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Abstract

This work establishes new convergence guarantees for gradient descent in smooth convex
optimization via a computer-assisted analysis technique. Our theory allows nonconstant stepsize
policies with frequent long steps potentially violating descent by analyzing the overall effect of
many iterations at once rather than the typical one-iteration inductions used in most first-order
method analyses. We show that long steps, which may increase the objective value in the short
term, lead to provably faster convergence in the long term. A conjecture towards proving a faster
O(1/TlogT) rate for gradient descent is also motivated along with simple numerical validation.

1 Introduction

This work proposes a new analysis technique for gradient descent, establishing a path toward
provably better convergence guarantees for smooth, convex optimization than is possible with
existing approaches based on constant stepsizes. Instead, our theory allows for nonconstant stepsize
policies, periodically taking larger steps that may violate the monotone decrease in objective value
typically needed by analysis. In fact, contrary to the common intuition, we show periodic long steps,
which may increase the objective value in the short term, provably speed up convergence in the
long term, with increasingly large gains as longer and longer steps are periodically included. This
bears a similarity to accelerated momentum methods, which also depart from ensuring a monotone
objective decrease at every iteration.

Establishing this requires a proof technique capable of analyzing the overall effect of many
iterations at once rather than the typical (naive) one-iteration inductions used in most first-order
method analyses. Our proofs are based on the Performance Estimation Problem (PEP) ideas
of [1H3], which cast computing/bounding the worst-case problem instance of a given algorithm as a
Semidefinite Program (SDP). We show that the existence of a feasible solution to a related SDP
proves a descent guarantee after applying a corresponding pattern of nonconstant stepsizes, from
which faster convergence guarantees follow. Our technique is very similar to that first proposed
by Altschuler’s Master’s thesis |4, Chapter 8] which established repeating stepsize patterns of
length two or three with faster contractions towards the minimizer for smooth, strongly convex
minimization. Most existing PEP literature uses computer-solves to guide the search for tighter
convergence proofs [3,5-13| and inform the development of new, provably faster algorithms [14-18].
Here computer outputs are directly used to constitute the proof, but are large (up to tens of
thousands of rational numbers) and so may provide less guidance or intuition.

We consider gradient descent with a sequence of (normalized) stepsizes h = (hg, h1, ha,...)
applied to minimize a convex function f: R™ — R with L-Lipschitz gradient by iterating

Tht1 = Tk — %Vf(.%‘k) (1.1)
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given an initialization zg € R". We assume throughout that a minimizer x, of f exists and its level
sets are bounded D = sup{||x — z,|j2 | f(z) < f ($0)}H The classic convergence guarantee |19] for
gradient descent is that with constant stepsizes h = (1,1,1,...), every T' > 0 has f(zr) — f(z4) <
LD?/2(T + 1). Using performance estimation techniques, a tight refinement of this bound was
given by |1, Theorem 3.1] (and elementary proof, avoiding the use of PEP, was given by [20]): every
T > 0 has e

flzr) = f(zs) < T2
By tight, we mean a matching problem instance exists that attains the above inequality. Using
stepsizes between one and two, this rate can be improved by another factor of two (see [2,20]).
Stepsizes beyond length two have very little prior theory as one can no longer guarantee a decrease
in objective value at each iteration.

Here we provide an analysis technique capable of handling nonconstant stepsizes, periodically
longer than one can guarantee descent for, finding increasingly fast convergence (in terms of constants)
follows. For example, consider gradient descent alternating stepsizes h = (2.9,1.5, 2.9,1.5, ...).
Such a scheme is beyond the reach of traditional descent-based analysis as one may fear the stepsizes
of 2.9 can increase the function value individually more than the 1.5 is guaranteed to decrease it.
Regardless, we show this “long step” converges with

(1.2)

LD?

1/T?
2.2><T+O(/ )

flar) = f(z) <

for every even T' > 0. See our Theorem [3.2] characterizing many such alternating stepsize methods.
The +O(1/T?) terms throughout this work are only used to suppress two universal constants,
namely above, we show there exist constants § and C such that all even T" > 25 have bound
LD?/(22x T — C).

Using longer cycles, we derive further performance gains. For example, we show a carefully
selected stepsize pattern of length 127 periodically taking stepsizes of 370.0 converges at a rate of
LD?/(5.8346303 x T'). Generally, given a stepsize pattern h = (hg,...,hs_1) € RY, we consider the
gradient descent method repeatedly applying the pattern of stepsizes

h(k mod ¢

Tho1 = g — % )V f (1) . (1.3)

In Theorem we give a convergence guarantee for any straightforward stepsize pattern h of

LD?

avg(T O(1/T%) (14)

flor) — f(ze) <

where avg(h) = %Ef;é h;. See Section |2| for the formal introduction of this straightforwardness
property. Hence the design of provably faster nonconstant stepsize gradient descent methods amounts
to seeking straightforward stepsize patterns with large average stepsize values. Certifying a given
pattern is straightforward can be done via semidefinite programming (see our Theorem . So the
convergence analysis of such nonconstant stepsizes methods is a natural candidate for computer
assistance.

Table [1| shows straightforward stepsize patterns with increasingly fast convergence guarantees,
each proven using a computer-generated, exact-arithmetic semidefinite programming solution
certificate. Future works identifying longer straightforward patterns and other tractable families

!This assumption can likely be relaxed but eases our development herein.



Pattern Length | “Straightforward” Stepsize Pattern h | Convergence Rate
(longest stepsize marked in bold) (+0(1/T?) omitted)

t=2 (3-n,15) * € (0,3) LD?
= — . Oor an
G Y= (2.25 —1/2) x T
t=3 (1.5,4.9,1.5) LD?
- A 2.63333... x T
t=17 (1.5,2.2,1.5,12.0,1.5,2.2, 1.5) LD?
- 3.1999999 x T
LD?
t=15 (14,20,1.4,45,1.4,2.0,1.4,29.7, | oo
1.4,2.0,1.4,4.5,1.4,2.0, 1.4) ' %
LD?
t =31 (1.4,2.0,1.4,3.9,1.4,2.0,1.4,8.2,

14,2.0,14,3.9,1.4,2.0,1.4,72.3, | 20032258 xT

1.4,2.0,1.4,3.9,1.4,2.0,1.4,8.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4)
LD?

