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The continuous-time service network design problem (CTSNDP) has wide applications in the field of
transportation, but it is complicated by travel time uncertainty resulting from unpredictable traffic
conditions. Incorporating uncertain travel times poses a significant challenge, as time-indexed mixed-integer
linear programming (MILP) formulations commonly used to solve the CTSNDP with deterministic travel
times become impractical. This is due to their inability to distinguish between decisions that rely on
travel times and those that do not. To tackle this challenge, we study a robust CTSNDP under travel
time uncertainty, aiming to design a transportation service network with reliable operational efficiency
even in the presence of travel time deviations. To incorporate the travel time uncertainty in a tractable
manner, we propose a novel consolidation-indexed MILP formulation for the deterministic CTSNDP,
eliminating the requirement for time indices. This enables us to derive MILP formulations for both a robust
optimization model and a robust satisficing model of the CTSNDP under travel time uncertainty. To solve
these formulations exactly, we have developed two tailored column-and-constraint generation methods. Our
computational results demonstrate the effectiveness of these solution methods and the tractability of the
proposed formulations. Furthermore, the robustness of the solutions obtained has also been verified, and the

trade-off between the robustness and its price has been highlighted.
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1. Introduction

In the transportation industry, a significant portion of the freight is moved by consolidation carriers,
including railroads, container shipping lines, less-than-truckload motor carriers, and regular and
express postal service providers. These consolidation carriers transport shipments that are small
compared to their vehicles’ capacities. As a result, they need to consolidate their shipments to

achieve cost-effectiveness, which poses a service network design problem (SNDP).



The SNDP involves the routing of shipments of different quantities from their origins to their
destinations through a network of terminals, where shipments can be transferred from inbound
vehicles to outbound vehicles. Each shipment has an available time for departure from its origin
and a due time for arrival at its destination. To transport shipments between terminals, one or more
vehicles with limited capacities need to be used, incurring fixed costs on a per-vehicle basis and flow
costs on a per-shipment-quantity basis. At each terminal, when multiple shipments are consolidated,
the outbound vehicle carrying these shipments cannot be dispatched until all the inbound vehicles
bringing these shipments have arrived. Accordingly, a classic SNDP seeks to determine both the
routing and the consolidation plans of shipments, as well as the numbers and dispatch times of
vehicles on each terminal-to-terminal movement, so that the shipment available times and due times
are met. [ts objective is to minimize the total operational cost, including both the fixed costs and
flow costs.

The classic SNDP and other variants of the SNDP have been extensively studied in the operations
research literature since the 1990s (Crainic and Rousseau/[1986, Farvolden and Powell 1994), due to
their wide applications and theoretical significance. However, the existing studies primarily focus
on deterministic variants of the SNDP, assuming that all problem parameters, such as shipment
quantities and travel times, are known in advance. To model the deterministic variants of the
SNDP, a widely used technique is discretization, which involves discretizing the planning horizon
into a sufficient number of time points (see, for example, Pedersen et al.|2009, |Andersen et al.
2009aybl, [Wieberneit| 2008, |Andersen et al.| 2011} |Crainic et al.[[2016). Using these time points, a
deterministic SNDP can be modeled on a time-expanded network, which consists of time-space
nodes and arcs connecting these nodes. Each time-space node represents a combination of a time
point and a terminal, while each arc between two time points represents a shipment’s movement
between terminals or its waiting at a terminal during a specific period.

The time-expanded network constructed from the discretization can be effectively used to
incorporate decisions involved in the SNDP. Specifically, one or more decision variables can be
defined for each shipment and for each arc between two time-space nodes, which can then be used
to represent shipments’ routing and consolidations, as well as to determine the numbers of vehicles,
their loads, and dispatch times for each terminal-to-terminal movement of the shipments. Based
on this approach, a mixed-integer linear programming (MILP) formulation can be established for
the SNDP. It is a time-indexed formulation, since the decision variables involved are indexed by
a pair of time points of the time-space nodes. The time-indexed MILP formulation can be solved

directly by commercial optimization solvers. It has received significant attention in the literature



due to its potential extension to include additional management issues, such as asset repositioning,
multiple transportation modes, and transit time constraints (Andersen et al. 2009al 2011}, |Crainic
et al.|2016, |[Scherr et al.|[2019, [Chouman and Crainic|2021} [Zhu et al[[2014} [Hellsten et al.[[2021).

It is worth noting that the time-indexed MILP formulation is typically an approximation of
the SNDP, where the planning horizon is continuous and vehicles can be dispatched at any
time. The selection of an appropriate level of time discretization poses a challenge, as it directly
affects the quality of the obtained solutions. Achieving high-quality solutions often requires a
fine discretization, which, in turn, leads to a large and typically intractable time-indexed MILP
formulation of the SNDP.

To solve the continuous-time variant of the SNDP, or CTSNDP in short, Boland et al. (2017)
proposed a Dynamic Discretization Discovery (DDD) algorithm, which was further enhanced and
extended by [Hewitt| (2019)), Marshall et al.| (2021), and [Shu et al| (2023). The DDD algorithm is
an exact solution algorithm for the CTSNDP that utilizes an iterative process to adjust the level
of discretization. Each iteration of this iterative process generates a new time-expanded network,
resulting in a different time-indexed MILP formulation being solved. It has been proven that the
solutions obtained through this iterative process converge to the optimal solution of the CTSNDP.

Note that the formulations and solution algorithms introduced above are applicable to only
deterministic variants of the SNDP. In contrast, the focus of our study is on the development
of an exact solution algorithm for a new variant of the CTSNDP that incorporates travel time
uncertainty. This is an under-explored and very challenging task that holds significant practical

value, as will be outlined in the following explanation.

1.1. Challenges to Incorporating Travel Time Uncertainty

The two primary sources of uncertainty encountered in practical applications of the SNDP are
travel times and shipment demands. The majority of existing studies that incorporate uncertainty
in the SNDP, however, focus solely on demand uncertainty. These studies typically use a stochastic
optimization approach (Lium et al. 2009, |[Hoff et al.|2010, |Bai et al.|2014)) or a robust optimization
approach (Wang and Qi|[2020, Atamtiirk and Zhang 2007, Koster et al.[2013) to optimize the service
network design for either the average performance or the worst-case performance, respectively.
When vehicles’ dispatch times are involved, all existing solution methods utilize the time-indexed
formulation of the deterministic SNDP to incorporate uncertain demands (Lium et al.| 2009, Hoff
et al.[2010, Bai et al.|2014, |Wang and Qi 2020). This is achievable because, even with the demand
uncertainty, all the decision variables to be optimized retain the same time indices as those in the

time-indexed formulation of the deterministic SNDP, although they need to be classified into two



groups. The first group pertains to here-and-now decisions, such as the dispatch times of the vehicles,
which need to be decided on before having knowledge of the actual shipment demands. The second
group relates to wait-and-see decisions, such as the actual routing of the shipments, which are made
only after the actual shipment demands are known. Accordingly, the time-indexed formulation of the
deterministic SNDP can be directly extended to establish a two-stage optimization formulation for
the SNDP under demand uncertainty. At the first stage, the here-and-now decisions are optimized,
while at the second stage, which is also called the recourse stage, the wait-and-see decisions are
optimized based on the given here-and-now decisions and the revealed uncertain demands. Such
a two-stage optimization formulation is often computationally tractable, since there are several
known exact solution methods that can be applied, including the Benders decomposition method
(Thiele et al.[2009) and the column-and-constraint generation method (Zeng and Zhao |2013).

Despite its significance, travel time uncertainty has rarely been considered in the existing
literature on SNDP. Unlike uncertain demands, incorporating uncertain travel times poses a
significant challenge, since the time-indexed formulation of the deterministic SNDP becomes
impractical. In particular, here-and-now decisions that do not rely on travel times, such as the
numbers of vehicles required, should not be represented by time-indexed decision variables. For
wait-and-see decisions that rely on travel times, although they could be represented by time-indexed
decision variables, such variables would need to have different time indices for different realizations
of the uncertain travel times. For example, the actual departure times of the vehicles are among
such wait-and-see decisions, since no vehicle can depart until all its shipments arrive. As a result,
the time-indexed formulation of the deterministic SNDP cannot be directly utilized to establish a
tractable two-stage optimization formulation for the SNDP under travel time uncertainty. As we
will show in this paper, it is therefore advantageous to derive a new formulation of the deterministic
SNDP that does not involve time indices. By doing so, we can properly distinguish and represent
here-and-now decisions and wait-and-see decisions to establish a tractable two-stage optimization
formulation under travel time uncertainty.

In this paper, our focus is on studying the CTSNDP under travel time uncertainty, where
the planning horizon is continuous. Due to the impracticality of the time-indexed formulation
for the deterministic CTSNDP, exact solution methods like the DDD algorithm, which were
developed for the deterministic CTSNDP, cannot be applied to the CTSNDP under travel time
uncertainty. Moreover, while travel time uncertainty has been considered in many studies on other
transportation problems, such as the vehicle routing problem with time window (Hu et al. [2018]

Adulyasak and Jaillet|2016), shortest path problem (Chen et al.[2016| [Hu et al.|2018), and traveling



salesman problem (Chassein and Goerigk 2016, Zhang et al.|2021), the CTSNDP under travel time
uncertainty presents another unique challenge. Specifically, it must account for delays resulting
from the synchronization of multiple shipments that require consolidation for transportation. When
one of these shipments is delayed, it can cause delays for all the others waiting for consolidation
at a terminal. These delays can then propagate and cause additional delays for shipments at
other terminals. We refer to this phenomenon as consolidation delay propagation, which further

complicates the formulation and solution of the CTSNDP under travel time uncertainty.

1.2. Related Work

Despite its significant importance, travel time uncertainty has rarely been considered in existing
studies on the SNDP. Among the studies that do consider it, all have overlooked the consolidation
delay propagation caused by travel time uncertainty and consolidations (see, for example, [Yao
et al.|2014, |Zhao et al.|2018| |Liang et al.|2019} Lanza et al.[2021)), except for three studies (Demir
et al.[2016, [Hrusovsky et al. |[2018| Layeb et al. |2018]). These three studies focus on a restricted
variant of the SNDP for intermodal transportation of energy-wares, in which transportation services
for shipment movements can only be selected from a small candidate set given in advance. In
these three studies, a stochastic optimization approach is adopted to incorporate travel time
uncertainty and optimize the average performance of the service network design. However, this
approach requires complete probability information about travel times, which is difficult to know in
advance. Furthermore, solving an optimum solution to a stochastic optimization model derived from
this approach can be very challenging, due to the vast number of decision variables and possible
realizations of uncertainty factors. As a result, the three aforementioned studies either apply an
approximation method based on limited samples of travel time realizations (Demir et al.[|2016) or
some simulation-based heuristic methods (Hrusovsky et al. 2018, Layeb et al.|2018).

To the best of our knowledge, our study is the first to adopt a robust optimization approach to
study the CTSNDP under travel time uncertainty. Our goal is to design a transportation service
network that maintains reliable operational efficiency even under travel time deviations. The robust
optimization approach is known to only require a distribution-free uncertainty set that defines the
possible realizations of uncertainty factors (see, for example, |Bertsimas and Sim 2004}, Ben-Tal et al.
2009, and Bertsimas et al.|[2011, for general theories and applications of robust optimization). It
relaxes the need for complete information about the probability of uncertain factors, and has an
optimization formulation that often has a tractable reformulation that can be efficiently solved to
an optimum. In the classic robust optimization approach, the objective is to optimize the worst-case

objective value of a _solution over different. realizations of uncertain factors. A recent study by Tong



et al.| (2023) proposes a new approach, named the robust satisficing approach. This approach aims
to ensure a solution that best achieves a prescribed target of the objective value with the worst-case
normalized magnitude of the violation from the target being minimized. It has been demonstrated
to have the advantage of improving out-of-sample performance over the classic approach. Several
applications of the robust satisficing approach have been studied in operations management. [Zhou
et al.| (2022) propose a resource satisficing index that extends the criterion adopted in the robust
satisficing approach for the scheduling of patient admissions. (Cui et al. (2023|) apply the robust
satisficing approach in solving a two-stage resource pooling problem where the objective function
of the second-stage problem is supermodular and increasing. The robust CTSNDP studied in this
paper differs from these problems in the literature, as it is a two-stage optimization problem with
a second-stage objective function that is not necessarily supermodular. As a result, the solution
methods developed for the above problems are not applicable to the robust CTSNDP.

As demonstrated in the existing literature (see, for example, |Ben-Tal et al.|[2004} |[Bertsimas et al.
2011}, |Simchi-Levi et al.|2019), many robust optimization problems can be formulated as a two-stage
optimization model, including the SNDP with demand uncertainty (Wang and Qi 2020, Atamtiirk
and Zhang||2007)). In such a two-stage model, the first stage involves making here-and-now decisions
before uncertain factors are realized, while the second stage involves making wait-and-see decisions
after the uncertain factors are realized. It is known to be less conservative than a single-stage model
(Atamtiirk and Zhang2007)).

To apply the robust optimization approach to the CTSNDP under travel time uncertainty,
we must first incorporate travel time uncertainty into the CTSNDP formulation. As discussed
in Section this is a challenging task, as the time-indexed formulations commonly used for
the deterministic CTSNDP become impractical. The MILP formulations presented in [Demir
et al. (2016) and HrusSovsky et al| (2018) for the SNDP in intermodal transportation of energy
commodities consist of decision variables with service indices, which are essentially time-indexed,
as services are defined by the departure and arrival terminals and times of the vehicles. In a recent
study, Hewitt and Lehuédé (2023)) propose a new MILP formulation for the deterministic CTSNDP,
which eliminates the time indices in the decision variables. However, this new formulation requires a
set of all possible shipment combinations for consolidations. The number of decisions and constraints
is proportional to the number of shipment combinations, which can grow exponentially with the
number of shipments. As a result, this formulation can be very challenging to solve optimally for the
deterministic CTSNDP, let alone its extensions for problem variants with travel time uncertainty.
In contrast, this study presents a new compact formulation of the deterministic CTSNDP without
time indices, which can be extended to incorporate travel time uncertainties while ensuring the

tractability of the solution.



1.3. Contributions of This Paper

In this study, we tackle the challenge of formulating and solving the robust CTSNDP under travel
time uncertainty. We first propose a novel MILP formulation for the deterministic CTSNDP that
eliminates the need for time indices. We then extend this formulation to derive a classic robust
optimization model and a robust satisficing model to incorporate travel time uncertainty. Both of
these two models involve two stages of optimization. In the first stage, here-and-now decisions,
including routing and consolidation of shipments, are optimized before actual travel times are
realized. In the second stage, wait-and-see decisions, including the actual departure schedules of the
vehicles, are optimized after the actual travel times are realized. Our models, being the first of their
kind in the literature, are based on polyhedral uncertainty sets. Their extensions to distributional
robustness and data-driven robustness will be explored in future research.

To solve the newly derived robust optimization model and robust satisficing model, we develop
two exact algorithms, respectively. Both algorithms follow a column-and-constraint generation
(C&CQG) framework proposed by [Zeng and Zhao (2013). This framework has been widely used to
solve two-stage robust optimization models for various problems (see, for example, Zeng and Zhao
2013, [Wang and Qi/[2020)), but has rarely been applied to two-stage robust satisficing models. The
critical step in our C&CG algorithms is its solution to a subproblem that finds the worst-case
realized travel times for any given first-stage solution. For our robust optimization model, we can
formulate this subproblem as a mixed-integer linear program and solve it directly by an optimization
solver. However, for our robust satisficing model, the complexity of the subproblem increases,
necessitating our development of a novel bisection search procedure to solve it. Through extensive
computational experiments conducted on randomly generated instances of the CTSNDP under
travel time uncertainty, we have successfully demonstrated the tractability of our proposed models
and the effectiveness of our developed algorithms.

