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We consider the problem of learning classification trees that are robust to distribution shifts between training
and testing/deployment data. This problem arises frequently in high stakes settings such as public health and
social work where data is often collected using self-reported surveys which are highly sensitive to e.g., the
framing of the questions, the time when and place where the survey is conducted, and the level of comfort the
interviewee has in sharing information with the interviewer. We propose a method for learning optimal robust
classification trees based on mixed-integer robust optimization technology. In particular, we demonstrate that
the problem of learning an optimal robust tree can be cast as a single-stage mixed-integer robust optimization
problem with a highly nonlinear and discontinuous objective. We reformulate this problem equivalently as a
two-stage linear robust optimization problem for which we devise a tailored solution procedure based on
constraint generation. We evaluate the performance of our approach on numerous publicly available datasets,
and compare the performance to a regularized, non-robust optimal tree. We show an increase of up to 12.48%
in worst-case accuracy and of up to 4.85% in average-case accuracy across several datasets and distribution

shifts from using our robust solution in comparison to the non-robust one.
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1. Introduction

Machine learning techniques are increasingly being used to support decision-making in high-
stakes domains, with potentially significant societal impacts. In such settings, the ability to

gauge a machine learning model’s trustworthiness is necessary to obtain stakeholder buy-in for
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deployment. To this end, simple and interpretable models are often preferred over black-box
ones (Rudin/2019, Rudin et al.[2022).

Some of the most interpretable machine learning models are classification trees, which are
easily visualized and simple to deploy. A classification tree is a model which takes the form
of a binary tree. At each branching node, a test is performed, which asks if a feature exceeds
a specified threshold value. Given a data sample, if the answer is positive (resp. negative)
the sample is directed to the right (resp. left) descendent. Thus, each data sample, based
on its features, follows a path from the root of the tree to a leaf node. At each leaf, a label
is predicted. A data sample is correctly classified if and only if its label matches the label
predicted at the leaf where it lands (Breiman et al.[2017).

Training a decision tree consists in deciding which tests to perform at each branching
node and which labels to predict at each leaf node, based on some training dataset. A
common criterion to evaluate the performance of a decision tree is accuracy, defined as the
percentage of correctly classified datapoints (although other metrics are also often employed).
In high-stakes settings (e.g., when training a tree to identify those at risk of suicidal ideation,
or the most vulnerable among those experiencing homelessness), training to optimality is
often critical to ensure that the best model is learned. As long as the data used to train the
decision tree comes from the same distribution as that in deployment, then as the size of
the training data grows, a tree trained to optimality in this fashion will likely perform as
expected in deployment.

Unfortunately, distribution shifts, where the distribution of the training and test-
ing/deployment data are different, are common in real-world applications, falling in two
broad categories. The first kind of shift corresponds to a change in the likelihood of each
sample from the population and occurs when there is sampling bias in the training and/or
testing population (Shimodairal|2000, |Bickel et al.|[2007)), e.g., when using data from Amazon
Mechanical TurkE| to train a model that is then deployed on the entire population. The
second kind of shift, which we focus on in the present paper, corresponds to a change in
individual entries of the data, often manifesting as a shift in the covariates. This kind of
shift occurs when the data collection mechanism changes between training and deployment,

or when the environment changes the distribution of data over time, among other reasons

! https://www.mturk.com
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(Quinonero-Candela et al.|2009)). Shifts that change the data entries are increasingly prevalent
in modern machine learning applications, as full control of data collection in both training
and deployment is rare. For example, in domains where data is collected from self-reported
surveys, changing the way a question is phrased, the location where the survey is conducted
or even the person collecting the information, may result in a shift in responses.

Classification trees, similarly to most machine learning models, are susceptible to distri-
bution shifts, implying that their performance may deteriorate in deployment compared to
what was expected from training (Zadrozny||2004). Thus, methods accounting for potential
shifts during the training phase are needed. In this paper, we propose to learn classification
trees that are robust to distribution shifts, in the sense that they will achieve the best
performance under worst-case/adversarial shifts of the training data, resulting in controlled,
reliable performance in deployment.

In social sciences applications where interpretability, robustness, and optimality are often
required, the available data frequently come from surveys and manually recorded observations,
manifesting as integer and/or categorical data (e.g., gender and race). We thus focus our
methodology of learning robust classification trees on the case of covariate shifts on integer
and categorical data, a setting of special importance in high-stakes domains that also poses

significant modeling and computational challenges.

1.1. Problem Statement

We now formally define the problem of training a classification tree robust to distribution
shifts, which is the focus of this paper.

Let {x',y'}icz be the training set, where Z is the index set for the training samples and
any categorical features are one-hot encoded in each x’. The vector x* € ZM! collects the
covariates of datapoint i, where the elements of F index the features, and y° € K is a label
drawn from a finite set K. We let x} denote the value of covariate f € F for sample 1 € 7
and, with a slight abuse of notation, denote by x the vector concatenation of x* over all
samples i € Z. Accordingly, we let y := (y*, 92, ..., y")).

In the presence of distribution shifts, the training set does not reflect the data at deploy-
ment. In most instances, the exact shift in the data at deployment is unknown. Thus, it is
necessary to account for the performance on several perturbed training sets that reflect some

potential distributions of the testing set. For a sample i € Z, let & € Z represent a possible
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perturbation of the covariates x*, such that {x’+ £’,4'};c7 is a potential perturbed dataset.
With a slight abuse of notation, let &€ be the vector concatenation of & over all samples i € 7.
Since £ is unknown in training, we say that & lies in a set of all possible perturbations = —
often termed as an uncertainty set in the robust optimization literature (Ben-Tal et al.|2009).

Let TI; be the set of all decision trees with depth at most d, where d is a nonnegative
integer. In settings where interpretability is desired, the depth d is usually chosen to be small,
e.g., less than four or so. Each element 7 € I, is a binary decision tree classifier 7 : Z¥1 — K.
The problem of training an optimal robust classification tree consists in finding a binary tree
that correctly classifies the most samples under worst-case realizations of the perturbed data.
Mathematically, it is expressible as

max min Y I [W(Xi +&) = y’} : (P=)

melly E€E ieT

The above problem is a single-stage robust optimization problem, as all decisions, i.e., the
classifier 7, must be decided before the uncertain parameters & are observed. Note that since
the features are integer-valued, = is a discrete set, a setting that is not well studied in the
robust optimization literature (see section [I.2.4)). Also, the summation of indicator functions
in is nonlinear and discontinuous. These characteristics make problem difficult to
solve. In this paper, we work to solve problem and address these difficulties.

1.2. Background and Related Work

Our paper relates closely to several literature streams, which we review in the following.

1.2.1. MIO-Based Decision Trees Traditionally, classification trees are built using
heuristic approaches since the problem of building optimal classification trees is NP-hard
(Quinlan! 1986|, 2014, Kass| (1980, Breiman et al. 2017)). Recently, motivated by the fact
that heuristic approaches often return suboptimal solutions, mathematical optimization
techniques such as MIO have been developed for training optimal trees. The first such method
was proposed by [Bertsimas and Dunn| (2017). To address the long run times required for
learning optimal decision trees on large datasets, Verwer and Zhang| (2019) propose a binary
linear programming method whose size scales with the logarithm of the number of training
samples. Aghaei et al. (2024) propose a different MIO method with better relaxation quality

to the aforementioned formulations resnltine in_imbproved _computational nerformance [Hn
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et al.| (2019)) introduce an efficient method for learning optimal decisions trees with sparsity-
promoting regularization, giving specialized bounds that can significantly reduce the search
space. Boutilier et al.| (2022)) present a logic-based Benders decomposition method for building
optimal trees with multivariate splits. MIO approaches for constructing decision trees allow
for several extensions. Building off of the model by Bertsimas and Dunn| (2017)), [Elmachtoub
et al. (2020) propose an MIO formulation to build optimal decision trees that minimize a
“predict-then-optimize” loss rather than a classification loss to decrease model complexity
while improving decision quality. [Misi¢| (2020) examines the setting where the covariates to a
given tree ensemble are decision variables, formulating an MIO problem to find the covariates
that maximize the ensemble’s predicted value. Aghaei et al. (2019)) and |Jo et al|(2023) use
MIO to create optimal and fair decision trees. Kallus (2017) and |Jo et al.| (2021)) solve the
problem of learning prescriptive trees via MIO, with the latter approach applying also to the

case of observational data.

1.2.2. Machine Learning Robust to Distribution Shifts Under the setting where
there is uncertainty in the parameters of an optimization problem, robust optimization has
been used to generate solutions immunized to uncertainty by hedging against adversarial
realizations of the parameters (Ben-Tal et al. 2009). Using robust optimization, several
researchers have proposed models and algorithms for machine learning that are robust to
distribution shifts in the data entries.

Chen and Paschalidis| (2020) provide a learning framework under distributional perturba-
tions defined by the Wasserstein metric, applying their method to distributionally robust
linear regression, semi-supervised learning, and reinforcement learning. More closely related
to this paper, there are works on building robust models for a variety of classification tasks.
Sinha et al. (2017) provide a distributionally robust framework with proven convergence
guarantees for smooth loss functions, and apply their framework to neural networks. Shaham
et al.| (2018)) create a robust optimization framework for non-parametric models that is trained
through a stochastic gradient method, and also apply their method to create artificial neural
networks that are robust against adversarial perturbations of the data. Both robust and
distributionally robust optimization approaches have been used to train robust support vector
machines (Shivaswamy et al.| 2006, Pant et al. 2011} Bertsimas et al. 2019, Kuhn et al.[|2019)
and robust logistic regression models (Shafieezadeh Abadeh et al.|2015] Bertsimas et al.[2019,
Kuhn et al. 2019).
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1.2.3. Robust Classification Trees Several authors have proposed methods for learning
robust classification trees. |Chen et al. (2019) and Vos and Verwer| (2021)) propose a modification
of the standard greedy methods to train decision trees that incorporate robustness. More
closely related to our work, Bertsimas et al.| (2019)) utilize MIO to learn robust classification
trees. However, their approach does not solve problem , but instead tackles a simpler
(conservative) proxy. We refer to section [5| for comparisons among these methods from the

literature and the approach proposed in this paper.

1.2.4. Robust Optimization with Discrete Uncertainty Sets The approaches

discussed in sections [1.2.2] and [1.2.3] assume that the covariates, and therefore the data

perturbations, are real-valued. However, real-valued perturbations are usually unrealistic in
the high-stakes settings that motivate our work (e.g., in the social sciences and applications
using administrative datasets). Additionally, there are very few works in the literature that
study problems affected by discrete perturbations. In the case of real-valued perturbations,
problem is typically handled by dualizing the inner minimization problem. With some
exceptions (Bertsimas and Sim|2003, 2004, Mehmanchi et al.[|2020), such an approach is usually
not possible with non-convex uncertainty sets (such as ours) due to the lack of strong duality.
A possible approach is to approximate the discrete set with a convex relaxation (Atamturk
and Gomez [2017) but such methods typically yield poor, conservative solutions (Borrero and
Lozano|[2021)). In general, solving robust optimization problems with discrete uncertainty
sets often requires iterations between a worst-case analysis and refinement of a candidate
solution. In particular, the worst-case analysis typically requires the solution of an expensive

mixed-integer optimization problem (Laporte and Louveaux |1993, Mutapcic and Boyd 2009).

