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Abstract

We investigate a class of composite nonconvex functions, where the outer function is the
sum of univariate extended-real-valued convex functions and the inner function is the limit of
difference-of-convex functions. A notable feature of this class is that the inner function can be
merely lower semicontinuous instead of continuously differentiable. It covers a range of impor-
tant yet challenging applications, including the composite value functions of nonlinear programs
and the value-at-risk constraints. We propose an asymptotic decomposition of the composite
function that guarantees epi-convergence to the original function, leading to necessary optimal-
ity conditions for the corresponding minimization problem. The proposed decomposition also
enables us to design a numerical algorithm such that any accumulation point of the generated
sequence, if exists, satisfies the newly introduced optimality conditions. These results expand
on the study of so-called amenable functions introduced by Poliquin and Rockafellar in 1992,
which are compositions of convex functions with smooth maps, and the prox-linear methods for
their minimization.

Keywords: epi-convergence; optimality conditions; nonsmooth analysis; difference-of-convex
functions

1 Introduction.

We consider a class of composite optimization problems of the form:

m
L. F A }
uiimine Y [F0) 2 2 ((0)] (CPo)
where for each p = 1,---,m, the outer function ¢, : R - R U {+00} is proper, convex, lower

semicontinuous (lIsc), and the inner function f,, : R” — R can be merely Isc. Throughout the paper,
we assume the existence of an optimal solution for (CPg|).

If each inner function f, is continuously differentiable, then the objective in (CPg|) belongs to the
family of amenable functions under a constraint qualification [20, [2I]. For a thorough exploration
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of the variational theory of amenable functions, readers are referred to [25, Chapter 10(F)]. The
properties of amenable functions have also led to the development of prox-linear algorithms, where
convex subproblems are constructed through the linearization of the inner smooth mapping [14], [3,
4, (15, [12).

However, there are various applications of composite optimization problem in the form of
where the inner function f, is nondifferentiable, or even discontinuous. In the following, we provide
two such examples.

Example 1.1 (Composite value functions) For p = 1,--- ,m, consider the optimal value function
1
fo(z) = i%f {(cp +CPx) Ty + §yTpr APz + BPy <bP } r e R™ (1)
yeR"2

with appropriate dimensional vectors b” and c?, and matrices AP, BP,C? and QP, where QP is
symmetric and positive semidefinite. The function f, is not smooth in general. The inverse (multi)
optimal value problem [I, 19] finds a vector x € R™ that minimizes the discrepancy between
observed optimal values {v,}; and true values {f,};.; based on a prescribed metric, such as the
{1-error:

minimize i lvp — fp(2)]. (2)
p=1

zeR™1
One can express problem in the form of (CPg|) by defining the outer function ¢,(t) = |v, — t|.

Example 1.2 (Optimal portfolios under a value-at-risk constraint) The value-at-risk (VaR) of a
random variable Y at a confidence level a € (0,1) is VaRq(Y) £ inf{y € R | P(Y < ~) > a}. Let
Z be a random vector and c(z, Z) represent the profit of investments parameterized by = € R".
An agent’s goal is to maximize the expected utility of ¢(x, Z), denoted as E[u(c(z, Z))], while also
controlling the risk via a constraint on VaR[c(z, Z)] under a prescribed level r. Adapted from [30),
Section 3.4], the model can be written as

maxi[glize E[u(c(z, Z))] subject to VaRa[c(z, Z)] <, (3)
we n

which can be put into the framework (CPy|) by defining ¢1(t) = t, f1(z) = —E[u(c(z, Z2))], p2(t) =
O(—o0,r)(t), and fo(x) = VaRa[c(r, Z)]. We note that the inner function VaRq[c(+, Z)] is nonsmooth
and can be discontinuous in general.

Due to the nondifferentiablity of the inner function f, in , the prox-linear algorithm is
not applicable to solve this composite optimization problem. The present paper aims to develop an
algorithmic framework for a subclass of , where each inner function f,, although nonsmooth,
can be expressed as the limit of difference-of-convex (DC) functions. We refer to this class of
functions as approachable difference-of-convex (ADC) functions (see section for the formal
definition). It is important to note that ADC functions are ubiquitous. In particular, the inner
functions f, in (2) and VaRq[c(-, Z)] in (3) are instances of ADC functions. In fact, based on the
result recently shown in [26], any lsc function is ADC.

With this new class of functions in hand, we have made a first step to understand the variational
properties of the composite ADC minimization problem (CPyf), including an in-depth analysis of
its necessary optimality conditions. The novel optimality conditions are defined through a handy



approximation of the subdifferential 0f, that explores the ADC structure of f,. Using a notion of
epi-convergence, we further show that these optimality conditions are necessary conditions for any
local solution of . Additionally, we propose a double-loop algorithm for , where the
outer loop dynamically updates the DC functions approximating each f,, and the inner loop finds
an approximate stationary point of the resulting composite DC problem through successive convex
approximations. It can be shown that any accumulation point of the sequence generated by our
algorithm satisfies the newly introduced necessary optimality conditions.

Our strategy to handle the nonsmooth and possibly discontinuous inner function f, through
a sequence of DC functions shares certain similarities with the approximation frameworks in the
existing literature. For instance, Ermoliev et al. [I3] have designed smoothing approximations
for Isc functions utilizing convolutions with bounded mollifier sequences, a technique akin to local
“averaging”. Research has sought to identify conditions that ensure gradient consistency for the
smoothing approximation of composite nonconvex functions [8,[7, 5, [6]. Notably, Burke and Hoheisel
[0] have emphasized the importance of epi-convergence for the approximating sequence, a less
stringent requirement than the continuous convergence assumed in earlier works [8, 2]. In recent
work, Royset [27] has studied the consistent approximation of the composite optimization in terms
of the global minimizers and stationary solutions, where the inner function is assumed to be locally
Lipschitz continuous. Our notion of subdifferentials and optimality conditions for takes
inspiration from these works but adapts to accommodate nonsmooth approximating sequences
that exhibit the advantageous property of being DC.

The rest of the paper is organized as follows. Section [2| presents a class of ADC functions and
introduces a new associated notion of subdifferential. In section [3, we investigate the necessary
optimality conditions for problem . Section M| is devoted to an algorithmic framework for
solving and its convergence analysis to the newly introduced optimality conditions. The
paper ends with a concluding section.

Notation and Terminology. We write R" as the n-dimensional Euclidean space equipped with
the inner product (z,y) = 2"y and the induced norm |z| £ vz Tz. We use the symbol B(Z, §) to
denote the Euclidean ball {z € R" | ||z —Z|| < d}. The set of nonpositive, nonnegative and positive
real numbers are denoted as R_, R, and R, 1, respectively, and the set of nonnegative integers is
denoted as N. Notation {t*} is employed to abbreviate any sequence {t*}>¢, wherein the elements
may take the form of points, sets, or functions. By t* — t and t* — y ¢, we mean that the sequence
{t¥} and the subsequence {t*},cx indexed by N C N converge to t, respectively. We further write
N, 2 {N c N | Ninfinite} and Ny, £ {N | N\ Nfinite}.

Given two sets A and B in R™ and a scalar A € R, the Minkowski sum and the scalar multiple
are defined as A+ B= {a+b|lac A,be Bl and N\A = {\a|a € A}. We also define 0- () = {0}
and A - () = () whenever A\ # 0. When A and B are nonempty and closed, we define the one-sided
deviation of A from B as D(A, B) £ sup,c, dist(z, B), where dist(z, B) £ infyep ||y — z||. The
Hausdorff distance between A and B is given by H(A, B) £ max{D(A4, B), D(B, A)}. The boundary
and interior of A are denoted by bdry(A) and int(A). The topological closure and the convex hull
of A are indicated by cl(A) and con A. We let §4(x) be the indicator function of A, i.e., d4(x) =0
for z € A and d4(x) = 400 for x ¢ A.

For a sequence of sets {C*}, we define its outer limit as

LimsupC* £ {u | IN e N!_, u* — 5 uwith «* € CF},
k—4o00



and the horizon outer limit as

Limsup™ C* £ {0} U {u |IN e N, A L0, \euk — v uwith o € Ck}.

k—4o00

The outer limit of a set-valued mapping S : R” = R™ is defined as

Limsup S(z) = U Limsup S(z*) = {u | 32* — Z, u* — uwith «* € S(z*)} 7 e R"
T—T P [e’e)
Tt —T
We say S is outer semicontinuous (osc) at £ € R™ if Limsup,_,; S(z) C S(Z).

The regular normal cone and the limiting normal cone of a set C' C R™ at z € C' are given by

Ne(z) 2 {v ‘ v (z— ) < o||x — z||)for all x € C’} and Ng(z) 2 Limsup No(z).
z(eC)—T
The proximal normal cone of a set C at Z € C is defined as NE(z) £ {Nz—2) | Z € Po(z), A > 0},
where Pc is the projection onto C' that maps any = to the set of points in C' that are closest to x.
For an extended-real-valued function f : R® — R £ R U {00}, we write its effective domain
as dom f £ {x € R" | f(x) < 400}, and the epigraph as epi f 2 {(z,a) € R"" | a > f(z)}. We
say f is proper if dom f is nonempty and f(z) > —oo for all z € R". We adopt the common rules
for extended arithmetic operations, including the lower and upper limits of a sequence of scalars in
R (cf. |25, Chapter 1(E)]).

Let f : R® — R be a proper function. We write x — Z, if # — zand f(z) — f(z). The
regular subdifferential and the limiting subdifferential of f at & € dom f are respectively defined as
Af(@) 2 {v| f(x)> f(&) +v (z — &)+ o(||z — Z|)for all z} and Of(Z) 2 Limsupdf ().

T T

For any z ¢ dom f, we set 5f(a?) = 0f(z) = 0. When f is locally Lipschitz continuous at Zz,
condf(Z) equals to the Clarke subdifferential dc f(Z). We further say f is subdifferentially regular
at Z € dom f if f is Isc at  and 9f(Z) = f(z). When f is proper and convex, df, df, and 9¢c f
coincide with the concept of the subdifferential in convex analysis.

Finally, we introduce the notion of function convergence. A sequence of functions {f* : R" —
R} is said to converge pointwise to f : R — R, written f* Borif limy_ 4o f¥(x) = f(z) for any
x € R™. The sequence {f*} is said to epi-converge to f, written f* = f, if for any z, it holds

liminf f¥(z*) > f(z) for every sequence z* — z,
k——+o0

k

limsup f*(z*) < f(z) for some sequence z¥F — x.

k——+o0

The sequence {f*} is said to converge continuously to f, written f* 5 f, if limy_, o f*(zF) = f(z)
for any z and any sequence z* — z.

2 Approachable difference-of-convex functions.

In this section, we formally introduce a class of functions that can be asymptotically approximated
by DC functions. A new concept of the subdifferential that is defined through the approximating
functions is proposed. At the end of this section, we provide several examples that demonstrate
the introduced concepts.



2.1 Definitions and properties.

An extended-real-valued function can be approximated by a sequence of functions in various con-
vergent notions, as comprehensively investigated in [25, Chapter 7(A-C)]. Among these approaches,
epi-convergence has a notable advantage in its ability to preserve the minimizers |25, Theorem 7.31].
Our focus lies on a particular class of approximating functions, wherein each function exhibits a
DC structure.

Definition 1. A function f is said to be DC on its domain if there exist proper, lsc and convex
functions g,h : R® — R such that dom f = [domg Ndomh] and f(x) = g(x) — h(zx) for any
x € dom f.

With this definition, we introduce the concept of ADC functions.

Definition 2 (ADC functions). Let f : R"® — R be a proper function.

(a) f is said to be pointwise approachable DC (p-ADC) if there exist proper functions { f* : R™ —
R}, DC on their respective domains, such that f* LN f-

(b) f is said to be epigraphically approachable DC (e-ADC) if there exist proper functions {f* :
R™ — R}, DC on their respective domains, such that f* 5 f.