The major contributions of our study are summarized as follows:

e We have developed a new MILP formulation for the deterministic CTSNDP that does not
involve any time indices. Instead, this new formulation is defined by decision variables and
constraints with indices associated with shipment consolidations, being referred to as a
consolidation-indexed formulation. This not only enables us to derive tractable formulations
of the robust CTSNDP with travel time uncertainty, but also opens a new direction for future
study on the deterministic CTSNDP.

e We have derived a novel robust optimization model and a novel robust satisficing model for the

robust CTSNDP under travel time uncertainty, based on polyhedral uncertainty sets. To the



best of our knowledge, these are the first such models of their kind. They have thus established
a strong modeling foundation for future research in this area.

e We have developed two tailored C&CG algorithms to solve the newly derived robust
optimization and robust satisficing models, respectively. To the best of our knowledge, these
are also the first such exact algorithms for the CTSNDP under travel time uncertainty.
Moreover, our paper is the first study that demonstrates the success of C&CG algorithms in
solving two-stage robust satisficing models with a polyhedral uncertainty set. The convergence
guarantee of this C&CG algorithm relies on a new bisection search procedure. These new
algorithms have great potential for future extensions to other optimization problems that
incorporate uncertainties.

e We have conducted extensive computational experiments over randomly generated instances
to access the proposed optimization models and solution algorithms for the robust CTSNDP
under travel time uncertainty, demonstrating their practical usefulness. The computational
results also confirm the robustness of the solutions obtained and highlight the trade-off between
such robustness and the price of robustness, providing useful insights for decision makers on
the utilization of our newly developed models and algorithms.

The remainder of this paper is organized as follows. In Section [2] we introduce problem statements
for the deterministic CTSNDP and the robust CTSNDP under travel time uncertainty. In Section [3]
we present our new MILP model for the deterministic CTSNDP, and extend it to derive the
robust optimization model and the robust satisficing model to incorporate travel time uncertainty.
In Section [ we illustrate our tailored C&CG algorithms for the robust optimization model
and the robust satisficing model, respectively, and prove their correctness and convergence. The
computational results are discussed in Section [} followed by our concluding remarks in Section [6

All the proofs are presented in Appendix [B]

2. Problem Statements
In this section, we first introduce the deterministic CTSNDP where travel times are given, and then
define two variants of the robust CTSNDP where travel times are uncertain. The notation used for

problem description and solution representation is summarized in Table in Appendix [A]

2.1. Deterministic CTSNDP
The deterministic CTSNDP examined in this paper extends the problem setting in [Boland et al.
(2017)), with shipment holding costs being incorporated. Unlike Boland et al. (2017)), we define its

feasible solutions over the physical network of the terminals, instead of the time-expanded network.



Consider a network D = (N, A) with a physical node set N and a directed arc set A, which is
referred to as the flat network. Each physical node represents a terminal, and each arc represents
a direct transport service from one terminal to another. Consider a commodity set K, where each
commodity k € K represents a shipment, with its origin denoted by o* € NV, its destination denoted
by d* € N, and its shipping quantity denoted by ¢* € N.,. Each commodity k € K has an earliest
available time e* € N for departure from its origin o*, and has a due time [* € N, for arrival at
its destination d*. No commodity can be delivered separately, and thus each commodity can only
be assigned exactly one delivery path. As a result, each commodity must be picked up exactly
once from the origin after the earliest available time and delivered exactly once to the destination
before the due time. However, commodities can be temporarily stored at any nodes, waiting to be
consolidated for shipping together on different arcs of the network.

In the flat network D, each arc (i,5) € A is associated with four attributes: (1) travel time
7i; € N5o; (2) a per-unit-of-flow (travel) cost ¢f; € R.q for each commodity k € K; (3) a fixed cost
fi; € Rog per vehicle for (shipping) service on the arc; and (4) a capacity u;; € N5, per vehicle
for (shipping) service on the arc. Additionally, both in-transit and in-storage holding costs are
considered here for each commodity. In particular, the in-transit holding costs are incorporated
into the flow costs cfj for commodities k € K and arcs (i,j) € A. A per-unit-of-demand-and-time
in-storage holding cost h* € R, is incurred when a commodity k € K is stored at any node. It is
worth noting that all the optimization models and solution methods derived in this paper can be
extended to cases where the per-unit-of-demand-and-time in-storage holding costs depend not only
on commodities k € K but also on nodes i € A, by replacing h* with h*. These cases include the
one where no holding cost is charged for each commodity at its destination.

The deterministic CTSNDP requires the deciding of delivery paths and consolidation plans for all
commodities, as well as the numbers and the dispatch times of the required vehicles. Its objective
is to satisfy all delivery requirements while keeping the total cost minimized.

A feasible solution to the deterministic CTSNDP consists of (i) a routing plan, (ii) a consolidation
plan, and (iii) a departure schedule, these being defined as follows. We call a directed path P in
the flat network D a flat path, which is represented by its node sequence (v, v, ..., V1) and arc
sequence (ai,as,...,a,), with m € Ny denoting the total number of its arcs. As in actual practice,
the delivery path of each commodity cannot have repeated vertices or arcs, and thus must be an
elementary flat path from the origin to the destination of the commodity. Accordingly, a routing
plan P is defined as a collection of || elementary flat paths in the flat network D, with each
flat path P* € P for k € K representing the delivery path of commodity k from its origin o* to
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Figure 1 Examples of a flat network, a time-expanded network for 5 periods, and a consolidation-expanded

network for || =2.

cNuN2)

——> service arc —— - holding arc

(a) Flat network (b) Time-expanded network (c) Consolidation-expanded network

destination d*, where the node and arc sequences of P* are denoted by (V{C7V§7"'7V:1 X +1) and
(af,a5,...,ak ), respectively, with v = o" and v/*, | =d*, and with no repeated nodes or arcs.
Given a routing plan P as defined above, we need to specify how commodities are consolidated on
arcs of the flat network D. For each a € A, let K(P,a) ={k € K |3ak =a,1 <n <m"} indicate the
subset of commodities whose flat paths in P pass through arc a.. A consolidation on arc « for P can
then be represented by a subset of (P, «), so that commodities in this subset are consolidated to be
shipped together on arc «, indicating how these commodities are transported on this arc for P. Since
each commodity cannot be delivered by separated paths of P, there are at most |K| consolidations
on each arc in any feasible solution of the deterministic CTSNDP. Accordingly, we can construct
a consolidation-expanded network that shares the same nodes with the flat network and duplicates
each arc in the flat network to create |KC| consolidation traveling arcs. See Figure [1] for illustrative
examples of the flat network, the time-expanded network, and the consolidation-expanded network.
For each arc o € A of the flat network D, consider each consolidation traveling arc o
of the consolidation-expanded network that is duplicated from «, where r € {1,2,...,|K|}. As
demonstrated in Figure (c), we associate each o™ with C* C K(P,a) to indicate the r-th
consolidation on arc « for the routing plan P, so that all the commodities in C'* are shipped through
arc a together. A consolidation plan C for P can thus be defined as a collection of consolidations
C* CK(P,a) for « € A and r € {1,2,...,|K|}, where r is referred to as the consolidation inder,
and each consolidation C'* can be empty. If the consolidations C® for r =1,2,...,|K]| cover all the
commodities k € K(a) for each a € A, i.e., Ul’i‘l C* = K(a) is satisfied for each « € A, then such a
routing-consolidation pair (P,C) forms a flat solution to the deterministic CTSNDP.
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Given a flat solution (P,C), we need to further specify the departure time of each commodity
from every node it passes through. Since each flat path in P is an elementary path, every commodity
can depart from the same node at most once. Accordingly, a departure schedule T is defined as
a collection of departure times tfi’i for k€ K and n € {1,2,...,m"*}, indicating when commodity k
departs from node v* of its flat path P*. Thus, (P,C,T) forms a feasible solution to the deterministic
CTSNDP if the departure schedule T satisfies that

tﬁﬁ >eb forn=1, (2.1)
t’;sﬂ Ztﬁﬁ—i—Taﬁ, forne {1,2,...,m" -1}, (2.2)
t’;k + 7 <1F, for n=m", (2.3)
tr=1¥, for ke C%) and k' € C%9) with (i,j) € A and r € {1,2,---,|K|}. (2.4)

Here, for each commodity k& € IC, constraints and together ensure that the departure
time from its origin and arrival time at its destination are both within the time window [e*,{*], and
constraints are due to the travel times of arcs on its flat path. Constraints ensure that
commodities consolidated on the same arc all pass the arc at the same time. A flat solution (P,C)
is timely-implementable, if there exists such a departure schedule 7 that satisfies f.

From a feasible solution (P,C,7), we can obtain holding times H* for nodes v* with n =
1,2,...,m* +1 on the flat path P* of each commodity k € K:

t’; —ek forn=1,

HE — t (tk +7 ), forne{2,... mk}

n L% n—1

I+ — (t*, 7+Tak_1), for n=m"*+1.

Accordingly, the total cost of solution (P,C,7T) can be represented as follows:

IK| Zkec q mF41 -
A *EE)M+ZZN

acA r=1 keK n=1 ke n=1

where the first term is the total fixed cost of vehicles needed, the second term is the total flow cost,
and the third term is the total holding cost. It can be seen that the total fixed cost and flow cost
depend only on the flat solution (P,C), and the total holding cost depends only on the routing plan
P and the departure schedule 7. Thus, we can define a function f(P,C) to represent the total fixed

cost and flow cost, and a function h(P,T) to represent the total holding cost, where

~ Zkec q s
=D > fal [EDIPILAT

acA r=1 ke n=1
karl

= Z Z h*q" HE.

ke n=1
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Without loss of generality, we assume that for each commodity k € K, the difference (¥ — )
between its latest arrival time [* at the destination and available time e* at the origin is not
smaller than the length of the shortest-time path from of to d* in the flat network D. This
assumption is sufficient to ensure the existence of a feasible solution to the deterministic CTSNDP.
The deterministic CTSNDP can thus be formulated as follows, where D indicates the domain of all
the feasible solutions.

(Deterministic CTSNDP) P [f(P,C)+h(P,T)].

2.2. Robust CTSNDP
We now introduce the robust CTSNDP under travel time uncertainty, which we refer to as the robust
CTSNDP for short. Suppose that for each arc o € A, the actual travel time 7, for commodities
passing through « is determined by 7, =T, + 7.0.. Here, 7, € Ny is the nominal value of 7., and
To € Ny with 7, < 7, is the maximum deviation of 7, with respect to the nominal value 7,. The
coefficient ¢, is a random variable (but with unknown distribution), and its value falls within the
range [—1,1]. Thus, 7, falls within the range [T, — 7o, Ta + 7ol

For each a € A, since there can be at most || consolidations on arc «, we use 7,, for r €
{1,2,...,|K]|} to indicate the travel time of the r-th consolidation on arc a. Let U indicate the

support of the vector § of random variables d,, for @ € A and r € {1,2,...,|K|}. We have that:
U= {5 b €[~1,1],Vae A re{1,2, ..., |IC|}}. (2.5)

Moreover, for each realized coefficient value § € U, we use 7(d) to indicate the vector of the
corresponding realized travel times (7, + 7 04,) for a € Aand r € {1,2, ..., |K|}, which can be defined

as follows:

7(8) = {% Far =T+ Fabar Vo € Ar € {1,2, .., |/cy}}. (2.6)

In the remainder of this paper, we will use the term scenario to refer to vector §, and we will refer
to 7(d) as the realized travel time for scenario 9.

The decision process for the robust CTSNDP has two stages. In the first stage, which is before
actual values of the travel times are realized, the problem needs to determine a routing plan P and
a consolidation plan C that form a flat solution (P,C). Given (P,C), in the second stage, which is
after the actual values of the travel times are realized, the problem needs to determine an actual
departure schedule 7. Accordingly, (P,C) is a here-and-now decision which is independent of the

realized travel times, and 7T is a wait-and-see decision which can adapt to the realized travel times.
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Let us now consider the second stage of the robust CTSNDP. Given a flat solution (P,C)
determined in the first stage, and after actual travel times 7(d) with § € U are realized, one needs to
determine an actual departure schedule T = (tﬁ li)ke K.1<n<mk, Where each t’; i indicates the departure
time of commodity k from node v* on the flat path P* of P. For each commodity k € K and each
arc a® = (vE, vk, ) of P*, since (P,C) is a flat solution, there exists r(k,n) € {1,2,...,|K|} such
that the commodity k is contained in the consolidation Cf(i,n) of C. This implies that the actual
travel time of commodity k on arc a® equals Tak r(k,n)- Accordingly, the actual departure schedule
T needs to satisfy constraints (2.1)) due to the earliest available time e* for k € K, constraints
due to the consolidations, and constraints below

toe 2t Tat ey for KEK, ne{l,2,....m"—1}, (2.7)

n+

which are due to the actual travel times and are similar to the constraints for k € K with 7%
replaced by 7.k ,(rn)- As a result, the domain of such actual departure schedules 7T is denoted by
T(P,C,7(9)).

Moreover, due to the travel time uncertainty, it will be costly to satisfy the due time constraints
for every possible realization of the travel times. We therefore relax the due time constraints in the
second stage of the robust CTSNDP. However, to restrict the violations of the due time constraints,
we impose a penalty g* per unit of time for the delay of each commodity &’s arrival at its destination
d*. Let g(P,T) indicate the total delay penalty for an actual departure schedule 7 with respect to
flat paths in P. We have that

g(P’ T) = Z gk ) max{tl]ﬁfnk + 7-<L}:nk »7’(k,mk) - lku 0}7

ke

where (t’;kk + %a;:n k,r(k,m’“)) indicates the actual arrival time of commodity £ at the destination
d*. Hence, under the realized travel times 7(8) with § € U, the corresponding second-stage cost,
including the holding costs and delay penalties, is determined by P and 7 and is equal to h(P,T )+
g(P,T). Its minimum value, minrerp c 75 [R(P,T)+g(P,T)]}, is referred to as the second-stage
cost of the robust CTSNDP under the scenario 4.

Remark 2.1 (Uncertainty Revelation) Drawing from the literature on two-stage robust
optimization problems (see, for example, Ben-Tal et al.| 2004, Atamturk and Zhang|2007, | Yanikoglu
et al.|2019), our statement above for the second stage of the robust CTSNDP assumes that all
actual travel times are revealed before the departure schedule is determined. Nonetheless, in many

practical scenarios, the actual travel time of certain commodities’ transport through o particular
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arc cannot be revealed until the transport is completed. We refer to such an uncertainty revelation
mechanism as a dynamic uncertainty revelation. Later we will show that solutions derived from our
stated two-stage formulation of the robust CTSNDP can be adapted to situations under the dynamic

uncertainty revelation, without increasing the total cost.

Next, let us consider the first stage of the robust CTSNDP. Before the actual travel times are
realized, a flat solution (P,C) needs to be determined. As commonly required in practice, such a
flat solution (P, C) needs to form a feasible solution to the deterministic CTSNDP under a nominal
scenario, where travel times take their nominal values with no deviations. However, this cannot
be ensured by the constraints imposed in the second stage of the robust CTSNDP, where the due
time constraints are relaxed. As a result, we adopt a light robustness approach, originally proposed
by [Fischetti and Monaci (2009) for robust optimization, to establish the first stage of the robust
CTSNDP. This approach requires that the first-stage decisions must be feasible to the deterministic
CTSNDP under the nominal travel times. Accordingly, the flat solution (P,C) to be determined in
the first stage of the robust CTSNDP must be timely-implementable under the nominal scenario. In
other words, there exists a departure schedule 7 such that (P.C, 7') forms a feasible solution to the
deterministic CTSNDP under the nominal travel times. We refer to such a flat solution (P,C) as a
nominal timely-implementable first-stage solution, and use F to indicate the domain of all nominal
timely-implementable first-stage solutions.

