ON THE EQUILIBRIUM PRICES OF A REGULAR
LOCALLY LIPSCHITZ EXCHANGE ECONOMY

TRUONG XUAN DUC HA

ABSTRACT. We extend classical results by Debreu and Dierker about equilibrium prices of a
regular economy with continuously differentiable demand functions/excess demand function
to a regular exchange economy with these functions being locally Lipschitz. Our concept of
a regular economy is based on Clarke’s concept of regular value and we show that such a
regular economy has a finite, odd number of equilibrium prices, the set of economies with
infinite number of equilibrium prices has Lebesgue measure zero and there exist locally

Lipschitz selections of equilibrium prices around a regular economy.

1. INTRODUCTION

Many economic problems can be reduced to solving and analyzing solutions to an equation

f(z) =y,

around a regular value y, where f : 2 C R™ — RP is a function and € is an open set. Recall
that a regular point of a differentiable map is a point where the derivative is onto and a value
is regular if all pre-images are regular points. When f is continuously differentiable (briefly,
C1) and y is regular, the inverse function theorem implies the finiteness of the solution set
and Sard’s theorem implies that the set of values y such that the solution set is infinite has
the Lebesgue measure zero.

An economy is defined by demand functions (which in its turn is defined by a utility
function) or an excess demand function. It is of interest to know what the set of equilibrium
prices of a given economy looks like and how it depends on the parameters describing this
economy. This can be done in the case of regular economies, see [1], [5], [7], [17] and the
references in [1] for a survey on contributions to the regular exchange economies. Roughly
speaking, one assumes an economy to be regular in the sense that some value is a regular
value of some map associated to this economy (for instance, the endowment is a regular

value of a map involving demand functions, see [1], [5], [17], or zero is a regular value of an
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excess demand function, see [7]) and deduce properties of the set of equilibrium prices from
the ones of the solution set to an equation given by this map.

In [5], Debreu studied a regular economy with C' demand functions. He proved that the
number of equilibrium prices is finite and locally constant and the set of endowments for
which the associated economies have a infinite number of equilibrium prices is of Lebesgue
measure zero. Using index of fixed point, Dierker precised Debreu’s result by showing that
the number of equilibrium prices of a regular economy is odd [7].

When demand functions are merely continuous, Shannon [17] uses Rader’s concept of
regularity [15], namely a point is a Rader’s regular point if the derivative exists at this
point and is onto. Biheng and Bonnisseau [1] consider a special case when the preferences
of consumers are represented by utility functions satisfying some natural conditions so that
demand functions are locally Lipschitz and C* on an open set of full Lebesgue measure and
the concept of regular economy takes into consideration only points at which some projection
map is C'. It has been established that set of equilibrium prices of regular economies in
these nonsmooth cases retains most properties of the C* case. Debreu’s result on generic
finiteness of equilibrium prices has been extended to economies with concave definable utility
functions by Blume and Zame [2] and to economies with semi-algebraic utility functions by
Toffe [11, Theorem 9.65].

Continuing this direction of research, we extend results by Debreu and Dierker to a regular
economy demand functions or excess demand function of which are locally Lipschitz. Here,
we use Clarke’s concept of regularity to define and study a “regular economy”and our results
can be applied to some economies which may not be considered in [17] and [1].

The note is organized as follows. In Section 2, we recall concepts of Clarke’s regular
values, Sard’s theorem and Brower’s degree (motivated by Shannon’s approach [17], we use
the latter instead of index of fixed points). Section 3 is devoted to the behaviour of a locally
Lipschitz map around a Clarke’s regular value. In the last section, we formulate results

about equilibrium prices of a regular economy with locally Lipschitz data.

2. CLARKE’S REGULAR VALUES, SARD’S THEOREM AND BROWER’S DEGREE

Notations Let be given a normed space X. We denote by B and B(x,r) the open unit
ball of X and the open ball centered at x € X with radius r, respectively. For a nonempty
set U C X, U and OU stand for the closure and the boundary of U. Let R™ be the n-
dimensional euclidean space and R™*? be the space of n x p-matrices equipped with the
norm || (@) |lzmer == (320 ?:1 az?j)l/2'

