ERROR ESTIMATE FOR REGULARIZED OPTIMAL TRANSPORT PROBLEMS
VIA BREGMAN DIVERGENCE

KEIICHI MORIKUNI, KOYA SAKAKIBARA, AND ASUKA TAKATSU

ABsTrACT. Regularization by the Shannon entropy enables us to efficiently and approximately solve optimal
transport problems on a finite set. This paper is concerned with regularized optimal transport problems
via Bregman divergence. We introduce the required properties for Bregman divergences, provide a non-
asymptotic error estimate for the regularized problem, and show that the error estimate becomes faster than
exponentially.

1. INTRODUCTION

An optimal transport theory allows for measuring the difference between two probability measures. In-
numerable applications of optimal transport theory include mathematics, physics, economics, statistics,
computer science, and machine learning. This work focuses on the optimal transport theory on a finite set.

For K € N, define
zx > 0 for any k, sz = 1}.

k
Here and hereafter, £ runs over 1,2,..., K. Fix I,J € N. Unless we indicate otherwise, ¢ and j run over
1,2,...,Tand 1,2,...,J, respectively. For z € P; and y € Py, define z @ y € Prx s by

Pr = {z = (z) € RF

(. ®@Y)ij == TiYj,
and set

(z,y) == {H = (mij) € Prxs

J I
> wa =i,y my; =y; for any ivj}v

=1 =1

where we identify Pry; with a subset of R’”*/. An element in II(z,y) is called a transport plan between
2 and y. Note that II(x,y) is a compact set, in particular, a convex polytope, and contains r ® y. Fix
C = (c¥) € R/ and define a map (C,-) : Prx; — R by

<C, H> = Zcijmj.
1.7

Consider linear programs of the form

(1.1) Lt (cm,
which is a so-called optimal transport problem. Since the function (C,-) is linear, in particular continuous
on a compact set II(x,y), the problem (1.1) always admits a minimizer, but a minimizer is not necessarily
unique. A minimizer of the problem (1.1) is called an optimal transport plan between x and y.

In the context of the success of the regularized optimal transport problem by the Kullback—Leibler di-
vergence, this paper considers a regularized optimal transport problem via Bregman divergence, which is a
generalization of the Kullback—Leibler divergence through a strictly convex function.

Definition 1.1. Let U be a continuous, strictly convex function on [0, 1] with U € C*((0,1]). For 2,w € Pk,
the Bregman divergence associated with U of z with respect to w is given by

Dy(z,w) := Zdu(zk, wy),
k

where dy; : [0,1] x (0,1] — R is defined for r € [0,1] and rg € (0,1] by

dy(ryre) :==U(r) = U(rg) — (r — 1)U (ro)
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and is naturally extended as a function on [0,1] x [0,1] valued in [0, c0] (see Lemma 2.1).

For example, the Bregman divergence associated with U(r) = rlogr reduces to the Kullback—Leibler
divergence.
Let us consider a regularized problem of the form

(1.2) inf ((C,II) +eDy(Il,z ®y)) fore > 0.
el (z,y)

By the continuity and strict convexity of U, Dy (-, ® y) is continuous and strictly convex on a convex poly-
tope II(z,y). Consequently, the problem (1.2) always admits a unique minimizer, denoted by IV (C, z, vy, €).
Then,

1.3 lim(C, 1Y (C = inf (O,
(1.3) E%K JI7(CL 2, y,€)) neﬁl(z,y)< ,1T)

holds (see Subsection 2.4). To give a quantitative error estimate of (1.3), we require the following two
assumptions. See Subsections 2.1 and 2.3 to verify that the assumptions are reasonable.

Assumption 1.2. TI(z,y) # argmingerg,,,)(C, ).
Assumption 1.3. Let U € C([0,1])NC*((0,1])NC?((0, 1)) satisfy U” > 0 on (0,1) and limy, o U’ (h) = —oc.
In addition, » — rU”(r) is non-decreasing in (0, 1).

We introduce notions to describe our quantitative error estimate of (1.3).

Definition 1.4. Let U be a continuous, strictly convex function on [0,1] with U € C((0,1]). Define
Dy(x,y) for x € Pr and y € Py by

QU(xay) = sup DU(H7LIT®@/)

Hell(x,y)
Definition 1.5. The suboptimality gap of x € P; and y € Py with respect to C' € RT*” is defined by

Ac(z,y) = inf C, VY — inf (C,V),
C( y) V’eV(z,y)\argminVevay)(C,V)< > VEV(x,y)< >

where V(z,y) is the set of vertices of II(z,y) and set inf @) := co.

In Subsection 2.1, we verify Dy (z,y), Ac(z,y) € (0,00) under Assumption 1.2. We also confirm in
Subsection 2.2 that Definition 1.6 below is well-defined.

Definition 1.6. Under Assumption 1.3, we denote by ey the inverse function of U’ : (0,1] — U’((0, 1]). For
x € Prand y € Py, let Ry(z,y) € [1/2,1) satisfy

UI(RU(xvy)) - Ul(l - RU(xvy)) = :DU(mvy)a
which is uniquely determined. Define vy (z,y) € R by

vu(z,y) == sup U'(1—r)+rU0"(r)).
r€(0,Ry (z,y)]

Our main result is as follows.

Theorem 1.7. Under Assumptions 1.2 and 1.3, the interval

Ac(z,y)Ru(z,y) Ac(z,y)
<07 Dy (x,y) } " ( "Dy (z,y) +vr(r,y) - U’(l)}

is well-defined and nonempty. In addition,

Ac(.f, y)

B | Dy (ey) + o)

(O, TIY(C,x,y,¢)) — inf (C,T) < Ac(z,y) -ev <—
Iell(z,y)

holds for € in the above interval.

Let us review related results. Computing an exact solution of a large-scale optimal transport _problem
becomes problematic when, say, N := max{I,J} > 10%. The best-known practical complexity O(N?) is
attained by an interior point algorithm in [16, Section 5|, where O omits polylogarithmic factors. Though

Chen et al. [2, Informal Theorem 1.3] improve this complexity to (N?)'*°(1) and Jambulapati et al. [11,
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Theorem 2.4| provide an algorithm that finds an e-approximation in O (N2 /¢), their practical implementations
have not been developed.
The tractability of the problem (1.1) is improved by introducing entropic regularization to its objective
function, that is,
inf ((C,1I) —eS(I))

TET(z,y)

where

S(z) = szklogzk, z € Pk
k

is the Shannon entropy. Here, we put 0log0 := 0 due to the continuity

limr1 =0.
TIIIOU" ogr =20

Fang [7] introduces the Shannon entropy to regularize generic linear programs. By the continuity and the
strict convexity of the Shannon entropy, the entropic regularized problem always has a unique minimizer
for each value of the regularization parameter. Cominetti and SanMartin [3, Theorem 5.8] prove that the
minimizer of the regularized problem converges exponentially to a certain minimizer of the given problem
as the regularization parameter goes to zero. Weed [20, Theorem 5] provides a quantitative error estimate
of the regularized problem, whose convergence rate is exponential. Note that the entropic regularization
allows us to develop approximation algorithms for the problem (1.1). We refer to [17] and references therein.
Different types of regularizers are introduced in recent studies. For example, Muzellec et al. [13] use the
Tsallis entropy for ecological inference. Dessein et al. [5] and Daniels et al. [4] introduce the Bregman and
f-divergences to regularize optimal transport problems, respectively. Apart from entropy and divergence,
Klatt et al. [12] use convex functions of Legendre type for regularization.
Regularization by the Shannon entropy is equivalent to that by the Kullback-Libeler divergence. Here,
the Kullback-Leibler divergence of z € Px with respect to w € Pk is given by
K
Dxr(z,w) := Z zi, (log z1, — logwy) ,
k
where we put rlog0 := oo for r > 0. Note that the Kullback—Leibler divergence and its dual are the unique
members that belong to both the Bregman and f-divergence classes (see [1] for instance). Let us define
U, € C([0,55)) N C=((0,00)) by

U (r) = rlogr for r € (0,00),
7o for r = 0.