The robust CTSNDP aims to find a robust nominal timely-implementable first-stage solution
under the travel time uncertainty. In this study, we adopt two modeling frameworks, namely robust
optimization and robust sacrificing, to characterize the robustness of such solutions, which are

illustrated in Sections [2.2.1] and 2.2.2] respectively. In Section we will explain how solutions

to our two-stage formulation of robust CTSNDP can be adapted to cases where uncertain travel

times are revealed dynamically.

2.2.1. Robust Optimization Variant of CTSNDP Given an integer I' € N, which is known
as the budget of uncertainty, we can use it to adjust the level of robustness as needed. To achieve
this, we define a budgeted uncertainty set U(T") as follows on the random scenario d that determines

travel times:

U(r) = {5 0]y <T,0ur € [~1,1],Ya e A,r e {1,2, .., uq}}. (2.8)

It contains all the possible realizations of § such that [|8]|;, which equals > 4 cio iy [0ar]
and represents the total relative deviation of the travel times 7(9) from their nominal values with

respect to their maximum deviations, does not exceed the given budget of uncertainty I
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The robust optimization variant of the CTSNDP under travel time uncertainty (or RO-CTSNDP
in short) has an objective to minimize the worst-case total two-stage cost with respect to the
budgeted uncertainty set U(I") on 8. To achieve this, the RO-CTSNDP needs to determine a nominal
timely-implementable first-stage solution (P,C) € F that minimizes the sum of the first-stage cost
(which is independent of the realization of §) and the worst-case second-stage cost (which is over the
budgeted uncertainty set U(I") on §). Accordingly, the RO-CTSNDP can be formulated as follows:

[RO-CTSNDP] min {f(P,C)+ max = min_ - [h(P,T)+g(P,T)]}

2.2.2. Robust Satisficing Variant of CTSNDP We follow the modeling framework
proposed by [Long et al.| (2023) to establish the robust satisficing variant of the CTSNDP under
travel time uncertainty (or RS-CTSNDP in short). Let Z, represent the optimal objective value of
the deterministic CTSNDP under nominal travel times. Given a prescribed target Z of the total
two-stage cost with Z > Z;, the RS-CTSNDP needs to determine a nominal timely-implementable
first-stage solution (P,C) € F that best achieves the prescribed target Z, so that the worst-case
normalized magnitude of the deviation from the target of the total two-stage cost is minimized.
Accordingly, the RS-CTSNDP can be formulated as follows:

Jmin {pERo: f(P.O)+ _ min (WP, T)+g(P.T) =2 <pllo], ¥6 € U}.

Here, the constraints imposed on the first-stage solution (P,C) € F restrict the deviation of the
total two-stage cost from the prescribed target Z to not exceed pl||d||; for every possible scenario
4 in the uncertainty set U. As a result, p indicates the worst-case magnitude of the deviation from
the prescribed cost target, normalized by the total relative deviation [|d]|; of the travel times. This

quantity measures the fragility of a given solution and needs to be minimized to attain robustness.

2.2.3. Adaption to Dynamic Uncertainty Revelation of Travel Times We will now
show that solutions to our two-stage formulation of the robust CTSNDP, where the second stage
assumes that all actual travel times are revealed before the actual departure schedule is determined,
can be adapted to cases under the dynamic uncertainty revelation.

Consider any first-stage solution (P,C) of a routing plan and a consolidation plan. Under dynamic
uncertainty revelation, the actual travel time of each consolidated shipment on an arc (i,7) € A
is only revealed after its arrival at node j. One possible approach to determine the departure
schedule is to apply a reactive policy in which for each (i,7) € A, every consolidated shipment on
arc (i,7) departs from node i as soon as all the commodities for the shipment have arrived at node

i. Consequently, the departure times of consolidated shipments depend only on the actual travel
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times that have been realized in the previous part of their transport, and not on the future travel
times that are yet to be revealed.

Next, consider any possible scenario d, which determines travel times 7(8). We are going to
show that the departure schedule obtained by the reactive policy introduced above achieves the
minimum second stage cost under d. On the one hand, the reactive policy ensures that for each
arc (i,7) € A, every consolidated shipment on arc (i,j) departs from node ¢ as soon as all the
commodities for the shipment have arrived at node i, thus guaranteeing that all commodities
arrive at their destinations at the earliest possible time. Therefore, the total delay penalty must
be minimized. On the other hand, for each commodity k, let Tk(P,C ,0) indicate the total travel
time of commodity & under (P,C) and 8. Under the reactive policy, it can be seen that the total
in-storage holding time equals max{l; — e — Tk(P,C,d),O}, which achieves the minimum total
in-storage holding time. Thus, the reactive policy achieves a minimum total in-storage holding cost
that equals ¥ max{l), — e, — Tx(P,C,8),0}.

Therefore, the departure schedule derived from the reactive policy achieves the minimum total
second-stage cost for each possible §. Based on this, it is evident that solutions to the RO-CTSNDP
and the RS-CTSNDP can be adapted by the reactive policy to cases under the dynamic uncertainty

revelation without increasing their objective values.

Remark 2.2 (Node-Dependent Holding Costs) [t is worth noting that when the
per-unit-of-demand-and-time in-storage holding costs depend not only on commodities k € KC but
also on nodes i € N, the notation h* in h(P,T) needs to be replaced with h¥. As a result, although
optimization models and solution methods derived in this paper can be extended, the reactive
policy illustrated above may not guarantee to achieve the minimum total second-stage cost for each
possible 8. Nevertheless, by following the same argument above, the reactive policy still ensures
attainment of the minimum total second-stage cost for every possible §, when the holding costs
hk for each commodity k € K are equal to h* for all nodes n that are not the destination d* of

commodity k, and hE is less than or equal to h* if n=d*.

3. Optimization Models

In this section, we first propose a novel compact MILP model for the deterministic CTSNDP. It is
based on the consolidation-expanded network rather than the time-expanded network, and utilizes
consolidation indices rather than time indices. Leveraging this new model, we proceed to develop
two-stage mixed-integer nonlinear programming models (MINLP) for the two variants of the robust

CTSNDP, namely the RO-CTSNDP and the RS-CTSNDP. For both models, their second stage
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cost can be computed by solving a linear program (LP), enabling us to develop efficient solution
methods that will be presented later in Section[d The notation used for various optimization models

is summarized in Table [A.2]in Appendix [A]

3.1. Consolidation-Indexed MILP Model for Deterministic CTSNDP
Our new MILP model for the deterministic CTSNDP utilizes consolidation indices instead of time
indices to define decision variables and formulate constraints related to consolidations.

According to the problem description in Section a feasible solution to the deterministic
CTSNDP consists of a routing plan P, a consolidation plan C, and a departure schedule 7. To
represent the routing plan P, we introduce a binary variable a:fj for each (i,5) € A and k € K,
indicating whether commodity k € K passes through arc (1, 7).

To represent the consolidation plan C, we first introduce a binary variable z , for each (i,7) € A,
re{l,2,---,|K|}, and k € K, indicating whether the r-th consolidation Cﬁm) on arc (7,7) contains
commodity k. We then introduce a non-negative integer variable y;;. for each (i,5) € A and r €
{1,2,---,|K[}, indicating the number of vehicles needed by consolidation C(*) of arc (i,j) to
accommodate the commodities in consolidation C*).

To represent the departure schedule T, we first introduce a non-negative continuous variable vfj
for each (i,7) € A and k € K, which indicates the time when commodity k departs from node ¢
when passing through arc (i,7). If commodity k& does not pass through arc (i,j), then v;; equals 0.
We then introduce a non-negative continuous variable b;;, for each (i,j) € A and r € {1, 2,..,|K|},
which represents the time when commodities of the r-th consolidation C*¥) on arc (i, j) depart from
node i. We also introduce a non-negative continuous variable w¥ for i € A" and k € K to represent
the holding time for commodity k at terminal 7. It equals 0 if commodity k£ does not pass node i.

Accordingly, the deterministic CTSNDP can be represented by the following compact MILP

model, referred to as model DO, where M denotes a sufficiently large constant:

IK|
DO} min >, > fis-yurt D, D () -ali+D D (W) wi (3.1)
(i,j)eA r=1 ke (i,5)€A keK ieN
1, i=0",
dooak— Y ah={ -1, i=d",  VkeK,ieN, (3.2)
(i,5)€A (j.i)eA 0, otherwise,
Zq z_]'r — U’L]yl]’r‘? V (2.7.7) G A7T e {]‘?27 A ‘IC‘}7 (3'3)
kek
Zq z;r— ijyijT'_uij+17 V(i,j)EA,rE{l,Z...,UC]}, (34)
kek
1K

ZZ’LJT_ zg? v (l,j)EA,]CGIC, (35)
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S @htmat)< >0 vk VieN\{o"d'} kek, (3.6)
J:(J,i)eA J:(i,5)€EA

vk = VEkek, (3.7)
j:(ok,)EA

> Wt maaty) <l VEeK, (3.8)
j:(j,dk)e A
Uijfoja V(i,j)eA,kEK, (39)
vf; <bg + M(1—25,), Y (i,j) € A ke K, re{1,2,..,|K|}, (3.10)
ok > by~ M(1—25), Y (i,j) €A ke K,r € {1,2,...,|K[}, (3.11)

> vfj —eF, i=o",
j;c(iyj)GA . L . " .
wf: [k — '(;EA(Uji—i_Tjiwji)’ i1=d s VlGN,VkE/C, (312)
VWA
>oovh— Y (vl +T7uak), otherwise,
j:(i,5)€A j:(gi)eA

zl, €{0,1}, V (i,j) € Ak €K, (3.13)
Yijr € N>, v (i,5) € A,re{1,2,..., K[}, (3.14)
2. €{0,1}, V (i,j) e A ke K,re{l1,2,...,|Kl|}, (3.15)
vl >0, V (i,j) € A ke, (3.16)
bierO; v (Z,])GA,TG{l,Q,,‘KH, (317)
wh >0, VieN,kek. (3.18)

In model DO, the objective function indicates the total cost to be minimized, which includes
three terms for the total fixed cost, total flow cost, and total holding cost, respectively. Constraints
f are imposed to define the routing and the consolidation plans. Specifically, constraints
are flow balance constraints, ensuring that each commodity travels along one flat path from
its origin to its destination. Constraints and are capacity constraints. They ensure that
the total quantity of commodities in each consolidation of an arc does not exceed the total capacity
of the vehicles assigned to each consolidation of the arc, and restrict that v, = [(3, cxc €% 255,.) /uij ]
for every (i,j) € A, r € {1,2,...,|K|}, which equals the number of vehicles needed by consolidation
Cﬁi*j) of arc (4,7). Constraints are consolidation coverage constraints, ensuring that for every
arc (7,7) on the flat path of commodity k& € I, there exists a consolidation of arc (4, j) that contains
k. Constraints f are imposed to define the departure schedule. Specifically, constraints
f are imposed on commodities’ departure times with respect to the travel time of each arc,

as well as the earliest available time and the due time of each commodity. Constraints (3.9)) ensure

that for each commodity, its departure time from each of its unvisited nodes is zero. Constraints
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and ensure that for each arc (i,7) € A, the commodities that are consolidated to
be shipped together through (i,j) have the same departure time from node i. Constraints
are imposed to define the holding time for each commodity k& € K and each node i € N, based
on the departure schedule and the routing plan. The variables w! and constraints clearly
show that the model DO can be extended to incorporate node-dependent holding costs. Constraints
— define the domains of all the decision variables.

For each feasible solution (x,y,z,v,b,w) of model DO, (z,y,z) corresponds to a flat solution
(P,C), and v corresponds to a departure schedule 7 that satisfies —, which imply that
such (P,C,T) forms a feasible solution to the deterministic CTSNDP. As far as we know, model DO
is the first compact MILP model of the deterministic CTSNDP that utilizes consolidation indices,
and thus, we refer to it as the consolidation-indexed MILP model of the deterministic CTSNDP.

3.2. Two-Stage MINLP Optimization Models for Robust CTSNDP

Our newly proposed model DO of the deterministic CTSNDP eliminates the need for time indices.
As a result, it can be extended to derive two-stage MINLP models for two variants of the robust
CTSNDP, namely the RO-CTSNDP and the RS-CTSNDP, so that the second stage cost can be
computed by solving a linear program.

According to the problem statements in Section [2, for both the two variants of the robust
CTSNDP, (x,z) of the first-stage decisions needs to ensure the existence of a departure schedule
that satisfies the constraints with respect to commodities’ earliest available times and due times
under the nominal scenario. For this, we need to introduce decision variables @fj and Em to indicate
commodities’ departure times and consolidations’ departure times for the nominal scenario, similar
to the variables Ufj and b;;, of model DO. Moreover, in the second stage, constraints with respect
to the commodities’ due times are relaxed, but delay penalties are imposed. As a result, we need
to introduce an additional decision variable s* for each k € K, indicating the delay of commodity

k’s arrival at its destination.

3.2.1. Robust Optimization Model According to the problem statement in Section [2.2.1
the RO-CTSNDP can be formulated as the following two-stage MINLP, referred to as model RO,

where M denotes a sufficiently large constant:

IK|
[RO] min Z qu yW—FZ Z (ciid") - ol + Frp(x, 2) (3.19)
(i,5)eAr=1 ke (i,5)eA
st. B2) — B3), B13) - G15) (3.20)
Yo @Tal)< Y v, VieN\{ohd'}kek, (3.21)

j:(4,5)EA j:(i,5)€eA
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oo v, >ef, VEkek, (3.22)
J:(ok,5)eA

> @ u+Tealy) <1, VEEK, (3.23)
j:(j,dk)e A

o5, <M, Y (i,j)eAkek, (3.24)
o <by, +M(1—2F,), VY (i,j)eAkek,re{l,2, ., [K|}, (3.25)
o >by, —M(1-zE), V() eAkek,re{l,2, . .,|K[}, (3.26)
v} >0, V (i,7) € Ak e, (3.27)
bijr >0, Y (i,5) € A,r € {1,2,..., K|} (3.28)

Here, Frp(x, z) indicates the worst-case second-stage cost and can be calculated by the following
max-min optimization model, which is referred to as model RP(x,z), where M; denotes a

sufficiently large constant.

— : k kY ook ko, ok
[RP(x, 2)] FRP(as,z)—ﬂé%zgé(F) min ZZ(h q") - w; +Zg s (3.29)
kekieN kex
1K
st Y (WY Fadh)< Y ok VieN\{oFd" hkek, (3.30)
J:(d:1)eA r=1 Ji(i,g)€A
Dok, =ef VEkek, (3.31)
j:(ok,5)EeA
1K
S W+ Fadta) <P +sE VEeK, (3.32)
§:(4,dF)eA r=1
vf, < Myl vV (i,7) e A ke, (3.33)

ijr

)
vf; <bg, +Mi(1—25,), V(i,j) e A ke K,re{l1,2,..,|Kl|}, (3.34)
)

vl > by — Mi(1—2,), V(i,j)e A keK,re{l,2,..,|K|}, (3.35)

g
> vfj — ek, i=o",
j:(i,j)€A
K]
wh> ) st = 5 (W4 X Teal,), i=dY, VieEN,VEEK,
v J:(ji)eA T:‘l |
K
vfj - 3 (vfZ + > %jisz’-"”), otherwise,
J:(i,5)€A j:(4,i) €A r=1
(3.36)
fufj >0, vV (i,j) e A keK, (3.37)
bijrzou v (i,j)GA,TG{l,Q,...,WH, (338)
wk >0, Vie N, keK, (3.39)
sk >0, VkeK. (3.40)
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The objective of model RO is to minimize the sum of the deterministic first-stage cost and
the worst-case second-stage cost with respect to the uncertainty set U(I') on §. The first-stage cost
includes the fixed costs and the flow costs shown in the first two terms of . The worst-case
second-stage cost is represented by Frp(x,z). In model RO, constraints in are the same as
those of model DO imposed on (z, z). Constraints (3.21)—(3.28) are similar to (3.6)-(3.11), (3.16),
and of model DO, with 7;; replaced by the nominal travel times 7;;. These constraints are
imposed to ensure the existence of a feasible departure schedule under the nominal scenario.