1.3. Contribution and Proposed Approach

We develop the first method for learning optimal robust classification treesP|] A noteworthy
characteristic of our method is that, unlike most approaches in the machine learning literature,
it allows uncertainty on discrete and/or categorical covariates. We now summarize the key
features of our proposed approach.

2 A preliminary version of this paper was presented at the 2022 AAAI Workshop on Adversarial Machine Learning and

Beyond (Justin et al.||2022). The associated paper was peer-reviewed but is ‘non-archival’ and therefore the research
presented at the workshop can be published in a journal without conflict.



Justin, Aghaei, Gémez, and Vayanos: Learning Optimal Classification Trees Robust to Distribution Shifts 7

1. We show that the single-stage mixed-integer nonlinear robust optimization problem
can be formulated equivalently as a two-stage mixed-integer linear robust problem, where
the second-stage (recourse) decisions decide on the path followed by each datapoint in
the tree and are allowed to adjust to the realization of the data perturbations. We also
detail the connections between this two-stage formulation and previous methods for
learning robust trees.

2. We study the unique setting where the data is discrete, a setting that is of particular
relevance in high-stakes applications. To address this problem, we devise a discrete
uncertainty set through a cost-and-budget framework. We detail a connection between
this proposed uncertainty set and hypothesis testing, giving an informed method for
calibrating the uncertainty set.

3. We present a cutting plane approach that solves the two-stage formulation to optimality
with the proposed uncertainty set, allowing the formulation to be implemented in existing
off-the-shelf MIO solvers.

4. We evaluate the performance of the formulation on publicly available datasets for several
problem instances and show the effectiveness of our proposed method in mitigating
the adverse effects of distribution shifts both on average and in the worst-case. More
specifically, in our computations we observe an increase of up to 12.48% in worst-case
and 4.85% in average-case accuracy when using a robust tree compared to a non-robust
tree in scenarios where the distribution shift is known. The computations also indicate
that similar improvements are obtained even if the parameters used to calibrate the
uncertainty set are not perfectly known.

The remainder of this paper is organized as follows. Section [2| provides the equivalent
reformulation of as a two-stage robust linear MIO and describes the model of uncertainty:.
In section [3] we describe an algorithm to solve the two-stage formulation to optimality.
Section [4| provides a way to calibrate the uncertainty set based on hypothesis testing. We
also compare the proposed approach to other robust tree formulations in the literature in
section [5] We then present experimental results in section [0} Electronic Companion
shows the relationship between problem and a Wasserstein distributionally robust
version of the problem. Electronic Companions [EC.2] and [EC.3| contain proofs and empirical

results justifying our solution method, respectively. Electronic Companion discusses

variants and extensions to our model. Finally, we show additional experimental results in
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Figure 1 Illustration of our notation on a tree of depth d =3. The nodes in the bottom row are in set £ and all
other nodes are in set A. Each node n € N has two children: {(n) (on the left) and r(n) (on the right),
and each node n € N'UL\{1} has a parent a(n) and ancestors indexed in set A(n) = {m,a(n)}.

Electronic Companion [EC.5 Note that the approach in this paper has been implemented as
part of an open source Python package ODTLearn (Vossler et al.|[2023)), making it easy to

use for researchers and practitioners.

2. Robust Tree Formulation

In problem , the objective function is highly nonlinear and discontinuous, causing
significant difficulties in devising computational solution approaches. We thus propose to
reformulate equivalently as a two-stage problem with linear objective, which will be
possible to solve using a conjunction of MIO solvers and delayed constraint generation, see

section [3]

2.1. Defining a Classification Tree

To reformulate problem as a two-stage problem, we first express Il; as a set of points
satisfying a finite number of linear constraints over a discrete set. For a tree of maximum
depth d, let N be the set of internal nodes and £ be the set of leaf nodes. There are 2¢ — 1
nodes in A" and 2¢ nodes in £ and each node is numbered from 1 to 2¢*! —1 in a breadth-first
search pattern. For any internal node n € N, let the left and right children of n be I(n)
and r(n), respectively. For any node n € N'U L, let a(n) be the parent of node n and A(n) be
the set of all ancestor nodes of n. Figure [I] illustrates this notation on a depth 3 classification
tree.

Each node in £ can be a prediction node where the classification of a sample is made; each

node in N can be a prediction node or a branching node where a binary test is performed.
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Any node that is not the root node is a pruned node (i.e., neither a branching nor prediction
node) if any of its ancestors is a prediction node. At each branching node n € N/, a binary
test is performed on a chosen feature f € F with selected threshold 6, asking whether the
perturbed value of the feature of sample ¢ is greater than 6, i.e., if x} + 5} >0+ 1. If the
test passes, then the data sample is directed right to r(n); otherwise the sample is directed
left to [(n). We let ¢y and dy be the lower and upper bounds of values for feature f within
the training data, respectively. The set of possible threshold values we can choose from if

branching on feature f is given by
@(f) 2:{06Z | Cf§9<df}.

We now encode elements of II; as a discrete set of decision variables for the outer maxi-
mization of problem . Let by, f¢ indicate whether node n € N is a branching node and the
binary test is on feature f € F with threshold 6 € O(f). Binary decision variable v,, indicates
whether node n € N UL is a prediction node. Also, we let w,;, be a binary variable that
equals one when node n € AU L is a prediction node with assignment label k € K. Let b, v,
and w collect the b9, v,, and wy; decision variables, respectively. With these variables in

hand, we can define a set § whose elements have a one-to-one mapping to the trees in Il;:

S :={(b,v,w):

Z Z bnfg—i-vn-i- Z U =1 VneN (2&)

feFveal(s) meA(n)

Unt > Up=1 VneLl (2b)
meA(n)

Up =) Wk Vne NUL (2¢)
kek

banG{O,l} VTLEN,fo,QG@(f) (2(1)

v, €{0,1} VneNUL (2e)

Wi € {0,1} Vne NULkeK }. (2f)

Constraints state that at each internal node, either a prediction is made at the node, a
prediction is made at an ancestor, or a binary test is performed at the node. Constraints (2b))
affirm that at each leaf node, a prediction is made at either the node or one of its ancestors.

Constraints ensures that exactly one label in IC is predicted at each prediction node.
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2.2. The Uncertainty Set

For the time being, we assume that the covariates of all features are integer-valued. We also
assume that all uncertain data may shift in either direction by increasing or decreasing in
value. We refer to the Electronic Companion for handling categorical features, one-sided
shifts that only allow increases (or only decreases) in uncertain data values, and datasets with
mixed-feature types and shifts. With these assumptions in place for the inner minimization

problem in (Pz)), the uncertainty set = is defined as

== {geZﬂX'f : ZZ%IS}ISE}, (3)

i€T feF

where ’y]’} € R, is the cost of perturbing :U; by one (in either direction) and € is the total
allowable budget of uncertainty across data samples. Note that 7} can take on different values
for different samples ¢ € Z and features f € F, which is useful in domains where the likelihood
of the covariate shift varies between different groups of samples and/or different features.

As we show in section , there exists a connection between (3) and hypothesis testing,
which allows for calibration of the values of fy} and e based on domain knowledge about the
possible distribution shifts. For details on the connection between and a Wasserstein-based

ambiguity set, we refer to Electronic Companion

2.3. Counting the Number of Correctly Classified Data Samples

We wish to reformulate the expression for the count of correctly classified data samples in (Pz])
to create a more computationally tractable formulation. To represent the objective, we use
the idea outlined by Aghaei et al.| (2024) that the number of correctly classified samples can
be represented as the optimal value of a sum of maximum flow problems, where we adapt

this approach to account for perturbations in the data.

2.3.1. Capacitated Flow Graph for Sample ¢ To determine whether a data sample ¢
is correctly classified for a given tree (b,v,w) € S and perturbation & € =, we define a

capacitated flow graph for sample i based on (b,v,w), x*, and &

DEFINITION 1 (CAPACITATED FLOW GRAPH FOR SAMPLE i). Let V := NUL U {s,t}
for s a source node and t a sink node. Given tree (b,v,w) € S, the capacitated flow graph
for sample i € Z is a graph (V,&) such that for all n € V\{t} and m € V\{s}, edge (n,m) is
in € and has capacity 1 if and only if exactly one of the following is true:
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1. n=s and m=1;

2. ne N, m=1I(n), and there exists an f € F and 0 € O(f) such that b,pg =1 and

7€ <0;

3. neN, m=r(n), and there exists an f € F and 0 € O(f) such that b,sg =1 and

ah+ >0+ 1

4. neNUL, m=t, and w,, = 1.

Furthermore, edge (n,m) is in € and has capacity 0 if and only if one of the following is true:

1. neN, m=1(n), and there exists an f € F and 0 € O(f) such that byro =1 and

ry+&>0+1;

2. neN, m=r(n), and there exists an f € F and 0 € O(f) such that b,sg =1 and

7€) <0;

3. ne NUL, m=t, and w,,: =0.

For every branching node n with test on threshold 6 of feature f, the capacitated flow graph
has either capacity 0 or 1 for the edge leading to the sink node ¢ and the edge that is traversed.
Specifically, if the test 2 + &5 > 6 41 passes (resp. fails), edge (n,r(n)) (resp. (n,1(n))) has
capacity 1 and edges (n,t) and (n,l(n)) (resp. (n,7(n))) have capacity 0. For every prediction
node, the edge leading to t has capacity 1 only if the assigned class of that node is ¢, and
all other edges leaving the prediction node have capacity 0. Lastly, as an entry point for a
data sample, the edge from the source s to the root node 1 has capacity 1. This constructed
capacitated flow graph for sample ¢ has a maximum flow from s to ¢ of 1 if and only if
sample i, perturbed by &, is correctly classified. Figure [2] illustrates the construction of the

capacitated flow graph for sample %.