Let Q@ C R™ be an open nonempty set and f = (f1,..., f,) : @ = R? (n > p) be a map. If
each f; (and hence f) is locally Lipschitz on 2, then it follows from the Rademacher theorem
that f is Fréchet differentiable (each f; is Fréchet differentiable) a.e. on any neighborhood



of x in Q. The Fréchet derivative f’(x) coincides with the n x p-matrix of partial derivatives
of f at x. Clarke’s subdifferential of f at z € Q, denoted by 0f(x), is the convex hull of
all n x p-matrices obtained as the limit of a sequence of the form f’(z;) where x; — = and
f'(x;) is defined

Of (x) := clconv {v € RVP v = lim f(z)}
wi—a, [ (z;) exists
[4, Definition 2.6.1]. The set df(x) is nonempty compact convex for each x € Q. We refer
an interested reader to [4, Propositions 2.2.2, 2.2.4. 2.6.2] for other properties of Clarke’s
subdifferential.

Recall that a Clarke’s regular point of a locally Lipschitz map is a point where all elements
in Clarke’s subdifferential are onto [4] and a value is Clarke’s regular if all pre-images are
Clarke’s regular points. We provide some examples illustrating that the set of Clarke’s
regular values and the sets of Rader’s regular values are not contained one in other. In what
follows, a point is critical in some sense if it is not regular in this sense and a value is critical

in some sense if there exists one preimage which is critical in this sense.

Example 2.1. (i) See [12, Proposition (1.9)]. Let M be a measurable subset of R,
which intersects every nonempty open interval I C R in a set of positive measure
0 < mes(M N 1), and let g be the indicator function of M. Let f : R — R be
the continuous function defined on R by f(z) := [ g(t)dt. The function f is well-
defined, strictly increasing, and locally Lipschitz on R. The derivative of f is almost
everywhere 0 or 1 and each value is achieved on a dense subset of R. Thus, 0f(z) =
[0,1] for all z € R and f is nowhere C'.

Let h : R — R be the continuous function defined on R by h(x) := f(z) + z. Since
Oh(z) = [1,2] for all x € R, all values of h are Clarke’s regular. Meanwhile, since
f'(x) exists only a.e., not every value of h is Rader’s regular.

(ii) Let f: R — R be the function defined by

fx) =

a?sint if 2 #£0
0 if =0,

see [13, p.324]. This function is locally Lipschitz on R and

) {2zsinl —cosi} ifx#0
aﬂ@_{ [—1,1] if =0

Thus, f is C' everywhere except at x = 0 (it has Fréchet derivative f'(0) = 0).



Let h: R — R be the continuous function defined on R by h(z) := f(z) + 2. It is
easy to see that h is locally Lipschitz on R,

Oh(z) {2zsinl —cost+1} if 2 #0
xr) =
[0, 2] if 2 =0

and the Fréchet derivative h/(0) = 1. Note that h=1(0) = {0}. Thus, 0 is a Rader’s
regular value of h, but it is not a Clarke’s regular value. Moreover, this map is not
one-to-one in any neighborhood of zero. Note that the function h is due to Andrew
McLennan, see [17, p. 152] and [18, p. 2756].

(iii) For the map f: R?* — R? given by f(x,y) = (|z] + v, 2x + |y|), it holds

woo={; 1 wers)

see [4, Remarks 7.1.2.(iii)]). Since f7!(0,0) = {(0,0)} and for any A € 9f(0,0), we
have detA < —1, it follows that (0,0) is a Clarke’s regular value of f. Note that

(0,0) is not a Rader’s regular value because f is not differentiable at (0, 0).

Classical Sard’s theorem [16] in the special case n = p states that the set of critical value
of a C! map from Q) C R™ to R™ has the Lebesgues measure zero. There have been obtained
refinements of Sard’s theorem for the set of Rader’s critical value of a continuous map [15,
Lemma 2], for the set of Clarke’s critical values of piecewise essentially smooth Lipschitz map
[9, Theorem 3.2] and [10, Theorem 4.1]. Recall that a continuous map f: Q C R" — RP is
said to be essentially smooth if it is locally Lipschitz on 2 and is C* a.e. on Q [3, p.68] and
f is said to be piecewise essentially smooth Lipschitz if it is a continuous selection of a finite
number of essentially smooth Lipschitz maps g; : 2 — RP i € I, I is a finite index set , i.e.
f(z) € {gi(x),i € I}, Va € Q[10]. Essentially smooth Lipschitz maps on an open subset of
R™ form a broad linear space. In particular, the demand functions considered in [1] are an
example of essentially smooth Lipschitz maps, see Proposition 3.1 in this paper.