Then, Dy, = Dxkr, holds on Px x Pg. There are other strictly convex functions U such that Dy = Dxi,
holds (see Subsection 4.1).

Our main result Theorem 1.7 with the case U = U, recovers Weed’s work [20, Theorem 5|. Theorem 1.7
with the relation (2.1) guarantees that the regularized optimal value approaches the true optimal value faster
than exponentially (see Subsection 2.3). Numerical experiments demonstrate that a Bregman divergence
gives smaller errors than the Kullback—Leibler divergence.

This paper is organized as follows. In Section 2, we verify that Assumptions 1.2 and 1.3 are reasonable.
Section 3 proves Theorem 1.7. In Section 4, we show that the normalization of U does not affect the error
estimate in Theorem 1.7. We then consider the effect of scaling of data and the domain of U on the error
estimate. Section 5 provides examples of U satisfying Assumption 1.3. In Section 6, we give numerical
experiments and show, in particular, that faster convergence is achieved when regularizations other than the
Kullback—Leibler divergence are considered. Finally, in Section 7, we summarize the contents of this paper
and give directions for future research.

2. PRELIMINARIES

In this section, we verify that Assumptions 1.2, 1.3 are reasonable and Definition 1.6 is well-defined. We
also show that Dy (z,y), Ac(z,y) € (0,00) under Assumption 1.2. Throughout, as in the introduction, we
fix I,J € N and take C € R, 2 € P;, and y € P;. Let

Q:=R™ xP; x Py x (0,00)
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and U denote a continuous, strictly convex function on [0, 1] with U € C*((0,1]), unless otherwise stated.
By the strict convexity of U on [0, 1],

dy(r,ro) :=U(r) = U(rg) — (r —ro)U'(rg) >0

holds for r € [0,1] and rg € (0,1]. In addition, for r,rg € (0,1], dy(r,r9) = 0 if and only if » = ry. Recall
the limiting behavior of U.
Lemma 2.1. The limit
/ NERT /
U'(0) = lim U (h)
exists in [—oo,00) and limp o RU'(h) = 0 holds.

Proof. By the strict convexity of U on [0,1], U’ is strictly increasing on (0, 1] and limy o U’(h) € [—00, 00)
holds. Thus, the first assertion follows.
If U’'(0) € R, then limy o hU’'(h) = 0 holds. Assume U’(0) = —oo. The Taylor expansion yields

U(r)=U(h) > (r —h)U'(h)
for all r, h € (0, 1]. By the continuity of U, taking the limit as r | 0 gives
U(0)—U(h) > —hU’(h)

for h € (0,1]. If h is small enough, then U’(h) < 0 by the monotonicity of U’ on (0,1] together with
U’(0) = —oo. Thus, we conclude

0 =lim(U(h) — U(0)) < liminf hU’(h) < limsup hU'(h) < 0,
hl0 hl0 h10

which leads to limy o AU’(h) = 0. This completes the proof of the lemma. O

By Lemma 2.1, the limit
dy(r,0) := lim dy (r, ) € [0, 0]
Toio
exists. In the above relation and throughout, we adhere to the following natural convention:
u £ (—o0) = Foo, A (—o0) = —o0, —00 < —oo < u <00 <00

and so on for v € R and A > 0. Thus, we can regard dy (resp. Dy) as a function on [0, 1] x [0, 1] (resp.
Pk x Pk) valued in [0, 00]. For r € [0, 1], dy(r,0) = 0 if and only if » = 0. Moreover, dy (r,0) = oo for some
r € (0,1] is equivalent to U’(0) = —c0.

To consider the finiteness of Dy (x,y), we define the support of z € Px by

spt(z) := {k | 2z > 0}.
Lemma 2.2. ForIl € II(z,y), spt(Il) C spt(z) xspt(y) holds. Moreover, spt(x)xspt(y) = spt(z®y) follows.
Proof. For (i,7) € spt(II), we have

7 I
xizzﬂilzﬂij>07 yjzzﬂlj27¢j>0»
=1 =1

which ensure that i € spt(z) and j € spt(y), that is, (4,7) € spt(z) X spt(y). For (i,7), it turns out that
(1,7) € spt(x) xspt(y) <= x;>0andy; >0 <= 2;9,>0 <= (i,j) €spt(z®y).
This completes the proof of the lemma. O
By Lemma 2.2, we find that Dy (-, 2z ® y) is continuous on a compact set II(x,y) so that Dy (z,y) < oo.

2.1. On Assumption 1.2 and Definitions 1.4, 1.5. There is nothing to prove on the optimal transport
problem (1.1) in the case of Il(z,y) = argminy, , (C,II). Thus, we suppose Assumption 1.2, in which
II(z,y) contains an element other than z ® y and hence Dy (z,y) > 0 holds. Let V(x,y) be the set of the
vertices of II(z,y), that is, V' (z,y) is the set with the smallest cardinality among the sets whose convex hull
coincides with II(z,y). Note that argminy ey (,,)(C,V) = V(z,y) yields argmingery, ) (C, 1) = (z,y).
Thus, under Assumption 1.2, V(z,y) \ argminy ¢y (, ,)(C, V) is not empty and Ac(z,y) € (0,00) holds.
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2.2. On Definition 1.6. Let U satisfy Assumption 1.3. By the strict convexity of U on [0, 1] together with
U’(0) = —oo, the function U’ on (0, 1] has the inverse function ey : (—o0,U’(1)] — (0,1]. We observe from
U” > 0 on (0,1) that the function r — U’(r) — U'(1 — r) is strictly increasing on (0,1). This with the
properties
1 1
U'<7)7U’ (175):0, lim(U'(r) —U'(1 —7)) = 00

2 rT1
guarantees the unique existence of Ry (x,y). Moreover, since 7 — rU”(r) is non-decreasing in (0,1), we find

sup  (U'(1—7r)+rU"(r)) <U'(1) + Ru(z,y)U" (Ry(x,y)) < .
re(0,Ry (z,y)]

Thus, all the notion in Definition 1.6 is well-defined under Assumption 1.3.