2.3.2. Maximum Flow Problem We now introduce decision variables that represent
the flow of point ¢ from source s to t in the capacitated flow graph. Let the binary decision
variable 2}, indicate whether datapoint i flows down the edge between n and m and is
correctly classified by the tree for m € NUL U {t} and n :=a(m) € NULU{s} under
perturbation §. Also let z collect all the 2}, ,, for all i € Z and all graph edges (a(m),m)
for m e NULU{s}. Note that zﬁl’m are the decision variables of a maximum flow problem,
where in the capacitated flow graph for sample i, z}lm is 1 if and only if the maximum flow
is 1 and the flow traverses arc (n,m). For fixed (b,v,w) and &, maximizing the sum of 2},
over all samples i € Z and all nodes n € N'U L yields the count of correctly classified samples

max Z Z zf%t, (4)

2€2(bw§) (=7, VUL
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®\O 6

Figure 2 Capacitated flow graph for a given sample ¢ with a classification tree of depth 2. Nodes s and t are the
source and sink nodes, respectively, N'={1,2,3}, and £ ={4,5,6,7}. The green, bold edges are the
edges of capacity 1 in the capacitated flow graph, and the gray edges have capacity 0. Nodes 1 and
3 are branching nodes, where the sample would be routed left and right, respectively. Nodes 2 and 6
assign the correct label, and node 7 assigns an incorrect label. Nodes 4 and 5 are pruned from the tree
as they have an ancestor (i.e., 2) that is a prediction node. The maximum flow from s to ¢ is 1 in this

capacitated flow graph, indicating a correct classification.

where the set Z defines the maximum flow constraints for each sample’s capacitated flow

graph:

Z(b,w, &) = { ze{0,1}xC""7-2).

i <D D ]I[a:’}—l—é’}gﬂ bifo VieZ,neN, (5a)
fEF 0cO(f)

Gy S D T +& =041 bug VieI,neN, (5b)
fEF 0O(f)

ZZ(n),n = Z:L,l(n) + Z’fz,r(n) + Z:z,t Vie I? ne N? (5C>

zé(n)m =2, VieI,nel, (5d)

2y S Wy VieZneNULY}.  (5e)

Problem maximizes the sum of flows over the capacitated flow graphs for all data samples,
counting the number of correctly classified samples after perturbation. Constraints
and are capacity constraints that control the flow of samples based on x + & and the tree
structure. Constraints and are flow conservation constraints. Lastly, constraint
blocks any flow to the sink if the node is either not a prediction node or the classification at

that node is incorrect.
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2.4. Two-Stage Reformulation

With the definition of S in , definition of = in , and reformulation of the number of
correctly classified datapoints as the optimal value of the maximum flow problem in
hand, we can rewrite problem equivalently as a two-stage linear robust optimization
problem. In the first-stage, the variables (b,v,w) € S that encode the tree are selected,
corresponding to the outer maximization in problem . Once the tree is selected, an
adversarial perturbation of the covariates £ from the set = is chosen, corresponding to the
inner minimization in (Pg)). In the second-stage problem, given (b, v,w) and £, the number
of correctly classified perturbed samples in the data {x’+ &',y };c7 is calculated as in (4)).
This idea leads to the following equivalent reformulation of problem for learning optimal
robust classification trees:

max min  max Y >z, (6)

(byv,w)eS €5 zeZ(bwi) ;7 7 -

Problem @ is equivalent to problem , but unlike formulation , it has a linear
objective with a linear set of constraints for each stage of the formulation. However, @
complicates the problem in that it introduces a second stage maximization. Yet in spite of
problem (@ being a two-stage problem, this equivalent reformulation of can be solved

to optimality with the help of MIO solvers, as we show in section [3]

REMARK 1. Note that the set S does not involve any constraints that prevent tests that do
not improve the tree’s accuracy from being performed. To prevent trees that involve such
tests from being returned when solving problem @, we can add a small penalty term to our
objective, ensuring that shallow trees are preferred over deeper trees with the same accuracy.

We include such a term in all our experiments (see section[6.1.9 for details).

3. Solution Method

We now present a method for solving problem (6)) (and therefore problem (Pg])) through a
reformulation that can leverage existing off-the-shelf MIO solvers. There are several exact
methods for solving two-stage robust optimization problems. If strong duality holds for the
inner maximization problem (as it does in problem @), replacing the inner maximization
problem with its dual results in an equivalent reformulation with the same optimal objective
value and same set of optimal solutions. This dual reformulation is a single-stage robust

optimization problem, which can be solved using a delayed constraint generation approach that
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adds violated constraints during branch-and-cut. We can also use a column-and-constraint
generation approach as in [Zeng and Zhao| (2013), which iteratively adds both constraints
and the inner maximization problem’s primal variables to a main problem and resolves the
main problem. However, our main problem, represented by the outer maximization of @, is
difficult to solve as shown in |Aghaei et al.| (2024)). Column-and-constraint generation therefore
would necessitate iteratively solving many difficult main problems in succession. Thus, we
utilize a tailored delayed constraint generation approach that leverages the structure of the
problem, implementable with common off-the-shelf MIO solvers such as Gurobi (Gurobi

Optimization, LLC[2024)).

3.1. Reformulating the Two-Stage Problem

To solve the two-stage optimization problem @, we reformulate it equivalently as a single-stage
robust MIO. The first part of the reformulation is the dualization of the inner maximization
problem . Recall that the inner maximization problem is a maximum flow problem;
therefore, the dual of the inner maximization problem is a minimum cut problem.

To write the dual, we define the dual variables corresponding to the minimum cut prob-
lem. Let qfl’l(n), qf;w,(n), and qim be the dual variables corresponding to the capacity con-
straints , , and , respectively. Each q;,m equals 1 if and only if the edge that
connects nodes n and m in the capacitated flow graph for sample i is in the minimum cut-set.
We let q° be the collection of q;’m over tree edges (n,m) so that q’ represents a cut-set
on the capacitated flow graph for data sample i. We also define p!, to be a dual variable
corresponding to the flow conservation constraints and forne NU{s} and n€ L,
respectively. Each p!, equals 1 if and only if node n is in the source set corresponding to the
capacitated flow graph of data sample i € Z.

Let Q be the set of all possible cut-sets in a classification tree described in section [2.1]

defined through

Q= {qe{0,1}*? . 3p, €{0,1}, Vne NULU{s} s.t.

In,i(n) = Pn+Din) =0 VneN (Ta)
Inr(n) = P+ Prn) 20 VneN (7b)
gs1+p =1 (7c)
—PntGne 20 Vne NUL }. (7d)
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Constraints — ensure that if a given node n is in the source set and one of its children
is in the sink set, then the arc connecting the nodes is in the cut-set. Moreover, let q € Q!
be a collection of cut-sets q° € Q across data samples i € Z. Then, taking the dual of the

inner maximization problem in @ gives the following single-stage formulation:

max S S A D I AR DD DD D H[$f+§f<9]qnl bnso

(bv.w)ES qeQltl €€E (o7, Ine ieT icI neN feF 0eO(f
Yy Z I [xf+§f >0+1} T
i€ neN feF 9eo(f

Equivalently, we can formulate using the hypograph reformulation

Jmax ¢ (9a)
sb <Y D Wi D DD YD ]I{xf+£f<8}%1l bnyo
i€ neENUL €L €L neN feF 0cO(f
Y ST H[xf+gf>9+1]qm(nbnf9 Vae Q" ge=  (9b)
i€ neN feF 0cO(f
(b,v,w)eS (9¢)
teR, (9d)

where decision variable £ € R and constraints represent the hypograph of the objective
function of (8)). Note that formulation (9) is a linear MIO formulation for solving problem ([Pg]),
where the optimal value of ¢ represents the optimal objective value of — that is, the
number of correctly classified datapoints in training under a worst-case realization of the
perturbed data. However, @ introduces an extremely large number of constraints , one
for each combination of cut-set and perturbation in Q! x =, and is impractical to solve

directly using MIO solvers.

3.2. Solving the Single-Stage Reformulation

A common method for solving problems with a large number of constraints is to use a
cutting plane approach: solving a simpler relaxation of the original problem as an initial main
problem, then iteratively adding constraints as needed. This method typically avoids solving
a problem with a prohibitive number of constraints. We propose such a delayed constraint

generation approach to solve formulation @D
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3.2.1. The Main Problem The approach begins with a main problem that initially
relaxes all constraints within formulation @:

br}rvl’e%t t (10a)
st t<|Z| (10Db)
(b,v,w)eS (10c)
teR, (10d)

where constraint bounds t by its maximum value, i.e., the size of the training set.
Formulation can be solved with a linear programming-based branch-and-bound algo-
rithm: a standard approach used to solve MIOs in most solvers. At any integer solution in
the branch-and-bound tree, we find and add a violated constraint of the form (9b) . ) to (|10]) if
one exists. We describe such a process to find a violated constraint in the following section.
By adding violated constraints to the main problem along the branch-and-bound process, we
converge to the optimal solution of @, which occurs when no violated constraints can be
found for the candidate solution and no better integer solutions exist in the branch-and-bound

tree. Note that most MIO solvers allow adding constraints as indicated via callbacks.

3.2.2. The Subproblem We now describe how to check whether a given solution to
the relaxed main problem is feasible for @, and how to find a violated constraint . when

infeasible. Given an integer solution of the main problem (b, Vv, W, 1), we consider the following
subproblem:
min {Y Y g+ N+ X Y 1) +& <0 dhwbars
a€QMLEEE LicT nenuL i€T i€ nEN fEF 0€O(¥) (11)
IYY Y T ﬂ[xf+gf >0+1] ., bnfe}.
€L neN feF 0cO(f

Note that the objective function of problem is the right-hand side of constraints .
Hence, if ¢ is greater than the optimal value of (11]), then the cut (9b]) where (q, &) are fixed
to their values in an optimal solution (q, ) of (1] . yields a violated constraint that can be
added to the main problem.

Problem contains products of terms that jointly optimize over q and &, presenting its
own challenges to solve. The key observations that enable the effective solution of problem ({11

given a tree defined by (b, v, w) are that: 1) Under a given perturbation &, each datapoint is
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either correctly classified or misclassified, contributing 1 or 0 to the objective, respectively;
2) Tt is never beneficial to perturb (i.e., to have £ # 0 for) a datapoint 4 that is already
misclassified; 8) For any given datapoint that is correctly classified, if it is beneficial to
misclassify it, we should do so in the minimum cost way; and, /) Identifying the minimum
cost way of perturbing any given datapoint can be done separately for each datapoint. These
observations imply that, for any given tree (b, ¥, W), we can find the worst-case pair (g, €)
that solves problem through a two-step process. First, solve a collection of auxiliary
subproblems each of which identifies a pair (q’, 5_2) encoding a worst-case path and associated
worst-case perturbation that misclassify each datapoint ¢ at minimum cost (ignoring the
perturbation budget €). Second, rank datapoints by minimum cost of misclassification from
lowest to highest and perturb as many datapoints as possible according to £, starting from
the lowest cost ones and without exceeding the budget €. In the following, we detail and
justify this procedure and propose, in particular, an efficient way to identify (q’, £€") for each
datapoint i, resulting in a procedure that solves in O(|L||Z| + |Z|log |Z]).

To help formulate the procedure of finding an optimal q and £ in ([11)), we now define a

decision path for sample i and its associated decision cut-set q'.

DEFINITION 2 (DECISION PATH FOR SAMPLE 7). Given a tree (b,¥, W) and samplei €T, a
decision path is a sequence of nodes (s,n1,n2,...,ng, t) CN ULU{s,t} forke{1,2,...,d+1}
such that, in the capacitated flow graph for sample i, n; =a(n;1) for all j €{2,...,k—1},

ny is the root node 1, and ny, is a prediction node (i.e., v, =1).

