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ABSTRACT. Solving mixed-integer nonlinear problems by means of piece-
wise linear approximations has emerged as a reasonable alternative to the
commonly used spatial branch-and-bound. These approximations have
been modeled by various mixed-integer linear models in recent decades.
The idea is to exploit the availability of mature solvers for mixed-integer
linear problems.

In this work, we implement a framework that reformulates mixed-
integer nonlinear problems to eight commonly used different mixed-
integer linear representations for piecewise linear relaxations where the
reformulations can be compared in terms of behavior and runtime to
determine which method to apply in practice. We use expression trees
to reformulate all nonlinearities to one-dimensional functions and then
compute a set of interpolation breakpoints for each function based on a
given maximum error. This framework is made publicly available, see
[7].

Further, we conduct an analysis on a benchmark set created from the
MINLPLIB consisting of over 750 instances. It includes a comprehensive
comparison of the number of problems solved, runtimes, and optimality
gaps.

Keywords: Piecewise linear relaxations, mixed-integer nonlinear program-
ming, mixed-integer linear programming, mixed-integer programming, dis-
crete optimization
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1. INTRODUCTION

To this day, general MINLPs remain very difficult to solve. Spatial branch-
and-bound is still at the heart of most state-of-the-art solvers. However,
over the last two decades, several methods have been presented that treat
non-convex MINLPs by piecewise relaxations without direct branching on
continuous variables, ranging from piecewise linear relaxations/approxima-
tions [28, 15, 32, 8, 1] to more general piecewise convex relaxations [25, 16,
24, 4]. While these approaches are sometimes quite different, they all need
to tackle the following two problems: The construction of tight relaxations
of the nonlinear functions and the incorporation of these relaxations into a
mixed-integer linear program (MILP) or convex nonlinear program (NLP).

One approach to obtain such relaxations is to compute an optimal lin-
earization of a nonlinear function in terms of the number of breakpoints and
an a priori given accuracy as in [36, 35] and [37]. Therein, J-underestimators
and J-overestimators are created — this is essentially what is needed for the
creation of relaxations. This is supplemented by the construction of optimal
polynomial relaxations of one-dimensional functions in [32]. The construction
of optimal breakpoints for quadratic functions is presented in [34]. Specific
approximation techniques for general nonlinear functions with dimensions
smaller than three are proposed in [30]. The number of simplices in the
approximation grows exponentially with the function’s dimension. In this
regard, we refer to the method of [38], which avoids this problem on the
basis that the piecewise linear approximation does not have to interpolate
the original function at the vertices of the triangulation.

This article covers a variety of different approaches existing for modeling
PWL functions as a MILP: the disaggregated (as in [12, 39]) and aggregated
convex combination models (as in [23, 33]) as well as their logarithmic
variants presented by [42], the classical incremental method of [27], and
the multiple choice model as in [2]. Moreover, we also consider the very
recently introduced binary and integer Zig-Zag formulations, which are also
logarithmic versions of the convex combination models; see [20]. In [21], these
methods are clustered and extensively tested on transportation problems.
For more details on the theoretical foundations of MILP models for PWL
functions and general mixed-integer linear formulation techniques, we refer
to the extensive survey by [41]. Further, recent work by [26] introduces ideal
formulations for tight simultaneous upper and lower bounds. Because their
approach relies on a fundamentally different modeling structure, a direct
empirical comparison falls outside the scope of this baseline benchmark.

To the best of our knowledge, no comprehensive study has yet been
conducted that demonstrates the performance of these MILP models on
a wide and general range of MINLP problems. In most cases, some parts
of the mentioned MILP models are compared only on some instances of
very specific problems; see for instance [11, 19, 21, 34]. While these studies
demonstrate that specialized formulations can be very strong in specific
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TABLE 1.1. Overview of PWL models.

Full name Short name ‘ Presented in Reference(s)
Disaggregated (Disag) Section 3.1  [42] and references therein
Log. Disaggregated (LogDisag) Section 3.1 [42]
Aggregated (Ag) Section 3.2 [42] and references therein
Log. Aggregated (LogAg) Section 3.2 [42]

Binary Zig-Zag (BinZigZag) Section 3.2 [20]

Integer Zig-Zag (IntZigZag) Section 3.2 [20]
Incremental (Inc) Section 3.3 [27]

Multiple Choice (MC) Section 3.4 [22]

contexts, it remains an open question how they perform across more general
instance sets. Therefore, it becomes difficult to decide, in general, which
MILP modeling is preferable, or if there is a best modeling at all. To this
end, we perform an extensive computational study on over 750 instances
from the MINLPLIB, cf. [9]. Using expression trees and the results from [3],
we reformulate all MINLP instances to equivalent models that consist of
only one-dimensional nonlinear functions. Based on these reformulations,
we compare various MILP relaxations corresponding to the different PWL
models. Note that, while some modern MINLP solvers like Gurobi provide
internal piecewise linear approaches via adaptive refinement, our study
focuses on the computational performance of different MILP encodings. This
approach allows for a controlled comparison of the formulations themselves
and remains applicable to general piecewise linear problems beyond the scope
of specific MINLP solver features.

Overall, our study shows that the incremental method, although the oldest
approach of all, generally performs best when MINLPs are solved by PWL
relaxations that are modeled as MILPs, while the very recently introduced
logarithmic integer Zig-Zag model by [20] is a reasonable alternative for very
high-accuracy PWL relaxations. While the multiple choice method is rarely
recommended in the literature, our findings offer compelling evidence in its
efficiency in finding primal feasible solutions.

Contribution. In this work, we conduct a large-scale computational study
comparing eight different MILP formulations based on PWL relaxations.
Our key contributions include:

(1) A framework for generating and solving MINLPs via piecewise linear
relaxations, with selectable MILP reformulations and error bounds.
Our framework is made publicly available as an open-source imple-
mentation on GitHub, see [7].

(2) A detailed performance evaluation on over 750 instances from
MINLPLIB, analyzing problem solvability, runtime, and optimality
gaps.

(3) The creation and validation of a branching scheme for the logarith-
mic aggregated convex combination method, which is used in our
computational study.
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Structure. The rest of this article is structured as follows. We introduce
all necessary definitions and basic ideas on how to solve MINLPs by PWL
relaxations in Section 2. Section 3 provides a detailed overview of the various
MILP models for PWL relaxations, see Table 1.1. After describing our
framework in Section 4, we present the computational study in Section 5
that illustrates the practicability of the various MILP models for PWL
relaxations. We discuss the numerical results in Section 6 and conclude this
work in Section 7.

2. PRELIMINARIES

We define a MINLP as an optimization problem of the following type:

n%cin 'z

s.t. Az <b,
fi(z) <0 for all i € {1,...,k}, (P)
I <x<u,
x € RI x 7P,

where A € R™*@+9) b ¢ R™ ¢ € RPY and k,q,p,m € N. The vari-
ables  can be bounded from below and above by I € (RU {—00})?"? and
u € (RU{00})?*?. The inequalities Az < b denote the linear constraints,
while the nonlinear constraints are denoted by F := {fi,..., fx}. Each
function f; € F is a nonlinear, real-valued function f;: Dy, — R where
Dy, C R?™P is the domain of f;. Equality constraints, i.e., constraints of
type fi(z) = 0, are inherently contained in the description (P) by simply
adding f;(z) < 0 and —f;(z) < 0. Further, we are not restricted to a linear
objective function ¢'z, since we can include any nonlinear objective func-
tion f.: Dy, — R by substituting f.(x) with a variable y € R and adding
fo(z) <y as a constraint to (P). As max ¢'z = —min —c'z, any maximiza-
tion problem can be transformed to a minimization problem. Therefore, (P)
serves as a comprehensive formal representation of a MINLP.
In our work, we have two limitations for (P):

(1) The variables are finite, i.e., [,u € R.
(2) The nonlinear functions f are continuous and bounded through the
choice of Dy.

By (2), the domain Dy is defined as a d-dimensional box with d < ¢ + p,
whose edges are parallel to the coordinate axes, making it a compact set.
To solve problems of type (P) with box-constrained domains, we employ
piecewise linear (PWL) relaxations. Their practical applicability depends on
the dimensionality of the nonlinear functions to be approximated, since the
number of simplices required for a given approximation quality grows expo-
nentially with this dimension. Therefore, PWL relaxations are particularly
attractive when the nonlinear part can be decomposed into low-dimensional
factorable terms. As is also common in spatial branch-and-bound methods for
factorable MINLPs, we first reformulate the nonlinear expressions via expres-
sion trees into low-dimensional building blocks. By using PWL relaxations,
we permit solutions to be infeasible within a strictly specified error bound
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€, effectively controlling the approximation quality. However, MINLPs are
typically solved only within given feasibility and optimality tolerances, this
approach remains practical, provided € is chosen appropriately.

A common approach to PWL relaxations is to first construct a PWL
approximation of f by interpolating the function over a d-dimensional sim-
plex. The corresponding approximation error is then incorporated into the
relaxation to ensure validity. While this construction yields a mathematically
valid relaxation for any error bound €, we note that larger values naturally
lead to weaker bounds in the optimization process. Relaxations are prefer-
able to approximations because they preserve all feasible solutions, thereby
guaranteeing valid bounds, whereas approximations may exclude feasible
solutions, leading to missing upper or lower bounds. To achieve this, we
first construct a triangulation of Dy. However, the number of simplices
in a triangulation of a d-dimensional box grows exponentially with d for a
fixed approximation quality. As a result, this method is only practical for
low-dimensional cases.

For a wide range of practically interesting MINLPs, the nonlinear func-
tions are factorable, and can be represented by the following functions:

f(z1,22) = 21 - w2, f(21,22) = %, f(z) =z, f(z) =logyx,
f(z) = 2 (including z~* and /z), f(z) = a® (including e%), (2.1)
f(x) =sinzx, f(z) =cosz, f(x) =tanhz, f(z)= |z,

as described by [5]. The frequent use of this leads to an equivalent formu-
lation of the MINLP problem that contains only univariate nonlinearities
and, if necessary, the coupling bivariate functions f(x1,x2) = 122 and

f(z1,22) = L. Following the results of [3], we can further reformulate
f(x1,x2) to a one-dimensional representation via
f(z1,22) = % ( 2 a2 - x%) (2.2)
and
pP=I1 + 2 (2.3)
using a new variable p € R. The term f(z1,22) = £ is reformulated

T2
similarly, as it equals f(z1,22) = z7 - é The authors show that in practice
it is more favorable to use (2.2) and (2.3) instead of a bivariate product
when dealing with PWL approximations. More precisely, the results in [3]
indicate that bivariate PWL formulations are mainly attractive for very
coarse approximations, whereas for the broader range of approximation
accuracies considered in this paper, univariate reformulations are generally
preferable when strengthened by McCormick inequalities as in [29]. We
therefore use the reformulation (2.2) and (2.3) together with the following
inequalities:

1

5(1)2—1‘%—3}%)le'l’g-i-lg‘xl—ll-lg, (2.4a)
1(2 2 2) > b
5P —xl—xQ)_ul-x2+uz-x1—u1-u2, (2.4b)
L2 -t ad) < z !

5 P —ml—x2>_u1-x2+ 9-T1 —up - o, (2.4¢)
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1
5(2—.%'%—.1'%)§l1'$2+u2'$1—ll'u2, (2.4d)

where lq,u1,l2, and us are the lower and upper bounds of z; and s, respec-
tively. We use this reformulation as it tightens the relaxation, leading to
improved solver performance.

This gives an equivalent reformulation of the MINLP that consists solely
of one-dimensional nonlinearities. Hence, in the following, we consider only
one-dimensional MILP models for PWL relaxations of nonlinear functions.

For tackling a MINLP by PWL relaxations, an adaptive refinement of
the PWL relaxations is usually crucial for the performance of the approach.
In this article, we omit this algorithmic overhead since we are primarily
interested in comparing various MILP models for PWL relaxations with
different approximation errors.

3. ONE-DIMENSIONAL MILP MODELS FOR PIECEWISE LINEAR
RELAXATIONS

In this chapter, we describe in more detail the MILP representations of
the piecewise linear models that we use in this work. For all representations,
we show the MILP formulation as well as a visual representation.

3.1. Disaggregated convex combination model. The first model that
we discuss is the disaggregated convex combination model. Here, each feasible
point (x, f(x)) is represented as a convex combination of its two neighboring
breakpoints. Assuming that x lies in the i-th segment, i.e., ; < x < T; 1
holds, then x can be represented by the equality

with A} + A2 = 1 and A}, \? > 0. Analogously, f(z) is then given by
F(x) = N (@) + AP f (Tig) (3.2)

using the same two variables Al, \7.

Since a piecewise linear representation consists of multiple segments, a
binary variable y; € {0,1} is introduced for each segment i € [n]. Exactly
one of these variables must be one, the rest of the values is zero — this is also
called one-hot encoded vector. The position of the one-entry indicates that
x lies in segment i, i.e. segment ¢ is active. The resulting model consists of
n binary and 2n continuous variables. We describe all constraints in (Disag).

Further, Figure 3.1 depicts a visual representation.
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Model 1. Disaggregated convex combination model

i ()\Zla_:i_l + )\2211_31) =ux,

=1
> (MNF@) + N (@) = =,
=1
>\21+)\12 = Yi, (S {L...,’I’L}, (Dlsa‘g)
S yi=1,
=1
M2 >0, ie{l,...,n},

y; €{0,1}, ie{l,...,n}.

f(@iv1) A "
Z Mz + \23;)

flz) =D (A f(@io1) + A2F(7:)

i=1

FIGURE 3.1. Representation of (Disag). The active segment
(y; = 1) is shaded in green. The continuous variables A} and
A? define the point (z, f(z)) as a convex combination of the
segment’s endpoints.

Given that it is possible to encode an n-digit number using [log, n] binary
variables, the idea to create a binary representation of the segments 1 to n is
obvious. To this end, new binary variables y; with [ € {1, ..., [logyn]} and a
binary encoding B : [n] — {0,1}[1°827] are introduced. The binary encoding
is not fixed; in our framework, we simply use the usual conversion from
decimal to binary system. Using this encoding, one can define a branching
scheme by

P°(B,1) := {i € [n] | B(i); = 0} (3.3)
and
PH(B,1):={ie€n]|B@i) =1} (3.4)

Now, as an arbitrary number of binary variables can be nonzero, the

representation has to be changed to ensure that A\l +A? = 1 holds for exactly
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one i € [n] and Aj+ A% = 0 holds for all j € [n] with i # j. These adjustments
result in (LogDisag) that uses the same number of continuous variables as
in (Disag), but now only [log, n] binary variables.

Model 2. Logarithmic disaggregated convex combination model

()\Z‘lji—l + )\22@) =z,

n

~
—

3 (A}+A§ <y, lell,...

1€PT(B,)

> (Az‘l+>\?) <l-y, le{l,...

1€ 29(B,l)

AL A2 >0, ic{l,...
y €40,1}, le{l,...

) ﬂog2 7’L—| }7

) Dog2 n-‘ }7

7”}7

; [logy n]}.

(LogDisag)

3.2. Aggregated convex combination model. For introducing the ag-
gregated convex combination model, the previous model just needs to be

adjusted slightly.

In (Disag), variables A\? ; and A} represent the same tuple (z;, f(7;))
and, thus, are aggregated. To this end, new continuous variables Ag, ..., A,
are introduced. The new variable \q replaces A1, A\, replaces A2, and, for
i=1,...,n—1, \; replaces )‘1271 and )\1-1. Finally, one only needs n+ 1 instead
of 2n continuous variables. Now, a variable )\; is allowed to be nonzero if
either segment ¢ or segment ¢ + 1 is used, i.e., A\; < y; +y;+1. The constraints
are given in (Ag), and, again, Figure 3.2 provides a visual representation.

Model 3. Convex combination model

n
Z )\ZJ_,‘Z =,
1=0

n

SN (@) = 2,
i=0

Xi <yi+yiv, te{1,...

An < Yn,

n
Zyz = 17
=1

Ai > 0, i€ {0,...

y 1 —

1},
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Af(x)

J(@ig1) T n

T = Z)\Zi'l
i=0

n

f@) =Y Nif (%)
i=0

FIGURE 3.2. Representation of (Ag). The active segment
(yi = 1) is shaded in green. The continuous variables \; and
A\i+1 define the point (z, f(x)) as a convex combination of the
segment’s endpoints.

As before, one wants to reduce the number of binary variables in our
model. For this, we present different approaches: On the one hand, a
formulation using a binary branching scheme, and, on the other hand, two
new formulations introduced by [20].

In (Disag) and (LogDisag), each continuous variable \; belongs to two
different segments. The binary branching scheme of (Disag) fixes all variables
AL A? to zero if segment i is not used.

If we use the same branching scheme as in the aggregated version here, this
would result in fixing all continuous variables to zero and then no segment is

usable anymore. Thus, we need to define a branching scheme ([,S RS ) with
L= {Lf,...,Lg} and R® := {Rf,...,Rg} for S := [logy n] such that,

for all i € {1,...,n}, there exists a series T* = [T7,...,T%] with
S
{i-1it = (Io\T3), (3.5)
s=1

where T? € {Lf, Rf} and [n]o := [n] U {0} ={0,...,n}. We defined such a
branching scheme for this work and describe it in the following. Logarithmic
encodings for convex combinations were already introduced by [42], we
include an explicit implementation as a baseline to computationally evaluate
the advantages of further formulations.

Definition 3.1. For a given S > 1, our branching scheme (ES,RS) is
defined by

’n]07

RS = {Rf“n]o, . 'aR§|[n]0} ’

£5 = {L{|wps - LElpu)y } and

(3.6)
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where p .
LS~:{0,...,2_ —1}, o
RS = {23*1+1,...,25},
and, for all s € [S — 1],
LS = (Lﬁ*l U {25 —jije Lffl}) , .

RS = (Rf—l U {25 —jije Rf‘l}) .

In (3.8), LS~ and RS~ are recursively calculated.

The following Lemma 3.2 shows that Definition 3.1 fulfills the necessary
conditions.