(¢) f is said to be continuously approachable DC (c-ADC) if there exist proper functions {f* :
R™ — R}, DC on their respective domains, such that f* 5 f.

A function f confirming any of these properties are said to be an ADC function associated with
{f*}. By a slight abuse of notation, we denote the DC decompositions of each f* as f* = g* — h¥,
although the equality may only hold for x € dom f*.

A p-ADC function may not be Isc. An example is given by f(x) = 1403(%) + 2 - 1(g 100) (),
where for a set C' C R", we write 1¢(z) =1if x € C and 1¢(x) =0 if z ¢ C. In this case, f is not
Isc at = = 0. However, f is p-ADC associated with f*(x) = max (0, 2kz + 1) — max (0, 2kz — 1).
In contrast, any e-ADC function must be lIsc [25, Proposition 7.4(a)], and any ¢-ADC function is
continuous [25, Theorem 7.14].

The relationships among different notions of function convergence, including the unaddressed
uniform convergence, have been thoroughly examined in [25]. Generally, pointwise convergence and
epi-convergence do not imply one another, but they coincide when the sequence {f*} is asymptot-
ically equi-lsc everywhere [25, Theorem 7.10]. In addition, f* continuously converges to f if and
only if both f* % f and (—f*) > (—f) are satisfied [25, Theorem 7.11]. While epi-convergence is
often challenging to verify, it is simpler for a monotonic sequence { f*} that converges pointwise to
f [25), Proposition 7.4(c-d)].

2.2 Subdifferentials of ADC functions.

Characterizing the limiting and Clarke subdifferentials can be challenging when dealing with func-
tions that exhibit complex composite structures. Our focus in this subsection is on numerically
computable approximations of the limiting subdifferentials.

Definition 3 (approximate subdifferentials). Consider an ADC function f : R® — R associated
with {f* = g* — h¥}. The approximate subdifferential of f (associated with {f* = ¢g* — h*}) at



T € R" is defined as

oaf(z) = U Limsup [8gk(xk)—8hk(xk)].

zk—z k—rtoo

The approximate horizon subdifferential of f (associated with {f* = g* —h*}) at T € R™ is defined
as
oXf(z) = U Lim sup®™ [ng(xk) - 6hk(xk)].
k.= k—+oo
¥ —T

Unlike the limiting subdifferential which requires z* — # &, 0af(x) is defined using sequences
zF — T without necessitating the convergence of function values. The following proposition estab-
lishes useful properties of the approximate (horizon) subdifferential mappings.

Proposition 1. The following statements hold.

(a) The mappings x — Oaf(x) and x — OF f(x) are osc.

(b) Let & ¢ dom f. Then Oof(Z) = O if for any sequence z* — Z, we have z* ¢ dom f* for
all k sufficiently large. The latter condition is particularly satisfied whenever dom f is closed and
dom f* < dom f for all k sufficiently large.

Proof. The results in (a) follow directly from the definition of the approximate (horizon) subdiffer-
ential mappings. To show (b), note that for any ¥ — Z ¢ dom f, we have [0g"(z*) — OR* (2F)] = 0
for all k sufficiently large due to 2% ¢ dom f* = [dom ¢g* N dom h¥]. Thus, df(z) = 0 for any
Z ¢ dom f. The proof is then completed. O

Proposition [I[b) presents a sufficient condition for daf(z) = 8f(Z) = 0 at any z ¢ dom f.
In the subsequent analysis, we restrict our attention to Z € dom f. Admittedly, the set daf (%)
depends on the approximating sequence { fk} and the DC decomposition of each f* that may
contain some irrelevant information concerning the local variational geometry of epi f. In fact, for
a given ADC function f, we can make the set 04 f(Z) arbitrarily large by adding the same extra
nonsmooth functions to both ¢* and h*. By Attouch’s theorem (see for example [25, Theorem
12.35]), for proper, Isc, convex functions f and {f*}, if f¥ 5 f, we immediately have dsf = Of
when taking ¢* = f* and h* = 0. In what follows, we further explore the relationships among 94 f
and other commonly employed subdifferentials in the literature beyond the convex setting. As it
turns out, with respect to an arbitrary DC decomposition of f* that is lsc, 94 f(Z) contains the
limiting subdifferential of f at any Z € dom f whenever f* 5 f.

Theorem 1 (subdifferentials relationships). Consider an ADC function f : R™ — R. The following
statements hold for any T € dom f.

(a) If f is e-ADC associated with {f*} and f* is Isc, then Of(Z) C Oaf(Z) and 0° f(z) C OF f(%).
(b) If f is locally Lipschitz continuous and bounded from below, then there exists a sequence of
DC functions {f* = g* — h*} such that f* 5 f, 0f(z) C 0af(7) C Ocf(Z), and OF f(z) = {0}.
Consequently, con 04 f(z) = 0o f(Z), the set D4 f(Z) is nonempty and bounded, and Of(z) = Jaf(T)
when [ is subdifferentially regular at Z.

Proof. (a) Since f is e-ADC, it must be Isc. By using epi-convergence of {f*} to f, we know from
[25, Corollary 8.47(b)] and [25 Proposition 8.46(e)] that any element of Jf(Z) can be generated



as a limit of regular subgradients at #* with 2* —x # and f*(2*) =y f(Z) for some N € Ny
Indeed, we can further restrict ¥ € dom f* since f*(z*) =y f(Z) and € dom f. Then, we have

af(z) C U Lim sup 5fk(xk) C U Lim sup [8gk — O (x )] C 0af(Z),

zk(edom fF)—z k= oo ak(edom fk)—z Foteo

where the second inclusion can be verified as follows: Firstly, due to the lower semicontinuity of
f*¥ and h*, and 2* € dom f* C dom ¢¥, it follows from the sum rule of regular subdifferentials [25,
Corollary 10.9] that dg*(z*) > 8% (z*) + dh*(2*). Consequently, & f*(z*) C dgk(x*) — Rk (k) =
0g*(z*) — On* (2%) since g% and h* are proper and convex [25, Proposition 8.12]. Similarly, by [25,
Corollary 8.47(b)], we have

0% f(x) C U Lim sup® df*(2*) c U Lim sup™ [ng(ack)—8hk(xk)] C oY f(x).

zk(edom fF)—z koo zk(€dom fF)—z koo

(b) For a locally Lipschitz continuous function f, consider its Moreau envelope e, f(z) =
inf,{f(z) + ||z — z||*/(27)} and the set-valued mapping P, s(x) £ argmin,{f(z) + ||z — z[|*/(27)}.
For any sequence 7y | 0, we demonstrate in the following that {f* £ e, [} is the desired sequence
of approximating functions. Firstly, since f is bounded from below, it must be prox-bounded and,
thus, each f* is contlnuous and f*(z) 1 f(z) for all Z (cf. [25, Theorem 1.25]). By the continuity
of f and f*, we have f* 5 f from [25, Proposition 7.4(c-d)]. It then follows from part (a) that
Of(x) C 0af(Z). Consider the following DC decomposition for each f*:

fk(x)zw—sup {—f(z)—HZ”Q+ZTx} x € R".
z€R™

29k 2k Vk
——
2g*(x) Lpk(z)

It is clear that f(2) + ||2)|2/(2v) + 2 "2/ is level-bounded in z locally uniformly in x, since for
any r € R and any bounded set X C R", the set

{ZGR”

is bounded. Due to the level-boundedness condition, we can apply the subdifferential formula of
the parametric minimization [25, Theorem 10.13] to get
of }
U o3

oM@ c | {y ‘ (0:8) € e <f @+ G- M) } e

2
2Py () Vk Yk

l=l® _ 2T

re X, flz)+ —
fz) 2% %k

Sr}c{zER"

v X, [lz = al* < llol + 2 [r —inf £(2)] }

where the last inclusion is due to the calculus rules [25, Proposition 10.5 and Exercise 8.8(c)].
Since h* is convex, we have —Oh*(z) = dc(—h*)(x) = con d(—h*)(x) by [25, Theorem 9.61], which
further yields that

9" (x) — 8hk(x)} C con U {0f(2) |z € Py f(x)} VzeR" k>0. (4)

For any z* — z and any z* € P,,_¢(z"), we have

1 k k2 : 1 k k2 k 1 = k2 =~
— || — T +1nf}m<—z—x + )< —llxz—2x + x).



Then, ||2F — 2| < V/||Z — 2¥|]2 + 2v[f(Z) — inf, f(z)] — O due to the assumption that f is
bounded from below and therefore z¥ — Z. By the locally Lipschitz continuity of f, it follows
from [25, Theorem 9.13] that the mapping df : © — Jf(x) is locally bounded at z. Thus, there
is a bounded set S such that (J{0f(z*) | 2F € P, s(2¥)} C S for all k sufficiently large. It follows
directly from [25, Example 4.22] and the definition of the approximate horizon subdifferential that
0% f(7) = {0}.

Next, we will prove the inclusion 04 f(Z) C d¢ f(Z). For any u € 94 f(Z), from (4), there exist
sequences of vectors zF — Z and u* — u with each u”* taken from the convex hull of a bounded set
U{0f(2%) | 2* € P,, s(z*)}. By Carathéodory’s Theorem (see, e.g. [22, Theorem 17.1]), any point
in the convex hull of a bounded set in R™ can be expressed as a convex combination of (n + 1)
points in this set. Therefore, for each k, we have u* = Z?jll Ak v¥? for some nonnegative scalars
O}t with S0 A, = 1 and a sequence {ohi € 8f(zk’i)}?:11 with {zF € P, p(«*)}120
It is easy to see that the sequences {\p;}r>0 and {vF};>o are bounded for each i. We can
then obtain convergent subsequences A\p; —n i > 0 with Z?jll N = 1 and v =y ¢ for
each i. Since z¥' — Z, we have v¢ € 9f(Z) by using the outer semicontinuity of df. Thus,
uF =y u= Z?jll A0t € condf(Z) = Oc f(z). This implies 04 f(Z) C O f(Z). The rest statements
in (b) follow from the fact that d¢ f(Z) is nonempty and bounded whenever f is locally Lipschitz
continuous [25, Theorem 9.61]. O

Under suitable assumptions, Theorem (b) guarantees the existence of an ADC decomposition
that has its approximate subdifferential contained in the Clarke subdifferential of the original
function. Notably, this decomposition may not always be practically useful due to the necessity of
computing the Moreau envelope for a generally nonconvex function. Another noteworthy remark
is that the assumptions and results of Theorem [If can be localized to any specific point Z. This can
be accomplished by defining a notion of “local epi-convergence” at T and extending the result of
[25, Corollary 8.47] accordingly.

2.3 Examples of ADC functions.

In this subsection, we provide examples of ADC functions, including functions that are discontinu-
ous relative to their domains, with explicit and computationally tractable approximating sequences.
Moreover, we undertake an investigation into the approximate subdifferentials of these ADC func-
tions.

Example 2.1 (implicitly convex-concave functions) The concept of implicitly convex-concave (icc)
functions is introduced in the monograph [I1], and is further generalized to extended-real-valued
functions in [16]. A proper function f : R"® — R s icc if there exists a lifted function f : R*xR"” — R
such that the following three conditions hold:

(i) f(z,2) = +oc if 2 ¢ dom f,z € R?, and f(z,2) = —o00 if 2 € dom f, x ¢ dom f;

(ii) f(-,x) is convex for any fixed € dom f, and f(z,-) is concave for any fixed z € dom f;

(iii) f(x) = f(z,x) for any = € dom f.