We conclude this section with Brower’s degree. Let {2 C R™ be an open set, f : 2 — R"
be a continuous map, U C €2 is an open bounded set such that U C Q and y € R™\ f(U).
Brower’s degree of f on U at y, denoted by d(f, U, y), is a function with values in Z satisfying
some basic properties (see, e.g., [6, p.5]). We recall here two properties that will be used

later.

(1) (homotopy invariance) If h : [0,1] x U — R™ is continuous, y : [0,1] — R™ is contin-
uous, and y(t) ¢ h(t,0U) for every t € [0, 1], then d(h(t,.), U, y(t)) is independent of
t € 10,1].

(2) If A: R™ — R" is a nonsingular matrix and A~'y € U, then d(A, U, y) = sign detA.



A classical result states that if f is a C'! map and y is a regular value of f, then
d(f,Uy)= >  signdetf'(z).
zeU, f(z)=y
This formula remains true in the case f is merely continuous and y is a Rader’s regular value

[17, Theorem 9]. When f is locally Lipschitz and y is a Clarke’s regular value of f, Pourciau
proved that the following equality holds [14, Theorem 3.5]

d(f,Uy)= > signdetdf(x), (1)
z€eU, f(z)=y

where sign detdf(x) := signdetA for any A € 0f(x) (it is known that in this case, for each
x € f~(y), one has detA # 0 and sign det A = constant for all A € df(x) [14]). This formula

will be used to prove that the set of equilibrium prices

3. BEHAVIOUR OF A LOCALLY LIPSCHITZ MAP AROUND A CLARKE’S REGULAR VALUE

Let us recall Shannon’s result on the behaviour of f around a Rader’s regular value.

Theorem 3.1. [17, Theorem 12| Suppose that 2 C R™ is an open bounded set, f: Q — R"
is a locally Lipschitz map, y is a Rader’s reqular value of f and d(f,Q,y) # 0. Then there
exist x1,...,xy, in Q and neighborhoods W; of x; for each i such that f~'(y) = {x1,..., 71}
and W; N f~H(y) = {x;}. Moreover, there exist A > 0 and a neighborhood V of y such that
for allv €V one has W; N f~1(v) # 0 and if u; € Wi 0 f71(v), then ||u; — zi]] < Mjv—y]|.

We will prove a result about the behaviour of f around a Clarke’s regular value.

Theorem 3.2. Suppose that Q C R™ is an open bounded set and a map f : Q — R” is
locally Lipschitz on Q and continuous on 02 (the latter means that if x € OQ and x; € €,
x; = x, then f(x;) — f(x)). Let y € R™\ f(0) be a Clarke’s regular value of f. Then
(i) There exist 1, ...,z in S, open neighborhoods W; of x; and V; of y, locally Lipschitz
maps g; - Vi — Wi (i =1,...,k) such that f~1(y) = {z1, ...,z }, Wi fFHy) = {x;},
gi(y) = x;, and W; and V; are lipeomorphic by the map f and g; (here, f~'(y) :=
{reQ : flz)=y})
(ii) There exists a neighborhood V of y such that V. C NE_|V; and for allv € V, v is a

Clarke’s reqular value of f and the equation f(x) = v has exact k solutions, namely,

fHy) =A{ai1(v), ., gx(v)}.
To prove Theorem 3.2, we need the inverse function theorem and some auxiliary results.

Proposition 3.1. [4, Theorem 7.1.1] Suppose that 2 C R™ is an open set, f : Q — RP is
Lipschitz near x € Q. If Of(z) is of mazimal rank, i.e., any A € Of(x) has the mazximal



rank, then there exist open neighborhoods U and V' of x and f(x), resp., and a Lipschitz map
g:V = R" such that g(f(u)) =u for allu € U and f(g(v)) =v for allve V.

Proposition 3.2. Suppose that 2 C R™ is an open set, f : Q0 — R™ is Lipschitz near x € €.
If 0f (x) is of the maximal rank, then there exists an open neighborhood U of x such that for
allu € U, 0f(u) is of the maximal rank, and

sign det df(u) = sign det df(x),Yu € U.

Proof. Since 0f(z) is of the maximal rank, it follows from [14] that either sign det 0f(z) =
—1 or sign det df(z) = 1. This means that either sign detA = —1 for all A € Jf(z) or
sign detA = 1for all A € f(x). Consider the first case. The continuity of the function det(.)
implies that for any A € 0f(x), there exists 64 > 0 such that detB = —1,VB € B(A, d4). It
is clear that 0f(x) Cacof) B(A,04/2). Since the set 0f(x) is compact, there exists a finite
number of matrices, say Ay, ..., A,, such that
L
Let € := min{%éAi,z' = 1,..,q}. The upper-semicontinuity of the set-valued map OF(.)