Lemma 3.2. Let a partition of [Zo, Zn| into n segments with n+1 breakpoints
Zg, ..., T, be given. Further, let (ﬁS,RS) for S :=[logy(n)]| be given as in
Definition 3.1. Then, for all segments [Z;—1, ;] with 1 < i < n, there exists
a series of sets T' := [T7},...,T¢] with T! € {LSS,Rf}, s € [S], such that

S
[n]O \ {Z - 17i} = Q Tga (3'9)

i.e., we can represent the vertices ;1 and T; of each segment by a disjunction
of [logy(n)| pre-defined sets.

Proof. We can assume w.l.o.g. that n is a power of two, i.e., there is some
S € N* with S = logy, n and proof the lemma via induction in the following.
We use the notation [n]o := {0,...,n}. Forn =2 ie., S =1, let T} := R}
and T := Li. Then, we have

Yo [RI={2 =20\ {01} ifi=1,
Jr {L%={0}=[2]o\{1,2} if i = 2. (3.10)

s
s=1

Now, let n > 2, i.e., S > 1: We assume that, for any i € {1, ... ,25*1}, there
is a series T := {Tf, - ,Tg;fl} with 7! € {Lf‘l, Rf‘l} such that

5-1
250\ {i - i} = [ T2 (3.11)
s=1
It further holds that, for any i € {1, ey 25_1},
S-1 S-1 o
Uri=U (tiu{2®~j:jeTi})
s=1 s=1
S-1  S-1 N
:UT;UU{QS—j:jeT;} (3.12)
s=1 s=1

S-1 S-1
= UTgu{zs—j:je UT;}.
s=1

s=1
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Using (3.11), we can reformulate this to
S—1
UTi=(125"o\ - 1) u ({2555 €2\ {i - 1,i}})
s=1

= (125 o\ G- L) u ({252 {2 028 - (- 1))
=250\ {i—1,i,25 - 0,25~ (i - 1)}

=[no\ {i-1,,2%—i,29 — (i - 1)}
(3.13)
Now, we need to prove that, using the new sets Lg and Rg, we can find a
series of sets T := [T},...,T%] such that (3.9) holds for all i € {1,...,n}.
If i <2971 we choose T! = T! for s € {1,...,S — 1} and T = Rg. Then,

GTQ =T§U501T§ = R3U ([l \ {i - 1,325 = 0,25 - (i = 1)})

- = (3.14)
= {2541, nfu (o \ {i - 1,4,25 0,25 - (i - 1)})
= [nlo \ {i = 1,i}.

For i > 25~1 the proof works similarly with T = Lg:
S ) ) S—1 )
Uni=7iuJTi=130 (o \ {i- 10,25 - 0,25 - i - 1)})
s=1 s=1

= {0,257 = 1ju (o \ {i— 1,525 0,25 - (i - 1)})
:[n]O\{i_lai}' g

Using this branching scheme, (LogAg) gives an explicit logarithmic version
of (Ag).

Model 4. Logarithmic branching convex combination model

=0
Z)\lf(jl) =z,
=0
A= 1,

; (LogAg)

Z N < Ys, S € S,

i€l

Z)\igl—ys, s €S,

1€ER;

A >0, iE{O,...,n},
ys €{0,1}, seS8.
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Additionally, two new reformulations are provided by [20]. For these
reformulations, one needs the encoding C” that is defined recursively as

()

c* 04
k+1
(ka :<Ck+1dC§T 1d> fork=1,...,r—1,

where d = 2%, C'l]j € R” is the d-th row of C* and 09,19 € R? contain only
zeroes or ones, respectively. Further, for the sake of simplicity, they set
C(’)“ = CF and C’C’l€ 1= C’Zj. This encoding helps to provide the following
equations:

(3.15)

n r n
Y Coide <yt o 27y <Y Oy (3.16)
v=0 I=k+1 v=0

n n
SO Sy <30 Chiy e (3.17)
v=0 v=0

Using each of these two equations, one can then define two new models, a
binary formulation in (BinZigZag) and an integer one in (IntZigZag). They
are called Zig-Zag formulations as that describes the behavior of the single
vectors. A proof for the correctness of these equations is given by [20].

Model 5. Binary Zig-Zag Formulation

n
Z )\@fl =,
1=0

n

Y oAif(@) =z,
i=0

dai=1,
1=0

n r (BinZigZag)
Z Cy o < Yk + Z 2 Fly ke {l,...,r}
v=0 I=k+1
7" n
gt Y 2Ry < SO, kel . .r}
l=k+1 v=0
Ai 20, i €40,...,n},
ye € {0,1}, kef{l,... )

with r = [logy (n — 1)].
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To T1 T2 T3 T4 Ts Te T7 I8
(3.3A) Initial segments
Model 6. General Integer Zig-Zag Formulation
n
Z )\i«ii =x,
=0
n
)\Zf(i'z) =%,
=0
n
A =1,
i '
Lo (IntZigZag)
ZC;,CAU < Yg, ke{l,...,r},
v=0

n
ur <> Copphe, ke{l,...,1}

v=0
A >0, iE{O,...,n},
Yk € Z, Ee{l,...,r},

with r = [logy (n — 1)].

(LogAg) and the Zig-Zag methods (BinZigZag) and (IntZigZag) have
different branching behaviors.

For an efficient solving of MILPs, it is important to quickly find tight
dual bounds that are obtained by solving LP relaxations. As these models
are all LP relaxations, they contains all feasible points, or, better said, the
convex hull of all feasible points. If the LP relaxations are tight, we can
find better dual bounds. In [20], the authors mention different metrics to
evaluate the branching behavior. Besides that, we illustratively investigate
this using an example with n = 8 uniformly sized segments in the following.

In Figure 3.3a, one can see the breakpoints zg, x1,...,xs. These break-
points create eight segments that are, initially, all feasible, as there was no
branching up to now. Feasible segments are displayed in light blue. Further,
the convex hull of the feasible set is outlined by a thick rectangle. Here, the
convex hull is equivalent to the full domain.

In Figure 3.3b, all possible branchings for (LogAg) are shown. As we
have eight segments, there are 3 binary variables y1,y2 and y3 that can be
either zero or one, resulting in six different branches. All possibilities are
displayed where the red parts mean that segments are excluded due to the
chosen branch, blue segments are still feasible. There are three cases, where
the convex hull also contains infeasible regions as they lie between feasible
ones. Thus, a solution of the LP relaxation can also lie inside these infeasible
regions. The ZigZag reformulations try to overcome this problem.

We visualize the branching for (IntZigZag) in Figure 3.3c, the behavior of
(BinZigZag) is similar. In theory, there are more possible branching steps
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y1 =0: y1 = 1:
A +A+As=0 A2+ X =0
I T T T T T 1 T T T T T T T
| ! | I I ! I | I I ! | I I
. I . . . | x I . . . I . . x
To T1 T2 T3 Ta Ts Te T7 Ts To T1 T2 T3 Ta Ts Te T7 T8
y2 = 0: y2 = 1:
A+A1+A7+A8=0 A3+ A+ A5=0
I I I 1 T T T T T T T
| I ! ! ! I I ! | I I I I !
| . . . ' | x . I . . . . . x
To T1 T2 T3 T4 Ts Te T7 T8 To T1 T2 T3 Ta Ts Te T7 T8
ys = 0: ys = 1:
AF+A1+A2+A3=0 AM+XA5+X+A7=0
I I I I I I I I
| I I I ! ! ! ! ! ! I I I I
| | | x . . . | | | 1 x
To T1 T2 T3 T4 Ts Te T7 T8 To T1 T2 T3 T4 Ts Te T7 T8

(3.3B) Branching for (LogAg)

than the displayed ones, because in this reformulation the variables y1, yo
and ys are integral instead of binary. However, all other branchings would
result in a combination of one infeasible branch and one branch that still
contains the full domain, and, therefore, no progress at all. As one can see,
all branchings lead to subdomains that are connected what means that their
convex hulls are exactly the feasible set. Thus, it is not possible to have
LP solutions that lie outside the feasible regions what should increase their
quality and, thus, the dual bounds.

The following two equations show the inequalities we used to create the
visualizations in Figures 3.3b and 3.3c. The continuous variables in (LogAg)
are constrained by

Ao + A1+ A2 + A3 < s,
As + A+ A7+ Ag < 1 — w3,
Ao+ A1+ A7+ Ag < o, (3.18¢
Ms+ At As < 1— g, (3.18d
Ao+ A+ A < w1, (3.18e
Aot g < 1—y1. (3.18¢

When a binary variable is fixed, there is a subset of continuous variables
that also need to be zero then. For example, when setting y; = 0, we
obtain A\g + Ay + Ag =0, i.e., \g = Ay = A\g = 0 from (3.18e) and, thus, the
feasible regions shown in the left upper plot of Figure 3.3b. For y; = 1, we,
complementary, obtain Ao = A¢ = 0 from (3.18f) what is visualized in the
right upper plot.

In contrast, the inequalities in (IntZigZag) and (BinZigZag) have the form

Ao+ A3+ 204 + 205 + 3Xg + 3A7 + 4)g
Sy +y2+2y3
<AL+ A9+ 223 + 2204 + 35 + 3Xg + 4A7 + 4 ), (3.19&)
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y1 < 0: y1 > 1:
A2+ A3 + 204 + 225 +3X6 +3A7 +4X8 <0 A2 + 23 +2Xg +3X5 + 36 +4A7 +4X8 > 1
e " R
To T1 T2 T3 T4 Ts Te T7 T8 Tog T1 T2 T3 T4 Ts Te T7 Ts

y1 < 1: y1 > 2:
A2+ A3+ 204 +2X5 +3X6 +3A7 + 428 < 1 A2 +2A3 +2X4 4+ 35 + 36 + 47 +4Xg > 2
| A | 00 0 L 00
To T1 T2 T3 T4 Ts Te T7 T8 To T1 T2 T3 T4 Ts Te T7 Tg

y1 <2 y1 >3
A2 + A3 + 224 + 2X5 +3X6 + 3A7 +4A8 < 2 A2 +2A3 + 204 + 35 + 36 +4A7 +4X8 > 3

EBEEE N - IEE

To T1 T2 T3 Ta Ts Te T7 Ts To T1 T2 XT3 Ta Ts Te T7 Ts

y1 < 3: y1 > 4:
A2+ A3+ 201 + 25 +3X6 +3A7 +4X8 <3 A2 +2X3 +2X4 +3X5 + 36 +4A7 + 44X > 4

L] N BEEEEEEN |

To T1 T2 T3 T4 Ty Te L7 I8 To T1 T2 T3 T4 Ty Te T7 I8
y2 < 0: y2 > 1:
A3+ A+ A5+ A6 +2A7 +2X3 <0 A2+ A3+ A+ A5 +2X6 +2A7 +2X8 > 1
[T [ L L
To T1 T2 T3 Ta Ts Te T7 I8 To T1 T2 T3 Ta Ts Te T7 I8
y2 < 1t Y2 2 2:
A3+ A+ A5 + A6 +2M7 +2X8 <1 A2+ A3+ A1+ As +2X6 + 207 + 208 > 2
T T T T T I I I I I I I I
| | | | | I | | I I I I I |
To T1 T2 T3 T4 Ts Te T7 T8 To T1 T2 T3 T4 Ts Te T7 I8
Y3 < 0: Yz 2 1:
As + X6+ A7+ A8 <0 M+As+Xe+A7+A>1
L R R L
To T1 T2 T3 T4 T5 Te T7 I8 To T1 T2 T3 T4 Ts Te T7 I8
(3.3¢) Branching for (IntZigZag)
Ficure 3.3. All possible branching steps for n = 8 segments.
Branching results in segments being feasible or infeasible,
what is represented by shading: The light blue areas represent
feasible regions, while the red areas represent the infeasible
segments. The bold rectangle outlines the convex hull.
A3+ A+ A5+ Ag + 207 4+ 28
<Y2+Ys3
< A4+ A3+ A+ A5+ 206 + 227 + 2)g, (3.19b)
As + Ag + A7 + Ag
<y3

<A+ A5+ g+ A7+ g, (3.19(3)
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whereas the blue parts are the addends that are only present in (BinZigZag).
It directly stands out that all inequalities only use adjacent variables.

Let us, for example, assume that we branch on 1, using the branches
y1 <2 and y; > 3, given in the third line of Figure 3.3c. From (3.19a), we
obtain

A F A2+ 2X3 + 204 + 35 + 3Ag + 47 +4hg < 2 (3.20)
for the left branch with y; < 2. Using one of the variables Ag, A7, or Ag would
result in a sum greater than two, as the sum of exactly two neighboring
variables A; and A;41 has to be one. Thus, we cannot use the three rightmost
segments. In contrast,

3< Ao+ A3+ 204 + 205 +3Xg + 37+ 4)g (3.21)

emerges for y; > 3. Here, using any variable of Mg, A1,..., A5 would yield a
sum less than three with the same argument as before. Thus, we can use
exactly the three rightmost segments that were cut off in the other branch.

3.3. Incremental model. The incremental method was introduced by [27].
Similar to convex combination models, this formulation also employs n — 1
binary variables 1, ..., yn—1 to represent the active segments. However, they
are not one-hot encoded in this method, but all variables y; with j < i
have a value of y; = 1 if segment ¢ is active. Further, if segment i is used,
we have y; = 0 for all j > i. The advantage of setting all leftmost binary
variables to 1 is again to solve the branching issues described for (LogAg).
In this formulation, there are n continuous variables 61,...,d0,. They are
used similarly to the binary ones, i.e., §; =1 for all j < ¢ and §; = 0 for all
j > i. Moreover, the variable §; determines the exact position of z that is
calculated by

Tr =T+ Z 51(12‘1 — Zfifl). (3.22)
=1

The evaluation of f(x) works equivalently. The following constraint is
introduced to ensure that the continuous variables behave as expected:

0<6p<yn-1<0p 1< <y1 <6 <L (3.23)

Due to the variable names, the incremental method is also known as the
d0-method. The convex combination formulations, on the other hand, are
frequently referred to as the A-methods. Again, one can find the model
in (Inc) and a visual representation in Figure 3.4.
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Af(x)
f(Zit1) T n
T =9+ Z(SZ(.@ - fifl)
,,,,,, =
f(@) = f(@o) + Y _6i(f(Z:) — f(Zi-1))
=
f&) +
J(@io1) >

FIGURE 3.4. Representation of (Inc). The active segment is
shaded in green, thus y; = 1 for j < ¢ and y; = 0 for j > 1.
The continuous variables ¢; represent the filled fraction of
cach segment, defining (z, f(z)) as the cumulative sum of all
segments up to the active one.

Model 7. Classical Incremental Method

To + Zéz(fl - :El-_l) =, (IHC)
i=1
F(@0) + > 0:(f(Z:) — f(Zi1)) = 2,
i=1
51 < ]-7
div1 < i, ic{l,...,n—1},
yi <4, ie{l,...,n—1},
op >0,

yi € {0,1}, ie{l,....,n—1}.

3.4. Multiple choice model. Another reformulation that employs a linear
number of binary variables is the multiple choice model. As in the convex
combination models, each variable y; represents one segment ¢, and the
variables are one-hot encoded. The main idea here is that there is also
exactly one nonzero continuous variable. For each segment i, there is a
variable z; that represents the exact value on the z-axis. Every variable z;
yields one constraint of the form

YiTi-1 < T < YiZye (3.24)
If we use segment ¢, we have z;_1 < z; < Z;, and, thus, z; is forced to lie

exactly in the segment; otherwise, x; is fixed to zero. Given the values of all
variables x; and parameters m; and t¢; that are chosen such that each linear
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Af(x)
f(@iv1) + n
xr = Z:L‘Z
,,,,,, i=1
flx) = Z (mizi + tiyi)
i=1
f(@) +
f(@i-1) - - >
Ti+1
Yi2 =0 Yir1 =0

FIGURE 3.5. Visual representation of (MC). The active
segment (y; = 1) is shaded in green. Here, the continuous
variables x; represent the coordinate x restricted to the i-th
segment, and the value f(z) is computed using the local slope
m; and intercept t; of the active segment.

equation m;x + t; connects (Z;, f(Z;)) and (Z;+1, f(Zi+1)), one can calculate

the approximation value using the sum of the linear equations

n
(miw; + tiy;) - (3.25)

=1

]

Putting everything together, one obtains (MC) and the visual representation
in Figure 3.5.

Model 8. Multiple Choice Model
n
Z Ty =T,
i=1
n

> (mim; + tiyi) = 2,
=1
yijifl < Ty, (&S {L ceey n}’ (MC)

z; < Y%y, iE{l,...,n},

n
Zyl =1,
=1
v € {0,1}, i€ {1,...,n}.

3.5. Theoretical Comparison. Finally, we provide an overview of the
number of variables and constraints that are needed to model the MILP
representations of this section in Table 3.1. For relaxations, another variable
for each segment is introduced, i.e., n additional variables. This variable
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TABLE 3.1. Sizes of all one-dimensional representations, as-
suming n segments and n + 1 breakpoints.

Model ‘ Constraints ‘ Variables
‘ ‘ Continuous Binary Integer

(Disag) n+3 2n n 0
(LogDisag) 2[logy n] + 3 2n [log, 1] 0

(Ag) n+5 n+1 n 0
(LogAg) 2[logyn] + 3 n+1 [log, 1] 0

(Inc) 2n+1 n n—1 0
(MC) 2n+ 3 n n 0
(BinZigZag) | 2[logs(n —1)] + 3 n+1 [logs(n — 1)] 0
(IntZigZag) | 2[logy(n —1)] +3 n+1 0 [logy(n —1)]

works as a bound for the maximum error € and, thus, is the same for each
representation.

We provide an overview of the number of variables and constraints that are
needed to model the MILP representations of this section in Table 3.1. For
relaxations, another variable for each segment is introduced, i.e., n additional
variables. This variable works as a bound for the maximum error € and, thus,
is the same for each representation.

Apart from the size of the formulations, their computational performance
is strongly related to their theoretical properties and branching behavior.
According to [43], standard PWL encodings can have unbalanced branch-
and-bound trees, which can lead to long runtimes. (Inc) tackles this issue
by inherently functioning as a balanced branching scheme, which has a
structural advantage. This advantage also extends to (BinZigZag) and
(IntZigZag). Moreover, [42] investigates the models regarding local idealness
and sharpness. Interestingly, while logarithmic formulations typically lack
local ideality, their (and also our) findings show that they are still highly
competitive in practice. The exponential reduction in the number of binary
variables effectively compensates for this theoretical limitation, resulting in
good computational performance.