t =163 1.4,2.0,1.4,3.9,1.4,2.0,1.4,7.2 —_—
(14,2.0,14,39,14,2.0,14,7.2, 5.2253968 x T

1.4,2.0,1.4,3.9,1.4,2.0,1.4,14.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,7.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,164.0,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,7.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,14.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,7.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4)

t =127 (1.4,2.0,1.4,3.9,1.4,2.0,1.4,7.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,12.6,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,7.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,23.5,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,7.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,12.6,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,7.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,370.0,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,7.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,12.6,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,7.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,23.5,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,7.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,12.6,
1.4,2.0,1.4,3.9,1.4,2.0,1.4,7.2,
1.4,2.0,1.4,3.9,1.4,2.0,1.4)

LD?
5.8346303 x T

Table 1: Improved convergence guarantees for Gradient Descent with stepsizes cycling through a
“straightforward” pattern. Each convergence bound is proven by producing a certificate of feasibility
for a related SDP, which is sufficient by our Theorems [2.1] and Coeflicients for t > 7 guarantees

are slightly smaller than the ideal avg(h) due to rounding to produce an exact arithmetic certificate.



of nonconstant, periodically long stepsize policies will surely be able to improve on this work’s
particular guarantees.

The analysis of such nonconstant, long stepsize gradient descent methods has eluded the literature,
with only a few exceptions. In 1953, Young [21] showed optimal, accelerated convergence is possible
for gradient descent when minimizing a smooth, strongly convex quadratic function by using a
careful nonconstant selection of h;. Namely, Young set hq...hp_1 as one over the roots of the
T-degree Chebyshev polynomiaﬂ Few works have shown faster convergence from long steps beyond
quadratics. Two notable works have done so for smooth, strongly convex minimization:

Oymak [23] showed substantial speed-ups for strongly convex functions with special bimodal
structured Hessians. Closely in line with this work’s reasoning, several recent Master’s and doctoral
theses have addressed the optimal design and analysis of one, two, or three steps of gradient descent.
The theses of Daccache [24] and Eloi [25] provide exhaustive characterizations of gradient descent’s
objective gap after two or three steps for smooth convex optimization. Their results do not provide
a mechanism to be applied inductively, so no convergence rates follow from repeatedly applying the
studied patterns. For strongly convex optimization, Altschuler [4, Chapter 8] used PEP techniques
to derive the optimal patterns of length ¢t = 1,2, 3 for contracting either the distance to optimal or
the gradient’s norm. Inductively applying their improved contractions, one arrives at the same moral
takeaway advanced by this work: SDP-based analysis can prove faster convergence follows from
periodically taking longer steps, potentially violating descent. Importantly, their length two and
three patterns are optimal, meaning their patterns give the best possible contraction factor. Note
their patterns differ from those presented here, only being optimal for strongly convex problems.
The primary contribution in this work is identifying a tractable analysis technique for general
smooth, convex optimization and showing increasing performance gains for increasingly large t > 3,
continuing in this seventy-year-old direction.

The search for long, straightforward stepsize patterns h is hard; the set of all straightforward
patterns is nonconvex, making local searches often unfruitful. Our patterns of length ¢t = 2™ — 1
in Table [1| were created by repeating the pattern for ¢ = 2™~ ! — 1 twice with a new long step
added in between and (by hand) shrinking the long steps in the length 2™~ — 1 subpatterns. This
recursive pattern has strong similarities to the cyclic and fractal Chebyshev patterns for quadratic
minimization considered by [26-28], although we make no provable connections. This doubling
procedure consistently increased avg(h) by ~ 0.6. We conjecture the following.

Conjecture 1.1. For any t € N, there exists a straightforward stepsize pattern h € R' with
avg(h) = Q(log(t)).

If true, this would likely yield convergence rates on the order of O(1/(7"log(T))), strictly improving
on the classic O(1/T) guarantee. If such long patterns exist, one natural question is how close to the
optimal O(1/T?) rate attained by momentum methods can be achieved by gradient descent with
long steps. The numerics of [13, Figure 2] suggested a O(1/T"17®) rate may be possible. The theory
of Lee and Wright [29] showed asymptotic o(1/T") convergence for constant stepsize gradient descent
(although no improved guarantees in finite-time were given), which also motivates the possibility for
improved finite-time convergence guarantees.

For strongly convex optimization (or, more generally, any problem satisfying a Hélder growth
bound), the classic convergence rates for constant stepsize gradient descent are known to improve.
We show the same improvements occur for any straightforward stepsize pattern (see Theorem
with an additional gain of avg(h). We validate that the convergence speed-ups of Table [1| actually
occur on randomly generated least squares problems in Figure |1} seeing gains proportional to avg(h).

2A nice summary of this is given by the recent blog post [22].
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Figure 1: Least squares problems minimizing || Az — b||3 (left) and || Az — b||2 + ||z||3 (right) with
i.i.d. normal entries in A € R™ ™ and b € R" for n = 4000. Objective gaps are plotted over
T = 2000 iterations with h = (1) and with each pattern from Table [I} Note this second objective is
substantially more strongly convex, so its faster linear convergence is expected. For comparison,
Nesterov’s accelerated method (without modification to utilize strong convexity) is shown.

These plots also showcase that descent is not ensured within the execution of a straightforward
pattern as t = 7 rapidly oscillates within each pattern while converging overall. Note, gradient
descent is not an optimal first-order method as accelerated methods can attain a faster O(1/T?) rate.
A basic implementation of Nesterov’s accelerated method is included in our numerics to showcase
the degree of progress in closing this gap able to be accomplished via our longer steps.

Cyclic, periodically long stepsizes have been used in neural network training schedules [30-32].
Our results only apply to convex, deterministic problems. New techniques handling nonconvexity
and stochasticity would need to be developed to describe the effect of long steps in such settings of
machine learning.

Outline. In the remainder of this section, we informally sketch how our proof technique proceeds.
Then Section [2] formally introduces our notion of straightforward stepsize patterns, showing that
any such pattern has a guarantee of the form (L.4). Section [3|shows the existence of a solution to a
certain semidefinite program implies straightforwardness. Section [4] concludes by outlining several
future directions of interest enabled by and hopefully able to improve on this work.

