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In this paper, we propose a new global optimization approach for solving nonconvex optimization problems

in which the nonconvex components are sums of products of convex functions. A broad class of nonconvex

problems can be formulated in this way, such as concave minimization problems, problems with difference

of convex functions in the objective and constraints, and fractional optimization problems. Our approach

leverages two techniques: first, we introduce a new technique, called the Reformulation-Perspectification

Technique (RPT), to obtain a convex approximation of the considered nonconvex continuous optimization

problem. Next, we employ a spatial branch and bound scheme that combines RPT with eigenvector branching

to obtain a global optimum solution. Numerical experiments on sum-of-max-linear-terms maximization, log-

sum-exp maximization, linear multiplicative optimization, quadratically constrained quadratic optimization,

and dike height optimization demonstrate that the proposed approach is competitive with state-of-the-

art global optimization solvers and can substantially outperform them on selected challenging instances,

particularly when strengthened with semidefinite constraints.

Key words : Reformulation-Linearization Technique, perspective function, nonconvex optimization, conjugate

function, branch and bound.

1. Introduction

We introduce a new global optimization approach for nonconvex optimization problems where

the nonconvex elements are sums of products of convex functions. This formulation covers a wide

range of optimization problems, including nonconvex quadratic optimization, mixed binary linear

optimization, concave minimization, difference of convex programming, and fractional optimization.

For nonconvex quadratic optimization problems and mixed binary linear optimization problems,

hierarchical convex approximations can be obtained from the Reformulation-Linearization Technique
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(RLT) (Sherali and Adams, 1999). RLT was introduced in Sherali and Adams (1990), and improved

by many authors (Sturm and Zhang, 2003; Anstreicher, 2009, 2012, 2017; Bao et al., 2011; Yang

and Burer, 2016; Jiang and Li, 2019). RLT is also applicable to mixed binary polynomial and to

continuous nonconvex polynomial optimization problems (Sherali and Adams, 1999), and has been

extended to mixed binary semi-infinite and convex optimization problems (Sherali and Adams,

2009). RLT consists of two steps: a reformulation step and a linearization step. The reformulation

step generates redundant nonconvex constraints from pairwise multiplication of the existing linear or

quadratic inequalities. The linearization step then substitutes each distinct product of variables by

a continuous variable. We also refer to Jiang and Li (2020) for an overview of RLT approximations

for quadratic optimization problems.

We propose an extension of RLT, which we call the Reformulation-Perspectification Technique

(RPT), to obtain a convex relaxation of the original nonconvex optimization problem. RPT

consists of a reformulation and a perspectification step. Similarly to RLT, the reformulation step

of RPT generates redundant nonconvex constraints from pairwise multiplication of the existing

inequalities. Where in RLT only multiplications of linear or quadratic inequalities are considered,

RPT also considers pairwise multiplications of not necessarily linear or quadratic convex inequalities,

thereby handling more types of nonconvexity than RLT as well as potentially obtaining tighter

approximations than RLT-based methods.

Moreover, in this paper we use a spatial branch and bound scheme, leveraging RPT and

a modification of the eigenvector branching strategy proposed in Anstreicher (2022), to solve

the original nonconvex problem to global optimality. A branch and bound algorithm was first

introduced by Falk and Soland (1969), addressing optimization problems with continuous nonconvex

separable objectives, and extended by Horst (1976) to non-separable functions, leveraging a

different partitioning rule. In the context of nonconvex quadratically constrained quadratic problems

(QCQPs), Al-Khayyal et al. (1995) develop a method for solving nonconvex QCQPs based on

branch and bound, leveraging a linearization technique. Chen and Burer (2012) develop a branch

and bound method, utilizing co-positive programming, addressing nonconvex quadratic problems

over linear constraints. Anstreicher (2022) develops a spatial branching method termed eigenvector

branching in order to strengthen semidefinite relaxations of problems with a nonconvex quadratic

objective and/or constraints, leveraging the multiplication of linear with conic quadratic inequalities.

In the context of nonlinear problems (NLPs) and mixed integer nonlinear problems (MINLPs), Ryoo

and Sahinidis (1996) propose the branch and reduce algorithm, which is implemented in BARON

(Sahinidis, 1996). The latter uses a branch and bound algorithm that iteratively solves convex

relaxations of the initial problem and finds tighter variable bounds. BARON has been very successful

so far and is in fact considered a state-of-the-art method for nonconvex optimization problems.
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Another state-of-the-art method that utilizes branch and bound, addressing nonconvex problems

with an emphasis on integer problems, is the global optimization algorithm SCIP, developed by

Achterberg (2009).

Although eigenvector branching has been used before in global optimization, the novelty of

RPT-BB lies in combining it with the RPT relaxation. The branching inequalities and the bounds

on the branching direction are multiplied with the other constraints of the node. This yields child

relaxations that are at least as tight as those of Anstreicher (2022), and it extends the rule to

relaxations in which the semidefinite constraint linking the lifted and original variables is not

imposed. Section 6 proves that, under the stated assumptions, the obtained lower bounds converge

to the global optimum up to the accuracy with which the node relaxations are solved.

For the problem of maximizing a twice continuously differentiable convex function over a convex

compact feasible region, Selvi et al. (2022) develop an algorithm based on adjustable robust

optimization, which can be shown to be a special case of our RPT approach. Additionally, Ben-Tal

and Roos (2022) develop an algorithm called CoMax, which is based on gradient ascent. The latter

is also applicable to integer optimization problems where the feasible set is a polytope. While

both methods can find high-quality bounds on the optimal solution, neither can guarantee global

optimality. Specifically, Selvi et al. (2022) is limited to problems with only one norm constraint or

multiple linear constraints, while CoMax only obtains a lower bound for the optimal solution and

imposes strict assumptions on the constraints.

Our main contributions can be summarized as follows:

1. We extend the existing RLT approach to a broader class of nonconvex optimization problems,

namely optimization problems in which the nonconvex components are sums of products of

convex functions. The proposed RPT approach can handle multiplication of constraints that

are neither linear nor quadratic, and thereby potentially obtains tighter approximations than

RLT. Moreover, it can also handle more types of nonconvexity than RLT.

2. We introduce RPT-BB, a new global optimization approach that combines the new RPT

relaxation with a modification of the eigenvector branching strategy of Anstreicher (2022). Our

modification extends the branching strategy to settings in which the lifted rank-one residual

need not be positive semidefinite. Under the stated assumptions, we establish convergence of

the lower bounds to the global optimum.

3. We provide several theoretical insights for our approach. We show that using epigraphical

variables for the nonlinear convex components in the nonconvex objective and/or constraints,

yields an RPT relaxation that is at least as tight as without the introduction of epigraphical

variables. Further, we show that adding linear constraints that are redundant to existing linear

constraints does not tighten the RPT relaxation, while adding linear constraints that are

redundant to existing nonlinear constraints can be useful.



Bertsimas et al.: Reformulation-Perspectification Technique for nonconvex optimization problems
4

4. We conduct a computational evaluation of the proposed RPT-based branch and bound methods

on five classes of problems: sum-of-max-linear-terms maximization, log-sum-exp maximization,

linear multiplicative optimization, quadratically constrained quadratic optimization, and

dike height optimization. In addition, we study alternative branching implementations in

Appendix A.

This paper is organized as follows. Section 2 introduces the generic nonconvex optimization problem

we consider. Section 3 presents the RPT-BB approach. Section 4 illustrates the approach on a

simple example. Section 5 discusses additional strengthening strategies. Section 6 provides the

convergence analysis. Section 7 shows how several known convex reformulations and relaxations

can also be obtained via RPT. Section 8 reports numerical experiments. Section 9 concludes.

Notation. We generally use bold faced characters such as a ∈ Rn and A ∈ Rm×n to represent

vectors and matrices, respectively, ai to denote the i-th element of the vector a, Ai ∈ Rm to

denote the i-th column of matrix A, and Aij to denote the entry of A in the i-th row and j-th

column, unless specified otherwise. The calligraphic letters I, J , K, L and the corresponding capital

Roman letters I, J , K, L are reserved for finite index sets and their respective cardinalities, i.e.,

I = {1, . . . , I} etc. The subscript 0 for an index set indicates that the set additionally includes 0,

i.e., I0 = {0, . . . , I} etc. Let Rm×n denote the set of real m×n matrices, and Sn the set of real n×n
symmetric matrices. We use ri(V) to denote the relative interior of a set V ⊆ Rnν . The domain

of a function f :Rnν → [−∞,+∞] is defined as dom(f) = {ν ∈Rnν | f(ν)<+∞}. The function

f is proper if f(ν)>−∞ for all ν ∈Rnν and f(ν)<+∞ for at least one ν ∈Rnν , implying that

dom(f) ̸= ∅. In addition, f is closed if f is lower semicontinuous and either f(ν)>−∞ for all ν ∈Rnν

or f(ν) =−∞ for all ν ∈ Rnν . The conjugate of a function f : Rnν → [−∞,+∞] is the function

f∗ :Rnν → [−∞,+∞] defined through f∗(w) = supν

{
ν⊤w− f(ν)

}
. The conjugate (f∗)∗ of f∗ is

called the biconjugate of f and is abbreviated as f∗∗. The indicator function δV :Rnν → [−∞,+∞]

of a set V ⊆ Rnν is defined through δV(ν) = 0 if ν ∈ V and δV(ν) = +∞ if ν /∈ V. The support

function δ∗V : Rnν → [−∞,+∞] of a set V ⊆ Rnν is defined through δ∗V(w) = supν∈V {ν⊤w}. The
perspective function of a proper, closed and convex function f : Rnν → (−∞,+∞] is defined as

h(ν, t) = tf(ν/t) if t > 0, and h(ν,0) = δ∗dom(f∗)(ν) for all ν ∈Rnν . For ease of exposition, we use

tf(ν/t) to denote the perspective function h(ν, t) for the rest of this paper.

2. Generic problem formulation

We consider a generic nonconvex optimization problem of the following form:

min
x

f0(x)

s.t. fk(x)≤ 0, k ∈K,
x∈X ,

(1)
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where fk :Rnx→ [−∞,∞] is a sum of convex times convex (SCC) function for all k ∈K0, that is,

fk(x) = c0k(x)+
∑
i∈Ik

rik(x)cik(x),

and c0k, rik, cik :Rnx→ (−∞,+∞], are proper, closed and convex functions for every i∈ Ik, k ∈K0.

The set X ⊆Rnx is defined by:

X = {x∈Rnx |A⊤x≤ b, P⊤x= s, h(x)≤ 0},

where A∈Rnx×m1 , P ∈Rnx×m2 , b∈Rm1 , s∈Rm2 , h(x) = [h0(x) h1(x) · · · hJ(x)]
⊤, and hj :Rnx→

(−∞,+∞] are proper, closed and convex for every j ∈J0. We make the following assumptions.

Assumption 1. The set X is nonempty and compact.

Assumption 2. If rik and cik are both nonlinear, then rik(x)≥ 0 and cik(x)≥ 0 for all x∈X , for
every i∈ I and k ∈K0. If rik is linear and cik is nonlinear, then rik(x)≥ 0 for all x∈X , for every

i ∈ I and k ∈K0. If both rik and cik are linear, then we do not impose any assumption on these

functions.

Observe that we can reformulate an SCC function in the following way:

c0k(x)+
∑
i∈Ik

rik(x)cik(x)≤ 0 ⇐⇒


c0k(x)+

∑
i∈Ik

τikcik(x)≤ 0,

rik(x)≤ τik, if rik and cik are nonlinear,

rik(x) = τik, if rik is linear.

Hence in the remainder we can assume, without loss of generality, that the functions fk in (1) are

sum of linear times convex (SLC) functions for all k ∈K0, that is,

fk(x) = c0k(x)+
∑
i∈Ik

(
qik−d⊤

ikx
)
cik(x), (2)

and qik ∈R, dik ∈Rnx , and c0k, cik :Rnx→ (−∞,+∞] are proper, closed and convex for every i∈ Ik,
and k ∈K0. Throughout, (2) is read with the convention 0 · cik(x) = 0.

We now present some examples of functions that are SLC or can be equivalently written as an

SLC function.

Example 1 (Difference of convex functions). Consider the Difference of Convex (DC)

function fk(x) = c0k(x)−c1k(x)≤ 0, where c0k, c1k :Rnx→ (−∞,+∞] are proper, closed and convex

for some k ∈ K0. We can then reformulate the corresponding constraint function into an SLC

function using the biconjugate reformulation (Rockafellar, 1970) and obtain

fk(x)≤ 0 ⇐⇒ inf
y∈dom(c∗

1k
)
{c0k(x)−x⊤y+ c∗1k(y)} ≤ 0

⇐⇒ ∃y ∈ dom(c∗1k) : c0k(x)−x⊤y+ c∗1k(y)≤ 0, (3)
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as long as the infimum is attained, since we can then remove the inf operator. In case the infimum is

not attained we refer to Appendix B. We note that for many important classes of convex functions,

their conjugates and domains are readily available from the literature. We summarize several of

them in Table 1. We note that DC functions constitute an important class of SLC representable

functions. For example, every twice continuously differentiable function has a DC decomposition

(Hartman, 1959) and can therefore be written as an SLC function. Moreover, every concave function

is a DC function, as we can take c0k(x) = 0.

Table 1 Examples of functions f(·) and their corresponding conjugates. For the functions in #8, we assume that

∩iri(dom(gi)) ̸= ∅.

# f dom(f∗) f∗

1 f(x, x̄) = ∥x∥2− x̄ {(y, ȳ) : ∥y∥2 ≤ 1, ȳ=−1} f∗(y, ȳ) = 0
2 f(x) = x log (x) {y : y ∈R} f∗(y) = exp(y− 1)
3 f(x) =− log (x) {y : y < 0} f∗(y) =− log (−y)− 1
4 f(x) =−

√
x {y : y < 0} f∗(y) =− 1

4y

5 f(x) =maxi xi {y : y≥ 0,
∑

i yi = 1} f∗(y) = 0
6 f(x) =

∑
imaxk∈Ki

xik {{yi}i : yi ≥ 0,
∑

k∈Ki
yik = 1,∀i} f∗(y) = 0

7 f(x) = log (
∑

i exp (xi)) {y : y≥ 0,
∑

i yi = 1} f∗(y) =
∑

i yi log(yi)
8 f(x) =

∑
i gi(x) {

∑
i yi : yi ∈ dom(g∗i ), ∀i} f∗(y) =min∑

i yi=y

∑
i g

∗
i (yi)

Example 2 (Fractional optimization). Consider the following fractional function

f(x) =
∑
i∈I

ci(x)

ri(x)
,

where ci :Rnx→R+ is convex and ri :Rnx→R++ is concave for every i∈ I. Then f is not necessarily

convex or concave. However, the function is SCC, since 1/ri(x) is convex and nonnegative. □

Example 3 (Some examples of SLC functions). Table 2 lists several examples of SLC func-

tions that are generally nonconvex. These functions are SLC-representable provided that Assump-

tion 2 holds. Hence, our proposed approach can deal with Problem (1) containing (sums of) such

nonconvex components. □

# f(x) c1(x) (q−d⊤x) Assumptions

1
√
q−d⊤x (q−d⊤x)−1/2 q−d⊤x —

2 (q−d⊤x)θ (q−d⊤x)θ−1 q−d⊤x θ ∈ [0,1]
3 −(q−d⊤x)θ −(q−d⊤x)θ−1 q−d⊤x θ ∈ [1,2]
4 − (q1−d⊤

1 x) ln(q2−d⊤
2 x) − ln(q2−d⊤

2 x) q1−d⊤
1 x —

5 (q−d⊤x)x⊤Qx x⊤Qx q−d⊤x Q⪰ 0

Table 2 Selected SLC-representable functions and their defining components.
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3. Reformulation-Perspectification Technique and Branch and Bound

In this section, we describe our new approach, called RPT-BB, to solve (1) to global optimality.

Our approach comprises five steps:

Step 1: Preprocessing. Introduce epigraphical variables for every nonlinear convex component

c0k, k ∈K0, in the nonconvex SLC functions.

Step 2: Reformulation and perspectification. Generate additional redundant nonconvex

constraints from pairwise multiplication of the existing convex inequalities in (1). Next, convexify all

nonconvex components in (1) and all nonconvex components in the additional generated constraints

by reformulating them in their perspective form and subsequently linearizing all product terms.

Step 3 (Optional): SDP relaxation. Add an additional LMI inequality from the SDP relaxation

of the linearization of all product terms.

Step 4: Obtaining upper bounds. Solve the convex RPT relaxation. From the solution of the

RPT relaxation, construct a set of candidate solutions for (1), substitute these candidate solutions

in Problem (1) and choose the best upper bound obtained.

Step 5: Branch and bound. Solve Problem (1) to optimality by means of a spatial branch and

bound method. In the next sections, we describe each of these steps in more detail.

3.1. Preprocessing step

We introduce epigraphical variables for the convex component in the nonconvex SLC functions

of (1), and from (2) we have

min
x,τ

τ0 +
∑
i∈I0

(
qi0−d⊤

i0x
)
ci0(x)

s.t. τk +
∑
i∈Ik

(
qik−d⊤

ikx
)
cik(x)≤ 0, k ∈K,

(x,τ )∈ T ,

(4)

where T = {(x,τ ) ∈ Rnx ×RK+1 | x ∈ X , c0(x) ≤ τ}, and c0(x) = [c00(x) c01(x) · · · c0K(x)]⊤ ∈

(−∞,+∞]K+1. As we will see later in Theorem 1, we can multiply these extra epigraphical constraints

with the existing convex constraints to obtain a tighter convex relaxation.

3.2. Reformulation and perspectification

Now we are ready to explain the core idea of RPT. We first consider the univariate

case. The intuition is as follows: Consider the convex function c : R → R and the non-

convex constraint set X = {x∈R+ : x c(x)≤ 0}. The constraint set can be written as X =
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(x,x′)∈R+×R+ : x c

(
x′

x

)
≤ 0, x′ = x2

}
. Observe that the new set X is also nonconvex due to

the constraint x′ = x2. However, observe that for x ≥ 0, the function h(x,x′) = x c
(

x′

x

)
is the

perspective function of c(·) and therefore it is jointly convex in x and x′. Thus, by either completely

relaxing x′ = x2 and adding the hitherto redundant x′ ≥ 0, or by relaxing it as x′ ≥ x2 to preserve

convexity (and nonnegativity), one obtains a convex outer approximation of X .

Remark 1 (Relationship between RLT and RPT). Observe that the RLT approach is a

subcase of RPT as described above, assuming the function c(·) is linear. Since the perspective of a

linear function is the function itself, the perspectification step is not needed in RLT. However, for

nonlinear functions this is not the case and therefore the perspectification step is necessary.

In the general case, let f be an SLC function as given by (2), that satisfies Assumption 2. Then we

can perspectify the generally nonconvex function f by first multiplying and dividing the argument

of ci by (qi−d⊤
i x) for every i∈ I to obtain the following equivalent reformulation of f :

f(x) = c0(x)+
∑
i∈I

(qi−d⊤
i x)ci

(
qix−xx⊤di

qi−d⊤
i x

)
.

Then, the quadratic terms xx⊤ in the argument of the reformulated f can be linearized by

substituting xx⊤ with X ∈ Snx to obtain the following sum of perspective functions:∑
i∈I

(qi−d⊤
i x)ci

(
qix−Xdi

qi−d⊤
i x

)
, (5)

which is jointly convex in (x,X) because ci is convex if and only if its perspective is convex

(Rockafellar, 1970). Observe that if Assumption 2 is not satisfied, i.e., qi−d⊤
i x<0 for some x∈X

and i∈ I, then the above sum of perspective functions might not be convex. We obtain the following

convex relaxation:

min
x,τ ,X

τ0 +
∑
i∈I0

(qi0−d⊤
i0x)ci0

(
qi0x−Xdi0

qi0−d⊤
i0x

)
s.t. τk +

∑
i∈Ik

(qik−d⊤
ikx)cik

(
qikx−Xdik

qik−d⊤
ikx

)
≤ 0, k ∈K,

(x,τ )∈ T .

(6)

By pairwise multiplying inequalities in the set T , we can obtain additional redundant SLC constraints,

which can then be convexified in a manner similar to what was described above. Once convexified,

these SLC constraints are no longer redundant and actually serve as bounds on the newly introduced

variables corresponding to the product terms. We can pairwise multiply the linear inequality

constraints in the set T , similar to the approach in RLT, to derive bounds on the newly introduced

variables X ∈ Snx . However, with RPT, we can incrementally improve this approximation by also
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considering the pairwise multiplication of the linear and convex constraints in the set T , followed

by the pairwise multiplication of the convex inequalities in the set T .

To be more precise, by considering the following cases of pairwise multiplication of the constraints

in the set T , we incrementally improve the convex relaxation of (1) derived from RPT:

Linear inequality × Linear inequality. This is well-known in RLT: we multiply the constraints

A⊤x≤ b of (1) with A⊤x≤ b, and obtain the redundant constraints:

bx⊤A+A⊤xb⊤ ≤A⊤xx⊤A+ bb⊤.

Since the (i, j)-th constraint is exactly the (j, i)-th constraint, we only consider the upper triangular

of the matrix equations; so m1(m1 +1)/2 constraints instead of m2
1. Next, the nonlinear quadratic

terms xx⊤ are linearized by substituting them withX ∈ Snx . We then obtain the following additional

convex constraints:

bx⊤A+A⊤xb⊤ ≤A⊤XA+ bb⊤. (7)

Moreover, we include the additional constraints

Xii ≥ 0, i∈ {1, . . . , nx},

since x2
i ≥ 0 for all i∈ {1, . . . , nx}.

Linear inequality × Convex inequality. By multiplying each ℓ-th linear inequality A⊤
ℓ x≤ bℓ

of (1) with the convex constraints c0(x)≤ τ and h(x)≤ 0, we obtain m1(J +K +2) redundant

SLC constraints of the form

(bℓ−A⊤
ℓ x)c0 (x)≤ (bℓ−A⊤

ℓ x)τ and (bℓ−A⊤
ℓ x)h (x)≤ 0 ℓ∈ {1, . . . ,m1}.

Next, the redundant SLC constraints can be reformulated into:

(bℓ−A⊤
ℓ x)h (x)≤ 0 ⇐⇒ (bℓ−A⊤

ℓ x)h

(
bℓx−xx⊤Aℓ

bℓ−A⊤
ℓ x

)
≤ 0 and

(bℓ−A⊤
ℓ x)c0 (x)≤ (bℓ−A⊤

ℓ x)τ ⇐⇒ (bℓ−A⊤
ℓ x)c0

(
bℓx−xx⊤Aℓ

bℓ−A⊤
ℓ x

)
≤ (bℓ−A⊤

ℓ x)τ .

Finally, the nonlinear quadratic terms xx⊤ and the bilinear terms τx⊤ are linearized by substituting

them with X ∈ Snx and V ∈R(K+1)×nx , to obtain the following additional convex constraints:

(bℓ−A⊤
ℓ x)h

(
bℓx−XAℓ

bℓ−A⊤
ℓ x

)
≤ 0 and (bℓ−A⊤

ℓ x)c0

(
bℓx−XAℓ

bℓ−A⊤
ℓ x

)
≤ bℓτ −V Aℓ.