A notable example of icc functions is the optimal value function f, in , which is associated with
the lifted function defined by (the subscripts/superscripts p are omitted for brevity):

_ 1
flz,z) 2 yglgw {(c+ Ca) y+ §yTQy ‘ Az + By < b} (x,z) € dom f x dom f. (5)



Let 01 f(-,x) and O2(— f)(z, -) denote the subdifferentials of the convex functions f(-, z) and (—f)(z, ),
respectively, for any (z, z) € dom f x dom f. For any v > 0, the partial Moreau envelope of an icc
function f associated with f is given by

) — 1 [|l||? — 122 2"z
f - - 2 = - — - - T - .
in {f(z,x) + 5 |z — || } o sup f(z,x) + x € dom f
N~

2€ER™2 2ER"2 2 vy

2g(x) Lhy(2)
This decomposition, established in [16], offers computational advantages compared to the standard
Moreau envelope, as the maximization problem defining h, is concave in z for any fixed z. In
what follows, we present new results on the conditions under which the icc function f is e-ADC
and c-ADC based on the partial Moreau envelope. Additionally, we explore a relationship between
Oaf(z) and O f(Z,7) — O2(—f) (7, Z), where the latter is known to be an outer estimate of d¢ f(Z)
[11, Proposition 4.4.26]. We refer readers to Appendix A for the proof.

Proposition 2. Let f : R™ — R be a proper, lsc, icc function associated with f, where dom f is
closed and f is Isc on R™ x dom f, bounded below on dom f x dom f, and continuous relative to
int(dom f) x int(dom f). Given a sequence of scalars {y} | 0, we have:

(a) f is e-ADC associated with { f*}, where each f*(x) £ g, (2) — by, (%) + ddom f(z). In addition,
if dom f = R™, then f is c-ADC associated with {f*}.

(b) daf(z) C 01 f(Z,Z) — Da(—f)(Z,Z) and OF f(Z) = {0} for any Z € int(dom f).

Example 2.2 (VaR for continuous random variables) Given a random variable Y : Q@ — R, we
consider its VaR mentioned in Example 1.2 and introduce the upper conditional VaR. The upper
conditional VaR for Y at a confidence level a € (0,1) is defined as CVaR}(Y) = E[Y | YV >
VaR,(Y)]. Given a constant a € (0,1) and any k > 1/«, we define

9" () £ [k(1 — @) + 1] CVaR]_, yle(x,Z)], h*(z) £ k(1 —a) CVaR{[e(x,Z)] z€R"  (6)

«

The proof of the following proposition can be found in Appendix A.

Proposition 3. Let ¢ : R" x R™ — R be a Isc function. Suppose that c(-, z) is convex for any
z € R™, and c(x,Z) is continuously distributed, induced by a random vector Z : Q — R™, with
E[|e(z, Z)|] < +o0 for any x € R™. For any given constant o € (0,1), the following properties
hold.

(a) VaRy|c(x, Z)] is Isc and e-ADC associated with {g* — h*}. Additionally, if c(-,-) is continuous,
then VaRu[c(x, Z)] is continuous and c-ADC' associated with {g* — h*}.

(b) If there exists a measurable function k : R™ — Ry such that E[k(Z)] < 400 and |c(x,z) —
c(@,z)] < k(2)||x— 2| for all z,2" € R™ and z € R™, then for any & € R",

0aVaR,[c(-, 2)](z) = U LkiglfupE [81 c(:z:k,Z)‘ VaRa_l/k[c(:Ek,Z)] <c(zk, 7) < VaRa[c(:Uk,Z)]] ,

where B[ A(x, Z)] represents the expectation of a random set-valued mapping A, defined as the set
of Ela(x, Z)| for all measurable selections a(x,Z) € Az, Z).



3 The convex composite ADC functions and minimization.

This section aims to derive necessary optimality conditions for (CPy|), particularly focusing on the
inner function f, that lacks local Lipschitz continuity. To prepare for it, we make the following
assumption:

Assumption 1 For each p, we have
a is an ADC function associated with {f* = ¢¥ — h¥},>0, and dom ¢g¥ = dom h* = R™;
P D b pIk> P P

(b) —oo < liminf f}f(a:’) < limsup fﬁ(m’) < oo for all z € R™;
z' =z, k—+00 ' —x, k—+o0

(c) [FF £ ppofh] = F.

From Assumption 1(a), each f]f is locally Lipschitz continuous since any real-valued convex
function is locally Lipschitz continuous. Obviously, f]f 5 fp is sufficient for Assumption 1(b) to
hold. Under epi-convergence f;f 5 fp, we have liminf,/ ;1o f;f(x’ ) > fp(x) > —oo for each

p at any x € R". However, imsup,/_,, ;1o f]’f (z') < 400 does not hold trivially. For example,
consider a continuous function f and

f@)+kx+k ifxe[-1/k0]
fF@)={ fl@)—kzx+k ifze(0,1/k
f(zx) otherwise

which results in f* % f but limsup,_, . f*(0) = +0o. Additionally, Assumption 1(b) ensures
that at each point x and for any sequence z¥ — z, the sequence { f;f (xk)}kzo must be bounded.

Sufficient conditions for Assumption 1(c) can be found in [25 Exercise 7.8(c)] and [27, Theorem
2.4]. Furthermore, Assumption 1(c) guarantees that each F), = ppo f, is Isc, yet it doesn’t necessarily
lead to Y ", Ek 5 > pey Fp. Let e-argmin f 2 [z | f(z) < inf f + £} be the set of points that
minimize a function f to within €. Hence, Assumption 1(c) alone may not be sufficient to ensure
that every accumulation point of {z*} with 2% € gj-argmin > e EF for e | 0 qualifies as a
minimizer of Z;n:1 F),. To maintain epi-convergence under addition of functions, one may refer to
the sufficient conditions in [25, Theorem 7.46].

3.1 Asymptotic stationarity under epi-convergence.

In this subsection, we introduce a novel stationarity concept for problem , grounded in a mono-
tonic decomposition of univariate convex functions. We demonstrate that under certain constraint
qualifications, epi-convergence of approximating functions ensures this stationarity concept as a
necessary optimality condition. Alongside the fact that epi-convergence results in the convergence
of global optimal solutions |25, Theorem 7.31(b)], this highlights the usefulness of epi-convergence
as a tool for studying the approximation of the composite problem .

The following lemma is an extension of [I1, Lemma 6.1.1] from real-valued univariate convex
functions to extended-real-valued univariate convex functions.
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Lemma 1 (a monotonic decomposition of univariate convex functions). Let ¢ : R — R be a proper,
Isc and convex function. Then there exist a proper, lsc, convex and nondecreasing function @', as
well as a proper, lsc, convex and nonincreasing function ¥, such that ¢ = ' + o+ In addition, if
int(dom ¢) # 0, the following properties hold:

(a) For any 20 € R, there ewists 6 > 0 such that Nyom1(2) = {0} for any z € B(z,9), or
Naom pt(2) = {0} for any z € B(z,9).

(b) Op(2) = 0ot (2) + Op*(2) and Naom ot (2) N [_Ndomg;i(z)] = {0} for any z € domy. Conse-
quently, Nd0m<P(Z) = NdomcpT(Z) +Ndom<p¢(z) for any z € dom ¢.

Proof. From the convexity of ¢, dom ¢ is an interval on R, possibly unbounded. In fact, we can
explicitly construct ¢! and ¢+ in following two cases.

Case 1. If ¢ has no direction of recession, i.e., there does not exist d # 0 such that for any z,
©(z + Ad) is a nonincreasing function of A > 0, it follows from [22, Theorem 27.2] that ¢ attains
its minimum at some z* € dom ¢. Define

tey ) pFF) i<z Ly o J oe(z) —e(z") ifz <z
v (2) { p(z) ifz>z* and  *(2) 0 if 2> 2*
For any z # z*, note that

NdomgoT(Z) — { {O} if z < 2*

Nomp(2) if 2> 2*

Nagomo(2) if 2 < 2*
and /\/‘domw(z) = { d{of( ) it z > 2~

Thus, part (a) holds except at zo = z*. When 2z* € int(dom ), there exists § > 0 such that
Naom gt (2) = Ngom 1 (2) = {0} for any z € B(2*,5). Next, consider the case of 2* € bdry(dom ¢).
If p(2) = +oo for any z < z*, then domp = [2*,r) or [2*,r] for some r € (z*,+00] due to the
convexity of dom ¢ and int(dom ) # @). Thus, o' is finite-valued in a neighborhood B(z*,§) of z*
with § > 0 and Nyop, 1 (2) = {0} for any z € B(2*, ). Likewise, if ¢(2) = +oo for any z > z*, we
have Nyom 41 (2) = {0} for any z € B(2*,d) with some ¢ > 0. Combining the arguments for z # z*,
we conclude that (a) is true.

To show part (b), observe that () # int(dom ¢) C [int(dom ¢!) N int(dom ¢*)]. Consequently,
from [22, Theorem 23.8], we have dp(z) = dp'(2) + p*(2) for any 2 € R. The remaining results
hold trivially if dom ¢’ = R or domp* = R. Now we only need to consider the case where
dom T = (—o0,p] and domp* = [¢,+oc) for some p > ¢ (p # ¢ due to int(dom¢) # 0),
since the cases involving open domains can be derived similarly. It is evident that /\/(_Oom](z) N
[—Ng+00)(2)] = {0} for any z € R. By [25, Theorem 6.42] and dom ¢ = dom ¢! Ndom ¢*, it holds
that Ndomtp(z) = NdomtpT(Z) +Ndomtp¢(z) for any z € dom ¢.

Case 2. Otherwise, there exists d # 0 such that for any z € R, ¢(z+ Ad) is a nonincreasing function
of A > 0. Consequently, dom ¢ must be an unbounded interval on R. Let d = 1 (or —1) be such
a recession direction, then ¢ is nonincreasing (or nondecreasing) on R. We can set ng = 0 and
ot = (or ' = ¢ and p* = 0). Since we have shown that ¢ is nondecreasing or nonincreasing in
Case 2, the conclusions of (a) and (b) follow directly. The proof is thus completed. O

In the subsequent analysis, we use ¢! and ¢+ to denote the monotonic decomposition of any
univariate, proper, lsc, and convex function ¢ constructed in the proof of Lemma [I] and, in partic-
ular, we take ¢* = 0 whenever ¢ is nondecreasing. We are now ready to present the definition of
asymptotically stationary points.
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Definition 4 (asymptotically stationary points). Let each f, be an ADC function associated with
{fzf“' = g}],f — hl;}kzo' For each p, define

T,(z) & {tp ) IN e NE_, zF — zwith f;f(a?k) —N tp} x e R™ (7)

We say that T is an asymptotically stationary (A-stationary) point of problem (CPy|) if for each
p, there ezists y, € |J{0pp(tp) | t, € Tp(Z)} such that

m

0€ > ({gpoafp@}U[£05f(@)\{0}]). (8)

p=1

We say that T is a weakly asymptotically stationary (weakly A-stationary) point of problem (CPy)

if for each p, there exist yp1 € U{&O;(tp) | tp € Tp(Z)} and yp2 € U{a%i?(tp) | tp € Tp(x)} such
that

m

0€ Z ({yp,l aAfp(i) + Yp,2 aAfp(f)} U [i aiofp(i)\{O}] ) .

p=1

Remark 1. (i) Given that the approximate subdifferential 04 f, is determined by the approxzimating
sequence {fﬁ}kzo and their corresponding DC decompositions, the notion of (weak) A-stationarity
also depends on these sequences and decompositions. (ii) It follows directly from Lemma (b) that an
A-stationary point must be a weakly A-stationary point if int(dom ¢p,) # 0 for each p =1,--- ,m.
(tit) When each ¢, is nondecreasing or nonincreasing, the concepts of weak A-stationarity and
A-stationarity coincide. (iv) Given a point T, we can rewrite (8) as

0e Y [20X L@+ Y {woaf(@)

for some index set I C {1,--- ,m} that is potentially empty. For each p € I, although the scalar y,
does not explicitly appear in this inclusion, its existence implies that |J{0pp(ty) | tp € Tp(Z)} # 0,
which plays a role in ensuring & € dom(pp o f,). For instance, if f]f 5 fp for some p € I,
then Tp,(Z) = {fp(Z)}, and the existence of y, € U{Opp(tp) | tp € Tp(Z)} = Opp(fp(Z)) yields
z € dom(ypp o fp).