2.3. On Assumption 1.3. Due to Aleksandrov’s theorem (e.g., [6, Theorem 6.9]), U is twice differentiable
almost everywhere on [0,1]. In the case of U € C?((0,1)), the strict convexity leads to U” > 0 almost
everywhere on (0,1). Thus, the requirement U € C?((0,1)) together with U” > 0 on (0, 1) is mild.

Let U € C([0,1]) N C*((0,1]) N C?((0,1)) such that U” > 0 on (0,1). To apply some algorithms, such as
gradient descent algorithms [17, Sections 4.4, 4.5, 9.3], we require that IIV (w) belongs to the interior of the
convex polytope II(z,y) for any w = (C,z,y,¢e) € Q. It follows from [18, Lemma 3.7 and Remark 3.9] that
1Y (w) belongs to the interior of II(x,y) for any w = (C,x,y,e) € Q if and only if U’(0) = —oo.

Let U € C?((0,1)) satisfy U” > 0 on (0,1). Define gy : (0,1) — [—o0, 00] by

1 1 1
= UN -1i - < — > s = .
w) = ey \grm o ) 404, )
If Qu < oo, then U’(0) = —oo yields Qu > 1 by |9, Corollaries 2.6, 2.7]. Note that if U € C3((0,1)), then
rU" (r)
qu(r) = — 07(r) for r € (0,1).

In [9], the notion of ¢y is introduced to determine the hierarchy of U in terms of concavity associated
with U’. See also [15]|, where gy is used to classify convex functions into displacement convex classes. For
the definition of the displacement convex classes, see [19, Chapter 17]. It follows from [9, Theorem 2.4] that,
for W € C?((0,1)) satisfying W” > 0 on (0,1), if gv < o00,qw > —oo hold almost everywhere on (0, 1)
and ¢y < gw holds on (0,1), then there exist A > 0 and p; € R such that U’ > AW’ + p1 holds on (0, 1],
consequently,
evr(T) <ew A\ Hr — 1)) on 7€ (U'(0), \W’(1) + puq].

Thus, under the assumption U € C([0, 1])NC*((0,1])NC?((0, 1)) such that U” > 0 on (0,1) and U’(0) = —o0,
if Qu < oo, then the choice Qu = 1 is the best possible for the estimate in Theorem 1.7. Moreover, for
U € C?((0,1)) satisfying U” > 0 on (0,1), Qu = 1 is equivalent to that r ~ rU”(r) is non-decreasing
on (0,1) by [9, Corollary 2.6]. Thus, we confirm that Assumption 1.3 is reasonable.

Furthermore, if we choose W = U,,, then gy = 1 holds on (0, 1), and hence Qy = 1 implies the existence
of A > 0 and p; € R such that

(2.1) eu(r) <exp (A N7 —p)) for 7€ U'((0,1)).

Thus, the error estimate in Theorem 1.7 is faster than the exponential decay.

2.4. Asymptotic behavior of the error. Fix w = (C,x,y,e) € Q. Let II* € II(z,y) be an optimal
transport plan. We observe from the definition of IV (w) that

(2.2) (C,1Y(w)) +eDy(MY (w), x @ y) = HE%_[H(EC ” (C,II) + eDy(Il,z @ y)) < (C,II") + eDy(II*, z @ y).

This with the nonnegativity of Dy yields
(O, 1Y (w)) — (C,11*) < eDy(IT*, z ® ),
proving (1.3). Moreover, the limit
nv(c,z,y,0) := leig)lHU(C, x,Y,€)
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exists and satisfies

argmin Dy(Il',z ®@y) = {HU(07 z,y,0)}
I’ €argming ey, ) (CIT)

(see [18, Theorem 3.11] for instance).

3. PROOF OF THEOREM 1.7
Before proving Theorem 1.7, we consider the normalization of U since the correspondence U +— Dy is not
injective.
Lemma 3.1. For A > 0 and po, 1 € R, define Uy 0,4, : [0,1] = R by
Uxpour (1) == AU(r) + par + pio.

Then, du, ,, ., = Mdu holds on [0,1] x [0,1], consequently, Dy, , . = ADu on Px x Px. If U satisfies
Assumption 1.3, then so does Ux uo,uy and qu, . ., = qu holds on (0,1).

Since the proof is straightforward, we omit it. Let U satisfy Assumption 1.3. For pg,u; € R and
w=(C,z,y,e) € Q, we have

7 w0 (w) = 11V (w), DU gy (7, 9) = Du (2, ),

RUl,[l,o,}A,l (CL’,y) = RU(m’y)a VUL oo (a:,y) = VU(%Z/) + p1,
and e, , . (7) = ey(T — 1) for 7 € Uy, , ((0,1]) together with Uy, , (1) = U'(1) + p1. Thus, in
Theorem 1.7, we can normalize U to U(0) = U(1) = 0 as well as the case of U = U, without loss of

generality. For the reason and the effect of choice of A > 0, see Section 4.1.

Throughout the rest of this section, we suppose Assumptions 1.2 and 1.3 together with U(0) = U(1) = 0.
We prepare two lemmas to prove Theorem 1.7. The following proof strategy is aligned with the argument
of [20, Lemmas 6-8|.

Lemma 3.2. Forr,s,t € [0,1] and ro € (0,1],
U((I—=t)r+ts)> (1 —-t)U(r)+tU(s) +rU(1 —t) +sU(t),
dy((1 —t)r +ts,ro) > (1 —t)dy(r, o) + tdy(s,ro) + U (1 —t) + sU(t).
Proof. For r,s,t € [0,1] and 79 € (0,1], if the first inequality holds true, then it holds that
du((L=t)r +ts,ro) =U((1—t)r+ts)—U(rg) —{(1 —t)r +ts—ro} U'(ro)
> (1—=t)U(r)+tU(s) +rU(1 —t)+sU(t) — U(rg) — {(1 —t)r +ts —ro} U'(ro)
= (1—=t)dy(r,m0) + tdu(s,ro) + rU(1 —t) + sU(t),

which is the second inequality.
To show the first inequality, set

G(r,s,t) =1 —=8)U(r)+tU(s) +rU(1 —t) +sU(t) — U ((1 — t)r + ts)
for r, s,t € [0,1]. By the continuity of G, it is enough to show

(3.1) Iél[g)i] G(r,s,t) <0 for s,t €(0,1).
Note that
%G(r,s,t) =UQ-t)+Q-t)U'(r)=U (1 =t)r +1ts)),
2
%G(r7 s,t) = (1—=t)[U"(r) — (1 —=t)U"((1 = t)r + st))]

for r,s,t € (0,1).
Let us now show

(3.2) m[z(ﬁ] G(r,s,t) = max{G(0, s,t),G(1,s,t)} for s,t € (0,1).
rel(0,
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Let s,t € (0,1). On one hand, for r € (0,1) with » < s, since U’ is strictly increasing on (0,1), we have
U(r)=U'((1 —t)r +ts) <0 and hence 9,G(r,s,t) < U(1 —t). Note that U(1 —t) < 0 follows from the
strict convexity of U with the condition U(0) = U(1) = 0. This implies that 9,G(r,s,t) < 0if r < s and