4. IMPLEMENTATION

After introducing the different possibilities to represent MILP relaxations
of MINLPs, we go more into detail about how we implemented our framework
and how we conducted the computational study. First, we describe the input
instances before heading over to the reformulation and solving process.

4.1. Input. All input problems have to be stored in the Optimization Ser-
vices Instance Language, short OSIL, format. The MINLPLIB contains all
instances in this format. For other applications, in case, that a problem is
not available in this format, our framework provides a conversion tool for
.nl files. The OSIL format employs an XML vocabulary, which provides
several advantages, the most notable of which is that nonlinearities are stored
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<variables numberOfVariables="6">
<var name="il" type="I" 1b="12" ub="60"/>
</variables>
<nonlinearExpressions numberOfNonlinearExpressions="1">
<nl idx="0">
<negate>
<divide>
<product>
<variable idx="0" coef="1le6"/>
<variable idx="1"/>
</product>
<product>
<variable idx="2"/>
<variable idx="3"/>
</product>
</divide>
</negate>
</nl>
</nonlinearExpressions>

(4.1A) Parts of the OSIL code from instance gear4.osil.

product product

109 - 44

(4.1B) Expression tree for the nonlinear term
FIGURE 4.1. Representations for the expression _10163#
This expression is a part of an instance from the MINLPLIB.

in a tree-based structure. In an OSIL file, each variable, constraint, etc. is
saved along with various attributes such as coefficients, a name, or an index.
These indices are then used as a reference, for instance to determine where a
nonlinearity is used.

A nonlinearity is stored as an expression tree that includes tags for func-
tions like power, products, and sums. An example for the nested expres-
sion _10;3# is given in Figure 4.1a, the corresponding expression tree is
given in Figure 4.1b. For variable i; with index 0, there is an additional
parameter, its coefficient of 10°. The nonlinear term is used in the constraint
with index 0, what is stated in line 7. In line 2, one can see how properties
of the variables are stored: In the provided example, variable 7 is an integer
variable with 12 < 4¢; < 60. The index of 0 is implicitly given by the order in
which the variables are defined. In line 11, variable ¢; is then used in the
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nonlinear expression. It would have also been possible to store parts of this
nonlinearity as quadratic equations: Therin, only two variable indices are
stored together with a coefficient. More information about the OSIL format
is provided by [14].

For our benchmarks, we use a subset of the problems provided in the
MINLPLIB [9] that can be represented by the following nonlinear functions:

f(I'l,IEQ) =T -T2, f(xla:EZ) = %7 f(l') = hlI', f(l‘) = loglox,

f(z) = 2 (including z~* and /z), f(z) = a® (including e®), (2.1)
f(x) =sinzx, f(z) =cosz, f(x) =tanhz, f(z)= |z|.

Furthermore, all variables must have both, lower and upper bounds; oth-
erwise, a piecewise linear approximation or relaxation cannot be established.
Using this selection criterion, only 306 instances (of 1615) remain in the
benchmark set. To expand the set, we first apply presolving to the instances
before selection. Presolving can establish missing bounds, allowing us to
increase the benchmark set to 773 instances. Presolving is performed using
SCIP [6]. In our numerical study in Section 5, we provide additional statistics
about our benchmark instances.

4.2. Reformulation. Fach input problem is now reformulated using a self-
defined data format, first to a MINLP containing only one-dimensional
nonlinearities and nonlinearities of the form z = zjz2. Subsequently, the uni-
variate transformation of bivariate products from Section 2 is performed. The
resulting MINLP then serves as the basis for the various MILP relaxations.

Our self-defined data format for storing MINLPs is called OSILData
and contains data structures for variables, objective(s), constraints, linear,
quadratic, and nonlinear expressions. Each object of OSILData can later
be solved in the same way, independently of the type of nonlinearities, what
makes the results easily comparable. All nonlinear expressions are stored in
a tree structure that can be easily modified. This structure is based on the
expression trees of the original OSIL format. At the start of each solving
process, an object of OSILData containing all given information is created
from the initial MINLP.

4.2.1. Creating one-dimensional nonlinearities. The first reformulation
step is to remove all higher-dimensional nonlinearities. Therefore, we
investigate all nonlinearities recursively and reformulate each type one
by one. We initially use two-dimensional multiplications, which we re-
formulate at the end. The first higher-dimensional nonlinearities that
we want to remove are products with more than two factors, i.e., ex-
pressions of the form product(zi,za,...,Zn—1,2n). This is reformu-
lated such that each product has two factors, resulting in the form
product(z1, product (za, product(...,product(z,_1,2y))))- Next,
each division of the form z = % is reformulated by z = x; - é, which is
again a product of one-dimensional nonlinearities. Then, products of the
form zx9 are reformulated using Equations (2.2) to (2.4).

After dealing with these special cases, we need to consider nested nonlinear

equations with multiple variables. The OSIL expression tree format is
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useful in this regard: We go through the tree recursively, replacing each
nonlinearity nl;(z) with a newly introduced variable z;. In addition, we insert
a new constraint z; = nl;(z), which creates a new expression tree. As we
begin to replace the leafs, each newly created tree has a depth of at most one.
Until now, the optimal solution for the resulting MINLP has not changed.

4.2.2. Reformulation from one-dimensional MINLPs to MILP relazations.
We now reformulate the MINLP based on the one-dimensional formulation
using the MILP representations described in Section 3. Our implemen-
tation allows one to choose between relaxations and approximations; for
the computational study conducted in this work we only consider piecewise
linear relaxations. We restrict our study to relaxations as they provide valid
bounds for the original MINLP. While approximations could also be used,
we expect the performance of the MILP formulations to remain the same,
as the underlying combinatorial structure is identical. Any relaxation has a
larger set of feasible solutions than the initial MINLP; its size is determined
by the error bound used.

The following approach is essentially the same for each PWL model. Since
we reformulated all nonlinearities to one-dimensional nonlinear functions,
each expression has the form z = f(z) with a bounded variable z, i.e.,
2~ < x < at. Therefore, we can create a piecewise linear approximation
function f : [z7,2%] — R for each nonlinear expression and extend it to
a relaxation afterwards. We use an adjustable value e that bounds the
maximum error in each segment, i.e., we enforce

|F(@) — f(2)] < e (4.1)

for all x with = < 2 < 2. The size of € controls the number of breakpoints
and, thus, segments we use. A smaller error bound leads to an increasing
number of breakpoints and vice versa. While relative error tolerances could
be implemented by scaling € based on function values, we employ absolute
errors to facilitate a more straightforward implementation and comparison
of the different MILP models.

The approximation errors apply to each PWL function separately. When
multiple approximations are used in the model, the cumulative effect can
influence the final solution quality. In the worst case, the total error could
scale with the number of PWL functions n, i.e., O(ne). However, optimization
effects could reduce this. Since all compared formulations implement the same
discretization, they are mathematically equivalent in terms of relaxation
tightness and feasibility; thus, our comparison focuses strictly on their
computational performance. Later in Section 5.2.4, we will look into the
solution quality, i.e, the practical impact of the errors e.
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Algorithm 4.1 Breakpoint Generation

Input: Variable z with bounds =~ < z < z*, function f : [z7,27] - R
and error bound e € RT
Output: Set of breakpoints X

1: function GENERATEBREAKPOINTS(z, f, €)

2 Initialize X « {z7} > Add leftmost breakpoint =~
3 Teur < T

4 while 27 — Z¢y > 107% do

5: L,u < Teur, T

6 loop > Binary Search
7 €max < CREATEAPPROX(f, Zeur, “3*)

8 if u—1<107°% then

9: Tour 4

10: X X U{Zcw} > Next breakpoint is found
11: break

12: else if ¢,,,x < € then

13: |+ ut > Proceed on [I, %]
14: else

15: u < > Proceed on [“H, ]
16: end if

17: end loop

18: end while

19: X« XUu{at} > Add rightmost breakpoint x
20: end function
21: function CREATEAPPROX(f, xy, zy,) > Connect endpoints linearly
22 m 7’[(“5;3:;:(“)
23: t <+ f(l'l) — mxy
24: €max < max {|(mz +1t) — f(z)] : z; <z < 2y}
25: return €y

26: end function

The set of breakpoints X = {Zo,Z1,...,Z,} is generated greedily as
follows: Starting at the lower bound zy = 27, each subsequent breakpoint
Tiy1 is determined as the largest value in (Z;, 2] such that it fulfills (4.1)
for all x € [Z;,Z;41]. This point is found using a binary search, as shown in
Algorithm 4.1. The process is repeated until the rightmost breakpoint z7 is
reached.

Finally, using all linear approximations

fi(x) = mjz + t; for x € [Ti1, 7], (4.2)

we obtain the PWL approximation f (z). We enforce continuous piecewise
linear approximations by interpolation, i.e., we have m;z;—1 +t; = f(Z;—1)
and m;z; +t; = f(z;) fori =1,...,n.

To create relaxations, we just add another variable, bounded by —e < e <€
that controls the maximum error and add it to the piecewise linear func-
tion f(z), i.e., we replace each nonlinearity by f(z) + e.
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In our implementation, one can choose which representation from Section 3
to use for the relaxation. Then, the respective constraints replace the
occurring nonlinearities in the input problem.

4.3. Solving. Finally, we have a MILP relaxation for each different repre-
sentation that can be solved using state-of-the-art MILP solution methods.
To accomplish this, we first convert the MILPs from our own data structure
to Pyomo models, cf. [10, 18]. We use Pyomo because it allows us to easily
switch between different solvers. In our study, we use Gurobi Optimizer
version 11.0.3 ([17]) to solve the MILPs using a time limit of four hours.
Each problem is optimized on the NHRQFAU clusters using Intel Xeon Gold
6326 CPUs with four cores, a total of 32 GB RAM, and a base frequency of
2.9 GHz.

We store different information in each run. On the one hand, we examine
the optimization result, which tells us whether a problem was solved to
optimality, reached its time limit, or ran into an error. Infeasibility can
only occur when we use approximations instead of relaxations. On the other
hand, we are interested to understand more about how problems are solved:
We store the primal and dual bounds on a regular basis and therefore can
monitor the gap over time. Furthermore, we store the time it took until the
first feasible solution was found. In the following Section 5, we present the
numerical results and discuss them afterwards in Section 6.

5. NUMERICAL RESULTS

In this section, we first present the benchmark set from the MINLPLIB
and then numerically analyze how the different MILP models for PWL
relaxations from Section 3 perform in practice.

5.1. Benchmark instances. As mentioned previously, our benchmark set is
formed from a subset of the MINLPLIB and consists of 773 different instances.
For 607 instances, at least one reformulation can build a model. These
instances are listed in our benchmark set in Table E.1. In Figure 5.1, one
can see the numbers of constraints and variables for each instance. On top,
it shows the entire benchmark set and, on the bottom, all instances with
less than 1000 constraints and variables. In both plots, each blue square
represents the total number of constraints and variables in one benchmark
instance. We have around 415 variables and 647 constraints on average per
instance. The median numbers are 119 and 144, respectively.

On the left hand side, we further plotted red circles that consider only
the nonlinear constraints. Similarly, on the right hand side, the green circles
show only the number of binary and integer variables. There are, on average,
around 68 binary/integer variables, as well as 147 nonlinear constraints per
instance. The median number of binary/integer variables is 20, the median
number of nonlinear constraints is 21.

Table 5.1 contains statistics about the reformulated benchmark instances.
To make a conclusive comparison, we consider the set of instances for which
a model could be created for all error bounds. The number of segments per
instance and nonlinearity, as well as the segment length per nonlinearity, are
calculated for each error bound. The mean and median number and length
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FIGURE 5.1. Total amount of variables and constraints for
our benchmark instances. The blue squares represent - for
comparison purposes - the total number of constraints and
variables, whereas the red and green circles represent nonlinear
constraint and binary/integer variable subsets, respectively.

of segments per nonlinearity are calculated for the entire set of nonlinearities
instead of averaging over each instance separately.
We separate our benchmark set in four different ways:

(1) Difficulty: We solve all presolved problems using SCIP and Gurobi.
Depending on the outcome, we classify each instance:
Very easy: Both solvers solve the instance to optimality within a

time limit of 60 seconds.

Easy: Exactly one solver solves the instance to optimality within a

time limit of 60 seconds.

Medium: Neither solver solves the instance to optimality, but at
least one finds a primal feasible solution within 60 seconds.
Hard: All remaining problems (no feasible solution found).
(2) Type of nonlinearities: We use the predefined classification of nonlin-
earities h: R™ — R given by the MINLPLIB. The fundamental classes
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TABLE 5.1. Sizes of the MILP reformulations. The instances
have between 1 and 2818 nonlinearities, with a mean of 142.9
and a median of 24.
Error Bound e =102
Min Max Mean Median
Segments per instance 752 46.78 28
Segments per NL 14 2.06 2
Segment length per NL || 1.36-10~% 50000.00 13.53 1.50
Error Bound e=10°
Min Max Mean Median
Segments per instance 752 79.67 32
Segments per NL 126 3.52 2
Segment length per NL || 1.36-107%  9090.91 4.11 1.25
Error Bound e=10"2
Min Max Mean Median
Segments per instance 4 3856 480.02 123
Segments per NL 1249 21.19 7
Segment length per NL || 1.36-107%  1052.63 0.81 0.19
Error Bound e=10"*
Min Max Mean Median
Segments per instance 37386  4529.54 1027
Segments per NL 12474 199.96 53
Segment length per NL || 1.36- 1076 117.51 0.12 0.02
Error Bound e=10"6
Min Max Mean Median
Segments per instance 4 373536 44959.64 10155
Segments per NL 124758  1984.82 521
Segment length per NL || 1.36 - 10~ 13.01 0.02 2.24-1073
are defined as:
quadratic(h) := (3Q e R""*" g e R",qp e R :
Ve e R": h(z) =qo+q =+ 2" Qx) (5.1)
polynomial(h) := (3K, |K| < oo : Jap € N3g,bp € R :
Vo € R" :h(z) = Y b [] =) (5.2)

signomial(h) :

keK  ieN

(3K, |K| < oo :Ja € R", by € R :
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Vo € R":h(z) = Y by [] «i*) (5.3)
keK  ieN

where N is the set of variable indices. Based on these definitions, we

categorize the instances by their most complex constraint:

Quadratic: All nonlinear constraints are quadratic.

Polynomial: At least one constraint is strictly polynomial, and no
constraint is signomial or general.

Signomial: At least one constraint is strictly signomial, and no
constraint is general.

General: All remaining instances (e.g., involving exponential or
trigonometric functions).
(3) Convexity: We rely on the pre-given information provided by the
MINLPLIB, which refers to the properties of the continuous relaxation:
Convex: The continuous relaxation of the instance is known to be
a convex optimization problem.

Non-Convex: The continuous relaxation is known to be a non-
convex optimization problem.

Unknown: The MINLPLIB does not provide a definitive classification
regarding the convexity of the instance.

(4) Variables: Depending on the domain of the variables, we classify the
instances as:

Continuous: All variables are continuous.

Mixed-Binary: The instance contains binary variables, but no gen-
eral integer variables.

Mixed-Integer: The instance contains general integer variables.

A full list of the benchmark set with details and their classifications is
provided in Appendix E.

5.2. Comparison of the MILP models for PWL relaxations. We now
present the computational results where we test all PWL MILP models
from Section 3 on the previously explained benchmark set. First, we evaluate
how many problems can be solved to optimality, and how long the solving
process takes. Afterwards, we evaluate the solution quality over time.

For many results, we use the so-called shifted geometric mean (SGM). The
SGM of n numbers t1,...,t, is determined using the formula

Here, s represents an arbitrary shift applied to each term. This shift factor
introduces a level of flexibility into the calculation, allowing us to adjust the
significance of each term in the dataset. In our case, we want to decrease the
impact of small runtimes. Following standard benchmarking practices (e.g.
[31]), this prevents non-solver noise, such as I/O operations and initialization
overhead, from distorting the comparative results. To improve the numerical
stability of the computation, we employ an alternative formulation, namely

| exp <z”: In (t; + s)) — s = exp < iz In (i + S)) —s. (5.5)

=1 n
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In each MILP relaxation, we fix a maximal error bound e. The break
points are created depending on this error bound. To allow the model to use
the maximal error bound, our framework creates two variables €, ¢~ € [0, €]
every time, a non-linearity is replaced.

5.2.1. Number of solved problems and runtimes. First, we consider how many
problems the various methods can solve. Figure 5.2a shows a plot that
depicts the number of problems solved by each PWL model over time — here
for e = 10~%. We plot the number of optimally solved problems for each point
in time between 0 and 14400 seconds (the time limit of 4 hours) and each
method. The time is plotted on a logarithmic scale for better visibility. Each
subfigure represents a different error bound, from now on, we will consider
error bounds € € {10%,10°,1072,107%,1075} in all cases. We include large
error bounds to evaluate the formulations under varying degrees of complexity.
While these values may lead to solutions that are practically infeasible for
the original MINLP, they help to study how the computational effort scales
as the relaxation is refined toward tighter tolerances. All eight methods are
plotted. The bottom plots show more differences as the problems become
larger and thus more difficult with increasing error bounds.

In Table 5.2, we compare the runtimes until an optimal solution is found.
If an instance is not solved during the time limit, the time limit is used as
a runtime. Additional to the mean and median values, we use the shifted
geometric mean (SGM) with s = 10, as proposed in (5.4).