Table 3 complements Table 2 in Example 3 by showing the perspectified forms of the SLC-

representable functions.
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# f(x) Perspectification Assumptions

1
√
q−d⊤x (q−d⊤x)

√
q−d⊤x

q2− 2qd⊤x+d⊤Xd
—

2 (q−d⊤x)θ (q−d⊤x)

(
q2− 2qd⊤x+d⊤Xd

q−d⊤x

)θ−1

θ ∈ [0,1]

3 −(q−d⊤x)θ −(q−d⊤x)

(
q2− 2qd⊤x+d⊤Xd

q−d⊤x

)θ−1

θ ∈ [1,2]

4 − (q1−d⊤
1 x) ln(q2−d⊤

2 x) −(q1−d⊤
1 x) ln

(
q1q2− q1d⊤

2 x− q2d⊤
1 x+d⊤

1Xd2

q1−d⊤
1 x

)
—

5 (q−d⊤x)x⊤Qx
(qx−Xd)⊤Q(qx−Xd)

q−d⊤x
Q⪰ 0

Table 3 Perspectified forms of the SLC-representable functions in Table 2.

Linear equality × Convex inequality. When multiplying a linear equality constraint with a

convex inequality constraint, the denominator and coefficient of the resulting perspective function

are zero. Fortunately, all additional nonlinear constraints resulting from multiplying a linear equality

constraint with a convex inequality constraint are redundant as long as we consider the pairwise

multiplication of the linear equality constraints with all variables (see Lemma 1). For quadratic

problems, a similar observation was first mentioned by Sherali and Adams (1999, Remark 8.1).

Before we formally prove Lemma 1, we first define redundant constraints.

Definition 1 (Redundant Equality Constraints). An equality constraint f(x) = 0, where

f :Rnx→ (−∞,+∞], is redundant to the nonempty set X ⊆Rnx , if X ⊆ {x | f(x) = 0}.

Lemma 1 (Redundant Equality Constraints). Let d⊤x= q be an equality constraint, where

d ∈ Rnx and q ∈ R. If the function f : Rnx → (−∞,+∞] is proper, closed and convex, then the

constraint (q−d⊤x)f
(

qx−Xd

q−d⊤x

)
= 0 is redundant to

{
(x,X) | d⊤x= q, Xd= qx

}
.

Proof. Fix (x,X) such that d⊤x= q and Xd= qx. Then q−d⊤x= 0 and qx−Xd= 0. By

the standard closure formula for the perspective of a proper, closed and convex function,

(q−d⊤x)f

(
qx−Xd
q−d⊤x

)
= δ∗dom(f∗)(0).

Since f is proper, closed, and convex, its conjugate f∗ is proper (Rockafellar, 1970, Thm. 12.2). By

definition of properness, dom(f∗) ̸= ∅, hence

δ∗dom(f∗)(0) = sup
y∈dom(f∗)

⟨0,y⟩= 0.

Therefore, (q−d⊤x)f
(

qx−Xd

q−d⊤x

)
= 0 is satisfied by every (x,X) in the set, i.e., it is redundant. □
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Thanks to Lemma 1, it suffices to multiply each ℓ-th linear equality constraint P⊤
ℓ x= sℓ with x

and τ respectively. We then obtain m2nx +m2(K +1) redundant SLC constraints of the form

(sℓ−P⊤
ℓ x)x= 0 and (sℓ−P⊤

ℓ x)τ = 0 ℓ∈ {1, . . . ,m2}.

Finally, the nonlinear quadratic terms xx⊤ and the bilinear terms τx⊤ are linearized by substituting

them withX ∈ Snx and V ∈R(K+1)×nx . Including all additional constraints from pairwise multiplying

the linear constraints with the linear and nonlinear convex constraints in Problem (6) we obtain

the following convex relaxation:

min
x,τ ,X,V

τ0 +
∑
i∈I0

(qi0−d⊤
i0x)ci0

(
qi0x−Xdi0

qi0−d⊤
i0x

)
s.t. τk +

∑
i∈Ik

(qik−d⊤
ikx)cik

(
qikx−Xdik

qik−d⊤
ikx

)
≤ 0, k ∈K,

bx⊤A+A⊤xb⊤ ≤A⊤XA+ bb⊤,
Xii ≥ 0, i∈ {1, . . . , nx},

(bℓ−A⊤
ℓ x)h

(
bℓx−XAℓ

bℓ−A⊤
ℓ x

)
≤ 0, ℓ∈ {1, . . . ,m1},

(bℓ−A⊤
ℓ x)c0

(
bℓx−XAℓ

bℓ−A⊤
ℓ x

)
≤ bℓτ −V Aℓ, ℓ∈ {1, . . . ,m1},

sℓx−XPℓ = 0, ℓ∈ {1, . . . ,m2},
sℓτ −V Pℓ = 0, ℓ∈ {1, . . . ,m2},
(x,τ )∈ T .

(8)

Note that there are m1(J +1+ m1+1
2

) + (m1 +1)(K +1)+ (m2 + 1)nx +m2(K +1) additional

constraints and n2
x +(nx +1)(K +1) additional variables in (8) compared to (1).

The following theorem demonstrates that introducing epigraphical variables for the convex

components of the SLC functions in (1) (as is done in the preprocessing step of RPT; see (4)), can

result in a potentially tighter RPT relaxation.

Theorem 1 (Effectiveness of Preprocessing). The convex relaxation (8) obtained from RPT

with the preprocessing step is at least as tight as the relaxation obtained from RPT without the

preprocessing step.

Proof. Applying RPT without the preprocessing step yields the relaxation:

min
x,X

c00(x)+
∑
i∈I0

(qi0−d⊤
i0x)ci0

(
qi0x−Xdi0

qi0−d⊤
i0x

)
s.t. c0k(x)+

∑
i∈Ik

(qik−d⊤
ikx)cik

(
qikx−Xdik

qik−d⊤
ikx

)
≤ 0, k ∈K,

bx⊤A+A⊤xb⊤ ≤A⊤XA+ bb⊤,
Xii ≥ 0, i∈ {1, . . . , nx},

(bℓ−A⊤
ℓ x)h

(
bℓx−XAℓ

bℓ−A⊤
ℓ x

)
≤ 0, ℓ∈ {1, . . . ,m1},

sℓx−XPℓ = 0, ℓ∈ {1, . . . ,m2},
x∈X .

(9)
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Compared to (8), problem (9) omits the following two sets of constraints:

(bℓ−A⊤
ℓ x)c0

(
bℓx−XAℓ

bℓ−A⊤
ℓ
x

)
≤ bℓτ −V Aℓ, ℓ∈ {1, . . . ,m1},

sℓτ −V Pℓ = 0, ℓ∈ {1, . . . ,m2}.
(10)

Let (11) denote the problem obtained from (8) by dropping the two sets of constraints in (10):

min
x,τ ,X,V

τ0 +
∑
i∈I0

(qi0−d⊤
i0x)ci0

(
qi0x−Xdi0

qi0−d⊤
i0x

)
s.t. τk +

∑
i∈Ik

(qik−d⊤
ikx)cik

(
qikx−Xdik

qik−d⊤
ikx

)
≤ 0, k ∈K,

bx⊤A+A⊤xb⊤ ≤A⊤XA+ bb⊤,
Xii ≥ 0, i∈ {1, . . . , nx},

(bℓ−A⊤
ℓ x)h

(
bℓx−XAℓ

bℓ−A⊤
ℓ x

)
≤ 0, ℓ∈ {1, . . . ,m1},

sℓx−XPℓ = 0, ℓ∈ {1, . . . ,m2},
c0k(x)≤ τk, k ∈K0,
x∈X .

(11)

Since dropping constraints can only enlarge the feasible region, it follows that min (8) ≥ min(11).

Next, observe that after removing (10), the variable V no longer appears in any constraint and

can therefore be eliminated without affecting feasibility or the minimum. Moreover, in (11) each τk

appears, besides its epigraph constraint c0k(x)≤ τk, only with coefficient +1 in the objective (k= 0)

or in the k-th constraint (k ∈K). Hence decreasing τk to c0k(x) preserves feasibility and does not

increase the objective, so that τk can be eliminated by setting it to c0k(x) for every k ∈K0. Observe

that, eliminating τ from (11) recovers exactly (9). Hence, min (11) = min (9), which implies that

min (8) ≥ min(9). Therefore, (8) is at least as tight as (9). □

The following example shows that introducing epigraphical variables for the nonlinear convex

components in the preprocessing step can indeed tighten the RPT relaxation.

Example 4 (Effectiveness of Preprocessing). Consider the following nonconvex optimiza-

tion problem:

max
x

x1x2− (x2−2)2

4

s.t. 0≤ x1 ≤ 1, −4≤ x2 ≤ 4.
(12)

In the following we compare two convex relaxations of (12) obtained from (i) applying RPT

without the epigraphical reformulation, and (ii) applying RPT with the epigraphical reformulation,
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respectively,

max
x,X

X12− (x2−2)2

4

s.t. 0≤ x1 ≤ 1, −4≤ x2 ≤ 4,
X11− 2x1 +1≥ 0,
x1−X11 ≥ 0, X11 ≥ 0,
−4x1 ≤X12 ≤ 4x1,
x2− 4(1−x1)≤X12 ≤ x2 +4(1−x1),
X22 +8x2 +16≥ 0, 16−X22 ≥ 0,
X22− 8x2 +16≥ 0,

and

max
x,X
τ,v

X12− τ

s.t. 0≤ x1 ≤ 1, −4≤ x2 ≤ 4,
X11− 2x1 +1≥ 0,
x1−X11 ≥ 0, X11 ≥ 0,
−4x1 ≤X12 ≤ 4x1,
x2− 4(1−x1)≤X12 ≤ x2 +4(1−x1),
X22 +8x2 +16≥ 0, 16−X22 ≥ 0,
X22− 8x2 +16≥ 0,
(x2− 2)2

4
≤ τ,

(X12− 2x1)
2

4x1

≤ v1,
(x2− 2−X12 +2x1)

2

4− 4x1

≤ τ − v1,
(2x2 +X22− 8)2

16+4x2

≤ 4τ + v2,

(6x2−X22− 8)2

16− 4x2

≤ 4τ − v2.

Here v1 and v2 are the additional variables that linearize the products τx1 and τx2, respectively.

The maximum objective value of the convex relaxation without the epigraphical reformulation is

then 13
4
, which is finite but strictly larger than the global optimum 3. It is attained at x⋆

1 =
7
8
, x⋆

2 =

3, X⋆
12 =

7
2
. In contrast, the objective value of the epigraphical reformulation equals the global

optimum 3, attained at (x⋆
1, x

⋆
2,X

⋆
11,X

⋆
12,X

⋆
22, τ

⋆, v⋆1 , v
⋆
2) = (1,4,1,4,16,1,1,4). Thus the epigraphical

reformulation is exact here, whereas the non-epigraphical relaxation retains a strictly positive gap. In

fact, any two-sided bound −M ≤ x2 ≤M with M ≥ 4 yields the same picture, with non-epigraphical

value 2M+5
4

. □

However, as demonstrated in the following lemma, introducing epigraphical variables for the

linear components does not enhance the convex relaxation obtained from RPT.

Lemma 2 (Redundant Epigraph Variables). Introducing epigraphical variables for the linear

components in the preprocessing step of RPT does not result in a tighter convex relaxation.

Proof. Suppose c0k :Rnx→R is a linear function in (1) for some k ∈K0. In the preprocessing

step of RPT, one can introduce an epigraphical variable τk for the linear component c0k and consider

the linear equality τk = c0k(x) in the constraints. From Lemma 1, we know that it suffices to

consider the multiplication of this constraint by x and τ to obtain the convex relaxation from RPT.

Specifically, from the reformulation and perspectification step of RPT, we obtain:

Vki = xic0k

(
Xi

xi

)
, i∈ {1, . . . , nx}, and Tkk′ = τk′c0k

(
(V ⊤)k′

τk′

)
, k′ ∈K0,

Here (V ⊤)k and Tk represent τkx and τkτ , respectively. Write c0k(x) = a
⊤x+ b. The displayed

equalities fix (V ⊤)k =Xa+ bx and, when T is introduced, Tk = V a+ bτ . Substituting these
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identities and τk = c0k(x) into the additional RPT products of this equality reduces them to

identities or to constraints already present before introducing τk. Thus the new variables can be

eliminated without strengthening the projected relaxation. Using the epigraph inequality instead of

this equality cannot give a stronger relaxation. □

Convex inequality × Convex inequality. Just multiplying a nonlinear convex constraint hj(x)≤

0 with another nonlinear convex constraint hj′(x)≤ 0 results in a constraint −hj(x)hj′(x)≤ 0 for

which the constraint function is not an SCC function, since in this case −hj(x) is concave instead

of convex. However, sometimes rewriting the constraints, and then multiplying the left-hand sides

and right-hand sides of the constraints yields convexifiable constraints. Consider for example the

following two exponential constraints:

exp(x1)≤ x2 and exp(x3)≤ x4.

We can then multiply the left-hand sides and the right-hand sides, and multiply the right-hand

side of each constraint with the other exponential constraint to obtain the following convexified

constraints: 
exp(x1 +x3)≤X24,

x4 exp

(
X14

x4

)
≤X24,

x2 exp

(
X23

x2

)
≤X24.

Also, several ways of obtaining a convexifiable constraint from pairwise multiplication of conic

quadratic constraints are readily available in the literature (Yang and Burer, 2016; Anstreicher,

2017; Jiang and Li, 2019).

A related mechanism arises when a nonlinear convex inequality is replaced by a redundant linear

support (e.g., a supporting hyperplane) and then combined with a second nonlinear convex inequality.

Although such linear supports do not change the feasible region, they can generate additional valid

inequalities after RPT, thereby tightening the relaxation. An analogous observation has already

been made in the literature for RLT; see, for example, the SOC–RLT construction in Burer and

Anstreicher (2013).

3.3. Additional SDP relaxation

In order to further tighten the convex relaxation, effective SDP cuts can be considered. In the

perspectification step of RPT, the nonconvex quadratic terms xx⊤ are linearized by a symmetric

matrix X. Such a linearization based relaxation for the nonconvex quadratic equality X =xx⊤ may
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be significantly improved by the SDP relaxation X ⪰xx⊤, which can be equivalently reformulated

as an LMI by using Schur complement (Boyd and Vandenberghe, 2004):(
X x
x⊤ 1

)
⪰ 0. (13)

Because we also have epigraphical constraints, we can consider including the following LMI:X V ⊤ x
V T τ
x⊤ τ⊤ 1

⪰ 0,

where T ∈ SK+1 denotes the matrix that substitutes the quadratic terms ττ⊤. Although including

the LMI might tighten the convex RPT relaxation, it can significantly increase computation time.

Hence, this step is optional. Observe that if the above LMI is included, the additional constraints

Xii ≥ 0, i∈ {1, . . . , nx}, are redundant to the LMI.

3.4. Obtaining upper bounds

Let (x∗,τ ∗,X∗,V ∗) be a feasible solution of the convex RPT relaxation (8). We construct the

candidate set

X ′ = {x∗,xX
1 , . . . ,x

X
nx
,xV

0 , . . . ,x
V
K},

where

xX
i =


x∗, x∗

i = 0,

X∗
i

x∗
i

, x∗
i ̸= 0,

i∈ {1, . . . , nx}, and xV
k =


x∗, τ ∗k = 0,

(V ∗⊤)k
τ ∗k

, τ ∗k ̸= 0,
k ∈K0.

Because (x∗,τ ∗)∈ T , we have x∗ ∈X .

The construction is motivated by the exact lifted identities. If the relaxation is rank-one exact, then

X∗ =x∗(x∗)⊤, and consequently X∗
i = x∗

ix
∗ for every i. Thus X∗

i /x
∗
i recovers x∗ whenever x∗

i ̸= 0.

When x∗
i = 0, we use x∗ itself. Similarly, the exact identity V ∗ = τ ∗(x∗)⊤ gives (V ∗⊤)k = τ ∗kx

∗ and

motivates the candidates xV
k .

Lemma 3 (Candidate Solution Construction). If the nonnegativity constraints xi ≥ 0, i ∈

{1, . . . , nx}, occur explicitly among the rows of A⊤x≤ b, then xX
i ∈X for all i∈ {1, . . . , nx}. Suppose,

in addition, that c0k(x)≥ 0 for all x∈X and k ∈K0, so that the inequalities τ ≥ 0 are valid for T .

If these inequalities are included in T and their RPT products with the constraints defining X are

included in the relaxation, that is, if the relaxation contains the linearized constraints

A⊤(V ⊤)k ≤ τkb, τkh

(
(V ⊤)k
τk

)
≤ 0, k ∈K0, (14)

then also xV
k ∈X for all k ∈K0, and hence X ′ ⊆X .
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Proof. Fix i∈ {1, . . . , nx}. Since x∗ ∈X and xi ≥ 0 is a row of A⊤x≤ b, we have x∗
i ≥ 0. Hence,

if x∗
i ̸= 0, then x∗

i > 0. Moreover, because xi ≥ 0 is a row of A⊤x≤ b, its RPT products with the

linear inequalities, linear equalities, and convex inequalities defining X are among the constraints

of (8), and at the relaxation solution they read

A⊤X∗
i ≤ x∗

i b, P⊤X∗
i = x∗

i s, x∗
ih

(
X∗

i

x∗
i

)
≤ 0.

Dividing by x∗
i > 0 preserves the inequality directions and gives

A⊤X
∗
i

x∗
i

≤ b, P⊤X
∗
i

x∗
i

= s, h

(
X∗

i

x∗
i

)
≤ 0.

These are precisely the defining conditions of X , so xX
i ∈ X . If x∗

i = 0, then xX
i = x∗ ∈ X by

definition. Thus xX
i ∈X for all i∈ {1, . . . , nx}.

For the second part, fix k ∈ K0. The definition of T gives c0k(x) ≤ τk, which together with

c0k(x)≥ 0 on X shows that τk ≥ 0 is valid for T . In particular, τ ∗k ≥ 0 because (x∗,τ ∗) ∈ T , so if

τ ∗k ̸= 0, then τ ∗k > 0. Evaluating the two relations in (14) and the equality constraints sℓτ −V Pℓ = 0

of (8) at the relaxation solution and dividing by τ ∗k > 0 gives

A⊤ (V ∗⊤)k
τ ∗k

≤ b, P⊤ (V ∗⊤)k
τ ∗k

= s, h

(
(V ∗⊤)k
τ ∗k

)
≤ 0,

and hence xV
k = (V ∗⊤)k/τ

∗
k ∈ X . If τ ∗k = 0, then xV

k = x∗ ∈ X by definition. Thus xV
k ∈ X for all

k ∈K0, and consequently X ′ ⊆X . □

Under Assumption 1, the nonnegativity requirement in Lemma 3 is without loss of generality.

Indeed, compactness of X allows us to translate each variable by its minimum over X , yielding an

equivalent formulation with explicitly nonnegative variables while preserving convexity and the

SLC structure.

Membership in X is not generally sufficient for feasibility of Problem (1). It is sufficient when

K= ∅. Otherwise, the inequalities fk(x)≤ 0, k ∈K, must also hold. We therefore test every candidate

in X ′ by direct substitution into the original problem. Let X ′′ contain the distinct candidates

that are feasible and have finite objective value. This check also covers formulations in which the

nonnegativity and product conditions of Lemma 3 are not imposed, so membership in X is not

guaranteed in advance.

We additionally use each candidate in X ′ at which the model functions are evaluable as an initial

point for a local solver such as Ipopt (Waechter et al., 2009), whether or not that candidate is

already feasible. Every feasible point with finite objective value returned by the solver is added

to X ′′. For the disjoint bilinear formulations obtained through the biconjugate representation, the
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mountain climbing method of Tao and An (1997) provides another local improvement procedure

(Appendix C). If X ′′ ̸= ∅, then

min
x∈X ′′

f0(x)

is a finite valid upper bound on the optimal value of Problem (1). If X ′′ = ∅, this procedure produces

no finite upper bound.

3.5. Spatial branch and bound method

We solve Problem (1) to global optimality via a spatial branch and bound scheme. Each node Nj of

the search tree is associated with a relaxation region Xj ⊆Rnx ×Snx that collects the constraints

on (x,X) inherited along the path to Nj (including x ∈ X ). At node Nj, we solve the convex

RPT relaxation (8) with the additional restriction (x,X) ∈ Xj; this yields a valid lower bound.

A feasible solution (and hence an upper bound) is obtained using the techniques in Section 3.4.

The algorithm terminates when the global optimality gap (Ub−Lb) is at most δ, a user-specified

optimality tolerance.

Before formally defining the branching strategy, we make the following observation. Problem (8)

is a relaxation of Problem (1) obtained by omitting the rank-one condition X =xx⊤. Any feasible

x of (1) can be lifted to a feasible solution of (8) by setting X =xx⊤ (and, when epigraph variables

are present, choosing τ accordingly and setting V = τx⊤). Moreover,

{
(x,X) |X =xx⊤}= {(x,X)

∣∣ ∀ν ∈Rnx : (ν⊤x)2 ≤ ν⊤Xν, ν⊤Xν ≤ (ν⊤x)2
}
. (15)

Thus, omitting the nonconvex constraints in (15) yields the convex relaxation (8), which can be

solved efficiently, but whose solution is often infeasible for Problem (1).

To address violations of (15), let (x∗,τ ∗,X∗,V ∗) be the solution of the RPT relaxation at node

Nj , which is an optimal solution when the relaxation is solved exactly, let Fj denote the feasible set

of that relaxation, and define

Rj :=X
∗−x∗(x∗)⊤.

If Rj ̸= 0, choose a unit eigenvector νj associated with an eigenvalue λj of Rj such that |λj|= ∥Rj∥2,

and set sj := ν
⊤
j x

∗. The rank-one condition requires ν⊤
j Xνj = (ν⊤

j x)
2, while at the relaxation

solution

ν⊤
j X

∗νj − (ν⊤
j x

∗)2 = λj, (16)

so νj is a direction of maximal rank-one violation, as in the eigenvector branching of Anstreicher

(2022). Next, we compute the range of this direction over the node relaxation,

aj := inf{ν⊤
j x : (x,τ ,X,V )∈Fj} and bj := sup{ν⊤

j x : (x,τ ,X,V )∈Fj}, (17)
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so that aj ≤ sj ≤ bj . Both values are finite (Lemma 5(c) in Appendix F). They need not be attained,

because the projection of Fj onto the x-space need not be closed when Fj is unbounded in the

lifted variables, but attainment is not needed in what follows. The two convex problems in (17) are

independent and can be solved in parallel. Alternative valid bounds are discussed in Remark 3.