(3.3) m[%X] G(r,s,t) = G(0,s,t), in particular, G(s,s,t) < G(0,s,t).
re|0,s

On the other hand, for r € (0,1) with » > s, we have (1 — t)r +ts < r and

1 —=t)rU" (1 —t)r+ts) < [(1—t)r +ts]U" (1 —t)r +ts) < rU"(r)
by U” > 0 and the monotonicity of r + rU"”(r) on (0,1). This yields 92G(r,s,t) > 0. If 9,G(r¢,s,t) =0
holds for some r¢ € [s, 1], then

(3.4) max G(r,s,t) = max{G(s, s,t),G(1,s,t)}.

rels,1]
In contrast, if 9,G(r, s,t) < 0 always holds, then
(3.5) max G(r,s,t) = G(s,s,t).

rels,1]

Summarizing the above relations (3.3), (3.4), and (3.5), we have (3.2).
Since U(0) = U(1) = 0, a direct computation gives

0? 9? t

WG(O s,t) = 72 (tU(s) + sU(t) — U (ts)) = tU" (s) — t2U" (ts) = - (SU"(S) —tsU" (ts)) >0
for s,t € (0, ) where the inequality follows from the monotonicity of » — rU”(r) on (0,1). Thus, for

€ (0,1), G(0,-,t) is convex on [0,1] and
(3.6) m[gui]G(O s,t) = max{G(0,0,t),G(0,1,t)} = 0.
se

Next, we find
%G(l, 5.t) = % ((U(5) + U — 1) + sU(t) — U(L =t +15)) = tU"(5) + U(t) — 0" (1 — t + ts) < U(t) < 0
for s,t € (0, 1), where the first inequality follows from the monotonicity of U’ on (0,1). This leads to
(3.7 max G(1,s,t) = G(1,0,t) =0

s€[0,1]

for ¢ € (0,1). Thus, we deduce (3.1) from (3.2) together with (3.6) and (3.7). This proves the lemma. [

Recall that for any D > 0, there exists R € (1/2,1) uniquely such that U'(R) — U’(1 — R) = D (see Sub-
section 2.2).

Lemma 3.3. For D >0 and R € (1/2,1) with U'(R) —U'(1—-R) =D,
r—Dr—-U(r)-U(l-r)
is strictly increasing on [0, R]. Moreover, it holds that

—U(r)=UQ=r)<—rU'(r)+r sup (U'(1-p)+pU"(p))

p€(0,R]
for r € (0, R].
Proof. We calculate
d:Q(Dr—U( ) —U(1—r)==-U"(r)-U"(1-r)<0

for r € (0, 1), consequently,

d d , ,

E(DrfU(r)fU(lfT)) > E(DrfU(r)fU(lfT)) =D-U(R)+U'(1-R)=0

r=R

for r € (0, R). This proves the first assertion.
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We also find
d
4 (U(r) LU =) =T () 47 sup (U'(1 = p) +pU"<p>>>
dr p€(0,R]
=-U'(1—r)—rU"(r)+ sup (U'(1—p)+pU"(p))
p€(0,R]
>0

for r € (0, R]. This together with Lemma 2.1 and the assumption U(0) = U(1) = 0 yield
Ur)+ U1 —7)—7U'(r)+7r sup (U'(1—p)
p€(0,R]
> lim (U(r) +U(Q—=7r)—rU'(r)+7r sup (U(1-p)+ pU”(p))) =0
40 p€(0,R]
for r € (0, R]. This proves the second assertion of the lemma. a
Proof of Theorem 1.7. Let w = (C,z,y,e) € Q. Then, Ac(z,y),Dy(z,y) € (0,00) hold as mentioned in

Subsection 2.1. We also have

U'(1)<u'(1) + lriﬁ)lrU”(r) <wvy(z,y) < oo

and Dy (z,y) + vu(z,y) — U'(1) € (0,00). Thus, the interval
(O Ac(z,y)RU(x,y)} m( AC(‘T7y) :|
’ :OU(xay) 7©U(x7y)+VU(x7y) _U/(l)
is well-defined and nonempty. Let us choose € from the interval. Note that

Ac(l‘,y)
°c (0’ D0 (@, y) + vu(z,y) — Uf<1>}

is equivalent to
+ Dy(z,y) +vu(z,y) € U'((0,1]).
Recall that V(z,y) is the vertex set of II(z,y). There exists a family {ty }vcy (s, C [0, 1] uniquely such

that
Yootv=1, (= > tV

Vev(z,y) Vev(z,y)

_AC(x7y)
9

Set

Vo(z,y) := argmin (C,V), t:=1-— Z ty.
vev(z,y) VeV (z,y)

By Assumption 1.2, Vy(x,y) # V(x,y) holds. Since IIY(w) belongs to the interior of the convex poly-
tope II(z,y), we find that ¢ty € (0,1) for V € V(x,y), consequently, t € (0,1). We also set

* tv / tvr o
I .= — I .= .
> T > TV
VeVo(z,y) VeV (z,y)\Vo(z,y)
It turns out that IT*, II" € II(x, y) and

Y (w) = (1 — )IT* 4 ¢IT'.
We find that
(C,V)y= inf (C,II) forV € Vy(z,y), in particular (C,II*) = inf (C,II).

Hell(x,y) ell(z,y)
Setting
o= <07 HU(w)> - <C7 H*>

AC (Jf, y)
we observe from (2.2) with the definition of Dy (z,y) that

(3.8) (C, 1Y (w)) — (C,1I*) < e (Dy(IT*,z ® y) — Dy(TY (w),z ® y)) < Dy, ).
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We also find

C, Y (w)) — (C, 11*) = t(C, 1" — II* >t( inf C,V'y — inf C,V):tA z,7).
(€7 ) — (011 = )z e(,, bt VY- (CV)) = thcln)
These with the condition ¢ € (0, Ac(x,y)Ry(z,y)/Du(z,y)] yield

OV (W) — (O T eDy(e,y)
PSTE T Ay S Acley) S @)

It follows from Lemma 2.2 with the second inequality in Lemma 3.2 that
Dy(Y (w), 2 @ y) = Dy ((1 = )II* +- 41",z ® y)
= Z dy((1 —t)m; + t7r§j, xiYj)
(4,5)€spt(z®y)

> Z {1 — t)dy (75, xiy;) + tdu (735, ziy;) + 75U (1 —t)—i—ﬂ';jU(t)}
(i,7) Espt(z®y)
=(1—-t)Dy(TI*, 2 ®@y) +tDy(', 2 ®y) + U1 —t) + U(t).

