaxation contains
that of the child. Every incumbent is feasible by construction (Section 3.4), so Ub > v* throughout.

Let «° be a global optimizer, which exists by Lemma 5(a). By Lemma 5(b), the root node contains
the exact lift of °, and whenever a node containing this lift is branched, one of its children contains
it as well. Call such a node an optimal node. Its relaxation is feasible, so it is not reported infeasible,
and its bound is at most v*, because the exact lift of x° belongs to its feasible set with relaxation
objective value fo(x°) =v*. An optimal node is discarded in one way only, namely when it is not
added to the active list because its bound is at least Ub at that time. Then Ub < v*, hence Ub = v*,
from then on. Hence, at initialization and after every completed iteration, either an optimal node is
active, so that Lb <ov*, or Ub =v*. In both cases Lb <v*, at initialization because Lby = £, < v*,
and afterwards because the update rule of Algorithm 2 takes the minimum with Ub.

(a) If the active list is empty at termination, then the preceding argument and the update rule
give Lb = Ub = v*. Otherwise, the stopping test gives Ub — Lb < ¢, and Ub is finite because Lb is.

Since the incumbent is feasible, Ub = fy(z™™°), and in either case
0< fo(x™) —v*<Ub—Lb <.

In particular, the incumbent is globally optimal when § = 0.

(b) Let L, be the value of Lb immediately before the s-th node selection. While the run continues,
Ub—L,>6>0, so L, is the smallest active bound, that is, the bound of the node selected at step
s, and the previous paragraph gives L, <v*. The children of the selected node inherit its bound, so
their bounds are at least L, the bounds of the other active nodes are at least L as well, and taking
the minimum with Ub > v* > L, cannot decrease it. Hence L, is nondecreasing and converges to
some L <wv*.

Suppose L < v* — &. Every selected node is branched, so an infinite run generates an infinite
binary tree of selected nodes, which is closed under taking ancestors, and Konig’s lemma yields an
infinite nested branch {N,} of selected nodes. Node N, is selected at some step s, with s, — oo,
and its bound is Lb, = L, — L. By compactness of X, {x,} has a subsequence converging to some

&, which by Proposition 1 and Lemma 7 is feasible with

fo(®) < limeinfpw < limeinf (ﬁw —I—é) < limeinf (wa —{—5) =L+&<v,
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where we used (28) and ¢, <Lb,. This contradicts the optimality of v*. Hence L > v* —&.

Finally, let {N,} be an infinite nested branch. Each of its nodes is branched and therefore selected,
at some step s, — oo, with Lb, = L, — L. By Proposition 1 and Lemma 7, every accumulation
point & of {x,} is feasible and, as above, satisfies fo(Z) < L+ <v*+¢. O

Proof of Corollary 1. Suppose, to the contrary, that the run is infinite, and let L, and U, denote
the global lower and upper bounds immediately before the s-th node selection. The stopping criterion
gives Uy — L, > ¢ for every s, and Theorem 3(b) gives Ly — L. As in the proof of Theorem 3(b),
the run contains an infinite nested branch {N,} of selected nodes with Lb, = L, — L, and by
compactness of X', Proposition 1 and Lemma 7, the relaxation solutions along this branch have a
subsequence x,, — & with Z feasible and fo(Z) <L +¢.

Since K = (), each relaxation solution x; € X is feasible for the original problem and has finite
objective value. It belongs to the candidate set of Section 3.4 and is evaluated when its node is

solved, before the node is selected. Consequently, Us,, < fo(z,,), and

o< U,

Srp

- LSre < fO(wT[) - Lb?“z — fo(j) —L < g,

where continuity of fy gives fo(x,,) = fo(®). This contradicts & < 0. The run therefore terminates,

and d-optimality follows from Theorem 3(a). O
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