Write t = ν⊤
j x and y = ν⊤

j Xνj. The left child Nj1 is obtained by appending the two linear

inequalities aj ≤ t≤ sj to the constraints of Nj , and the right child Nj2 by appending sj ≤ t≤ bj . In

each child, the reformulation step of Section 3.2 is applied to the augmented system. The two new

inequalities are multiplied with themselves, with each other, and with every other constraint of the

node in which only x appears, and the products are perspectified and linearized as before. Among

the generated inequalities, the product (sj − t)2 ≥ 0 of the branching inequality with itself gives

y≥ 2sjt− s2j (18)

in both children, the product (sj − t)(t− aj)≥ 0 of the two new inequalities gives

y≤ (aj + sj)t− ajsj (19)

in the left child, and the product (t− sj)(bj − t)≥ 0 gives

y≤ (sj + bj)t− sjbj (20)

in the right child. These are the tangent of t2 at sj and its secants on [aj, sj] and [sj, bj]. At the

parent solution, t= sj and y= s2j +λj by (16), whereas (18) and the applicable secant force y= s2j

at t= sj. Hence (x∗,X∗) is infeasible for both children whenever λj ̸=0. The tangent excludes it

when λj < 0 and the secant when λj > 0. The same inequalities are generated in every child, so the

sign of λj plays no role in the construction. In particular, the rule is applied unchanged when the

semidefinite constraint of Section 3.3 is imposed, in which case Rj ⪰ 0 and λj > 0 whenever Rj ̸= 0.

The construction contains the eigenvector branching of Anstreicher (2022) as a special case.

There, the semidefinite constraint is imposed and νj is an eigenvector of the largest eigenvalue

of Rj. For bounds aj ≤ ν⊤
j x≤ bj that are valid over the relaxation, the two children are defined

by t ≥ sj together with y ≤ (sj + bj)t − sjbj, and by t ≤ sj together with y ≤ (aj + sj)t − ajsj
(Anstreicher, 2022, Proposition 2.1). These are the split and the secants (19)–(20). Minimizing and

maximizing ν⊤
j x over the relaxation, as in (17), is one of the ways of obtaining aj and bj suggested

there. Two features distinguish the present rule. First, the secants are not appended as separate cuts

but arise as products of the appended inequalities. These inequalities are also multiplied with every

other constraint of the node, with the linear inequalities as in RLT and with the convex inequalities

through their perspectives. For a norm constraint, the latter products are the second-order cone
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constraints of Burer and Anstreicher (2013). Starting from the same relaxation at Nj and using the

same bounds, each child relaxation of the present rule is therefore contained in the corresponding

child relaxation of Anstreicher (2022), that is, it is at least as tight. Second, the product of the

branching inequality with itself yields the tangent (18). This tangent is implied by the semidefinite

constraint when that constraint is imposed, but it is what excludes the parent solution when λj < 0.

This is why the rule extends to relaxations in which Rj need not be positive semidefinite.

Branching at node Nj does not exclude any feasible solution of Problem (1) whose rank-one lifting

satisfies the restrictions at Nj . Indeed, let x be feasible for Problem (1) and suppose (x,xx⊤)∈Xj .

Then x can be lifted to a feasible solution of the node relaxation by setting X =xx⊤ (and, when

epigraph variables are present, choosing τ accordingly and setting V = τx⊤). The split ν⊤
j x≤ sj

or ν⊤
j x≥ sj is exhaustive. The bounds (17) hold at x because the lifted solution belongs to Fj,

and at an exact lift X =xx⊤ every generated inequality reduces to the square or the product of

nonnegative scalar slacks. Hence the lifted solution remains feasible in at least one child (Lemma 5

in Appendix F). Consequently, branching only on (x,X) is sufficient for correctness: it does not

exclude any feasible (in particular, globally optimal) solution of Problem (1). The auxiliary variables

τ and V need not be branched on and are re-optimized in each child relaxation.

After branching, we solve the RPT relaxation over each child region (optimizing over (x,τ ,X,V )

subject to (x,X)∈Xjk) to obtain lower bounds and update the global upper bound using Section 3.4.

The branching rule is summarized in Algorithm 1. We do not use constraints involving X (including

the generated inequalities (18)–(20)) for further constraint multiplications, as doing so would

introduce products such as xiXkℓ (i.e., third-order terms); instead, we keep these constraints in

their original form. The new inequalities and the inequalities generated from them are retained by

every descendant node. We prune a node whenever its lower bound exceeds the current best upper

bound and select the next node using best-bound selection (i.e., the active node with the smallest

lower bound). Algorithm 2 summarizes the overall procedure.

Remark 2. Since the eigenvector ν corresponding to the eigenvalue with the largest absolute value

is typically dense, the resulting branching constraints are dense as well. Dense constraints may

increase per-node solve time relative to coordinate branching; however, in our experiments we did

not observe a consistent or dominant runtime impact attributable to this density. Moreover, a dense

ν couples many components of x, which can help tighten the relaxation when RPT is applied.

Remark 3 (Alternative Directional Bounds). Any bounds aj ≤ ν⊤
j x ≤ bj that are valid

over Fj may be used in place of (17). The children remain valid, but the secants become weaker.

Remark 4 (Optional SOC Strengthening). When λj < 0, the convex inequality (ν⊤
j x)

2 ≤

ν⊤
j Xνj is violated at the relaxation solution and may be added to the node before branching,
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followed by re-optimization, as in the cutting-plane method of Saxena et al. (2010). This inequality

does not partition the node. Appendix A compares this variant with branching alone.

Algorithm 1 Eigenvector branching strategy

Input: A node Nj, its region Xj, and the solution (x∗,τ ∗,X∗,V ∗) of the relaxation at Nj.

Output: (Xj1,Xj2).

1: Set Rj←X∗−x∗(x∗)⊤.

2: Compute a unit eigenvector νj of Rj associated with an eigenvalue λj satisfying |λj|= ∥Rj∥2
(any unit vector if Rj = 0).

3: Set sj← ν⊤
j x

∗.

4: Compute the bounds aj and bj of (17).

5: Form the left child Xj1 from Xj, aj ≤ ν⊤
j x≤ sj, and its standard RPT constraints.

6: Form the right child Xj2 from Xj, sj ≤ ν⊤
j x≤ bj, and its standard RPT constraints.

4. A simple example

In this section we demonstrate the approach by solving the following toy problem:

min
x1,x2,x3

3x1− 3x2 +3x3 +(x1 +x2 +1)exp (x1)+ (x1 +x2 +1)exp (x3)

s.t. x1 +x2 ≥−1,
xi ≤ 10, i∈ {1,2,3},
exp (x2−x3)≤ x1,

2exp
(−x1

2

)
+2exp

(−x2
2

)
≤ 2+ exp(−1).

(21)

Let XT denote the feasible set of toy problem (21), consisting of four linear constraints and two

convex exponential constraints. The objective is nonconvex, however it is SLC, hence we can apply

the proposed framework to find the global optimum.

Linear × Linear. First, we perspectify the SLC objective, and then we consider adding constraints:

(x1 +x2 +1)2 = x2
1 +x2

2 +2x1x2 +2x1 +2x2 +1≥ 0,

(xi− 10)(xi′ − 10) = xixi′ − 10xi− 10xi′ +100≥ 0, i≤ i′ ∈ {1,2,3},

(10−xi)(x1 +x2 +1)= 10x1 +10x2 +10−xix1−xix2−xi ≥ 0, i∈ {1,2,3},

x2
i ≥ 0, i∈ {1,2,3}.
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Algorithm 2 Branch and bound via RPT

Input: (N0,X0, δ), where δ≥ 0 is the absolute optimality tolerance.

Output: (x∗,Lb,Ub).

1: Solve the RPT relaxation over X0; obtain its solution σ0 = (x∗
0,τ

∗
0 ,X

∗
0 ,V

∗
0 ), its lower bound

Lb0, and an upper bound Ub0 (possibly +∞) from Section 3.4; if Ub0 is finite, store the feasible

candidate attaining it as the incumbent x∗.

2: Lb← Lb0; Ub←Ub0; ACTIVE ←{N0}.

3: while ACTIVE ̸= ∅ and Ub−Lb> δ do

4: Nj← argminNi∈ACTIVELbi; ACTIVE ←ACTIVE \ {Nj}.

5: Apply Algorithm 1 to (Nj,Xj, σj) to obtain the child regions Xj1 and Xj2 .

6: for k= 1,2 do

7: i← jk. Solve the RPT relaxation over Xi. If it is infeasible, discard Ni; otherwise obtain σi,

Lbi, and Ubi, and set Lbi←max{Lbi,Lbj}. {the bound of the parent remains valid for

the child}

8: if Ubi <Ub then

9: Ub←Ubi and update the incumbent x∗.

10: end if

11: end for

12: for k= 1,2 do

13: i← jk. if Ni is feasible and Lbi <Ub then ACTIVE ←ACTIVE∪{Ni}.

14: end for

15: Lb←min{Ub,minNi∈ACTIVELbi} if ACTIVE ̸= ∅, and Lb←Ub otherwise.

16: end while

Finally, the product of variables x2
1, x

2
2, x

2
3, x1x2, x1x3 and x2x3 in both the perspectified objective

as well as the additional generated constraint are substituted by continuous variables X11, X22,

X33, X12, X13, and X23 ∈R respectively to obtain the following convex relaxation:

min
x,X

3x1− 3x2 +3x3 +(x1 +x2 +1)exp
(

X11+X12+x1
x1+x2+1

)
+(x1 +x2 +1)exp

(
X13+X23+x3

x1+x2+1

)
s.t. x∈XT,

X11 +2X12 +X22 +2x1 +2x2 +1≥ 0,

Xii′ − 10xi− 10xi′ +100≥ 0, i≤ i′ ∈ {1,2,3},
10x1 +10x2 +10−Xi1−Xi2−xi ≥ 0, i∈ {1,2,3},
Xii ≥ 0, i∈ {1,2,3}.

(22)
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The numerical solution of (22) is

x′ = (1.00, 1.11, 1.11)⊤, X ′ =

 12.98 −48.13 −40.60
−48.13 78.08 −39.55
−40.60 −39.55 0.00

 .

The relaxation objective is approximately 3.000, which constitutes a lower bound, while the

corresponding feasible candidate gives an upper bound of 20.816.

Linear × Convex. Let XTLL denote the feasible set of (22). We pairwise multiply the linear with

the nonlinear constraints and obtain the SLC constraints

(x1 +x2 +1)exp(x2−x3)≤ (x1 +x2 +1)x1,

(x1 +x2 +1)2exp

(
−x1

2

)
+(x1 +x2 +1)2exp

(
−x2

2

)
≤ (x1 +x2 +1)(2+ exp(−1)),

(10−xi) exp(x2−x3)≤ (10−xi)x1, i∈ {1,2,3},

(10−xi)2 exp

(
−x1

2

)
+(10−xi)2 exp

(
−x2

2

)
≤ (10−xi)(2+ exp(−1)), i∈ {1,2,3}.

Next, the nonconvex components in the LHS of the above SLC constraints can be reformulated as:

(x1 +x2 +1)exp(x2−x3) = (x1 +x2 +1)exp

(
x1x2−x1x3 +x2

2−x2x3 +x2−x3

x1 +x2 +1

)
,

(x1 +x2 +1)2exp

(
−x1

2

)
= 2(x1 +x2 +1)exp

(
−x2

1−x1x2−x1

2(x1 +x2 +1)

)
,

(x1 +x2 +1)2exp

(
−x2

2

)
= 2(x1 +x2 +1)exp

(
−x1x2−x2

2−x2

2(x1 +x2 +1)

)
,

(10−xi) exp(x2−x3) = (10−xi) exp

(
10x2− 10x3−xix2 +xix3

10−xi

)
, i∈ {1,2,3},

(10−xi)2 exp

(
−x1

2

)
= 2(10−xi) exp

(
−10x1 +xix1

2(10−xi)

)
, i∈ {1,2,3},

(10−xi)2 exp

(
−x2

2

)
= 2(10−xi) exp

(
−10x2 +xix2

2(10−xi)

)
, i∈ {1,2,3}.

Finally, all the product of variables x2
1, x

2
2, x

2
3, x1x2, x1x3 and x2x3 are substituted with newly

introduced variables X11, X22, X33, X12, X13, and X23 respectively. The resulting convex relaxation
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is:

min
x,X

3x1− 3x2 +3x3 +(x1 +x2 +1)exp

(
X11 +X12 +x1

x1 +x2 +1

)
+ (x1 +x2 +1)exp

(
X13 +X23 +x3

x1 +x2 +1

)
s.t. (x,X)∈XTLL,

(x1 +x2 +1)exp

(
X12−X13 +X22−X23 +x2−x3

x1 +x2 +1

)
≤X11 +X12 +x1,

2(x1 +x2 +1)exp

(
−X11−X12−x1

2(x1 +x2 +1)

)
+2(x1 +x2 +1)exp

(
−X12−X22−x2

2(x1 +x2 +1)

)
≤ (2+ exp(−1))(x1 +x2 +1),

(10−xi) exp

(
10x2− 10x3−X2i +X3i

10−xi

)
≤ 10x1−X1i, i∈ {1,2,3},

2(10−xi) exp

(
−10x1 +X1i

2(10−xi)

)
+2(10−xi) exp

(
−10x2 +X2i

2(10−xi)

)
≤ (2+ exp(−1))(10−xi), i∈ {1,2,3}.

(23)

The numerical solution of (23) is

x′ = (1.17, 0.93, 0.77)⊤, X ′ =

1.77 0.75 0.23
0.75 1.16 1.31
0.23 1.31 0.57

 .
Its reported lower bound is 19.778 and its feasible candidate gives the upper bound 19.809, improving

both bounds obtained from (22).

Set of candidate solutions. The four candidate vectors, computed from the relaxation solution,

are

x′ = (1.17, 0.93, 0.77)⊤, xX
1 = (1.51, 0.64, 0.19)⊤,

xX
2 = (0.81, 1.25, 1.40)⊤, xX

3 = (0.30, 1.70, 0.75)⊤.

Only x′ passes the feasibility check.

Branch and bound step. We apply the eigenvector rule of Section 3.5, with and without the

semidefinite constraint (
X x
x⊤ 1

)
⪰ 0.

Without the semidefinite constraint. The root bounds are

(Lb0,Ub0) = (19.778, 19.809).

The selected eigenpair of X −xx⊤ gives

ν = (0.62, −0.54, −0.56)⊤, λ= 1.30.
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Solving both child relaxations yields

(Lb1,Ub1) = (19.790, 19.790), (Lb2,Ub2) = (19.787, 19.787).

Thus the global bounds after one branching iteration are

LB= 19.787, UB= 19.787,

and the incumbent is x̂≈ (1.19, 0.92, 0.75)⊤, which satisfy both absolute and relative stopping

criteria.

With the semidefinite constraint. The root bounds are

(Lb0,Ub0) = (19.784, 19.792).

The selected eigenpair of X −xx⊤ gives

ν = (−0.46, 0.40, 0.79)⊤, λ= 0.69.

Solving both child relaxations yields

(Lb1,Ub1) = (19.787, 19.787), (Lb2,Ub2) = (19.787, 19.787).

Thus the global bounds after one branching iteration are

LB= 19.787, UB= 19.787,

and the incumbent is x̂≈ (1.19, 0.92, 0.75)⊤, which satisfy both stopping criteria.

Remark 5. The small search trees in this example are qualitatively consistent with the behavior

reported for eigenvector branching in Anstreicher (2022), where many instances are solved with

shallow trees and small final gaps.

5. Improving the RPT-BB approach

In this section, we describe several ways to strengthen the RPT-BB approach.

5.1. Multiplying with redundant linear constraints

We show that adding linear constraints that are redundant to existing linear constraints does not

tighten the RPT relaxation, while adding linear constraints that are redundant to existing nonlinear

constraints might be useful.

Definition 2 (Redundant Inequality Constraints). An inequality constraint f(x) ≤ 0,

where f :Rnx→ (−∞,+∞], is redundant to a nonempty set X ⊆Rnx , if X ⊆ {x | f(x)≤ 0}.
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Theorem 2 (Redundant Inequality Constraints). Let the linear constraint d⊤x≤ q, where
d ∈Rnx with d ̸= 0 and q ∈R, be redundant to {x |B⊤x≤ p} ̸= ∅, where B ∈Rnx×L and p ∈RL.

Then, the constraints d⊤x≤ q, 2qd⊤x≤ d⊤Xd+ q2, and (q−d⊤x)f
(

qx−Xd

q−d⊤x

)
≤ 0, are redundant

to (x,X)

∣∣∣∣∣
B⊤x≤ p, f(x)≤ 0
px⊤B+B⊤xp⊤ ≤B⊤XB+pp⊤

(pℓ− b⊤ℓ x)f
(

pℓx−Xbℓ
pℓ−b⊤

ℓ
x

)
≤ 0, ℓ∈L

 .

Here, f :Rnx→ (−∞,+∞] is proper, closed and convex; bℓ is the ℓ-th column of the matrix B; and

the last two inequalities result from pairwise multiplication of the linear constraints pℓ− b⊤ℓ x with

itself and f(x)≤ 0, respectively.

Proof. Assume that d⊤x≤ q is redundant to {x |B⊤x≤ p}, then the optimal values of

min
x

q−d⊤x

s.t. B⊤x≤ p
and

max
y≥0

q−p⊤y

s.t. By= d

coincide and both are nonnegative thanks to the strong duality of linear optimization and the

redundancy of d⊤x ≤ q to {x |B⊤x ≤ p}, which implies that there exists a y ∈ RL
+ such that

d⊤x≤ q is redundant to {x | b⊤y x≤ py}, where by =By = d and py = p
⊤y ≤ q. Then, for any x

that satisfies b⊤y x≤ py and f(x)≤ 0, we have that

(q−d⊤x)f

(
(q−d⊤x)x

q−d⊤x

)
≤ 0 and (py − b⊤y x)f

(
(py − b⊤y x)x
py − b⊤y x

)
≤ 0.

Moreover, for any X ∈ Snx , since by = d and q − py ≥ 0, we have (qx−Xd, q − d⊤x) = (pyx−
Xby, py − b⊤y x)+ (q− py)(x,1), so that the convexity and positive homogeneity of the perspective

function of f , together with f(x)≤ 0, yield

(q−d⊤x)f

(
qx−Xd
q−d⊤x

)
≤ (py − b⊤y x)f

(
pyx−Xby
py − b⊤y x

)
+(q− py)f(x)≤ (py − b⊤y x)f

(
pyx−Xby
py − b⊤y x

)
.

Notice that

(pℓ− b⊤ℓ x)f
(
pℓx−Xbℓ
pℓ− b⊤ℓ x

)
≤ 0, ℓ∈L =⇒

∑
ℓ∈L

θℓ(pℓ− b⊤ℓ x)f
(
pℓx−Xbℓ
pℓ− b⊤ℓ x

)
≤ 0

=⇒

(∑
ℓ∈L

θℓ(pℓ− b⊤ℓ x)

)
f

(∑
ℓ∈L θℓ(pℓx−Xbℓ)∑
ℓ∈L θℓ(pℓ− b⊤ℓ x)

)
≤ 0

=⇒ (py − b⊤y x)f
(
pyx−Xby
py − b⊤y x

)
≤ 0,

where θℓ = yℓ/
∑

ℓ∈L yℓ for all ℓ ∈ L (note that θ ∈ RL
+ and

∑
ℓ∈L θℓ = 1). Here, the second impli-

cation follows from the convexity of the perspective functions. Therefore, the constraint (q −
d⊤x)f

(
qx−Xd

q−d⊤x

)
≤ 0 is redundant to{

(x,X)

∣∣∣∣ b⊤y x≤ py, f(x)≤ 0, (pℓ− b⊤ℓ x)f
(
pℓx−Xbℓ
pℓ− b⊤ℓ x

)
≤ 0, ℓ∈L

}
.
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Finally, since y ≥ 0, the second family of constraints in the set gives 0 ≤ y⊤(B⊤XB + pp⊤ −

px⊤B−B⊤xp⊤)y= d⊤Xd+ p2y − 2pyd
⊤x, and hence

d⊤Xd+ q2− 2qd⊤x= d⊤Xd+ p2y − 2pyd
⊤x+(q− py)

[
(q−d⊤x)+ (py −d⊤x)

]
≥ 0,

because q− py ≥ 0, q−d⊤x≥ 0 and py −d⊤x= y⊤(p−B⊤x)≥ 0. This is the constraint 2qd⊤x≤

d⊤Xd+ q2. Thus, the claim follows. □

Remark 6. Theorem 2 parallels a standard observation in the RLT literature: adding a linear

inequality that is redundant for the original linear description does not strengthen the RLT

relaxation; see, e.g., Proposition 8.2 in Sherali and Adams (1999), and Proposition 3(i) in Hof and

Walter (2025) for a recent treatment.

Note that adding linear constraints that are redundant to existing nonlinear constraints might be

useful, as is demonstrated in Example 5.

Example 5. Consider the following nonconvex problem:

min
x1,x2

2x1 +3x2− 5x1x2− (x1 +2) ln(x1 +2)

s.t. x1 +x2 ≤ 1,
exp(−x1)+ exp(−x2)≤ 1+ exp(−1).

(24)

Note that ln(x1 + 2) is well defined if x1 > −2, which is ensured by the second inequality. The

objective contains a sum of two SLC functions, namely, −5x1x2 and −(x1 + 2) ln(x1 + 2). The

obtained convex relaxation of Problem (24) from RPT without the optional SDP relaxation has an

objective value of −35.17. The obtained optimal solution x′ = (1,0)⊤ is a feasible solution to (24),

and its corresponding objective value is −1.30, which constitutes an upper bound on the optimal

value of (24).

The linear constraints x1 ≥−1 and x2 ≥−1 are redundant to the second inequality. However,

adding those constraints to (24) and subsequently applying RPT results in a convex relaxation of

Problem (24) with objective value of −4.47. Again, the obtained optimal solution x′ = (0.5,0.5)⊤

is a feasible solution to (24), and its corresponding objective value is −1.04, which constitutes

an upper bound on the optimal value of (24). Hence, by adding the redundant linear constraints

x1 ≥−1 and x2 ≥−1, we obtain a tighter lower bound on the optimal objective value of (24). □

Remark 7. Example 5 illustrates the strengthening effect discussed in Section 3.2: even linear

inequalities that are redundant for the original feasible set can tighten the lifted RPT relaxation,

because they generate additional valid product constraints when combined with other (nonlinear)

constraints. Related effects are exploited in the SOC–RLT literature for QCQP-type models; see,

e.g., Burer and Anstreicher (2013).
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5.2. Handling biconvex problems with convex constraints

We consider the following generic instance of (1):

min
x,y

c0(x)+
∑

k rk(y)ck(x)

s.t. x∈X ,y ∈Y,
(25)

where the functions rk(·) and ck(·) are assumed to be convex, and rk(y), ck(x)≥ 0. We show that

the constraints in the RPT relaxation of (25) resulting from pairwise multiplication in the same set,

i.e., either in X or in Y, are redundant as long as the LMI as given in Section 3.3 is not included.

Lemma 4 (Redundant Pairwise Multiplications). The additional constraints in the RPT

relaxation of (25) resulting from pairwise multiplication in X ×X and Y ×Y are redundant, if

the additional constraints resulting from pairwise multiplication in X ×Y are included, and the

following LMI X U x
U⊤ Y y
x⊤ y⊤ 1

⪰ 0,

where xx⊤, xy⊤ and yy⊤ are linearized by X, U ∈Rnx×ny and Y ∈Rny×ny , respectively, is not

included in the RPT relaxation.