In the following, we take a detour to compare the A-stationarity with the stationarity defined
in [27], where the author has focused on a more general composite problem

minimize ¢ (f(z)),

where ¢ : R™ — R is proper, Isc, convex and f = (fi,---, fm) : R* — R™ is a locally Lipschitz
continuous mapping. Consider the special case where ¢(z) = 3770, ¢p(zp) With z = (21, -+, 2).
Under this setting, a vector Z is called a stationary point in [27] if there exists y and Z such that

0e S(.CE,Q,E) £ {(fl(j)7 7fm('f))_2}x{a¢l(51)x”'Xa(pm(im)_g}x ngaCfp(j) ’ (9)
p=1
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which can be equivalently written as

0e ng Oc fp(Z) for some g, € Opp(fp(Z)) p=1,---,m.
p=1

For any fixed k > 0, the surrogate set-valued mapping S* can be defined similarly as S in @
by substituting f, and ¢, with f;f and go’; for each p. The cited paper provides sufficient conditions
to ensure Limsup,_, . (gph Sk) C gph S, which asserts that any accumulation point (Z,7, Z) of
a sequence {(z¥, y¥ 2%)} with 0 € S¥(2*, ¥, 2¥) yields a stationary point Z. Our study on the
asymptotic stationarity differs from [27] in the following aspects:

1. Our outer convex function ¢ is assumed to have the separable form Z;nzl ©p, while [27] allows
a general proper, lsc, convex function. In addition, each ¢, is fixed in our approximating
problem while [27] considers a sequence of convex functions {cp’;}k.zo that epi-converges to

Pp-
2. We do not require the inner function f, to be locally Lipschitz continuous.
If each f,, is locally Lipschitz continuous and bounded from below, it then follows from Propo-

sitionthat fp is c-ADC associated with {fl’f = glg - h’;}kzo such that 0fy(z) C 0afp(z) C Oc fp(x)

and 8% f,(z) = {0} for any . Moreover, by fk % fp, one has T,(z) = {f,(z)}. Thus, for any
A-stationary point z induced by these ADC decompositions, there exists g, € dp,(fp(Z)) for each
p such that

0€) {B0afp(@} € Y (% dch(2)}. (10)
p=1 p=1

Hence, z is also a stationary point defined in [27] satisfying 0 € S(z,y, z). Indeed, A-stationarity
here can be sharper than the latter one as the last inclusion in may not hold with equality.
When f, fails to be locally Lipschitz continuous for some p, it is not known if @ is still a
necessary condition for a local solution of . This situation further complicates the fulfillment
of conditions outlined in [27, Theorem 2.4], especially the requirement of f;f 5 fp, due to the
potential discontinuity of f,. As will be shown in Theorem [2| below, despite these challenges, weak
A-stationarity continues to be a necessary optimality condition under Assumption 1.

To proceed, for each p and any « € dom(ppo f,,), we define Sp(x) to be a collection of sequences:

Sp(@) 2 { {zfhazo | oh — awith @y ([ (@h) = @p(fyl@)) | (11)

Theorem 2 (necessary conditions for optimality). Let & € ﬂ;nzl dom F}, be a local minimizer of
problem (CPy|). Suppose that Assumption 1 and the following two conditions hold:
(i) For each p and any sequence {xk}1>o0 € Sp(T), there is a positive integer K such that

0¢ dcfh(@l) or Niome,(fi(ak)={0} Vk>K, (12)

and

0 € ypdafp(T), yp € U {Naom g, (tp) | tp € Ty(Z) } = Yp=0, p=1,--- m (13)
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(ii) One has

D wy =0, w, €0%(ppo f)(E)| = wi=-=wy=0. (14)
p=1

Then T is an A-stationary point of (CPy|). Additionally, T is a weakly A-stationary point of (CPy)
if int(dom p,) # 0 for eachp=1,--- ,m

Proof. By using Fermat’s rule [25, Theorem 10.1] and the sum rule of the limiting subdifferentials
[25, Corrollary 10.9] due to the condition (14)), we have

00| (epof)@| S dgpo f)@ & Z )  Limsup 0(gyo f5)(h)
p=1 p=1 p=1

k—
oEhrs0€Sp(@) T

Oy U umsw U{ows f,f;)(xmy;:eawp(f,f(x’;))}

P=1 {zk}1 508, (@) T

g Z U Lim sup {yp v, ‘yp € ﬁgop(fk( )), v]; € 8cf§(x];)}

p=1{zk}>0€5(T) hreo

(icv)f: U Limswp {yfvh |y} € 0o, (S (k). of € |0gk(af) - onk(ah)) } -

.k
P=1 {25} ps0€8p(z) T

(15)

The inclusion (i) is due to approximation of subgradients under epi-convergence [25, Corollary 8.47]
and [25], Proposition 8.46(e)]; (ii) follows from the nonsmooth Lagrange multiplier rule [25, Exercise
10.52] due to the locally Lipschitz continuity of f [25, Example 9.14] and the condition (12); (iii)
and (iv) use the calculus rules of the Clarke subdifferential [I0, Chapter 2.3]. For each p, any
sequence {zh};>0 € S,(Z) and any element

wy € Limsup {yhof |y € Qop(F(oh)), vl € [0k (k) — Oms(ab)]}

k—+o0

there is a subsequence w}’; — N Wy With w =y, vk for some N € Ngo. Next, we show the existence

of g, € U{0¢p(tp) | tp € Tp(Z)} for each p such that

wp € { Gp Oafp(7) } U [+ 0F fp(2)\{0}]. (16)

By Assumption 1(b), the subsequence {f¥(2%)}ren is bounded. Taking a subsequence if necessary,
we can suppose that f;f(:c’;) =N Z € Tp(z). If {y]’;}keN is unbounded, then {vﬁ}keN has a
subsequence converging to 0 and, thus, 0 € 04 f,(Z). Additionally, there exists 3, # 0 such that

k .
Yp O ~ (vi) oy (viD) _
Tl N Yp € Limsup &pp(fk( p)) =~ Limsup Ggop(f]f(w];)) C 0%¢pp(Zp) = Ndom o, (Zp)-
‘ p‘ kE(EN)—+o0 k(EN)—+o00
(17)
The equation (v) follows from [25, Proposition 8.12] by the convexity of ¢,. From {z}i>0 € Sp(Z)

k

and z € dom F),, we must have f;f(xp

) € dom, for sufficiently large k € N. Since ¢, is lsc,
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it holds that ¢,(2,) < liminfycn)—ioo gop(fllf(x’;)) = ¢p(fp(Z)) and, thus, Z, € domyp,. Also,
notice that ¢, is continuous relative to its domain as it is univariate convex and lIsc [22, Theorem
10.2]. This continuity implies ¢, (f, k( )) —n~ ¢p(Zp). The inclusion (vi) follows directly from the
definition of the horizon subdlﬁerentlal Lastly, (vii) is due to the lower semicontinuity of ¢ and [25]
Proposition 8.12]. Therefore, we have (0 #)3, € U{Niom, (tp) | tp € Tp(Z)} with 0 € §,04 f,(Z)
due to 0 € dafy(Z), contradicting (I3). So far, we conclude that {yF}ren is a bounded sequence.
Suppose that y]]; — N Yp and, thus, g, € dp,(Z,) by the outer semicontinuity of d¢,, [25, Proposition
8.7].

Case 1. If i, = 0, inclusion ( . holds trivially for w, = 0, and for w, 7& 0 we can find a subsequence
{lyp | een i 0 such that [y%| vk — ns @, or —w,(# 0) with vf € [Dgh(xh) — OhE(2k)] for all k € N'.
Therefore, (16)) follows from

oy € | (£ Limsup™ [058(eh) — O] )\ (0} < [ £ 27 00}
—4-00

Case 2. Otherwise, Hvk|| —N ||wp||/|yp| This means that {v }keN is bounded. Suppose ’If — N Up-

Then, 0, € Limsupj,_, | [ng( k) — 8hk( )] C 0afp(Z), and is evident from w, = g, Up.

In either case, we have proved (L6). Combining with ([16), for some g, € [J{0pp(tp) | €
T,(Z)}, we know that Z is an A-stationary point of (CPy). O

3.2 Examples of A-stationarity.
We present an example to illustrate the concept of A-stationarity and to study its relationship with
other known optimality conditions.

Example 3.1 (bi-parametrized two-stage stochastic programs) Consider the following bi-parametrized
two-stage stochastic program with fixed scenarios described in [17]:

_ ; < -1 ...
muélmrigize 0(x + pr subject to ¢p(z) <0, p=1,--- ,mo, (18)
where 8, ¢, : R" — R are convex, contlnuously differentiable for p = 1,--- ,m9, and f,, as defined

in (), is finite for all z € R™ and p = 1,--- ,my. At z = Z, let Y,(Z) and A,(Z) represent the
optimal solutions and multipliers for each second-stage problem . Suppose that Y, (Z) and A, (Z)
are bounded. Note that ¢ and ¢, are ADC functions since they are convex. Example 2.1 shows
that f, is an ADC function, and therefore, problem is a specific case of the composite model
(ICPg)). Given an A-stationary point Z of , under the assumptions of Example 2.1, we have

0€ VO(a) + =3 ({0ahyle)} U [£0F @\ ON) + > 1™ Ve, (a)
p=1 p=1
my - (19)
C Vo(z) + n}Ll Z {onf,(z,2) — B(—f,)(Z,T)} + Zﬂmﬁp V(1)
p=1 p=1

where ™ 7P € N(—o0,0)(#p(Z)) for p =1,--- ,my and Yp is defined in forp=1,---,m1. By
assumptions, both A, (z) and Y,(Z) are nonempty, bounded, and

Ap(:i)xY;(:E):{(gp )‘Cp+cp$+Qp 7+ (BT =0, 0 < b — APz — BPgP | pZO}.
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It then follows from Danskin’s Theorem [9, Theorem 2.1] that
O1F(@,2) = con { (A7) | i € Ap(@) } = {(4")Ti | i € 2,(@) }
0u(=F,)(@,7) = con {~(C") T | i € V(@) } = {~(C") 7 | € V(@) }

Combining these expressions with , we obtain

mi

1
ozve(:zwfz[(cp) 7+ (AP)T }+§ :umﬁpw( ),
p=1
P +CPT+QPyP + (BP) TP =0, 0 < bP — Ap:):—prp L g?>0, p=1,---,my,

0<¢p(x) L AP >0, p=1,---,ma,

which are the the Karush-Kuhn-Tucker (KKT) conditions for the deterministic equivalent of (L8).

4 A computational algorithm.

In this section, we consider a double-loop algorithm for solving problem (CP)). The inner loop
finds an approximate stationary point of the perturbed composite optimization problem

minimize Z Fr@) 2 ey @) (20)

by solving a sequence of convex subproblems, while the outer loop drives & — 4o00. It is important
to note the potential infeasibility in because [sz = @po f;f] 5 F,, in Assumption 1(c), together
with dom(gp, o fp) # 0, does not guarantee dom(yp,, o fz]f) # () for all k > 0. This can be seen from
the example of p(t) = §(_ao0)(t), f(z) = max{z,0} —1/10 and f¥(x) = max{x,0} + 1/k — 1/10.
Obviously dom(yp o f) = (—00,1/10] and ¢ o f¥ % o f by [27, Theorem 2.4(d)], but we have
dom(p o f¥) =@ for k = 1,---,9. Even though dom(¢g,, o f;f) # () for all £ > 0 and each p, this
does not imply the feasibility of convex subproblems used in the inner loop to approximate (20]).