Of (x) C UL B(A,,

implies the existence of a scalar 9 > 0 such that
Of(u) COf(x)+ B, Yu € B(x,0).

We show that U := B(z,0) is the desired neighborhood. Indeed, take u € U and let
T € 0f(u). Then we have

1
T € 0f(x) + B C UL, B(A4;, 5(SAZ.) + €B.

Hence, T' € B(A;, £04,) + €B for some i € {1,...,¢}. It follows that

5
T e B(A“ 65,42) C ]B%(AZ, 5Az)
and therefore, detT = —1. Thus, sign det df(u) = —1 = sign det df(x), as it was to be
shown. The second case can be considered similarly. 0

Proposition 3.3. Suppose that 2 C R™ is an open set, f: Q) — R" is Lipschitz near x € €2
and y = f(x). If 0f(x) is of the maximal rank, then there exists an open neighborhood W
of © such that f~1(y) N W = {x}.

Proof. Let U be an open neighborhood of = as in Proposition 3.2. Without loss of generality,
we may assume that the open ball B(z,r) with r sufficiently small is included in U. We
show that f~*(y) NB(z,r) = {z} and therefore, W := B(x, 57) is the set with the desired
property. Indeed, suppose to the contrary that for some u € B(z, ), u # x one has f(u) = y.
By Leburg’s mean value theorem [4, Theorem 2.3.7], there exist ¢t € [z, u] =: { x4+ (1 —N)u:



0 < A<1}and A € 9f(t) such that f(u) — f(z) = A(u — x). Since t € B(z,r) C U, 9f(¢)
is of maximal rank and A is therefore nonsingular. As f(z) = f(u) = vy, it follows that

A(u — ) = 0. This is a contradiction because u — x # 0 and A is nonsingular. U
We are ready to prove Theorem 3.2.

Proof. (i) First we show that f~'(y) is a compact subset of €. Let {z;} be a sequence in
QN f~Y(y) converging to some z € Q. As f(x;) = y, we get f(x) = y. The assumption
y & f(0) implies z € Q. Thus, f~!(y) is a closed subset of Q. Since € is bounded, it
follows that f~1(y) is a compact subset of Q.

Next, we show that f~!(y) is a finite set. Let z € f~!(y) be an arbitrary point. Since y is
a Clarke’s regular value of f, 0f(x) is of maximal rank. The inverse function theorem stated
in Proposition 3.1 implies the existence of open neighborhoods W and V of z and Yy, resp.,
and a Lipschitz map g : V — R” such that W N f~*(y) = {z} and f and g are one-to-one
and onto on W and V, resp. Thus, all points of the compact set f~Y(y) are isolated. Hence,
this set consists of a finite number of points, say f~(y) = {z1, ..., 21}

By Propositions 3.2 and 3.3, we can find open neighborhoods U; of x; for each i =1,.... k
such that for all u € U;, Of(u) is of the maximal rank and U; N f~!(y) = {x;}. Applying
Proposition 3.1 we can find for each ¢ = 1,...,k open neighborhoods W; C U; of x;, open
neighborhoods V; of y and locally Lipschitz maps g; : V; — R™ such that W, and V; are
lipeomorphic by the map f and g;, namely, g;(f(u)) = u for all w € W; and f(g;(v)) = v for
all v e V.

(ii) Let V := B(y, p) be an open ball such that B(y, p) C N*_,V; and v € V. Then v € V,
and for w; = g;(v) € W; one has f~!(v) N W; = {w;} for all i = 1,..., k. Thus, the equation
f(r) = v has exactly k solutions w; on the set U¥_,W; and we claim that for p sufficiently
small, this equation has no other solution outside this set. Suppose to the contrary that one
can find sequences {v;} converging to y and {u;} such that f(u;) = v; and u; ¢ US_, W for
all j = 1,2,.... Since the sequence {u;} is bounded, we may assume that it converges to
some x and therefore, f(z) = y. On the other hand, since u; ¢ UF_,W;, we get x ¢ Ur_| W,
and hence r ¢ f~!(y), a contradiction. Finally, since W; C U, it follows that df(w;) is of

the maximal rank for all © = 1, ..., k and therefore, v is a Clarke’s regular value of f. U

Remark 3.1. Let us provide some comments about applications of Theorem 3.2 in the cases

of Clarke’s regular values and Rader’s regular values.