1.1 Sketch of Proof Technique - Reducing proving eventual descent to an SDP

Our analysis works by guaranteeing a sufficient decrease is achieved after applying the whole pattern
h = (hg,h1,...,hi—1) of t steps (but not necessarily descending at any of the intermediate iterates).
Our notion of straightforward stepsize patterns aims to ensure that for all 6 > 0 small enough, if
f(xo) — f(xx) < 0, then x; will always attain a descent of at least

it

flan) = fla) < 6= =)

5% . (1.5)
For constant stepsizes equal to one, this amounts to f(zg — Vf(20)/L) < f(wo) — §%/LD?, a classic
descent result that holds for all L-smooth convex f.

To prove a descent lemma like (1.5, one can take a direct combination of several known
inequalities. This is a well-known approach, equivalent to providing dual solutions to the dual of the



associated performance estimation problem. We are given the equalities xj41 = xr — (hi/L)V f(xk)
and V f(x,) = 0 and as inequalities an initial distance bound

lwo — z.||3 < D?
an initial objective gap bound

f(@o) — flzs) <0,
and for any x; and z; with ¢, € {%,0,1,2,...t}, convexity and smoothness imply [33, (2.1.10)]

i) = flag) + V(e (e — ;) + %Ilvf(l’i) = Vi)l -

For any nonnegative multipliers v(d), w(d), A; j(6) > 0 (parameterized by the initial objective gap 0),
one can combine these inequalities to conclude that on every L-smooth convex function, gradient
descent ([1.3|) with stepsizes h satisfies

v(®)(lzo — z.]13 — D?) (1.6)
+w(9)(f (o) — f(2x) = 9)
b A0 (£l + V@) = ) + 59 = V@) - fa) <0.
i je{x0,...t}
Our proof then proceeds by showing carefully selected functions w(d), v(d), A(6) reduce this inequality
to guaranteeing . We find to prove our guarantees in Table [1} it suffices to set v(d) = %‘ihidz,

t—1
w(d) =1-— %5, and use a linear function A(d) = A + . For this choice of v(d) and w(d),
our Theorem shows implies if (\,) is feasible to a certain SDP. Hence, proving
a t iteration descent lemma of the form (1.5) can be done by semidefinite programming. Our
Theorem [2.1] then completes the argument by showing such a periodic descent guarantee implies the

guarantee (|[1.4)).

2 Straightforward Stepsize Patterns

To analyze a given stepsize pattern, we first aim to understand its worst-case problem instance. We
do so through the “Performance-Estimation Problem” (PEP) framework of [1]. Given a pattern h
and bounds on smoothness L, initial distance to optimal D, and initial objective gap §, the worst
final objective gap able to be produced by one application of the stepsize pattern is given by

maXy, o, ;  f(2) = [(2s)
s.t. f is convex, L-smooth
|20 — 2ull2 < D
f(xo) — flzs) <0
Vf(zs) =0
Tk :xk—thVf(xk) Vk=0,...,t—1.

pr,p(d) = (2.1)

Note this problem is infinite-dimensional as it optimizes over functions f: R™ — R and vectors
x0, T € R™ for some given problem dimension n. The key insight of Drori and Teboulle [1] is that
such infinite-dimensional problems can be relaxed to a finite-dimensional semidefinite program.
Subsequently, Taylor et al. [2] showed this relaxation can be made an exact reformulation. We
formalize and utilize these insights in Section @ We note one particular nice property here: py, p is
concave.



Lemma 2.1. For any L,D > 0, pr. p is concave.

Proof. Consider any (1), 62 ¢ ]R and A € (0,1). Denote feasible solutions to the problem defining

PIL, p(6@) for each i = 1,2 by f® :co ,xi) Note if no feasible solution exists for either of these

problems, one vacuously has concavity as
Az, (6D + (1= Npr,p(6@) = —00 < pr.p(AD + (1 = 1)5?) .

Note without loss of generality, m&i) =0and f (@) (xy)) = 0. Then one can easily check \ f(l) +(1 -

2@, Afﬂ(()l) +(1—)\)$(()2), Az +(1-0)z? is feasible to the problem defining pr.oAM4(1-1)6@).
Consequently, taking the supremum over choices of f(), x(()l) gives concavity as
ApL.p(0D) + (1= Npr.p(8?) < prp(ASD + (1= 1)5)) .

O

Generally, the worst-case functions f attaining can be nontrivial. To find a tractable
family of stepsizes for analysis, we focus on ones where this worst-case behavior is no worse than
a simple one-dimensional setting: Consider the one-dimensional (nonsmooth) convex function
linearly decreasing from xg to x4, and constant thereafter. That is, given L, D,d, consider the
problem instance f(x) = max{déx/D,0}, zo = D, and x, = 0. Provided § is small enough (i.e.,
§ < LD?/ Y21 hy), the gradient descent iteration @y 1 = x — —Vf(a:k) has

Yizo hi o
LD?

0y = 8o — 6 (2.2)
where 0 = f(xr) — f(z4) denotes the objective gap. In this example, gradient descent spends
all t iterations moving straight forward in a line along the slope. So the descent achieved is just
controlled by the objective’s slope dyg/D (squared) and the total length of steps taken Zf;(l) hi/ L.
We say that a stepsize pattern h is straightforward if its worst-case behavior (over all smooth
functions, as defined in ) is no worse than this one-dimensional piecewise linear setting for ¢
small enough. Formally, we say that a stepsize pattern h of length t is straightforward if for some

A € (0,1/2],

prLp(8) <6 — Zicohi 6% VW8 €[0,LD?A]
’ - LD? ’
for any L, D > 0. Our analysis of gradient descent with long steps then proceeds by:
(i) Certifying h is straightforward (able to be computer automated) see Theorem
(ii) Solving a resulting recurrence, showing dp < avg h)T +0(1/T?) see Theorem .

The second step is simpler, so we address it first. Additionally, we show the same factor of guarantee
improvement avg(h) carries over to more structured domains like strongly convex optimization.

2.1 Convergence Guarantees for Straightforward Stepsize Patterns

Note straightforwardness provides no guarantees on the intermediate objective values at iterations
k=1,2,...t — 1. We show in our theorem below descent at every tth iteration. To allow for some
numerical flexibility, we say a pattern is e-straightforward if for some A € (0,1/2], all 6 € [0, LD?A]

have value function bounded by pr, p(d) < 6 — M 52.