For simplicity of the analysis, we assume that in problem (CPy)), ¢, is real-valued for p =

L+ ,my, and @p = 6(_oo ] for p=m1 +1,--- ,m. Namely, the problem takes the following form:
mi
miniﬁaize Z [Fp(z) = op(fp(z))] subject to fp(z) <0, p=mi+1,---,m. (CPy)
zeR™
p=1

4.1 Assumptions.

Firstly, we make an assumption to address the feasibility issue outlined at the start of this section.
Let {a];}kzo be auxiliary sequences for p = 1,--- ,m, where we set o/; =0forp=1,---,m1, and
forp=mq+1,---,m, we define

o/; 2 sup |fAH(x) — f;f(l‘)] +With Xk 2 {x eR"

P
rc Xk

f}l)g(l‘)goap:ml+1a7m}

Based on these auxiliary sequences, we need an initial point z° that is strictly feasible to the
constraints fg(:v) <0foreachp=mi+1,---,m.
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Assumption 2 (strict feasibility) There exist 2° and nonnegative sequences {ap} k>0 for p =
mq +1,---,m, such that o/; < a’; for all k > 0 and
Zozk<+oo fp Zak Vp=mi+1,---,m

Since the quantity o/]’j depends on the sequence { f;f}kzo, the above assumption posits a con-
dition for this approximating sequence. As an example, consider f, being icc associated with ?p,

where fp(-, x) is Lipschitz continuous with modulus L for any z. Using the sequence { f;f}kzo in
Example 2.1, we have

2 —
o< s [0 - 0], < [ -], < B 2a) vizo @

where the second inequality is due to f;f“(x) < fp(x) for any z, and the last one uses the bound
between the partial Moreau envelope and the original function [16, Lemma 3]. Thus, when {v;} is

summable, the sequence {ak } k>0 satisfies Zk 0 ap < +o0.

Two more assumptions on the approximating sequences { fI’f }k>0 are needed.

Assumption 3 (smoothness of g}’,f or h’;) For each k > 0, there exists £ > 0 such that

min { H(9gk (x), 09k (2/)), H(9hE (x), Ohk (")) } <lla’ —z|| Vo, €RY, p=1,---,m

Assumption 4 (level-boundedness) For each & > 0, the function H* éz;nzl FF is level-
bounded, i.e., for any r € R, the set

x e R" igpp (f}f(w)) <rsynx*
p=1

is bounded.

Assumption 3 imposes conditions on the Lipschitz continuity of the subdifferential of either g]’;
or h’;, which will be used to determine the termination rule of the inner loop. A straightforward
sufficient condition for this assumption is that, for each p and k, g}’; or h’; is {i-smooth, i.e.,
IV gh(z)=Vgk(@')|| < lella—a'|| or [|[VhE(x)=VhE(@")|| < lp||lz—2'| for any 2,2’ € R". Assumption
4 is a standard condition to ensure the boundedness of the generated sequences for each k > 0.

In addition, we need a technical assumption to ensure the boundedness of the multiplier se-
quences in our algorithm.
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Assumption 5 (an asymptotic constraint qualification) For any z € Npey dom F, if there
exists {y,}, satisfying 0 = > | y, v, where for each p (with the definition of T),(Z) in @),

(s vp) € (| (Naomee, (0) [ £ € (@)} x condafy(@)) U (R x [0F @0\ {0}] ), (22)

then we must have y; =--- =y, = 0.

According to the definitions of 04 f,(Z) and 0% f,(Z), Assumption 5 depends on the approx-
imating sequences { f,’f}kzo for p = 1,---,m. It holds trivially if each ¢, is real-valued and
0% fp(x) = {0}. For Example 3.1, the assumption translates into

m2
S V6@ = 0, Ay € N oog(@p(@)), p=1,- ma| = A =---=Ap, = 0.
p=1

This is equivalent to the Mangasarian-Fromovitz constraint qualification (MFCQ) for problem
by [25, Example 6.40]; see also [23].

Furthermore, if each f, is cc:ADC associated with {f;f = g’lf - h’;}kzo such that condy f,(Z) =
Oc fp(Z), and OF fp(Z) = {0}, Assumption 5 states that

Oezypac,fp(f)a ypeNdomapp(fp(j))a pzla"' ,m — ylzzymzo
p=1

This condition aligns with the constraint qualification for the composite optimization problem in
[27, Proposition 2.1], and is stronger than the condition in the nonsmooth Lagrange multiplier
rule [25, Exercise 10.52]. Finally, Assumption 5 implies the constraint qualifications in Theorem
We formally present this conclusion in the following proposition. Depending on whether ¢, is
nondecreasing or not, we partition {1,--- ,m} into two categories:

I £{pe{l,---,m}|pynondecreasing} and I = {1,--- m}\I;. (23)

Observe that Is C {1, -+ ,m} for problem . We do not specifically address the case where
¢p is nonincreasing, as one can always redefine ¢, (t) = ¢,(—t) and fy(z) = —fp(x), enabling the
treatment of these indices in the same manner as those in ;. The proof of Proposition [ is in
Appendix A.

Proposition 4 (consequences of Assumption 5). Suppose that Assumptions 1 and 5 hold and
flf 5 fp for each p. If sup ¢, = +o0o for p € I, and f, is locally Lipschitz continuous for p € I,
then conditions , , and hold at any feasible point T of . Consequently, any local
solution of is a (weakly) A-stationary point of .

4.2 The algorithmic framework and convergence analysis.

We now formalize the algorithm for solving (CP;)). For p =my + 1,--- ,m, recall the nonnegative

—

sequences {a introduced in Assumption 2, and observe that Z;/o:ok a’;’ — 0 as £k — 4o00. For

k
e
consistency of our notation, we also set a’; =0forallk>0and p=1,---,mq. At the k-th outer
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iteration and for p = 1,--- ,m, consider the upper and lower approximation of flf at a point y by

—

taking some a]; € 8h’;(y), b’[f € 895 (y) and incorporating sequences {oz’g} k0"
k,upper Ak k ENT Py
fp’ (-T,y) = gp(x)_hp(y)_(ap) (x_y)—i_k;ka;g? (24)
k,Jower N
p O (zy) = gpy) + ()T (@ —y) — hj(@).
Then, for p=1,--- ,m1, a convex majorization of Flf at a point y can be constructed as
Fi(z;y) £ ¢} (f;f’“pper(x; y)) + o) ( o (; y)) : (25)
For p = my +1,--- ,m, we replace f;f(x) < 0 with a convex constraint fg’uPper(a:;y) < 0. The

proposed algorithm for solving (CP4)) is given below. In contrast to the prox-linear algorithm that
is designed to minimize amenable functions and adopts complete linearization of the inner maps,
the prox-ADC method retains more curvature information inherent in these maps; as illustrated in

Figure [}
Algorithm The prox-ADC method for solving (CP4])
Input: Let 2 = 2° be an initial point satisfying Assumption 2, and {¢;} be the sequence satisfying
Assumption 3. Set A > 0, and a positive sequence {(eg, dx)} | 0 such that oy /¢; — 0.
Outer loop: Set k = 0.
1: Execute the inner loop with the initial point z¥, and parameters (ek, Ok ).

2: Set k <— k + 1 until a prescribed stopping criterion is satisfied.
kO _ .k
M=z,

Inner loop: Set i =0 and =

1. Take {a’;’i € Bg;f(xk’i) m {b’;’i € 8h’;(xk’i)}m1 and solve the strongly convex subproblem

p=1> p=1
mi A
Rl — argmin ZFZéc(x; mkﬂ) + 5“95 _ xk7zH2 fll)c,upper(:r;xk,z> <0,p=mi1+1,---,m
z€eR™
p=1
(26)
2: If the following conditions hold
kupper( kitl. ki k(o kitly L SN T
fpapp (x ,H—;x,z) Sfp($ ,l+)_|_klzkalg_|_€k’ p:L...’m’
klower ( kit1, ki\ > k(o kit B I (27)
fp (.’E’ 71‘7) _fp('fl/i7 )*ék, p € 12,

ka,Hl o :C’“H S 5k/€k7

break the inner loop and set ¢! = 2+ Otherwise, set i < i + 1 and return to step 1.

We emphasize that the prox-ADC method differs from [I1, Algorithm 7.1.2] that is designed
for solving a problem with a convex composite DC objective and DC constraints. Central to
the prox-ADC method is the double-loop structure, where, in contrast to [II, Algorithm 7.1.2],
the DC sequence fjf is dynamically updated in the outer loop rather than remaining the same.
This adaptation necessitates specialized termination criteria and the incorporation of 04’5 to
maintain feasibility with each update of f}f. In the following, we demonstrate the well-definedness
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(a) F1 = 10 f1 for a convex o1 and a smooth fi. (b) Fi = ¢1 0 f1 for a convex nondecreasing ¢1 and a lsc fi.

Figure 1: Illustrations of the prox-ADC method. (a): a comparison of the prox-ADC and the prox-linear method for

minimizing an amenable function. (b): asymptotic approximations of a discontinuous composite function Fi = @10 fi

that are constructed by an epi-convergent sequence {FfC =0 f{“}, and a convex majorization FF for FE.

of the prox-ADC method. Specifically, we establish that for each iteration k, the criteria detailed
in are attainable within a finite number of steps.

Theorem 3 (convergence of the inner loop). Suppose that Assumptions 1-4 hold. Then the following
statements hold.

(a) Problem is feasible for any k,i > 0.

(b) The stopping rule of the inner loop is achievable in finite steps, i.e., the smallest integer i
satisfying conditions , denoted by iy, is finite for any k > 0.

Proof. We prove (a) and (b) by induction. For k = 0, notice from Assumption 2 that fJ"PP" (20; 20) =
fg(ajo) + E;ﬁ% a’; <O0for p=my+1,---,m. Thus, problem is feasible for k = ¢ = 0. Assume
that is feasible for kK = 0 and some i = i (> 0). Consequently, 2%*! is well-defined and for

p:m1+17"'7m7

—+00
0, 0,i+1.  ki+1y _ 0/, 0i+1 A 0, 0,i+1. .0,
pupper(l, i+ ‘x i+ )—fp($ i+ )+Za§ < fpupper(x i+ cx 2)§07
k=0

which yields the feasibility of (26]) for k = 0, i = i+ 1. Hence, by induction, problem (26)) is feasible
for k = 0 and any i > 0. To proceed, recall the function H* defined in Assumption 4. From the
0,i+1

update of x , we have

mi mi
. . . 4 DY .
0/,.0,e4+1\ __ 0/,.0,i+1 0,i+1. .0, 0/,.0, 0,241 0,212 :
H® (2" )_Ele(xl )ggng(xl ;') < H (x ’)—§||$’ —z7'|* Vi>0. (28)
p: p:

Observe that H? is bounded from below by the continuity of FS = gopofg forp=1,--- ,m and the
level-boundedness of H°. Suppose for contradiction that the stopping rule of the inner loop is not
achievable in finite steps. Then from (28), { H"(2"")} converges and Y 2 [|z%* 1 — 2942 < +o0.
The latter further yields ||z%+! — 2%¢|| — 0 and thus the last condition in is achievable in
finite iterations. Next, to derive a contradiction, it suffices to prove that the first two conditions
in can also be achieved in finite number of steps. We only show the first one since the other
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can be done with similar arguments. By the level-boundedness of HY, there exists a compact set
SY containing the sequence {z*}. For p=1,--- ,m, we have

0< f]g),upper(xo,i+1; ) fO 0 z+1 Z ak _ O,i—i-l) - hg(xo,i) - (ag,i)T(xO,i-i-l —J}O’i) — 0,

because hy is uniformly continuous on S and {ay"}iso € U {ond(x) | x € S} is bounded by [22
Theorem 24.7] Therefore, for a fixed €9 > 0, there exists some i such that fRpper (0041, ;0si0) S
fg(x()’io"’l) + >0 ak + € holds for p = 1,--- ,m. Thus, (a)-(b) hold for k = 0.