We encode a decision path for sample ¢ in our subproblem through a decision cut-set q’,

defined as follows.

DEFINITION 3 (DEcISION CUT-SET). Given a decision path (s,ni,ns,...,ng,t) CN ULU
{s,t} and sample i, a decision cut-set q' is the element of Q such that qum =1 if and only

ifne{ny,...,nk} and m¢ {na,... , ng}.

Accordingly, the value of a decision cut-set for sample 7 is defined as the sum of edge capacities
of the cut-set in the capacitated flow graph for sample 7. So, sample i is misclassified on
a decision path if and only if the associated decision cut-set has a value of 0. We provide
examples of decision paths and associated decision cut-sets in Figure [3]

To find the minimum cost perturbation that misclassifies a sample i, we enumerate over all

decision paths that misclassify sample ¢ and identify the one with the lowest cost perturbation.
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Figure 3 Visual example of all the decision paths and their associated decision cut-sets in the tree described in
Figure [2| Branching nodes are numbered circles (nodes 1 and 3), prediction nodes are numbered squares
(nodes 2, 6, and 7), and pruned nodes are filled-in circles (nodes 4 and 5). There are three decision paths
in this tree, denoted by the colored, thick edges. For each decision path, its associated decision cut-set
q’ is denoted by the dotted line, where ¢}, ,, =1 if and only if edge (n,m) crosses the dotted line. For
example, the decision path on the left is (s,1,3,6,t) and the associated decision cut-set has Qi,z =1,
qit =1, q§,7 =1, qéyt =1, qéyt =1, and all other q;m = 0. Using the example capacitated flow graph in

Figureﬂ the left and middle decision cut-sets have value 1, and the right decision cut-set has value 0.

For each of these decision paths for sample i, we identify the minimum cost perturbation
that ensures the sample flows through the decision path by solving the following problem

for € given the decision path’s associated decision cut-set q‘:

min > 7¢l¢]

A
st 33 S T & <0 bugoyy + D Do D T+ &5 >0+ 1] bugod, ) = 0.
neN feF 0€O(¥f) neN feF 0eO(f)

(12)
In this formulation, the objective minimizes the cost of perturbation. The left-hand side
of the constraint corresponds to the objective of . The requirement that it equals zero
ensures that the choice of &€ follows a decision path associated with decision cut-set q° that
misclassifies ¢ (i.e., a path ending at prediction node n such that @, , =0). For a formal
justification of why it is sufficient to solve (12)) at only decision cut-sets q’, we refer to the
Electronic Companion [EC.2]
Problem can be decomposed and solved easily. Indeed, the constraint in ((12)

implies that if Enfgq;’l(n) > 0, then H{x?—t—f;}g@} = 0. Similarly, if Z_)nfaq—é,r(n) > 0,
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then I {x} +§} >0+ 1} = 0. Thus, we can reformulate as
Juin, J;valé“ﬂ
st & >0+1—a% VfeF, 0€0(f): ang(j;,l(n) > 0 for some n € N (13)
& <0—a ‘v’fEF,QG@(f):angq_fl’r(n)>0forsomen€/\/'.

The constraints in this problem admit an intuitive interpretation. The first set of constraints
states that, if at some branching node n € A" we branch on feature f at level 8 (b, = 1) and
the perturbed datapoint i is routed right (q;, .,y = 1), then it must be that & +2% >0 + 1.
The second set of constraints states that, if at some branching node n € N’ we branch on
feature f at level @ (b, = 1) and the perturbed datapoint 7 is routed left (q‘ﬁw(n) =1), then
it must be that f} +3:3c < 0. Thus, the path followed by each datapoint (as determined by
decision cut-set q°) places constraints on the amount of perturbation for each feature of each
datapoint, and the goal of problem (|13)) is to find the smallest cost perturbation that ensures
that the perturbed datapoint 7 is routed through this path. Note that problem may be
infeasible for certain values of b and @‘ if there exists a decision path in tree (l_), v, W) that
cannot be reached by any value of x. In such cases, we work with the convention that the
optimal value of is oo.

Solving problem can be done efficiently, noting that the problem decomposes by
datapoint and feature. For any fixed sample ¢ and feature f, determine upper and lower
bounds on f} by iterating on the nodes of the decision path associated with decision cut-set q’
and imposing either the first or second constraint on f} depending on whether the datapoint
is routed left or right; subsequently, determine the value of f} from the resulting interval that
minimizes |¢%|. Problem is infeasible if no &} satisfies the upper and lower bounds.

Let ¢¢ be the minimum cost of across all possible decision cut-sets that have value 0
(i.e., decision cut-sets associated with decision paths that misclassify 7). Once {1'};c7 has
been obtained, we can impose the constraint in =, see (3]), which caps uncertainty to a
budget €. Recall that 1" denotes the smallest cost of perturbation to misclassify sample i.
Thus, the worst-case set of samples to perturb can be obtained by sorting all non-zero 1 in
non-decreasing order, performing the perturbations in this order until the budget € is saturated.

These perturbations define (q, é), where q is the collection of decision cut-sets for the decision

paths of every sample after perturbation, and é is the collection of perturbations made (with
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any unperturbed samples ¢ after the budget is saturated having perturbation & = 0). The
solution (g, £) then defines the constraint

ESD D Gty 2 Ga+ DD > D H[:vf+5f<9}qm buso

i€ neNUL €T €L neN feF 0cO(f

+Z Z Z Z ]I[xf+§f>9+1} an(n bnf9

i€ZneN feF 0cO(f

which is of the form . The violated constraint is then added to the main problem. In

(14)

summary, solving problem requires iterating over all decision paths and data samples,
which takes time O(|L]|Z]), and sorting all ¢)* values requires O(|Z|log|Z|) time. This results
in an overall runtime of O(|L||Z|+ |Z|log|Z|) for the subproblem. We summarize the procedure
for the subproblem in algorithm

3.3. Improving the Algorithm

A direct implementation of the aforementioned delayed constraint generation algorithm may
be slow in practice: a prohibitive number of constraints may need to be added before
convergence. To improve the performance of the method, we represent the number of correctly
classified points, corresponding to the inner mimization in , in an extended formulation.
Such representations of nonlinear functions using additional variables often yield stronger
relaxations (Tawarmalani and Sahinidis 2005, |Vielma et al.[2017)), since each linear cut in
this lifted space translates to a nonlinear and more powerful cut in the original space.

In particular, let ¢* € {0,1} be a decision variable that indicates whether sample i is
correctly classified for a given tree (b, v, w) and worst-case perturbation € with corresponding
minimum cut ¢, and let t be the collection of ¢ over i € Z. Since t is the total number of
correctly classified points, ¢ is equal to 3 ;7 t'. So, we reformulate problem @D equivalently

as
s, o)
IES M) RTFED SLIED 3D 3D Db L (L AR R LAY

€T 1€ neNUL €L i€ neN feF 6co(f)
+ Y Y M+ =041 g ybase Vac QT EcE  (15D)
€L neN feF 0cO(f)
(b7V7W> GS (150)

t'eR VieZ.  (15d)
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Algorithm 1 Subproblem Procedure
Input: training set indexed by Z with features F and labels IC, uncertainty set parameters

and €, tree m:= (b, v, w)
Output: cut-sets q and perturbation é

1: for €7 do

2: Initialize: & <0 > Store optimal perturbation
3: Initialize: 1)’ + co > Store minimum cost of perturbation
4: Initialize: q' < 0 > Store optimal cut-set after perturbation
5: for each decision path P do > P is a path from root node 1 to a prediction node
6: q‘ < decision cut-set associated with P

7: ) + optimal value of iyb), £l arg min{i,b)} > Find cost.
8: if i,b> feasible and 121 < then > If infeasible, choose another path
9: i€ il gl g > Store current minimum cost perturbation
10: end if

11: end for

12: end for

13: Initialize: C' < ¢ > C' is the budget allotted for perturbation
14: Initialize: £+ 0 > Default perturbation is no perturbation.
15: Initialize: q' <+ q° > Default cut-set is associated with the nominal path q’

16: for i € Z in non-decreasing order of 1)* do

17: if ¢ —">0 then

18: E ¢ q ¢ > Add perturbations if there is still budget left
19: C <+ C -t > Reduce cost from budget if perturbation of ¢ included.
20: end if

21: end for

22: return (q, €)

Since formulation (15) is obtained from (9)) through the substitution ¢ = ;7 t*, both formu-
lations have identical continuous relaxations. Our approach to further strengthen formulation
relies on one observation: for any datapoint ¢ € Z and fixed tree w € II; such that
7(x") # y', there exists an optimal solution to the inner minimization problem in such

that 7(x" + &) #y'. This is because the inner minimization problem aims to misclassify the
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most points, so no perturbation is needed on i to misclassify it, i.e., & = 0 is part of the
optimal solution.
It follows that we can enforce the condition that any misclassified point ¢ in the nominal

case cannot be correctly classified under a worst-case perturbation via the constraint

Z qntwnyl—i_qsl—i_zz Z H[xf<9:|qnl b”fe

neNu[: neN feF 0co(f (16)
> > H[xf>9+1}Qnrnbnf9 Vqi e Q.
neN feF 0co(f

A derivation of constraints can be found in |Aghaei et al.| (2024)). Intuitively, the constraints
are analogous to constraints , but without summing over all datapoints in Z and fixing the
perturbation é to zero. Moreover, separation of inequalities is similar to the separation
of . Adding constraints for each decision cut-set q* associated with the decision path
of each sample ¢ without perturbation improves the solving times by an order of magnitude,

which we detail further in Electronic Companion [EC.3

4. Calibration of Uncertainty Set Parameters

In this section, we propose a method for calibrating the parameters of the uncertainty set .
For simplicity, we examine the cases where all features are unbounded integers (or where no
bound is known). Datasets with bounded integer features, categorical features, and mixed
feature types are discussed in the Electronic Companion [EC.4]

We calibrate the parameters of with an assumed probability of certainty in the
nominal value of feature f and training sample i, denoted pgc € (0,1]. Without any other
knowledge of the distribution shift, we follow the principle of maximum entropy (Jaynes
1957)), which chooses the distribution of the perturbations with greatest entropy and thus
highest uncertainty subject to our assumption of the probability of certainty pjc. To this end,
we select the geometric distribution with parameter pif as the distribution of the magnitude
of perturbation \5}\, and select the direction of perturbation sgn(f}) uniformly. That is,
for (} € Z the realization of the perturbation of %, the probability that z7 is perturbed by &}

is given by the symmetric geometric distribution

P(€) = j) 1= (05157 pj (1= )7 (17)
and the magnitude of perturbation follows a geometric distribution such that

P(leh| = |CH) = pir(1— p) i, (18)
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We now follow the idea of building uncertainty sets using hypothesis testing as in |[Bertsimas
et al.| (2018). We set up a likelihood ratio test on the magnitude of the perturbation with
threshold A%l for A € (0,1], where we add the exponent |Z| to normalize across different
datasets with varying number of training samples. Our null hypothesis is that the magnitude
of a given perturbation & of our dataset comes from the distribution described by . If
this null hypothesis fails to be rejected, then & lies within our uncertainty set. Hence, & lies

within our uncertainty set if it satisfies the constraint

ez Tper pf(1 — P?)‘g}‘

> A\ 19
[Licz I yer P (19)

The numerator of the left hand side of is the likelihood under distribution of
a perturbation of magnitude |§}|, and thus the likelihood under the null hypothesis. The
denominator of the left hand side is the likelihood of the most probable realization under (18]
(i.e., the likelihood of no perturbation where all 5} =0). The test can be equivalently

represented as

SN \§}|log<1_1pi> < —|Z|log . (20)

i€l feF f
Note that is of the form of the constraint in uncertainty set with parameters 7} =
log( L ) and € = —|Z|log \.