(i) The assertion (ii) in Theorem 3.2 implies that the set of Clarke’s regular values is
open. In contrast, the set of Rader’s regular values may not be open. To see this, let
us consider the function h in Example 2.1 (ii). Note that 27'(0) = {0}. Recall that

y = 01is a Rader’s regular value but it is not a Clarke’s regular value. Let x = 1/(k7)



and yi := h(zy) = 1/(kw). Since h'(xy) = 0, yi is a Rader’s critical value. On the
other hand, we have y, — 0.

(i) If y only is a Rader’s regular value, then it may happen that f~!(v) = () for v near
y and f may not be one-to-one in any neighborhood of y and z € f~'(y) (see the
function h in Example 2.1(ii)).

(iii) Let f : Q@ — R with Q =] — 2,2[ be the function given by f(z) = |z| if |z| < 1,
f(z) = 2|z| —1if |x| > 1. Then each value y # 0 is a Clarke’s regular value of f, and
one can apply Theorem 3.2 to study the equation f(x) = y. Meanwhile, although
each y ¢ {0, 1} is a Rader’s regular value of f, Theorem 3.1 cannot be applied because
the assumption d(f, 2, y) # 0 is not satisfied; in fact, we have d(f,Q,y) = 0.

4. REGULAR EXCHANGE ECONOMIES

Our aim in this section is to extend Debreu’s and Dierker’s results about equilibrium prices
of an exchange economy to the case the demand functions or the excess demand function
are locally Lipschitz.

Let us first recall some concepts about an exchange economy, see for instance [5] and [8].
Consider a pure exchange economy with [ goods/commodities and m consumers whose needs

and preferences are fixed and whose resources vary as in [5]. Let

l
P:={peR, sz—l}andQ—{Q—(pl,.,pzl eRY} - sz<1}

be the price simplex and the open price simplex. Points of P and () are in one-to-one
correspondence, and in what follows, we associate to a point ¢ = (p1, ..., pi—1) € @ the point
p=(p1,....,;m) € Pwithp =1-— Zi;ipz

It is convenient to specify the preferences of the ith consumer by his demand function f;,
fi: PxRyy — Rﬂr. Given the price vector p in P and his wealth v; in R, the ith consumer
demands the commodity vector f;(p,v;) in Rﬂr. The demand functions are supposed to fulfil
pfi(p,v) —v = 0 for any price-wealth pair (p,v). The preferences of the ith consumer can
also be represented by a utility function u; : Rﬂr — R and the demand function f; is the
solution of a (maximizing) optimization problem with the objective map being the utility
function wu;.

An economy & is defined by (f1, ..., fon, w1, --., W), an m-tuple (f1, ..., fi) of demand func-
tions, and an m-tuple w = (wi, ..., wy,) of initial endowment vectors in RY™ (each w; € R,
i € {1,...,m}). Since the demand functions f; are fixed, this economy is actually defined by

w € ]Rl il and we then denote it by &,. The space of economies is R



The economy £ can also be characterized by an excess demand function n = (m,..,m) :

P — R! which satisfies Walras’ Law pn(p) = 0. For our purpose, we will use a function

¢ Q — RI™! defined by ¢(q) = (1m1(p), ... m-1(p)) for any ¢ € Q.
An element p in P is an equilibrium price vector (shortly, an equilibrium price) of the

economy & if it is a zero of the excess demand function 7, i.e.,

np) =0

(and hence, a zero of the map ¢). Given an initial endowment vector w € Rﬂ, we say that

p in P is an equilibrium price of the economy &, if

Z fi(p, pwi) = sz

It is clear that these definitions coincide when 7 is of the form n(p) = 1", (fi(p, pwi)) — w;).
Denote by W (w) the set of equilibrium prices of the economy &,

W(w):={peP| Zfi(l?,pwi) = sz}
i=1 i=1
Debreu proved [5, p.390] that W (w) is nonempty for every w € R if demand functions
are continuous and satisfy the following desirability assumption.

Assumption (A) [5] If the sequence {(pF,v*)}32, in P x Ry, converges to an element
(p,v) in OP x Ry, then limy_o || f;(p", v%)|| = +o0.