Proof. Notice that any feasible solution for the problem involving all constraint multiplications

is also feasible for the one involving only those in X ×Y . On the other hand, if a solution is feasible

for the problem involving only the multiplications in X ×Y, since we are not using the LMI, we

can take X =xx⊤, Y = yy⊤ and therefore have a feasible solution for the problem involving all

multiplications. Therefore, we conclude that the two formulations are equivalent, which shows that

the constraint multiplications in X ×X and Y ×Y are redundant. □

Observe that the problem of minimizing a DC function is a special case of (25) where Y =dom(c∗1)

and both rk and ck are linear, as a result of the biconjugate reformulation as explained in Example 1.

Finally, we have the following remark in terms of branching, when we solve Problem (25) with

Algorithm 2.

Remark 8 (LMI in the (x,y)-Space). When we apply Algorithm 2 to minimization problems

of the form (25) in which we include the LMI, we typically generate hyperplanes by computing the

eigenvector corresponding to the largest eigenvalue of X −xx⊤, i.e., we only generate hyperplanes

in the x-space. Alternatively, hyperplanes can be generated in the (x,y)-space by considering the

eigenvectors of the matrix (
X U
U⊤ Y

)
− (x,y) (x,y)

⊤
,
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where (x,y) denotes the vector formed by stacking x and y. We observe that also generating

hyperplanes in the (x,y)-space adds many more constraints in each branch and bound iteration,

which can increase the computation time at each successive child node. On the other hand, generating

hyperplanes in the (x,y)-space might reduce the total number of hyperplanes that need to be

generated, potentially decreasing the overall computation time. The question of whether generating

hyperplanes in the (x,y)-space could be beneficial is left for future research. Finally, we note that

when we apply Algorithm 2 to minimization problems of the form (25) in which we do not include

the LMI, one can branch based on left and right directions associated with the matrix R=U −xy⊤.

Concretely, let vr be a unit eigenvector corresponding to the largest eigenvalue of R⊤R, i.e.,

R⊤Rvr = λmax(R
⊤R)vr.

If Rvr ̸= 0, define vℓ =Rvr/∥Rvr∥; then vℓ is a unit eigenvector corresponding to the largest

eigenvalue of RR⊤, i.e.,

RR⊤ vℓ = λmax(RR
⊤)vℓ.

□

5.3. Strengthening upper bounds with eigenvectors of the optimal solution

At an exact lift, X =xx⊤. If x ≠ 0, multiplying both sides by x gives Xx= (x⊤x)x. Therefore,

we notice that x is an eigenvector of X with corresponding eigenvalue x⊤x. Hence, we can add

the eigenvectors of X to the candidate set X ′, as described in Section 3.4. As for every element of

X ′, an eigenvector-derived candidate is used to obtain an upper bound only after direct feasibility

and finite-objective checks. Example 6 illustrates a case where the tightest upper bound can be

obtained from an eigenvector of X.

Example 6. Consider the following toy problem:

min
x

(x1 +x2 +1)exp(x2)

s.t. x1 +x2 +1≥ 0,
x1x2 ≥−1.

(26)

An optimal solution of (26) is (−1,0) with optimal value 0. After applying RPT we obtain the

following relaxation

min
x,X

(x1 +x2 +1)exp
(

X12+X22+x2
x1+x2+1

)
s.t. x1 +x2 +1≥ 0,

X12 ≥−1,
X11 +X22 +2X12 +2x1 +2x2 +1≥ 0.

(27)

The optimal solution of (27) is

x∗ =

[
0.71
−1.57

]
and X∗ =

[
2.73 −1.00
−1.00 0.00

]
,
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with optimal value 0, which gives us a lower bound for the optimal value of (26). We have the

following candidate vectors

xX
1 =

X∗
1

x∗
1

=

[
3.85
−1.41

]
, xX

2 =
X∗

2

x∗
2

=

[
0.64
0.00

]
.

The eigenvectors of X∗ are

xEV
3 =

[
−0.31
−0.95

]
, xEV

4 =

[
−0.95
0.31

]
.

We observe that x∗ is infeasible as x∗
1x

∗
2 =−1.11<−1. Moreover, xX

1 is infeasible as (xX
1 )1(x

X
1 )2 =

−5.44<−1 and xEV
3 is infeasible as (xEV

3 )1 +(xEV
3 )2 +1=−0.26< 0. Finally, we notice that xX

2 is

feasible and gives an upper bound of 1.64, while xEV
4 is also feasible and gives an upper bound of

0.49. Therefore, in this example the tightest upper bound is obtained from the second eigenvector

of X∗. □

6. Convergence analysis of the RPT-BB approach

In this section we show that Algorithm 2 converges for Problem (1). Theorem 3 shows that the

solution returned by the algorithm is δ-optimal whenever the algorithm terminates, and that

the global lower bounds converge to the optimal value, up to the accuracy with which the node

relaxations are solved, whenever the algorithm does not terminate. Corollary 1 shows that the

algorithm terminates after finitely many iterations under additional conditions. The proofs are

given in Appendix F.

Throughout this section we assume that Assumptions 1 and 2 hold, that Problem (1) is feasible,

and that its optimal value v⋆ is finite. Here X and x are those of the SLC formulation that is

actually solved, including any auxiliary variables introduced by a reformulation.

We use the following notation. For a node Nj , Fj is the feasible set of its RPT relaxation. Solving

this relaxation returns a point σj = (xj,τj,Xj,Vj)∈Fj with relaxation objective value pj , together

with a lower bound ℓj on the relaxation objective value of every point of Fj . Algorithm 1 branches

on σj. The lower bound Lbj of the node in Algorithm 2 is ℓj or, if larger, the bound inherited

from the parent. We write Rj =Xj −xjx
⊤
j and ρj = ∥Rj∥2, and we denote the diameter of X by

Dx :=maxx,x′∈X ∥x−x′∥2. As in Algorithm 2, Lb and Ub are the global lower and upper bounds,

and xinc is the incumbent, that is, the solution x∗ that Algorithm 2 returns. Finally, an infinite

nested branch is an infinite sequence of nodes in which every node is a child of the previous one.

Assumption 3 (Accuracy of the Node Relaxation Solutions). There is a tolerance ε̄ ≥ 0

such that, for every node Nj generated by Algorithm 2, solving the relaxation of Nj in finite time

either correctly reports that Fj = ∅, or returns a point σj ∈Fj with relaxation objective value pj and

a lower bound ℓj ∈R on the relaxation objective value of every point of Fj such that

ℓj ≤ pj ≤ ℓj + ε̄. (28)
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Theorem 3 (Convergence and Optimality Certificates). Let Assumptions 1–3 hold, and let

Algorithm 2 be run with any δ≥ 0. Then the following statements hold.

(a) If the algorithm terminates, then it returns a feasible incumbent xinc with

0≤ f0(xinc)− v⋆ ≤Ub−Lb≤ δ.

In particular, the incumbent is globally optimal when δ= 0.

(b) If the algorithm does not terminate, then the global lower bounds Lb converge monotonically to

a limit L with v⋆− ε̄≤L≤ v⋆. Moreover, every accumulation point x̄ of the relaxation solutions

xj along an infinite nested branch is feasible for Problem (1) and satisfies f0(x̄)≤L+ ε̄≤ v⋆+ ε̄.

Remark 9 (Upper Bounds and Finite Termination). Theorem 3 is a result on the lower

bounds. It does not state that the upper bounds converge to v⋆, and hence it does not guarantee

that Algorithm 2 terminates when δ > 0. The proof of Corollary 1 below shows what is needed for

termination. Consider an infinite nested branch {Nr} and a subsequence of relaxation solutions

xrℓ → x̄. Suppose that the upper-bounding procedure of Section 3.4, applied to the nodes Nrℓ ,

produces feasible solutions x̂rℓ with lim infℓ f0(x̂rℓ)≤ f0(x̄). Then Ub−Lb≤ f0(x̂rℓ)−Lbrℓ when

Nrℓ is selected, and the limit inferior of the right-hand side is at most f0(x̄)−L≤ ε̄. For δ > ε̄ this

contradicts the stopping criterion, so the algorithm terminates. If K= ∅ and f0 is continuous, then

x̂r =xr has this property. If K ̸= ∅, then the solutions xr may violate the constraints fk(x)≤ 0 at

every node of the branch, even though their limit points satisfy these constraints. In that case,

the candidate solutions and local searches of Section 3.4 need not produce feasible solutions whose

objective values approach f0(x̄).

Corollary 1 (Finite δ-Optimal Termination When K= ∅). Let Assumptions 1–3 hold with

ε̄ < δ. Suppose that K= ∅ and that f0 is finite and continuous on X . Then Algorithm 2 terminates

after finitely many iterations and returns a feasible incumbent xinc satisfying 0≤ f0(xinc)− v⋆ ≤ δ.

7. Known convex reformulations and relaxations obtained via RPT

In this section, we show that several convex reformulations and relaxations for several classes of

nonconvex problems derived in the literature can also be obtained via RPT.

7.1. Disjunctive optimization

A description of the convex hull of the union of convex sets can be derived by using RPT. It

follows from the definition that the convex hull of the union of nonempty, compact convex sets

Xk = {x | hk(x)≤ 0}, k ∈K is:

conv

(⋃
k∈K

Xk

)
=

{
x

∣∣∣∣ ∃xk ∈Xk,λ≥ 0 :x=
∑
k∈K

λkxk,
∑
k∈K

λk = 1

}
,
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where hk(x) = [h1k(x) h2k(x) · · · hJk(x)]
⊤, and hjk :Rnx→ (−∞,+∞] is proper, closed and convex

for every j ∈J , k ∈K. This description is nonlinear and nonconvex, since it contains products of

variables λkxk, k ∈K. One can apply RPT to obtain the following convex relaxation{
x

∣∣∣∣ ∃uk :x=
∑
k∈K

uk,
∑
k∈K

λk = 1, λ≥ 0, λkhk(uk/λk)≤ 0, k ∈K

}
.

This convex relaxation is exact according to Gorissen et al. (2014, Lemma 1), which applies

because Xk, k ∈K, are nonempty, compact and convex sets. We now use this observation to derive

convex relaxation for disjunctive optimization problems with general convex sets. In Sherali and

Adams (2005, Section 4), the authors derive similar result for disjunctive optimization problems

with a linear objective function and polyhedral sets Xk, k ∈ K. Consider a generic disjunctive

optimization problem

min
x

f(x)

s.t. x∈
⋃
k∈K

Xk,
(DP)

where f :Rnx→ (−∞,+∞] is proper, closed and convex. Disjunctive optimization problems are in

general nonconvex because its feasible region constitutes a union of convex sets Xk. By applying

RPT to the feasible region of (DP), we obtain the following convex relaxation:

min
y,{uk}k

f

(∑
k∈K

uk

)
s.t. ykhk(uk/yk)≤ 0, k ∈K,∑

k∈K

yk = 1,

yk ≥ 0, k ∈K,

which is often referred to as the hull relaxation (Grossmann and Lee, 2003). Note that this hull

relaxation is tight if f(·) is a linear function, and Xk, k ∈K, are nonempty, compact and convex

sets.

7.2. Generalized linear optimization

Consider a generalized linear optimization problem of the following form (Dantzig, 1963, p. 434):

min
y,{xk}k

c⊤y

s.t.
∑
k∈K0

xkyk ≤ b,

y≥ 0,
xk ∈Xk, k ∈K0,

(GLP)
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where Xk = {x | hk(x)≤ 0}, k ∈K0, and hk :Rnx→ (−∞,+∞]J is a vector of J proper, closed and

convex functions for each k ∈K0. The partial RPT relaxation of (GLP) is:

min
y,{uk}k

c⊤y

s.t.
∑
k∈K0

uk ≤ b,

ykhk(uk/yk)≤ 0, k ∈K0,
y≥ 0.

The convex problem is in general a convex relaxation of (GLP), which has the same optimal value

as (GLP) if one of the following regularity conditions is satisfied: (i) Xk is bounded for each k ∈K0

(Gorissen et al., 2014, Lemma 1); (ii) there exists a (y,{xk}k) with y> 0 that is feasible for (GLP)

(Zhen et al., 2023, Lemma 6). While for a special case where Xk, k ∈K, are (nonempty) boxes, the

corresponding linear relaxation of (GLP) is exact due to Dantzig (1963).

7.3. Convex hull representation for 0-1 mixed-integer convex programs

Consider the following 0-1 mixed-integer constrained set (Sherali and Adams, 2009):

X =

{
x

hk(x)≤ 0, k ∈K,
xB ∈ {0,1}nB , xC ∈ [0,1]nC

}
,

where the vector x∈Rnx is the concatenation of the binary vector xB and the continuous vector xC ,

namely, x= (xB,xC) with nx = nB +nC . Assume X ≠ ∅. Similarly to Sherali and Adams (2009),

for each subset J ⊆B, where B= {1, · · · , nB}, we define the polynomial factors

FJ (xB) =
∏
j∈J

(xB)j
∏

j∈B\J

(
1− (xB)j

)
.

Observe that these factors satisfy the identity∑
J⊆B

FJ (xB) =
∏
j∈B

(
(xB)j +(1− (xB)j)

)
= 1.

We linearize each factor FJ (xB) by introducing a variable λJ ∈R+. We then impose the simplex

constraints

λJ ≥ 0 ∀J ⊆B,
∑
J⊆B

λJ = 1, (29)

and

(xB)i =
∑

J⊆B: i∈J

λJ ∀i∈B. (30)

Note that, since xB ∈ {0,1}nB , constraints (29) and (30) imply that

λJ =

{
1, if J = {i∈B : (xB)i = 1},
0, otherwise.
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Hence, λJ = FJ (xB) for all J ⊆B.

Next, for each subset J ⊆ B, we introduce a vector yJ ∈ Rnx to represent the product xλJ

componentwise. For the binary block, this yields the exact identities

(
(yJ )B

)
i
=

{
λJ , if i∈J ,
0, otherwise,

∀i∈B, ∀J ⊆B. (31)

For the continuous block, we linearize the product xCλJ by (yJ )C , and use the bounds 0≤xC ≤ 1

to impose

0≤ (yJ )C ≤ 1λJ ∀J ⊆B, (32)

where 0,1∈RnC denote the all-zeros and all-ones vectors, respectively. Finally, since
∑

J⊆B λJ = 1

and yJ =xλJ , we obtain

x=
∑
J⊆B

yJ . (33)

Moreover, (31) and (33) imply (30), so the latter need not be imposed again.

Using these variables, and convexifying each bilinear constraint λJhk(x)≤ 0 via the perspective

of hk, we obtain

Xconv =

x
∣∣∣∣∣∣ ∃λ,yJ :

λJhk

(
yJ

λJ

)
≤ 0, k ∈K, J ⊆B

(29), (31), (32), (33)

 . (34)

The formulation (34) is convex and, as shown in Sherali and Adams (2009), it equals the convex

hull of X , that is,

Xconv = conv(X ).

This exact description enumerates all 2nB subsets J ⊆B, that is, all binary assignments.

7.4. Approximate S-Lemma for quadratically constrained quadratic optimization

Consider a quadratically constrained quadratic optimization problem with only one (quadratic)

constraint:

min
x

x⊤A0x+2b⊤0 x+ c0

s.t. x⊤A1x+2b⊤1 x+ c1 ≤ 0,
(QCQP)

where Ak ∈Rnx×nx , bk ∈Rnx and ck ∈R for each k ∈ {0,1}. It is well-known that such a problem

admits a convex reformulation via the S-lemma. In the following, we show that the dual of the

obtained convex reformulation from the S-lemma can be interpreted as an RPT relaxation. Suppose

that there exists an x∈Rnx with x⊤A1x+2b⊤1 x+ c1 < 0, then we have

min
x

x⊤A0x+2b⊤0 x+ c0

s.t. x⊤A1x+2b⊤1 x+ c1 ≤ 0
⇐⇒

max
λ≥0,γ

γ

s.t.

[
A0 b0
b⊤0 c0

]
⪰ γ

[
O 0
0⊤ 1

]
−λ

[
A1 b1
b⊤1 c1

]
,
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where O ∈Rnx×nx is a matrix of all zeros. Here the ”⇐⇒ ” holds due to the S-lemma (Boyd and

Vandenberghe, 2004, Appendix B). The dual of the obtained semidefinite problem is

min
X,x

Tr(A0X)+ 2b⊤0 x+ c0

s.t. Tr(A1X)+ 2b⊤1 x+ c1 ≤ 0,[
X x
x⊤ 1

]
⪰ 0,

which is clearly an RPT relaxation of (QCQP). Consider now a generic quadratically constrained

quadratic optimization problem with more than one quadratic inequality constraint:

min
x

x⊤A0x+2b⊤0 x+ c0

s.t. x⊤Akx+2b⊤k x+ ck ≤ 0 k ∈K,

where Ak ∈Rnx×nx , bk ∈Rnx and ck ∈R for each k ∈K0. Similarly, the dual of the convex relaxation

obtained from using the approximate S-lemma coincides with the convex relaxation from RPT:

min
X,x

Tr(A0X)+ 2b⊤0 x+ c0

s.t. Tr(AkX)+ 2b⊤k x+ ck ≤ 0, k ∈K,[
X x
x⊤ 1

]
⪰ 0.

Note that here the obtained relaxation is not tight in general, and for more details on the approximate

S-lemma, we refer to Ben-Tal et al. (2002).

7.5. Fractional optimization

Consider the following generic fractional optimization problem

min
x

f(x)

g(x)
s.t. hk(x)≤ 0 k ∈K,

(FP)

where f : Rnx → R+ is convex and nonnegative, g : Rnx → R++ is concave and positive, and hk :

Rnx→ (−∞,+∞] is proper, closed and convex for every k ∈K. By first introducing an epigraphical

variable τ for the positive convex function 1/g(x), we obtain the SLC constraint τg(x)≥ 1, and

then apply RPT, linearizing the products τx by v, to obtain:

min
v,τ

τf(v/τ)

s.t. τg(v/τ)≥ 1,
τhk(v/τ)≤ 0, k ∈K.

The obtained convex problem is an exact convex reformulation of (FP) (Schaible, 1974).



Bertsimas et al.: Reformulation-Perspectification Technique for nonconvex optimization problems
35

8. Numerical experiments

We evaluate RPT-BB and RPT-SDP-BB on five classes of nonconvex optimization problems: sum-

of-max-linear-terms maximization, log-sum-exp maximization, linear multiplicative optimization,

quadratically constrained quadratic optimization, and dike height optimization. The first three use

the biconjugate reformulation, whereas the latter two are already in the generic form (1).

All numerical experiments in this paper were run on a MacBook Pro with an Apple M3 Pro

chip (11 CPU cores: 5 performance and 6 efficiency) and 18 GB RAM. The RPT methods are

implemented in Julia 1.12.5 (JuliaLang contributors, 2026) with JuMP.jl 1.29.4 (JuMP developers,

2026). Gurobi 13.0.0 (Gurobi Optimization, LLC, 2026) solves the linear optimization problems

and MOSEK 11.0.30 (ApS, 2025) the conic node relaxations. Ipopt is used for the local searches

of Section 3.4 in the quadratically constrained quadratic and dike height optimization problems.

Both RPT methods in the main tables use the branching rule of Algorithm 1, with an absolute or

relative optimality tolerance of 10−4 and a time limit of 1800 seconds per problem instance. We

compare the proposed approach with BARON 21.1.13 (Sahinidis, 1996; The Optimization Firm,

LLC, 2021), called through Pyomo 6.7.2 (Bynum et al., 2021; Hart et al., 2011), with SCIP 10.0.0

(Hojny et al., 2025), called through JuMP.jl, and with CPLEX 22.1.2 (ILOG, Inc., 2017), called

through docplex 2.32.264. All solvers are run with one thread, with the same optimality tolerance

and time limit as the RPT methods, with a constraint feasibility tolerance of 10−6, and with one

solver call per problem instance. We distinguish direct and biconjugate formulations by the suffixes

Dir and Bic, where applicable.

The tables report the best feasible objective value returned (Opt), the number of branching

hyperplanes (Hyp), the computation time in seconds (Time), and the number of instances that

reach the time limit (TO). For the randomly generated groups, Opt, Hyp and Time are averages

over the ten instances of the group, and TO is reported out of ten. The time of an instance that

reaches the time limit is recorded as 1800 seconds. A solver may also stop before the time limit

without proving optimality, so a feasible objective value or a zero timeout count does not by itself

establish optimality. We retain feasible objective values even when optimality is not established.

Incumbent candidates of all methods are checked against the original constraints with a feasibility

tolerance of 10−6. A dash indicates that no feasible solution was returned, and the group mean is

withheld if any instance of the group returns none. Appendix A compares branching rules within

RPT-BB and RPT-SDP-BB.
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8.1. Sum-of-max-linear-terms maximization over convex and nonconvex constraints

We consider the following generic sum-of-max-linear-terms maximization problem from Zhen et al.

(2022) and Selvi et al. (2022):

max
x∈X

∑
ℓ∈L

max
j∈Jℓ

{A⊤
j x+ bj}, (35)

where A ∈ Rnx×ny , b ∈ Rny . We consider three cases of X : a set defined by linear constraints, a

set defined by an additional geometric constraint, and a set defined by an additional nonconvex

constraint, i.e., X =X1, X =X2, and X =X3, where

X1 = {x∈Rnx
+ |D⊤x≤ d},

X2 =

{
x∈X1

∣∣∣∣ log
(

nx∑
i=1

exp(xi)

)
≤ a

}
,

X3 =

{
x∈X1

∣∣∣∣∥∥x∥∥2 + nx∑
i=1

√
xi ≤ c

}
.

Here D ∈Rnx×m and d∈Rm. Since the objective of (35) is a closed convex function, we can replace

it by its biconjugate function and obtain the following equivalent maximization problem:

max
x∈X
y∈Y

(A⊤x+ b)⊤y,
(36)

where Y equals the domain of the conjugate function of the objective of (35), i.e.,

Y =

{
y ∈Rny

+

∣∣∣∣∑
j∈Jℓ

yj = 1, ℓ∈L

}
.

Note that ny =
∑

ℓ∈L |Jℓ|. We compare RPT-BB, RPT-SDP-BB, and BARON. Furthermore, for

X =X1 and X =X2, we also compare them with the exact mixed integer optimization reformula-

tion (MIP), given by

max
x∈X
λ,z

∑
ℓ∈L

λℓ

s.t. λℓ ≤A⊤
j x+ bj +M(1− zj), j ∈Jℓ, ℓ∈L,∑

j∈Jℓ

zj = 1, ℓ∈L,

z ∈ {0,1}ny .