This and Lemma 3.3 together with ¢ < r < Ry (z,y) yield

Dy(IT*, 2 ®@y) — Dy(TIY (w), 2z ® y) < tDy(IT*, 2 @ y) — tDy(I', 2 ®@y) — U(t) — U(1 —t)
<tDy(z,y) —U{#) - U1 —1)
<r®y(z,y) - U(r)-Ul1—r)
<rDy(z,y) —rU'(r) + rvy(z,y)

= 7”'(QU(x’y) - U/(T) + VU(xa y))
Combining this with (3.8), we find
(C,1%(w)) - (C,11%)
€
which leads to

< DU(H*am ® y) - DU(HU(W)7x ® y) < T(QU(x’y) - U,(T) + VU(xvy))a

(€117 (w)) — (C,11%)

/
< —
U(T)_ er

+©U(I7y)+yU(l’7y):7 +©U(I7y)+yU(Iay)'

AC(xay)
13

It follows from the monotonicity of U’ on (0, 1] that
(C 1Y (w)) — (C.1T%)
Ac(l’, y)

AC(mvy)
e

—r=ey(U'(r) < ev (f +®u<x,y)+w(w,y)),

that is,

AC(%?J)
3

(C, HU(w)> — inf (C/II) < Ac(z,y) - ey (— + Dy (z,y) + VU(x,y)>

Iell(z,y)

as desired. m

4. NORMALIZATION AND SCALING

In this section, we first show that the normalization of a strictly convex function does not affect the error
estimate in Theorem 1.7. We then consider the effect of scaling of data and the domain of a strictly convex
function on the error estimate.

4.1. Normalization. Let U € C([0,1])nC*((0,1])NC?((0,1)) satisfy U” > 0 on (0,1). For ug, 1 € R and
A > 0, define Uy .., € C([0,1]) N C((0,1]) N C2((0,1)) by

U>‘7:“'07#1 (T) = )\U(T’) —+ n1r —+ 140
By the normalization of U, we mean the choice of ug, 1 € R and A > 0 such that

/ ’ ’ . ’
UA,MU,M (O) = uo, U>\7uo7m(1) = Uy, U/\,po,ul(l) = U for ug, u1, u; €R with u; —ug < Uy,
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where the inequality on wg, ui, v} is required for Uy ,, ., to be strictly convex. Let (C,z,y,e) € Q. Then,
we find TV w01 (C) 2, y,¢) = Y (C, x,y, Ae) and that the interval

(O AC(%ZJ)RUA,HO,M (z,y) n <0 Ac(z,y) }
; DUy oy (2,9) DU gy (@ Y) F VUL o (@y) =TS (1)
is well-defined (resp. contains ¢) if and only if the interval

Ac(fﬁ,y)RU(fﬂ,y) AC(SU»ZJ)
(O’ QU(‘T)?D :| n( 7©U($>y)+yU(x’y)_U/(l)}

is well-defined (resp. contains Ae), in which the equality

(_AC(;U,Z/)

Ac(z,y)

5 + 9y (z,y) +VU({177y)>

+ QUNI"(Jle (il% y) + VU o i (;[;’ y)) = ey (_

eU/\,uro,m

holds. Thus, in Theorem 1.7, we can normalize U as
U()=wug, UQ)=wuy, U'(1)=u] forug,us,uj €R with u; —up < uj

without loss of generality.
Let W € C([0,1]) n C1((0,1]) N C?((0,1)) also satisfy W” > 0 on (0,1). Then, the following three
conditions are equivalent to each other.

(CO) There exist pi9, u1 € R and A > 0 such that W = Uy 4, on (0,1).

(C1) There exist p; € R and A > 0 such that W’ = AU’ + p1 on (0,1).

(C2) There exists A > 0 such that W’ = AU" on (0, 1).
Thus, under the normalization U(0) = ug and U(1) = u; for ug,u1 € R, we can use either U’ or U” instead
of U itself. Note that each of (C0)—(C2) is equivalent to the following condition.

(D) There exists A > 0 such that Dy = ADy on Pg X Py for K > 3.

The implication from (CO0) to (D) is straightforward. Assume (D). For K > 3 and r € [0, 1], define 2" € Pk
by

r for k=1,
zpi=q1l—r fork=2,
0 otherwise.

We also define 2* € P by z; = K~! for all k. For r € (0,1), we calculate

d d
W'(r)y—W'(1—r)= EDW(zT,z*) = )\EDU(ZT,Z*) =AXU'(r)=U'(1-71)).
Differentiating this with respect to r implies that
(4.1) W"(r) = XU"(r)=—-W"(1—r) = XU"(1—=7r)), in particular W"(1/2) = AU"(1/2).
For r,s € (0,1) with r + s < 1, we define 2™° € Pk by
1—(r+s) fork=1,
2= for k = 2,
(K —2)7's otherwise.
It turns out that

(r+s)W"'(1 = (r+s))+rW"(r) = 2DW(zl, 2"%)

ar
= /\%DU(zl, 22 = AN(r+s)U"(1 = (r+s)) +rU"(r)],
implying
W (r) — AU (r) = frﬁ (W1 = (r+5)) — AU"(1— (r+5))).
This with (4.1) provides

TTH (W1 = (r + ) = A\U"(1 = (r +8))) = W"(1 =) — \U"(1 = 1),
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in particular, the choice of r = 1/2 leads to

1 1 1
n(+ _ n{+ =
W (2 s) AU <2 5) for s € (0,2>.

This together with (4.1) gives W” = AU"” on (0, 1), which is nothing but (C2). Note that, under Assump-
tion 1.2, we have I, J # 1 hence IJ > 4. Thus, the condition K > 3 in (D) is reasonable.

We also notice that (C2) leads to the following condition.

(C) qu = qw on (0,1).
By [9, Theorem 2.4|, if qu,qw are finite almost everywhere on (0,1), then (C) leads to (C2). Thus, all
conditions (C0)—(C2), (D), and (C) are equivalent to each other.

To use U’ instead of U, let us consider the following assumption.

Assumption 4.1. Let L € C((0,1]) N C*((0,1)) satisfy that L’ > 0 on (0,1), lims o L(t) = —oo, and
t — tL'(t) is non-decreasing on (0, 1).

Suppose Assumption 4.1. Then, there exists ty € (0,1] such that L < 0 on (0, t5]. By the monotonicity of
t— tL'(t), we have

to to 1
L(to) — L(t) :/ L'(s)ds < tOL’(tO)/ —ds = toL/(to) (logto — logt)
t t S
for ¢t € (0,tg]. Since L is monotone on (0, o] and

to to
(L(to) — toL'(to) logto) (to—h)—i—toL’(to)/ logtdtg/ L(t)dt <0
h

h
holds h € (0, tg], the improper integral

Up(r) = / L(t)dt
0
is well-defined for r € [0,1]. It is easy to see that Uy, satisfies Assumption 1.3. Note that
T T t
o (rr0) = [ (L0~ Lot = [ [ L(s)dsdt tor v € 0.1, € (0,1,
To To To

Conversely, if U satisfies Assumption 1.3, then L = U’ satisfies Assumption 4.1. Thus, we can use L satisfying
Assumption 4.1 instead of U satisfying Assumption 1.3 for our regularization.