_ At
1pf

Therefore, a method of tuning the parameters of is to use the probability of certainty ,0}
for each feature of each sample, which can be derived from domain knowledge. The value of A
is used to tune the size of the uncertainty set, and hence the level of robustness. For A =1, the
budget of uncertainty e is 0, meaning that no distribution shift occurs and our formulation
is equivalent to the formulation from |Aghaei et al.| (2024). As A decreases, more and more
perturbations of the data are considered, and thus the model is robust to more scenarios.
Hence, A is a parameter that can be tuned to adjust the level of robustness, which can be
chosen by methods such as cross validation. Lastly, we note that other distributions can be
used based on domain knowledge of the possible distribution shift, and that the geometric

distribution is a generic choice given limited domain knowledge.

5. Comparison to State-of-the-Art Methods

In this section, we compare the uncertainty sets and notions of robustness used in state-of-

the-art models from the literature and in our model for learning robust classification trees.
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In particular, we examine the approach of Bertsimas et al.| (2019)), which also utilizes an
MIO-based model but with a different uncertainty set and concept of robustness. We also
compare and contrast to (Chen et al. (2019) and Vos and Verwer| (2021) who also use a
different uncertainty set and employ a heuristic approach, but who use a similar notion of

robustness to ours.

5.1. Uncertainty Sets

The model of uncertainty that we employ differs in several regards from that in previous
works on robust decision trees. Indeed, Bertsimas et al.| (2019)), |Chen et al.| (2019), and |Vos

and Verwer| (2021)) employ a row-wise uncertainty set based on an p-norm, of the form
=, ={EcR™ . |lgl|,<e VieT}, (21)

where € > 0 is a user selected budget of uncertainty parameter. Chen et al.| (2019)) and Vos and
Verwer| (2021) model uncertainty with =, specifically. On the other hand, Bertsimas et al.
(2019) uses the uncertainty set with any choice of p-norm. We note that in Bertsimas
et al. (2019), due to the notion of robustness employed, the robust counterpart ends up taking
the same form independently of the choice of p, resulting in the same sets of optimal trees
independently of the norm used in the uncertainty set.

We now argue that the uncertainty set in does not model distribution shifts in the
datasets and applications that motivate us. First, the perturbation & is not integral, and thus
the realization of the covariates may not be realistic if the covariates are integer or categorical.
In addition, the set =, imposes the strong assumption that the distribution shift is rectangular
across samples, resulting in an overly conservative model where the perturbations associated
with all datapoints can all simultaneously take on their worst-case values. Lastly, the set
assumes the same cost of shift (represented by 7} in our model) across all datapoints i € Z and
features f € F, implying that the magnitude and direction of distribution shifts is constant
for all samples and features.

In contrast, our proposed uncertainty set fixes the aforementioned issues of uncertainty
set by restricting the perturbations to be integer, having a single budget of uncertainty
shared among the data samples, and introducing costs of perturbation that can differ for
each feature and sample. Thus, our proposed model of uncertainty is more flexible, being
able to capture shifts in integer covariates and, as discussed in section [EC.4] extending to the

cases of one-sided shifts and categorical features.



Justin, Aghaei, Gémez, and Vayanos: Learning Optimal Classification Trees Robust to Distribution Shifts 25

5.2. Notions of Robustness

In our problem, the tree structure must be decided before the perturbation of covariates
is realized, and only after this realization is observed can we decide if a given datapoint is
correctly classified or not. This is similar to the frameworks of (Chen et al. (2019) and [Vos
and Verwer (2021), who calculate their objective based on an adversarial perturbation of the
data. But unlike our approach of optimizing accuracy over the whole tree, these methods
use either information gain or Gini impurity as an objective at each node where a test is
performed. These approaches, therefore, cannot guarantee optimal worst-case accuracy.

On the other hand, [Bertsimas et al.| (2019)) does have accuracy as an objective, but uses
a different notion of robustness. Their model postulates that the robust trees created must
maintain the same predictions for each data sample across all possible perturbations of the
data. Mathematically, the problem solved by Bertsimas et al.| (2019) is equivalent to

max 2%]1 [W(Xi) = yz}

melly

st. T(x')=7n(x"+€) VicI Ec€E.
It follows from the constraints of that it is equivalent to

max min » I [W(Xi +¢) = yi]

melly E€= ieT (ma)
st. m(x))=n(x"+€) VieI EcE.

Note that (23k|) has the same objective function as (P=|). We formalize the relationship
between problems ([P=)) and in the following proposition.

PROPOSITION 1. Given an uncertainty set =, all optimal solutions of (23k|) are feasible
in , but all optimal solutions to (P=|) may be infeasible in (23k]).

Proof. Note that problem is problem ([P=|) with the additional constraints in .
Therefore, problem (23E) has a feasible region that is a subset of the feasible region of

problem (P=|). Hence, any optimal solution of (23k|) is a feasible solution of ([P=)).
We now present an example where all optimal solutions to (P=]) are infeasible in (23k).

Consider the dataset with a single feature and nine datapoints given in table [T, and assume

that the uncertainty set is

=={¢cRMVI . g <1 VieI}.
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x|1]2[3]4]5]6]7|s8]0
yllofojolol1]1|1]1]1
Table 1  Example data.

The only optimal solution of is given by the function 7*(x) = I(x > 6), which in the worst
case misclassifies the two datapoints with feature values =5 and x =6 However, 7*(z) is
not a feasible solution to , as the fifth sample has 7*(5) = 0, but with perturbation &° =
1, 7 (5+1) = 1. This violates the constraints in (23g), and thus 7*(z) =I(z > 6) is not a
feasible solution to . Thus, this example shows that all optimal solutions to may
be infeasible in . U

In the example from proposition , the optimal solution of , and thus , is given
by 7(z) =1(z > 2), resulting in the missclassification of the three datapoints with = € {3,4,5}.
We see that the two problems yield different optimal solutions, and that 7(z) is a more
conservative solution that misclassifies more samples than 7*(z).

Because problems and are equivalent, by proposition , problem considers
no less than the set of robust solutions that considers. Thus, problem may lead to
potentially less conservative solutions in comparison to , resulting in better performance
as the example in the proof of proposition |1| shows: considers additional trees with more
branching decisions and fewer misclassifications in both the nominal and worst cases. Indeed
as uncertainty € grows, the only feasible tree for that can ensure that data samples
always land at the same leaf no matter how the data is perturbed is a tree of depth zero

(with no branching node).

6. Experiments

In this section, we evaluate our method on various datasets and across uncertainty set
parameters. We assess the effect of robustness on accuracy under shifts, accuracy under no
shifts (a.k.a. price of robustness) (Bertsimas and Sim [2004), sparsity, and computation times
of our approach.

We refer to the Electronic Companion for an empirical comparison of our method
to the method of Bertsimas et al.| (2019)) for learning robust trees, where we show that our
method overall outperforms the method of |Bertsimas et al. (2019) in terms of worst-case
and average-case accuracy and confirm empirically the theoretical observations made in

section
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6.1. Setup and Instances

We conduct all our experiments in Python 3.6 with Gurobi 9.0.1 as our MIO solver. All
problems are solved on a single core of an Intel Xeon Processor 2640v4 and 4GB of memory
with a time limit of 7200 seconds. For instances that do not solve to optimality within
the time limit, we return the best feasible tree found within the time limit and record the

corresponding optimality gap reported by the solver.

6.1.1. Instances FEach instance of our experiments consists of a choice of uncertainty
set parameters, a maximum depth of tree, and a dataset. For each instance’s uncertainty
set, we utilize the hypothesis testing framework as described in section : for each f e F,
we choose the probability of certainty p} by sampling from a normal distribution with a
standard deviation of 0.2, keeping pjc the same across all i € Z for each f, and assuming no
bounds on any non-categorical features. Note that if the number sampled from the normal
distribution is greater than 1 (resp. less than 0), then the value of p% is set to 1 (resp. 0). For
the means of this normal distribution, we create instances with means of 0.6, 0.7, 0.8, and
0.9. An instance is also created for different budgets of uncertainty e by setting A to be 0.5,
0.75, 0.85, 0.9, 0.95, 0.97, and 0.99. For every dataset and uncertainty set, we test with tree
depths of 2, 3, 4, and 5.

We evaluate on 12 publicly available datasets as listed in Table |2l Each dataset contains
either integer-valued data, categorical data, or a mixture of both, as detailed in the table.
We preprocess datasets with categorical data by one-hot encoding each categorical feature.
The number of samples in the datasets range from 124 to 3196 and the number of features
from 4 to 36. For each dataset, we randomly split it into 80% training data and 20% testing
data once. In total, we experiment on 1536 instances (128 per dataset and 192 per value of \)

each with different uncertainty sets and maximum depths of tree.

6.1.2. Generating Shifted Test Sets To test our method’s robustness against dis-
tribution shifts, we generate 5,000 different perturbed test sets for each instance. To create
each perturbed test set, we independently perturb the original test data based on expected
perturbations. That is, for the collection of q} values for every f € F used to construct an
uncertainty set based off of , we perturb each test set based on the symmetric geometric
distribution described in .

In order to measure the robustness of our method against unexpected shifts of the data, we

repeat the same process of generating shifted test sets for each instance but with unexpected
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Name Samples | Ints. | Cats. | |F| | Range of Ints. | Num. Cat. Values
balance-scale 625 4 0 4 5 N/A
breast-cancer 277 0 9 |38 N/A 1-11

car-evaluation | 1728 5 1 6 4-55 1
hayes-roth 132 4 0 4 3-4 N/A
house-votes-84 | 232 0 16 | 16 N/A 1
kr-vs-kp 3196 0 36 | 38 N/A 1-3
monk1 124 6 0 6 2-4 N/A
monk?2 169 6 0 6 2-4 N/A
monk3 122 6 0 6 2-4 N/A
soybean-small 47 35 0 |35 2-7 N/A
spect 267 0 23 | 22 N/A 1
tic-tac-toe 958 0 9 |27 N/A 3

Table 2 Datasets used from the UCI Machine Learning Repository (Dua and Graff’2017). Columns from left to
right: name of dataset, number of samples, number of integer features, number of categorical features, value of |F|,

range of integer features (if applicable), and number of categorical values (if applicable).

perturbations: perturbing the test data using values of p’]} different than what we gave our
model. We shift each p} value down 0.2, then perturb our test data in 5,000 different ways
based on these new values of p?. We do the same procedure but with pjc shifted down by 0.1
and up by 0.1. In a similar fashion, we also uniformly sample a new pzj} value for each feature
in a neighborhood of radius 0.05 of the original expected ,0} value, and perturb the test data
in 5,000 different ways with the new p? values. We do the same procedure for the radii of 0.1,
0.15, and 0.2 for the neighborhoods.