(37)

We solve Problem (37) with Gurobi for X1 and MOSEK for X2. Instances labeled 1–5 correspond to

single instances, taken from Selvi et al. (2022), whereas instances labeled 1r–5r report averages over 10

independently generated random instances, generated according to the exact same mechanism. We

refer to Appendices D.1 and E.1 for the convex RPT relaxation and problem instances, respectively.
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X #
RPT-BB RPT-SDP-BB BARON MIP

Opt Time Hyp TO Opt Time Hyp TO Opt Time TO Opt Time TO

X1

1 23.29 0.01 0.0 0/1 23.29 0.01 0.0 0/1 23.29 0.11 0/1 23.29 0.00 0/1
1r 22.72 0.01 0.0 0/10 22.72 0.01 0.0 0/10 22.72 0.10 0/10 22.72 0.00 0/10
2 233.94 0.11 0.0 0/1 233.94 0.45 0.0 0/1 233.94 0.31 0/1 233.94 0.02 0/1
2r 211.87 0.19 0.2 0/10 211.87 0.44 0.0 0/10 211.87 0.74 0/10 211.87 0.02 0/10
3 1081.62 126.19 78.0 0/1 1081.62 26.50 0.0 0/1 1081.62 1800.00 1/1 1081.62 1.18 0/1
3r 1159.90 56.70 34.4 0/10 1159.90 59.83 0.3 0/10 1159.90 1800.00 10/10 1159.90 1.06 0/10
4 113.70 0.03 0.0 0/1 113.70 0.05 0.0 0/1 113.70 2.29 0/1 113.70 0.01 0/1
4r 83.78 0.16 0.5 0/10 83.78 0.10 0.0 0/10 83.78 2.49 0/10 83.78 0.00 0/10
5 3002.44 2.63 1.0 0/1 3002.44 118.96 1.0 0/1 3002.44 1800.00 1/1 3002.44 327.52 0/1
5r 2898.05 9.46 6.0 0/10 2898.05 141.77 1.3 0/10 2898.05 1800.00 10/10 2898.05 1073.88 4/10

X2

1 14.58 0.02 0.0 0/1 14.58 0.03 0.0 0/1 14.58 0.18 0/1 14.58 0.05 0/1
1r 14.54 0.02 0.0 0/10 14.54 0.03 0.0 0/10 14.54 0.13 0/10 14.54 0.06 0/10
2 136.22 0.35 0.0 0/1 136.22 0.96 0.0 0/1 136.22 1800.00 1/1 136.22 1115.66 0/1
2r 122.21 2.18 3.3 0/10 122.21 3.57 0.7 0/10 122.21 1800.00 10/10 122.21 468.78 0/10
3 837.94 559.62 76.0 0/1 837.94 92.00 0.0 0/1 837.94 1800.00 1/1 790.75 1800.00 1/1
3r 890.07 932.13 77.0 4/10 890.07 312.34 0.6 0/10 890.07 1800.00 10/10 843.66 1800.00 10/10
4 33.73 4.06 15.0 0/1 33.73 3.86 2.0 0/1 33.73 45.78 0/1 33.73 0.13 0/1
4r 31.81 1.94 4.9 0/10 31.81 1.47 0.8 0/10 31.81 19.76 0/10 31.81 0.11 0/10
5 1610.69 1800.00 210.0 1/1 1610.69 1800.00 5.0 1/1 1610.69 1800.00 1/1 1588.59 1800.00 1/1
5r 1670.92 1800.00 140.4 10/10 1670.92 1800.00 5.5 10/10 1671.02 1800.00 10/10 1657.09 1800.00 10/10

X3

1 13.45 215.12 642.0 0/1 13.41 11.76 19.0 0/1 13.45 0.22 0/1
1r 14.99 369.08 432.2 1/10 14.99 11.77 13.1 0/10 15.02 0.14 0/10
2 140.87 112.86 179.0 0/1 140.62 41.25 4.0 0/1 140.89 5.59 0/1
2r 129.29 148.51 213.9 0/10 129.10 41.29 4.1 0/10 129.31 238.47 0/10
3 768.96 801.40 99.0 0/1 768.94 1800.00 2.0 1/1 768.97 1800.00 1/1
3r 795.18 1404.88 157.7 7/10 793.83 1800.00 2.0 10/10 805.60 1800.00 10/10
4 45.34 1800.00 216.0 1/1 45.34 232.76 51.0 0/1 45.34 74.31 0/1
4r 44.79 1492.21 443.6 6/10 44.89 575.90 58.0 1/10 44.97 40.45 0/10
5 2267.99 1800.00 195.0 1/1 - 1800.00 2.0 1/1 2125.58 1800.00 1/1
5r 2342.89 1800.00 61.6 10/10 - 1800.00 2.1 10/10 2185.23 1800.00 10/10

Table 4 Results for Problem (36) over the feasible regions X1,X2, and X3.

From Table 4, we observe that the RPT methods are competitive with MIP over X1 and X2,

and substantially faster on several instances for which BARON reaches the time limit. The LMI

strengthening can reduce computation time when it substantially reduces branching, as on instances

3 and 3r over X2, but can increase computation time when RPT-BB already needs few hyperplanes.

Over X3, no method is uniformly best. RPT-BB returns the highest objective values on instances

5 and 5r, although all methods reach the time limit, whereas RPT-SDP-BB returns no feasible

solution. The lower objective values returned by RPT-SDP-BB on some other instances also indicate

numerical difficulties. Thus the LMI strengthening is useful on some instances, but is not consistently

advantageous.

8.2. Log-sum-exp maximization over linear constraints

We consider the log-sum-exp maximization problem subject to linear constraints:

max
x∈X1

log

(
nx∑
i=1

exp(xi)

)
. (38)
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Since the objective of (38) is a closed convex function, we can replace it by its biconjugate function

and obtain the following equivalent maximization problem:

max
x∈X1

(y,w)∈Y

x⊤y+

nx∑
i=1

wi, (39)

where Y equals the domain of the conjugate function of the objective of (38), i.e.,

Y =

{
y ∈Rnx

+ , w ∈Rnx

∣∣∣∣∣ yi exp
(
wi

yi

)
≤ 1, i∈ {1, . . . , nx},

nx∑
i=1

yi = 1

}
.

Observe that here we make use of case 7 in Table 1 and introduce epigraphical variables wi for every

i∈ {1, . . . , nx}. We refer to Appendices D.2 and E.2 for the convex RPT relaxation and problem

instances, respectively. The results are illustrated in Table 5. Each entry corresponds to the average

over 10 randomly generated instances.

X #
RPT-BB RPT-SDP-BB BARON-Dir SCIP-Dir BARON-Bic SCIP-Bic

Opt Time Hyp TO Opt Time Hyp TO Opt Time TO Opt Time TO Opt Time TO Opt Time TO

X1

1 10.01 0.75 0.0 0/10 10.01 0.91 0.0 0/10 10.01 0.07 0/10 10.01 0.00 0/10 10.01 1800.00 10/10 10.01 1800.00 10/10
2 40.00 1.03 0.0 0/10 40.00 28.74 0.0 0/10 40.00 1800.00 10/10 40.00 0.00 0/10 40.00 1800.00 10/10 - 1800.00 10/10
3 6.10 2.29 1.0 0/10 6.10 4.06 1.0 0/10 6.10 0.13 0/10 6.10 0.02 0/10 5.71 1800.00 10/10 6.10 1800.00 10/10
4 21.96 0.28 0.0 0/10 21.96 1.40 0.0 0/10 21.90 1080.07 6/10 21.96 0.11 0/10 14.77 1800.00 10/10 20.89 1800.00 10/10
5 - 7.54 0.0 0/10 34.76 148.91 0.0 0/10 34.76 1440.05 8/10 34.76 0.21 0/10 15.11 1800.00 10/10 33.40 1800.00 10/10

Table 5 Results for Problem (38).

From Table 5, we observe that SCIP is fastest on the direct formulation, whereas RPT handles

the biconjugate formulation much faster than BARON-Bic and SCIP-Bic, both of which reach the

time limit on every instance. The benefit of the biconjugate reformulation therefore depends on

the relaxation used to solve it. Within RPT, the LMI strengthening does not reduce branching

on these instances and increases computation time. RPT-BB is consequently faster, although on

instance 5 MOSEK stalls on the root relaxation of one of the ten random instances and RPT-BB

returns no solution for it, so the group mean of the objective value is withheld.

8.3. Linear multiplicative optimization

We consider the following linear multiplicative optimization problem from Ryoo and Sahinidis

(1996):

min
x∈X

ny∏
i=1

(
A⊤

i x+ bi
)
, (40)

where A ∈ Rnx×ny , b ∈ Rny , X = {x ∈Rnx
+ | D⊤x≤ d, A⊤

i x+ bi ≥ 0}, D ∈ Rnx×L′
, and d ∈RL′

.

Without loss of generality we assume A⊤
i x+ bi > 0 for all i∈ I. Utilizing a log transformation, as

in Ryoo and Sahinidis (1996), Problem (40) can be equivalently reformulated as

min
x∈X

ny∑
i=1

log
(
A⊤

i x+ bi
)
. (41)
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Since the objective of (41) is a closed concave function, we can replace it by its biconjugate function

and obtain the following equivalent maximization problem:

max
x∈X

(y,w)∈Y

−(A⊤x+ b)⊤y−
ny∑
i=1

wi, (42)

where Y equals the domain of the conjugate function of the objective of (41), i.e.,

Y =
{
y ∈Rny

+ ,w ∈Rny
∣∣ exp(−wi− 1)≤ yi, i∈ {1, . . . , ny}

}
.

Observe that here we make use of case 3 in Table 1 and introduce epigraphical variables wi for every

i∈ {1, . . . , ny}. Moreover, Y is not bounded, which is one reason we make no general asymptotic-

convergence claim for this formulation. We refer to Appendices D.3 and E.3 for the convex RPT

relaxation and problem instances, respectively. The results are illustrated in Table 6. Each entry

corresponds to the average over 10 randomly generated instances.

#
RPT-BB RPT-SDP-BB BARON-Dir SCIP-Dir BARON-Bic SCIP-Bic

Opt Time Hyp TO Opt Time Hyp TO Opt Time TO Opt Time TO Opt Time TO Opt Time TO

1 12.14 2.27 26.5 0/10 12.14 4.53 18.0 0/10 12.14 0.15 0/10 12.14 0.11 0/10 12.14 25.48 0/10 12.14 2.12 0/10
2 23.47 8.52 53.2 0/10 23.47 24.14 31.1 0/10 23.47 0.29 0/10 23.47 6.05 0/10 23.47 1413.00 6/10 23.47 711.06 2/10
3 20.96 36.65 138.9 0/10 20.96 30.78 28.6 0/10 20.96 0.50 0/10 20.96 266.91 0/10 20.96 1149.62 4/10 20.96 1220.68 6/10
4 18.99 1748.07 1256.5 8/10 18.99 208.97 40.7 0/10 18.99 7.63 0/10 18.99 1800.00 10/10 18.99 1800.00 10/10 18.99 1800.00 10/10
5 8.90 1800.00 291.8 10/10 - 522.11 33.2 0/10 8.90 0.41 0/10 8.90 1416.36 7/10 8.90 52.26 0/10 8.90 110.43 0/10

Table 6 Results for Problem (40).

BARON-Dir and SCIP-Dir are applied to the logarithmic reformulation (41), and BARON-Bic

and SCIP-Bic to (42). From Table 6, we observe that the logarithmic reformulation is particularly

effective for BARON-Dir, which has the lowest computation time on instances 2–5 and no timeouts.

For the biconjugate formulation, RPT-SDP-BB is faster than BARON-Bic and SCIP-Bic on

instances 2–4. The LMI strengthening also substantially reduces branching relative to RPT-BB,

most clearly on instance 4, but increases computation time on the first two instances. These results

illustrate the importance of both the formulation and the relaxation. On instance 5, MOSEK stalls

on the root relaxation of one of the ten random instances and RPT-SDP-BB returns no solution for

it, so the group mean of the objective value is withheld.

8.4. Quadratically constrained quadratic optimization

We consider the following quadratically constrained quadratic optimization problem:

min
x∈X1

x⊤P0x+ q⊤0 x+ r0

s.t. x⊤Pkx+ q⊤k x+ rk ≤ 0, k ∈K,
(43)

where Pk ∈Rnx×nx , k ∈K0, are not necessarily positive semidefinite and as a result Problem (43) is

not necessarily convex. However, the nonconvex quadratic functions are SLC, hence we can apply



Bertsimas et al.: Reformulation-Perspectification Technique for nonconvex optimization problems
40

RPT. CPLEX is run only on instances 1–5, which have linear constraints. It is not run on instances

6–10, which contain nonconvex quadratic constraints. We refer to Appendices D.4 and E.4 for the

convex RPT relaxation and problem instances, respectively. The results are illustrated in Table 7.

#
RPT-BB RPT-SDP-BB BARON CPLEX

Opt Time Hyp TO Opt Time Hyp TO Opt Time TO Opt Time TO

1 394.75 6.12 1 0/1 394.75 7.50 1 0/1 394.75 0.38 0/1 394.75 0.07 0/1
2 884.75 0.24 0 0/1 884.75 0.26 0 0/1 884.75 0.27 0/1 884.75 0.04 0/1
3 6888.78 0.02 0 0/1 6888.78 0.02 0 0/1 6888.78 0.07 0/1 6888.78 0.02 0/1
4 98382.63 0.56 0 0/1 98382.63 1.73 0 0/1 98382.63 1800.00 1/1 98382.63 0.71 0/1
5 774482.39 40.25 0 0/1 774482.39 35.70 0 0/1 774482.38 1800.00 1/1 774482.38 8.60 0/1

6 1717.80 0.78 0 0/1 1717.80 0.82 0 0/1 1717.80 0.22 0/1
7 4507.75 0.29 1 0/1 4507.75 0.33 1 0/1 4507.75 0.21 0/1
8 17084.82 0.62 3 0/1 17084.82 0.08 0 0/1 17084.82 0.19 0/1
9 46632.36 1800.00 483 1/1 46632.36 49.32 21 0/1 46632.36 18.12 0/1
10 52233.70 1800.00 133 1/1 52233.70 1800.00 151 1/1 52233.70 1800.00 1/1

Table 7 Results for Problem (43). Instances 1–5 contain only linear constraints, while instances 6–10 contain

additional nonconvex quadratic constraints.

From Table 7, we observe that all methods return the same objective values within the tolerance.

CPLEX has the lowest computation time on instances 1, 2 and 5, and ties with the RPT methods

on instance 3 at the reported precision. RPT-BB is fastest on instance 4, whereas BARON reaches

the time limit on instances 4 and 5. RPT-BB and RPT-SDP-BB solve instances 1–8 in at most 40.25

seconds with at most three hyperplanes. On instance 9, BARON has the lowest computation time

(18.12 seconds), RPT-SDP-BB terminates after 49.32 seconds with 21 hyperplanes, and RPT-BB

reaches the time limit after 483 hyperplanes, which shows the effect of the LMI strengthening on

the instances with nonconvex quadratic constraints. On instance 10, all methods reach the time

limit.

8.5. Dike height optimization

Eijgenraam et al. (2017) develop a model to optimize dike heightening in the Netherlands. The

authors show that the optimal solution is periodic, i.e., the dike is heightened by the same amount

every t years, and explicit expressions are derived for t and the optimal heightenings. However, in

practice there are several reasons to deviate from the periodic solution. For example, it may be

desirable to combine heightenings of several dikes. In this section, we propose to use RPT to solve

the dike heightening problem in which the years at which heightening takes place are fixed and may

deviate from every t years. Such problems cannot be solved by the approach in Eijgenraam et al.

(2017). We consider the following dike height optimization problem, which is the time truncated

version of the problem in Eijgenraam et al. (2017):

min
x≥0,h

∑
k∈K0

(C + bxk) exp (λhk− δtk)︸ ︷︷ ︸
Investment costs

+
∑
k∈K0

S0

βδ

(exp (βδtk+1)− exp (βδtk)) exp (−θhk)︸ ︷︷ ︸
Expected damage costs

+
S0

δ
exp (βδT − θhK)︸ ︷︷ ︸

Future damage costs

,

(DHO)
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where t is the vector of all moments in time at which the dike height is increased, t0 = 0, x is the

vector of all increases in dike height, where xk is the increment of the dike height at time tk, hk is

the increase in dike height after tk years, i.e., hk =
∑k

i=0 xi, hK =
∑

k∈K0
xk and βδ, δ, θ, λ, b,C,T and

S0 are constants, which are explained in more detail in Appendix E.5. The feasible region of (DHO)

is not compact without upper bounds on x. The constraints xi ≤ 300 used in the implementation

make it compact, as required by Assumption 1.

The objective of (DHO) is to minimize the sum of investment costs and the total expected cost

of flooding, both as a result of heightening dikes, see Eijgenraam et al. (2017) for a full description.

Since t is fixed, the objective of (DHO) is SLC, as it consists of two convex terms (expected damage

costs and future damage costs) and a sum of linear times convex functions, hence we can apply

RPT-BB. We compare RPT-BB, RPT-SDP-BB, and BARON. We refer to Appendices D.5 and E.5

for the convex RPT relaxation and problem instances, respectively. The results for the homogeneous

dike rings 10, 15 and 16 in the Netherlands are shown in Table 8.

t #
RPT-BB RPT-SDP-BB BARON

Opt Time Hyp TO Opt Time Hyp TO Opt Time TO

tir

10 61.98 1800.00 2935 1/1 61.98 0.08 0 0/1 61.98 4.09 0/1
15 608.74 1800.00 4335 1/1 608.74 0.10 0 0/1 608.74 213.64 0/1
16 1268.11 1800.00 3365 1/1 1268.11 0.09 0 0/1 1268.11 55.61 0/1

t25

10 61.31 1800.00 2073 1/1 61.31 8.71 0 0/1 61.31 25.55 0/1
15 609.92 1800.00 854 1/1 609.92 0.15 0 0/1 609.92 1362.23 0/1
16 1269.63 1.05 3 0/1 1269.63 0.20 0 0/1 1269.63 220.94 0/1

t50

10 55.50 853.89 2999 0/1 55.50 0.04 0 0/1 55.50 0.73 0/1
15 545.23 392.32 1176 0/1 545.23 0.04 0 0/1 545.23 1.34 0/1
16 1100.07 91.43 680 0/1 1100.07 0.05 0 0/1 1100.07 0.45 0/1

Table 8 Results for Problem (DHO), for dike rings 10, 15, and 16 in the Netherlands.

From Table 8, we observe that RPT-SDP-BB solves every instance at the root node, in at most

8.71 seconds, and has the lowest computation time on every instance. RPT-BB solves the three

instances with the 50-year schedule and dike ring 16 with the 25-year schedule, but reaches the

time limit on the remaining five instances after 854 to 4335 hyperplanes. BARON solves all nine

instances, in between 0.45 and 1362.23 seconds. For this problem, the LMI strengthening makes the

RPT relaxation exact at the root node.

9. Discussion and conclusion

In summary, we develop a method for globally solving nonconvex optimization problems involving

SLC functions. We introduce the RPT framework, which enables us to obtain a convex relaxation

of the original nonconvex problem, while introducing additional variables and constraints. We then
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incorporate it in spatial branch and bound, combining the new RPT relaxation with a modification

of eigenvector branching that also handles the indefinite case. We establish convergence guarantees

for the proposed branching scheme, showing that the global lower bounds converge to the optimal

value up to a prescribed accuracy. Moreover, when only the objective function is nonconvex, we

prove finite termination with a δ-optimal solution under the stated assumptions.

In the numerical experiments, the proposed methods are competitive with BARON, SCIP, and

CPLEX, and RPT-SDP-BB is the fastest method on several of the harder instances. Notably,

RPT-SDP-BB solves the dike height optimization instances at the root node. Overall, RPT-BB

and RPT-SDP-BB solve most instances with few branching hyperplanes. This, together with the

efficiency of MOSEK for solving conic optimization problems, drives the speed of the method.

A key limitation of the RPT-BB method is its reduced tractability when applied to problems with a

large number of variables and constraints. This issue arises because the method involves squaring the

number of variables and performing pairwise multiplications across all linear and convex constraints

within the feasible region. To enhance scalability, future research could explore methodological

adaptations designed to manage larger problem instances more efficiently. Potential adaptations

might include employing partial constraint multiplications and selectively generating variable

products. An iterative constraint generation approach could also be beneficial. This would involve

initially solving the RPT relaxation with a subset of constraints, then progressively incorporating

additional constraints based on whether the solutions violate any remaining constraints. Assessing

the efficiency of this iterative approach, considering it requires multiple resolutions of the RPT

relaxation, would be essential.

Finally, it would be interesting to investigate the potential of RPT-BB beyond the scope discussed

in this paper, by applying RPT-BB also to nonconvex optimization problems in other fields,

such as mixed integer nonlinear optimization, robust optimization, adaptive robust optimization,

distributionally robust optimization, polynomial optimization, and bilevel optimization.
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Appendix

A. Comparison of branching variants

We compare three branching rules for RPT-BB (U-LP, U-RX and U-RX+SOC) and two for RPT-

SDP-BB (U-LP and U-RX) on the five problems of Section 8. All rules branch on the eigenvector

associated with the eigenvalue of largest absolute value of the residual X∗−x∗(x∗)⊤. U-RX is the

rule of Algorithm 1. It computes the bounds aj and bj by solving the two problems in (17). U-LP

appends only the branching inequality and relies on its products with the linear inequalities of the

node, which imply the secants with the bounds obtained from the linear constraints of the node.

U-RX+SOC first adds the violated inequality

(ν⊤x)2 ≤ ν⊤Xν (44)

and re-solves the node relaxation as long as the selected eigenvalue is negative, subject to the

optimality tolerance and the time limit, and then applies U-RX (Remark 4). Under the LMI,

negative eigenvalues cannot occur in exact arithmetic, so the SOC variant is not compared for

RPT-SDP-BB. The convergence analysis of Section 6 covers U-RX.

The experiments use the same hardware and software as the main tables, with a time limit of 600

seconds per instance. The tables report the objective value (Opt), the computation time in seconds

(Time), the number of nodes whose relaxation is solved (Nodes), the number of problems (17) solved

(Bnd), the number of re-solves of a node after adding (44) (SOC), and the number of instances that

reach the time limit (TO). The conventions are those of Section 8. For the randomly generated

groups, the numerical columns are averages over the ten instances of the group. The reported times

are the actual computation times, which may exceed the time limit because the limit is checked

only between relaxation solves.

A.1. Sum-of-max-linear-terms maximization over convex and nonconvex constraints

Table 9 compares the rules over X1, X2 and X3.

RPT-BB. Over X1, the rules perform similarly on the instances that are solved at the root node.