Table 5.3 distinguishes the instances according to whether they were solved
within the time limit or not. As expected, the number of problems solved
to optimality decreases as the error bounds become smaller. In some cases,
we do not have information about the solution process for every method
because of errors that occur during the steps of our framework as described
in Section 4: On the one hand, the model creation time may be too long,
and the solution process may not begin at all; on the other hand, when
models become too large, some out-of-memory errors occur. These cases are

Runtime plot for all problems, € = 10~*
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(A) Runtime plot for all problems, ¢ = 10~*
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Runtime plot for medium problems, € = 107
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(c) Runtime plot for general nonlinear problems, ¢ = 102

omitted from our statistics for all methods. Figure 5.3 illustrates the number
of instances reaching specific stages of the solution process for each MILP
model. For every model, we plot a bar for each of the five error bounds.
The different shades of blue represent these checkpoints: The whole process
has started (STARTED), the MILP reformulation has been created (MIP
CREATED), the MILP reformulation solution process has ended without
errors (MIP SOLVED), and a primal or optimal solution of the relaxation
has been found (PRIMAL/OPTIMAL SOLUTION FOUND), respectively.
Additionally, we present performance profiles in Appendix D.

5.2.2. Subsets. In Section 5.1, we explained how our benchmark set is sub-
divided. Now we want to make use of this to create reliable results. We
created plots — similar to Figure 5.2a — but for the subsets of instances.
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Runtime plot for mixed-binary problems, € = 1072
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(D) Runtime plot for mixed-binary problems, € = 1072

FIGURE 5.2. Number of solved problems over time.
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FIGURE 5.3. Solving progress of the different MILP methods.
For each method, the bars represent the error bounds of
102,10°,1072,10~%, and 107, from left to right.

For example, Figure 5.2b, shows the medium instance set for e = 1076
while Figures 5.2c and 5.2d distinguish depending on the type of nonlinear
functions or the type of variables.

In total, we created 70 different plots, thus, the full results are moved to
the appendix. Therein, they are grouped by subset. All results are given in
Appendix C.
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TABLE 5.2. Mean, median, and shifted geometric mean of
the runtimes, depending on the error bound e.

31

Error bound e =102 e=10°

Runtime [s] Mean Median SGM Mean Median SGM
(Disag) 847.67 0.13 16.56 2852.49 5.35 75.68

(LogDisag) 899.86 0.13 19.25 2757.08 4.49 65.41

(Ag) 898.24 0.11 17.57 2838.93 4.32 71.18

(LogAg) 664.25 0.10 15.24 2116.79 3.60 52.28

(Inc) 394.55 0.08 8.76 1091.61 3.11 29.14
(MC) 640.23 0.11 13.25 1541.92 3.82 40.91

(BinZigZag) 631.83 0.10 13.17 2085.42 3.42 49.18

(IntZigZag) 547.76 0.09 12.62 1966.44 3.50 45.23

Error bound e=10"2 e=10"*

Runtime [s] Mean Median SGM Mean Median SGM
(Disag) 5015.56 172.01 317.78 5062.35 207.74 371.20
(LogDisag) 4198.54 77.26 213.28 4201.27 68.10 231.36
(Ag) 4491.85 74.85 236.16 0785.87 200.44 429.07
(LogAg) 3724.75 42.52 163.06 2563.17 29.91 126.61
(Inc) 2646.75 44.21 121.33 2648.00 31.60 138.80
(MC) 4087.79 73.77 218.22 4055.82 60.13 238.43
(BinZigZag) 3551.82 43.28 158.89 2625.05 44.21 144.72
(IntZigZag) 3241.05 49.92 143.68 2401.44 37.79 121.02
Error bound e=10"°

Runtime [s] Mean Median SGM

(Disag) 6081.46 841.82 694.25

(LogDisag) 4687.49 157.04 358.92

(Ag) 6687.15  974.21  767.21

(LogAg) 324270  73.48  174.72

(Inc) 3898.44 191.25 286.14

(MC) 4468.54 328.05 439.52

(BinZigZag) 400026 126.88  258.30

(IntZigZag) 3375.64 87.50 198.68

5.2.3. Performance Across Subsets. To ensure a reliable analysis of solver
performance, we evaluate the benchmark results across the specific categories
defined in Section 5.1. This differentiation allows us to identify how various
model characteristics impact the efficiency of the PWL formulations.
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TABLE 5.3. Solver results for the full benchmark set.

Error bound e =102 e =10 e=10"2 e=10"4 e=10"6
Solver result || opt. tl. || opt. tl. || opt. tl. || opt. tl. || opt. tl.
(Disag) 570 29 || 450 100 || 282 137 || 204 98 139 86
(LogDisag) 569 30 || 449 101 | 305 114 222 80 159 66
(Ag) 569 30 || 452 98 || 296 123 || 185 117 | 123 102
(LogAg) 577 22 || 475 75 || 319 100 || 257 45 || 183 42
(Inc) 589 10| 516 34 || 356 63 || 259 43 175 50
(MC) 579 20 || 499 51 315 104 || 232 70 168 57
(BinZigZag) 578 21 || 478 72 || 326 93 || 255 47 171 54
(IntZigZag) 580 19 || 482 68 || 336 83 || 260 42 || 181 44

While Figure 5.2a provides a global overview, the subset-specific plots
reveal more nuanced trends. For instance, Figure 5.2b illustrates perfor-
mance on medium-sized instances at a tight tolerance (¢ = 107%), whereas
Figures 5.2c and 5.2d isolate the effects of general nonlinear functions and
mixed-binary variables, respectively.

Due to a total of 70 distinct performance plots, the complete graphical
results are provided in Appendix C.

5.2.4. Solution qualities. As we only solve relaxations, we further evaluate the
gap between the optimal solution of the MINLP and the MILP relaxations’
solution. Table 5.4 presents the corresponding results. Therein, additionally
to the number of solved problems, we provide the median for the gaps
between the optimal MINLP and MILP solutions z* and z"'**, given by

‘ch* o CTxrelaX

. 5.6
leTa*| 4+ 10-10 (5.6)
Adding 10719 to the denominator prevents problems with instances that
have an objective value of 0. As one can see, the gap is already very small
for € = 10~4, which means that using MILP relaxations, one can find fairly
good dual bounds.

TABLE 5.4. Solution qualities of MILP relaxations, depend-
ing on the error bound €, calculated by (5.6).

Error bound H e = 102 ‘ e =100 ‘ e=10"2 ‘ e=10"* ‘ e=10"6
Solved instances 556 428 267 156 103
Median gap 61.05% | 30.56% 0.50% 0.01% 0.00%

Further, in Figure 5.4, we plot how the MILP solution improves over
time. Therefore, we take the shifted geometric mean of all primal and dual
gaps, i.e., the gaps between the primal/dual bounds and the optimal MILP



BENCHMARKING PIECEWISE LINEAR RELAXATIONS FOR MINLPs

PDI plot for all problems, £ = 104
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solution. The primal gap is calculated using

1 ifZ=ocorz-z*<0,
p:=40 if z = 2%,
|z—z"]
else,

max{[z[,|z*[}

and, equivalently, the dual gap is calculated by

1 if z=—-o0orz-2*<0,
d:=<¢0 if z = 2%,
|z—2"|
else,

max{|z],[2*[}

33

(5.7)

(5.8)

T ,.relax

where Z and z are the current primal and dual bounds and z* = c¢'z

is the optimal solution of the MILP relaxation. The upper graphs in each
subplot show how the primal gap shrinks, while the lower graphs show how
the dual gap shrinks. Figure 5.4a shows the corresponding plot to Figure 5.2a.
The other subfigures, Figures 5.4b and 5.4c, show the gap analysis for some
subsets as described previously. Also for this type of analysis, all results are

given in Appendix C.
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PDI plot for signomial problems, &€ = 1072
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6. DISCUSSION

We now examine the presented results to draw meaningful conclusions
from our computational study. For larger error bounds, the number of
solved problems is quite similar for all methods, while already for ¢ = 10°
(Figure C.2), we can see some differences. For smaller error bounds, which
correspond to larger models, the differences become more visible: A good
example is € = 10™* (Figure 5.2a), where (Inc), (BinZigZag), (IntZigZag),
and (LogAg) clearly outperform the remaining approaches. The runtimes
in Table 5.2 also strengthen these findings.

Regarding the easy and very easy subsets, the methods behave quite
similarly, see Figures C.6 to C.15. If a method stands out, it is typically one
of the aforementioned models (Inc), (BinZigZag), (IntZigZag), and (LogAg).
There are occasional outliers for (MC), but we will mention this again later
on. For the medium and hard subset, (IntZigZag) and (Inc) are superior,
see Figures C.16 to C.25. Specifically, (Inc) demonstrates an advantage for
error bounds up to € = 10™%, whereas (IntZigZag) dominates at e = 1075, as
seen, for example, in Figure 5.2b.

In the case of general nonlinear instances, we can see that (Inc) has a very
good performance, see Figures C.41 to C.45 — particularly highlighted in
Figure 5.2c.

While the leading methods perform comparably well on convex problems,
(Inc) stands out again for nonconvex problems, see Figures C.51 to C.55.

When considering the type of variables, we have the following: For mixed-
binary (Figures C.61 to C.65) problems, again (Inc) is superior while for
continuous (Figures C.56 to C.60) and mixed-integer (Figures C.66 to C.70)
problems the methods behave more similarly. A good example is given in
Figure 5.2d.

We further investigated smaller time limits in Table B.1, but the results
coincide with our previous findings. This means, (Inc) solves the instances
fastest, while the other methods catch up only for the easier subsets and
very small error bounds.

Complementary to the runtimes, we also analyzed the solution process
itself, i.e., how the optimality gaps decrease over time. However, before
doing so, we investigated the extent to which our solution framework as
described in Section 4 worked (Figure 5.3), where it stands out that (MC) is
able to find primal solutions, i.e., solve feasibility problems quite fast. For
larger error bounds, the gaps evolve more similarly for all methods, while, for
smaller error bounds the differences become greater, see Figures C.1 to C.5 .
Only the non-logarithmic convex combinations again show worse results than
the remaining methods. For all error bounds, the logarithmic versions of the
aggregated convex combination, i.e., (LogAg), (BinZigZag), and (IntZigZag)
show a similar behavior. This is not surprising, as these methods only differ
in how the branching scheme is defined, see Section 3.2.

There are specific instances where (MC) yields highly competitive results,
as seen in Figures C.10, C.17, C.30, C.42, C.43 and C.62. However, its overall
performance exhibits substantial variance across different problem sets. As
suggested by our gap analysis in Figures 5.4b and 5.4c, this may be linked
to its ability in finding primal feasible solutions.
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Overall, the evaluation of the different methods leads to the following
main conclusions:

e The incremental method shows the best performance in terms of the
number of solved problems.

e The non-logarithmic convex combinations, (Ag) and (Disag), solve
the fewest instances.

e In general, the logarithmic methods outperform their non-logarithmic
counterparts, with the (IntZigZag) model being slightly superior to
the other logarithmic models.

e For very large problems, (Inc) reaches its computational limits, and
(IntZigZag) becomes a good alternative.

e (MC) might be a good alternative for feasibility problems.

Our observations suggest that the practical performance is influenced not
only by formulation size, but also by structural properties such as branching
behavior and local ideality. Finally, to emphasize the relevance of PWL
relaxations in the context of solving MINLPs, we discuss how good the
MILP relaxation’s solutions are in general. Since we know the optimal
solution for each MINLP as we restricted ourselves to these instances, we
can calculate the gap between the optimal MILP and MINLP solutions,
as described in (5.6). The optimal solution of a MILP relaxation is a valid
dual bound for the corresponding MINLP. Thus, the results in Table 5.4,
which shows the median values of all gaps, can be considered as relative
optimality gaps for the MINLP problems. As we can see, the median gap
is negligible already for e = 1072, which means that more than half of the
MILP relaxation’ solutions are similar to the corresponding optimal MINLP
solution in terms of objective values. For e < 1074, also the mean and SGM
values are fairly small.

The achievement of such small gaps suggests that PWL relaxations are a
viable alternative to spatial branch-and-bound in practice. This is particularly
noteworthy given our decomposed expression tree structure: although each
individual nonlinearity introduces an error of up to € that can propagate
through the model, the resulting global gaps remain remarkably tight.

Remark 6.1. It is noteworthy that when evaluating the initial MINLPLIB
problems instead of the presolved instances, one obtains similar results. This
supports the reliability of our comparison and the conclusions made in this
computational study.

7. CONCLUSION

In this paper, we compared various commonly used MILP models for
PWL relaxations of one-dimensional nonlinear functions that are known in
the literature. Using over 750 instances created from the MINLPLIB data set,
we conducted a comprehensive computational study to determine a general
performance of these models. Our results demonstrate the advantages of
the incremental method as presented by [27] and are accompanied by a
recommendation of this method for practical applications. Further, for very
high-accuracy relaxations, the Zig-Zag formulations appear to be a viable
alternative. Additionally, the multiple choice method offers a promising
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formulation for quickly finding feasible solutions. Practitioners can use our
framework to conduct such a study for their type of problems since it is
publicly available, see [7].

Since our primary focus in this study was to evaluate different PW L models
rather than assessing the overall performance of the solver, there are some
points where our implementation could have been improved. For instance, a
more sophisticated method for determining breakpoints or avoiding duplicates
in variables and constraints would be desirable. It is important to note,
however, that the inefficiencies in our framework remain consistent across all
MILP models and do not affect the conclusions drawn from our research.

Future work may focus on different topics. First, this research only
considers the maximum error for each segment, while overlooking factors such
as the number of breakpoints and the specific characteristics of nonlinearities.
Moreover, approaches that use PWL relaxations to solve MINLPs can
benefit significantly from adaptivity by refining the PWL relaxations only
locally in an iterative manner. Depending on the stages of the solution process,
in this setting, PWL relaxations must thus be solved with both small and
large numbers of segments. Consequently, the combination of different PWL
models might be the best starting point for adaptive approaches, which is
also supported by our results. One promising idea is to combine methods
that are capable of finding primal solutions quickly, like the multiple choice
method, with methods that are better suited for closing the optimality
gap with high-accuracy PWL relaxations, like the incremental method or
the integer Zig-Zag formulations. Finally, future research could extend this
benchmark by evaluating the ideal formulations proposed by [26]. Comparing
their theoretically stronger bounds against the empirical baseline of standard
methods established here would be a valuable next step.
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APPENDIX A. BRANCHING SCHEME FOR THE LOGARITHMIC BRANCHING
CONVEX COMBINATION MODEL

The following Table A.1 gives a visualization of our branching scheme
from Section 3.2.

TABLE A.1. Example for the iterative creation of L, R4 for

n = 16.
To X1 T2 T3 T4 Tz Te Ty Xs T9 Tio T11 Ti2 T13 Tia Tis Ti6
T4 L4 L4 L4 L4 L4 L4 L4 L4 - R4 R4 R4 R4 R4 R4 R4 R4
T35 | Lz L3 Lz Lz - R3 Rz Rs3 R3 Rz Rz Rz - L3 L3 Lz Ls
T Ry - Lo Lo Lo - Ry Rs Ro - Ly Lo
T | L - R - R - L - R - Ly - Ry - L1

APPENDIX B. SOLVING TIME FOR SMALLER TIME LIMITS

For considering shorter time limits, we also provide statistics about the
runtime. Table B.1 show the shifted geometric mean if the runtimes are
limited to 100, 1000, and 10000 seconds, respectively. Every runtime that
exceeds this time limit is then limited to the respective time limit.
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TABLE B.1. Shifted geometric mean of the runtimes when
the time limit is smaller.
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Error bound e =102 e=10°

Time limit 100s 1000s 10000s 100s 1000s 10000s
(Disag) 7.86 12.65 16.08 17.53 40.01 70.15
(LogDisag) 8.78 14.60 18.69 16.03 35.22 60.53
(Ag) 8.37 13.21 17.05 16.46 37.37 65.95
(LogAg) 8.15 12.32 14.87 15.29 31.98 49.26
(Inc) 5.26 7.32 8.63 12.87 21.72 28.27
(MC) 6.82 10.55 12.96 15.14 27.90 39.19
(BinZigZag) 7.21 10.59 12.85 14.70 30.15 46.38
(IntZigZag) 7.51 10.44 12.34 14.26 28.30 42.76
Error bound e=10"2 e=10"*

Time limit 100s 1000s 10000s 100s 1000s 10000s
(Disag) 36.30  118.89  280.62 41.04  136.06  328.65
(LogDisag) 32.76 92.40 191.96 34.55 99.03 208.93
(Ag) 32.26 97.01 210.84 41.01 139.41 371.27
(LogAg) 29.20 76.51 148.44 28.76 73.66 119.37
(Inc) 27.18 68.52 114.25 28.47 78.00 130.99
(MC) 32.48 94.64 197.82 34.48  102.78  217.96
(BinZigZag) 29.39 76.75 145.38 31.54 83.15 136.19
(IntZigZag) 28.69 73.80 132.75 28.84 72.35 114.49
Error bound e=10"6

Time limit 100s 1000s 10000s

(Disag) 54.42  210.54  601.99

(LogDisag) 44.60  140.61 321.23

(Ag) 52.09  217.11 648.88

(LogAg) 34.47 89.41 161.90

(Inc) 40.71 128.61 262.78

(MC) 52.71 179.96  397.81

(BinZigZag) 39.17  114.88  235.30

(IntZigZag) 37.09 99.16 184.02
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C.1. Aggregate overview across categories. The following figures show
the runtime plots for all problems (aggregate overview across categories).

PDI plot for all problems, £ = 107

o
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Ficure C.1. Runtime and Primal-Dual Integral plots for all
problems, € = 10°
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PDI plot for all problems, £ = 10°
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Ficure C.3. Runtime and Primal-Dual Integral plots for all
problems, € = 102
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Runtime plot for all problems, &€ = 10~*
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FicUure C.5. Runtime and Primal-Dual Integral plots for all
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C.2. Runtime plots for very easy problems. The following figures show
the runtime plots for very easy problems.

PDI plot for very easy problems, & = 10?
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FiGUurE C.6. Runtime and Primal-Dual Integral plots for
very easy problems, € = 102
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Ficure C.7. Runtime and Primal-Dual Integral plots for

very easy problems, e = 10°
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Runtime plot for very easy problems, £ = 102
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Ficure C.9. Runtime and Primal-Dual Integral plots for

very easy problems, e = 10~*
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Runtime plot for very easy problems, € = 10~°
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PDI plot for very easy problems, £ = 107°
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FiGure C.10. Runtime and Primal-Dual Integral plots for

very easy problems, e = 1076
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C.3. Runtime plots for easy problems. The following figures show the
runtime plots for easy problems.