Theorem 2.1. Consider any L-smooth, convex f. If h = (ho,...,hi—1) is e-straightforward with
parameter A € (0,1/2], then gradient descent (1.3) has, for any s € N, after T' = st gradient steps

Nl

(1= g (hi — A (f(zo) — f(=z)  if s <
f@r) = fze) < LD? Fs>s (2.3)
(avg(h) — €)(T — st) + x

»

10g<f(w2)’52fA(w*))

log(1-Y"1— (hi—e)AA)

where § = { l . In particular, suppressing lower-order terms, this guarantee is

LD?

ava(h) — T +0(1/T?) .

fler) = flas) <
Proof. For any € > 0, we begin by showing e-straightforwardness implies that for any s € N, the
recurrence relation

X hie) oo . )
O(st1t < {5St D7 Ost if 054 < LD=A (2.4

(1- SIZi(hi — 9A) 6w i 6 > LDA.

Consider first s = 0. The first case of (2.4)) follows from the definition of straightforwardness as

t—1
' (hi— .
3t < pr.p(do) < do— %65 For the second case of (2.4)), first note that pr p(-) is concave

by Lemma Then since pr, p(0) = 0 and py p (LD?A) < LD? (A — Zﬁ;é(hi — e)A2>, every
8o > LD?A must have

0 < pr,p(do) < TD2APLD (LD A) < dp (1 — ;(hi —e)A | .

As a result, applying the sequence of steps from the straightforward pattern h from xq yields d; < dp.
Hence ||zy — z4|| < D since z; lies in the initial level set {z | f(z) < f(z9)}. Thus the above
reasoning can apply inductively, giving the claimed recurrence.

Next, we show this recurrence implies the claimed convergence guarantee . Suppose first,
e is larger than LD?A. Then applying the pattern h contracts the objective gapEL inductively

giving 0g < (1 — f;é(hi —€)A)%0y. After at most § executions of the stepsize pattern, one must
have 0 < LD?A. Afterward, for any s > 5, the objective gap decreases by at least
-1
M

O(st1)t < Ost — D2 62 .

Solving this recurrence with the initial condition &5y < LD?A gives

- LD?
st > — — .
Yizo(hi—e)(s—5) + &

J

O

3Interestingly, this contraction factor is independent of L, D. As a result, problem conditioning plays a minimal
role in this initial phase of convergence. Instead, only h and the associated straightforwardness parameter A matter.



2.2 Faster Convergence for Straightforward Patterns given Growth Bounds

A function f is p-strongly convex if f — 4| - ||3 is convex. This condition is well-known to lead
to linear convergence for most first-order methods in smooth optimization. More generally, faster
convergence occurs whenever f satisfies a Holder growth or error bound condition. Here we consider
settings where all x € R™ within the level set f(x) < f(x) satisfy

f(x) = flz.) > gnx — g (2.5)

Strong convexity implies this condition with ¢ = 2 and leads gradient descent with constant
h = (1,1,...) to converge at a rate of O((1 — p/L)"). When ¢ > 2, improved sublinear guarantees
of O((L/u?/9T)9/(4=2)) follow. Below, we show that any straightforward stepsize pattern enjoys the
same convergence improvements, gaining a similar factor of avg(h).

Theorem 2.2. Consider any L-smooth, convex objective f satisfying (2.5)). If h = (ho,..., hi—1) is
e-straightforward with parameter A € (0,1/2], then gradient descent (1.3) has, for any T = st

t—1

flar) = f(z.) < (1 —min {A, L4 S (h - e>> (o) = f(a2)

=0

og (L) =f G/ (172)
¢2/(a—2)(La)a/(a—2) has

1
when ¢ = 2 and when ¢ > 2 and s > § := { og(1=5"" (h—)8)

I qa/(q—2)
flar) = f(z) < q (,uz/q(q —2)(avg(h) —€)((s — S)t)) .

Proof. Let Dy, = sup{||lx — z«|| | f(z) < f(zx)} denote the size of each level set visited by gradient
descent. The growth bound ([2.5)) ensures Dy, < (%5k)1/ 2. Then the recurrence (12.4)) implies

2/ t—1 e _
s+1)t =
T (- S - 9A) b i 6> LD2A.

One can bound this recurrence relation by the maximum of the two cases. If ¢ = 2, both cases give

a contraction and so 1 s
. RS
dst < (1 — min {A, 2L} ;(hi — 6)) do -

If ¢ > 2, one has

2451 (. — ) o t—1
O(s41)¢ < max {5515 _E leg/(q )6315 2/!17 <1 — Z(hZ —€)A | st p -
=0

q
. . . . . — . 2/ -7 .

Solving this recurrence gives linear convergence until the objective gap is less than (q/ﬁ/LqA) 2 s

reached, which must occur by iteration §, and then afterwards gives a sublinear convergence rate

(for example, see |34, Lemma A.1] for this calculation), giving the claim. O

Note that the above bound for the case of ¢ > 2 is independent of D. Asymptotically, this
is reasonable as better bounds on distance to optimal are eventually available, namely (%5k)1/ 9,
One could give a bound depending on D = Dy early onby using the stronger bound D; <
min{(%ék)l/ % Dg}. However, once the gap is small enough for the first term to dominate, the bound
will again be independent of Dj.



3 Certificates of Straightforwardness

All that remains is to show how one can certify the straightforwardness of a stepsize pattern. We do
this in two steps. First, Section shows that pr, p(d) is upper bounded by an SDP minimization
problem using previously developed PEP techniques. Hence straightforwardness is implied by
showing the SDP corresponding to each § € [0, LD?A] has a sufficiently good feasible solution.
Second, Section [3.2] shows that another semidefinite programming feasibility problem can certify
that such an interval of solutions exists.

3.1 The Worst-Case Value Function is Upper Bounded by an SDP

We first reformulate the infinite-dimensional problem as a finite-dimensional nonconvex quadrat-
ically constrained quadratic problem (see ), relax that formulation into an SDP (see ),
and then upper bound the SDP by its dual problem (see ) This process was been developed
by [1H3] and is carried out in our particular setting below.

Step 1: A QCQP reformulation. First, as proposed by Drori and Teboulle [1], one can discretize
the infinite-dimensional problem defining pr, p(d) over all possible objective values fi and gradients
gr at the points zy with k € I} := {%,0,1,...t} as done below. Using the interpolation theorem of
Taylor et al. [2], this is an exact reformulation rather than a relaxation, giving

ma'XmOafzg ft - f*

t fi>fi+ T(._ ,)_,_LH._ HZ Vi.ie I*

S.t. i Z Jj T 95 \Ti — Xy an19i — 9jl12 %] t

2 2
To— X <D
prL,p(0) = | <l (3.1)

fO_f*S(S
x*zo,f*zo,g*:()
xi+1:$¢—%gi Vi=0,...,t—1

where, without loss of generality, we have fixed z, = 0, fx = 0, g, = 0.