The max-min optimization model RP(x, z) is to compute the worst-case second-stage cost for
(z,z). Given any 7(8) with d € U(T"), the inner minimization problem of RP(x,z) needs to
determine (v,b,w, s), with the objective of minimizing the second-stage cost that equals the sum
of the holding costs and delay penalties as shown in . Most of the constraints in the inner
minimization problem are the same as those of model DO imposed on (v, b, w), except ,

and (3.36). Compared with constraints (3.6)), (3.8), and (3.12) of model DO, constraints (3.30),
1} and 1} replace Tjix;?i with Elr’ill Tiin2h & for each (j,7) € A, as the latter indicates the

actual travel time of commodity k on arc (j,4) if k passes through (j,7). Moreover, the decision
variable s* for k € K is included in the right-hand sides of constraints and , in order to
represent the delay in commodity k’s arrival at its destination.

Let Frp(x,z,7(d)) denote the optimal objective value of the inner minimization problem of
model RP(«,z), which is the second-stage cost. This can be calculated by the following linear

program, which is referred to as model LP(x, z,7(9)):

[LP(x,2,7(6))] Frp(z,z,7(8))=min Y > (") -wi+) g~ s (3.41)

keKieN keK

s.t. — (3.40). (3.42)

3.2.2. Robust Satisficing Model According to the problem statement in Section the
RS-CTSNDP can also be formulated as a two-stage MINLP, which is shown below and is referred
to as model RS:

[RS] min p (3.43)
K|

st > Y (d) w0 D iy e+ Fup(e,2,7(8) = 2 < p|l]1, V6 €U, (3.44)
ke (i,5)eA (i,j)eA r=1

p >0, (3.45)

— (3.5), (3-13) — (3.15), (3-21) — (3-28). (3.46)
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Model RS aims to minimize p, which represents the worst-case magnitude of the deviation from
the prescribed cost target, normalized by the total relative deviation ||d||; of the travel times. Here,
Frp(x,z,7(9)) is the optimal objective value of model LP(x, z,7(d)) defined in and (3.42),
indicating the second stage cost of (x,z) under any given 7(8) with & in the uncertainty set U. In
model RS, constraints specify that for every possible scenario §, the deviation of the total
two-stage cost from the prescribed target Z cannot exceed p||d]|;. Constraint defines the
domain of variable p. Other constraints in are the same as those in model RO, as they are

imposed to ensure that (x,y, z) forms a nominal timely-implementable first-stage solution.

4. Exact Algorithms

In this section, we develop two solution algorithms to solve model RO and model RS, respectively.
They both follow a column-and-constraint generation (C&CG) framework proposed by Zeng and
Zhao (2013), which has been successfully utilized in solving two-stage robust optimization models
for diverse problem domains (see, for example, |Zeng and Zhao |2013, |Wang and Qi [2020).

For both model RO and model RS, we first reformulate them into a noncompact MILP,
incorporating variables and constraints for every possible scenario & within their corresponding
uncertainty sets. This allows us to obtain a relaxation MILP for any subset of their uncertainty
sets. Our C&CG algorithms then solve such a relaxation MILP (referred to as a master problem)
in each iteration, with respect to a current subset of the uncertainty set. This provides both a lower
bound on the optimal objective value and a first-stage solution. From the first-stage solution, we can
further derive an upper bound on the optimal objective value. If the upper and lower bounds are
equal, the first-stage solution implies an optimal solution, and our C&CG algorithms terminate. If
not, we need to identify a new possible scenario d and add it to the current subset of the uncertainty
set, so that the relaxation MILP is extended and strengthened with new decision variables and
constraints. Our C&CG algorithms then proceed to the next iteration.

The critical step of our C&CG algorithm is the solution to the subproblem. For model RO, as in
many existing studies, its subproblem can be formulated as an optimization model with a bi-linear
objective function. Accordingly, we can utilize an integral property of the budgeted uncertainty
set to reformulate the subproblem as an MILP model, and can then solve it directly using an
optimization solver.

For model RS, its subproblem requires fractional optimization and cannot be formulated either
as an optimization model with a bi-linear objective function or as an MILP model. To overcome
this challenge, we have developed an enhanced bisection search procedure. In each iteration of

the procedure, an MILP model is established and solved by an optimization solver. With this, we
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demonstrate for the first time in the literature that the C&CG solution framework can be applied
to solving a two-stage robust satisficing problem, which has promising potential for also solving
other similar problems.

In the remainder of this section, we are going to illustrate our C&CG algorithms for model RO
and model RS, respectively, and show their correctness and convergence. Additional information

regarding various acceleration strategies employed in our algorithm implementation is provided in
Appendix [C]

4.1. C&CG Algorithm for Robust Optimization Model

Let X denote the domain of variables (x,¥y, 2,9, b) defined by linear constraints . Let
Q(d) denote the domain of variables (v,b,w,s) defined by linear constraints -7- under
the realized travel time 7(9) for scenario & € U(T"). Accordingly, model RO proposed in Section
can be rewritten as the following noncompact MILP, referred to as model ROMILP:

K|
[ROMILP] min Z Z gt) - xl + Z Zf” Yijr + ¢ (4.1)
ke (i,5)€A (i,5)eAr=1
st > Y (W) w4 g s v s e (), (4.2)
keKieN kek
(v b w® s9) e Q(s), VsecU(T), (4.3)
(z,y,2,v,b) € X. (4.4)

Here, ¢ is a newly introduced decision variable, and (v(®,b® w® s(®) represents a vector of
second-stage decision variables associated with each possible scenario § in U(T"). Constraints
and ensure that ¢ equals the worst-case second-stage cost. As a result, solving the min-max-min
model RO is reduced to solving the above noncompact MILP model ROMILP.

Model ROMILP can be relaxed by replacing U(T") in constraints and with any of its
subsets A C U(I"). The resulting relaxation is referred to as model ROMILP(A). The relaxation
can be strengthened by appending to A more possible scenarios § in U(I'). When A equals U(T'),
model ROMILP(A) and model ROMILP are equivalent.

Accordingly, our C&CG algorithm for model RO, which is referred to as the RO-C&CG algorithm,
iteratively solves model ROMILP(A) to obtain a first-stage solution (x,y,z) and appends its
worst-case scenario d to A, until (x,y, z) implies an optimal solution. With respect to model RO,
a scenario d is a worst-case scenario, if under this value, the second-stage cost of (z,y, z) equals
the worst-case second-stage cost Frp(x, z).

We next illustrate our computation of the worst-case scenario § for any first-stage solution

(x,y, z), and then provide details of our RO-C&CG algorithm for model RO.
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4.1.1. Computing the worst-case scenario § For any first-stage solution (x,y, z), both
its worst-case second-stage cost Frp(x,z) and the corresponding worst-case scenario d can be
determined by solving the max-min model defined by 7, which, however, is difficult
to solve directly. To overcome this difficulty, we need to reformulate the max-min model to an
equivalent maximization MILP model as illustrated below, which is much more tractable.

First, consider the inner minimization problem of the max-min model defined by f
under any given 7(9) with § € U(I"). It forms a linear program, as shown in model LP(x, z,7(d)) in
(3-41)—(3.42). Lemma below indicates that model LP(x, z,7(d)) always has a feasible solution
for each (z,z) that satisfies constraints (3.20)—(3.28) of model RO and for each & € U(I'), which

implies that the recourse of model RO is relatively complete.

Lemma 4.1 For any (x,z) that satisfies constraints f of model RO, and for any § €
U(T), model LP(x,z,7T(d)) in ~(549) always has a feasible solution.

Next, for model LP(x,z,7), let 8F, v*, ¥*, nf, 05, &, and A} denote the dual variables
associated with its constraints (3.30)—(3.36)), respectively. By Lemma and the strong duality
theorem, the optimal objective value of LP(x, z,7) equals that of its dual linear program below,

which we refer to as model DLP(x, 2, T):

IK]
[DLP(x,z,7)] max Z Z ( Z Zm (BF =AY+ Z zw A; ) Tjir
(i eAr=1 kek; kekd
||
_Z Z Mlmzj % +Z z Z M1 z]r_ ( 1]7‘+£’L]7")
keK (i,5)€A kek (i,5)e A r=1
FD (A D I (M - (4.5)
ke ke
K| K|
st. BF— B —nk — Zewﬁzgy—ﬁﬂk <0, Vkek, (i,j) e Ai#o" j#d", (4.6)
IK| K|
=B A b =) Ok D G - M A <0, VEEK, (o8, 5) € A j£dY, (A7)
r=1 r=1
K| K]
BE = =l =Y 08, > & = MM <0,V REK, (i,d¥) € A i # o, (4.8)
K| IK|
V= = — Z 0% g, + fokdkr — M+ Ak <0, Ve, (of,dF) € A, (4.9)
> 6, - ng<0 V (i,5) e A,re{1,2,..., K|}, (4.10)

keKx kex
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MNe<hhgb Vie N kek, (4.11)
PP =M < gk, VEkeK, (4.12)
8>0,v>0,4>0,7>0,6>0,£>0,A>0, (4.13)

where C; ={k € K:i#0" and i #d*} and K¢ ={k e K :i=d"}.

Accordingly, we can use model DLP(x, z, 7) to reformulate the inner minimization problem of the
max-min model RP(z, z) of Frp(x,z) defined by (3.29)—(3.40). This, together with the definitions
of 7(6) and U(T") in and (2.8)), implies that the max-min model RP(z, z) for Fpp(x, 2) can then

be reformulated to the following nonlinear optimization model with a bi-linear objective function:

IK]|
Frp(@,z)=max > S0 (D 25 (B = A0+ D0 25, (08 = ) A
G)eAr=1 " keK; kexd
K<
B IPIUTORTS 3 3 3 ITRERCS
keK (i,5)€A kel (i,j)eA r=1
DRI CAEP S ES R AR PV AR (4.14)
keX kek
s.t. (4.6) — (4.13), (4.15)
Tijr = Taj + Tij0ijr, ¥ (4,5) € A,r €{1,2,...,|Kl[}, (4.16)
K|
> D ol <T (4.18)
(i)eA r=1

Proposition 4.1{below indicates that the domain of each variable ¢;;,. can be restricted to {—1,0,1}

without changing the optimal objective value of the nonlinear optimization model above.

Proposition 4.1 There exists an optimal solution to the nonlinear optimization model defined in

(4-14)-(4.18) such that b5, € {—1,0,1} for each (i,j) € A and r € {1,2,...,|K]|}.

Based on Proposition we can now derive an MILP reformulation for Frp(x,z), which is

presented as follows in Proposition

Proposition 4.2 The maz-min model RP(x,z) defined by (5.29)- for Frp(x,z) can be
equivalently written as the following mazximization MILP model:

K|

Frp(x,z) =max Z Z‘Pf”’ Z Z leu mj

(4, 0)eA r=1 ke (i,5)eA
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K|

+Z Z ZMl ’JT_ (le g’LJT)

kek (i,j)e A r=1

+D e (= AR D) 1 (M — ) (4.19)

ke kex

(49 - (.13, (4.20)
Cijr7—1+Cijr,0+Cijr1:17 v (l7j)EAaTE{172))|’C’}7 (421)
( Z ijn‘(/B'Zc - )\k Z ij'r wk >TJW[ M2(1 - Cjiﬁ[) S SDjiT
kek; kekd
< ( Z zj’.“”(ﬁ;c AN+ Z zﬂr )ng + M(1 = Gjire),
keR; kekd
vV (j,i)e Are{l,2,..,|K|},£€{-1,0,1}, (4.22)
K|
Z Z(Cijnfl + Gijra) <T. (4.23)
(i,j)€A r=1
Gijre €{0,1}, V (4,5) € A,re{1,2,....|K|}, £ € {—-1,0,1}. (4.24)

An optimum solution to the maximization MILP model in Proposition can be solved directly
by an optimization solver. The objective value of the optimal solution obtained provides the
worst-case second-stage cost Frp(x,z). The values of variables (;;._1 and (.1 in the optimal
solution for (i,7) € A and r € {1,...,|K|} can be used to compute the corresponding worst-case

scenario 4, as shown below:
’L]’I‘Z ngr 1+Czjr17 V (Z,j)eA,TG{l,,‘K‘} (425)

4.1.2. Algorithm Details In each iteration n, where n=1,2,---, our RO-C&CG algorithm
first solves model ROMILP(A), which is referred to as the master problem, for a particular subset A
of U(T"). Let (&, 9, 2, ¢) indicate the optimal solution obtained for the master problem. Accordingly,
(2,9, 2) forms a nominal timely-implementable first-stage solution to model RO. For the first-stage
solution (&,9,2), our RO-C&CG algorithm then solves the corresponding maximization MILP
model defined by —, which is referred to as the subproblem, to compute the worst-case
second stage cost Frp(&,2) and to identify the corresponding worst-case scenario 6. Since
ROMILP(A) is a relaxation of model RO, its optimal objective value obtained is a lower bound
on the optimal objective value of model RO. Since (x,y, z) forms a nominal timely-implementable
first-stage solution to model RO, the sum of its first-stage total cost (3 ;x> 5 eA(cwq )&+
Z(”)eAE‘Kl fii - Uijr) and its second stage total cost Frp(&,Z2) provides an upper bound on the

optimal objective value of model RO.
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If the lower bound equals the upper bound, then model RO is solved to optimum, and our
RO-C&CG algorithm terminates with an optimal solution given by (&, 9, 2). Otherwise, it appends
the identified worst-case scenario §(™ to the subset A. As a result, model ROMILP(A) of the master
problem is extended and strengthened with new decision variables (v(® b w(®) s(®)) and their
new constraints in . Our RO-C&CG algorithm then proceeds to the next iteration.

Here, we pr0v1de a summary of our RO-C&CG algorithm in Algorithm [I] along with its

correctness and convergence in Theorem [4.1]

Algorithm 1 RO-C&CG Algorithm for Solving Model RO
1. Initially, set n to 1, and set the subset A of U(I") to {0}.
2. Solve the master problem, i.e., model ROMILP(A), to obtain its optimal objective value
denoted by LB and its optimal solution denoted by (&,9, 2, ).
3. Solve the subproblem, i.e., the maximization MILP model defined by f for (&, 2),
to obtain its optimal objective value that equals Frp(&,2), and to compute a worst-case
scenario 6™ of § according to . Let UB denote the sum of (3, > ¢ ;) eA(cmq )&+

Z 7/,] E.AZ Z] yijr) and FRP(w Z)
4. If LB = U B, then the algorithm terminates and returns an optimal solution given by (&, 9, 2).

Otherwise, update A = A J{d™}, update n=n+1, and go to Step 2 for the next iteration.

Theorem 4.1 Algorithm 1| terminates in a finite number of iterations and returns an optimal

solution for model RO.

4.2. C&CG Algorithm for Robust Satisficing Model
For the sake of clarity, for any given first-stage solution (x,y,z) we define F(x,y) as follows to

represent its first-stage total cost:
K]

Z Z wq xz]+ Z Zfzj Yijr (4.26)

keK (i,5)€A (i,j)eA r=1
For any possible scenario d € U, Fp(x, z,7(9)) defined in — 3.42)) represents the second-stage
cost of any first-stage solution (x,y, z) under 4. Accordingly, model RS proposed in Section
can be rewritten as the following noncompact MILP, referred to as model RSMILP:

[RSMILP] min p
st Fy(@y)+ )Y (W) wi® + gh O — 2 <pd],, YEEU,  (4.27)

kEKieN kex
(0@, 6@, w® s®)cQ(), Ve, (4.28)

PZOa(e’Bv%Z;Eb) eX
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Here, (v® b w©® s()) represents a vector of second-stage decision variables associated with
each possible scenario § in U, similar to those in model ROMILP. Constraints and
ensure that the deviation of the total two-stage cost from the prescribed target Z does not exceed
p||d|l1 for every possible scenario § € U. As a result, solving model RS is reduced to solving the
above noncompact MILP model RSMILP.