PDI plot for easy problems, & = 10?

[=9
Runtime plot for easy problems, £ = 10? <
<
.E —— Disag
E === LogDisag === MC
1075 §|— Ag —— BinZigZag
—— LogAg IntZigZag
10-6

100 A
—— Disag Inc
509]--- LogDisag === MC
— Ag —— BinZigZag
—— LogAg IntZigZag
0 T T T T T T T T T T
10° 10! 10? 10° 10* 100 10! 10? 10 10*
Time [s] Time [s]
FiGure C.11. Runtime and Primal-Dual Integral plots for
easy problems, € = 102
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Ficure C.12. Runtime and Primal-Dual Integral plots for
easy problems, € = 10°
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PDI plot for easy problems, € = 102
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FicUre C.13. Runtime and Primal-Dual Integral plots for
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FiGure C.14. Runtime and Primal-Dual Integral plots for
easy problems, € = 1074
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FiGure C.15. Runtime and Primal-Dual Integral plots for

easy problem

s, e=10"6
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C.4. Runtime plots for medium problems. The following figures show

the runtime plots for medium problems.
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Ficure C.17. Runtime and Primal-Dual Integral plots for

medium problems, € = 10°
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PDI plot for medium problems, £ = 102
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FicUre C.18. Runtime and Primal-Dual Integral plots for
medium problems, € = 1072
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FiGure C.19. Runtime and Primal-Dual Integral plots for
medium problems, € = 10™4
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PDI plot for medium problems, & = 10~°
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FiGure C.20. Runtime and Primal-Dual Integral plots for
medium problems, ¢ = 1076
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C.5. Runtime plots for hard problems. The following figures show the
runtime plots for hard problems.
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hard problems, € = 102
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Ficure C.22. Runtime and Primal-Dual Integral plots for

hard problems, ¢ = 10°
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PDI plot for hard problems, &€ = 102
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FiGure C.24. Runtime and Primal-Dual Integral plots for
hard problems, € = 10™*
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PDI plot for hard problems, € = 10~°
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FiGUre C.25. Runtime and Primal-Dual Integral plots for
hard problems, € = 1076
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C.6. Runtime plots for quadratic problems. The following figures show
the runtime plots for quadratic problems.
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FiGure C.26. Runtime and Primal-Dual Integral plots for

quadratic problems, € = 102
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Ficure C.27. Runtime and Primal-Dual Integral plots for

quadratic problems, € = 10°
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Runtime plot for quadratic problems, £ = 1072
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FicUre C.28. Runtime and Primal-Dual Integral plots for

quadratic problems, € = 1072
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FiGure C.29. Runtime and Primal-Dual Integral plots for

quadratic problems, € = 10~*
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PDI plot for quadratic problems, &€ = 107°
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Ficure C.30. Runtime and Primal-Dual Integral plots for
quadratic problems, € = 1076
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C.7. Runtime plots for polynomial problems. The following figures
show the runtime plots for polynomial problems.
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Ficure C.32. Runtime and Primal-Dual Integral plots for
polynomial problems, e = 10°
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Runtime plot for polynomial problems, &€ = 1072
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FicURE C.34. Runtime and Primal-Dual Integral plots for

polynomial problems, e = 1074
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Ficure C.35. Runtime and Primal-Dual Integral plots for

polynomial problems, € = 1076
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C.8. Runtime plots for signomial problems. The following figures show
the runtime plots for signomial problems.
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FicURE C.36. Runtime and Primal-Dual Integral plots for
signomial problems, € = 102
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Ficure C.37. Runtime and Primal-Dual Integral plots for
signomial problems, € = 10°
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PDI plot for signomial problems, &€ = 107>
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FiGure C.38. Runtime and Primal-Dual Integral plots for
signomial problems, € = 1072
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FicUrE C.39. Runtime and Primal-Dual Integral plots for
signomial problems, e = 1074
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PDI plot for signomial problems, € = 107°
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FiGURE C.40. Runtime and Primal-Dual Integral plots for
signomial problems, € = 1076
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C.9. Runtime plots for general nonlinear problems. The following
figures show the runtime plots for general nonlinear problems.
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FiGure C.42. Runtime and Primal-Dual Integral plots for
general nonlinear problems, ¢ = 10°
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PDI plot for general nonlinear problems, £ = 1072
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FiGURE C.43. Runtime and Primal-Dual Integral plots for
general nonlinear problems, € = 1072
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FiGURE C.44. Runtime and Primal-Dual Integral plots for
general nonlinear problems, ¢ = 1074
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PDI plot for general nonlinear problems, € = 107°
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FiGUuRE C.45. Runtime and Primal-Dual Integral plots for
general nonlinear problems, ¢ = 1076
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C.10. Runtime plots for convex problems. The following figures show

the runtime plots for convex problems.
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FiGURE C.46. Runtime and Primal-Dual Integral plots for

convex problems, € = 102
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FiGure C.47. Runtime and Primal-Dual Integral plots for

convex problems, ¢ = 10"
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PDI plot for convex problems, &€ = 102
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FiGURE C.48. Runtime and Primal-Dual Integral plots for
convex problems, ¢ = 1072
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FiGURE C.49. Runtime and Primal-Dual Integral plots for
convex problems, € = 10™*



Number of solved problems

100 A

o0
(=}
1

(o)
(=}
1

IS
(=]
1

[\~]
(=}
1

APPENDIX 72

PDI plot for convex problems, € = 107°
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Ficure C.50. Runtime and Primal-Dual Integral plots for
convex problems, € = 1076
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C.11. Runtime plots for nonconvex problems. The following figures
show the runtime plots for nonconvex problems.
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Ficure C.51. Runtime and Primal-Dual Integral plots for

nonconvex problems, € = 102
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Ficure C.52. Runtime and Primal-Dual Integral plots for

nonconvex problems, € = 10°
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PDI plot for nonconvex problems, € = 102
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FiGure C.53. Runtime and Primal-Dual Integral plots for
nonconvex problems, € = 1072
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FiGURE C.54. Runtime and Primal-Dual Integral plots for
nonconvex problems, € = 1074
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PDI plot for nonconvex problems, £ = 107°
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Ficure C.55. Runtime and Primal-Dual Integral plots for
nonconvex problems, € = 1076
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C.12. Runtime plots for continuous problems. The following figures
show the runtime plots for continuous problems.
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FiGURE C.56. Runtime and Primal-Dual Integral plots for
continuous problems, € = 102
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Ficure C.57. Runtime and Primal-Dual Integral plots for
continuous problems, ¢ = 10°
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PDI plot for continuous problems, £ = 1072
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FiGure C.58. Runtime and Primal-Dual Integral plots for
continuous problems, € = 1072
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FicUrRE C.59. Runtime and Primal-Dual Integral plots for
continuous problems, € = 10~*
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Runtime plot for continuous problems, £ = 106
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PDI plot for continuous problems, £ = 10~°
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FiGUrRE C.60. Runtime and Primal-Dual Integral plots for
continuous problems, € = 1076
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C.13. Runtime plots for mixed-binary problems. The following figures
show the runtime plots for mixed-binary problems.
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FiGURE C.61. Runtime and Primal-Dual Integral plots for
mixed-binary problems, e = 102
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FiGure C.62. Runtime and Primal-Dual Integral plots for
mixed-binary problems, € = 10°
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Runtime plot for mixed-binary problems, € = 1072
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FiGURE C.64. Runtime and Primal-Dual Integral plots for

mixed-binary problems, € = 1074
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PDI plot for mixed-binary problems, &€ = 10~°
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FiGURE C.65. Runtime and Primal-Dual Integral plots for
mixed-binary problems, € = 1076
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C.14. Runtime plots for mixed-integer problems. The following figures
show the runtime plots for mixed-integer problems.
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FiGURE C.66. Runtime and Primal-Dual Integral plots for
mixed-integer problems, ¢ = 102
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Ficure C.67. Runtime and Primal-Dual Integral plots for
mixed-integer problems, ¢ = 10°
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Runtime plot for mixed-integer problems, € = 102
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PDI plot for mixed-integer problems, &€ = 102
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FicURE C.68. Runtime and Primal-Dual Integral plots for

mixed-integer problems, ¢ = 1072
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FicURE C.69. Runtime and Primal-Dual Integral plots for
mixed-integer problems, ¢ = 10~*
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Runtime plot for mixed-integer problems, € = 106
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Performance Profile
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APPENDIX D. PERFORMANCE PROFILES

Additionally, we provide performance profile plots as proposed by [13] to
illustrate the scaling of the runtimes, see Figures D.1 and D.2. The intention
here is to obtain a more sophisticated picture of how the various methods
perform if we allow the runtime to lie within a given factor of the best overall
runtime. The performance profiles work as follows: Let ¢, s be the runtime
needed by MILP relaxation s to solve instance p. With the performance
ratio 7, 5 = tp 5/ ming t,, 5, the performance profile function value P(r) is the
percentage of problems solved by approach s such that the ratios 7,5 are
within a factor 7 € R of the best possible ratios. Figure D.1 considers the
time until a first feasible solution was found while Figure D.2 considers the
overall runtime until an instance was solved to optimality. All performance
profiles are generated with the help of perprof-py ([40]).
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Performance Profile
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F1GURE D.1. Performance profiles considering the time until

a primal solution is found.
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Performance Profile
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APPENDIX E. BENCHMARK SET
TABLE E.1. Benchmark set
Number of Number of variables Classification

Instance objective constr. ‘ nonlin. egs. | cont. ‘ bin. ‘ int. difficulty ‘ type convexity
arki0002 0.9755 1976 913 2456 0 0 medium | nonlin. | non-conv.
arki0015 -272.2998 1496 1012 2093 0 0 medium | nonlin. | non-conv.

ball_mk2_10 0.0 1 1 0 0 10 very easy quad. conv.

ball_mk2_30 0.0 1 1 0 0 30 easy quad. conv.

ball_mk3_10 infeasible 1 1 0 0 10 very easy quad. conv.

ball_mk3_20 infeasible 1 1 0 0 20 very easy | quad. conv.

ball_mk3_30 infeasible 1 1 0 0 30 very easy quad. conv.
bayes2_30 0.0001 7 55 86 0 0 medium quad. | non-conv.
bayes2_50 0.5202 s 55 86 0 0 medium quad. | non-conv.
blendl46 45.2966 624 24 135 87 0 medium quad. | non-conv.
blend480 9.2266 884 32 188 124 0 medium quad. | non-conv.
blend531 20.039 736 32 168 | 104 0 medium quad. | non-conv.
blend718 7.3936 606 24 135 87 0 medium quad. | non-conv.
blend721 13.5268 627 24 135 87 0 easy quad. | non-conv.
blend852 53.9627 860 32 184 120 0 medium quad. | non-conv.
btestl4 -59.8174 93 86 135 0 0 medium | nonlin. | non-conv.
camshapel00 -4.2841 200 101 199 0 0 medium quad. | non-conv.
camshape200 -4.2785 400 201 399 0 0 medium quad. | non-conv.
camshape400 -4.2757 800 401 799 0 0 medium quad. | non-conv.
camshape800 -4.2743 1600 801 1599 0 0 hard quad. | non-conv.
carton? 191.7295 687 64 72 200 56 easy quad. | non-conv.
carton9 205.1371 893 68 72 216 72 easy quad. | non-conv.
cecil 13 -115656.4997 898 180 660 180 0 medium | nonlin. | non-conv.
chakra -179.1336 41 22 62 0 0 easy sign. non-conv.

chance 29.8944 3 1 4 0 0 easy nonlin. N/A
chp_partload 23.2981 2516 490 2203 45 0 easy nonlin. | non-conv.

clay0203m 41573.2625 54 24 12 18 0 very easy | quad. conv.

clay0204m 6545.0 90 32 20 32 0 very easy | quad. conv.

clay0205m 8092.5 135 40 30 50 0 very easy | quad. conv.

clay0303m 26669.1096 66 36 12 21 0 very easy | quad. conv.

clay0304m 40262.3875 106 48 20 36 0 very easy | quad. conv.

clay0305m 8092.5 155 60 30 55 0 very easy | quad. conv.
crudeoil_leel_05 79.75 1240 160 495 40 0 very easy | quad. | non-conv.
crudeoil_leel_06 79.75 1503 192 594 48 0 very easy | quad. | non-conv.
crudeoil_leel_07 79.75 1776 224 693 56 0 very easy | quad. | non-conv.
crudeoil_leel_08 79.75 2059 256 792 64 0 very easy | quad. | non-conv.
crudeoil_leel_09 79.75 2352 288 891 72 0 very easy | quad. | non-conv.
crudeoil_leel_10 79.75 2655 320 990 80 0 very easy | quad. | non-conv.
crudeoil_lee2_05 96.1699 2581 420 1085 70 0 easy quad. | non-conv.
crudeoil_lee2_06 101.1746 3117 504 1302 84 0 easy quad. non-conv.
crudeoil_lee2_07 101.1746 3670 588 1519 | 98 0 easy quad. | non-conv.
crudeoil_lee2_08 101.1746 4240 672 1736 | 112 0 easy quad. non-conv.
crudeoil_lee2_10 101.1746 5431 840 2170 | 140 0 medium quad. | non-conv.
crudeoil_lee3_05 85.4489 2786 490 1210 70 0 medium quad. non-conv.
crudeoil_lee3_06 85.4489 3359 588 1452 | 84 0 medium quad. | non-conv.
crudeoil_lee3_07 85.4489 3949 686 1694 98 0 medium quad. non-conv.
crudeoil_lee3_08 85.4489 4556 784 1936 | 112 0 medium quad. | non-conv.
crudeoil_lee3_09 85.4489 5180 882 2178 | 126 0 medium quad. non-conv.
crudeoil_lee3_10 85.4489 5821 980 2420 | 140 0 hard quad. non-conv.
crudeoil_lee4_05 132.5476 4241 760 1860 95 0 easy quad. non-conv.
crudeoil_lee4d_06 132.5476 5093 912 2232 | 114 0 easy quad. non-conv.
crudeoil_lee4d_07 132.5476 5965 1064 2604 | 133 0 easy quad. non-conv.
crudeoil_leed_08 132.5476 6857 1216 2976 | 152 0 easy quad. | non-conv.
crudeoil_lee4_09 132.5476 7769 1368 3348 | 171 0 easy quad. non-conv.
crudeoil_1i01 5122.5645 695 56 296 48 0 medium quad. non-conv.
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crudeoil_1i02 101567417.2 5004 54 1057 | 240 0 medium quad. non-conv.
crudeoil_1i03 3487.1501 2442 192 832 132 0 hard quad. | non-conv.
crudeoil_1i05 3135.0625 1916 192 808 132 0 medium quad. non-conv.
crudeoil 1106 3355.0 2436 192 832 132 0 hard quad. | non-conv.