Note that we also add a small regularization parameter to our robust model to discourage

redundant branching on features and thresholds. Specifically, the objective function in

problem is slightly modified to:
1
Dtimo3 2 > 2 baje
€T neN feF 0cO(f)

As the regularization term is always smaller than 1, the accuracy under worst-case distribution
shift is the same between the above problem and problem , so a tree optimal in the

above problem is also optimal in . We do not add any more regularization to our robust
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model otherwise, as we will empirically show that adding robustness itself has a regularizing

(sparsity-promoting) effect in section |6.2.3]

6.1.3. Learning Non-Robust Trees For comparison, we use our method to create
a non-robust optimal tree by setting the budget of uncertainty to 0 (i.e., A=1), and tune
a regularization parameter for the non-robust tree using a validation set from the training

set. The regularization term penalizes the number of branching nodes to yield the modified

objective in problem ([L15):

max Riezzti —(1 —R)Z Z Z bn o,

W i€I neN O(f)

A}

where R € [0,1] is the tuned regularization parameter. To tune the value R, we first randomly
hold out 20% of the training set into a validation set. Then, we select various values of R
from the set {0.6,0.7,0.8,0.9,0.95,1} and learn a tree using our method with the uncertainty
set {0} and the same specifications as learning our robust tree but instead with a time limit
of 1 hour. We find the accuracy of the learned tree on the held-out validation set, and select R
with the best accuracy. We then create the non-robust optimal tree using the entire training

set and tuned R value.

6.2. Effect of Robustness

We now examine our method’s robustness to distribution shifts across different uncertainty

sets in comparison to a non-robust model.

6.2.1. Accuracy Under Distribution Shifts For each instance, we measure the worst-
case (lowest) and average accuracy across all perturbed test sets. Our results are summarized
in Figure [4] which shows across all instances the distributions of the difference in worst-case
and average accuracies between the learned robust and non-robust trees. From the figure, we
see that the robust model in general has higher worst-case and average-case accuracies than
the non-robust model when there are distribution shifts in the data. We also see that there is
a range of values of A (namely between 0.75 and 0.9) that perform well over other values of A
in terms of both worst-case and average case accuracy. This shows us that if the budget of
uncertainty is too small, then we do not allow enough room to hedge against distribution
shifts in our uncertainty set. But if the budget of uncertainty is too large, then we become

over-conservative and lose some accuracy in both expected and unexpected perturbations
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Figure 4  Companion figure to section Distributions across problem instances of the gain in (a) worst-case
accuracy and (b) average accuracy from using a robust tree versus a non-robust, regularized tree in
dependence of A\ under both expected and unexpected perturbations in the test data. The parameter \

varies between 0.5 (more robust) and 0.99 (less robust).

of our test data. We also see that there is little difference between the gains in accuracy in
instances where the perturbation of our data is as we expect versus when the perturbation
is not as we expect. This indicates that even if we misspecify our model, we still obtain a
classification tree robust to distribution shifts within a reasonable range of the expected shift.
Overall, we see that an important factor in determining the performance of our model is the

budget of uncertainty, which can be conveniently tuned to create an effective robust tree.

6.2.2. Price of Robustness We also measure the decrease in accuracy from using
a robust tree versus a non-robust tree under the case of no distribution shift in the test
set, i.e., the price of robustness (Bertsimas and Sim/2004), and summarize this metric in
Figure [pal From the figure, we observe that in the range of A values that perform well in
terms of accuracy (i.e., between 0.75 and 0.9, see section , we have an average price of
robustness between 0.05 and 0.1. As the level of robustness increases (with a decreasing \),
the higher the price of robustness. This is expected with our model because a larger budget
of uncertainty leads to larger deviations away from the nominal test set considered, and thus
the worst-case distribution shift may look very different from the nominal test set if more

drastic shifts are considered.

6.2.3. The Effect of Robustness on Sparsity To evaluate the sparsity of our model

in relation to the robustness of the tree, we measure the number of branching nodes in each
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Figure 5 (a) Companion figure to section Distribution across problem instances of the difference in nominal
test accuracy between a non-robust, regularized tree and a robust tree in dependence of A. The
parameter ) varies between 0.5 (more robust) and 0.99 (less robust). (b) Companion figure to section[6.2.3}
Distributions of the number of branching nodes across all instances with the same \. The parameter A

varies between 0.5 (more robust) and 0.99 (less robust).

instance. Our results are summarized in Figure [5b Overall, as the size of the uncertainty set
increases with a smaller A\, the number of branching nodes decreases. Namely, the median
number of branching nodes is 4 for instances with A € {0.95,0.97,0.99}, 3 for instances
with A = 0.9, 2 for instances with A € {0.75,0.85}, and 0 for instances with A = 0.5. This
regularizing behavior of robustness is expected with our model: with more branching nodes in
the learned model, the more opportunities there are for a low-cost perturbation of each sample
in a given tree, yielding a lower worst-case accuracy. Thus, as the number of perturbations
allowed expand, the number of branching nodes in the learned model decreases to yield a

more favorable worst-case accuracy.

6.2.4. Computational Times We summarize the computation times across all instances
in Figure [0l For any fixed A, the variations in computation times and optimality gaps across
instances are due to differences in the maximum depth of tree, the number of data samples,
the number of features, and the range of values for each feature within each instance. In
general, a larger uncertainty set (smaller \) leads to a larger optimality gap for a fixed time
limit, as there are more constraints to add to the master problem to reach optimality. In
particular, the number of instances that have an optimality gap larger than 50% are 72, 32,

7, and 0 for A =0.5, 0.85, 0.95, and 1, respectively. We also observe that there is a large
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Figure 6 Companion figure to section Cumulative number of problems solved to optimality for several
values of A on the ‘Time’ axis, and cumulative number of problems with MIO optimality gap no larger
than the given value on the ‘Optimality Gap’ axis. The case of A =1.0 corresponds to the non-robust,

regularized tree.

gap in number of instances solved fully to optimality within the time limit between the
non-robust instances and the robust instances, with 48 more instances solved to optimality in
the non-robust case in comparison to the robust case with A =0.95. In addition, the number
of robust instances able to be solved to optimality within the time limit are fairly close, with

only 7 instances between the A =0.95 case and the A =0.85 and A = 0.5 cases.
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E-Companion
EC.1. Connection to Wasserstein Distributionally Robust Optimization

In this section, we present a Wasserstein distributionally robust formulation for learning
optimal classification trees robust to distribution shifts, and discuss the relationship between
this model and the robust optimization model that we study in this paper. For general details
on the mathematical relationship between distributionally robust optimization and robust
optimization, we refer to corollary 2(iii) in |Gao and Kleywegt, (2023)).

We first define the Wasserstein distance for data with discrete features. Let X be a random
vector from the space of covariates X C Z¥! and Y be a random variable denoting the label
from the set C. Let the set of all probability measures for (X,Y") be in set P, and we will say
that the training data is drawn from a distribution P° € P. The empirical distribution of our

covariates is defined as

| I| Z I [X X ]
Let Q € P be the realization of the dlstrlbutlon of data after distribution shift, and Qx
denote the marginal distribution of Q on X.

To measure the distance between Qx and the empirical distribution I@X, we use the

Wasserstein distance, which over a discrete space is defined as

W(Px,Qx):= inf Y 3 d(x,x)M(x,x)

Me P)2( xeX x'eX
st Y M(x',x) =Qx(x)
x'eX
3 M(x,x) =Py (x)
x'eX

for a distance metric d on X and P% the set of all joint probability measures for (X, X).
To create an analogous ambiguity set as the uncertainty set defined in (3]), we define the

following distance metric between points indexed in the set Z and any x € A’:
7y

Then, letting Q% (x) be the distribution of M conditioned on x’, we can represent our

fer

Wasserstein distance as

IEDXvQX

b — 3| Q(R). (EC.1)

1€ELXEX feF



ec2 e-companion to Justin, Aghaei, Gémez, and Vayanos: Learning Optimal Classification Trees Robust to Distribution Shifts

Recall that we are interested in the setting where there is only a shift in the covariates.

Thus, we impose the following assumption on the distribution shifts we consider:

AssUMPTION EC.1. Let the observed data on individual i € T be (X*,Y?) ~P°, where indi-
vidual i in the unknown shifted distribution has data (X', Y") ~Q for unknown Q € P(Q).
We assume that the shifted distribution Q has the property Y = Vi forallieT.

Using this assumption and the definition of the Wasserstein distance defined in (EC.1J), we

then restrict the set of all possible distributions via a Wasserstein ball with radius € > 0:

Ble):={QeP : W(Qx,Px)<e, Q satisfies Assumption [EC.1]}. (EC.2)
Then, the analogous distributionally robust problem to is

max inf  [ZEq [T[=(X) =Y}, (EC.3)

where we multiply the objective by |Z| to make the objective the expected number of training
samples that are correctly classified, making the objective similar to .

Consider adding a constraint in B(e) that Q% (x) € {0,1} for all x € X. For any Q € B(e)
that satisfies this constraint, there exists exactly one x' € X such that Q% (x') =1 for each

i € Z. Define a set X'(¢) C ZV1 that collects all of these X values:

X(e):={x ez . 3QeB(e) s.t. Qi (X)) =1 VieI}.

By estimating the expectation in (EC.3|) via the training sample average, we can repre-

sent (EC.3)) under the additional constraint that Q% (x) € {0,1} as the following problem:
max min » 1 |:7T()_(i) = y’} , (EC.4)

m€lly ReX(e) o7

which with a change of variables to & :=x" — x’, becomes equivalent to (P).

One interpretation of the Wasserstein distributionally robust problem is that it
allows for probabilistic realizations of our data, as represented by the value of Q. In the
approach presented in our paper , we hedge against possible realizations of our data under
the distribution seen in testing, and do not allow for these realizations to be probabilistic. A
key observation is that, as shown by the problem , the set of worst-case realizations
explored in the robust approach in (Pz|) is a subset of the worst-case realizations in the

distributionally robust approach (EC.3|). This means that (P=]) may generate less conservative
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solutions to solving , as only hedges against possible realizations of the data.
Lastly, we note that since contains additional constraints in the inner minimization
problem in comparison to , the objective value of must be no more than
the objective value of . We formalize the relationship between the robust optimization

problem we examine in this paper (P=|) and the distributionally robust optimization version
of this problem (EC.3) in the following proposition.