Remark 4.2. In Theorem 1.7, the range of the regularization parameter ¢ is given by the intersection of the
two intervals. One interval
AC(L y) :|

(O’ Du(z,y) +vy(x,y) —U'(1)

is needed to make
Ac(x,
BT e y) ot w) € U(0,1)

as seen in the proof of Theorem 1.7. Hence, this interval is not needed if U is extended to a continuous,
strictly convex function on [0,00) and U € C'((0,00)) with lim,o U'(r) = co. For example, under the
normalization

(4.2) U)=0U(1)=0, U'(1) =1,
which is valid for the case U = U,, we can extend U by setting
U(r):=rlogr forr>1.
For L satisfying Assumption 4.1, if we set

o) = (L(l)— /O L(s)ds) (L(t)— /0 L(s)ds)

for t € [0,1], then ¢ satisfies Assumption 4.1 and U, satisfies the normalization (4.2).
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4.2. Scaling. In the regularized problem (1.2), scaling can have two meanings: scaling of data and scaling
of the domain of a strictly convex function. Let us show that they play an equivalent role.

In the optimal transport problem (1.1), although two given data x and y are normalized to be 1 with
respect to the ¢'-norm, their ¢!-norms can be chosen arbitrarily if both are the same. For a subset Z of
Euclidean space and a > 0, set

aZ:={az|z e Z}.

For x € P; and y € P, we shall, by abuse of notation, define

J I
Z%il = ax; and Z?rlj = qy; for any i,j} .

H(ax, ay) := {ﬁ = (mij) € aPrxJ
=1 =1

Then, we have II(az, ay) = all(x,y) and hence az ® y € II(azx,ay). We denote by V(ax, ay) the set of the
vertices of Il(ax, ay). Then, V(az,ay) = aV (z,y) follows. For U € C([0,1])NC((0, 1]) being strictly convex
on [0,1] and a € (0, 1], we can define Dy : aPx X aPx — [0, 00] by

Dy (az,aw) = ZdU(azk, awy) for z,w € Pk
k

and consider the regularized problem

(4.3) _inf ((C, ID) + eDy(I1, az © y)) for w = (C,z,y,¢) € Q.
IIell(ax,ay)

More generally, for a,b > 0 with a < band W € C([0,b]) N C*((0,b]) being strictly convex on [0, b], we define
dw :[0,b] x [0,b] — [0, 00] by

dw (ryr0) == W(r) — Wi(rg) — (r —ro)W'(ro) for r € [0,b], 7o € (0,0]
and
dw (r,0) :== l’g{)ldw(ﬂ h) for r €0,b].
We also define Dy : aPx x aPx — [0, 00] by

Dw (az,aw) := Z dw (azg,awy) for z,w € Pk.
k

This enables us to consider the regularized problem on aP; x aP; as similar as (4.3) by using a strictly
convex function W € C([0,b]) N C1((0,b]) with a < b.
Next, let us scale the domain of U € C([0,1]) N C'((0, 1]) being strictly convex on [0, 1] by setting

U(r) :=bU(b"'r) : [0,0] = R

for b > 0. Following the notation in (4.4) below, U coincides with U?. If U satisfies Assumption 1.3, then
so does U” if b > 1. We observe from

dye(r,ro) =b- dU(b_lr, b~ lrg) for rrg € [0, 0]

that
inf  ((C,II) 4+ e Dy (11 =b- inf ((C,b7'II)+eDy(b~'I,b~"
Wb (G 4 Dy (amy) =b- | inf (O + DU b r @),
argmin ((C,II) + Dy (IL z ® y)) = argmin ((C,b ') + eDy (b 'L, 'z @ y))
IIell(z,y) Iell(z,y)

=b- argmin ((C7 D) +eDy(ILb 'z ® y)) )
ﬁEH(b_1m7b_1y)

for w = (C,z,y,e) € Q. This means that the two scalings play an equivalent role.
More generally, for b > 0, let W € C([0,b]) N C1((0,b]) N C%((0,b)) satisfy that W’ > 0 on (0,b),

limp o W/(h) = —o0, and r — rW"(r) is non-decreasing on (0,b). For a > 0, we define the function
Wit € C([0,a]) N C*((0,a]) N C*((0,a)) by
(4.4) We(r) == ab™*W(a" br).

Then, we see that W' > 0 on (0, a), limy, o W' (h) = —oo hold and r — rW"(r) is non-decreasing on (0, a).
The normalization W (0) = W (b) = 0 with W’(b) = 1 is equivalent to the normalization W (0) = W (a) =0
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with W' (a) = 1. In particular, U := W} satisfies Assumption 1.3. Furthermore, for w = (C,z,y,¢) € Q,
we have

argmin ((C’, II) + eDwe (I, az ® y)) =q - argmin ((C,II) + eDy(Il,z @ y)) .
el (az,ay) e (,y)

This means that the left-hand side is a singleton. We denote by I+ (C,ax,ay,€) the unique element. Then,
o' (C, ax, ay,e) = allV (w) holds. Let us define all notions provided to state Theorem 1.7 as follows:

©Wb” ((ZZL’, ay) = sup DW,;I (ﬁv ar @ y)a
ﬁGH(az,ay)
Acl(ax,ay) = _ inf (VY= if  (C,V),
(45) V’EV(aa:ﬂy)\argminvev(amﬁay)(C,V’) VeV (az,ay)
Rwga(ax,ay) € [a/2,a] such that W' (Rwg(ax,ay)) — W' (a — Rwe(az, ay)) = a~ " Dwa (az, ay),
vwe(ax, ay) == sup (W' (a—r)+rWg"(r)).

re(0. Ryyp (az,ay)]

We also denote by ews : Wi'((0,a]) — (0,a] the inverse function of Wi’ : (0,a] — Wy'((0,a]). It follows
from

Wi(ar) = alU(r), Wy'(ar)=U'(r), Wi"(ar)=a"'U"(r), dwg(ar,are) = ady(r,ro)
for r,rg € [0,1] that
@ng(aac,ay) :aQU(x,y), RW;(a:v,ay) = (ZRU("ﬂ,y), VW;(a’xvay) - I/U(l’,y),
and ewgs = aey on Wi'((0,a]) = U'((0,1]). We also find Ac¢(ax,ay) = aAc(x,y). Thus, under Assump-
tion 1.2, it holds that
0 Ac(az, ay) Rwg (ax, ay) 0 a tAc(az,ay)
’ aDwp (az, ay) Ta Do (ax, ay) + vwe (ax, ay) — Wi (a)

_ (o Ac(z,y)Ru(z,y) Ac(z,y)
B (07 QU(xay) :| " ( 7CDU(337y)_|'Z/U(xvy)_Ul(l)

and

(C, v (C,azx,ay,e)) — inf (C, ﬁ)

Iell(ax,ay)
=(C, v — inf {(C,all
(€.l (@)~ inf (C.all)
=al(C,1IY — inf QH)
o(ent@) - w e

<a (Ac(x, y)eu (—w + Dy (z,y) + VU(£7?J))>

Ac(xay)
9

= Ac(z,y)ews <— +Du(z,y) + vz, ZU))

Ac(az, ay) ( Ac(az, ay)
= Tewf —_——

1
ae + EZDWba(ax,ay) +VW£(ax7a‘y)>

for ¢ in the interval above. This estimate can be derived directly in a similar way to the proof of Theorem 1.7.

Thus, in the problem (1.2), if we simultaneously scale the data and the domain of a strictly convex function,
we obtain essentially the same error estimate in Theorem 1.7, where the domain of a strictly convex function
has no effect on the estimate.