Model RSMILP can also be relaxed by replacing U in constraints and with any
of its subsets A C U. The resulting relaxation is referred to as model RSMILP(A). The relaxation
can also be strengthened by appending to A more possible scenarios d in U. When A equals U,
model RSMILP(A) and model RSMILP are equivalent.

Accordingly, similar to the RO-C&CG algorithm for model RO, our C&CG algorithm for
model RS, which is referred to as the RS-C&CG algorithm, iteratively solves model RSMILP(A)
to obtain a first-stage solution (x,y, z) and append the corresponding worst-case scenario § to A,
until (x,y, z) implies an optimal solution.

However, compared with the RO-C&CG algorithm for model RO, the RS-C&CG algorithm for
model RS faces a more significant challenge in computing a worst-case scenario § in each iteration.
This is mainly because such a worst-case scenario § with respect to model RS (to be defined later)
is different from that with respect to model RO, and computing it requires fractional optimization,
which is complicated. To tackle this challenge, we develop a bisection search procedure, which is

illustrated below and is followed by the details of our RS-C&CG algorithm for model RS.

4.2.1. Computing the worst-case scenario § by enhanced bisection search Consider
any given first-stage solution (x,y,z). For any possible scenario § € U, the ratio (Fi(x,y) +
Frp(x,z,7(8)) — 2)/||6]|1 represents a normalized cost deviation from the prescribed target under
scenario 9. For simplicity of the presentation, here we slightly abuse the notation to define that
a/||0|l; =0 for 0 =0, ¢ /||0||; = +oo for ¢ >0, and ¢/||0||; = —oo for o < 0. Accordingly, constraints
and in model RSMILP imply that the normalized cost deviation with respect to the
prescribed target Z cannot exceed p for all § € U.

The maximum value of the normalized cost deviation over all § € U is defined as the worst-case
normalized cost deviation of (x,y, z), and the corresponding § that leads to the ratio achieving the
maximum value is referred to as the worst-case scenario for (x,y,z), with respect to model RS.
Computing such a worst-case scenario d can be formulated as the following fractional optimization

model, which is referred to as model FO(z,y, z):

FO(z,y, 2)] max &Y+ Fur(@ 2,700) = 2

4.29
s€U 11611 ( )
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To solve model FO(z,y, z), we develop an enhanced bisection search procedure as follows. Let
p*(x,y, z) indicate the optimal objective value of model FO(x,y, z). Our enhanced bisection search
procedure starts with a lower bound p; and an upper bound pj, on the value of p*(x,y, z). In each
iteration, it first evaluates whether the middle point p = (p, + p.)/2 is larger than p*(x,y, z), or
not. If p is larger than p*(x,y, z), the upper bound pj, is decreased to p. Otherwise, the lower bound
p1 is increased to p. It then further enhances the lower bound p; so that the enhanced p, equals the
normalized cost deviation under some §. The procedure terminates if p; is proved to be equal to
p*(x,y, z); otherwise, it proceeds to the next iteration.

Given any guessed value p, consider the following optimization model, which does not involve

fractional optimization and whose optimal objective value is denoted by G(z,y, z, p):
G(x,y,z,p) = max Fi(z,y)+ Frp(x,z,7(8)) — Z — p||8]]1- (4.30)

Lemma [£.2] below indicates that one can determine whether p is less than, greater than, or equal

to p*(x,y, z) by evaluating the value of G(x,y, z,p). It also implies that p is proved to be equal to
p*(x,y,2) if G(x,y,z,p)=0.

Lemma 4.2 If G(x,y,z,p) > 0, then p < p*(x,y,z). Otherwise, if G(x,y,z,p) <0, then p >
p*(x,y,2). If G(z,y,2,p) =0, then p=p*(x,y,2).

Recall that Fyp(x, z,7(6)) is defined by a linear program, which, according to Lemma [4.1] always
has a feasible solution. Similar to our reformulation of Frp(, z), we can replace the LP formulation
of Frp(x,z,7(8)) with its dual to reformulate the model defined in for G(x,y,z,p) as the
following nonlinear optimization model in —, and further reformulate it as an MILP.

IK|

G(x,y,z,p) = max Fi(z,y) { Z Z Z 2 (B = AP+ Z 25 (W5 = AD)) - Ty
(ji)eAr=1 keK; kekd
K|
Y )Y S S, @ €
ke (i,5)eA ke (i,j)eA r=1
IK]|
T SARIC AR LS N Ny LAY P UYL ] 2= 3% o (4.31)
kel ke (i,5)€eA r=1
st (@9 - ET3) (4.32)
Tijr = Tij + Tij0ije, ¥ (4,7) € A,r €{1,2,...,|Kl[}, (4.33)
—1<6,,<1, VY (i,j) € Aref{l,2, .. |K]} (4.34)

To achieve this, we first need to establish Proposition below, which states that the domain of

each variable 0;; can be restricted to {—1,0,1} without changing the optimal objective value of
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the nonlinear optimization model above. We can then establish Proposition to obtain the MILP

reformulation for G(z,y, 2, p).

Proposition 4.3 There exists an optimal solution to the nonlinear optimization model defined in

(4.51)- such that 65, € {—1,0,1} for each (i,j) € A and r € {1,2,...,|K|}.

Proposition 4.4 The nonlinear model defined in (4.30) for G(x,y, z,p) can be equivalently written
as the following MILP:

K| IK|
max F1 :I: y Z+ Z ZSO]W Z Z Mlx” 77” +Z Z Z Ml 1]7‘_ ( 2]r+€mr)
(ji)eA r=1 kEK (i,5)€A keK (i,j)e A r=1
DN CUEP S B W AR YRR (4.35)
kex ke
st (@8- @ET3), (4.36)
éijr,—l + éijr,l + évijro =1, V(i,j)eAre{l,2,..|Kl[}, (4.37)
( Z Zfzr(ﬂzk - /\k Z Zgzr wk >7—ﬂrl - Pw ( €j1r Z) < SOJM
keK,; kekd
< ( Z Z;CW(,BZC - )\k Z ijr )TJ'H L Pw +M3( éjir,é):
kel; kekd
vV (4,i) e A,re{1,2,...,|K|},£€{-1,0,1}, (4.38)
Gire €{0,1}, ¥V (i,5) € Ar€{1,2,..., K[}, £ € {~1,0,1}. (4.39)

As shown below, similar to our MILP reformulation of Frp(x,2z) shown in Proposition we
can also utilize the values of variables (Aijr,,l and CAZ-]-M, for (i,j) € A and r € {1,...,|K|}, in the
optimal solution of the MILP formulation in Proposition [£.4], to further compute the corresponding

worst-case scenario d:
zyr: CZ]T 1+€z]r17 V (i,j)EA,T’E{l,...,‘K:‘}. (440)

Next, we can establish Lemma below, which enables us to set the initial values for the lower

bound p; and the upper bound p;, on p*(x,y, z) in our enhanced bisection search procedure.

Lemma 4.3
1. If Fi(z,y)+ Frp(x,z,7(0)) — Z >0, then p*(x,y, z) = +00;
2. Otherwise, (Fy(x,y) + Frp(x,z,7(8,)) — Z)/||0:]|1 < p*(x,y,2) for each §, € U\ {0}, and
p*(x,y, z) < max{0, Iy (x, y) + maxseu{Frp(z, 2,7(6))} — Z}.
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Since F1p(x,z,7(0)) is defined by a linear program, it can be obtained directly by an optimization
solver. Model maxscu{Frp(x,z,7(8))} is equivalent to Frp(x,z) defined in (3.29)-(3.40) with
U(T") being relaxed to U (i.e., with I' = +00), which can be transformed to an MILP as shown in
f. Thus, it can also be solved by an optimization solver.

According to Lemma if (Fy(x,y)+ Frp(x,z,7(0)) — Z) > 0, then the worst-case normalized
cost deviation p*(x,y,z) = oo and 0 is the worst-case scenario for (x,y,z). Otherwise, we
know that (Fi(x,y) + Frp(x,2z,7(0)) — Z)/||d]|; for any 6 € U\ {0} and max{0, Fi(x,y) +
maxsey{Frp(x,z,7(8))} — Z} provide a lower bound and an upper bound on the worst-case
normalized cost deviation p*(x,y, z), respectively.

Moreover, consider any given lower bound p;, which is known to not exceed p*(x,y, z). Let d(p;)
indicate the realization of 8, derived by from the optimal solution to model G(x,y, z,p;)
defined in ([4.35)(4.39). Define p, below to indicate the normalized cost deviation under &(p;)

@) Fiple 2 70() - 2
| [0

Lemma below indicates that if p; is a lower bound on p*(x,y, z), then pj is a lower bound on

(4.41)

p*(x,y, z) that is greater than or equal to p;. As a result, in each iteration of our enhanced bisection

search procedure, the lower bound p; is enhanced to pj.

Lemma 4.4 If p, < p*(x,y, z), then p| defined in satisfies that p; < p; < p*(x,y, z).

Below, we provide a summary of our enhanced bisection search procedure for any given first-stage

solution (x,y,z) in Algorithm |2, along with its correctness and convergence in Theorem 4.2

Algorithm 2 An Enhanced Bisection Search Procedure for Any Given (x,y, z)

1. If (Fi(z,y)+ Frp(x,z,7(0)) — Z) > 0, return o0 as the value of the worst-case normalized
cost deviation of p*(x,y, z), and 0 as the worst-case scenario for (x,y, z).

2. Initially, choose any §; € U\ {0}, set p, = (Fi(x,y) + Frp(x,z,7(8;)) — 2)/||:]|1, and set
pn = max{0, Fi (z,y) + maxscy{ Frp(x, 2, 7(d))} — Z}.

3. Set p=(py, + p1)/2, solve the maximization MILP model defined in (4.35)—(4.39) to compute
G(x,y,z,p).

4. If G(x,y,z,p) > 0, increase p; to p, and if G(x,y,z,p) <0, decrease p; to p. Then go to
Step 5. However, if G(x,y, z, p) =0, increase p; to p, derive the scenario d(p;) from the optimal

solution to the model by (4.40)), and then go to Step 6.
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5. Enhancement: Solve the maximization MILP model defined in f to compute
G(z,y,z,p), derive the scenario §(p;) from the optimal solution to the model by (4.40), and
compute p; from &(p;) by . If G(x,y,z,p) = 0, then go to Step 6. Otherwise, set p; to
p;, and go to Step 3 for the next iteration.

6. Return p; as the worst-case normalized cost deviation p*(x,y,z), and return d(p;) as the

worst-case scenario for (z,y, z).

Theorem 4.2 Consider any given feasible first-stage decisions (x,y,z).

1. Algorithm[3 is guaranteed to terminate within a finite number of iterations, with the value of
p*(x,y,2) and a worst-case scenario § for (x,y,z) returned.

2. Let pl(o) and ,0510) denote the initial values of p; and p, assigned in Step 3 of Algom'thm@ Then,
Jor any € >0, after [log,((p\" — p\”)/€)] iterations of Steps 3-6, Algomthm@ obtains a lower
bound p, on p*(x,y,z) and a scenario §(p,) € U, satisfying that p; < p*(x,y,z) < p;+€ and
that Fy(x,y) + Frp(z,2,7(8(p))) — 2 = pul|6(p1) |1

Theorem indicates that the enhanced bisection search procedure in Algorithm [2]is an exact
algorithm that solves model FO(x,y,z) within a finite number of iterations. Theorem 4 - 2| also
implies that Algorithm |2 I solves model FO(z, y, z) to an accuracy € > 0 within [log, ((p\" — p{”) /e)]
iterations. As a result, if one terminates Algorithm [2 I after [log,((p;, (©) — p\?)/€)] iterations, the
latest values of p; and d(p;) can be obtained as output. These values guarantee that p; and p; + €
respectively provide a lower bound and an upper bound on the worst-case normalized cost deviation
p*(x,y,z), and that constraint is violated by (x,y, z) under §(p;) for all p < p;.

It is also worth noting that Step 5 is essential to guarantee that Algorithm [2| solves model
FO(x,y, z) within a finite number of iterations. Without the enhancement in Step 5, Algorithm
functions as a standard bisection search procedure. In this standard procedure, valid lower and
upper bounds of p*(x,y,z) can be obtained with their gap smaller than a given tolerance € > 0
within a finite number of iterations. However, this standard bisection search procedure does not
guarantee to produce the exact value of p*(x, y, z) within a finite number of iterations. Alternatively,
one can apply only Step 5 of Algorithm [2 but iteratively, to acquire the exact value of p*(x,y, z)
within a finite number of iterations. However, this approach does not ensure producing a valid upper
bound on p*(x,y, z) until the exact value of p*(x,y, z) is reached. To overcome these limitations,
we introduce the utilization of Step 5 in Algorithm [2| to enhance the standard bisection search

procedure. As a result, our enhanced standard bisection search procedure guarantees to produce
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valid lower and upper bounds of p*(x,y,z) in each iteration, as stated in the second statement
of Theorem It also ensures producing the exact value of p*(x,y, z) within a finite number of

iterations, as stated in the first statement of Theorem |4.2

4.2.2. Algorithm Details Our RS-C&CG algorithm also follows the C&CG framework. In
each iteration n, where n = 1,2,--- it first solves model RSMILP(A) as the master problem
for a particular subset A of U. Let (&,9,2,¢) indicate the optimal solution obtained for the
master problem. Accordingly, (&, 9, £) forms a nominal timely-implementable first-stage solution to
model RS. For the first-stage solution (&, 9, £2), our RS-C&CG algorithm then applies the enhanced
bisection search procedure in Algorithm [2| to solve the fractional optimization model FO(x,y, z) as
the subproblem, and obtain the worst-case normalized cost deviation p*(x,¥, z), denoted by p(™,
as well as the corresponding worst-case scenario, denoted by §™. Since RSMILP(A) is a relaxation
of model RS, its optimal objective value obtained is a lower bound on the optimal objective value of
model RS. Since (x,y, z) forms a nominal timely-implementable first-stage solution to model RS,
it can be seen that the positive part of the worst-case normalized cost deviation, denoted by
max{0, p™}, provides an upper bound on the optimal objective value of model RS.

If the lower bound equals the upper bound, then model RS is solved to optimum, and our
RS-C&CG algorithm terminates with an optimal solution given by (&, 9, 2). Otherwise, it appends
the identified scenario 6™ to the subset A. As a result, model RSMILP(A) of the master problem
is extended and strengthened with new decision variables (v(® b(®) w(® s®) and their new
constraints in — . Our RS-C&CG algorithm then proceeds to the next iteration.

Here, we provide a summary of our RS-C&CG algorithm in Algorithm [3] along with its correctness
and convergence in Theorem

Algorithm 3 RS-C&CG Algorithm for Solving Model RS

1. Initially, set the iteration number n to 1, and set the subset A of U to {0}.

2. Solve the master problem, i.e., model RSMILP(A), to obtain its optimal objective value
denoted by LB and its optimal solution denoted by (&, 9, 2, ¢).

3. Apply the enhanced bisection search procedure in Algorithm [2] to solve the subproblem
FO(z,y,2), so as to obtain the worst-case normalized cost deviation p*(&,y, 2), denoted by
p™, and to obtain the corresponding worst-case scenario, denoted by 6. Let UB denote
max{0, p™}.

4. If LB = U B, then the algorithm terminates and returns an optimal solution given by (&, 9, 2).

Otherwise, update A = A J{6™}, update n=n+ 1, and go to Step 2 for the next iteration.
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Theorem 4.3 Algorithm [3 terminates in a finite number of iterations and returns an optimal

solution to model RS.