ProOPOSITION EC.1. The set of feasible solutions to the robust optimization problem ([P=))

are a subset of feasible solutions to the distributionally robust optimization problem (EC.3]),

and the objective value of (P=)) is no less than the objective value of (EC.3).

EC.2. Iterating over Paths in Problem

We will now show why the assumption that the cut-set q° incident to the path of the data
sample after perturbation minimizes for given & through the following proposition.

ProrositioNn EC.2. For optimal solutions of , one of the following two statements
holds for each sample 1 € T
1. The source set of a minimum cut is {s}, that is, ., =1 and g}, ;) = @, ;) = 0 for
alln € N. In this case t' = 1.
2. The source set of a minimum cut is a path from s to a prediction node with a label other

than y', that is, W, = 0. In this case t' = 0.

Proof of Proposition[EC"J First observe that setting qg’l =1 and all remaining variables
to zero indeed satisfies constraints —7 and the associated objective value is t' =
Suppose the first statement in the proposition does not hold and this solution is not optimal.
Since, for all values of &, the arc capacities are either 0 or 1, it follows that the objective
values corresponding to optimal solutions is ¢! = 0. Note that if a prediction node n with
label y* (w,,, = 1) is in the cut (g}, = 1), then #' > 1, and no such solutions can be optimal.

If a branching node n (l_)n 79 =1 for some feature f and level ) is in the cut but none of its
descendants are (g}, ;) = 5, ,(ny = 1), then T {x; +& < 9} iy T 1 [93} +&>1+ 9} Gy = 1
for all values of 5}. Thus in this case t* > 1 and no such solutions can be optimal. If a
branching node is in the cut and both of its descendants are as well (qf%l(n) = q;m(n) =0), then
depending on the value of £, either I {x} + 5} < 9] =0orl [:Egc + 5} >14+ 9] =0. In the first

case, one may set q;,z(n) =1 (and set additional cutset variables on the left subtree to zero),
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Figure EC.1 Companion figure to section Number of monk1, monk2, and monk3 instances solved to optimality
on the ‘Time’ axis and the number of instances with MIO optimality gap no larger than each given
value at the time limit on the ‘Optimality Gap’ axis. The blue line corresponds to the algorithm
presented in this paper where constraints are added at each subproblem, and the orange line is
the same algorithm where constraints are not added.

recovering a solution with the same (or less) cost; the second case is analogous. Therefore, we
find that if ' =0, then there exists an optimal solution that is a path. 0

Due to proposition [EC.2] we only need to solve over all possible paths O(|L]|) for each
sample to solve the subproblem and obtain a violated constraint to add back to the

main problem.

EC.3. Computation Times Improvement from Adding Constraints

We add additional constraints of the form to our model in order to improve on computation
times. We test the magnitude of this improvement by comparing our algorithm that adds
constraints against the algorithm that does not add constraints at each subproblem.
We run such algorithms on the instances with the monk1, monk2, and monk3 datasets, and
summarize the computation times and optimality gaps in Figure [EC.T We observe that 96
out of the 384 instances are solved within the time limit on the algorithm without added
constraints . Our algorithm with additional constraints is able to solve the same

number of instances within 32 seconds, corresponding to a speedup of % =225 times.

EC.4. Variants and Extensions

In this section, we describe how our model and solution approach can be adapted to handle
bounded integer data, one-sided distribution shifts, distribution shifts on categorical features,

and distribution shifts on mixed datasets.
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EC.4.1. Calibration of Uncertainty Set Parameters for Bounded Integer Data

In many applications, there exist known bounds on the values of the integer features. There
may be a bound on only one end of an integer feature (e.g., age, income) or on both ends
(e.g., integer rating on a bounded scale, binary features). Here, we discuss how to tune
the uncertainty set parameters for datasets involving bounded integer features with known

bounds.

EC.4.1.1. Integer Features with One-Sided Bounds We first consider the case
where all covariates admit only a one-sided bound. Without loss of generality, we assume
that all bounds are lower bounds, and we denote the lower bound on feature f by Ly (a
symmetric argument can be made if all features are upper bounded instead).

To tune the hyperparameters of , we assume that the probability of certainty in the
nominal value of feature f for sample i, p’j}, satisfies 0 < p} < 1. Under this assumption, the
perturbation {} is distributed as the truncated symmetric geometric distribution conditioned
on x% 4 &4 > Ly. That is, for (; the realization of the perturbation of z’, the probability
that z is perturbed by & is

(&) = C}) = pi ()7 (EC.5)
for 0 < rjc <1 some constant that makes P a distribution over the support of all 5} that
satisfy x’f + 5} > Ly. To find the value of r} for (EC.5), we utilize the following lemma.

LEMMA EC.1. For 0 < p} <1, there exists a real-valued solution 1 to
i/od\zh—L+1 i i i

such that 0 < 7"3} < 1. Furthermore, when used in (EC.5)), 7"3} defines a valid distribution over
the support of all 5} € Z that satisfy x} + 5} > L.

Proof of Lemma To find an r} that makes a probability mass function, we
solve the infinite polynomial equation
> Pl ()& =1, (EC.7)
§g=Ls—=}
and choose the solutions such that 0 < r} < 1. We can regroup terms in the left hand side of
the above sum to get

z;fo 00

Prt2 D0 P 3 )T =1
gi=1 gh=ai—Lt1
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Then, using the closed form of both a finite and infinite geometric series, an equivalent finite

polynomial equation to solve problem (EC.7) is

Py +2 (pj”r; (- (T%)m;_Lf)> + (pf(rf) Lf) ~1

& = Pty + 20 = 20 (KT g g ()T = 1

& phrp) T = (ph+ )k + 1 ph =0

which is exactly (EC.6]).

Now we show that a solution 0 < rj; < 1 exists in the above equation. Let
PN . i (o i\ah—L+1 i i i
Fry) = ()™~ = (p + Dy + 1= pf,

i.e. the function on the left-hand side of (EC.6)) that we wish to find real roots of. Thus, f(0) =
1—p% and f(1)=—p}. Since 0 < p% <1, f(0) >0, and f(1) <0, by Bolzano’s Theorem, there
exists a solution % to (EC.6) such that 0 <7} <1. O
Standard root-finding approaches (e.g., the bisection method) can be used to solve (EC.6|) in
order to find 7%. Once 7% is found, we set up a hypothesis test with threshold A of the form
in a similar fashion as done in section , which yields the following condition on 5}:
[Liczser p§‘<r})|£}|

>\ EC.8
[liez [yer 0} ( )

reducing down to

> 2 !§f|10g< )S—\Illogk- (EC.9)

i€T feF

Therefore, the tuned hyperparameters for this case are 7} =log Ti and e = —|Z|log A.
f

EC.4.1.2. Integer Features with Both Upper and Lower Bounds We now assume
that there is both a lower bound L; and an upper bound Uy on all features f. As is the
case with the one-sided bounded features, we set up a hypothesis testing framework to
tune the hyperparameters. We assume that ﬁ < p} <1forallieZ and f € F, and
utilize the same truncated symmetric geometric distribution characterized by with
support [Ly — :E’]'c, Ur — m}] Note that we place the lower bound ﬁ on plj'c as assuming
p} = ﬁ under maximal entropy makes the perturbation of feature f at sample ¢
uniformly distributed, meaning that there is maximal uncertainty on the value of x% + &j.

For p° > we find an 0 < r} < 1 for each sample i by the following lemma:

Uy Lf+17
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LemMA EC.2. For ﬁ < p% <1, there exists a real-valued solution 1'% to
PP g UL (4 1)1 20, (EC.10)

such that 0 <r% < 1. Furthermore,when used in (EC.5), ' defines a valid distribution over
the support of all 5} € Z that satisfy Ly < x} +§} <Uy.

Proof of Lemma To find an r% that makes (EC.5) a probability mass function, we

solve the polynomial equation
Us— a:

S g =1 (EC.11)

5. =L;— x
Let M =max{Uy — 2%,2% — Ly} and m = min{Uy — 2%, 2% — Ly}. We can regroup terms in
the left hand side of the above sum to get
Pf+220f )+ Z Pr(ry)r =1.
gi=1 gi=m+1

Then, using the closed form of a finite geometric series, (EC.11|) takes the simplified form of

Pl +2 (‘”}7”3? (1- (T})m)> + (pj”<rj”>m+1 (1- (T})M_m)> =1

L—r% 1—r%
g pf f7’f+2pf7"f 2Pf(7”f)m+1+i0 (r Z)mﬂ P;(TQMH:l_T}
S ()M P ()™ = (D) + 1= pf =0.

which is exactly (EC.10)).

We now show that the a real-valued 7% € (0,1) exists. Let f(r}) be the function on the

left-hand side of (EC.10))

£ = py(rp) " ()™ = (o + 1)y 1= pf
that we wish to find real roots of. Thus, f(0)=1— p} and f(1)=0. The first derivative of f
1s

f’(rjc) =(M+ 1)p§c(r§c)M +(m+ 1)p§c(r§c)m — (p; +1). (EC.12)
Thus, f'(1) = (M +m+1)ps — 1= (Us— Ly +1)p} — 1. For p; > ﬁ, we see that f'(1) >0

Thus, there must exist an 7 € (0,1) such that f(7) <0. And since f(0) > 0, by Bolzano’s
Theorem, there must exist an 7% € (0,1) that satisfies f(r}) = 0. O
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Similar to section , the hypothesis test is set up with the found 7"} values through
Lemma m The hypothesis test is , and the tuned parameters of uncertainty set
are 7} = log% and e = —|Z|log .

Note that binary features are a special case of integer features with lower bound 0 and
upper bound 1. Using the truncated symmetric geometric distribution (EC.5)) with % < pjc <1,

a perturbation 6;} is distributed as

1—pjc>'<}': p if [C;| =0 (BC.13)
P? i

B(&) = i) i= ol ( 1
L

otherwise.

Thus, it follows that the tuned hyperparameters for an uncertainty set with binary features
(Ly=0and Uy =1) is v} =1log

?

p
1_’;; and € = —|Z]|log .

EC.4.2. One-Sided Distribution Shifts

In some applications, the direction of the distribution shift may be known. For instance, say
that only nonnegative shifts in the values of the covariates are possible between training and
deployment phases. Such a scenario can occur when, for example, there is a change in the
framing of a survey question between training and deployment that reduces the sensitivity of
a question, skewing the distribution of answers in the positive direction. In such settings, a

model that uses set hedges against infeasible shifts and the uncertainty set

=, = {geZE'X'f : ZZ’y}f}Se} (EC.14)

i€T feF

that only allows for nonnegative values of £ is more appropriate. To solve |(P=z, )| we can
use the same approach as described in section [3] only changing the subproblem slightly by
restricting the perturbations £ considered to be in Zlf‘ for each ¢ € Z (namely, in minimization
problem ) A similar uncertainty set can likewise be defined to allow only nonpositive
shifts or to allow a mixture of different one-sided shifts, where with such an uncertainty
set can be solved with a similar adaptation to the subproblem.