Step 2: An SDP relaxation. Second, one can relax the nonconvex problem (3.1)) to the following
SDP as done in [2}3,[15]. We follow the particular notational choices of |13], which recently considered
globally, numerically optimizing gradient descent’s stepsizes with fixed total iterations, defining

H:=[zo|go|g1|...|g]€R>D
G:=H"HeS?,
Fi=1[fo| fil...| fi] e REFD

with the following notation for selecting columns and elements of H and F':

g, =0eR™M? gii=ep e RT2 Gc[0:1
Xg:=e] € ]RH'Q, X, :=0 e R*2 ,
i—1

1
X; ::XO—ZZhjngRt+2, z’e[l:t]
=0

fo:=0cR* f:=¢; g eRTL ic[0:1].
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This notation ensures x; = Hx;, g; = Hg;, and f; = Ff;. Furthermore, for i, j € I}, define

A j(h) :=g; O (% — x;j) €S2,
B;;(h) == (x; — x;j) ® (x; — x;) € S,
Cij = (8 — &) © (g —g) € S{,
Qi j = fj —f; € RtJrl
where z Oy = %(xyT + yzT) denotes the symmetric outer product. This notation is defined so

that ng(xz — ;) = TrGA; ;(h), ||z; — z;||3 = TrGB; j(h), and || g; — g;||3 = TrGC; ; for any 4,5 € I}.
Then the QCQP formulation (3.1)) can be relaxed to

maxrpqg Ff
s.t. Fa;j +TrGA; j(h) + - TrGC;j <0, Vi, jeIf:i#j
pr,p(8) < -G =0 (3.2)
TrG By, < D?
Ffy<6.

Equality holds above if one adds the constraint that rank G < n where n is the dimension of
problem instances considered when defining p7, p. This constraint is vacuously true if the considered
problem dimension n exceeds t+ 2. Consequently, the QCQP and the SDP are equivalent,
provided one allows sufficiently high-dimensional objectives, but may differ if one restricts to finding
the worst-case over lower-dimensional problem instances. However, this equality is not needed for
our analysis, so we make no such assumption.

Step 3: The upper bounding dual SDP. Third, note the maximization SDP (3.2)) is bounded
above by its dual minimization SDP by weak duality, giving

miny 4 4,7 D2y + 6w

8.t 2lijeltizgj Nijlij = Gxt — Wk
pro(d) < ?ihw+2maﬁﬁ*m(&JWW+iCm)=Z (3.3)
Z >0

v,wzo,)\i,jzo, Vi,jGI;:i#j.

Although it is not needed for our analysis, equality holds here as well (i.e., strong duality holds)
due to 2, Theorem 6].

3.2 An SDP Feasibility Certificate that implies Straightforwardness

The preceding bound establishes that € > O-straightforwardness holds if for some A 61 (0,1/2],
'

every 6 € [0, LD?A] has a corresponding dual feasible solution with objective at most 6 — %5?
We claim that it suffices to fix L = 1, D = 1 without loss of generality. For any L-smooth f with
|zo — ]| < D, this follows by instead considering minimizing f(Z) = +52f(DZ%). One can
easily verify f is l-smooth, has ||Zg — || < 1 for &y = Dzg,#, = Dz,, and gradient descent
Tpa1 = T — thf($k) produces exactly the iterates of xy1 = xx — hy/LV f(z) rescaled by D.
Hence pr, p(0) = LD?p11(6/LD?).

We restrict our search for dual certificates bounding p; 1(0) to a special case, which we numerically
observed to hold approximately at the minimizers of : given 6, fix v = ’é;é(hi +¢€)0% and

11



w=1-— 2Z§;é h;6. Noting this fixed variable setting has v + dw = ¢ — f;(l)(hi —€)02, e
straightforwardness follows if one can show feasible solutions with these fixed values exist.
Given § and a selection of A € RF2x(42) and fixing v as above, we define

t—1
1
Zhﬁ()\,(;) = Z(h’ + 6)5230,* + Z i j (Am‘(h) + 202'7]‘) . (3.4)

i=0 i jEIfiA]

Observe that Zp, (A, §) is nearly linear: the first entry has the only nonlinear behavior, depending
quadratically on &, with the rest depending only linearly on A. Written in block form, we denote

i=o(hi + €)0? mhmﬂ (3.5)

Zne0) ::l m) M)

where my, : RUF2x(42) _y R4 and My, : RUADx(42) _y REFD)X(EHD) gre linear functions. Certifying
p11(6) < 6—S123 (hi—€)8? for fixed § then follows by showing the following spectral set is nonempty

D el ity Nij@ig = xt — (1 —230 hz‘5) 4.0
Rh€6 — A c R(t+2)><(t+2) | \ > 0
Zh,e(/\> 5) = 0

Lemma 3.1. A stepsize pattern h € R is € > 0-straightforward if for some A € (0,1/2], Rpes is
nonempty for all § € [0, A]. Straightforwardness of h is implied by each Ry s being nonempty.

This lemma alone does not directly enable the computation of a convergence-proof certificate.
One would need certificates of feasibility for the infinitely many sets given by each § € [0, A]. The
following theorem shows that the existence of such solutions can be certified via a single feasible
solution to yet another semidefinite program.