Now assume that (a)-(b) hold for some k = k (> 0) and, hence iy is finite. It then follows from
xl;—l—l,(] — ljc,i,;-{—l c Xfc and fgaupper(xl;:,i,;+l;xlg,ilg) < 0 that for each P,

k+1, k R y
fn UPper(karl,o’ka,o)_fécﬂ k+10 Z ak
k k+1
< S0+ sup [ @) - @)+ S
zeXF k=k+1
- - +OO/\ - . —
< le)c(xk-&-l,O)_'_Zal; < le)ﬁt,upper(xk—i-l;xk,z,;) <0.
k=k

Thus, problem is feasible f_or k =k+1 and any i > 0. Building upon this, we can now clearly
see the validity of (b) for k = k + 1, as we have shown similar results earlier in the case of k = 0.
By induction, we complete the proof of (a)-(b). O

As we will see in the following lemma, the asymptotic constraint qualification (Assumption 5)
implies the existence of the multipliers for problem .

Lemma 2. Suppose that Assumptions 1-5 hold. Let {wk} be the sequence generated by the prox-
ADC method and {xk} k—1)eN be a subsequence converging to some T. Then, for all k € N,
e caist 1f € D)5 (ki i) yE, € OO (Rh i) forp = 1 m

satisfying

m
e Z |:y];71 8f§,upper(xk,ik+l; xk:ik) + ylpc72 8le)c,lower(xk,ik+l; xkﬂk)] + )\(mk,ik+1 _ xk,ik)‘ (29)
=1

Proof. Observe that {2 },cn and {2%% 1),y converge to Z by the stopping conditions . By
Theorem (a)7 we have fI’f (xF#+1) < 0forp=my+1,--- ,mandall k € N. Due to epi-convergence
in Assumption 1(c), we have

O(=00,0(fp(T)) < k(éljlvrﬁl_glfoo S(coo0)(fh(@™* ) =0 Vp=mi+1,---,m

This means f,(z) < 0 for p = my +1,--- ,m and & € Nj_; dom Fy,. The conclusion is a direct
consequence of the nonsmooth Lagrange multiplier rule [25, Exercise 10.52] for problem if we

21



can show that, for any k € N, yﬁh == y* = 0 is the unique solution of the following system

m
0€ D ypofy (@bt ahi) gl e Nl o (fy PP (a5 ab)), p=my + 1, m.
p=m1-+1
(30)
Suppose that the above claim does not hold. Without loss of generality, take {y]’j}ke N for
p=my+1,---,m satisfying and Z;T:mﬁl |y]]§| = 1. For each p and k € N, define

AI; £ {ylg v]’; ‘ v]; € {8g§(xk’i’“) — 8h’;(:vk’ik)} U {8g§(xk’ik+1) — 8h’;(:):k”"“+1}} .

Then, for all £ € N, we have

dist <0, > A’;)

p=m1+1

QN m . o m . -
< dist <0, > y]],f [8g§(xk”k+1) — (9hl;($2’lk)]> + > D (y;f [8g5(a:kﬂk+1) — 8h';(a:“k)] , A';)
p=mi+1 p=mi+1
(ii) m . ) . .
< 0+ > |kl min {FI(Ogh (), Ogl(ah)), H(OR(25+), ORb(ab ) |
p=m1+1
(iif) m 4 .
D S
p=m1+1
where (i) uses the inequalities D(A, C') < D(A, B) + D(B,C) and D(A+ B, A’ + B") <D(A, A") +
D(B, B'); (ii) is due to and the definition of A’;; (iii) is by Assumption 3; and (iv) is implied
by conditions and Z;”:mlﬂ |y£] = 1. Equivalently, for all k € N and p =mq+1,--- ,m, there

exist y¥ € M_oo ) < f’ul)per(:pk’i”l;xkvik)) with 3300 yk| =1 and
v € {Ogh (") — anf(ahin) b U {agh(ahit) — onf(akirt) |

such that || X270, 1) y]],f v’;H < &) Taking a subsequence if necessary and using conditions (27)), we

can assume that fp"PPe (ghik+1; ghir) and fE(a™+1) converge to the same limit point z, € Tp(Z)
as k (¢ N) = +oo for each p = my + 1,--- ,m. Notice that, for each p, z, must satisfy z, < 0,

and f;f’uPper(xk’ikH;xi’ik) < 0 for all k € N from Theorem (a). Suppose that y% —n 7, for each
p. Then, by the outer semicontinuity of the normal cone [25, Proposition 6.6],

gp € 'A/’(—OO,O](EP) - U {Ndomcpp(tp) | tp S Tp(£)}7 p=mi+ 17 S

Obviously, > 7% 1|9 = 1, and {gp};L,,, 11 has at least one nonzero element. Consider two
cases.

Case 1. If {vﬁ}keN is bounded for p = my + 1,--- ,m, then there exist vectors {v,} L, ., with

Up € 0afp(Z) such that v;f =N Upand 0= 300 Gy Up € D0l 11 UpOafp(T), contradicting

Assumption 5 since ¥Ym, 41, -+ , Ym are not all zeros.

Case 2. Otherwise, there exists some p such that {v}],f tren is unbounded, define the index sets

Iy, = {p e{m +1,--- ,m} {vﬁ}keNunbounded} (#0) and Iy = {mi+1,--- ,m}\Iup.

22



Notice that { Zpe I, y’zf ’U;f} wen 18 bounded. Without loss of generality, assume that this sequence

converges to some w and, thus, > y]’; v’lf — N (—w).

Step 1: Next we prove by contradiction that, for each p € I, the sequence {yp p}ke N is

bounded. Suppose that the boundedness fails and ;= llyk vk|| =N +oo by passing to a sub-
sequence. Consider @’Ij = k ]Ij’/ > pely Hylg v’;H for p € Iyp. Then > 15’]; —n 0. Since
wk =1 for all k € N we can assume that there exist p1 € Iy, and w 0 such that

pElyp p1

w’lfl — N Wp,. It then follows from the construction of w wp that {wk}ke ~ has a subsequence con-
verging to sorne clement of +9%° f,(Z) for each p € Iy, and, in particular, wy, € [+£07 fp, (Z)\{0}].

From ) o, w wk —n 0, we obtain

€ [£0X @O} + DY (29T fp(@)],

pelup\{p1}

contradicting Assumption 5 since the coefficient of the term [+ fp, (Z)\{0} ] is nonzero. So far,
we have shown the boundedness of {y]; v;f}ke ~ for each p € 1.

Step 2: Now suppose that y]’,f v]],f — N Wy for each p € I, with Zpelub wp = —w. Thus y]],f —n 0
and w, € [£0Y fp(Z)] for each p € I,. Since Z;n:m1+1 |yp| = 1, there exists po € Iy, such that

Upy 7# 0. Then me:ml+1 y]',f v}],f —n 0 implies

0 € Up, Onfp, (T Z Up Oafp(T Z [+07 fp(Z)],
PEIb\{m} pElyy,
which leads to a contradiction to Assumption 5 and therefore completes the proof. 0

The main convergence result of the prox-ADC method follows. Recall the definitions of I; and
I in . An additional assumption is the boundedness of the set d4 fp( ) for p € I, ensured by
assummg 8 % fp(Z) = {0}. There are some sufficient conditions for 0% ( ) = {0} to hold: (i) If f,
is locally Lipschitz continuous and bounded below, from Proposition [I[(b), we have 9% f,(x) = {0}
at any = € dom f, for the approximating sequence generated by the Moreau envelope. (ii) If f, is
icc associated with fp satisfying all assumptions in Example 2.1, then 0% f,(z) = {0} still holds at
any = € int(dom f,) for the approximating sequence based on the partial Moreau envelope. It is
worth mentioning that the icc function f, under condition (i) is not necessarily locally Lipschitz
continuous.

Theorem 4. Suppose that Assumptions 1-5 hold, and the sequence {x*} generated by the proa-
ADC method has an accumulation point Z. Suppose in addition that OF fp(z) = {0} for p € Is.
Then T is a weakly A-stationary point of . Moreover, if for each p € Io, the functions glg and
h’; are Li-smooth for all k > 0, i.e., there exists a sequence {{x} such that for all k > 0,

max{ HVg’g( ) — Vgp H Hth Vh];(x')H } <tlp||2' —z| Vz,2 eR" pel, (31)

then T is also an A-stationary point of (CPy)).
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Proof. Let {mk}(k_l)e ~ be a subsequence converging to Z. Similar to Lemma , we also have
ke Nz, 2Pt Sy Z and T € Npeq dom Fj,. By Lemma for all k € N, we have

m
0¢ Z [y]’,f’l <8g§(wk’ik+l) — 8h];(xk’ik)> + y}],f,g (695(3:’“’““) — 8h’;(azk’i’““)) } + )\(xk’i”l — xk’i’“),
p=1
(32)
Whereyple&p (fp ypze&pp forpzl,---,m. Due
to Assumption 3 and similar arguments in Lemma I, the optlmahty condition implies

kupper< kit kik)> ( klower( Rk +1, kik))

m m
Z (95,1 U;];J + 95,2 U;];,Q) <A/l + Z (|y§1\ + ’y£,2|)5k:7
p=1 p=1

[ vk | € Ogh(ahir) — Onf (ki)

[ v]';’l € (9g£(xk’ik+1) — 8h];(xk’ik+1)
U];Q € 89’5(30’“"@“) — 8h’;(1‘k’ik+1)

vﬁQ € agllj(:vk’ik) — 0h’;(xk’ik)

lap:]-a"'7m'

(33)
Recall that, for p € I, ¢, is nondecreasing, i.e., goi = 0. Then y}]; =0 forall k€ N and p € Iy,
and the first inequality of is equivalent to

A(Sk
Dovpavpa O e vpa +upavpa) | < 5 | D lupal + D (wpal + lypal) | 6 (34)
pelh pEl2 pelr pEl2

Step 1: To start with, we prove the boundedness of the multiplier subsequences along k € N.

k, upper( k,ikJrl; xk,zk)) f;)c,lower(wk,iwrl; xk,ik) and

Similarly as in the proof of Lemma [2| assume that f,
lef(:vk’ikﬂ) converge to the same limlt point z, € T),(Z) as k (€ N) — o0 for each p.

Forpe I, Cc {1,--- ,my}, given gop is convex, real-valued, and fk UPPEE (phik L phiky 5 7, we
can invoke [22, Theorem 24.7] to deduce the boundedness of {ynl} ren- A parallel reasoning applies
to demonstrate the boundedness of {yﬁQ}keN for p € I,. Note that {1}51}1@6N, {vﬁQ}keN must also
be bounded for p € I, otherwise we could assume ||v 1/l =~ 400 and then every accumulation
point of unit vectors {fupJ/ va,lu}ke ~ would be in the set O f,(Z), contradicting our assumption
that 0% fp(z) = {0} for each p € I.