Assumption (A) expresses the idea that every commodity is desired by the ith consumer

and is satisfied provided each consumer has a strictly monotone utility function, see [17].
Let us formulate the first result of this section, which is an application of Theorem 3.2.

Theorem 4.1. Assume that the demand functions f; (i = 1,...,m) are locally Lipschitz and

one function, say fi, satisfies Assumption (A).

(i) Assume that the economy & is regular in the sense that @ is a Clarke’s reqular value
of the map F : U — R™ defined as follows: for u = (q,v, 29, ..., 2m) € U

F<u) = (f1<pav> + Zfz(p7p : Zi) - Zwiaz% ---7Zm))
=2 =2

where U := @ x R, X Rﬂﬁhl). Then there are an open neighborhood V' of @ and k
locally Lipschitz functions gy, ..., gx from V to Q) such that for every w € V, the set
W (w) consists of the k distinct elements g1(w), ..., gr(w). The set of reqular economies

(i.e., the set of the endowments w which is a regular value of F) is open in RY" .



(ii) If the functions f; (i = 1,...,m) are piecewise essentially smooth, then the set of
economies &, with infinite equilibrium (i.e., the set of w € RY™ for which W (w) is

infinite) has a Lebesque measure zero.

Proof. We follow the scheme of the proof of [5, Theorem 1 and Remark, p.390]. Observe
that for a given endowment w = (wy, ..., wy,) € R | the equality F'(u) = w is satisfied if and

only if v =p-wy, z; =w; for i =2,....m and p € W(w). In other words,
pE W(w) — F(q7pwl7w27 7wm) = w.

Thus, points of W(w) are in one-to-one correspondence with points of F~'(w) and one can
deduce properties of the set W (w) from the ones of the solution sets of the equation F(u) = w.

(i) First, we show that for any w € Rlﬁr, the set F'~1(w) is a compact subset of U. Observe
that U is an open subset of R"™. Recall that

F~ (w) = {(q, pwr,wa, ooy wm) €U > filp,pwi) = ¥ wi =0}

Note that F~'(w) is bounded. We claim that F~'(w) stays away from the boundary of U.
Suppose to the contrary that there exists a sequence {v/} in F~1(w), v/ = (¢, p’w1, wa, ..., wm),
such that v/ — @ € OU. Then we have @ = (g, pwy,ws, ...,wn). It is clear that (p’, p’w:)
tends to (p,pw;) € OP x R,,. Since the function f; satisfies Assumption (A), we get
lim; o0 || f1(p7, PPwi)|| = 0o. On the other hand, since f1(p*, p*wi) = >0 wi—> "1, fi(p*, p*w;)
and f; (i =1,...,m) take values in RY, the sequence {|| f1(p*, p"w:)||} is bounded. This con-
tradiction implies that @ ¢ OU. Now, it is easy to see that F'~*(w) is closed.

Next, since F~1(@) is a compact subset of U, we can choose a scalar p > 0 such that
F~ (@) C pBand @ ¢ F(O(UNpB). Theorem 3.2 implies the existence of an open neighbor-
hood V of w and k locally Lipschitz functions gy, ..., gx from V to U such that for every w € V,
the set F'~!(w) consists of the k distinct elements G (w), ..., gr(w). Denote by g;(w) € Q the
coordinate of g;(w) which corresponds to the variable belonging to (). One can easily see
that g;(w), i = 1, .., k are the desired locally Lipschitz functions.

Theorem 3.2 also implies that the set of regular economies is open in Rﬁ.

(ii) Since the functions f; (i = 1,...,m) are piecewise essentially smooth, so is the map
F'. The version of Sard’s theorem for a piecewise essentially smooth map [10, Theorem 4.1]
implies that the set of critical values of F' has a Lebesgue measure zero. As the set W (w)
is infinite if and only if w is a Clarke’s critical value of the map F' (see the assertion (i)), it

follows that the set of w € RY" for which W (w) is infinite has a Lebesgue measure zero. [

Next, we show that a regular economy with a locally Lipschitz excess demand function
has an odd number of equilibrium prices. The definition of a regular economy is motivated

by the one introduced by Dierker in [7].
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Theorem 4.2. Assume that the excess demand function n is locally Lipschitz and satisfies

the following desirability assumption

Assumption (D) [7] If the sequence {q"}2°, in Q converges to an element q in OQ, then
there exists an h € {1,..,1} such that {p}} (p§ is the h-th coordinate of p*) converges to zero

and limy_,oonn (p*) = +00.