4.3. Invariance of the Kullback—Leibler divergence under scaling of data. In contrast to the previ-
ous subsection, let us now consider the case that the scaling of data does not match the domain of a strictly
convex function. For this sake, let W € C([0,b]) N C*((0,b]) N C%((0,b)) satisfy that W” > 0 on (0,b),
limy, 1o W/(h) = —o0, and r — rW"(r) is non-decreasing on (0,b) as in the previous subsection and @,a > 0
with a < a.
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First, we find that

argmin ((C’7 IT) + eDwyg (I, 4z ® y)) = argmin ((C, o ') + €Dy (a 'L a Yz ® y))
ﬁGH(az,ay) ﬁGH(az,Ey)
— argmin (<O, 1) +eDyoe (L2 ® y)>
Hel(z,y) b
for w = (C,z,y,e) € Q. Thus, scaling the data is equivalent to scaling the domain of a strictly convex
function. Then, we can use U satisfying Assumption 1.3 instead of W.

The following proposition suggests that the regularization effect by a Bregman divergence does not vary
under scaling of data unless the Bregman divergence is the Kullback—Leibler divergence.

Proposition 4.3. Let U satisfy Assumption 1.3. Let a,a > 0 with a < a < 1. If there exists Kk > 0 such
that

(4.6) Dy (az,aw) = KDy (az,aw) for z,w € Px  for K > 3.

Then, there exist o, 1 € R and X > 0 such that U = (Uy)x,ug,un 07 (0, al.

Proof. By a similar argument in the implication (D) to (C2), it follows from (4.6) that
a*U" (ar) = ka*U"(ar) for r € (0,1).

Let 6 := aa~! < 1. Then, the above relation is equivalent to
OrU" (0r) = k0~ *rU" (r) for r € (0,a).

The monotonicity of r — rU"(r) on (0, a) yields k§~! < 1. For N € N, it turns out that

U (r)dr = ﬁ:l / U (r)dr = i /

ab af™ af™

U (af) — U’ (a0 +1) = /

a@N+1

1
" +
rU"(r) " dr

9n+1 0n+1

N ad™ N
1 n—
<> a0 U (a0 s / 1dr =3 (k61" 00" (af) (971 — 1)
n=1 agntt n=1
al 1
=aUu"@) (07" —1) > (k071"
n=1
If k9~ < 1, then
al 1 1
. / ! N+1 ~TTl [~ —1 : —I\"—L _ ~pr1 -1
]\}E}noo(U (aB) = U'(a0™ 1)) <aU"(a) (67" —1) ngnoonz;l (k01" =aUu"(a) (7' —1)- T =1 <
which contradicts the condition limy o U’(h) = —co. Hence, k67! =1 and

rU”(r) = 0rU" (6r) < 1U"(r) for r € (0,a),

that is, » — rU"”(r) is constant on (0,a). This is equivalent to that there exist pg,u; € R and A > 0 such
that U(r) = Arlogr + p1r + po on (0,a]. This completes the proof of the proposition. O

Let U satisfy Assumption 1.3 and a € (0,1). For the regularized problem of the form

_inf (C, ﬁ) + eDU(fI, axr ® y)) for w=(C,z,y,e) € Q,
IIell(ax,ay)

the choice of a is important to give a similar estimate as in Theorem 1.7, since the quantities such as (4.5)
may be involved in the estimate. Indeed, if we define

@U(CLZ', ay) = sup Dy (ﬁa ar @ y)
el (az,ay)
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then, for @ > 0, it turns out that
r t d2 . r t
dy (ar,aro) = adye-1(r,m0) = a/ / —U* (s)dsdt = a/ / aU" (as)dsdt
ro Y To dS To Y To

T t
> a/ / aU" (as)dsdt = aa*dy (ar,ar),
To Y To
consequently,
a "Dy (az,ay) < a Dy (ax, ay)

holds with equality if and only if U = (U,)x o, holds for some 9, 1 € R and A > 0.

5. EXAMPLES AND COMPARISON

We give examples of U satisfying Assumption 1.3.

5.1. Model case. Recall that U, € C([0,00)) N C*((0,00)) is defined as

U, (r) = rlogr for r >0,
Y70 for r = 0.

Obviously, U, satisfies Assumption 1.3 and the normalization (4.2). For r,rg > 0, we see that
dy, (r,r0) = Uy(r) — Us(ro) — (r — 10)UL(10) = r(logr — logrg) — (r — o),

which yields Dy, (z,w) = Dk (z,w) for z,w € Pk.
Let us see that Theorem 1.7 for the case U = U, coincides with the error estimate given in [20, Theorem 5]
interpreted as

(1) Oy~ it (1) < Ace e (2T oy (0y) 1)

Hell(z,y)

for e € (0,Ac(x,y)/(1+ Dy, (z,y))], where w = (C,z,y,e) € Q. In our setting, the ¢*-radius of I(z,y)
defined in [20, Definition 2| is calculated as

max E 5 = 1.
He(z,y) iy

The entropic radius defined in [20, Definition 3] is calculated as

sup  (S(IT) = S(I")) = sup  (=Dy,(Il,z®y) + Dy, (Il',z @ y))
ILIT ell(z,y) ILII eIl(x,y)
= sup Dy, (ILzey)— inf Dy (I,z®y)
ell(z,y) ell(z,y)
= QUO (x7 y)?

thanks to the relation Dy, (II,x ® y) = —S(IT) + S(x) + S(y) for IT € II(x, y). A direct calculation provides

DU, (z,y)

ey, (T) = exp(t — 1) : (—o0,1] — (0, 1], Ry, (z,y) = vy, (z,y) = 2, Ul(1) =1.

1+ eDv,(z.y)’

Thus, our estimate in Theorem 1.7 coincides with (5.1), where the range of the regularization parameter in
Theorem 1.7 is given by

Ac(x, y)Ro, (2,y) Ac(z,y) _ Ac(z,y)
(0’ v, (2,y) } " ( "Dy, (z,y) +vu,(z,y) — Ué(l)} - <0’ 14+ 9Dy, (z,y) )"

which coincides with that in [20, Theorem 5].
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5.2. g-logarithmic function. Let us consider an applicable example other then the model case. From the
equivalent between (C0)—(C2), any of U,U’, and U"” is on the table for consideration. If we regard 1/U"
as a deformation function, U’ is called a deformed logarithmic function and —U corresponds to the density
function of an entropy (see [14, Chapters 10, 11] for details). One typical example of deformed logarithmic
functions is the g-logarithmic function. For ¢ € R, define the g-logarithmic function In,: (0,00) — R by

T

t — if 1
In, (t) ::/ s74ds = 1—g¢q iftg#1,
! log t if g = 1.