Theorem 3.1. A stepsize pattern h € R' is € > 0-straightforward if for some A € (0,1/2], Sp.e.n is
nonempty where

etz Nj@ig = Gup — Gup
Zi,jel;;i;ﬁj Vij@ij = 2 Zﬁ;é hiayo
A>0,A+Ay>0
S hi+e) mp(y)T
mp () My (\)
iZo(hi+e)  mp(y)T
mp(7) My (X + A)

SheA = ()\’fy) c R(t+2)x(t+2) % R(t+2)><(t+2) |

=0

=0

Proof. Let (\,7) € Spa. We prove this by showing AO) = X+ 8y € Ry 5 for every § € [0, A] by
Lemma This amounts to verifying the three conditions defining Ry 5 for each NON

First, we check ngt*:#j )\E?am = Oyt — (1 - 225;5 hi6) ax,0. The first equality defining
Sh.e,a ensures this for A9 = X. Adding § times the second equality defining Sh.e,a establishes
the equality for every A9 as Zi7j61;:i¢j()\§? +07ij)0ij = Gxp — (1 -2 Zﬁ;é hié) ay 0. Second, we

check nonnegativity A\(¥) > 0. This follows by noting A(%®) is a convex combination of A and A + A~,
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which are nonnegative by construction. Finally, we check the nonlinear (but nearly linear) condition
Zh,e()\(‘s), 0) = 0. We consider the block-form ({3.5)) of this semidefinite inequality, seeking

b + )62 mmﬂ - 0.

zhﬁ(A“),é):[ ma(A®)) M (AO)

Since my(A) = 0, using the linearity of my, and M, the above can be expanded to equal

lzﬁam+aﬁ dmn(7)" ]>0
dmp () Mp(X) +6Mp(y)| —

Rescaling the first row and column by 1/§ gives an equivalent condition, which is now linear in 4,

l35w+o mp ()T ]>O
mp () Mp(N) +Mp(v)| —

When § = 0 or A, this condition is explicitly ensured by the definition of Sy, ¢ A. Then the linearity
and convexity of this condition imply it holds for all intermediate A(®), completing the proof. [

Note computing a member of Sj, . A does not correspond to solving a particular performance
estimation problem. Instead, each member provides a “line segment” of solutions to a series of the
performance estimation problems py, p(d) for an interval of possible ¢ values.

3.3 Certificates of Straightforwardness Proving Guarantees in Table

To prove a given pattern h converges at rate LD?/avg(h)T, we only need to show some Sp A is
nonempty. The most natural path is to provide an exact member of this set. For all of the stepsizes
in Table 1} it was relatively easy to find a feasible solution S, g A in floating point arithmetic via an
interior point method. However, exactly identifying a member of S, g A from this can still be hard.

First, we prove the claimed guarantees for the ¢ = 2 and ¢ = 3 stepsize patterns of Table [I]
by presenting exact members of Sy g A. Then, to handle larger values of ¢, we present a simple
rounding approach able to produce members of Sy, ¢ A, often with € around the accuracy of our SDP
solves ~ 107, This approach produced rational-valued certificates proving the rest of the claimed
convergence guarantees in Table [T}

The exact rational arithmetic verifying the correctness of all certificates (A,~) was done in
Mathematica 13.0.1.0. Note that the entries in these certificates for ¢ > 7 are entirely computer-
generated and lack real human insight. As an example for reference, the certificate for t = 7 is
included in the appendix. Larger certificates are impractical to include here. For example, our t = 127
guarantee is certificate (A, ) has 32640 nonzero entries. Certificates for every pattern in Table
and exact verifying computations are available at github.com/bgrimmer/LongStepCertificates.

Theorem 3.2. For any n € (0,3), the stepsize pattern h = (3 —n, 1.5) is straightforward. Hence
gradient descent (1.3|) alternating between these two stepsizes has every even T satisfy

Far) = @) € 00/
g Y= (2252 x T ‘
Proof. For any n € (0, 3), consider the selection of (\,~) given by
0000 0 3—n %2 %1
1 1 —(6— —(6—
\ 00 5 ? v 0 0 (277) (277)
000 5|~ 0 O 0 0
00 0 O 0 0 0 0


github.com/bgrimmer/LongStepCertificates

It suffices to show for some A € (0,1/2], (A,v) € Sp0,a- One can easily verify the needed equalities
and nonnegativities hold for all 0 < A < 1/(6 —n). The first positive semidefiniteness condition of
(X,7) € Sh,0,a amounts to checking every n € (0,3) has

9—2n —-@B-n) —=(6-n —(6-1)
t—1 T 7(32717) % 2én 2én
i—o(hi+€) mp(v)7| _ | =3 2 1 T |+
ma(y)  MpOV) | T [2Cm 2z L LS

=(6-m) 2—1n 1 1

] 1 2 2

Since this convex condition is linear in 7, it suffices to check it at n = 0 and n = 3. Moreover,
for any n € (0,3), note this matrix has exactly two zero eigenvalues with associated eigenvec-
tors spanning (1/2,1/2,1,0) and (1/2,1/2,0,1). The second positive semidefiniteness condition
amounts to checking an update to this matrix of size A remains positive semidefinite, namely
lzi:é(hi +e)  mp(y)T

hich 1
ma(7) Mh(A+A7)] which equals

(]
S
|
I~
w
S

) 6—n)

L
?
=

=

- ~(

2 2 4 4 0 0 0
I LR I (R e

: A
—(6-7) 2— 1 1 + 6—n

T 3 2 07 0 0
—(6—n) 2—n 1 1 0 =5 0 0

4 4 2 2

must be positive semidefinite. One can check this added matrix term is positive semidefinite on the
subspace spanned by (1/2,1/2,1,0) and (1/2,1/2,0, 1) (again by checking when 7 = 0 and n = 3 and
then using convexity). As a result, positive semidefiniteness is maintained for A small enough. Exact
arithmetic verifying all of these claims are given in the associated Mathematica notebook. Hence
(X\,7) € Sho,a, proving the main claim by Theorem and the claimed convergence guarantee by
Theorem 2.1 O

Theorem 3.3. The stepsize pattern h = (1.5,4.9,1.5) is straightforward. Hence gradient de-
scent (1.3)) cycling through these three stepsizes has every T = 3s satisfy

LD?

< = 1/T?) .
= 9263333...xT +O/T7)

fler) = f(y)

Proof. This result is certified with A = 10~* by the following exact values for (\,v) € Sho.n of

0 0 0 0 0 0 0.005 7.825 3.9497 4.0203
0 0 1.95 0.003 0.007 0 O —5.24 —10.555 0

A=10 095 0 0.5 05 |,vy=1(0 0 0 7.9 —5.315
0 0.006 O 0 0.51 0 O 0 0 1.2947
0 0004 0 0013 © 0 O 0 0 0

O

Based on numerical exploration, we conjecture that patterns of the form (3 — 7, 1.5) are the longest
straightforward patterns of length two and (1.5,5 — 7, 1.5) are the longest of length three.