If the economy & is regular in the sense that zero is a Clarke’s regular point of ¢, then it

has an odd number of equilibrium prices.

Note that this definition of a regular economy is independent of the order in which the

commodities are indexed.

Proof. Our proof is motivated by the ones for [7, Theorem 1] and [17, Theorem 15]|. Recall
that ¢ : @ — R is the map defined by ¢(q) = (m1(p), ..., m—1(p)). Let g : @ — R~ be the
map defined by g(q) = %el,l — ¢, where e|_; is the vector in R"~! with all components being
1. For any t € [0,1], we define a map H; : Q — R""! by

Hi(q) = (1 —t)o(q) +tg(q).

Denote
S:={qe @ : 3tel0,1] such that H,(q) = 0}.

We claim that S is a compact subset of ). Since S is bounded, it suffices to show that S
stays away from the boundary of (). Suppose to the contrary that there exists a sequence
{¢*} in Q converging to ¢ € Q. By Assumption (D), there exists an h € {1,...,1} such that
{pf} tends to zero and limy oo (p*) = co. Then for any integer N sufficiently large, we

have

1
j—th>0and nh(pN)>O (2)

(here and in what follows, N stands for an index and not for a power). Recall that since
¢ € S, there exists t" € [0,1] such that (1 —tM)o(¢") +tVg(¢") = 0 or equivalently,

(1= ) (p™) + tN(% Yy =0, Vje{l, ..l 1} (3)

If h e {1,...,1 — 1}, the inequalities in (2) imply

1
(L= tM)m(") + (7 —ph) >0,
which is a contradiction to (3).
Next, assume that h = [. In this case we have Zé_:ll p; = 1 and p; = 0. Multiplying j-th

equality in (3) with pj-v for each 7 = 1,...,1 — 1 and summarizing from j =1 up to j=1—1,
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we get
-1 -1 1
(A=) > oY)+t Y 0 (5 =) =0.
= =
By Walras’ Law, we have ZJ LN () = —pYm(p"). Hence,
—(1=t")p m(p tNZpJ ——p)y=o0. (4)

It follows from the equalities

min Z(pj)2 = —Ll

p;>0 Zl 10=17;

(see [17, p.162]) and Zé ' p; =1 that

- 0.
—1 -1

Since S°0! i1 P "(3—pF) converges to Zé - p;(§ —DP;), we may assume without lost of generality
that for this sufficiently large N it holds

-1 1
>op (=) <o, (5)
j=1

Since ¢V € @, we have pl¥ > 0. Note that the second inequality in (2) in the case h = [ has
the form 7, (p") > 0. Therefore,
pim(p™) > 0. (6)
Now, we get a contradiction because if ¥ = 0, then (4) and (6) imply 0=—pVn(p") <0
and if t¥ £ 0, then (4) - (6) imply 0 = —(1 — tV)pNn,(pV) + ¢V Zj Y (3 —pY) <o,
Since S is a compact subset of (), we can find an open bounded set U C @ such that
UCQ, ScUand0¢ H'(0U) for all t € [0,1]. By the homotopy invariance, we get
d(¢,U,0) = d(g,U,0). Since det ¢'(q) = (=1)""! for all ¢ € Q, we get d(g,U,0) = (—1)""L.
Therefore, d(¢,U,0) = (—1)""1. On the other hand, since the set of zeros of ¢ in Q is
contained in S and 0 is a Clarke’s regular value of ¢, Theorem 3.2 implies that this set

consists of k vectors u; with u; € U for j = 1,..., k. Applying (1), we get

k
d(p,U,0) = Z sign detdg(u;).

j=1
As d(¢,U,0) = (—=1)"71, it follows that k is an odd number. Since p is an equilibrium price

of £ iff ¢ is a zero of ¢, the economy & has an odd number of equilibrium prices. O
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Remark 4.1. (a) Recall that there are values which are regular in the sense of Clarke

=

but not in the sense of Rader (see Example 2.1). Hence, Theorems 4.1 and 4.2 can
be applied to some economies that may not be not considered in [17] and [1].

(b) In this note, we consider a locally Lipschitz economy, which is a case much simpler
than the ones with definable or semi-algebraic economy studied in [2] and [11]. This
allows us to have simple proofs with direct use of generalization of classical results

such as inverse function theorem, Sard’s theorem and Brower’s degree.
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