On instances 3 and 3r, U-LP is the fastest rule (90.36 and 39.92 seconds against 120.91 and 52.25

seconds for U-RX). On instance 3, U-RX reduces the number of explored nodes from 181 to 157,

but this reduction does not compensate for the 156 additional bound problems. The SOC rounds

increase the computation time on these instances and cause one timeout on 3r. Over X2, the tighter

bounds often reduce the tree. On instance 4, U-LP, U-RX and U-RX+SOC explore 33, 31 and 21

nodes in 2.44, 3.82 and 2.77 seconds, respectively, so the smallest tree is not the fastest. All three

rules reach the time limit on five of the ten random instances of 3r and on all instances of 5 and 5r.
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Sum-of-max-linear-terms maximization over convex and nonconvex constraints

X #
RPT-BB

U-LP U-RX U-RX+SOC
Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO

X1

1 23.29 0.01 1 0 0 0/1 23.29 0.01 1 0 0 0/1 23.29 0.01 1 0 0 0/1
1r 22.72 0.01 1 0 0 0/10 22.72 0.01 1 0 0 0/10 22.72 0.01 1 0 0 0/10
2 233.94 0.11 1 0 0 0/1 233.94 0.08 1 0 0 0/1 233.94 0.09 1 0 0 0/1
2r 211.87 0.17 1.4 0 0 0/10 211.87 0.19 1.4 0.4 0 0/10 211.87 0.32 1.4 0.4 0.2 0/10
3 1081.62 90.36 181 0 0 0/1 1081.62 120.91 157 156 0 0/1 1081.62 162.82 205 193 14 0/1
3r 1159.90 39.92 80.2 0 0 0/10 1159.90 52.25 69.8 68.7 0 0/10 1159.90 108.92 133.2 121.9 9.3 1/10
4 113.70 0.02 1 0 0 0/1 113.70 0.05 1 0 0 0/1 113.70 0.02 1 0 0 0/1
4r 83.78 0.12 2 0 0 0/10 83.78 0.12 2 1 0 0/10 83.78 0.15 2 1 0.2 0/10
5 3002.44 2.01 3 0 0 0/1 3002.44 2.32 3 2 0 0/1 3002.44 2.28 3 2 0 0/1
5r 2898.05 6.03 12.8 0 0 0/10 2898.05 8.44 13 12 0 0/10 2898.05 15.00 12.8 11.4 7.1 0/10

X2

1 14.58 0.02 1 0 0 0/1 14.58 0.02 1 0 0 0/1 14.58 0.02 1 0 0 0/1
1r 14.54 0.02 1 0 0 0/10 14.54 0.02 1 0 0 0/10 14.54 0.02 1 0 0 0/10
2 136.22 0.30 1 0 0 0/1 136.22 0.28 1 0 0 0/1 136.22 0.28 1 0 0 0/1
2r 122.21 1.82 8.4 0 0 0/10 122.21 1.88 7.6 6.6 0 0/10 122.21 1.89 6.6 5.6 0.8 0/10
3 837.94 355.15 195 0 0 0/1 837.94 449.46 153 142 0 0/1 837.94 364.48 121 116 7 0/1
3r 890.07 382.48 220.6 0 0 5/10 890.07 393.21 136.3 127.3 0 5/10 890.07 397.29 133.4 126.6 6.4 5/10
4 33.73 2.44 33 0 0 0/1 33.73 3.82 31 30 0 0/1 33.73 2.77 21 20 3 0/1
4r 31.81 1.25 12.8 0 0 0/10 31.81 1.82 10.8 8.4 0 0/10 31.81 1.08 6.2 4 0.8 0/10
5 1610.69 600.08 386 0 0 1/1 1610.69 600.08 250 140 0 1/1 1610.69 600.08 198 123 55 1/1
5r 1670.92 600.03 395.5 0 0 10/10 1670.92 600.07 252.6 142.2 0 10/10 1670.92 600.08 209 116.5 49.4 10/10

X3

1 13.45 46.01 587 0 0 0/1 13.45 214.65 1285 688 0 0/1 13.45 215.55 1285 688 0 0/1
1r 15.01 260.51 1352.2 0 0 2/10 14.99 248.51 797.4 421.7 0 1/10 14.98 414.13 775 403.3 0.3 4/10
2 140.87 24.59 43 0 0 0/1 140.87 112.63 359 182 0 0/1 140.62 946.20 91 47 0 1/1
2r 129.29 131.51 414.6 0 0 0/10 129.29 147.70 428.8 221.1 0 0/10 129.25 469.52 395.4 203.6 0 3/10
3 768.96 252.97 77 0 0 0/1 768.96 600.42 157 106 0 1/1 768.96 600.11 84 56 0 1/1
3r 804.71 395.35 117.3 0 0 4/10 794.78 558.85 117.8 68.5 0 8/10 794.76 880.18 49.3 29.3 0 10/10
4 45.32 188.94 467 0 0 0/1 45.34 600.01 373 211 0 1/1 45.34 1073.78 108 61 1 1/1
4r 44.60 458.97 699.9 0 0 6/10 44.15 545.61 509.1 267.7 0 9/10 43.50 858.78 244.1 129.4 0.6 10/10
5 2267.32 600.08 218 0 0 1/1 2267.99 600.13 167 113 0 1/1 2273.72 600.00 75 53 31 1/1
5r 2358.87 600.02 202.8 0 0 10/10 2349.45 600.05 154.7 104.7 0 10/10 2342.73 600.09 113 73.9 42.8 10/10

X #
RPT-SDP-BB

U-LP U-RX
Opt Time Nodes Bnd TO Opt Time Nodes Bnd TO

X1

1 23.29 0.01 1 0 0/1 23.29 0.01 1 0 0/1
1r 22.72 0.01 1 0 0/10 22.72 0.01 1 0 0/10
2 233.94 0.45 1 0 0/1 233.94 0.42 1 0 0/1
2r 211.87 0.45 1 0 0/10 211.87 0.45 1 0 0/10
3 1081.62 26.73 1 0 0/1 1081.62 26.65 1 0 0/1
3r 1159.90 43.02 1.6 0 0/10 1159.90 58.70 1.6 0.5 0/10
4 113.70 0.04 1 0 0/1 113.70 0.04 1 0 0/1
4r 83.78 0.08 1 0 0/10 83.78 0.08 1 0 0/10
5 3002.44 80.72 3 0 0/1 3002.44 116.80 3 2 0/1
5r 2898.05 92.22 3.6 0 0/10 2898.05 139.43 3.6 2.6 0/10

X2

1 14.58 0.03 1 0 0/1 14.58 0.03 1 0 0/1
1r 14.54 0.03 1 0 0/10 14.54 0.02 1 0 0/10
2 136.22 1.02 1 0 0/1 136.22 0.97 1 0 0/1
2r 122.21 2.67 2.4 0 0/10 122.21 3.56 2.4 1.3 0/10
3 837.94 92.47 1 0 0/1 837.94 90.75 1 0 0/1
3r 890.07 214.31 2.1 0 1/10 890.07 246.28 1.8 0.8 1/10
4 33.73 1.29 5 0 0/1 33.73 3.83 5 4 0/1
4r 31.81 0.75 2.6 0 0/10 31.81 1.44 2.6 1.6 0/10
5 1610.69 1262.88 4 0 1/1 1610.69 605.38 4 4 1/1
5r - 681.05 6.9 0 10/10 1670.92 603.12 4.1 4 10/10

X3

1 13.44 3.14 15 0 0/1 13.41 11.73 39 27 0/1
1r 14.99 15.43 48 0 0/10 14.99 11.76 27.2 22.5 0/10
2 140.62 27.95 9 0 0/1 140.62 41.23 9 5 0/1
2r 129.09 25.96 8.6 0 0/10 129.10 41.22 9.2 6.9 0/10
3 768.94 604.04 3 0 1/1 768.94 602.88 1 0 1/1
3r 793.83 603.46 3 0 10/10 789.16 602.42 1 0 10/10
4 45.33 95.63 95 0 0/1 45.34 233.08 103 59 0/1
4r 44.84 180.21 105.4 0 1/10 44.57 328.28 81.5 54.3 3/10
5 - 600.44 3 0 1/1 - 601.96 1 0 1/1
5r - 605.19 3 0 10/10 - 602.78 1.7 0.7 10/10

Table 9 Results for Problem (36) over the feasible regions X1, X2, and X3 for the different branching strategies in

RPT-BB and RPT-SDP-BB.

Over X3, the objective values and the timeout counts differ between the rules, and U-LP has fewer

timeouts than U-RX on 3r and 4r.

RPT-SDP-BB. U-LP and U-RX perform similarly on the instances that are solved at the root

node. When branching occurs, the additional bound problems do not give a consistent advantage.
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U-LP is faster on instances 5 and 5r over X1 and on 4 and 4r over X2. Overall, no rule is uniformly

preferable over the three feasible regions.

A.2. Log-sum-exp maximization over linear constraints

Table 10 shows little difference between the rules on instances 1, 2 and 4, which are solved at

the root node by both methods. On instance 3, U-RX+SOC has the lowest computation time for

RPT-BB (1.04 seconds against 2.03 for U-LP and 2.28 for U-RX), whereas U-LP is the fastest

rule for RPT-SDP-BB. On instance 5, MOSEK stalls on the root relaxation of one of the ten

random instances, so RPT-BB returns no solution for it under any of the three rules, whereas both

RPT-SDP-BB rules return solutions for all ten. The additional bound problems do not reduce the

computation time on this problem.

Log-sum-exp maximization over linear constraints

X #
RPT-BB

U-LP U-RX U-RX+SOC
Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO

X1

1 10.01 0.76 1 0 0 0/10 10.01 0.74 1 0 0 0/10 10.01 0.75 1 0 0 0/10
2 40.00 1.05 1 0 0 0/10 40.00 1.03 1 0 0 0/10 40.00 1.03 1 0 0 0/10
3 6.10 2.03 3.4 0 0 0/10 6.10 2.28 3 1.7 0 0/10 6.10 1.04 1.6 0.6 0.1 0/10
4 21.96 0.28 1 0 0 0/10 21.96 0.30 1 0 0 0/10 21.96 0.29 1 0 0 0/10
5 - 7.53 1 0 0 0/10 - 7.48 1 0 0 0/10 - 7.66 1 0 0 0/10

X #
RPT-SDP-BB

U-LP U-RX
Opt Time Nodes Bnd TO Opt Time Nodes Bnd TO

X1

1 10.01 0.92 1 0 0/10 10.01 0.91 1 0 0/10
2 40.00 28.82 1 0 0/10 40.00 28.40 1 0 0/10
3 6.10 2.63 3 0 0/10 6.10 4.04 3 2 0/10
4 21.96 1.41 1 0 0/10 21.96 1.39 1 0 0/10
5 34.76 154.44 1 0 0/10 34.76 146.82 1 0 0/10

Table 10 Results for Problem (38) for the different branching strategies in RPT-BB and RPT-SDP-BB.

A.3. Linear multiplicative optimization

Table 11 shows that U-LP has the lowest computation time for RPT-BB on instances 1–3 and

reaches the time limit on eight of the ten random instances of instance 4, against ten for U-RX

and U-RX+SOC. The SOC rounds increase the computation time considerably. On instance 2,

the mean time increases from 8.61 seconds for U-RX to 273.02 seconds for U-RX+SOC. All three

rules reach the time limit on all random instances of instance 5. For RPT-SDP-BB, U-LP is also

the fastest rule. On instances 3 and 4, it takes 17.16 and 70.79 seconds, against 30.86 and 126.39

seconds for U-RX. On instance 5, MOSEK stalls on the root relaxation of one of the ten random

instances, so RPT-SDP-BB returns no solution for it under both rules.
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Linear multiplicative optimization

X #
RPT-BB

U-LP U-RX U-RX+SOC
Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO

1 12.14 1.77 53.8 0 0 0/10 12.14 2.27 54 48.1 0 0/10 12.14 22.93 178.6 173.5 1.4 0/10
2 23.47 5.47 106 0 0 0/10 23.47 8.61 107.4 99.9 0 0/10 23.47 273.02 1033.8 985.7 4.9 1/10
3 20.96 26.51 307.8 0 0 0/10 20.96 36.55 278.8 268.9 0 0/10 20.96 456.90 951.1 923.9 4.4 5/10
4 18.99 585.60 2043 0 0 8/10 18.99 600.23 1014.2 999.2 0 10/10 18.99 600.69 369.2 348.5 2.7 10/10
5 8.90 600.84 404.4 0 0 10/10 8.90 600.75 275.8 254.6 0 10/10 8.90 601.51 120 116.2 1.3 10/10

X #
RPT-SDP-BB

U-LP U-RX
Opt Time Nodes Bnd TO Opt Time Nodes Bnd TO

1 12.14 2.91 37 0 0/10 12.14 4.52 37 35.7 0/10
2 23.47 13.74 63.4 0 0/10 23.47 24.12 63.2 61.2 0/10
3 20.96 17.16 58.2 0 0/10 20.96 30.86 58.2 54.6 0/10
4 18.99 70.79 81 0 0/10 18.99 126.39 82.4 79 0/10
5 - 298.66 68.2 0 0/10 - 425.36 58.2 56.1 4/10

Table 11 Results for Problem (40) for the different branching strategies in RPT-BB and RPT-SDP-BB.

A.4. Quadratically constrained quadratic optimization

Quadratically constrained quadratic optimization

X #
RPT-BB

U-LP U-RX U-RX+SOC
Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO

1 394.75 6.18 3 0 0 0/1 394.75 6.10 3 2 0 0/1 394.75 6.14 3 2 0 0/1
2 884.75 0.25 1 0 0 0/1 884.75 0.24 1 0 0 0/1 884.75 0.24 1 0 0 0/1
3 6888.78 0.02 1 0 0 0/1 6888.78 0.02 1 0 0 0/1 6888.78 0.02 1 0 0 0/1
4 98382.63 0.81 1 0 0 0/1 98382.63 0.53 1 0 0 0/1 98382.63 0.54 1 0 0 0/1
5 774482.39 42.00 1 0 0 0/1 774482.39 40.11 1 0 0 0/1 774482.39 40.84 1 0 0 0/1
6 1717.80 0.90 1 0 0 0/1 1717.80 1.07 1 0 0 0/1 1717.80 0.88 1 0 0 0/1
7 4507.75 0.21 3 0 0 0/1 4507.75 0.28 3 2 0 0/1 4507.75 0.29 3 2 0 0/1
8 17084.82 0.60 7 0 0 0/1 17084.82 0.62 7 6 0 0/1 17084.82 1.35 5 4 1 0/1
9 46632.36 600.22 445 0 0 1/1 46632.36 600.00 302 302 0 1/1 46632.36 600.08 233 232 93 1/1
10 52233.70 600.01 120 0 0 1/1 52233.70 600.24 85 83 0 1/1 52233.70 600.01 93 92 25 1/1

X #
RPT-SDP-BB

U-LP U-RX
Opt Time Nodes Bnd TO Opt Time Nodes Bnd TO

1 394.75 7.19 3 0 0/1 394.75 7.37 3 2 0/1
2 884.75 0.29 1 0 0/1 884.75 0.26 1 0 0/1
3 6888.78 0.02 1 0 0/1 6888.78 0.02 1 0 0/1
4 98382.63 1.73 1 0 0/1 98382.63 1.74 1 0 0/1
5 774482.39 36.17 1 0 0/1 774482.39 35.30 1 0 0/1
6 1717.80 0.86 1 0 0/1 1717.80 0.81 1 0 0/1
7 4507.75 0.22 3 0 0/1 4507.75 0.33 3 2 0/1
8 17084.82 0.08 1 0 0/1 17084.82 0.08 1 0 0/1
9 46632.36 29.02 39 0 0/1 46632.36 59.48 43 42 0/1
10 52233.70 198.62 101 0 0/1 52233.70 600.70 149 144 1/1

Table 12 Results for the quadratically constrained quadratic optimization problem for the different branching

strategies in RPT-BB and RPT-SDP-BB.

For RPT-BB, Table 12 shows similar computation times for the three rules on instances 1–8,

which are solved with at most seven explored nodes, and all three rules reach the time limit on

instances 9 and 10. For RPT-SDP-BB, the two rules are again close on instances 1–8. U-LP is faster

on instance 9 (29.02 seconds against 59.48 seconds for U-RX), and on instance 10 it terminates

after 198.62 seconds, whereas U-RX reaches the time limit.
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A.5. Dike height optimization

Table 13 shows that the effect of the rule for RPT-BB depends on the dike ring and the heightening

schedule. U-LP reaches the time limit on four instances, U-RX on six and U-RX+SOC on eight,

and all rules return the same objective values. For RPT-SDP-BB, both rules solve every instance at

the root node, so the branching rule plays no role. The LMI strengthening matters more for this

problem than the choice of the branching rule.

Dike height optimization

t
#

RPT-BB
U-LP U-RX U-RX+SOC

Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO Opt Time Nodes Bnd SOC TO

tir

10 61.98 600.00 4846 0 0 1/1 61.98 600.00 2380 2361 0 1/1 61.98 600.01 1653 1628 733 1/1
15 608.74 600.02 4732 0 0 1/1 608.74 600.02 3171 3119 0 1/1 608.74 600.00 2641 2606 326 1/1
16 1268.11 241.48 2063 0 0 0/1 1268.11 600.02 2697 2680 0 1/1 1268.11 600.02 2089 2065 356 1/1

t25

10 61.31 600.21 3504 0 0 1/1 61.31 600.11 1541 1482 0 1/1 61.31 600.05 1276 1247 341 1/1
15 609.92 600.01 3050 0 0 1/1 609.92 600.04 2070 2055 0 1/1 609.92 600.03 1487 1440 265 1/1
16 1269.63 509.22 2571 0 0 0/1 1269.63 1.09 7 5 0 0/1 1269.63 600.12 1121 1116 451 1/1

t50

10 55.50 289.94 5279 0 0 0/1 55.50 600.05 4201 4200 0 1/1 55.50 600.02 4131 4129 756 1/1
15 545.23 92.03 2303 0 0 0/1 545.23 151.17 2353 2350 0 0/1 545.23 600.01 5481 5477 1205 1/1
16 1100.07 17.94 405 0 0 0/1 1100.07 89.13 1361 1360 0 0/1 1100.07 114.17 1251 1249 287 0/1

t
#

RPT-SDP-BB
U-LP U-RX

Opt Time Nodes Bnd TO Opt Time Nodes Bnd TO

tir

10 61.98 0.11 1 0 0/1 61.98 0.08 1 0 0/1
15 608.74 0.10 1 0 0/1 608.74 0.10 1 0 0/1
16 1268.11 0.09 1 0 0/1 1268.11 0.09 1 0 0/1

t25

10 61.31 8.72 1 0 0/1 61.31 8.65 1 0 0/1
15 609.92 0.15 1 0 0/1 609.92 0.15 1 0 0/1
16 1269.63 0.17 1 0 0/1 1269.63 0.20 1 0 0/1

t50

10 55.50 0.03 1 0 0/1 55.50 0.03 1 0 0/1
15 545.23 0.04 1 0 0/1 545.23 0.04 1 0 0/1
16 1100.07 0.05 1 0 0/1 1100.07 0.05 1 0 0/1

Table 13 Results for Problem (DHO).

A.6. Overall comparison of branching rules

Across the five problems, no rule is consistently the fastest. U-LP, which solves no additional

optimization problems at a branching, often has the lowest computation time, in particular for

linear multiplicative optimization. U-RX can reduce the number of explored nodes, but the two

additional problems (17) per branching do not always reduce the total computation time. The SOC

rounds give no consistent improvement. When the root relaxation already solves an instance, the

branching rule plays no role. We use U-RX in the main tables because it is the rule of Algorithm 1.

The comparison shows the trade-off between U-RX and U-LP. Tighter bounds may reduce the

number of nodes, but the cost of computing them can outweigh this reduction.

B. When infimum is not attained

If the infimum of (3) is not attained, we assume that (1) satisfies the following regularity condition.
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Assumption 4. There exists a vector xS ∈ ri(∩k∈K0
dom(fk)) such that fk(x

S) < 0 for all k ∈
K, A⊤xS < b, P⊤xS = s, and h(xS)< 0.

Note that Assumption 4 implies that xS resides in the sets ∩ k∈K0
i∈Ik∪{0}

ri(dom(cik))

and ∩j∈J0
ri(dom(hj)) thanks to Proposition 2.42 in Rockafellar and Wets (2009), and thus, xS is a

strict Slater point of (1). Furthermore, there exists a (τ S,XS,V S) such that (xS,τ S,XS,V S) is a

strict Slater point of the corresponding RPT relaxation (8) of (1) with fk(x)≤ 0 is replaced by

∃y :

c0k(x)− sup
y∈dom(c∗

1k
)

{x⊤y− c∗1k(y)} ≤ 0

y ∈ dom(c∗1k).
(45)

Finally, thanks to Remark 1 and the proof of Theorem 6(iii) of Zhen et al. (2023), the inf operator

in the constraint of (8) can be merged with the inf operator (instead of min operator because the

optimal y may not be obtained) in the objective function without affecting the infimum of (8).

C. Mountain climbing procedure

We use a mountain climbing (MC) procedure based on the algorithm from Tao and An (1997), to

find an upper bound for problems involving the biconjugate. The MC procedure takes as starting

points the candidates in X ′ at which the model functions are evaluable (see Section 3.4) and returns

a candidate solution, subject to the direct feasibility and finite-objective checks of Section 3.4. For

X3, a starting point must also pass the feasibility test described in Appendix D. The procedure is

summarized in Algorithm 3, for the problem of maximizing a function f(x,y) over X ×Y. If no
candidate in X ′ is usable as a starting point, MC cannot be initialized.

D. RPT-SDP formulations of the numerical experiments

Throughout the experiments we consider five cases of the feasible set X : X =X1, X =X2, X =X3,

X =X4, and X =X5, where

X1 = {x∈Rnx
+ |D⊤x≤ d}

X2 =

{
x∈X1

∣∣∣∣ log
(

nx∑
i=1

exp(xi)

)
≤ a

}

X3 =

{
x∈X1

∣∣∣∣ ∥∥x∥∥2 + nx∑
i=1

√
xi ≤ c

}
X4 =

{
x∈X1

∣∣A⊤
i x+ bi ≥ 0, i∈ {1, . . . , ny}

}
X5 =

{
x∈X1

∣∣x⊤Pkx+ q⊤k x+ rk ≤ 0, k ∈KC

}
.

We notice that both X2 and X3 are not in conic form, but they can be reformulated as such, in

the following way. First, for X2 we observe that log (
∑nx

i=1 exp(xi))≤ a ⇐⇒
∑nx

i=1 exp(xi− a)≤ 1.

Using epigraphical variables zi we obtain the following equivalent form:

X2 =

{
x∈X1,z ∈Rnx

∣∣∣∣∣zi ≥ exp (xi− a) ,
nx∑
i=1

zi ≤ 1

}
.
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Algorithm 3 Mountain climbing procedure

Input: X ′, L= ∅.

1: for x∈X ′ do

2: y← argmax
y∈Y

f(x,y)

3: ε← 1

4: while ε > 0.001 do

5: Lb ← f(x,y)

6: x← argmax
x∈X

f(x,y)

7: y← argmax
y∈Y

f(x,y)

8: Lbx ← f(x,y)

9: ε← Lbx−Lb

10: end while

11: L←L∪{(x,y)}

12: end for

13: (x⋆,y⋆)← argmax(x,y)∈L f(x,y)

14: Lb⋆ = f(x⋆,y⋆)

15: return (Lb⋆,x⋆,y⋆)

Regarding X3 we first reformulate the nonconvex constraint via the biconjugate and obtain the

equivalent set

X3 =

{
x∈X1

∣∣∣∣∣ ∥∥x∥∥2 + inf
z∈Rnx

++

{
nx∑
i=1

1

4zi
+x⊤z

}
≤ c

}
.