For p € Iy, suppose for contradiction that { Y is unbounded and ]y]];l] —N

k
pen 19511 ren
+00 by passing to a subsequence. Consider the normalized subsequence {271];71 £ y,’.fg/ Zpeh ‘yg,l [Fren

for each p. Consequently, @1’;’1 —n 0 for p € I>. By the triangle inequality and , we have

Z @/V];,l U;’;,l - Z @5,1 vﬁ,l + ﬂg,z U£,2) < Z ﬂ,’.f,l ”k,l + Z (g];,l U;’;,l + @/VI;Q U;’;,Q)

pel pEl2 pelh pEl2
AS 1 IR

< k . . + 1+ ZPEIQ (‘pr’ - ’yp72|) 5k N 0,
gk ZPGI1 ’yp,l’ ZpEIl ’yp7]_|

which further implies || 3 37’;’1 UI;’IH —n 0 by the boundedness of {U’;J}ke]v and {U];’Q}ke]v for
p € Is. Now suppose that 'g];f’l — N Yp1 for p € I1. Then from a similar reasoning in , forp € I,

Up1 € Limsup &pp (fk UPPEr (g k’i”l;xk’i’“)) C Boogog(zp) = Ndom@T(Ep),
k(EN)—+o00 P
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and obviously Zpe I |Yp,1| = 1. The remaining argument to derive a contradiction to Assumption
5 is actually the same as the proof in Lemma [2] for two cases, except changing the index set
{m1 + 1,--- ,m} to I. Therefore, we establish the boundedness of {y];l}keN for p € I and
{y;f’Q}keN for p € I1UI5. Suppose that y;f’l —N Up,1 forp € I and ygz —N Up,2 for p € [1UI5. Then,
by the outer semicontinuity of &pg, we have g, 1 € BLp;(Ep) for p € I;. Similarly, g, € &pé(ip) for
pe 1 Ulb.

Step 2: To proceed, we prove by contradiction that the sequence {yﬁl v]’;l} ren is bounded for
p € I;. Suppose that )

velr ||y]'§1 v}’,le —N +00. Based on step 1, assume that

Z (yg,ﬂf 1 +yp27) ) —N W € Z(gp,l aAfp(f) +gp,2 aAfp(f)) ;

pEl2 pElz

and thus > ., y;f’l v;f’l —n (—w). Consider wk £ ygl 571/2176[1 ”95,1 51” for p € I;, and
then > wk —n 0. Given > pely |@k|| =1 for all k € N, there must exist p; € I; such that

Wk —n Wy, # 0. For each p € I, it then follows from yp’l/ > pely Hyp’lvp,1||~—>N 0 that {Wh}ren
has a Subsequence converging to some element in O f,(z). In particular, w,, € 0% fp, (Z)\{0}.
Since > ¢y, w —n 0, this implies that

€(OX @0} + > 9Xf(®),
pen\{p1}
which contradicts Assumption 5. Hence, {y]’;1 05,1}1'@6 ~ is bounded for p € I7.
Step 3: We are now ready to prove that Z is a weakly A-stationary point. Suppose that
y,;,l U]’:,I —N Wy for p € Iy with 3> -/
exists yp1 € U{&p;(tp) | t, € Tp(z)} such that

Wy € { Yp,1 Oafp(7) } U[OF fp(2)\{0}],

which can be derived similarly as the proof of in Theorem [2| Summarizing these arguments,
we conclude that Z is a weakly A-stationary point of (| -
Under the additional assumption of the theorem, there exist yp 1 € &pp( Ip

Yk 5 € Dpp(f ' (kY phik)), and

W, = —w. It remains to show that for each p € Iy, there

k, upper( k,ik-i-l; wk,ik)),

Up1 € {695(16’“’““) - ah’;(wk’i’“)} U {8g£(xkvik+1) _ ahl;(xk,ik-i-l)}
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such that

kook k k k(, ki ko ki
Z Yp,1 Up1 + Z(y:ml + Up2) [Vgp (™) = Vhy (2 Zk)}
pel pEls

i) . . . ) . 4
< ARt — b 3k |min { | Vgh(ahT) - Vgh(ahin)|, |[ORb@R) - Rk

pel

‘ )

+ 3 (ghal - 1995 (55) = Vgh(B 4| 4 |ybo] - [ VR (54 TT) = Vhk (ki) )
pEl2

’

(ii") ) . ) )
S At =gt | D Tl + D (gl + lupal) | Gl = ab|
pel pel2
(iii’) i . .
< )\(Sk/fk + Z |yp,1| + Z (|yp,1| + |yp72|) 5’(: vk > 0,
pelh p€Els

where (i) is implied by the optimality condition (32), (ii’) employs (31]), and (iii") follows from
conditions . This inequality is a tighter version of in the sense that, for each p € Iy and
k>0, ’U}’;’l and v’lig are elements taken from the single-valued mapping Vgk(-) — VhE(-) evaluated

at the same point z%%. A straightforward adaptation of the preceding argument confirms that z

is an A-stationary point of (CP4)). O

The algorithm in [16] for solving the bi-parameterized two-stage stochastic program with fixed
scenarios can be viewed as a special application of the prox-ADC algorithm. Since each outer
function ¢, in [I6] is real-valued, the algorithm in the cited paper simplifies the stopping criteria
of the inner loop by dropping the first two conditions in .

5 Conclusions.

In this paper, we have introduced a new class of composite functions that broadens the scope of
the well-established class of amenable functions. Our principal objective has been to demonstrate
that when the outer convex function is separable across each coordinate, and the inner function is
ADC, the resulting composite function retains computational amenability. Despite the theoretical
advances we have achieved, the practical implementation of this framework to address real-world
applications is yet to be explored. Future work should aim to bridge this gap, translating the
theoretical aspects of our findings into tangible computational solutions.
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Appendix A. Proofs of Proposition [2| and Proposition

Proof of Proposition[3. (a) We first generalize the convergence result of the classical Moreau en-
velopes when v, | 0 (see, e.g., [25] Theorem 1.25]) to the partial Moreau envelopes. Fixing any
Y0 > 0, we consider the function ¢¥(z,z,7) £ f(2,2) + daom £ () + Yo(2, z,7) with

Iz —z*/(2y) if v € (0,7,
Yo(z,z,7) 2 0 ify=0,z=nux,
00 otherwise.
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Notice that f*(z) = g, (%) — he, (2) + ddom f(¥) = inf, (2, 2,v). It is easy to verify that ¢ is
proper and lsc based on our assumptions. Under the assumption that f is bounded from below
on dom f x dom f, we can also show by contradiction that ¢ (z,x,~) is level-bounded in z locally
uniformly in (z,7). Consequently, it follows from [25, Theorem 1.17] that f*(z) = inf, ¥(z, z, ) T
f(z) for any fixed = and each f* is lsc.

Hence, f* % f is a direct consequence of [25, Proposition 7.4(d)] by f*(z) 1 f(z) for all z and
the lower semicontinuity of f¥. If dom f = R™, then f is continuous, and thus f* - f by [25]
Proposition 7.4(c-d)]. We then complete the proof of (a).

(b) For any Z € int(dom f),

0af(@) = U Limsup {0g"(@F) - ok (")}
TR—T KT
©)) . z” Nk ok 2 k N k 1 k2
O Limsup {Z = 0P, ) - | 2 = argmin | F(z,08) + — |12 — o]
ohsz k—otoo Yk Vk 2€R™ 27

Limsup |9 f(=*,a%) = 0a(~)(=*,2")]

(zh zF)—(z,2) k—+o0

= alf(.f,f)—ag(—f)(f,f),

where (i) follows from the convexity of (—f)(z,-) for any z € dom f and Danskin’s Theorem [J,
Theorem 2.1]; (ii) is due to the optimality condition for z¥, and z*¥ — Z is obtained by similar
arguments in the proof of Theorem (b) due to our assumption that f is bounded from below on
dom f x dom f; and (iii) uses the outer semicontinuity of d; f and dx(—f) at (z, ) [16, Lemma 5].
Therefore, for any z € int(dom f), df (%) C daf(z) C 01 f(%,Z) — d2(—f)(Z, ). Moreover, due to
the local boundedness of the mappings 9; f and d2(—f) at (z,Z) [16, Lemma 5], it follows from [25,
Example 4.22] that 0% f(z) = {0}. O

Proof of Proposition[3. (a) Note that for any x € R", CVaR[[c(z, Z)] is well-defined and takes
finite value due to E[|c(z, Z)|] < +o0. Since ¢(x, Z) follows a continuous distribution for any
x € R", we know that

1
CVaR[[c(z,Z)] = gﬂfk {t—i— ﬁE[max{c(w, 7Z)— t,O}]} = 1ia/a VaRy[c(z, Z) ] dt,

and CVaR[[c(-,Z)] is convex by the convexity of ¢(-,2) for any fixed 2 € R™ (cf. [24) Theorem
2]). Therefore, both g* and h* defined in @ are convex. For any z € R™, we have

1 a

VaRy[c(z. 2)]di = k/_l/k VaRy[e(z, Z)] dt.

9" (z) — h¥(z) :k/ VaRt[c(:L‘,Z)]dt—k/

a—1/k @

(35)
Thus, VaRa_l/k[c(m,Z)] < g*(x) — ¥ (x) < VaRy[c(z, Z)] for any x € R™ and k > 1/a. Since
VaR;(Z) as a function of ¢ on (0, 1) is left-continuous, it follows that [¢*(z) —h*(z)] T VaRa[c(x, Z)]
for all . Observe that

{z | VaRy|c(z,2)] <r} ={z | Plc(z,Z) <r) > a}.
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Based on our assumptions and [29, Proposition 2.2, for any r € R, the probability function
x — —P(c(z,Z) < r) is Isc, which implies the closedness of the level set {z | P(c(z,Z) < r) > a}
for any (r,a) € R x (0,1). Hence, VaRy[c(z, Z)] is Isc for any given o € (0, 1) and is continuous if
c(+,-) is further assumed to be continuous. Then (a) follows from [25, Proposition 7.4(c-d)].

(b) We use £1(92, F,P) to denote the space of all random variables ¢ : Q@ — R with E[|¢(w)]|] <
+00. According to [28, Example 6.19], the function CVaR, : £1(Q, F,P) — R is subdifferentiable
(see [28] (9.281)] for the definition). Consider any fixed z € R™. Given that ¢(x, Z) is a continuous
random variable, it follows from [28, (6.81)] that the subdifferential of CVaRZ[] at c(x, Z) is:

—(1—a)™! ife(w, Z(w)) > VaRa[c(z, 2)] }

(. P(w)
9 (CVaRl[]) [c(z, Z)] = {¢> =Ry ‘ d(w) =0 if ¢(z, Z(w)) < VaRy|c(z, Z)]

Let Pz denote the probability measure associated with Z. By using [28, Theorem 6.14]), we obtain
the subdifferential of the convex function CVaRZ[c(-, Z)] at z:

9 (CVaR[[c(-, 2)]) (z) = cl U / Dy c(x, Z(w)) p(w) APz (w)

¢€0(CVaR{ [ ]) [e(,2)]

By the convexity of ¢(-, z) for any fixed z € R™ and the existence of a measurable function &, it fol-
lows from [9, Theorem 2.7.2] that the set [ Oyc(x, Z(w)) p(w) dPz(w) = 8 [ ¢(z, Z(w)) p(w) dPz(w)
is closed. Then, for any k > 1/a, {0g*(z) — Oh¥(x)} can be written as

{ [ onel. 20) o) a2 ()

P(w) = kif VaRq_yjx[c(z, Z)] < c(z, Z(w)) < VaRa|c(w, Z)]} .

We then complete the proof by the definition of the approximate subdifferential. O

Appendix B. The proof of Proposition

We start with the chain rules for 9(p o f) and 9°°(¢ o f) where the inner function f is merely lsc.
These results are extensions of the nonlinear rescaling [25 Proposition 10.19(b)] to the case where
 may lack the strictly increasing property at a given point. One can also derive the same results
through a general chain rule of the coderivative for composite set-valued mappings [I8, Theorem
5.1]. However, to avoid the complicated computations accompanied by the introduction of the
coderivative, we give an alternative proof below that is more straightforward. We will present the
proof of Proposition [4] after this lemma.