For larger settings ¢ > 7, determining an exact member of Sj, g o proved difficult. So we resort to
a fully automated construction of a convergence guarantee certificate by first numerically computing
an approximate member of Sy g A (via an interior point method) and then rounding to a nearby
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rational-valued exact member of S, A for some small €. In light of our Theorem such rounding
only weakens the resulting guarantee’s coefficient from avg(h) to avg(h) — e.

Computer Generation of Convergence Proof Certificates. Given h and A,

(i) Numerically compute some (X\,7) approximately in Spo A,

(ii) Compute rational (X,%) near (\,7) exactly satisfying the three needed equalities,
(iii) Check in exact arithmetic nonnegativity and positive definiteness of Mp(\) and Mp(A + A7),

(iv) If so, (S\ﬁ) € She.n, certifying % + O(1/T?) convergence, for
max{m,(9)" Mup(N) " mn (%), mu(H)TMa(X + A9)Ima(9)}

€= ; —avg(h) .

A~

The above value of € is the smallest value with (A,%) € Sp, (A, since by considering their Schur
complements, the two needed positive semidefinite conditions hold if and only if

t—1 t—1
> (hi+e) =mp(A)T My(XN) " ma(3) > 0 and Y (hi + €) — mp(9)T Ma(A + AF) " 'ma(5) > 0 .
i=0 i=0

Theorem 3.4. The stepsize patterns of lengths t € {7,15,31,63,127} in Table (1] are all e-
straightforward for e € {1072,1079,107,1073,1074} with A € {1075,107¢,107%,1077,1078}.
Hence the convergence guarantees claimed in Table [1] hold for each corresponding “long step” gradi-
ent descent method.

~

Proof. Certificates (A, %) € Spe,a (produced via the above procedure) with exact arithmetic valida-
tion are available at github.com/bgrimmer/LongStepCertificates. O

4 Future Directions

Building on existing performance estimation ideas, we have demonstrated an analysis technique
capable of proving convergence of gradient descent using nonconstant, long stepsize patterns, which
gain in strength as longer patterns are considered. This runs contrary to widely held intuitions
regarding constant stepsize selections and the importance of monotone objective decreases. Instead,
we show that long-run performance can improve by periodically taking (very) long steps that may
increase the objective value in the short term. We accomplish this via computer-generated proof
certificates bounding the effect of many steps collectively by providing solutions for a sequence
of related performance estimation problems. We conclude by discussing a few possible future
improvements on and shortcomings of this technique.

Possible Extension to More Families of Gradient Methods. Often, analysis techniques for
gradient descent and its accelerated variants extend rather directly to constrained minimization
or minimizing composite objectives f(z) + r(x) by utilizing projections and proximal operators.
PEP techniques naturally extend to these settings. Drori |35, Theorem 2.7 and 2.9] shows the tight
convergence rate for projected gradient descent is strictly worse than the unconstrained setting,
having rate LD?/4T instead of (L.2). A similar (small) worsening of the optimal rate also holds for
accelerated proximal gradient methods [36]. This difficulty appears to extend to our straightforward
analysis technique. Figure [2| shows the length two and three stepsize patterns that numerically
satisfy a generalized notion of straightforwardness for gradient descent, projected gradient descent,
and proximal gradient descent. The set of “straightforward” patterns for constrained is strictly
smaller and composite yet strictly smaller. Consequently, strictly less aggressive stepsizes than
Table [1| would be required for future projected or proximal extensions.
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Straightforward GD Patterns, t=2 Straightforward ProjGD Patterns, t=2 Straightforward ProxGD Patterns, t=2

3.0

Straightforward GD Patterns, t=3 Straightforward ProjGD Patterns, t=3 Straightforward ProxGD Patterns, t=3

h2

Figure 2: For unconstrained, constrained, and composite minimization, the stepsize patterns
satisfying a natural generalization of straightforwardness are shown. Patterns (hi, ha) of length
two and symmetric patterns (hy,ha,hi) of length three were sampled at every 0.1 increment.
Straightforwardness was approximated by solving a performance estimation problem determining if

f(z)—px (or f(z¢)+7(xt)—ps for composite problems) is always at most f(aco)—p*—%(f(acg)—p*)2
(or f(zo) +7(z0) — s — %(f(:co) +7(w0) — px)?) given the initial gap was at most A = 107%.

The PEP framework has previously been successfully employed in handling settings of inexact

gradients [37] and relatively smooth optimization (via Bregman divergences) [7]. Determining the
degree to which utilizing periodic long steps can improve the convergence of inexact, Bregman, and
stochastic variations of gradient descent also provides interesting future directions.
Future Improvements in Algorithm Design. The search for long, straightforward stepsize
patterns h is hard. The patterns presented in Table [I|resulted from substantial brute force searching.
The task of maximizing avg(h) subject to h being straightforward, although nonconvex, may be
approachable using branch-and-bound techniques similar to those recently developed by Gupta et
al. [13] and applied to a range of PEP parameter optimization problems. Such an approach may
yield numerically, globally optimal h for fixed length t. This may also generate insights into the
general form of the longest straightforward stepsize patterns for each fixed .

One practical drawback of the method is the requirement that one knows L. Since our anal-
ysis in Theorem only relies on decreases in objective value after t steps, backtracking linesearch
schemes or other adaptive ideas may be applicable. For example, one could consider an Armijo-type

linesearching procedure, backtracking with an estimate of L seeking f(x;) < f(z0) — Zihi IV £ (z0) %
Since convexity ensures |V f(zo)||? > 62/D?, this condition guarantees the descent required by
straightforwardness. Analysis and practical development of such ideas are beyond our scope.

Future Improvements in Analysis Techniques. Future works may improve our analysis by
considering other Lyapunov functions. The distance to optimal and norm of the gradient were
both used in [4, Chapter 8]. Our proofs are only concerned with the eventual decrease of the
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objective gap. The analysis of optimal accelerated and subgradient methods relies additionally on
the decreasing distance to a minimizer or a decreasing combination thereof. Identifying better Lya-
punovs and stepsize patterns guaranteed to eventually decrease them may lead to stronger guarantees.

Future Improvements in Computational Aspects. We observed that numerically computed
primal optimal solutions to were rank-one for all considered straightforward patterns. This
corresponds to the worst-case objective function being essentially one-dimensional. This is in line
with many prior PEP-based analyses finding one-dimensional Huber functions often attain the
worst-case performance. This property was not used herein but could likely be leveraged to enable
customized solvers for evaluating pr, p(6) and checking membership of S, g . Such improvements
in tractability for SDPs with rank-one solutions have been studied widely [38-44] and may enable
the search for longer, provably faster straightforward stepsize patterns than shown here.