We introduce epigraphical variables for the convex component of the SLC constraint. Since the

convex component of the SLC constraint consists of a sum of two basic cone functions we introduce

an epigraphical variable for each basic cone function. Subsequently, we reformulate every convex

constraint in terms of one of the basic cone constraints. Next, we convexify the SLC constraint,

such that we obtain the following relaxed set of constraints

X ∗
3 =


x∈X1,V ∈Rnx×nx ,z ∈Rnx

++,
t∈Rnx

++, s∈R, p∈R++

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s+ p+

nx∑
i=1

Vii ≤ c∥∥x∥∥
2
≤ s

nx∑
i=1

ti ≤ p∥∥∥(zi− ti,1)⊤∥∥∥
2
≤ zi + ti, i∈ {1, . . . , nx}


.

The set X3 is bounded in the generated instances. The auxiliary representation in z displayed above,

however, is not compact, and the infimum over z is not attained when some xi = 0. This lifted
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formulation therefore illustrates that compactness and refinement of the original x-space alone do

not establish asymptotic convergence of every auxiliary lifted block (see Section 6).

The mountain climbing procedure is applied as follows. For X = X3, it is started only from

candidates that pass an explicit feasibility test. For X1, Lemma 3 guarantees feasibility of x∗ and of

the candidates derived from X, whereas the candidates derived from V are always checked directly.

The blocks between which the procedure alternates depend on the formulation. For X1 it alternates

between x and y, for X2 between (x,z) and y, and for X3 between x and (y,z).

In the formulations for the numerical experiments we encounter several products of variables.

These are linearized as follows: We linearize xx⊤ by X, yy⊤ by Y , zz⊤ by Z, ww⊤ by W , tt⊤

by T , xy⊤ by U , xz⊤ by V , xw⊤ by Q, xt⊤ by F , yz⊤ by R, yw⊤ by P , yt⊤ by G, zw⊤ by

K, zt⊤ by H, sx by α, sy by β, sz by γ, st by ϕ, s2 by σ, px by λ, py by µ, pz by ν, pt by ψ,

ps by ρ and p2 by π.

D.1. RPT-SDP formulation of Problem (35)

Replacing the objective function with the biconjugate function in (35) we obtain the following

equivalent maximization problem

max
x∈X
y∈Y

(A⊤x+ b)⊤y,
(CMB)

where Y is given by

Y =

{
y ∈Rny

+ |
∑
j∈Jℓ

yj = 1, ℓ∈L

}
.

X =X 1. The RPT-SDP formulation is given by

max
x,y,U ,X,Y

Tr(A⊤U)+ b⊤y

s.t. D⊤Xi−dxi ≤ 0, i∈ {1, . . . , nx}, (46a)

D⊤Uj −dyj ≤ 0, j ∈ {1, . . . , ny}, (46b)

dx⊤D+D⊤xd⊤ ≤D⊤XD+dd⊤, (46c)∑
j∈Jℓ

yj = 1, ℓ∈L, (46d)∑
j∈Jℓ

Uj −x= 0, ℓ∈L, (46e)∑
j∈Jℓ

Yj −y= 0, ℓ∈L, (46f)

X,Y ,U ≥ 0, (46g)X U x
U⊤ Y y
x⊤ y⊤ 1

⪰ 0, (46h)
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where constraints (46a) - (46g) result from pairwise multiplication of the linear constraints and

constraint (46h) results from the additional SDP relaxation.

Observe that x ∈ X1 is redundant. The constraint D⊤x≤ d is redundant by (46e), (46d) and

(46b):

D⊤x≤ d ⇐⇒ D⊤
∑
j∈Jℓ

Uj −d≤ 0 ⇐⇒ D⊤
∑
j∈Jℓ

Uj −d
∑
j∈Jℓ

yj ≤ 0 ⇐⇒
∑
j∈Jℓ

(
D⊤Uj −dyj

)
≤ 0.

The nonnegativity constraint x≥ 0 is redundant by (46e) and (46g). Moreover, the nonnegativity

constraint y≥ 0 is redundant by (46f) and (46g). Hence, these constraints are not included in the

above formulation.

In the RPT-SDP formulation we hence obtain nx|L|+ ny|L|+ nxny + L′ny + nx(nx + 1)/2 +

L′(L′ +1)/2+nxL
′ +ny(ny +1)/2 additional linear constraints, one additional SDP constraint and

nx(nx +1)/2+ny(ny +1)/2+nxny extra variables.

X =X 2. The RPT-SDP formulation is given by

max
x,y,z
U,V ,R
X,Y ,Z

Tr(A⊤U)+ b⊤y

s.t. (46a)− (46g)
nx∑
i=1

zi ≤ 1, (47a)

nx∑
i=1

Vi−x≤ 0, (47b)

nx∑
i=1

Ri−y≤ 0, (47c)

D⊤x−D⊤
nx∑
i=1

Vi ≤ d(1−
nx∑
i=1

zi), (47d)

nx∑
i,j=1

Zij − 2

nx∑
i=1

zi +1≥ 0, (47e)

exp(xi− a)≤ zi, i∈ {1, . . . , nx}, (47f)

xj exp

(
Xij − axj

xj

)
≤ Vji, i, j ∈ {1, . . . , nx}, (47g)

yj exp

(
Uij − ayj

yj

)
≤Rji, i∈ {1, . . . , nx}, j ∈ {1, . . . , ny},

(47h)(
dℓ−D⊤

ℓ x
)
exp

(
dℓxi− adℓ−D⊤

ℓ Xi + aD⊤
ℓ x

dℓ−D⊤
ℓ x

)
≤ dℓzi−D⊤

ℓ Vi, i∈ {1, . . . , nx}, ℓ∈ {1, . . . ,L′},

(47i)(
1−

nx∑
j=1

zj

)
exp

(
xi− a−

∑nx

j=1 Vij + a
∑nx

j=1 zj

1−
∑nx

j=1 zj

)
≤ zi−

nx∑
j=1

Zji, i∈ {1, . . . , nx}, (47j)

exp (xi +xj − 2a)≤Zij , i≤ j ∈ {1, . . . , nx}, (47k)
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zj exp

(
Vij − azj

zj

)
≤Zij , i≤ j ∈ {1, . . . , nx}, (47l)∑

j∈Jℓ

(R⊤)j − z = 0, ℓ∈L, (47m)

X U V x
U⊤ Y R y
V ⊤ R⊤ Z z
x⊤ y⊤ z⊤ 1

⪰ 0, (47n)

where constraints (47b) - (47e) result from pairwise multiplication of the new linear constraint

over z with the previous linear constraints (47g) - (47l) result from pairwise multiplication of the

exponential constraint with the linear inequalities and itself, constraint (47m) results from pairwise

multiplication of the initial linear constraint over y with z and constraint (47n) results from the

additional SDP relaxation.

Our implementation omits constraint (47l). The displayed formulation therefore contains a valid

inequality that is not imposed in the code. The counts below refer to the displayed formulation.

In the RPT-SDP formulation we hence obtain 2nx|L| + ny|L| + nxny + L′ny + nx(nx + 1)/2 +

L′(L′ + 1)/2 + nxL
′ + ny(ny + 1)/2 + ny + nx + L′ + 1 additional linear constraints, nxny + n2

x +

L′nx + nx(nx + 1) + nx additional exponential constraints, one additional SDP constraint and

nx(nx +1)+ny(ny +1)/2+2nxny +n2
x extra variables.

X =X 3.

The pairwise multiplication of the linear constraints gives us the following constraints:

(46a)− (46g)

s+ p+

nx∑
i=1

Vii ≤ c, (48a)

nx∑
i=1

ti ≤ p, (48b)

D⊤Vi ≤ zid, i∈ {1, . . . , nx}, (48c)

D⊤Fi ≤ tid, i∈ {1, . . . , nx}, (48d)

D⊤λ≤ pd, (48e)∑
j∈Jℓ

(R⊤)j − z = 0, ℓ∈L, (48f)∑
j∈Jℓ

(G⊤)j − t= 0, ℓ∈L, (48g)∑
j∈Jℓ

βj − s= 0, ℓ∈L, (48h)∑
j∈Jℓ

µj − p= 0, ℓ∈L, (48i)

nx∑
i=1

Fi ≤λ, (48j)
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nx∑
i=1

Gi ≤µ, (48k)

nx∑
i=1

Hi ≤ ν, (48l)

nx∑
i=1

Ti ≤ψ, (48m)

nx∑
i=1

ψi ≤ π, (48n)

nx∑
i=1

(dℓti−D⊤
ℓ Fi)≤ pdℓ−D⊤

ℓ λ, ℓ∈ {1, . . . ,L′}, (48o)

π− 2

nx∑
i=1

ψi +

nx∑
i,j=1

Tij ≥ 0, (48p)

V ,F ,R,G,H,Z,T ≥ 0, (48q)

λ,µ,ν,ψ, σ, π≥ 0. (48r)

Further, the pairwise multiplications of the non-linear ones result in the following constraints:∥∥x∥∥
2
≤ s, (49a)∥∥∥(zi− ti,1)⊤∥∥∥

2
≤ zi + ti, i∈ {1, . . . , nx}, (49b)∥∥Xi

∥∥
2
≤ αi, i∈ {1, . . . , nx}, (49c)∥∥Ui

∥∥
2
≤ βi, i∈ {1, . . . , ny}, (49d)∥∥Vi

∥∥
2
≤ γi, i∈ {1, . . . , nx}, (49e)∥∥Fi

∥∥
2
≤ ϕi, i∈ {1, . . . , nx}, (49f)∥∥λ∥∥

2
≤ ρ, (49g)∥∥dℓx−XDℓ

∥∥
2
≤ sdℓ−D⊤

ℓ α, ℓ∈ {1, . . . ,L′}, (49h)∥∥λ− nx∑
i=1

Fi

∥∥
2
≤ ρ−

nx∑
i=1

ϕi, (49i)∥∥X∥∥
F
≤ σ, (49j)∥∥ (Vji−Fji, xj)

∥∥
2
≤ Vji +Fji, i, j ∈ {1, . . . , nx}, (49k)∥∥ (Rji−Gji, yj)

∥∥
2
≤Rji +Gji, i∈ {1, . . . , nx}, j ∈ {1, . . . , ny},

(49l)∥∥ (Zji−Hji, zj)
∥∥
2
≤Zji +Hji, i, j ∈ {1, . . . , nx}, (49m)∥∥ (Hij −Tij , tj)

∥∥
2
≤Hij +Tij , i, j ∈ {1, . . . , nx}, (49n)∥∥ (νi−ψi, p)

∥∥
2
≤ νi +ψi, i∈ {1, . . . , nx}, (49o)∥∥(dℓ(zi− ti)+D⊤

ℓ (Fi−Vi) , dℓ−D⊤
ℓ x
)∥∥

2
≤ dℓ(zi + ti)−D⊤

ℓ (Fi +Vi), ℓ∈ {1, . . . ,L′}, (49p)∥∥ (Vi−Fi,x)
∥∥
2
≤ γi +ϕi, i∈ {1, . . . , nx}, (49q)∥∥(νi−ψi−

nx∑
j=1

Hij +

nx∑
j=1

Tij , p−
nx∑
j=1

tj

)∥∥
2
≤ νi +ψi−

nx∑
j=1

Hij −
nx∑
j=1

Tij , i∈ {1, . . . , nx}, (49r)
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zj − tj 1

)∥∥∥∥
2

≤Zij +Hij +Hji +Tij , i, j ∈ {1, . . . , nx}, (49s)

X U V F α λ x
U⊤ Y R G β µ y
V ⊤ R⊤ Z H γ ν z
F⊤ G⊤ H⊤ T ϕ ψ t
α⊤ β⊤ γ⊤ ϕ⊤ σ ρ s
λ⊤ µ⊤ ν⊤ ψ⊤ ρ π p
x⊤ y⊤ z⊤ t⊤ s p 1


⪰ 0. (49t)

In the RPT-SDP formulation we hence obtain (3|L|+2L+7)nx +(|L|+1)ny +3nxny +L′ny +

3nx(nx+1)/2+3n2
x+L

′(L′+1)/2+nxL
′+ny(ny+1)/2+2|L|+2L′+6 additional linear constraints,

5n2
x + nxny + 5nx + ny + 2L′ + 3 additional second order cone constraints, one additional SDP

constraint, and 3nx(nx +1)/2+3n2
x +ny(ny +1)/2+3nxny +6nx +2ny +3 extra variables.

D.2. RPT-SDP formulation of Problem (38)

Replacing the objective function with the biconjugate function in (38) we obtain the following

equivalent maximization problem

max
x∈X1

(y,w)∈Y

x⊤y+

nx∑
i=1

wi, (LSEMB)

where Y is given by

Y =

{
y ∈Rnx

+ , w ∈Rnx

∣∣∣∣∣ yi exp
(
wi

yi

)
≤ 1, i∈ {1, . . . , nx},

nx∑
i=1

yi = 1

}
.

The RPT-SDP formulation is given by

max
x,y,w,

X,Y ,W ,
U,Q,P

Tr(U)+

nx∑
i=1

wi

s.t. x∈X1, (50a)

(y,w)∈Y, (50b)

X,Y ,U ≥ 0, (50c)

D⊤Xi−dxi ≤ 0, i∈ {1, . . . , nx}, (50d)

D⊤Ui−dyi ≤ 0, i∈ {1, . . . , nx}, (50e)

dx⊤D+D⊤xd⊤ ≤D⊤XD+dd⊤, (50f)∑
i∈{1,...,nx}

Ui =x, (50g)∑
i∈{1,...,nx}

Yi = y, (50h)∑
i∈{1,...,nx}

(P )⊤i =w, (50i)

Uji exp

(
Qji

Uji

)
≤ xj , i, j ∈ {1, . . . , nx}, (50j)
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Yij exp

(
Pji

Yij

)
≤ yj , i, j ∈ {1, . . . , nx}, (50k)

(
dℓyi−D⊤

ℓ Ui

)
exp

(
dℓwi−D⊤

ℓ Qi

dℓyi−D⊤
ℓ Ui

)
≤ dℓ−D⊤

ℓ x, i∈ {1, . . . , nx}, ℓ∈ {1, . . . ,L′}, (50l)

Yij exp

(
Pji +Pij

Yij

)
≤ 1, i≤ j ∈ {1, . . . , nx}, (50m)X U Q x

U⊤ Y P y
Q⊤ P⊤ W w
x⊤ y⊤ w⊤ 1

⪰ 0, (50n)

where constraints (50c) - (50i) result from pairwise multiplication of the linear constraints. Note that

we only multiply the linear equality constraint with the variables (see Theorem 1). Constraints (50j)

- (50l) result from pairwise multiplication of the linear inequality constraints with the exponential

cone constraints, constraint (50m) results from pairwise multiplication of the exponential cone

constraints with each other, and constraint (50n) results from the additional SDP relaxation.

In the RPT-SDP formulation we hence obtain nx(nx + 1) + n2
x + (2L′ + 3)nx + L′(L′ + 1)/2

additional linear constraints, 2n2
x +L′nx + nx(nx +1)/2 additional exponential cone constraints,

one additional SDP constraint and 3nx(nx +1)/2+3n2
x additional variables.

Observe that we could exclude the nonnegativity constraints from the above reformulation, since

from constraints (50b), (50g), and (50h) it follows that they are redundant.

D.3. RPT-SDP formulation of Problem (40)

Replacing the objective function with the biconjugate function in (40) we obtain the following

equivalent maximization problem

max
x∈X

(y,w)∈Y

−(A⊤x+ b)⊤y−
∑

i∈{1,...,ny}

wi, (CMB)

where Y is given by

Y =
{
y ∈Rny

+ ,w ∈Rny
∣∣ exp(−wi− 1)≤ yi, i∈ {1, . . . , ny}

}
.

The RPT-SDP formulation is given by

max
x,y,w,

X,Y ,W ,
U ,Q,P

−Tr(A⊤U)− b⊤y−
ny∑
i=1

wi

s.t. D⊤x≤ d, (51a)

X,Y ,U ≥ 0, (51b)

D⊤Xi−dxi ≤ 0, i∈ {1, . . . , nx}, (51c)

D⊤Uj −dyj ≤ 0, j ∈ {1, . . . , ny}, (51d)
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dx⊤D+D⊤xd⊤ ≤D⊤XD+dd⊤, (51e)

exp(−wi− 1)≤ yi, i∈ {1, . . . , ny}, (51f)

xj exp

(
−Qji−xj

xj

)
≤Uji, i∈ {1, . . . , ny}, j ∈ {1, . . . , nx},

(51g)

yj exp

(
−Pji− yj

yj

)
≤ Yij, i, j ∈ {1, . . . , ny}, (51h)

(dℓ−D⊤
ℓ x) exp

(
D⊤

ℓ (x+Qi)− dℓ(1+wi)

dℓ−D⊤
ℓ x

)
≤ dℓyi−D⊤

ℓ Ui, i∈ {1, . . . , ny}, ℓ∈ {1, . . . ,L′}, (51i)

exp(−wi−wj − 2)≤ Yij, i≤ j ∈ {1, . . . , ny}, (51j)X U Q x
U⊤ Y P y
Q⊤ P⊤ W w
x⊤ y⊤ w⊤ 1

⪰ 0, (51k)

where constraints (51b) - (51d) result from pairwise multiplication of the linear constraints, con-

straints (51g) - (51j) result from pairwise multiplication of the exponential constraints with the

linear and constraint (51k) results from the additional SDP relaxation.

In the RPT-SDP formulation we hence obtain nx(nx+1)/2+ny(ny +1)/2+nxny +L
′(nx+ny)+

L′(L′ +1)/2 additional linear constraints, nxny +n2
y +L′ny +ny(ny +1)/2 additional exponential

cone constraints, one additional SDP constraint and nx(nx+1)/2+ny(ny+1)+2nxny+n
2
y additional

variables.

D.4. RPT-SDP formulation of Problem (43)

For completeness, the SOC–RLT products displayed below apply when the constraints indexed

by C are supplied in the norm-bound form
∥∥P 1/2

i x
∥∥
2
≤−ri− q⊤i x, with a nonnegative right-hand

side on the feasible region. This form should not be confused with the general convex quadratic

constraint x⊤Pix+ q⊤i x+ ri ≤ 0. The latter has the exact rotated-cone representation
∥∥P 1/2

i x
∥∥2
2
≤

−ri− q⊤i x and requires the corresponding products of that rotated-cone formulation rather than

constraints (52e)–(52h). In all instances considered in Section 8, C = ∅, so the convex-constraint

case is not exercised in our experiments. The nonconvex quadratic constraints (NC) are linearized

as follows: tr(PiX)+ q⊤i x+ ri ≤ 0. The RPT-SDP formulation is given by

min
x,X

Tr(P0X)+ q⊤0 x+ r0

s.t. x∈X1, (52a)

D⊤Xi−dxi ≤ 0, i∈ {1, . . . , nx}, (52b)

dx⊤D+D⊤xd⊤ ≤D⊤XD+dd⊤, (52c)
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Tr(PkX)+ q⊤k x+ rk ≤ 0, k ∈NC, (52d)∥∥P 1/2
k x

∥∥
2
≤−rk− q⊤k x, k ∈ C, (52e)∥∥P 1/2

i XP
1/2
j

∥∥
F
≤ rirj + riq

⊤
j x+ rjq

⊤
i x+ q⊤i Xqj, i, j ∈ C, (52f)∥∥dℓP 1/2

k x−P 1/2
k XDℓ

∥∥
2
≤−rkdℓ + rkD

⊤
ℓ x− dℓq⊤k x+ q⊤kXDℓ, k ∈ C, ℓ∈ {1, . . . ,L′},

(52g)∥∥P 1/2
k Xj

∥∥
2
≤−rkxj − q⊤kXj, k ∈ C, j ∈ {1, . . . , nx},

(52h)

X ≥ 0, (52i)(
X x
x⊤ 1

)
⪰ 0, (52j)

where constraints (52b) - (52c) and (52i) result from pairwise multiplication of the linear constraints,

constraints (52f) - (52h) result from pairwise multiplication of the convex quadratic constraints

with the linear constraints and each other and constraint (52j) results from the additional SDP

relaxation.

In the RPT-SDP formulation we hence obtain L′nx+nx(nx+1)/2+L′(L′+1)/2+ |NC| additional

linear constraints, (nx +L′ +1)|C|+ |C|(|C|+1)/2 additional second order cone constraints, one

additional SDP constraint and nx(nx +1)/2 additional variables.

D.5. RPT-SDP formulation of Problem (DHO)

We introduce the following epigraphical variables: We use zk for the nonconvex terms in the objective

(C + bxk) exp
(
λ
∑k

i=0 xi− δtk
)
, and wk for exp

(
−θ
∑k

i=0 xi

)
. The RPT-SDP formulation is given

by

min
x,z,w,
X,Q,W

∑
k∈K0

zk +
∑
k∈K0

S0

βδ

(exp (βδtk+1)− exp (βδtk))wk +
S0

δ
exp (βδT )wK

s.t. (C + bxk) exp

(
λChk +λb

∑k

i=0Xik− δtk(C + bxk)

C + bxk

)
≤ zk, k ∈K0, (53a)

D⊤x≤ d, (53b)

exp

(
−θ

k∑
i=0

xi

)
≤wk, k ∈K0, (53c)

D⊤Xk ≤ xkd, k ∈K0, (53d)

dx⊤D+D⊤xd⊤ ≤D⊤XD+dd⊤, (53e)

(dℓ−D⊤
ℓ x) exp

(
−θdℓ

∑k

i=0 xi + θ
∑k

i=0D
⊤
ℓ Xi

dℓ−D⊤
ℓ x

)
≤ dℓwk−D⊤

ℓ Qk, k ∈K0, ℓ∈ {1, . . . ,L′},

(53f)

xj exp

(
−θ
∑k

i=0Xij

xj

)
≤Qjk, k, j ∈K0, (53g)
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exp

(
−θ

k∑
i=0

xi− θ
j∑

i=0

xi

)
≤Wjk, j, k ∈K0, (53h)

wj exp

(
−θ
∑k

i=0Qij

wj

)
≤Wjk, j, k ∈K0, (53i)

x,X ≥ 0, (53j)X Q x
Q⊤ W w
x⊤ w⊤ 1

⪰ 0, (53k)

where constraint (53b) represents the upper bounds on x such that we obtain a compact feasible

region, (53d) - (53f) result from pairwise multiplication of (53b) with all other constraints, (53g)

results from pairwise multiplication of (53c) with the nonnegativity constraint x≥ 0, (53h) - (53i)

result from pairwise multiplication of the exponential constraint with itself, (53j) results from

pairwise multiplication of the nonnegativity constraints, and constraint (53k) results from the

additional SDP relaxation.

In the RPT-SDP formulation we hence obtain |K0|+L′(L′ +1)/2+ |K0|(|K0|+1)/2 additional

linear inequalities, (L′ +1)|K0|+2|K0|2 additional exponential cone inequalities, and one additional

LMI.