Lemma 3 (chain rules for the limiting subdifferential). Let ¢ : R — R be proper, Isc, convez, and
nondecreasing with sup ¢ = +o00, and f : R™ — R be Isc. Consider T € dom(p o f). If the only

scalar y € Limsup,_, 5 Naom o (f(x)) with 0 € y - Limsup,,_,; 0f(x) is y = 0, then

T—T T (pof) T

Ao f)(x) cU { y - Limsup 0f(x)

y € Limsup dp(f(z)) } U [Ligzupmaf(x)\{o}} ;

T—T I‘)(wof) T

0®(po f)(z) cU { y - Limsup O f ()

y € Limsup Ngom (f()) } U {Liixliupooé)f(a:)\{O}} .
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Proof of Lemmal[3 The basic idea is to rewrite ¢ o f as a parametric minimization problem and
apply [25, Theorem 10.13]. Note that ¢(f(z)) = infa [9(z,a) £ bepif(z,a) + @(a)] for = €
dom(y o f). Define the corresponding set of optimal solutions as A(z) for any = € dom(p o f).
Then, we have f(Z) € A(Z) and ¢(a) = ¢(f(Z)) for any a € A(Z). By our assumptions, it is
obvious that dom ¢ € {(—o0,b), (—00,b]} for some b € RU {4+00}. Based on our assumption that
sup p = +o0o and f is Isc, it is easy to verify that g is proper, Isc, and level-bounded in « locally
uniformly in z. Then we apply [25] Theorem 10.13] to obtain

e )0) € L] (00) € (6,06 €MD), D (o(8) < (1] (0) €070, € AE)).
36
Step 1: We will show that for any a € A(z),

Nepl ( ) ({0} X [ Ndomso(d)]) = {0} (37)

We divide the proof of into two cases.

Case 1. If A(Z) is a singleton {f(Z)}, we can characterize Nep; ¢(Z, f(Z)) by using the result in [25,
Theorem 8.9]. Since df(z) C Limsup,_,z f(x) and Naom(f (%)) C Limsup, , -z Naom o (f(2)),
it follows from our assumption that either 0 ¢ 9f(Z) or Naom »(f(Z)) = {0}. Hence, is satisfied.

Case 2. Otherwise, there exists @max € (f(Z),+00) such that A(Z) = [f(Z), &max] since ¢ is lsc,
nondecreasing and sup ¢ = +o00. Thus,

Ao f) (@) C [{v] (v,0) € 9g(z, f(2))} U{v ]| (v,0) € 0g(%,a), f(T) < & < Gmax}],
0%(po f)(@) C [{v| (v,0) € 079z, f(2))} U{v | (v,0) € 0%9(Z,a), f(Z) < & < Gmax}]-

Let A1(Z) £ {a € (f(Z), Gmax } J2* — Zwith f( ) = a} and Aa(Z) £ A(Z)\A1(Z). In the follow-
ing, we Characterlze Nepi £(Z, @) and verify (37) separately for & € A1(z) and & € Ay (Z).

(38)

Case 2.1. For any & € A1(Z), we first prove the inclusion:

Nepi £(Z, @) C HA(U, —-1)

T—T T—T

v € Limsup df(z), A > 0} U {(U,O)

v € Lim Supooaf(:v)} ] . (39)
Observe that for any & € A1(z), it holds that

Nepi £(Z, @) C Lim sup NEi (@, @) C Limsup N (2, f(2)) C Limsup Nepi ¢ (=, f(2)),

(z,a)(€epi f)—(Z,a) ¢ T—T T—T

(10)
where the first inclusion is because any normal vector is a limit of proximal normals at nearby
points [25, Exercise 6.18]; the second one uses the fact that, for any fixed a > f(z), any proximal
normal to epi f at (x,«) is also a proximal normal to epi f at (z, f(x)); the last inclusion follows
directly from the definition of proximal normals. Based on the the result of [25, Theorem 8.9] that

Nepi (2, f(2)) = {A(v, =1) [v € Of (x), A > 0} U{(v,0) [v € 0 f(2)},

we conclude that Moy ¢(Z, &) C R™ x R_ for any & € Ay(Z). For any (v,—1) € Nepi ¢(Z, @) with
a € Ay(Z), there exist 2% — 7, v* — v with v¥ € 9f(2¥). Then v € Limsup,_,; df(z).

To prove (39), it remains to show that v € Limsup2®,; 0 f(z) whenever (v,0) € Nepi f(Z, @). It
follows from that (v,0) is a limit of proximal normals of epi f at (z*, f(x*)) for some sequence
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2¥ — Z. (i) First consider the case (v¥,0) — (v,0) with (v*,0) € ./\/Z)pif(xk,f(xk)). Following the

argument in the proof of [25, Theorem 8.9], we can derive v* € 9 f(2*). Therefore,

v € Lim sup Boof(xk) C Limsup U Lim supooﬁf(xk’i) C U Lim sup®™ Bf(a;j),
k—+o0 k—-+oco xk’i%f 2k i——+00 2% j——+oo

where the first inclusion is due to the definition of the horizon subdifferential, and the last inclusion
follows from a standard diagonal extraction procedure. (ii) In the other case, we have A (v*, —1) —
(v,0) with A\, | 0 and v* € 9f(2*) for all k > 0. It is easy to see v € Limsup2°, . df(z). So far, we
obtain inclusion ([39). Since & € A(Z), we have Nom ,(@) C Limsup,, , .z Ndom o (f(x)), and
our assumption implies that A = 0 is the unique solution satisfying 0 € X - Limsup,_,; 0f(x) with
A € Niom o(@). Thus, is satisfied.

Case 2.2. For any & € Ay(Z), consider any sequence {(z*,a”)} C epi f converging to (z,&). Then
o > f(x¥) for all k sufficiently large since @ ¢ A1(Z). It is easy to see that prif($k7 o) c R"x{0},
which gives us Nopi f(mk, o) € R™ x {0}. By following a similar pattern as the final part of Case
2.1, it is not difficult to obtain, for any & € Ay(Z),

Nepi ¢(Z, @) C {(v, 0)

v e Limsupooﬁf(x)} . (41)

T—T

In this case, holds trivially. Hence, we have verified for cases 1 and 2.
Step 2: Based on in step 1, we can now apply the sum rule [25, Corollary 10.9] for dg(z, &)
to obtain

09(z, &) C Nepi ¢(Z, @) + {0} x 9p(a), 0°g(Z, &) C Nepi f(Z, @) + {0} X Ngomo(@).  (42)

Case 1. For A(z) = {f(z)}, by combining with (B6), we can derive the stated results for
d(¢p o f)(x) and 0°(p o f)(Z) based on the observations that dp(f(Z)) C Limsup,,, o(f(x))
and 0% f(z) C Limsup3’,; 0f(x).

Case 2. Otherwise, by , we have

{v] (v,0) € 8g(Z, @), f(&) < @& < Amax}
o {y =Rk ‘y € op(a),ac Al(i)} U {Lim sup™@f(z)

T—T T—T

0€dp(a), f(z) <a<

T—T

C U{y-Limsupaf(a:)

y € Limsup dp(f(x)) } U [Ligrcgsglpo"af(x)\{o}] ,

T (pof) T

where the last inclusion is because 0 will be included in the first set if 0 € dp(@) for some & €
(f(Z), max| and the second set will be empty otherwise. Similarly,

{v] (v,0) € 99 (z,a), f(T) < @ < Qmax}

c U { y - Limsup 0f () | y € Limsup Ngom o (f (7)) } U [Liizupwaf(x)\{O}] .

Tr—x :B*)(Lpof) x

We then complete the proof by using the inclusions in . O

32

max }



Equipped with the chain rules, we are now ready to prove Proposition

Proof of Proposition [l Let Z be any feasible point, i.e., T € Npey dom F},. Suppose for contradiction
that does not hold at . Thus, there exist p; € {1,---,m}, {z*} € Sp,(Z) and an index set
N € N%, such that 0 € acf]fl (z*) and Ndom ¢p, (f;fl (z%)) # {0} for all k € N. Take an arbitrary
nonzero scalar y* € Ngom Oy ( fﬁl (xk)) for all kK € N. Let y be any accumulation point of the unit
scalars {yk/\yk|}k€N. Then, we have (0 #)y € [J{Ndom . (tp,) | tp, € Tp,(Z)} and 0 € con Dy fp, (Z)
by Proposition (a), contradicting Assumption 5. This proves condition .

For any fixed p=1,---,m, let y,y = 0 for any p’ € {1,--- ,m}\{p} in Assumption 5. Then the
only scalar y, € (U {Naome, (tp) | tp € Tp(Z)} with 0 € y, condaf,(Z) is y, = 0, which completes
the proof of .

To derive the constraint qualification , we consider two cases.
Case 1. For p € I, we have Njom, (fp(%)) C U {Niome,(tp) | tp € T,(z)} due to f} 5 f, and
Iy fp)(Z) CyOcfp(T) Cy-condyfp(z) for any y by Theorem (Il Together with Assumption 5, we
deduce that the only scalar y € Nyom, (fp(7)) with 0 € 9(yfp)(z) is y = 0. From this condition
and the local Lipschitz continuity of f, for p € I5, we can apply the chain rule [25, Theorem 10.49]
to get

0% (p o fp) (@) [ J{y - condafp(z) | y € Naome, (tp),tp € Tp(2) } - (43)

Case 2. For p € I, to utilize the chain rules (Proposition |3) for 0°°(yp o fp), we must first confirm
the validity of the condition:

0 €y-Limsupdfy,(z), y € Limsup Ndom¢p(fp(x)) = y=0. (44)

T—T T F,T

Indeed, it suffices to consider the case of dom ngT, = (—o0,1p) or (—00, 1| for some r, € R, because
the statement holds trivially when gp;T, is real-valued. For any element y € Limsup,,_, ry T Naom g, (fp(2)),
there exist (z¥,y;) — (Z,7) with ¥ € Nom e, (fp(z¥)) and Fy(a*) — F,(Z). Since Z € dom F,,, we
must have z¥ € dom F, for k sufficiently large, i.e., f,(z*) € dom gpIT;, and {f,(z*)}r>0 is bounded
from above due to dom gozT, = (—o00,1p) or (—o0,7p]. It follows immediately from the lower semicon-
tinuity of f, that {f,(z*)}r>0 is bounded. Assume that this sequence converges to some %,. Note
that z, € dom ¢, due to F,(Z) = liminfy_ 0 ©p(fp(2¥)) > ¢,(2,). Thus, by the outer semiconti-
nuity, yx — 7 € Ndome,(Zp). By f]f 5 fp, each fp(.’L'k) can be expressed as the limit of a sequence

{ f;(azk’i)}izo with 2% — z* for any fixed k > 0. Using a standard diagonal extraction procedure,
one can extract a subsequence f7k (z%i) — z, with %% — Z. Hence, z, € T,(Z) and

Limsup Naom g, (fp(2)) C U{NdomsOp (tp) | tp € Tp(Z)}. (45)

I*)pr

Using the subdifferentials relationships in Proposition [1] and the outer semicontinuity of d4f, in
Proposition [If(a), we have

Limsup 0f,(x) C Limsup 0afp(z) = 0afp(Z). (46)

T—T T—T
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By , and Assumption 5, we immediately get . Thus, we can apply the chain rule in
Proposition |3 and use , again to obtain

(0 )@ < U{00u5l0) |1 € Niom (1), 1y € )} U | Limsup™ 1)\ (0}
< UL 0u15(@) |5 € Naom g, (1), t € To()} U105 £, (@)\{0} .

For the last inclusion, we use Limsup™ 9f,(z) C Limsup™ dafy(x) C 9F f,(Z) by Theorem [1f(a)

(47)

r—T T—T
and using the diagonal extraction procedure again. Combining inclusions , for two cases
with Assumption 5, we derive and complete the proof. O
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