5. Computational Experiments
We performed two sets of computational experiments using instances randomly generated in
accordance with the approach outlined in Section [5.1

e The first set of experiments aimed to assess the performance of our exact algorithms in solving
model RO and model RS of the robust CTSNDP with uncertain travel times. Results of the
first set of experiments, reported in Section demonstrate the effectiveness of our exact
algorithms and tractability of our proposed formulations.

e The second set of experiments aimed to evaluate the quality of the solutions obtained from
model RO and model RS with different parameters defining the uncertainty sets, by comparing
their total costs in the nominal scenario, as well as their total costs in the worst-case scenario
and on average over randomly generated scenarios. Results of the second set of experiments,
reported in Section demonstrate the robustness of the solutions obtained from model RO
and model RS, along with their corresponding prices of robustness.

We implemented our RO-C&CG algorithm for model RO and RS-C&CG algorithm for model RS

in Java, utilizing the Gurobi solver (v.10.0.2) to solve the corresponding master problems and
subproblems. All experiments were conducted on a 64-bit Windows 10 operating system, using a

PC equipped with an Intel(R) Core(TM) i7-8700 CPU clocked at 3.20 GHz and 64 GB RAM.

5.1. Instance Generation and Parameter Setting
For our experiments, we generated test instances of the robust CTSNDP based on the 7 instance
classes (named R4-R10) of the fixed-charge capacitated multi-commodity network design (CMND)
problem available in the literature (Ghamlouche et al. [2003). These classes of CMND instances
have been utilized in previous studies to generate test instances for various stochastic capacitated
fixed charge network design problems (Crainic et al.|[2011, Sarayloo et al.[[2021alb). As summarized
in columns |V, |A], and |K| of Table the sizes of the node set AV, arc set A, and commodity set
K vary from 10 to 20, from 60 to 120, and from 10 to 50, respectively, among instances belonging
to different classes.

For each CMND instance of the 7 classes, we first generated fixed costs and time attributes
(including nominal travel times, commodities’ earliest available times, and due times) of the

CTSNDP following an approach similar to that presented in|Boland et al.| (2017). We then generated
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Table 5.1  Computational Performance of RO-C&CG and RS-C&CG Algorithms.

RO-C&CG RS-C&CG
Im% Im%

Class [N |Al K| opt% g% T opt% g% T

mean max mean max
R4 10 60 10 100.0 0.0 0.2 6.4 29.7 100.0 0.0 0.3 37.8 100.0
R5 10 60 25 100.0 0.0 7.3 7.2 281 100.0 0.0 8.1 46.7 100.0
R6 10 60 50 73.3 0.4 9672.7 6.5 21.5 66.7 13.7 11520.1 46.1 8&85.5
R7 10 82 10 100.0 0.0 0.4 9.7 25.8 100.0 0.0 0.4 22.2 100.0

R8 10 83 25 100.0 0.0 11.v 11.8 23.1 100.0 0.0 12.3 48.7 854
R9 10 83 50 86.7 0.1 7117.9 6.9 11.9 100.0 0.0 15305 374 822
R10 20 120 40 100.0 0.0 489.5 9.0 26.7 90.0 0.5 4402.3 52.1 919
Mean 94.3 0.1 24714 8.2 29.7 93.8 1.9 2486.3 41.6 100.0

maximum deviations of travel times for arcs, unit in-storage holding costs, and unit delay penalties
for commodities. Accordingly, we obtained in total 210 test instances for our experiments with 30
instances for each class (see Appendix @] for their detailed parameter settings).

For our experiments, we set the parameters of our model RO and model RS as follows. The
uncertainty budget I' of model RO was set to [ur - |K|]. The cost target Z of model RS was set to
[(1+p.)- Zy]. We chose different values of the coefficients pr and i, in different sets of experiments,
which will be explained in Section and Section respectively.

5.2. Performance of RO-C&CG and RS-C&CG Algorithms
In the first set of experiments, we evaluated the computational performance of the RO-C&CG
and the RS-C&CG algorithms over the 210 test instances of the robust CTSNDP. Each algorithm
terminates and returns the best upper and lower bounds found when its running time exceeds an
8-hour time limit or when the optimality gap between its best upper and lower bounds found is below
a 0.01% threshold. Moreover, as a benchmark, for each test instance we solved the deterministic
model DO directly by the Gurobi solver. The optimal objective value of the deterministic model
DO is used as the cost target Z; in the RS-C&CG algorithm. Additionally, we set ur = ., = 0.05.

The computational results are presented in Table For each class of the test instances and for
each algorithm, we report the percentage of the instances solved to optimality in column opt%, the
average optimality gap in column g% (defined as the percentage gap between the best upper and
lower bounds found), and the average computational time in CPU seconds in column T.

Let UB®° and UB"° indicate the best upper bound values obtained in the RO-C&CG
and RS-C&CG algorithms for model RO and model RS, respectively. For the optimal solution
(T4, Ya,z4) obtained from the deterministic model DO, we can follow the approach in Section

to solve Frp(xg,2z4) so as to compute the objective value of (x4,yq4,24) in model RO, denoted
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by UBZC. We can also follow the approach in Section to solve p(x4, Y4, z4) SO as to compute
the objective value of (z4,Yy4,24) in model RS, denoted by UBZ°. To evaluate the improvements

made by UBRY and UB®® against the benchmark values UBX° and UBZ}®, we compute their

WBFC-UBR?) | 100% and YBi--UB™)

improvement percentages, which are defined as ratios RO LS
d d

100%, respectively. Their mean and maximum values for each class of instances are shown in
columns Im% of Table [5.1]

The results in Table confirm the effectiveness of our RO-C&CG and RS-C&CG algorithms
in solving model RO and model RS. Within the time limit, both algorithms can solve around
94% of all 210 instances to exact optimality, as well as achieve optimality gaps of 0.1% and 2.6%
on average, respectively. Moreover, as shown in columns Im%, compared with the deterministic
optimal solutions, the best upper bounds produced by our RO-C&CG and RS-C&CG algorithms
significantly improve the objective values with respect to model RO and model RS by 8.2% and
41.6% on average and by 29.7% and 100.0% at maximum, respectively.

Table also demonstrates the comparable computational performance of the two C&CG-based
algorithms in solving model RO and model RS, respectively, as evidenced by the columns opt%,
g%, and T. These results confirm the computational tractability of both model RO and model RS
that we derive for the robust CTSNDP, underscoring their practical usefulness. Notably, our study
presents the first development of a C&CG-based algorithm for effectively solving a two-stage robust
satisficing model with a polyhedral uncertainty set. The encouraging outcomes motivate further

exploration of its potential extensions to other optimization problems that encompass uncertainties.

5.3. Solution Qualities of Models RO and RS

Models RO and RS have distinct objectives for achieving robustness. Following the approach in
Bertsimas and Sim| (2004) and |[Atamtirk and Zhang) (2007)), our second set of experiments compares
the first-stage solutions obtained from each model under different criteria. Our aim is to evaluate
their robustness and the associated trade-offs, or price of robustness. Specifically, we compare their
total costs in the nominal scenario to that of the optimal nominal solutions, and then compare their
worst-case and average total costs over randomly generated scenarios to the solutions obtained from
a stochastic programming model (to be detailed in Section .

Our second set of experiments focuses on instances in class R7, as these instances were all solved
to optimality for models RO, RS, DO, and the stochastic programming model. For each instance
in R7, we used our RO-C&CG algorithm to solve model RO for each uncertainty budget U(T")
with T € {1,2,...,10}, applied our RS-C&CG algorithm to solve model RS for each cost target
Z=[14 p.)- 2| with u, € {0.02,0.04,...,0.2}, and utilized the Gurobi solver to solve model
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Figure 2  Comparing the total costs of solutions obtained from models RO, RS, and DO in the nominal scenario.
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DO and the stochastic programming model. Recall that Z, is the optimal objective value of the

deterministic model DO.

5.3.1. Nominal Scenario Under different parameters I' and u,, we first compare the total
costs of the solutions obtained from models RO and RS in nominal scenarios to that of the optimal
nominal solution. These evaluations were conducted across 30 instances of class R7, and the results
are presented in Figure[2] where the total cost along the vertical axis is the mean across all instances.

As shown in Figure [2] the solutions obtained from model RS exhibit better overall performance
in the nominal scenario than those from model RO. Increasing the value of u, from 0.02 to 0.2,
which increases the cost target, the total nominal cost of the solutions from model RS gradually
increases, causing its gap from that of the optimal nominal solution to increase from 0.2% to 8.1%.
This suggests that pu, is effective in controlling the price of robustness for solutions of model RS in
terms of performance in the nominal scenario.

In contrast, as the value of I' increases and the budgeted uncertainty expands, only when I' is
small, the total nominal cost of solutions obtained from model RO exhibits an increasing trend in
the gap from the optimal nominal solution, varying from 6.8% to 8.2% for I' increasing from 1 to
2. When T is large, increasing its value only slightly changes the total nominal cost of solutions
obtained from model RO, and the change is not always positive. These results suggest that I'
cannot be effectively used to control the price of robustness for solutions of model RO in terms of
performance in the nominal scenario.

Therefore, if the decision maker places a high value on nominal performance, model RS is a
suitable choice as its parameter u, allows the decision maker to adjust the trade-off between a

solution’s robustness and nominal performance. This provides the decision maker with greater
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control over the price of robustness and allows them to make more informed decisions based on

their priorities.

5.3.2. Randomly Generated Scenarios Under different parameters I' and p,, we next
evaluate the worst-case and average total costs of solutions obtained from models RO and RS over
randomly generated scenarios for instances in class R7. We compare them to those of the optimal
solution of a stochastic programming (SP) model. The SP model aims to minimize the expected
total cost over all possible scenarios in a given scenario set II. The probability of each scenario

d €11 is represented by Prob(d). Model SP can thus be formulated as follows:

IK|

[SP] min ZP’I"O(?((S)(Z Z (cquk)xfj—i- Z Zfijyijr+FLp($,Z,7:(6))>

6eIl keK (i,5)eA (i,j)€A r=1

S't' ($7y7z?§’ 5) E X'

Since the second-stage cost Frp(x,z,7(d)) is defined by a minimization LP, it can be seen that
model SP is a minimization MILP, which can be directly solved by an optimization solver.
In class R7, we generated 200 scenarios at random to create the set II for model SP for each

of the 30 instances. We then used the Gurobi solver to solve model SP over these scenarios. To

generate each scenario 8, we drew each of the realization of d,;,. for (i,5) € A and r € {1,2,...,|K|}
uniformly from the set {—1, —(7/;1']' — 1)/7A'”7 —(’ﬂj —2)/7/;1']', e ,—1/7%,0, ]./7/;1']', ey (7/;“ — 1)/%1], 1} We

set Prob(d) to 1/200 so that each possible scenario has equal probability. This ensures that each
travel time 7;;,.(8) € Ny for (i,5) € A and r € {1,2,...,|K|} was uniformly distributed in interval
{Tij—Tij,Ti; — Tij + L, Tig — Ti + 2, -+, Tig + Tis )

Using the same approach, we generated 1000 random testing scenarios for each of the 30 instances
in class R7. For each instance, we compared the solutions obtained by models RO, RS, and
SP based on their worst-case performance and average performance over all testing scenarios.
For each solution (zx,y,z) obtained from models RO, RS, and SP, we computed its total cost
D ker 2 ealCha) T+ 20 ea SN fiviie+ Fup(x, 2, 7(8)) for each testing scenario 8. Among
these costs of all the scenarios, we then computed their maximum and average values to measure
the worst-case and the average performances of the solution, respectively. The results are presented
in Figure [3| where the total cost along the vertical axis is the mean across all instances, and the
legends denote MAX and AVG for the worst-case and average costs, respectively.

From RO_MAX, RS_.MAX, and SP_MAX in Figure[3] we can observe that the solutions produced
by model RO demonstrate the highest level of robustness against travel time uncertainty. This is

reflected in their superior worst-case performance, which outperforms the solutions produced by
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Figure 3  Comparing the worst-case and the average total costs of solutions obtained from models RO, RS, and

SP over randomly generated scenarios.
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models RS and SP by approximately 1~ 12%. Although the worst-case performance of solutions
obtained from model RS is worse than that of model SP when p, <0.06, as p, increases from 0.06,
the worst-case performance of model RS gradually approaches that of model RO and outperforms
that of model SP.

From RO_AVG, RS_AVG, and SP_AVG in Figure [3] we can observe that solutions obtained
from model SP exhibit the best average performance. However, their advantage in the average
performance over solutions of models RO and RS is relatively small, with a gap of less than 4%.
This suggests that both models RO and RS are capable of producing solutions with good average
performance. Additionally, Figure [3| shows that solutions obtained from model RS exhibit better
average performance than that from model RO. By selecting appropriate values for parameter p.,
the average performance of solutions obtained from model RS can be close to that of model SP.

Figure[3|also highlights that although parameter I' is designed to control the level of robustness for
the solutions of model RO, its effectiveness on the worst-case and average performances across the
randomly generated scenarios is nonmonotonic and insignificant. Conversely, increasing parameter
1, consistently and significantly improves both the worst-case and average performance of model
RS, before reaching a plateau. Therefore, the cost target is effective in controlling the level of
robustness for the solutions of model RS across the randomly generated scenarios.

Our above findings confirm the practical usefulness of the robust optimization model RO and

the robust satisficing model RS in solving the CTSNDP under travel time uncertainty. First,
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when compared to the stochastic programming model SP, both the RO and RS models are
computationally more tractable. In addition, they do not necessitate complete information about the
probability distribution of uncertain travel times, yet their average performances are comparable to
that of the SP model. Second, compared to other models, model RO is capable of producing solutions
that are more robust in worst-case performance and also have a good average performance. This
makes it particularly useful for conservative decision makers who prioritize worst-case scenarios.
However, as the price for robustness, decision makers who adopt model RO may incur higher costs
in nominal scenarios. Third, the RS model is capable of generating solutions with better average
performance than the RO model, and it can also closely approximate the average performance
of the SP model. Thus, model RS can be particularly useful for decision makers who prioritize
average performance but have limited distribution information. Furthermore, by setting its cost
target properly, model RS is more effective in adjusting the trade-off between robustness against
worst-case scenarios and costs in nominal scenarios. Although solutions obtained from model RS
under some cost targets may exhibit a risk of higher worst-case costs than those obtained from
model RO, their costs in nominal scenarios are typically lower. Therefore, model RS is useful for

accommodating decision makers’ different preferences towards robustness and its trade-offs.

6. Conclusions

This paper studies a robust continuous-time service network design problem (CTSNDP) under
travel time uncertainty, aiming to design a transportation service network with reliable operational
efficiency even under travel time deviation. Despite its importance, travel time uncertainty has
seldom been explored in existing literature on the CTSNDP. This is because the time-indexed
MILP models, which are commonly used to solve the CTSNDP with deterministic travel times,
become impractical. To tackle this challenge, we derive a novel consolidation-indexed MILP model
for the deterministic CTSNDP that eliminates the need for time indices. This enables us to derive a
robust optimization model and a robust satisficing model to incorporate travel time uncertainty for
the robust CTSNDP, based on polyhedral uncertainty sets. Both of these two models involve two
stages of optimization, where the first stage involves routing and consolidation of shipments prior to
actual travel times being realized, and the second stage involves departure schedules of vehicles after
actual travel times are realized. To solve these two-stage optimization models to exact optimum,
we derive several tractable reformulations for them, and based on these reformulations we develop
two tailored column-and-constraint generation (C&CG) algorithms, respectively. To the best of our
knowledge, this study stands out as the first to showcase the effectiveness of C&CG algorithms

in solving two-stage robust satisficing models with a polyhedral uncertainty set. Furthermore, our
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computational results provide compelling evidence regarding the tractability of the proposed models
and the effectiveness of the developed algorithms. The robustness of the solutions obtained has
been confirmed, and the trade-off between the robustness and its price has been highlighted.