As another avenue of improvement, note that any certificates produced by using floating point
arithmetic followed by a rounding step (as done here) will likely lose a small e amount in the guarantee.
The use of an algebraic solver, like SPECTRA [45], could enable the automated production of exact
certificates of straightforwardness as well as being able to certify when Sp, g A is empty.

Acknowledgements. The author thanks Jason Altschuler for conversations at the Simons Insitute
in Spring 2017 about the preliminary ideas subsequently developed in his excellent Master’s thesis work,
Fanghua Chen for preliminary discussions based on numerical observations that motivated this work, and
Adrien Taylor and Axel Bohm for providing useful feedback on the initial presentation of this work. The
openly released Performance Estimation Problem Branch-and-Bound software of [13] was especially helpful in
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A Computer-Generated Straightforwardness Certificate with
A=10""and e = 107 for h = (1.5,2.2,1.5,12.0,1.5,2.2,1.5)

Below is a certificate (5\, ) € Sh.e.n, completely computer generated, proving a LD?/(3.1999999 x T
rate for the pattern of length ¢ = 7 in Table[I] Given the length of these 9 x 9 matrices, we display
their first five and last four columns separately below. Exact calculations verifying the feasibility of
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these values are given in the associated publicly posted Mathematica notebook.

A6:9 =

’71:5 =

6.9 =

>

=

at

|
Coococo0oo0 o OO

20

0 0 0 0
8837407518919583 5370688140802311 960254226721649
0 4503599627370496 2305843009213693952 14411518807 72
2191522964335457 0 4118290;3855;23793 2688408%85%%%3%5
BRI somowsssesss Z0UORIONRE OG0
2 31(1’*’»5183463801()198291836609431915 2 128609154;‘8948755059 74384859 4894 8068866010524833 1125899 %) 0842624
TR RUODIRE UGS s
465]71869 500148345227036 709104 % 9:35367928()63060895041577715:')8908 46512106482%071088%297538837 504 ! 1553 52912 244960760834 56 576
! 8%68 gzllzllg gg Z gg g g %)g 169 2626353 3742108366981574072654890 & 4 E31181469 69011085462970 86709904 0 272238387628053 8618954%78795§ 108
36%8%%%%686%%%1?§33 2 92122:32:,)273210633618151 7777538508 466111963662%]7824 675:3388799504 92125303470250139638 5 77755 508
9223372036854775808 1152921504606846976  4611686018427387904  1152921504606846976 -
[ 0 0 0 0 1
4697224493034383 8368394272075953 6128278626086993 80543723501136599
9272?33373270038678156147670528508 2350£’>58884 13303%5271235 1319952 !';)282131397 3093565805448747 908 3618997394}78188161 875471591508332732
4621714608668021 4322743080729704 2 0259861 33303 97 1734609738915 2 4641817 8368011 61 621743282709504 9%%3%% %8388366 5??%8
5%8%28%53%823%§§§8 1 2293211656094260026 144699776 ! 15532596241 [914266]6678545699776 2Z332309523814930(]200972814323609'72390592
IO LSO ST e
0
orspuige  SUPOTIONS  BGERTICIIE RN
G N A L
THUROGEET RIS sesenossy  TOHSHTAINGTE
L 2251799813685248 576460752303423488 288230376151711744 -
0 1445047782665419 4403953050470099 12063929807726837 3158567943322891003 7
o TORTOIOGIG  ERITMERS  IHUSIGERG LG
0 — 3452744755754301 140737688355328 _ %%%;28289?%6%8%% _ 621 1544’78429474687015()5 5361
0 ISR rousomooer | ORISR
0 3869(]92080789{";7008158 8693890658 812880 42744292716676130962536 _ 170650240960227 1adl 15186;075855872
o WRREBEE WA, OWHI somoismo
2251 1 24 199254740992 1 1 248
0 138L7)0;164%585938%510%9%%82 129184 - 1g 8081%13 89%65%069549881%98854 - 3;2?3 %ggzg%ggﬁgg 18 %031341389225%)89%4?8%8921
0 7467009600885335 7580238 060304591 _ 2%888?852585828? 22601639112910
0 7521(J?'’—’174559442()6387 823595356 1489 16%]38998655099848811895854 _ 28245919?69884123267835926438 382?%?38%5 % 58%88
18014398509481984 4503599627370496 1125899906842624 2251799813685248 A
r 842771278878770475 1763107326300397405 490223898427757151 246036905476920105 T
38§g %g%;% %}I?i%gzl% 2_888243973 3756712501175141370 A 2230654§)1%%0639759 32074?03363 _3620026857559177(:)8158?468?)% 589
21516285686969 59 (986787448 56324 _ 215%0170 74448783 5753342 185 _ 15060289511989856364220173416 _ 62386164577455947060781900663546 1
KEOTHEIR  UONNERG AU AR
242 115575394!)78(3133961845i’)25L 78 ]787041248329386590393 861699854 %53%8?888%%% %% _26801§47f195562%18%35266 1
mATGTIONG  ICRRAIY,  GUOTIGES LT
_smsienas | TEOTOSITII  TOURSEENST TR,
_%24%54715092%)4377991247897356 _2760923356849777 90071992054740992 _ 2626518’7%999682123467825%478
_ ?8%;}18?32%’5%%%3% _3?1072481%97749318899069098678 _4503200630060789 22517996;13685248
L 4503599627370496 4503599627370496 36028797018963968 -




	Introduction
	Sketch of Proof Technique - Reducing proving eventual descent to an SDP

	Straightforward Stepsize Patterns
	Convergence Guarantees for Straightforward Stepsize Patterns
	Faster Convergence for Straightforward Patterns given Growth Bounds

	Certificates of Straightforwardness
	The Worst-Case Value Function is Upper Bounded by an SDP
	An SDP Feasibility Certificate that implies Straightforwardness
	Certificates of Straightforwardness Proving Guarantees in Table 1

	Future Directions
	A Computer-Generated Straightforwardness Certificate with = 10-5 and =10-9 for h=(1.5, 2.2, 1.5, 12.0, 1.5, 2.2, 1.5) 