crudeoil_pooling_ct?2 10246.22 732 70 295 108 0 medium quad. | non-conv.
crudeoil_pooling_ct4 13258.2597 924 95 395 138 0 medium quad. non-conv.
cvxnonsep_normcon?20 -21.7491 1 1 10 0 10 easy nonlin. conv.
cvxnonsep_normcon20r -21.7491 21 20 30 0 10 very easy | quad. conv.
cvxnonsep_normcon30 -34.244 1 1 15 0 15 easy nonlin. conv.
cvxnonsep_normcon30r -34.244 31 30 45 0 15 easy quad. conv.
cvxnonsep_normcon40 -32.6297 1 1 20 0 20 easy nonlin. conv.
cvxnonsep_normcon40r -32.6297 41 40 60 0 20 easy quad. conv.
cvxnonsep_nsig20 80.9493 1 1 10 0 10 medium sign. conv.
cvxnonsep_nsig20r 80.9493 21 20 30 0 10 easy nonlin. conv.
cvxnonsep_nsig30 130.6287 1 1 15 0 15 medium sign. conv.
cvxnonsep_nsig30r 156.4267 31 30 45 0 15 easy nonlin. conv.
cvxnonsep_nsig40 133.9613 1 1 20 0 20 medium sign. conv.
cvxnonsep_nsig40r 133.9613 41 40 60 0 20 easy nonlin. conv.
cvxnonsep_pcon20 -21.5123 1 1 10 0 10 easy nonlin. conv.
cvxnonsep_pcon20r -21.5123 20 19 29 0 10 easy nonlin. conv.
cvxnonsep_pcon30 -35.9868 1 1 15 0 15 easy nonlin. conv.
cvxnonsep_pcon30r -35.9868 30 29 44 0 15 easy nonlin. conv.
cvxnonsep_pcond40 -46.5992 1 1 20 0 20 medium | nonlin. conv.
cvxnonsep_pcon40r -46.5992 40 39 59 0 20 easy nonlin. conv.
cvxnonsep_psig20 93.8114 0 1 10 0 10 medium sign. conv.
cvxnonsep_psig30 78.9989 0 1 15 0 15 medium sign. conv.
cvxnonsep_psig40 85.4958 0 1 20 0 20 medium sign. conv.
cvxnonsep_psig40r 86.5451 42 41 62 0 20 easy nonlin. conv.
edgecross10-060 459.0 481 1 47 44 0 medium quad. | non-conv.
edgecross10-080 1037.0 481 1 17 74 0 very easy | quad. | non-conv.
edgecrossl14-078 725.0 1457 1 28 155 0 very easy | quad. | non-conv.
edgecrossl4-156 4310.0 1457 1 67 116 0 medium quad. | non-conv.
ex1221 7.6672 5 2 2 3 0 easy sign. non-conv.
ex1223a 4.5796 9 5 3 4 0 very easy | quad. conv.
ex1223b 4.5796 9 5 3 4 0 easy nonlin. conv.
ex1225 31.0 10 1 2 6 0 easy sign. non-conv.
ex1226 -17.0 5 1 2 3 0 easy sign. non-conv.
ex1263 19.6 55 4 20 72 0 very easy | quad. | non-conv.
ex1263a 19.6 35 4 0 4 20 very easy | quad. | non-conv.
ex1264 8.6 55 4 20 68 0 very easy | quad. | non-conv.
exl264a 8.6 35 4 0 4 20 very easy | quad. | non-conv.
ex1265 10.3 74 5 30 100 0 very easy | quad. | non-conv.
exl265a 10.3 44 5 0 5 30 very easy | quad. | non-conv.
ex1266 16.3 95 6 42 138 0 very easy | quad. | non-conv.
exl266a 16.3 53 6 0 6 42 very easy | quad. | non-conv.
exl4_1_1 -0.0 4 4 3 0 0 easy poly. non-conv.
exl4_1_4 -0.0 4 4 3 0 0 easy nonlin. | non-conv.
exl4_1_8 0.0 4 4 3 0 0 medium | nonlin. | non-conv.
ex14_1_9 -0.0 2 2 2 0 0 easy nonlin. N/A
exl4_2_2 0.0 5 4 4 0 0 easy nonlin. | non-conv.
ex1l4_2_5 0.0 5 4 4 0 0 easy nonlin. | non-conv.
ex14_2_8 0.0 5 4 4 0 0 easy nonlin. | non-conv.
ex1l4_2_9 0.0 5 4 4 0 0 easy nonlin. | non-conv.
ex2_1_ -17.0 1 1 5 0 0 very easy | quad. | non-conv.
ex2_1_2 -213.0 2 1 6 0 0 very easy | quad. | non-conv.
ex2_1_4 -11.0 5 1 6 0 0 very easy | quad. | non-conv.
ex2_1_6 -39.0 5 1 10 0 0 very easy | quad. | non-conv.
ex2_1_9 -0.375 1 1 10 0 0 easy quad. non-conv.
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ex3_1_1 7049.248 6 3 8 0 0 very easy | quad. | non-conv.
ex3_1_2 -30665.5387 6 7 5 0 0 very easy | quad. | non-conv.
ex3_1_3 -310.0 6 3 6 0 0 very easy | quad. | non-conv.
ex3_1_4 -4.0 3 1 3 0 0 very easy | quad. | non-conv.
ex3pb 68.0097 31 5 24 8 0 easy nonlin. | non-conv.
ex4 -8.0641 30 26 11 25 0 very easy | quad. conv.
ex4_1_1 -7.4873 0 1 1 0 0 easy poly. non-conv.
ex4_1_2 -663.5001 0 1 1 0 0 easy poly. non-conv.
ex4_1_3 -443.6717 0 1 1 0 0 easy poly. non-conv.
ex4_1_ 4 0.0 0 1 1 0 0 easy poly. N/A
ex4_1_6 7.0 0 1 1 0 0 easy poly. N/A
ex4_1_7 -7.5 0 1 1 0 0 easy poly. non-conv.
ex4_1_9 -5.508 2 2 2 0 0 easy poly. non-conv.
ex5_2_2_ casel -400.0 6 3 9 0 0 very easy | quad. | non-conv.
ex5_2_2_case?2 -600.0 6 3 9 0 0 very easy quad. non-conv.
ex5_2_2_ case3 -750.0 6 3 9 0 0 very easy | quad. | non-conv.
ex5_3_2 1.8642 16 9 22 0 0 very easy | quad. | non-conv.
ex5_4_2 7512.2301 6 3 8 0 0 very easy | quad. | non-conv.
ex7_2_2 -0.3888 5 5 6 0 0 easy sign. non-conv.
ex7_3_6 infeasible 17 10 17 0 0 easy poly. non-conv.
ex8_1_1 -2.0218 0 1 2 0 0 easy nonlin. | non-conv.
ex8_1_2 -1.0709 0 1 1 0 0 easy nonlin. | non-conv.
ex8_3_13 -43.0895 72 54 115 0 0 hard nonlin. | non-conv.
ex8_3_2 -0.4123 76 49 110 0 0 medium quad. | non-conv.
ex8_3_3 -0.4166 76 49 110 0 0 medium quad. non-conv.
ex8_3_4 -3.58 76 49 110 0 0 medium quad. | non-conv.
ex8_3_5 -0.0691 76 49 110 0 0 medium quad. non-conv.
ex8_3_8 -3.2561 93 65 126 0 0 medium quad. | non-conv.
ex8_3_9 -0.763 45 27 78 0 0 medium quad. non-conv.
ex9_1_4 -37.0 9 4 10 0 0 very easy | quad. | non-conv.
ex9_2_3 0.0 15 6 16 0 0 very easy quad. non-conv.
flay02h 37.9473 51 2 42 4 0 easy sign. conv.
flay03h 48.9898 144 3 110 12 0 easy sign. conv.
flay03m 48.9898 24 3 14 12 0 easy sign. conv.
flay04h 54.4059 282 4 210 24 0 easy sign. conv.
flay04m 54.4059 42 4 18 24 0 easy sign. conv.
flay05h 64.4981 465 5 342 40 0 medium sign. conv.
flay05m 64.4981 65 5 22 40 0 easy sign. conv.
flay0O6h 66.9328 693 6 506 60 0 medium sign. conv.
flayO6ém 66.9328 93 6 26 60 0 medium sign. conv.
fo7 20.7298 211 14 72 42 0 medium sign. conv.
fo7_2 17.7493 211 14 72 42 0 easy sign. conv.
fo7_ar25_1 23.0936 269 14 70 0 42 easy sign. conv.
fo7_ar2_1 24.8398 269 14 70 0 42 easy sign. conv.
fo7_ar3_1 22.5175 269 14 70 0 42 easy sign. conv.
fo7_ard_1 20.7298 269 14 70 0 42 easy sign. conv.
fo7_ar5_1 17.7493 269 14 70 0 42 easy sign. conv.
fo8 22.3819 273 16 90 56 0 medium sign. conv.
fo8_ar25_1 28.0452 347 16 88 0 56 medium sign. conv.
fo8_ar2_1 30.3406 347 16 88 0 56 medium sign. conv.
fo8_ar3_1 23.9101 347 16 88 0 56 easy sign. conv.
fo8_ard_1 22.3819 347 16 88 0 56 easy sign. conv.
fo8_ar5_1 22.3819 347 16 88 0 56 medium sign. conv.
fo9 23.4643 343 18 110 72 0 medium sign. conv.
fo9_ar25_1 32.1864 435 18 108 0 72 medium sign. conv.
fo9_ar2_1 32.625 435 18 108 0 72 medium sign. conv.
fo9_ar3_1 24.8155 435 18 108 0 72 medium sign. conv.
fo9_ard_1 23.4643 435 18 108 0 72 medium sign. conv.
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fo9 ar5_ 1 23.4643 435 18 108 0 72 hard sign. conv.
gabrielOl 45.2444 467 48 143 72 0 medium quad. | non-conv.
gabriel02 39.6097 597 96 190 71 0 hard quad. | non-conv.
gabriel0O4 9.2266 943 128 260 101 0 hard quad. | non-conv.
gabriel05 infeasible 1795 192 519 | 256 0 hard quad. | non-conv.

gasprod_sarawak01 -32445.4049 212 34 93 38 0 very easy | quad. | non-conv.
gastrans 89.0858 149 24 85 21 0 very easy poly. non-conv.

gear 0.0 0 1 0 0 4 easy sign. N/A

gear3 0.0 4 1 4 0 4 easy sign. N/A
genpooling_leel -4640.0824 82 20 40 9 0 easy quad. non-conv.
genpooling_lee? -3849.2654 92 30 44 9 0 easy quad. | non-conv.
genpooling_meyer04 1086187.137 141 15 63 55 0 medium quad. non-conv.
genpooling_meyerl0 1086187.137 423 33 207 187 0 medium quad. | non-conv.
gkocis -1.9231 8 2 8 3 0 easy nonlin. | non-conv.
gsg_0001 2378.1605 112 1 78 0 0 easy sign. non-conv.
himmell6 -0.866 21 21 18 0 0 medium quad. | non-conv.
house -4500.0 8 3 8 0 0 very easy | quad. | non-conv.
hydroenergyl 209721.0066 428 48 192 96 0 medium quad. | non-conv.
hydroenergy?2 371811.847 856 96 384 192 0 medium quad. | non-conv.
hydroenergy3 744963.7246 1498 168 672 336 0 medium quad. | non-conv.
inscribedsquare0l 0.9901 8 9 8 0 0 easy nonlin. | non-conv.
inscribedsquare02 0.968 8 9 8 0 0 easy nonlin. | non-conv.
kall_circles_céba 2.1117 54 22 18 0 0 medium quad. non-conv.
kall_circles_c6b 1.9736 54 22 18 0 0 medium quad. | non-conv.
kall_circles_cé6c 2.7977 63 29 20 0 0 medium quad. non-conv.
kall_circles_c7a 2.6628 69 29 20 0 0 medium quad. | non-conv.
kall_circles_c8a 2.5409 86 37 22 0 0 medium quad. non-conv.
kall_circlespolygons_clpll 0.1996 48 21 43 0 0 very easy | quad. | non-conv.
kall_circlespolygons_clpl2 0.3396 48 21 43 0 0 medium quad. | non-conv.
kall_circlespolygons_clpl3 0.3396 48 21 43 0 0 medium quad. | non-conv.
kall_circlespolygons_clpba 2.8487 174 106 158 0 0 medium quad. | non-conv.
kall_circlespolygons_clpbb 3.7696 816 631 791 0 0 hard quad. | non-conv.
kall_circlespolygons_clp6a 3.744 1134 904 1110 0 0 hard quad. | non-conv.
kall_circlesrectangles_clrll 0.1996 52 23 49 0 0 very easy | quad. | non-conv.
kall_circlesrectangles_clrl2 0.3396 52 23 49 0 0 medium quad. non-conv.
kall_circlesrectangles_clrl3 0.2146 52 23 49 0 0 medium quad. | non-conv.
kall_circlesrectangles_co6rl 7.1645 192 133 184 0 0 medium quad. non-conv.
kall_circlesrectangles_c6r29 6.2952 388 283 390 0 0 medium quad. non-conv.
kall_circlesrectangles_c6r39 6.1752 619 466 634 0 0 hard quad. non-conv.
kall_congruentcircles_c31 0.6438 16 4 10 0 0 very easy | quad. | non-conv.
kall_congruentcircles_c32 1.3759 16 4 10 0 0 very easy | quad. | non-conv.
kall_congruentcircles_c4l 0.8584 24 7 12 0 0 very easy | quad. | non-conv.
kall_congruentcircles_c42 0.8584 24 7 12 0 0 very easy | quad. | non-conv.
kall_congruentcircles_c51 1.073 34 11 14 0 0 easy quad. | non-conv.
kall_congruentcircles_c52 1.5371 34 11 14 0 0 very easy | quad. | non-conv.
kall_congruentcircles_c61 1.2876 46 16 16 0 0 medium quad. non-conv.
kall_congruentcircles_c62 1.2876 46 16 16 0 0 very easy | quad. | non-conv.
kall_congruentcircles_c63 1.2876 46 16 16 0 0 very easy | quad. | non-conv.
kall_congruentcircles_c71 1.5022 60 22 18 0 0 medium quad. | non-conv.
kall_congruentcircles_c72 1.9663 60 22 18 0 0 easy quad. | non-conv.
kall_diffcircles_10 11.9355 71 46 24 0 0 hard quad. | non-conv.
kall_diffcircles_ba 5.1162 24 11 14 0 0 very easy | quad. | non-conv.
kall_diffcircles_5b 5.1162 24 11 14 0 0 easy quad. | non-conv.
kall_diffcircles_6 7.7879 31 16 16 0 0 very easy | quad. | non-conv.
kall_diffcircles_7 7.1531 40 22 18 0 0 medium quad. | non-conv.
kall_diffcircles_8 14.4813 49 29 20 0 0 medium quad. non-conv.
kall_diffcircles_9 13.3503 60 37 22 0 0 medium quad. | non-conv.
kall_ellipsoids_tc02b 32.4 128 48 124 0 0 medium nonlin. | non-conv.
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kall_ellipsoids_tc03c 36.4536 196 74 193 0 0 medium | nonlin. | non-conv.
kall_ellipsoids_tc05a 39.3979 461 321 464 0 0 hard poly. non-conv.
kport40 37.1758 48 38 153 3 111 hard sign. non-conv.
kriging_peaks—-full010 0.2911 24 20 26 0 0 easy nonlin. | non-conv.
kriging_peaks-full020 0.3724 44 40 46 0 0 medium | nonlin. | non-conv.
kriging_peaks-full030 -1.5866 64 60 66 0 0 medium | nonlin. | non-conv.
kriging_peaks-full050 -1.1566 104 100 106 0 0 medium | nonlin. | non-conv.
kriging_peaks-fulll00 -2.6375 204 200 206 0 0 medium | nonlin. | non-conv.
kriging_peaks-full200 -3.8902 404 400 406 0 0 medium | nonlin. | non-conv.
kriging_peaks-full500 -4.928 1004 1000 1006 0 0 hard nonlin. | non-conv.
m3 37.8 43 6 20 6 0 easy sign. conv.
mé 82.2569 157 12 56 30 0 easy sign. conv.
m7 106.7569 211 14 72 42 0 easy sign. conv.
m7_ar25_1 143.585 269 14 70 0 42 easy sign. conv.
m7_ar2_1 190.235 269 14 70 0 42 easy sign. conv.
m7_ar3_1 143.585 269 14 70 0 42 easy sign. conv.
m7_ard_1 106.7569 269 14 70 0 42 easy sign. conv.
m7_ar5_1 106.46 269 14 70 0 42 easy sign. conv.
mathopt4 0.0 2 2 2 0 0 easy nonlin. | non-conv.
mathopt5_1 -0.9996 0 1 1 0 0 easy nonlin. N/A
mathopt5_2 -1.0 0 1 1 0 0 easy nonlin. N/A
mathopt5_3 -1.6164 0 1 1 0 0 easy nonlin. | non-conv.
mathopt5_4 0.0 0 1 1 0 0 easy poly. N/A
mathopt5_5 -14.838 0 1 1 0 0 easy nonlin. N/A
mathopt5_7 -4.4367 0 1 1 0 0 easy poly. non-conv.
mathopt5_8 -0.6861 0 1 1 0 0 easy poly. N/A
mathopt 6 -3.3069 0 1 2 0 0 easy nonlin. N/A
milinfract 2.6339 501 1 500 | 500 0 hard nonlin. | non-conv.
no7_ar25_1 107.8153 269 14 70 0 42 easy sign. conv.
no7_ar2_1 107.8153 269 14 70 0 42 easy sign. conv.
no7_ar3_1 107.8153 269 14 70 0 42 medium sign. conv.
no7_ar4_1 98.5184 269 14 70 0 42 medium sign. conv.
no7_ar5_1 90.6227 269 14 70 0 42 medium sign. conv.
nuclearlda -1.1296 633 584 392 600 0 hard quad. | non-conv.
nuclearl4b -1.1276 1785 560 968 600 0 hard quad. | non-conv.
nuclear25a -1.1207 659 608 408 | 650 0 hard quad. | non-conv.
nuclear25b -1.1158 1909 583 1033 | 650 0 hard quad. | non-conv.
nvs04 0.72 0 1 0 0 2 easy poly. N/A
nvs06 1.7703 0 1 0 0 2 easy sign. N/A
nvsl0 -310.8 2 3 0 0 2 very easy | quad. conv.
nvsll -431.0 3 4 0 0 3 very easy | quad. conv.
nvsl2 -481.2 4 5 0 0 4 very easy | quad. conv.
nvsl3 -585.2 5 6 0 0 5 very easy | quad. | non-conv.
nvsl5 1.0 1 1 0 0 3 very easy | quad. conv.
nvsl7 -1100.4 7 8 0 0 7 very easy | quad. | non-conv.
nvsl8 -778.4 6 7 0 0 6 very easy | quad. | non-conv.
nvs23 -1125.2 9 10 0 0 9 medium quad. | non-conv.
nvs24 -1033.2 10 11 0 0 10 medium quad. | non-conv.
o7 131.6531 211 14 72 42 0 medium sign. conv.
o7_2 116.9459 211 14 72 42 0 medium sign. conv.
o7_ar25_1 140.412 269 14 70 0 42 medium sign. conv.
o7_ar2_1 140.412 269 14 70 0 42 medium sign. conv.
o7_ar3_1 137.9318 269 14 70 0 42 medium sign. conv.
o7_ard_1 131.6531 269 14 70 0 42 medium sign. conv.
o7_ar5_1 116.9458 269 14 70 0 42 medium sign. conv.
o8_ard_1 243.0707 347 16 88 0 56 medium sign. conv.
09_ard_1 236.1385 435 18 108 0 72 hard sign. conv.
oaer -1.9231 7 2 6 3 0 easy nonlin. | non-conv.
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oil -0.9325 1546 418 1516 19 0 hard nonlin. | non-conv.
0il2 -0.7333 926 284 934 2 0 medium | nonlin. | non-conv.
ortez -9532.0391 74 27 69 18 0 easy sign. non-conv.
orth_d3m6 0.7071 62 52 25 0 0 medium poly. non-conv.
orth_d3m6_pl 0.7071 127 66 42 0 0 medium poly. non-conv.
orth_d4m6_pl 0.6495 86 41 42 0 0 medium poly. non-conv.
p_ball_10b_5p_2d_m 18.7186 109 50 30 50 0 very easy quad. conv.
p_ball_10b_5p_4d_m 71.3719 149 50 60 50 0 easy quad. conv.
p_ball_10b_7p_3d_m 109.8032 219 70 84 70 0 easy quad. conv.
p_ball_15b_5p_2d_m 6.5999 139 75 30 75 0 easy quad. conv.
p_ball_20b_5p_2d_m 2.4372 169 100 30 100 0 easy quad. conv.
p_ball_20b_5p_3d_m 19.7365 189 100 45 100 0 medium quad. conv.
p_ball_30b_10p_2d_m 41.934 529 300 110 300 0 medium quad. conv.
p_ball_30b_5p_2d_m 0.2916 229 150 30 150 0 medium quad. conv.
p_ball_30b_5p_3d_m 8.2183 249 150 45 150 0 medium quad. conv.
p_ball_30b_7p_2d_m 13.9338 337 210 56 210 0 medium quad. conv.
p_ball_40b_5p_3d_m 9.7772 309 200 45 200 0 medium quad. conv.
p_ball_40b_5p_4d_m 30.1327 329 200 60 200 0 medium quad. conv.
pindyck -1170.4863 96 32 116 0 0 medium | nonlin. | non-conv.
pointpack02 2.0 3 1 5 0 0 very easy | quad. | non-conv.
pointpack04 1.0 10 6 9 0 0 very easy | quad. non-conv.
pointpack06 0.3611 21 15 13 0 0 very easy | quad. | non-conv.
pointpack08 0.2679 36 28 17 0 0 medium quad. | non-conv.
pointpackl0 0.1775 55 45 21 0 0 medium quad. | non-conv.
pointpackl2 0.1511 78 66 25 0 0 medium quad. | non-conv.
pointpackl4 0.1217 105 91 29 0 0 medium quad. | non-conv.
polygon25 -0.7798 324 301 50 0 0 hard nonlin. | non-conv.
polygon50 -0.7839 1274 1226 100 0 0 hard nonlin. | non-conv.
pooling_adhyalpg -549.8031 49 20 33 0 0 very easy | quad. non-conv.
pooling_adhyalstp -549.8031 71 40 46 0 0 medium quad. | non-conv.
pooling_adhyaltp -549.8031 49 20 33 0 0 easy quad. | non-conv.
pooling_adhya2pqgq -549.8031 57 20 33 0 0 very easy | quad. | non-conv.
pooling_adhya2stp -549.8031 79 40 46 0 0 medium quad. | non-conv.
pooling_adhya2tp -549.8031 57 20 33 0 0 easy quad. | non-conv.
pooling_adhya3pgq -561.0447 74 32 52 0 0 easy quad. | non-conv.
pooling_adhya3stp -561.0447 109 64 72 0 0 medium quad. | non-conv.
pooling_adhya3tp -561.0447 74 32 52 0 0 medium quad. | non-conv.
pooling_adhyadpq -877.6457 7 40 58 0 0 very easy | quad. | non-conv.
pooling_adhya4dstp -877.6457 119 80 76 0 0 easy quad. | non-conv.
pooling_adhyadtp -877.6457 7 40 58 0 0 easy quad. | non-conv.
pooling_bentaldpg -450.0 16 6 13 0 0 very easy quad. non-conv.
pooling_bentaldtp -450.0 16 6 13 0 0 very easy | quad. | non-conv.
pooling_bental5pg -3500.0 86 60 92 0 0 very easy | quad. non-conv.
pooling_bentalS5stp -3500.0 149 120 119 0 0 medium quad. | non-conv.
pooling_bental5tp -3500.0 86 60 92 0 0 very easy | quad. non-conv.
pooling_digabell6 -2410.6877 117 81 171 0 0 medium quad. | non-conv.
pooling_digabell8 -689.1606 412 390 208 0 0 medium quad. non-conv.
pooling_digabell9 -4539.9122 171 128 212 0 0 medium quad. | non-conv.
pooling_foulds2pg -1100.0 34 16 36 0 0 very easy quad. non-conv.
pooling_foulds2stp -1100.0 52 32 48 0 0 very easy | quad. | non-conv.
pooling_foulds2tp -1100.0 34 16 36 0 0 very easy | quad. | non-conv.
pooling_foulds3pg -8.0 571 512 672 0 0 very easy | quad. | non-conv.
pooling_foulds3stp -8.0 1091 1024 832 0 0 medium quad. non-conv.
pooling_foulds3tp -8.0 571 512 672 0 0 very easy | quad. | non-conv.
pooling_fouldsdpg -8.0 571 512 672 0 0 very easy quad. non-conv.
pooling_foulds4stp -8.0 1091 1024 832 0 0 hard quad. | non-conv.
pooling_foulds4tp -8.0 571 512 672 0 0 very easy | quad. | non-conv.
pooling_foulds5pg -8.0 563 512 608 0 0 very easy | quad. | non-conv.
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pooling_foulds5stp -8.0 1079 1024 704 0 0 hard quad. | non-conv.
pooling_foulds5tp -8.0 563 512 608 0 0 easy quad. non-conv.
pooling_haverlylpg -400.0 13 4 10 0 0 very easy | quad. | non-conv.