This study has established a strong foundation for future research in several interesting and
promising directions. First, there is great interest in enhancing our solution algorithms or developing
new ones for the robust CTSNDP under travel time uncertainty. Our current C&CG algorithms
rely on a general optimization solver to directly solve the MILP models of both subproblems
and master problems. One possible enhancement is to develop tailored exact algorithms, such
as branch-and-bound algorithms, to solve these MILP models more efficiently. This may require
deriving tight and tractable relaxations of these MILP models. Moreover, our current C&CG
algorithms, which are exact algorithms, have been shown to be efficient for instances with up to
50 commodities. It would be highly advantageous to improve or develop new algorithms, including
heuristics, that can efficiently produce high-quality solutions for larger instances.

Second, as the first attempt at incorporating travel time uncertainty into robust service network
design, we have developed robust optimization and robust satisficing models based on a polyhedral
uncertainty set of the random variables that affect the actual travel times. Further exploration
of alternative robust optimization approaches to tackle the robust CTSNDP under travel time
uncertainty is an area of interest. For instance, the distributionally robust optimization approach
(Goh and Sim| 2010, Delage and Ye 2010, Mohajerin Esfahani and Kuhn/[2018) could be utilized to
identify robust service network designs that exhibit reliable performance for all possible probability
distributions of uncertain travel times. These probability distributions could form an ambiguity set,
satisfying certain conditions, such as moment conditions, that can be derived from historical travel
time data. Therefore, solutions produced by the distributionally robust optimization approach are
expected to perform better than those based on polyhedral uncertainty sets when historical data
is available. To apply the distributionally robust optimization approach, optimization formulations
with no time indices are still required, for which our newly proposed MILP formulation of the
deterministic CTSNDP provides a solid base.

Thirdly, there is also significant potential for exploring additional applications of our newly
proposed optimization models and solution algorithms. For instance, the MILP formulation of
the deterministic CTSNDP, which we have introduced, exhibits flexibility by not necessitating
time indices. In future studies, it could be further strengthened through the derivation of valid
inequalities. This formulation could also be leveraged to develop novel exact and heuristic algorithms

for the deterministic CTSNDP. Moreover, our robust optimization model and robust satisficing
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models, accompanied by their C&CG algorithms, provide a solid foundation that can be extended
and adapted to tackle travel time uncertainty in various other transportation problems. Examples
include but are not limited to liner service network design problems (Wang and Meng| [2012albl
Lee et al.|2021)) and aircraft routing and scheduling problems (Sohoni et al.|2011, /Abdelghany and
Abdelghany|2018], [Yan and Kung2018)).
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Glossaries of Notation, Proofs of Statements, Acceleration
Strategies for C&CG Algorithms, and Details on Instance
Generation for Computational Experiments

Appendix A: Glossaries of Notation

We summarize the notation used for problem description and solution representation in Table and for

various optimization models in Table

Table A.1 Glossary of notation used: Problem description and solution representation
Notation Meaning
D (flat) network D = (N, A)
N node set of network D
A arc set of network D
K set of commodities
o" origin of commodity k € K
d* destination of commodity k € K
q" demand of commodity k €
Tij travel time of arc (i,j) € A
cfj per-unit-of-flow cost of arc (,7) € A and commodity k € K
fij fixed cost of arc (i,5) € A
Usj capacity of arc (i,5) € A
e” earliest available time of commodity k € K
I* latest arrival time of commodity k € IC
h* per-unit-of-demand-and-time (in-storage holding) cost of commodity k € K at a terminal
ol the r-th consolidation traveling arc duplicated from arc « of the flat network
P = {Pk}kgjc a routing plan with P* representing a path for commodity k € K

C= {Cg}aeA,re{lg,...,uq}

T
f(P,C)
h(P,T)
9(P,T)

[

Tij

F

Tij

Tij

Z

U

u(r)

D

F
T(P,C,7)

a consolidation plan with each Cy being a subset of commodities and r denoting the
consolidation index

a departure schedule

the total fixed cost and flow cost for a solution (P,C,7T)

the total holding cost for solution (P,C,T)

the total delay penalty for solution (P,C,T)

a vector of random variables dn, for « € A and r € {1,2,...,|K|}

uncertain travel time of arc (i,7) € A

a vector of uncertain travel times 7;;

nominal value of 7

maximum deviation of 7;; with respect to the nominal value 7;

a prescribed target of the total two-stage cost

the support of the vector

budgeted uncertainty set of vector § with I' denoting the budget of uncertainty
the domain of all feasible solutions (P,C,T)

the domain of all nominal timely-implementable first-stage solutions

the domain of departure schedule 7 with respect to solution (P,C)
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Table A.2 Glossary of notation used: Models

Notation Meaning

T routing decision variables

z consolidation decision variables

Yy service decision variables

v decision variables on departure times

Z, Q9 domains of specific variables

DO consolidation-indexed formulation for the deterministic CTSNDP
RO robust optimization model for the robust CTSNDP

RS robust satisficing model for the robust CTSNDP

RP(z, z) the max-min model defined by f @I) for calculating the worst-case second-stage cost
LP(x,z,7) the inner minimization problem of model RP(zx, 2)

DLP(z,z,7) the dual linear problem of model LP(x, z, T)

ROMILP noncompact MILP defined in —, a reformulation of model RO

RSMILP noncompact MILP reformulation of model RS, containing constraints —

FO(z,y,z) the model defined in for calculating the worst-case normalized cost deviation of solution (x,y, z)

Fi(z,y) the first-stage cost for solution (z,y, z)

Frp(x,2) the worst-case second-stage cost for solution (x,y, z)

Frp(x,z,7) the optimal objective value of model LP(«, z,7), indicating the minimum cost for solution (x,z) under ¥
o (x,y,2) the optimal objective value of model FO(x,y, z)

G(x,y,z,p) the optimal objective value of the model defined in

Appendix B: Proof of Statements

B.1. Proof of Lemma [4.1]

For any given (x,z) that satisfies constraints f of model RO, it corresponds to a nominal
timely-implementable flat solution (P,C). Consider any § € U(T") with the corresponding realized travel time
7(9). For such (P,C) and 7(4), we first show as follows that there exists a departure schedule 7 such that
constraints (2.1)—(2.4) are satisfied, from which we can then obtain a feasible solution to model LP(x, z, 7(4)).

For the nominal timely-implementable flat solution (P,C), consider each commodity k € K and its flat

path P* in P with an arc sequence denoted by (a},...,a* ,). For each n € {1,2,...,m"}, there must exist a
k k
consolidation C;" € C for arc a¥ with rF € {1,2,---,|K|} such that k € C’;". We can now construct a network

Ge = {Ne, Ac} where each non-empty consolidation C* € C corresponds to a node, denoted by («,r), in the

k ak
node set NV¢, and each pair of consolidations C and C it for ke K and n e {1,...,m" — 1} corresponds to
n n41

an arc ((a¥,r%), (ak 1,7k 1)) in the arc set Ac. See Figure {4| for an example of such a network Ge.

n''n
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Figure 4  An example of network G¢ constructed from a given nominal timely-implementable flat solution (P,C).

(a) Routing plan P, consolidation plan C, and consolidations

along the path P* for each commodity k € K (b) The resulting network Ge
((3,2),1) ((4,2),1)
P 64 {C:f}
Pk1:(2,1) CPV:fkey, ko, 3} Ky C
PR2:(42) 5 (21)  C3P:(ks) ky: €4 > ¢
Pk (32) > (21) Ok, ) ks: ¢ — ¢
((2,1),1)

Since the flat solution (P,C) is a nominal timely-implementable first-stage solution, there exists a departure
schedule T which satisfies (2.1)—(2.4]) with nominal travel times 7. According to T, for each consolidation
C eC of arc = (v,1') € A we can obtain its corresponding departure time from node v, which is denoted

(lk
2t with k€ K and n € {1,...,m* — 1}, the departure time

k
by t.,.. For each pair of consolidations C’f,? and C
n n+1

r

k
of C7y from node v} plus the nominal value 7« of travel time of arc a¥ must be less than or equal to the

le o, . .
departure time of C';'** from node v, ,. Thus, by the definition of Ge = {Nc, Ac}, we obtain that
n+1
ta,r +Ta S to/,'r’? v (<Oé,7'>, <O[/,7",>) € AC'

This, together with 7, > 0 for all a € A, implies that G, must be an acyclic network, and thus has a topological
ordering of nodes in NV, denoted by ((a1,71), (@2, 72), ..., (Qng), Ting1))-
Next, consider each possible realized travel time 7(8) with any 6 € U(T'). For n=1,2,...,|Ng|, we can set

the departure time of consolidation C¢~, denoted by £, ., iteratively as follows:

7 _ k
to,rm = maxe”,

tor ry =loy.sy + max {7, +7,;} forn=2,3... |N|
(i,j)eA

Essentially, the departure schedule determined above follows a reactive policy in which for each (i,75) € A,
every consolidation on arc (i,j) departs from node i as soon as all its commodities arrive at ¢. Thus, it can

be seen that for each commodity k € IC,

> > _ k k
talfyrlf >to, r, =maxe” >e",

kel
fak ok ZtAak -k -+ max {?ij-i-ﬁ-,-}ZtAak kA Tar forn=1,...,m" -2
n41""n41 nTn (i,j)EA ) e k
Thus, by setting the departure time of commodity k for node v/* to be equal to faﬁwﬁ, forn=1,2,...,m;—1

and k € K, we obtain a plan 7 which satisfies the constraints (2.1)), (2.2) and (2.4) under the travel time

k
i

to their definitions, which form a feasible solution to model LP(x, z,7(6)). Hence, Lemma [.1]is proved. [

7(8). From such a departure schedule 7', we can obtain the values of variables v bijr, wF, and s* according
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B.2. Proof of Proposition 4.1

Proof. For any given (x, z), consider any optimal solution (3*,v*,¥*,n*, 0%, &, X*,7*,8*) of the nonlinear
optimization model defined in 7. By fixing (8,v,v¢,n,0,&,\) = (B*,v*,¢¥*,n*,0%,£*,X*), the
nonlinear optimization model defined in 7 reduces to the following nonlinear model on §, denoted

as model R;.

K
R max > 3 {Fn (0 BN £ DT N 6 |
(ji)eAr=1 kek; kekd
st —1<6,;,<1, V(i,j)eAre{l,2,.,|K[},
I
>3 16l <T.
(i,j)eAr=1

It can be seen that 6* must be an optimal solution to model R,. Moreover, for any optimal solution b to
model R, (ﬁ*,'y*,¢*,n*,0*,5*,)\*,‘?(5),5) forms a feasible solution to the nonlinear optimization model
defined in 77 and it has the same objective value as that of (3*,v*,¥*,n*,0*,&*,A\*,7*,8*). Thus,
(B*,y*, ¥, n*, 0 &, )\*,7'(5),3) is also an optimal solution to the nonlinear optimization model defined in
1)@,

Consider any optimal solution d to model R;. Due to the optimality of 8, it can be seen that for any
(i) € A and 1 € {1,2, [KI}, 3 3y > 0, then o (S, 25, (B = M7+ Dycper 25, (08 = AF)) 20, and
that if 4, <0, then %jiT(ZkeICi 2K (B = N4 Y e 28 (08T — )\f*)) < 0. This is because otherwise, &
cannot be an optimal solution to model S;, as we can lincrease its objective value by changing the sign of
each 6, with %jir(Zkezci 2K (B =N + D e 25, (" — )\f*)) -6,ir <0 to its opposite. Thus, we obtain
that 21, ( Syex, 2 (85 = M) Dy 25 (65 = A7) - 855, 2 0 for all (j,0) € A and 7 € {1,2,...,|K]}.

Accordingly, model R, is equivalent to the following maximization LP, denoted as model Ry:

[Ro] max ) i{m(zzﬁr(ﬁ*—wwZz;zrw*—xi?*))\ﬂjtr}
kek; kexd

(j,i)eAr=1

1K

s.t. Z Zé;gr <T,

(i,))eAr=1

0<6t, <1, V(i,j)eAre{l,2,..,|K[}.

igr

From any optimal solution §+ to model Ry, we can derive an optimal solution to model Ry by setting 4, =
5;;'7“ if 72]’" (Zkelci Z;'Cir (Bf* - )‘f* +Zk6)€,‘f Z;'Cir (dﬂc* - Af*)) Z Oa and Setting 5]'““ - 75;’; if ’f_jiT ( Zke)(i Z;'cir‘ (ﬁzk* -
AT ek 2 (R — )\f*)) <0, for each (j,i) € A and r € {1,2,...,|K|}, so that their objective values are
the same.

For model Ry, its constraint matrix associated with 3, ;i , Z‘T’ill 6. <T and 6, <1 forall (i,5) € A and
re{1,2,...,|K|} is totally unimodular, as it contains two entries of 1 in each column. This implies that with

an integral I", the feasible solution region of model R, is an integral polytope. Thus, there exists an integral

optimal solution to model R, with &, € {0,1} for each (i,5) € A and r € {1,2,...,|K|}. This implies that

ijr
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there exists an optimal solution § to model Ry with §,;,. € {—1,0,1} for each (4,5) € A and r € {1,2,...,|K|}.
Therefore, there exists an optimal solution to the nonlinear optimization model defined in (4.14)—(4.18) that
satisfies 6;;, € {—1,0,1} for each (i,j) € A and r € {1,2,...,|K|}. Hence, Proposition [.1]is proved. [

B.3. Proof of Proposition

Proof. We first note that the max-min model RP(z, 2) defined by (3.29)-(3.40) for Frp(z,z) can be
reformulated to the nonlinear optimization model defined in (4.14)-(4.18)). We then prove Proposition [4.2] by
showing that the nonlinear optimization model defined in f can be linearized to the MILP model
defined by 7.

By Proposition constraints can be replaced with §,;;,. € {—1,0,1} for all (i,j) € A and r €
{1,2,...,|K|}. By (4.16] - we have that 7,;, € {Tijr — Tijrs Tijr, Tijr + Tijr}, which, together with 7;;. € Nyg,
7ijr € No and 7,5, > 7,5, implies that 7;;,. € N5 . Moreover, we introduce a new variable ¢,;. to represent each
nonlinear term (Zke’ci 2k (BF = NF) + Zkezcg 2 (Y — )\f)) - 7jir. We then replace each integer variable d;;,
with three new binary variables (ji. 1, (jiro0 and (j;.1, which are used to indicate whether 4,;,. equals -1,
0 and 1, respectively. Let 7;. 1 = Tijr — Tijr, Tijro = Tijr a0d Tijp1 = Ty + 745 Accordingly, the following

linear constraints can be derived for the newly introduced variables, where M, is a sufficiently large constant.