E. Data generation of numerical experiments

E.1. Data generation of numerical experiments of Problem (35)

We use the data generated by Selvi et al. (2022, Appendix F.5). Instances 1 - 5 refer to the instances

1, 2, 3, 7, and 11 in Selvi et al. (2022, Appendix F.5) respectively. In every problem, every max-term

has the same number of elements, i.e., |Jℓ|= |Jℓ′ | for every ℓ, ℓ′ ∈L.

Problem instance 1: Aij ∼ [−5,5], bj = 0,D⊤ = I, di = nx/i,

Problem instance 2: Aij ∼ [−5,5], bj = 0,D⊤ = I, di = nx/i,

Problem instance 3: Aij ∼ [−5,5], bj = 0,D⊤ = I, di = nx/i,

Problem instance 4: Aij ∼ [−5,5], bj ∼ [−10,10],Dij ∼ [0,1], di ∼ [5,15],

Problem instance 5: Aij ∼ [−5,10], bj ∼ [−10,10], and D and d are given by :
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D=



−3 7 0 −5 1 1 0 2 −1 1
7 0 −5 1 1 0 2 −1 −1 1
0 −5 1 1 0 2 −1 −1 −9 1
−5 1 1 0 2 −1 −1 −9 3 1
1 1 0 2 −1 −1 −9 3 5 1
1 0 2 −1 −1 −9 3 5 0 1
0 2 −1 −1 −9 3 5 0 0 1
2 −1 −1 −9 3 5 0 0 1 1
−1 −1 −9 3 5 0 0 1 7 1
−1 −9 3 5 0 0 1 7 −7 1
−9 3 5 0 0 1 7 −7 −4 1
3 5 0 0 1 7 −7 −4 −6 1
5 0 0 1 7 −7 −4 −6 −3 1
0 0 1 7 −7 −4 −6 −3 7 1
0 1 7 −7 −4 −6 −3 7 0 1
1 7 −7 −4 −6 −3 7 0 −5 1
7 −7 −4 −6 −3 7 0 −5 1 1
−7 −4 −6 −3 7 0 −5 1 1 1
−4 −6 −3 7 0 −5 1 1 0 1
−6 −3 7 0 −5 1 1 0 2 1



, and d=



−5
2
−1
−3
5
4
−1
0
9
40


,

respectively. The values for the parameters of each distinct problem instance are given in Table 14.

Instance nx |L| |Jℓ| a c M
1 5 1 5 3 6 100
2 5 10 5 3 6 100
3 20 10 10 11 25 1000
4 10 2 5 3 7 1000
5 20 10 10 5 30 1000

Table 14 Problem (36) parameters for each instance. nx refers to the number of variables, |L| to the number of

max linear terms, |Jℓ| to the number of elements within a max-term, a to the parameter used in X2, c to the

parameter used in X3 and M to the big M parameter used in Problem (37).

E.2. Data generation of numerical experiments of Problem (38)

The problem instances are adopted from Selvi et al. (2022) and can be summarized as follows: In

instances 1 and 2 the linear constraints are defined as

− i

nx

≤ xi ≤
nx

i
,

in instance 3 as

xi ≤ 8, xi +xj ≤ uij,

where uij ∼ [5,15]. Finally, for the last two we have

Problem instance 4: Dij ∼ [0,1], di ∼ [10,30],

Problem instance 5: Dij ∼ [0,1], di ∼ [20,60].

The parameters describing each instance are summarized in Table 15.
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Table 15 Problem (38) parameters for each instance. nx refers to the number of variables and L′ to the number of

linear constraints.

Instance nx L′

1 10 20
2 40 80
3 10 100
4 20 20
5 50 50

E.3. Data generation of numerical experiments of Problem (40)

The problem instances were generated in the same way as in BARON (Ryoo and Sahinidis, 1996).

Namely, the constraint coefficients were generated as Dij ∼ [−100,0], di ∼ [−100,0] and the linear

terms as Aij ∼ [0,10], bi ∼ [0,10]. The parameters describing each instance are summarized in Table

16.

Table 16 Problem (40) parameters for each instance. nx refers to the number of variables, L′ to the number of

linear constraints, and ny to the number of linear multiplications in the objective.

Instance nx L′ ny

1 5 5 5
2 7 7 10
3 10 10 9
4 20 20 8
5 40 40 4

E.4. Data generation of numerical experiments of Problem (43)

The first 5 problem instances are adopted from Selvi et al. (2022) and can be summarized as follows:

In instances 1 and 2 the objectives are f(x) = − 1
2

∑20

i=1(xi − 2)2 and f(x) = − 1
2

∑20

i=1(xi + 5)2

respectively and the linear constraints are as in instance 5 for problem (35). Instances 3, 4 and 5

are defined by the linear constraints D⊤x≤ d, x≤ xue, where

Problem instance 3: Dij ∼ [0,1], di ∼ [20,60], xu = 5,

Problem instance 4: Dij ∼ [0,1], di ∼ [30,60], xu = 3,

Problem instance 5: Dij ∼ [0,1], di ∼ [80,120], xu = 2.

Instances 6, 7, 8, 9 and 10 were adopted from Al-Khayyal et al. (1995). Each matrix Pi ∈Rnx×nx in

both the objective and the constraints has integer entries uniformly at random between -10 and

10 and further in each row, half of the entries are randomly set to 0. Each vector qi ∈Rnx is also

generated with integer entries between -10 and 10 and each ri is set to 0. In the data used for
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these five instances, D= I and d= 20e, so their nonnegative variables satisfy 0≤ x≤ 20e. The

parameters describing each instance are summarized in Table 17.

Table 17 Problem (43) parameters for each instance. nx refers to the number of variables, L to the number of

linear constraints and nc-q to the number of nonconvex quadratic constraints.

Instance nx L nc− q
1 20 10 0
2 20 10 0
3 10 15 0
4 50 62 0
5 100 130 0
6 8 8 4
7 12 12 6
8 16 16 8
9 30 30 15
10 40 40 20

E.5. Data generation of numerical experiments of Problem (DHO)

The linear constraints are defined as xi ≤ 300. Moreover, the time periods in each instance are:

t25 = (0,25,50,75,100,125,150,175,200,225,250,275)⊤,

t50 = (0,50,100,150,200,250)⊤,

tir = (0,20,50,90,130,155,180,210,255,270)⊤.

In each instance, the number of variables nx is equal to the number of time periods. The parameters

describing each instance are summarized in Table 18. Moreover, we have θ= α− ζ, βδ = αη+ γ− δ.

Table 18 Problem (DHO) parameters for each instance.

Instance α C b λ ζ η S0 γ δ T
10 0.033027 16.6939 0.6258 0.0014 0.003774 0.32 0.68938 0.02 0.04 300
15 0.0502 125.6422 1.1268 0.0098 0.003764 0.76 16.2008 0.02 0.04 300
16 0.0574 324.6287 2.1304 0.01 0.002032 0.76 25.0071 0.02 0.04 300

F. Proofs of the convergence results

Throughout this appendix, we use the assumptions and the notation of Section 6, including

Assumption 3. We first state and prove the supporting lemmas, and then prove Theorem 3 and

Corollary 1.
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F.1. Properties of the node relaxations

Let Fj be the feasible set of the relaxation at node Nj and let σj = (xj,τj,Xj,Vj)∈Fj be the point

returned when this relaxation is solved, on which we branch. When the larger LMI of Section 3.3 is

included, Fj and σj denote the corresponding projections with the additional block T suppressed.

For k ∈K0, let

Φk(x,X) := c0k(x)+
∑
i∈Ik

(qik−d⊤
ikx) cik

(
qikx−Xdik

qik−d⊤
ikx

)
(54)

be the perspectified form of fk from Section 3.2, where each perspective term follows the convention

of Section 1 at a zero multiplier, takes the value +∞ for a negative multiplier, and is replaced by its

affine expression in (x,X) when cik is affine. Since (x,τ )∈ T gives c0k(x)≤ τk, every point of Fj

satisfies Φk(x,X)≤ 0 for k ∈K and has relaxation objective value at least Φ0(x,X). In particular,

pj ≥Φ0(xj,Xj).

Lemma 5 (Properties of the Node Relaxations). Let Nj be a node generated by Algorithm 2.

(a) For every k ∈K0, Φk is lower semicontinuous on Rnx × Snx, and Φk(x,xx
⊤) = fk(x) for all

x∈X . In particular, f0, . . . , fK are lower semicontinuous on X , and v⋆ is attained.

(b) If x is feasible for Problem (1) with f0(x)<+∞ and satisfies the branching and directional-

bound inequalities inherited by Nj, then (x,c0(x),xx
⊤,c0(x)x

⊤)∈Fj with relaxation objective

value f0(x). Consequently ℓj ≤ f0(x), and if Nj is branched, the exact lift of x belongs to Fj1

or to Fj2.

(c) If Fj ≠ ∅, then for every unit vector ν the values inf{ν⊤x : (x,τ ,X,V )∈Fj} and sup{ν⊤x :

(x,τ ,X,V )∈Fj} are finite and differ by at most Dx. In particular, the bounds (17) satisfy

aj ≤ sj ≤ bj and bj − aj ≤Dx.

(d) If Rj = 0, then xj is feasible for Problem (1) and f0(xj)≤ pj. Consequently, Ub≤ Lbj + ε̄

from the moment Nj has been solved.

Proof of Lemma 5. (a) Fix k ∈K0 and i∈ Ik with cik nonlinear. The function (t,u) 7→ t cik(u/t)

for t > 0, extended by δ∗dom(c∗
ik

)(u) at t= 0 and by +∞ for t < 0, is the closure of the perspective

of the proper, closed and convex function cik and is therefore closed and convex (Rockafellar,

1970, Section 8). Its composition with the affine map (x,X) 7→ (qik−d⊤
ikx, qikx−Xdik) is lower

semicontinuous, as is c0k, and the affine expression used for an affine cik is continuous. All terms take

values in (−∞,+∞], so their finite sum Φk is lower semicontinuous. Now let x∈X . For a nonlinear

cik, Assumption 2 gives qik − d⊤
ikx ≥ 0. If qik − d⊤

ikx > 0, then (qikx− xx⊤dik)/(qik − d⊤
ikx) = x

and the term equals (qik − d⊤
ikx)cik(x). If qik − d⊤

ikx = 0, then qikx− xx⊤dik = 0 and the term

equals δ∗dom(c∗
ik

)(0) = 0, as in the proof of Lemma 1, which is the value of (qik−d⊤
ikx)cik(x) under

the convention 0 · cik(x) = 0 of (2). For an affine cik, the affine expression evaluated at X =xx⊤
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is the product itself. Hence Φk(x,xx
⊤) = fk(x). Since x 7→ (x,xx⊤) is continuous, fk is lower

semicontinuous on X . The feasible set of Problem (1) is then a nonempty closed subset of the

compact set X , and f0 attains its minimum v⋆ on it.

(b) Let x be as stated and set τ := c0(x), X := xx⊤, and V := τx⊤. The vector τ is finite,

because fk(x)≤ 0 for k ∈K and f0(x)<+∞, while every other term of fk is greater than −∞. We

verify the constraints of the relaxation at Nj, which consist of the constraints of (8), the optional

semidefinite constraint of Section 3.3, the inherited branching and directional-bound inequalities

together with their products with themselves, with each other and with the other constraints

in x, and the optional inequalities of Remark 4. The constraints in x alone hold by hypothesis,

and (x,τ ) ∈ T by the choice of τ . By part (a), the perspectified constraint of index k ∈K reads

τk +Φk(x,X)− c0k(x) = fk(x)≤ 0, and the objective equals τ0 +Φ0(x,X)− c00(x) = f0(x). The

diagonal inequalities Xii ≥ 0 reduce to x2
i ≥ 0. Every generated product of two linear inequalities,

including products involving the inherited inequalities, reduces at X =xx⊤ to the product of two

nonnegative slacks. For a linear inequality A⊤
ℓ x ≤ bℓ (or an inherited inequality) and a convex

constraint hr(x)≤ 0, the perspectified product equals (bℓ−A⊤
ℓ x)hr(x)≤ 0 when bℓ−A⊤

ℓ x> 0 and

δ∗dom(h∗
r)
(0) = 0 when bℓ−A⊤

ℓ x=0, by the computation in part (a). The products with c0(x)≤ τ

reduce in the same way to (bℓ−A⊤
ℓ x)c0(x)≤ (bℓ−A⊤

ℓ x)τ = bℓτ −V Aℓ. The products with the

equality constraints hold because sℓx−XPℓ = (sℓ−P⊤
ℓ x)x= 0 and sℓτ −V Pℓ = (sℓ−P⊤

ℓ x)τ = 0.

Finally,

(
X x
x⊤ 1

)
=

(
x
1

)(
x
1

)⊤

⪰ 0 (if the larger LMI of Section 3.3 is included, its block T is set

to ττ⊤, and the full matrix equals (x⊤,τ⊤,1)⊤(x⊤,τ⊤,1)⪰ 0), and (ν⊤x)2 = ν⊤Xν for every ν,

which verifies the optional inequalities of Remark 4. Hence the lift belongs to Fj with objective

value f0(x), and ℓj ≤ f0(x) by Assumption 3. If Nj is branched, then ν⊤
j x≤ sj or ν⊤

j x≥ sj, and

aj ≤ ν⊤
j x≤ bj by (17), because the lift belongs to Fj. Thus x satisfies the inequalities of at least

one child, and the first part of the proof applied to that child shows that the lift belongs to its

feasible set.

(c) The x-component of every point of Fj lies in X , because (x,τ )∈ T . Hence, for a unit vector ν,

the infimum and the supremum of ν⊤x over Fj lie between minx∈X ν
⊤x and maxx∈X ν

⊤x, which

are finite, and they differ by at most max{ν⊤(x−x′) : x,x′ ∈ X} ≤Dx by the Cauchy–Schwarz

inequality. Since σj ∈Fj and sj = ν
⊤
j xj, the bounds (17) satisfy aj ≤ sj ≤ bj.

(d) If Rj = 0, then Xj = xjx
⊤
j , and part (a) gives fk(xj) = Φk(xj,Xj) ≤ 0 for k ∈ K, so xj

is feasible, and f0(xj) = Φ0(xj,Xj) ≤ pj. In particular, f0(xj) is finite. The point xj belongs

to the candidate set of Section 3.4 and is evaluated when Nj is solved, so that from then on

Ub≤ f0(xj)≤ pj ≤ ℓj + ε̄≤ Lbj + ε̄ by (28), where the last inequality holds because Lbj is ℓj or an

inherited larger bound. □
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F.2. Consistency along infinite branches

Lemma 6 (Directional Descendant Estimate). Let Nk be branched with direction νk, level

sk = ν
⊤
k xk, and bounds ak ≤ sk ≤ bk, and let Nq be a proper descendant of Nk whose relaxation is

feasible. Then ∣∣ν⊤
k Rqνk

∣∣≤ (bk− ak)
∣∣ν⊤

k (xq −xk)
∣∣≤Dx ∥xq −xk∥2. (55)

Proof of Lemma 6. Write t = ν⊤
k xq, y = ν⊤

k Xqνk, and d = ν⊤
k (xq − xk) = t − sk, so that

ν⊤
k Rqνk = y− t2. The descendant Nq inherits the branching inequalities and the generated inequali-

ties of the child of Nk from which it descends, and σq satisfies them because σq ∈Fq. The tangent (18)

gives y − t2 ≥ 2skt− s2k − t2 =−d2. If Nq descends from the left child, then ak ≤ t≤ sk and (19)

gives y− t2 ≤ (ak + sk)t− aksk − t2 = (t− ak)(sk − t)≤ (bk − ak)|d|. If Nq descends from the right

child, then sk ≤ t≤ bk and (20) gives y − t2 ≤ (t− sk)(bk − t)≤ (bk − ak)|d|. Since t and sk both

lie in [ak, bk], also d
2 ≤ (bk − ak)|d|, which proves the first inequality in (55). The second follows

from bk− ak ≤Dx (Lemma 5(c)) and from |d| ≤ ∥xq −xk∥2, which holds by the Cauchy–Schwarz

inequality because ∥νk∥2 = 1. □

Proposition 1 (Vanishing Residual Along Infinite Branches). If {Nr}r≥1 is an infinite

nested branch of nodes, each branched by Algorithm 1, then ρr→ 0.

Proof of Proposition 1. Suppose some subsequence rj satisfies ρrj ≥ ε > 0, and set Srj :=Rrj/ρrj ,

a symmetric matrix of spectral norm one. Compactness of X , of the unit sphere, and of the set

of symmetric matrices with spectral norm one yields a further subsequence, not relabelled, such

that xrj → x̄, νrj → ν̄, and Srj → S̄. Node Nrj+1
is a descendant of Nrj , and arj ≤ srj ≤ brj by

Lemma 5(c), so Lemma 6 applies with k= rj and q= rj+1. Dividing (55) by ρrj+1
≥ ε gives∣∣∣ν⊤

rj
Srj+1

νrj

∣∣∣≤ Dx

ε
∥xrj+1

−xrj∥2 −→ 0,

because xrj and the shifted sequence xrj+1
converge to the same limit x̄. On the other hand, the

selection rule of Algorithm 1 gives |ν⊤
rj+1

Srj+1
νrj+1

|= |λrj+1
|/ρrj+1

= 1 for every j. By continuity of

(ν,S) 7→ ν⊤Sν, both left-hand sides converge to |ν̄⊤S̄ν̄|, which would have to equal both 0 and 1.

Hence no such subsequence exists and ρr→ 0. □

Lemma 7 (Rank-one Consistency). Let {Nr}r≥1 be an infinite nested branch with ρr→ 0, and

let x̄ be the limit of a subsequence {xrℓ} of the relaxation solutions. Then x̄ is feasible for Problem (1)

and f0(x̄)≤ lim infℓ→∞ prℓ.

Proof of Lemma 7. We have x̄ ∈ X by closedness, and Xrℓ = xrℓx
⊤
rℓ
+Rrℓ → x̄x̄⊤ because

ρr→ 0. Every point of Fr satisfies Φk(xr,Xr)≤ 0 for k ∈K, so lower semicontinuity and Lemma 5(a)

give

fk(x̄) =Φk(x̄, x̄x̄
⊤)≤ lim inf

ℓ→∞
Φk(xrℓ ,Xrℓ)≤ 0,
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so x̄ is feasible for Problem (1). For the objective, pr ≥Φ0(xr,Xr), and the same argument gives

f0(x̄) =Φ0(x̄, x̄x̄
⊤)≤ lim infℓΦ0(xrℓ ,Xrℓ)≤ lim infℓ prℓ . □

F.3. Proofs of the main guarantees

Proof of Theorem 3. We first record two facts about the bounds. Every bound Lbi stored by

Algorithm 2 is a lower bound on the relaxation objective value of every point of Fi. For ℓi this is

Assumption 3, and an inherited bound is such a bound for the parent, whose relaxation contains

that of the child. Every incumbent is feasible by construction (Section 3.4), so Ub≥ v⋆ throughout.

Let x◦ be a global optimizer, which exists by Lemma 5(a). By Lemma 5(b), the root node contains

the exact lift of x◦, and whenever a node containing this lift is branched, one of its children contains

it as well. Call such a node an optimal node. Its relaxation is feasible, so it is not reported infeasible,

and its bound is at most v⋆, because the exact lift of x◦ belongs to its feasible set with relaxation

objective value f0(x
◦) = v⋆. An optimal node is discarded in one way only, namely when it is not

added to the active list because its bound is at least Ub at that time. Then Ub≤ v⋆, hence Ub= v⋆,

from then on. Hence, at initialization and after every completed iteration, either an optimal node is

active, so that Lb≤ v⋆, or Ub= v⋆. In both cases Lb≤ v⋆, at initialization because Lb0 = ℓ0 ≤ v⋆,
and afterwards because the update rule of Algorithm 2 takes the minimum with Ub.

(a) If the active list is empty at termination, then the preceding argument and the update rule

give Lb=Ub= v⋆. Otherwise, the stopping test gives Ub−Lb≤ δ, and Ub is finite because Lb is.

Since the incumbent is feasible, Ub= f0(x
inc), and in either case

0≤ f0(xinc)− v⋆ ≤Ub−Lb≤ δ.

In particular, the incumbent is globally optimal when δ= 0.

(b) Let Ls be the value of Lb immediately before the s-th node selection. While the run continues,

Ub−Ls > δ≥ 0, so Ls is the smallest active bound, that is, the bound of the node selected at step

s, and the previous paragraph gives Ls ≤ v⋆. The children of the selected node inherit its bound, so

their bounds are at least Ls, the bounds of the other active nodes are at least Ls as well, and taking

the minimum with Ub≥ v⋆ ≥Ls cannot decrease it. Hence Ls is nondecreasing and converges to

some L≤ v⋆.
Suppose L < v⋆ − ε̄. Every selected node is branched, so an infinite run generates an infinite

binary tree of selected nodes, which is closed under taking ancestors, and König’s lemma yields an

infinite nested branch {Nr} of selected nodes. Node Nr is selected at some step sr with sr→∞,

and its bound is Lbr =Lsr →L. By compactness of X , {xr} has a subsequence converging to some

x̄, which by Proposition 1 and Lemma 7 is feasible with

f0(x̄)≤ lim inf
ℓ

prℓ ≤ lim inf
ℓ

(
ℓrℓ + ε̄

)
≤ lim inf

ℓ

(
Lbrℓ + ε̄

)
=L+ ε̄ < v⋆,
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where we used (28) and ℓr ≤ Lbr. This contradicts the optimality of v⋆. Hence L≥ v⋆− ε̄.

Finally, let {Nr} be an infinite nested branch. Each of its nodes is branched and therefore selected,

at some step sr→∞, with Lbr = Lsr → L. By Proposition 1 and Lemma 7, every accumulation

point x̄ of {xr} is feasible and, as above, satisfies f0(x̄)≤L+ ε̄≤ v⋆ + ε̄. □

Proof of Corollary 1. Suppose, to the contrary, that the run is infinite, and let Ls and Us denote

the global lower and upper bounds immediately before the s-th node selection. The stopping criterion

gives Us−Ls > δ for every s, and Theorem 3(b) gives Ls→ L. As in the proof of Theorem 3(b),

the run contains an infinite nested branch {Nr} of selected nodes with Lbr = Lsr → L, and by

compactness of X , Proposition 1 and Lemma 7, the relaxation solutions along this branch have a

subsequence xrℓ→ x̄ with x̄ feasible and f0(x̄)≤L+ ε̄.

Since K= ∅, each relaxation solution xj ∈X is feasible for the original problem and has finite

objective value. It belongs to the candidate set of Section 3.4 and is evaluated when its node is

solved, before the node is selected. Consequently, Usrℓ
≤ f0(xrℓ), and

δ <Usrℓ
−Lsrℓ

≤ f0(xrℓ)−Lbrℓ −→ f0(x̄)−L≤ ε̄,

where continuity of f0 gives f0(xrℓ)→ f0(x̄). This contradicts ε̄ < δ. The run therefore terminates,

and δ-optimality follows from Theorem 3(a). □
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