The entropy associated to In, is called the Tsallis entropy (see [14, Chapter 8] for instance). We see that
lim, o Ing(h) = —oc is equivalent to ¢ > 1. Moreover, the function ¢ — ¢In/(t) = ¢'~9 is non-decreasing
on (0,1) if and only if ¢ < 1 holds. Thus, In, satisfies Assumption 4.1 if and only if ¢ = 1 holds, where
Um, = (Us)1,0,—1. This means that, if we regard a power function as a deformation function, that is, 1/U",
only the power function of exponent 1 is applicable to Theorem 1.7. To obtain an example that satisfies
Theorem 1.7, we need modify the power function of exponent 1 other than power functions of general

exponent.

5.3. Upper incomplete gamma function. For « € R, define L, : (0,1) — R by

—1 R |
_(Flogt)" =14 2o,
(0%

—log(—logt) ifa=0.

Lo(t) == —Iny_(—logt) =

It turns out that 1

Ly, (1)
which can be regarded as a refinement of the power function of exponent 1 since the logarithmic function is
referred to as the power function of exponent 0. We see that lim41 Ly (¢) is finite if and only if o > 0 holds,
and limy o Lo (h) = —oo if and only if @ > 0 holds. Moreover, the function ¢t — tL/ (t) = (—logt)*~ ! is
non-decreasing on (0, 1) if and only if & < 1 holds. Thus, L, satisfies Assumption 4.1 if and only if « € (0, 1]
holds, where Ur,, = U,.

In what follows, a € (0, 1] is assumed. We set

=t-(~logt)'~* >0 forte(0,1),

) 1
L,(1):= ltlTnllLa(t) =

It follows from the change of variables —logt = 7 that

/1L(t)dt Lo 1)+ 2
a = ——1l« E)
0 o e
where I'(+) is the gamma function. As mentioned in Remark 4.2, if we set

(—logt)®

1
Tla+1)

Lo(t) :=—

for ¢ € (0,1], then ¢, satisfies Assumption 4.1 and

(5.2) Ua(r) = /Oréa(t)dt fﬁF(a+ 1, —logr) +

satisfies the normalization (4.2), where

I‘(p,T)z/ tP~ L exp(—t)dt

is the upper incomplete gamma function for p > 0 and 7 > 0. Note that I'(p,0) = T'(p). Since the inverse
function ey, : U.((0,1]) — (0,1] of U, : (0,1] — UL((0,1]) = (—o0, 1] is given by

ev, () = exp (= [-T(a+ 1)(r — 1)]7),

the error estimate in Theorem 1.7 for U = U, is the exponential decay in the case of @ = 1, which is the
same as (5.1), and is more tight if & € (0,1) as we observed in Subsection 2.3.
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The function L, is introduced to analyze the preservation of concavity by the Dirichlet heat flow in a
convex domain on Euclidean space (see [8,10]).

5.4. Complementary error function. Let us give an example of a function L satisfying Assumption 4.1
except for the continuity at ¢ = 1. In this case,

W(r) = /OTL(t)dt

satisfies Assumption 1.3 except for the continuity and differentiability at » = 1 but

-1

Wi(r) = aW(a™'r) = a / C L = / " a0t

satisfies Assumption 1.3 if @ > 1. Then, it might be worth to consider the effect of @ > 1 on the regularized
solution of the form

argmin ((C,II) + eDwe(IL z @ y)) ,
ell(z,y)

as we mentioned in Subsection 4.3.
Let us give an example of such L. Define H : (0,1) — R by the inverse function of

oo

T ——
ﬁ —7/2

where erfc(7) = 1 — erf(7) is the complementary error function with the error function

e do = 1erfc <7I) ,
2 2

2 (7 2
erf(r) = —/ e 7 do forT€eR,
VT Jo
and we used the properties

1 1
()0 i () =

It is easily seen that H € C*°((0,1)) and lim; o H(t) = —oo. Since we have

1 H(t))_ d (1 T )_ 1
ferfc<—— =t forte(0,1), > ierfc(—7> = e for T € R,

2 2 2 Vam
we find that
)2
1= 4 (lerfc (77H(t))> L e~ H'(t),
dt \2 2 Vim
d? (1 ( H(t))) 1 _=w? ( H(t)
R Rt f _o\Y - = —7H/ t 2 Hl/ )
dt2 2CI‘C 2 \/Ee * 2 ()+ (t) ’
consequently,
%(tH’(t)) — H'(t) + tH" () = H'(1) (1 + @H’(t)) 7
for t € (0,1). It was proved in [9, Section 4.3] that
H H
inf O iy iy O gy =y
te(0,1) 2 t10

in terms of the inverse function of H, and hence t — tH’(t) is non-decreasing on (0,1). Thus, H satisfies
Assumption 4.1 except for the continuity at ¢ = 1.

The function H is also introduced to analyze the preservation of concavity by the Dirichlet heat flow in a
convex domain on Euclidean space (see [10]). Although we do not detail here the definition of “F-concavity
is preserved by the Dirichlet heat flow in a convex domain on Euclidean space”, for F' € C?((0,1)), if F-
concavity is preserved by the Dirichlet heat flow in a convex domain on Euclidean space, then F' satisfies
Assumption 4.1 except for the continuity at ¢ = 1 by [10, Theorems 1.5 and 1.6] and [9, Theorem 2.4 and
Subsection 4.3].
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FIGURE 1. Absolute error/Ag(x,y) vs. regularization parameter €.

6. NUMERICAL EXPERIMENTS

Let w = (C,z,y,¢) € Q. Numerical experiments demonstrate that the error (C, 11V (w)) —infrier(z,y) (C, IT)
follows the estimate in Theorem 1.7. The function U tested is associated with the function U, for a € (0, 1],
which is defined in (5.2). The test problem used has the values of the entries of a matrix C' € R5*5 and test
vectors x,y € Ps generated in MATLAB.

The regularized problem (1.2) is solved by using the gradient descent method presented in [18, Corol-
lary 4.3]. The method terminates when the Frobenius norm of the gradient becomes 1078, All computations
are performed on a computer with an Intel Core i7-8565U 1.80 GHz central processing unit (CPU), 16 GB of
random-access memory (RAM), and the Microsoft Windows 11 Pro 64 bit Version 22H2 Operating System.
All programs for implementing the method were coded and run in MATLAB R2020b for double precision
floating-point arithmetic with unit roundoff 2753 ~ 1.1 . 10716,

Figure 1 shows the natural logarithm of the ratio of the absolute error (C,IIV*(w)) — infrer(z,y)(C, II)
and Ac(z,y) versus the value of the regularization parameter €. Here, Ac(x,y) ~ 4.6 - 107¢. We observe
that as € decreases for each value of «, the error decreases. As the value of a decreases for each value of ¢,
the error decreases. As the value of ¢ decreases, the methods tend to take more iterations. This is because
the regularized problem approaches the given problem as e approaches zero.

7. CONCLUDING REMARKS

In this paper, we considered regularization of optimal transport problems via Bregman divergence. We
proved that the optimal value of the regularized problem converges to that of the given problem. More
precisely, our error estimate becomes faster than exponentially. Numerical experiments showed that regu-
larization by a Bregman divergence outperforms that by the Kullback—Leibler divergence.

There are several future directions subsequent to this study. The time complexity of our regularized
problem is left open. It would also be interesting to extend the setting of this paper from a finite set to
Euclidean space.
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