pooling_haverlylstp -400.0 18 8 14 0 0 very easy quad. non-conv.
pooling_haverlyltp -400.0 13 4 10 0 0 very easy | quad. | non-conv.
pooling_haverly2pg -600.0 13 4 10 0 0 very easy quad. non-conv.
pooling_haverly2stp -600.0 18 8 14 0 0 very easy | quad. | non-conv.
pooling_haverly2tp -600.0 13 4 10 0 0 very easy quad. non-conv.
pooling_haverly3pg -750.0 13 4 10 0 0 very easy | quad. | non-conv.
pooling_haverly3stp -750.0 18 8 14 0 0 very easy quad. non-conv.
pooling_haverly3tp -750.0 13 4 10 0 0 very easy | quad. | non-conv.
pooling_rt2pg -4391.8259 52 18 34 0 0 very easy quad. non-conv.
pooling_rt2stp -4391.8259 72 36 46 0 0 very easy | quad. | non-conv.
pooling_rt2tp -4391.8259 52 18 34 0 0 very easy | quad. | non-conv.
pooling_sppalpg -35812.3336 744 329 500 0 0 hard quad. | non-conv.
pooling_sppaOstp -35812.3336 1083 658 616 0 0 hard quad. | non-conv.
pooling_sppalOtp -35812.3336 744 329 500 0 0 hard quad. | non-conv.
pooling_sppabpg -27915.8392 1383 968 1245 0 0 hard quad. | non-conv.
pooling_sppabstp -27829.022 2361 1936 1441 0 0 hard quad. | non-conv.
pooling_sppabtp -27922.0748 1383 968 1245 0 0 hard quad. | non-conv.
pooling_sppa9pgq -21933.994 2407 1992 2399 0 0 hard quad. | non-conv.
pooling_sppa9tp -21933.994 2407 1992 2399 0 0 hard quad. | non-conv.
pooling_sppbOpg -43412.4119 1957 1153 1537 0 0 hard quad. | non-conv.
pooling_sppbOtp -43372.8152 1957 1153 1537 0 0 hard quad. | non-conv.
portfol_classical050_1 -0.0948 103 1 100 50 0 easy quad. conv.
portfol_classical200_2 -0.1101 403 1 400 | 200 0 medium quad. conv.
portfol_robust050_34 -0.0721 156 2 152 51 0 easy quad. non-conv.
portfol_robust100_09 -0.105 306 2 302 101 0 medium quad. non-conv.
portfol_robust200_03 -0.1291 606 2 602 201 0 medium quad. non-conv.
portfol_shortfall050_68 -1.0972 157 2 153 51 0 easy quad. | non-conv.
portfol_shortfalll00_04 -1.1179 307 2 303 101 0 medium quad. non-conv.
portfol_shortfall200_05 -1.1273 607 2 603 201 0 medium quad. non-conv.
pricing050 -1813.8291 5 5 50 0 0 medium | nonlin. N/A
prob03 10.0 1 1 0 0 2 very easy | quad. | non-conv.
prob06 1.1771 2 2 2 0 0 very easy | quad. | non-conv.
prob09 -0.0 1 1 3 0 0 easy poly. non-conv.

probl0 3.4455 2 1 1 0 1 easy nonlin. N/A

procsel -1.9231 7 2 7 3 0 easy nonlin. | non-conv.

procurement2mot 212.0707 761 12 736 60 0 easy sign. conv.
product -2142.9481 1925 132 1446 | 107 0 easy quad. | non-conv.
product?2 -2102.3893 3125 528 2714 | 128 0 medium quad. | non-conv.

rbrock 0.0 0 1 2 0 0 easy poly. N/A

ringpack_10_1 -20.0665 385 330 20 50 0 medium quad. | non-conv.
ringpack_10_2 -20.0665 475 420 20 60 0 medium quad. | non-conv.
ringpack_20_1 -36.3387 2547 2337 40 175 0 medium quad. | non-conv.
ringpack_20_2 -39.3413 2927 2717 40 195 0 medium quad. | non-conv.
ringpack_20_3 -38.6317 3228 3055 40 213 0 medium quad. | non-conv.
rsyn0805hfsg 1296.1206 429 3 271 37 0 easy nonlin. conv.
rsyn0805m 1296.1206 286 3 101 69 0 easy nonlin. conv.
rsyn0805m02hfsg 2238.3954 1045 6 552 148 0 easy nonlin. conv.
rsyn0805m02m 2238.3954 769 6 212 148 0 easy nonlin. conv.
rsyn0805m03hfsg 3068.9314 1698 9 828 222 0 easy nonlin. conv.
rsyn0805m03m 3068.9314 1284 9 318 | 222 0 easy nonlin. conv.
rsyn0805m04hfsg 7174.219 2438 12 1104 | 296 0 easy nonlin. conv.
rsyn0805m04m 7174.219 1886 12 424 296 0 easy nonlin. conv.
rsyn0810hfsg 1721.4477 483 6 301 42 0 easy nonlin. conv.
rsyn0810m 1721.4477 312 6 111 74 0 easy nonlin. conv.
rsyn0810m02hfsg 1741.3869 1188 12 622 168 0 medium | nonlin. conv.
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TABLE E.1. Benchmark set (cont.)

Number of Number of variables Classification
Instance objective constr. ‘ nonlin. egs. | cont. ‘ bin. ‘ int. difficulty ‘ type ‘ convexity
rsyn0810m02m 1741.3869 866 12 242 168 0 easy nonlin. conv.
rsyn0810m03hfsg 2722.448 1935 18 933 252 0 medium | nonlin. conv.
rsyn0810m03m 2722.448 1452 18 363 252 0 easy nonlin. conv.
rsyn0810m04hfsg 6581.9344 2784 24 1244 | 336 0 medium nonlin. conv.
rsyn0810m04m 6581.9344 2140 24 484 336 0 easy nonlin. conv.
rsyn0815hfsg 1269.9256 552 11 340 47 0 easy nonlin. conv.
rsyn0815m 1269.9256 347 11 126 79 0 easy nonlin. conv.
rsyn0815m02hfsg 1774.3973 1361 22 710 188 0 medium | nonlin. conv.
rsyn0815m02m 1774.3973 981 22 282 188 0 easy nonlin. conv.
rsyn0815m03hfsg 2827.9259 2217 33 1065 | 282 0 medium | nonlin. conv.
rsyn0815m03m 2827.9259 1647 33 423 282 0 easy nonlin. conv.
rsyn0815m04hfsg 3410.8543 3190 44 1420 | 376 0 medium | nonlin. conv.
rsyn0815m04m 3410.8543 2430 44 564 376 0 medium | nonlin. conv.
rsyn0820hfsg 1150.3005 604 14 365 52 0 easy nonlin. conv.
rsyn0820m 1150.3005 371 14 131 84 0 easy nonlin. conv.
rsyn0820m02hfsg 1092.0911 1500 28 770 208 0 medium | nonlin. conv.
rsyn0820m02m 1092.0911 1074 28 302 208 0 easy nonlin. conv.
rsyn0820m03m 2028.8119 1809 42 453 | 312 0 easy nonlin. conv.
rsyn0820m04hfsg 2450.7722 3528 56 1540 | 416 0 medium | nonlin. conv.
rsyn0820m04m 2450.7722 2676 56 604 416 0 medium | nonlin. conv.
rsyn0830hfsg 510.072 716 20 432 62 0 easy nonlin. conv.
rsyn0830m 510.072 425 20 156 94 0 easy nonlin. conv.
rsyn0830m02hfsg 730.5072 1794 40 924 248 0 medium | nonlin. conv.
rsyn0830m02m 730.5072 1272 40 372 248 0 easy nonlin. conv.
rsyn0830m03hfsg 1543.0593 2934 60 1386 | 372 0 medium | nonlin. conv.
rsyn0830m03m 1543.0593 2151 60 558 | 372 0 easy nonlin. conv.
rsyn0830m04hfsg 2529.0734 4236 80 1848 | 496 0 medium | nonlin. conv.
rsyn0830m04m 2529.0734 3192 80 744 | 496 0 easy nonlin. conv.
rsyn0840hfsg 325.5545 837 28 496 72 0 medium | nonlin. conv.
rsyn0840m 325.5545 484 28 176 104 0 easy nonlin. conv.
rsyn0840m02hfsg 734.9835 2106 56 1072 | 288 0 medium | nonlin. conv.
rsyn0840m02m 734.9835 1480 56 432 288 0 easy nonlin. conv.
rsyn0840m03m 2742.6457 2508 84 648 | 432 0 easy nonlin. conv.
rsyn0840m04hfsg 2564.4995 4980 112 2144 | 576 0 medium | nonlin. conv.
rsyn0840m04m 2564.4995 3728 112 864 576 0 medium | nonlin. conv.
sepl -510.081 31 6 27 2 0 very easy | quad. | non-conv.
sfaclocl_2_80 12.7521 2088 15 169 62 0 medium poly. non-conv.
sfaclocl_2_90 17.8916 348 15 169 30 0 medium poly. non-conv.
sfaclocl_2_95 18.8501 208 15 162 9 0 medium poly. non-conv.
sfaclocl_3_80 8.5231 2161 15 231 62 0 medium poly. non-conv.
sfaclocl_3_90 11.622 421 15 231 30 0 medium poly. non-conv.
sfaclocl_3_95 12.3025 281 15 224 9 0 medium poly. non-conv.
sfaclocl_4_80 7.8791 2234 15 293 62 0 medium poly. non-conv.
sfaclocl_4_90 10.4575 494 15 293 30 0 medium poly. non-conv.
sfaclocl_4_95 11.1841 354 15 286 9 0 medium poly. non-conv.
sfacloc2_2_80 13.2795 2165 30 154 92 0 easy poly. non-conv.
sfacloc2_2_90 18.5941 393 30 154 60 0 easy poly. non-conv.
sfacloc2_2_95 19.5776 239 30 147 39 0 very easy poly. non-conv.
sfacloc2_3_80 11.0585 2268 45 216 107 0 medium poly. non-conv.
sfacloc2_3_90 15.0945 496 45 216 75 0 medium poly. non-conv.
sfacloc2_3_95 16.1511 342 45 209 54 0 very easy poly. non-conv.
sfacloc2_4_80 9.9531 2371 60 278 122 0 medium poly. non-conv.
sfacloc2_4_90 13.4115 599 60 278 90 0 medium poly. non-conv.
sfacloc2_4_95 14.2992 445 60 271 69 0 very easy poly. non-conv.
st_bpafla -45.3797 10 1 10 0 0 very easy | quad. | non-conv.
st_bpaflb -42.9626 10 1 10 0 0 very easy | quad. | non-conv.
st_bpkl -13.0 6 1 4 0 0 very easy | quad. | non-conv.
st_bsj3 -86768.55 1 1 6 0 0 very easy | quad. | non-conv.
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Number of