For unbounded features, the uncertainty set calibration method in section [f] can be applied
in the same way as the two-sided perturbation method, as the hypothesis test is on the
magnitude of perturbation regardless of direction of perturbation. For bounded features, the
uncertainty set calibration method in section can also be used by setting Ly to the

value of x’f
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EC.4.3. Distribution Shifts on Categorical Features

With some modifications, the modeling and solution approaches in this paper can be applied
to handle general (not necessarily binary) categorical features. Assuming the entire original
dataset consists of categorical features, we index categorical features in the original data in the
set C and one-hot encode all features to obtain the new dataset features F, wherein features
indexed in the set F. C F are used in the one-hot encoding of categorical feature ¢ (i.e., the
sets {Fe}eec constitute a partition of F). Then only one of two scenarios can materialize
for each sample ¢ € 7 and categorical feature ¢ € C: either the categorical feature ¢ is not
perturbed (in which case f} =0 for all f € F.) or it is, in which case the category value is
changed from f' € F. to f € FA\{f'}, i.e., £y =—1 for f' € F, such that % =1, 5%: 1 for
some f € F\{f'} and E=0VfeF\/S, f}. We characterize the values of ¢ by the following

uncertainty set:
Eear = { €€ {—1,0,1}F71

DD A <e

i€L feF

A A (EC.15)
0<%+ Viel, feFcel,
Zx}—i—ﬁ}:l VieZ,ceC}.
fere

where the first constraint of is the same as the other previously mentioned uncertainty
sets, which penalize any change in feature f € F with 'y} with a total budget of ¢ and the
other constraints define values of ¢ that either perturb or do not perturb each sample and
categorical feature. The second and third constraints of ensure that x + & maintains
a one-hot encoding of each categorical feature.

When solving problem in algorithm |1 for each ¢ € Z, the perturbations that lead down
each path must satisfy the constraints on £ in uncertainty set to ensure that the
perturbation on each categorical feature corresponds to a change of value in the one-hot
encoding. In other words, for each categorical feature ¢ € C that is perturbed in sample i,
we must have £§ = —1 and 5} =1 for two distinct f', f € F.. So by the left-hand side of the
first constraint of , perturbing one categorical feature incurs a cost of perturbation
of 7}, + 7;';. All else in our solution method remains the same.

To calibrate the uncertain parameters of (EC.15)), we again note that due to the second
and third constraints in , any perturbation of one feature f’ € F. will cause an equal
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and opposite perturbation in some other feature f € F\{f'}. We assume that the probability

of no perturbation in categorical feature ¢ € C of sample i is ﬁ < ph <1, and that the

realizations of all other values are all equally likely. Similar to the bounded integer case
. 1 i . .

(see section [EC.4.1.2), we place the lower bound of =] on o this allows for maximal

uncertainty on the value of ¢. Then, the probability of the perturbation of categorical feature

¢ € C encoded by the collection of perturbations {f}} fer. on the one-hot encoding of ¢, is

1—pt
—c ). EC.16
< D] — 1> ( )
As done before, we set up our hypothesis test as a likelihood ratio test with threshold AZ!:

HiGI HCEC P({g}}fe}'c)
HieZ Hcec P({O}fefc)

Plugging in (29) into (30) yields

pe+I| > |¢=2

feFe

P({&5} rer. = {CF per) =1 [ > I¢=0

feFe

>\, (EC.17)

+1I

ZZ—log (]I {Z |£}]:0

i€T ceC feFe

> ’534 :2] (M)) < —|Z|logX. (EC.18)

JfeFe

Thus, lf Efefc
a perturbation occurs, then a cost of —log ((1_7’“2> incurred. We can represent (EC.18))

pe(|Fel=1)

5}] =0, i.e., no perturbation occurs, no cost is incurred; if 3~ ;¢ . |£}| =2, ie.,

more compactly as
1 C(HFD 1 ,
55 g (BUFHI DY o e
i€ feF 2 L—pi
It follows from the above that the tuned hyperparameters in the uncertainty set ((EC.15))
are 7} = %log (7@(\{1{2};71)) and € = —|Z]|log \.
We note that if ¢ is binary and one-hot encoded into two features following the process

described in this section, the tuned uncertainty set parameter values are equivalent to that

described in section [EC.4.1.2

EC.4.4. Mixed Datasets and Distribution Shifts

Often, datasets have a mixture of unbounded integer, bounded integer, binary, and categorical
data, and known directions of distribution shifts vary across features. In such scenarios, we
can adapt the models and calibration methods presented in section and [4] as well as the
Electronic Companion sections [EC.4.1], [EC.4.2] and [EC.4.3| to create uncertainty sets that

capture this information.




e-companion to Justin, Aghaei, Gémez, and Vayanos: Learning Optimal Classification Trees Robust to Distribution Shiftsecll

Consider the following uncertainty set

i€ feF

Zmixed 1= {g eEM: Y > < e} (EC.20)

where M C ZIT¥IF1 can be use to place restrictions on the kinds of shifts allowed for each
datapoint (e.g., to capture one-sided perturbations, bounded shifts, or categorical features).

Letting péc denote the probability of certainty in the nominal value of the data, the tuned

hyperparameters are € = —|Z|log A and
log (1_1pi ) for f an unbounded integer
1
log <T1> for f a bounded integer
= J;i (EC.21)

log (1_f ; ) for f binary

Py
%log (py(l{ék 1:_{;%}'_1)) for f part of a categorical feature,

where 0 < 7% <1 is found by Lemma for one-sided bounds or Lemma, for two-sided
bounds (see Electronic Companion [EC.4.1)). The solution method described in section
remains the same, only needing to adapt the subproblem algorithm (1| to only allow perturba-

tions from the set M.

EC.5. Numerical Comparison to Alternative Robust Method

We empirically analyze the performance of our method against the method of [Bertsimas et al.
(2019), see section [5| for comparisons between each model. For simplicity, we will refer to our

method as RCT and the method of Bertsimas et al.| (2019)) as RCT-B in this section.

EC.5.1. Setup

For fair comparison to the method of Bertsimas et al. (2019)), we only evaluate RCT-B on
instances corresponding to datasets in Table With only binary features (i.e., house-votes-84
and spect). For datasets with non-binary features, RCT-B cannot tackle problems with the
uncertainty sets we consider in this paper.

To adapt our uncertainty set to a comparable uncertainty set in the RCT-B formulation,

we first transformed the uncertainty set used in the above experiment (i.e. the uncertainty

set (3) tuned using (EC.13)) into the uncertainty set for p = oo. For each instance of
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our original problem, let p be the average probability of certainty used to generate the ,0}

values in the experiments on our methods. Then, (EC.13)) becomes for each 1 € Z

, log A
Y le < ——22
JeF log (+£;)

This matches the form of for p=1, and therefore can be used to define the parameters
of and have a more similar comparison to our methodology. Additionally, we apply no
regularization term for all experiments and set a time limit of 7200 seconds, which is the

same as in our formulation.

EC.5.2. Accuracy Under Distribution Shifts

We analyze the worst-case and average-case accuracies on the same 5000 perturbed datasets
for each instance of RCT and its analogous instance of RCT-B. The results for the worst-case
and average case on expected perturbations are shown in Figure We see that on binary
datasets, there is on average a decrease in worst-case performance in the RCT-B method
across all values of A in comparison to the non-robust tree, whereas RCT has on average a
favorable gain in worst-case performance on the same instances. Specifically, RCT returns a
higher gain in worst-case performance than that of RCT-B by up to about 15% on average in
the worst-case. In addition, the average-case performance of RCT-B suffers in comparison to
the non-robust tree on average, whereas RCT on average remains on par with the average-case
performance of a non-robust tree in the instances where A is 0.75 or above. These results match
the conclusions from proposition [T} where RCT-B is more conservative than RCT, potentially

causing a bad performance in testing.

EC.5.3. Price of Robustness

For both RCT and RCT-B, we measure the decrease in accuracy from using a robust tree versus
a non-robust tree under the case of no distribution shift in the test set, i.e., the price of
robustness (Bertsimas and Sim/[2004), and summarize this metric in Figure [EC.3a] From the
figure, we observe that for each value of A\, RCT has an average a price of robustness less than

0.25. In contrast, RCT-B has an average price of robustness of about 0.4 for all .
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Figure EC.2  Companion figure to section [EC.5.2] Distribution across problem instances of the gain in (a) worst-

case accuracy and (b) average accuracy from using RCT versus RCT-B in dependence of A on binary
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(a) Companion figure to section Distribution across problem instances of the loss in nominal
test accuracy from using RCT versus RCT-B in dependence of A on binary datasets. The parameter A
varies between 0.5 (more robust) and 0.99 (less robust). (b) Companion figure to section
Distribution of the number of branching nodes across all instances with the same budget of uncertainty

for both RCT and RCT-B.

EC.5.4. The Effect of Robustness on Sparsity

For each value of A in Figure [EC.3B] we compare the number of branching nodes of RCT

against the

method of RCT-B, aggregating across each comparable instance between the two

methods. We first note that the number of branching nodes of RCT-B remains relatively



eC14c—companion to Justin, Aghaei, Gémez, and Vayanos: Learning Optimal Classification Trees Robust to Distribution Shifts

consistent for values of A above 0.75, up until the budget of uncertainty becomes too large
(i.e., A=0.5) where many instances yield a tree with no branching nodes. As previously
mentioned, the method of Bertsimas et al.|(2019)) constrains every sample to have the same
predictions across all realizations of the covariates. So with a large enough uncertainty set,
all samples are given the majority label regardless of the covariates, which is the same as
yielding a tree with no branching nodes.

In comparison, we see that RCT does not have the same behavior as RCT-B, as the number
of branching nodes drops smoothly from a smaller uncertainty set to a larger uncertainty
set. The tree structure changes through variations in the parameters of uncertainty more
consistently in RCT in comparison to RCT-B, suggesting that the trees generated by RCT are
closely tailored to the specific distribution shifts it hedges against.

EC.5.5. Computational Times

Figure [EC.4] shows the computation times and optimality gaps of all instances of RCT-B
in comparison to the corresponding instances of RCT. We see that about two times more
instances of RCT-B can be solved within the time limit in comparison to RCT. However, for
instances that could not be solved to optimality in the time limit, the optimality gap overall
is much smaller in instances of RCT than instances of RCT-B. There are several reasons for
this. In RCT-B, instances that resulted in no branching nodes were solved very quickly, as the
only feasible trees were zero-depth ones. For other instances of RCT-B where the uncertainty
set did allow for several feasible solutions, the convergence to optimality is noticeably less
than that RCT, where nearly all instances of RCT are within fifty percent of the optimality
gap. This suggests that in RCT-B instances where a nonzero-depth tree is the optimal tree,

there is a greater computational costs of learning trees with RCT-B than with RCT.
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Figure EC.4 Companion figure to section [EC.5.5 Number of instances solved to optimality on the ‘Time’ axis
and number of instances with optimality gap no larger than each given value at the time limit on

the ‘Optimality Gap’ axis for RCT and RCT-B.
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