Number of variables

Classification

Instance objective constr. ‘ nonlin. egs. | cont. ‘ bin. ‘ int. difficulty ‘ type ‘ convexity
st_bsj4 -70262.05 4 1 6 0 0 very easy | quad. | non-conv.
st_e01 -6.6667 1 1 2 0 0 very easy | quad. | non-conv.
st_e02 201.1593 3 3 3 0 0 very easy | quad. | non-conv.
st_e05 7049.2493 3 2 5 0 0 very easy | quad. | non-conv.
st_e06 0.0 3 1 3 0 0 easy poly. non-conv.
st_e07 -400.0 7 3 10 0 0 very easy | quad. | non-conv.
st_e08 0.7418 2 2 2 0 0 very easy | quad. | non-conv.
st_e09 -0.5 1 2 2 0 0 very easy | quad. | non-conv.
st_el2 -4.5142 3 1 4 0 0 easy sign. non-conv.
st_el3 2.0 2 1 1 1 0 very easy | quad. | non-conv.
st_el5 7.6672 5 2 2 3 0 easy sign. non-conv.
st_el8 -2.8284 4 2 2 0 0 very easy | quad. | non-conv.
st_el9 -118.7049 2 2 2 0 0 easy poly. non-conv.
st_e2l -13.4019 6 1 6 0 0 easy sign. non-conv.
st_e22 -85.0 5 1 2 0 0 very easy | quad. non-conv.
st_e23 -1.0833 2 1 2 0 0 very easy | quad. | non-conv.
st_e24 3.0 4 1 2 0 0 very easy | quad. | non-conv.
st_e26 -185.7792 4 1 2 0 0 very easy | quad. | non-conv.
st_e27 2.0 6 1 2 2 0 very easy | quad. non-conv.
st_e30 -1.5811 15 5 14 0 0 very easy | quad. | non-conv.
st_e31l -2.0 135 5 88 24 0 very easy | quad. | non-conv.
st_e33 -400.0 6 3 9 0 0 very easy | quad. | non-conv.
st_e34 0.0156 4 4 6 0 0 very easy | quad. | non-conv.
st_e4d0 30.4142 8 4 1 0 3 easy poly. non-conv.
st_e4l 641.8236 2 3 4 0 0 easy sign. non-conv.
st_glmp_fp3 -12.0 8 1 4 0 0 very easy | quad. | non-conv.
st_glmp_kk92 -12.0 8 1 4 0 0 very easy | quad. | non-conv.
st_ht -1.6 3 1 2 0 0 very easy | quad. | non-conv.
st_igpbkl -621.4878 7 1 8 0 0 very easy | quad. | non-conv.
st_igpbk2 -1195.2256 7 1 8 0 0 very easy | quad. | non-conv.
st_migp3 -6.0 1 1 0 0 2 very easy | quad. conv.
st_migp4 -4574.0 4 1 3 0 3 very easy | quad. conv.
st_migp5 -333.8889 13 1 5 0 2 very easy | quad. conv.
st_panl -5.2837 4 1 3 0 0 very easy | quad. | non-conv.
st_phl -230.1173 5 1 6 0 0 very easy | quad. | non-conv.
st_phll -11.2812 4 1 3 0 0 very easy | quad. | non-conv.
st_phl2 -22.625 4 1 3 0 0 very easy | quad. | non-conv.
st_phl3 -11.2812 10 1 3 0 0 very easy | quad. | non-conv.
st_phl4 -229.7222 10 1 3 0 0 very easy | quad. | non-conv.
st_phl5 -392.7037 4 1 4 0 0 very easy | quad. | non-conv.
st_ph2 -1028.1173 5 1 6 0 0 very easy | quad. | non-conv.
st_ph3 -420.2348 5 1 6 0 0 very easy | quad. | non-conv.
st_gpc-m3a -382.695 10 1 10 0 0 very easy | quad. | non-conv.
st_gpc-m3b 0.0 10 1 10 0 0 very easy | quad. | non-conv.
st_qgpk2 -12.25 12 1 6 0 0 very easy | quad. | non-conv.
st_qgpk3 -36.0 22 1 11 0 0 very easy | quad. | non-conv.
st_robot 0.0 8 7 8 0 0 very easy | quad. | non-conv.
st_rvl -59.9439 5 1 10 0 0 very easy | quad. | non-conv.
st_rv2 -64.4807 10 1 20 0 0 very easy | quad. | non-conv.
st_rv3 -35.7607 20 1 20 0 0 very easy | quad. | non-conv.
st_rv7 -138.1875 20 1 30 0 0 very easy | quad. | non-conv.
st_rv8 -132.6616 20 1 40 0 0 very easy | quad. | non-conv.
st_rv9 -120.1531 20 1 50 0 0 very easy | quad. | non-conv.
st_testgrl -12.8116 5 1 0 0 10 very easy | quad. conv.
st_testgr3 -20.59 20 1 0 0 20 very easy | quad. conv.
st_testphd -80.5 10 1 0 0 3 very easy | quad. conv.
supplychain 2260.2566 30 6 24 3 0 very easy | quad. | non-conv.
syn05hfsg 837.7324 58 3 37 5 0 easy nonlin. conv.
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Number of Number of variables Classification
Instance objective constr. ‘ nonlin. egs. | cont. ‘ bin. ‘ int. difficulty ‘ type ‘ convexity
syn05m02hfsg 3032.7354 151 6 84 20 0 easy nonlin. conv.
syn05m02m 3032.7354 101 6 40 20 0 easy nonlin. conv.
syn05m03hfsg 4027.3718 249 9 126 30 0 easy nonlin. conv.
syn05m03m 4027.3718 174 9 60 30 0 easy nonlin. conv.
syn05m04hfsg 5510.3873 362 12 168 40 0 easy nonlin. conv.
syn05m04m 5510.3873 262 12 80 40 0 easy nonlin. conv.
synlOhfsg 1267.3536 112 6 67 10 0 easy nonlin. conv.
synlOm 1267.3536 54 6 25 10 0 easy nonlin. conv.
synlOm02hfsg 2310.3007 294 12 154 40 0 easy nonlin. conv.
synlOm02m 2310.3007 198 12 70 40 0 easy nonlin. conv.
synlOm03hfsg 3354.6828 486 18 231 60 0 easy nonlin. conv.
synl0m03m 3354.6828 342 18 105 60 0 easy nonlin. conv.
synlOm04hfsg 4557.0623 708 24 308 80 0 easy nonlin. conv.
synlOm04m 4557.0623 516 24 140 80 0 easy nonlin. conv.
synl5hfsg 853.2847 181 11 106 15 0 easy nonlin. conv.
synl5m 853.2847 89 11 40 15 0 easy nonlin. conv.
synl5m02hfsg 2832.7489 467 22 242 60 0 easy nonlin. conv.
synl5m02m 2832.7489 313 22 110 60 0 easy nonlin. conv.
synl5m03hfsg 3850.1818 768 33 363 90 0 easy nonlin. conv.
synl5m03m 3850.1818 537 33 165 90 0 easy nonlin. conv.
synl5m04hfsg 4937.4777 1114 44 484 120 0 medium | nonlin. conv.
synl5m04m 4937.4777 806 44 220 120 0 easy nonlin. conv.
syn20hfsg 924.2633 233 14 131 20 0 easy nonlin. conv.
syn20m 924.2633 113 14 45 20 0 easy nonlin. conv.
syn20m02hfsg 1752.1332 606 28 302 80 0 medium | nonlin. conv.
syn20m02m 1752.1332 406 28 130 80 0 easy nonlin. conv.
syn20m03hfsg 2646.9509 999 42 453 120 0 medium | nonlin. conv.
syn20m03m 2646.9509 699 42 195 120 0 easy nonlin. conv.
syn20m04hfsg 3532.7439 1452 56 604 160 0 medium | nonlin. conv.
syn20m04m 3532.7439 1052 56 260 160 0 easy nonlin. conv.
syn30hfsg 138.1596 345 20 198 30 0 medium | nonlin. conv.
syn30m 138.1596 167 20 70 30 0 easy nonlin. conv.
syn30m02hfsg 399.6831 900 40 456 120 0 hard nonlin. conv.
syn30m02m 399.6831 604 40 200 120 0 easy nonlin. conv.
syn30m03hfsg 654.1542 1485 60 684 180 0 medium | nonlin. conv.
syn30m03m 654.1542 1041 60 300 180 0 easy nonlin. conv.
syn30m04hfsg 865.722 2160 80 912 240 0 medium | nonlin. conv.
syn30m04m 865.722 1568 80 400 | 240 0 easy nonlin. conv.
syn40hfsg 67.7133 466 28 262 40 0 medium | nonlin. conv.
syn40m 67.7133 226 28 90 40 0 easy nonlin. conv.
syn40m02hfsg 388.7724 1212 56 604 160 0 medium | nonlin. conv.
syn40m02m 388.7724 812 56 260 160 0 easy nonlin. conv.
syn40m03hfsg 395.148 1998 84 906 240 0 medium | nonlin. conv.
syn40m03m 395.148 1398 84 390 240 0 easy nonlin. conv.
syn40m04hfsg 901.7511 2904 112 1208 | 320 0 medium | nonlin. conv.
syn40m04m 901.7511 2104 112 520 320 0 easy nonlin. conv.
£1000 0.0 28 24 1002 0 0 easy nonlin. | non-conv.
tanksize 1.2686 74 21 38 9 0 easy sign. non-conv.
tlnl2 90.5 72 12 0 12 156 medium quad. | non-conv.
tln2 5.3 12 2 0 2 6 very easy | quad. | non-conv.
tln4 8.3 24 4 0 4 20 very easy | quad. | non-conv.
t1ln5 10.3 30 5 0 5 30 easy quad. | non-conv.
tlné6 15.3 36 6 0 6 42 easy quad. | non-conv.
tln7 15.0 42 7 0 7 56 medium quad. | non-conv.
tloss 16.3 53 6 0 6 42 very easy | quad. | non-conv.
tls4 8.3 64 4 16 85 4 medium sign. conv.
tls5 10.3 90 5 25 131 5 medium sign. conv.
tls6 15.3 120 6 36 173 6 medium sign. conv.
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Number of Number of variables Classification
Instance objective constr. ‘ nonlin. egs. | cont. ‘ bin. ‘ int. difficulty ‘ type ‘ convexity
tls7 15.0 154 7 49 289 7 hard sign. conv.
tltr 48.0667 54 3 0 12 36 very easy | quad. | non-conv.
torsion25 -0.4175 4 2 1408 0 0 medium quad. | non-conv.
trig -3.7625 1 2 1 0 0 easy nonlin. N/A
util 999.5788 167 4 117 28 0 very easy | quad. | non-conv.
wastepaper3 0.0189 30 16 25 27 0 easy sign. non-conv.
wastepaperd 0.0035 38 20 32 44 0 medium sign. non-conv.
wastepaper5 0.0008 46 24 39 65 0 medium sign. non-conv.
wastepaper6 0.0001 54 28 46 90 0 medium sign. non-conv.
waterno2_01 19.4567 204 65 157 9 0 easy poly. non-conv.
waterno2_02 39.5714 410 130 314 18 0 easy poly. non-conv.
waterno2_03 115.0045 616 195 471 27 0 medium poly. non-conv.
waterno2_04 145.4398 822 260 628 36 0 medium poly. non-conv.
waterno2_06 282.888 1234 390 942 54 0 medium poly. non-conv.
waterno2_09 922.5953 1852 585 1413 81 0 medium poly. non-conv.
waterno2_12 2263.3584 2470 780 1884 | 108 0 hard poly. non-conv.
watertreatnd_conc 348336.7614 319 29 355 5 0 easy sign. non-conv.
watertreatnd_flow 348337.0417 379 155 415 5 0 hard sign. non-conv.
waterund01 86.8333 38 14 40 0 0 medium quad. | non-conv.
waterund08 164.4898 95 40 90 0 0 medium quad. | non-conv.
waterundll 104.8861 64 28 64 0 0 medium quad. | non-conv.
waterundl4 329.5698 135 66 125 0 0 medium quad. | non-conv.
waterundl7 157.0944 66 27 74 0 0 medium quad. | non-conv.
waterundl8 238.7333 64 28 60 0 0 medium quad. | non-conv.
waterund22 323.5051 135 66 146 0 0 medium quad. | non-conv.
waterund25 410.6354 87 36 121 0 0 medium quad. | non-conv.
waterund27 556.6752 208 96 432 0 0 medium quad. | non-conv.
waterund28 1812.1703 540 240 760 0 0 medium quad. | non-conv.
waterund32 638.7168 380 160 660 0 0 medium quad. | non-conv.
waterund36 662.807 239 110 324 0 0 medium quad. | non-conv.
ApPPENDIX F. OVERVIEW OVER FIGURES AND TABLES
LisT OF FIGURES
3.1 Representation of (Disag). The active segment (y; = 1) is shaded in green. The
continuous variables A} and A? define the point (z, f(z)) as a convex combination of the
segment’s endpoints. 7
3.2 Representation of (Ag). The active segment (y; = 1) is shaded in green. The continuous
variables \; and \;y1 define the point (x, f(z)) as a convex combination of the segment’s
endpoints. 9
3.3 All possible branching steps for n = 8 segments. Branching results in segments being
feasible or infeasible, what is represented by shading: The light blue areas represent
feasible regions, while the red areas represent the infeasible segments. The bold rectangle
outlines the convex hull. 15
3.4 Representation of (Inc). The active segment is shaded in green, thus y; = 1 for j <7 and
yj = 0 for j > 4. The continuous variables ¢; represent the filled fraction of each segment,
defining (z, f(x)) as the cumulative sum of all segments up to the active one. 17
3.5 Visual representation of (MC). The active segment (y; = 1) is shaded in green. Here, the
continuous variables x; represent the coordinate = restricted to the i-th segment, and the
value f(z) is computed using the local slope m; and intercept t; of the active segment. 18
4.1 Representations for the expression 7%. This expression is a part of an instance
from the MINLPLIB. 20
5.1 Total amount of variables and constraints for our benchmark instances. The blue squares

represent - for comparison purposes - the total number of constraints and variables,
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whereas the red and green circles represent nonlinear constraint and binary/integer

variable subsets, respectively. 25
5.2 Number of solved problems over time. 30
5.3 Solving progress of the different MILP methods. For each method, the bars represent the

error bounds of 10%,10°,1072,10~4, and 109, from left to right. 30
5.4 SGM of primal and dual gap to optimal MILP solution over time. 34
C.1 Runtime and Primal-Dual Integral plots for all problems, ¢ = 102 43
C.2 Runtime and Primal-Dual Integral plots for all problems, ¢ = 10° 44
C.3 Runtime and Primal-Dual Integral plots for all problems, ¢ = 102 44
C.4 Runtime and Primal-Dual Integral plots for all problems, ¢ = 10~% 45
C.5 Runtime and Primal-Dual Integral plots for all problems, ¢ = 10~6 45
C.6 Runtime and Primal-Dual Integral plots for very easy problems, ¢ = 102 46
C.7 Runtime and Primal-Dual Integral plots for very easy problems, ¢ = 10° 46
C.8 Runtime and Primal-Dual Integral plots for very easy problems, ¢ = 1072 47
C.9 Runtime and Primal-Dual Integral plots for very easy problems, e = 10~% 47
C.10Runtime and Primal-Dual Integral plots for very easy problems, ¢ = 10~6 48
C.11Runtime and Primal-Dual Integral plots for easy problems, ¢ = 102 49
C.12Runtime and Primal-Dual Integral plots for easy problems, ¢ = 109 49
C.13Runtime and Primal-Dual Integral plots for easy problems, e = 102 50
C.14Runtime and Primal-Dual Integral plots for easy problems, e = 10~% 50
C.15Runtime and Primal-Dual Integral plots for easy problems, e = 106 51
C.16 Runtime and Primal-Dual Integral plots for medium problems, e = 102 52
C.17Runtime and Primal-Dual Integral plots for medium problems, e = 10° 52
C.18 Runtime and Primal-Dual Integral plots for medium problems, ¢ = 10~2 53
C.19Runtime and Primal-Dual Integral plots for medium problems, e = 10—% 53
C.20Runtime and Primal-Dual Integral plots for medium problems, e = 10—6 54
C.21 Runtime and Primal-Dual Integral plots for hard problems, € = 102 55
C.22Runtime and Primal-Dual Integral plots for hard problems, e = 10° 55
C.23Runtime and Primal-Dual Integral plots for hard problems, € = 10~2 56
C.24Runtime and Primal-Dual Integral plots for hard problems, ¢ = 10~* 56
C.25Runtime and Primal-Dual Integral plots for hard problems, ¢ = 10~ 57
C.26 Runtime and Primal-Dual Integral plots for quadratic problems, € = 102 58
C.27Runtime and Primal-Dual Integral plots for quadratic problems, e = 10° 58
C.28 Runtime and Primal-Dual Integral plots for quadratic problems, e = 10~2 59
C.29 Runtime and Primal-Dual Integral plots for quadratic problems, € = 10—% 59
C.30Runtime and Primal-Dual Integral plots for quadratic problems, € = 10—6 60
C.31Runtime and Primal-Dual Integral plots for polynomial problems, ¢ = 102 61
C.32Runtime and Primal-Dual Integral plots for polynomial problems, ¢ = 10° 61
C.33Runtime and Primal-Dual Integral plots for polynomial problems, ¢ = 10~2 62
C.34Runtime and Primal-Dual Integral plots for polynomial problems, ¢ = 10~4 62
C.35Runtime and Primal-Dual Integral plots for polynomial problems, ¢ = 1076 63
C.36 Runtime and Primal-Dual Integral plots for signomial problems, ¢ = 10? 64
C.37Runtime and Primal-Dual Integral plots for signomial problems, ¢ = 109 64
C.38 Runtime and Primal-Dual Integral plots for signomial problems, € = 10~2 65
C.39Runtime and Primal-Dual Integral plots for signomial problems, ¢ = 10~ 65
C.40 Runtime and Primal-Dual Integral plots for signomial problems, ¢ = 10~ 66
C.41Runtime and Primal-Dual Integral plots for general nonlinear problems, ¢ = 102 67
C.42Runtime and Primal-Dual Integral plots for general nonlinear problems, ¢ = 10° 67

C.43Runtime and Primal-Dual Integral plots for general nonlinear problems, ¢ = 10~2 68
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C.44Runtime and Primal-Dual Integral plots for general nonlinear problems, e = 10~4

C.45Runtime and Primal-Dual Integral plots for general nonlinear problems, ¢ = 10~

C.46 Runtime and Primal-Dual Integral plots for convex problems, € = 102
C.47Runtime and Primal-Dual Integral plots for convex problems, € = 10°

C.48 Runtime and Primal-Dual Integral plots for convex problems, e = 10~2
C.49Runtime and Primal-Dual Integral plots for convex problems, e = 10~4
C.50 Runtime and Primal-Dual Integral plots for convex problems, ¢ = 10~6
C.51 Runtime and Primal-Dual Integral plots for nonconvex problems, € = 102
C.52 Runtime and Primal-Dual Integral plots for nonconvex problems, ¢ = 109
C.53Runtime and Primal-Dual Integral plots for nonconvex problems, e = 10~2
C.54Runtime and Primal-Dual Integral plots for nonconvex problems, ¢ = 10~4
C.55Runtime and Primal-Dual Integral plots for nonconvex problems, e = 10~6
C.56 Runtime and Primal-Dual Integral plots for continuous problems, € = 102
C.57Runtime and Primal-Dual Integral plots for continuous problems, ¢ = 10°
C.58 Runtime and Primal-Dual Integral plots for continuous problems, ¢ = 10~2
C.59 Runtime and Primal-Dual Integral plots for continuous problems, e = 10~*
C.60Runtime and Primal-Dual Integral plots for continuous problems, e = 106
C.61 Runtime and Primal-Dual Integral plots for mixed-binary problems, ¢ = 102
C.62Runtime and Primal-Dual Integral plots for mixed-binary problems, e = 10°
C.63Runtime and Primal-Dual Integral plots for mixed-binary problems, ¢ = 1072
C.64Runtime and Primal-Dual Integral plots for mixed-binary problems, e = 104
C.65Runtime and Primal-Dual Integral plots for mixed-binary problems, e = 10~6
C.66 Runtime and Primal-Dual Integral plots for mixed-integer problems, e = 102
C.67Runtime and Primal-Dual Integral plots for mixed-integer problems, e = 109
C.68 Runtime and Primal-Dual Integral plots for mixed-integer problems, e = 10~2
C.69 Runtime and Primal-Dual Integral plots for mixed-integer problems, e = 10—%
C.70 Runtime and Primal-Dual Integral plots for mixed-integer problems, e = 10—6
D.1 Performance profiles considering the time until a primal solution is found.

D.2 Performance profiles considering the time until an optimal solution is found.

Li1sT oF TABLES

1.1 Overview of PWL models.

3.1 Sizes of all one-dimensional representations, assuming n segments and n + 1 breakpoints.

5.1 Sizes of the MILP reformulations. The instances have between 1 and 2818 nonlinearities,

with a mean of 142.9 and a median of 24.

5.2 Mean, median, and shifted geometric mean of the runtimes, depending on the error bound

€.

5.3 Solver results for the full benchmark set.

5.4 Solution qualities of MILP relaxations, depending on the error bound e, calculated by

(5.6).
A.1 Example for the iterative creation of Ls, Rs for n = 16.
B.1 Shifted geometric mean of the runtimes when the time limit is smaller.

E.1 Benchmark set
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