Cijr71+<—ijr0+<ijr1:17 V(Z7J)GA7T€{17277|K|}7 (B]‘)
( Z ijr Bk )\k + Z JZT - ) ]17 2 MQ( Cjir,@) S L)O]m
kEK; kekd
(Z ZJW /Bk )\k )+ Z JW )7’]1M+M2( — Cire),
keK; kexd
V (j.i) € Are{1,2,...,|K[},0={-1,0,1}, (B.2)
Cijre €{0,1}, V (i,5) e A,re{l,2,...,|K|},£={-1,0,1}. (B.3)

Here, constraints (B.1) ensure that exactly one of the three variables (ji. 1, (jiro and (.1 equals 1,
constraints li ensure that each variable ¢;;. equals (Ekem 2K (BE = M)+ 2 apea 2 (F — )\f)) Tirs
and constraints (B.3]) define the domain of the variables (;;,.—1, and (.0, and ;1. As a result, constraints

(4.18)) can be replaced with the following linear constraint:
|K]

Z Z(er,fl +Cijr1) <T. (B.4)

(i,))eAr=1
Therefore, the nonlinear optimization model defined by (4.14)-(4.18) for Frp(x,z) can be further

reformulated to the following maximization MILP model:
K|
Frp(x, z) = max Z Z%" - Z Z (Myzf;) -nf
(4i)eAr=1 keK (i,j)eA
K|
+Z Z Z[Ml(zzkjr_l)] ( igr 57,]7”)
kEK (i,j)e Ar=1

—|—Ze (v* — Ak —&—Zlk

kel ke

@@ @13 B E3) ad B,
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Hence, Proposition is proved. O

B.4. Proof of Theorem [4.1]

At each iteration of Algorithm [[j UB and LB are updated by solving the corresponding master problem
and subproblem, while a new worst-case scenario § in U(T") is obtained and added to the scenario subset
A. Algorithm [I| stops when UB = LB. As model ROMILP(A) is a relaxation of the reformulation ROMILP
of model RO, the value of LB, which equals the optimal objective value of model ROMILP(A), is a valid
lower bound on the optimal objective value of model RO. As U B is the worst-case total cost of the first-stage
solution (&, y, £) obtained from the master problem, it provides a valid upper bound on the optimal objective
value of model RO. Thus, when UB = LB, (&,9y, 2) must be an optimal solution to model RO. This implies
that when Algorithm [I] terminates with UB = LB, it returns an optimal solution to model RO.

We next show as follows that Algorithm [I] terminates with UB = LB in a finite number of iterations. To
show this, we note that, at each iteration n, if the worst-case scenario 6™ identified in Step 3 of Algorithm
is not in the current scenario subset A, it will be added to A. According to Proposition 8(") satisfies that
07, €4{—1,0,1} for all (4,7) € A and r € {1,2,---,[K[}, and has a finite number of possible values. Therefore,
in a finite number of iterations, §(™ identified in Step 3 of Algorithm [1| must be included in the current
scenario subset A. In such a situation, both LB and U B must be equal to the optimal objective value of the
current master problem, implying that LB =UDB and (&, 9, 2) forms an optimal solution to model RO. This
completes the proof of Theorem [I.1] O

B.5. Proof of Lemma [4.2]

Recall that we slightly abuse the notation to define that ¢/||0]|; =0 for o =0, ¢/||0||; = +o0 for & > 0, and
a/||0|ls = —oo for o < 0. Consider any (x,y,z) € X and any given p.
First, if G(x,y, z,p) > 0, then according to (4.30]), we have that

max {Fi(2,y) + Frp(@,2,7(8)) = 2 = 6]l } >0,
which implies that there exists a §* € U with
Fi(x,y) + Frp(x,2,7(67)) — 2 = p[|67 ][, > 0.
Thus, we obtain that

p*(m,y,z):max Fl(m7y)+FLP(maza7‘:(6))7Z > Fl(may)+FLP($7z77‘:(6*))7Z >p

o€l 1612 - 16711

Second, if G(x,y, z,p) <0, then we have that
max {Fy(z,y) + Frp(z,2,7()) - 2 = plld]l} <0,
which implies that

Fl(may)+FLP(w7z,7:(6))727/3”6”1<O7 Vo eU.
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Thus,

Fi(z,y)+ Frp(x,2,7(0)) — Z
161+

<p, VoeU.

Therefore, we obtain that

<p.

p*(x,y, z) = max Fi(z,y) + Fue(z,2,7(9) — 2
5cU 18I,

Third, if G(x,y, z,p) =0, then we obtain that
max {Fy(2,y) + Frp(@,2,7(8)) = 2 = plé]l} =0,
which implies that there exists a * € U such that
Fi(x,y)+ Frp(x,z,7(6")) — Z - p||6*||: =0, and
Fi(@,y)+ Fup(@, 2, 7(8) — Z— plo], <0, €U\ {6}

Thus, we have that
Fl(way) +FLP(:E7Z7%(6*)) -z

=p, and
1671+
Bley B2 TO22 o vsev\ @),
1

which implies that

(@, %) = max @Y FFr@270) =2
scU H6H1

asH

Hence, Lemma[4:2)is proved. [
B.6. Proof of Proposition [4.3

Proof. Our proof of Proposition follows an argument similar to that of Proposition For any given
(z,z) and p, consider any optimal solution (8*,v*,¢*,n*,0%,£*, A", 7*,8*) of the optimization model defined
in 7. By fixing (8,~,v%,n,0,&,X) = (8*,v*,¢¥*,n*,0*,£*,X*), the nonlinear optimization model
defined in (£.31)-(4.34) reduces to the following nonlinear model on &, denoted as model S;.

X

S max 30 S { A (D0 A B A+ Y @ X)) G — 0 |

(jri)eAr=1 kek; kexd

st —1<6,, <1, Y (i,j)eAre{l,2, .|K}

It can be seen that 6* is an optimal solution of model S;. For any optimal solution 5 of
model S, (ﬂ*,'y*,1/1*,17*,0*,5*,/\*,7"'(3),5) forms a feasible solution of the optimization model defined
in 7, and it has the same objective value as that of (8*,v*,¢¥*,n*, 0% & X", 7% 6*). Thus,
(,8*,7*,1/;*,77*,9*,5*,)\*,?(5),3) is also an optimal solution to the optimization model defined in
=)@,

Consider any optimal solution 6 to model S;. Due to the optimality of 5, it can be seen that for any

(i) e Aand re{1,2,...,|K|}, if §;;, > 0, then %jir(zkeni 25 (BET = M4 3 exca 20 (W8T — )‘f*)> >0, and
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that if 4, <0, then 7A_j”<zk€l€i 2K, (B — N+ Dext 2K (" — )\f*)) < 0. This is because otherwise, &
cannot be an optimal solution to model S;, as we can increase its objective value by changing the sign of
each d;;, with 7, (Zke,ci 2K (BFT — XY + Dhexa 2y (P = Af*)) -8;: <0 to its opposite. Thus, we obtain
that %ﬁr(zkeni 2 (B = M) T 2 (0 Af*)) 8, >0 for all (j,i) € A and r € {1,2,...,|K|}.
Accordingly, model S; is equivalent to the following maximization LP, denoted as model S,:

K|

Sal max > - { [ (D0 2B =AY+ DD 2 @ =)< o )

(ji)eAr=1 keK; kexd

st 0<6} <1, V(i,j) e Are{l,2,.,|K[}

From any optimal solution 6+ of model S, we can derive an optimal solution of model S; by setting 4, = 5};
if 7jir (Zke,@. 2 (B = N7+ Yers 20 (W = Af*)) >0, and setting 0, = —0;, if 7, ( Doker; Za(BE —
AT D ek 2 (WP — )\f*)) <0, for each (j,i) € A and r € {1,2,...,|K|}, so that their objective function
values are tfle same.

For model S,, its constraint matrix associated with 5:;,, <1forall (i,j) € Aand r € {1,2,...,|K|} is totally
unimodular, as it contains only one entry of 1 in each column. This implies that the feasible solution region of
model S is an integral polytope. Thus, there exists an integral optimal solution to model S, with 627;,« €{0,1}
for each (i,j) € A and r € {1,2,...,|K|}. This implies that there exists an optimal solution § to model S;
with d;;,. € {—1,0,1} for each (i,5) € A and r € {1,2,...,|K|}. Hence, there exists an optimal solution to the
optimization model defined in (£.31))-(4.34) that satisfies 6,;, € {—1,0,1} for all (,5) € Aand r € {1,2,..., [K|}.
Proposition is established. [

B.7. Proof of Proposition [4.4

Proof. We first note that the nonlinear model defined in for G(x,y,z,p) can be reformulated
written as the nonlinear optimization model defined in —. We then prove Proposition by
showing that the nonlinear optimization model defined in 7 can be equivalently written as the
MILP model defined by 7.

Similar to our MILP reformulation of Frp(x, z), by Proposition constraints can be replaced with
dijr €{—1,0,1} for all (4,j) € Aand r € {1,2,...,|K|}. By we have that 7, € {Tijr — Tijrs Tijr, Tijr +Tijr |5
which, together with 7,;. € N.o, 7i;» € Ng and 7;;. > 7;;,, implies that 7;;. € N5o. Moreover, we introduce a
new variable ¢;;, to represent each nonlinear term (Zkem 25 (BE = NE) 2 e 25 (W8 — )\f)) Tir — PlOijr]-
We then replace each integer variable §,;. with three new binary variables (Aj;h,l, (Ajiho and CAjml, which
are used to indicate whether §,;. equals -1, 0 and 1, respectively. Let 7. _1 = Tijr — Tijrs Tijro = Tijr and
Tijr1 = Tijr + Tijr. Accordingly, the following linear constraints can be derived for the newly introduced

variables, where M3 is a sufficiently large constant.

CAijr,q + é-ijr,l + éijr,O =1, V(i,j)eAre{l,2,..,|K[} (B.5)
(3 5 (BE = A+ D0 2 (@ = X)) e — Al = My(1 = i) < B

ke kekd
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S ( Z Zfzr(/gzk - /\f) + Z z;f”(wk - )‘f)>7-jir,l - ﬁ’a + M3(1 - gjir,é)a

keKC; kekd
V(i) e, Are{l,2,..,|K|},£€{-1,0,1}  (B.6)
Cime€{0,1}, Y (i,5) € Are{1,2,...,|K|}, e {-1,0,1}.

Thus, the nonlinear optimization model defined in (4.31)—(4.34) for G(x,y, z,p) can be reformulated to the

following maximization MILP model:

1K

Gla,y,z,p)=max Fi(z,y)—Z+ Y > ¢iw—» > (Mazf) 1
(J,i)eAr=1 keK (i,j)eA
K|

+3°% STIMueE, - 1)) (8, +€8,)

keK (i,j)€AT=1

e (0 = AL + D1 (N — )

ke keK

st. (@9 - @133 - D

Hence, Proposition [£.4] is proved.
B.8. Proof of Lemma [4.3

Recall that we slightly abuse the notation to define that ¢/||0]|; =0 for o =0, ¢ /||0||; = +o0 for & > 0, and
o/[0]|; = —oc for o < 0. Consider any (,y, z) € X. To prove the first statement of Lemma [4.3] we note that
it Fy(x,y)+ Frp(z,z,7(0)) — Z >0, then

Fl(way) +FLP<$7Z7%(O)) -z
10]l1

p(x,y,z) > =400,

implying that p*(x,y, z) = +o0.

To prove the second statement, consider the case where F(x,y) + Frp(z,z,7(0)) — Z <0, which implies
that (Fi(x,y) + Frp(z,z,7(0) — Z))/||0]l1 < 0. According to the definition of p*(x,y,z), we have that
(Fi(x,y)+ Frp(z,2z,7(8,) — Z)/]|0:]]1 < p*(x,y, 2) for all 6, € U\ {0}. Moreover,

o If maxscy{Fi(x,y)+ Frp(x,z,7(8)) — Z} <0, then

F F 7(5))— 2
ﬁ*(m,y,z)zmax 1(m’y)+ LP(-'B,Z7T(6))
seu 1111

<0.

o Otherwise, maxscy{F1(x,y) + Frp(x,z,7(4)) — Z} > 0, implying that there must exist a * € U\ {0}
with Fy(x,y) + Frp(z,z,7(6*)) — Z >0 and p*(x,y, z) = (Fi(z,y) + Frp(x, 2,7(6%)) — Z)/||0%]]1 > 0.
By Lemma and Proposition we can assume without loss of generality that 0;;, € {—1,0,1} for
all (i,j) € A and r € {1,2,...,|K|}, which, together with §* € U\ {0}, implies that ||§*||; > 1. Thus, we
obtain that

Fi(z,y)+ Frp(x,z,7(8)") —

0<p"(z,y,2) < :

Z
< r?eaﬁ{{Fl(a:,y) +FLP($7Z77:(5)) - Z}~

Hence, it can be concluded that if Fi(x,y) + Frp(x,z,7(0)) — Z < 0, there must be p*(x,y,z) <
maX{O, Fl (may) + maXsecu FLP(xv 277:(5)) - Z}
Lemma [£:3]is proved. O
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B.9. Proof of Lemma [4.4]

Consider any (z,y,z) € X. By Lemma if p < p*(x,y,2), we have that maxscy{Fi(x,y) +
Frp(x,2,7(0)) — Z—p||6]l:1} = G(=x,y, z,p;) > 0. Note that §(p;) indicates a realization of § such that

Bz y)+ Frp(@,2,7(8(p) — 2 = pilld(p) |l = max{Fy(z,y) + Frp(z, 2,7(8)) = Z = p[|8]1 }-
Since maxscy{ F1(x,y) + Frp(x,2,7(8)) — Z — p;]|8]|1} > 0, we obtain that
Fi(z,y) + Frp(,2,7(0(p))) — 2 = pul|6(p1) 1 = 0,

which implies that

o = Fi(z,y)+ Frp(z,2z,7(6(p))) — 2
l 16Co0)lx

> .
Therefore, we obtain that
Gla,y. 2.0)) = max{Fy(@.y) + Fu(e, 2. 7(8)) ~ 2 — pl[6]1.}

Fi(z,y) + Fup(e,2,7(0(p))) — Z = pill6(p) [l = 0.

v

Thus, by Lemma it follows that p; < p*(z,y, 2). Lemma is proved. [

B.10. Proof of Theorem [4.2]

To prove the first statement of Theorem |4 . consider each iteration n of Algorithm [2| Let pl(") denote the
value of p; updated in Step 4. Algorithm [ I solves G(x,y,2,p™) in Step 5, derives its optimal solution
8(p™) of Gz, y,z,p™) by ([E.A0 (#.40), and computes the value of o™ from 8(p(™) by " = (Fy(z,y) +
Frp(x,z,7(8(p™))) — 2)/16(p"™)||1. If Algorithm [ I does not terminate at iteration n, we have that
G(z,y, 2 pl( )) > 0, which, together with Lemma implies that p( "< p*(x,y, z). Thus, by LemmaM we
know that

o <" < pt (., 2). (B-8)
By the definition of G(x,y, z,p;(")) and p,™, we have that
G(x,y,z,0") > Fi(z,y) + Frp(@,2,7(0(0™)) = Z = o™ |8(p{") |1 = 0. (B.9)

Next, consider each iteration m with m >n+ 1. If Algorithm [2| does not terminate at iteration m, we can

obtain that

o™ > pim), (B.10)
Gz, y, 2, p") = Fi(®,y) + Fp(z,2,7(3(p{™))) — Z — p™ |6 (™) |11 > 0, (B.11)
Fi(z,y) + Fre(z,2,7(8(0™)) — Z — o™ [8(p™)1 <0, (B.12)

where and (B.11] - are implied by Step 4 of Algorithml 2 and Lemma and (B.12)) is implied by
and ). By (B.8) and we obtain that p{™ < p{™. This, together with ( - ) and (B.12)), implies

that é(pl(”)) and &(p{™) are not equal.
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According to Proposition each & derived by satisfies that d,;,. € {—1,0,1} for all (i,j) € A and
re€{1,2,---,|K|}. Therefore, as there are a finite number of such §, Algorithm [2| must terminate in a finite
number of iterations. Moreover, when Algorithm terminates, we have that G(x,y, z,p;) =0. By Lemma
we obtain that Algorithm [2] returns p, = p*(x,y, z), and accordingly, d(p;) is the corresponding worst-case
scenario for (x,y, z). Hence, the first statement of Theorem is proved.

The second statement of Theorem follows directly from the property of bisection search. For any € > 0,
Algorithm |2 only needs at most ﬂogQ((ng) — p{9Y/€)] iterations to ensure that p, — p; < €. At each iteration
of Algorithm [ by Lemma[4.2] and Lemma[4.4) we note that p, < p*(z,y, z) < pj, and G(z,y, 2, p;) > 0. Thus,
after ﬂogz((pfbo) — pl(o))/eﬂ iterations, we have that p, < p*(x,y, 2) < pr, < p; +¢€, and by G(x,y,z,p,) >0 we
also have that (Fy(x,y)+ Frp(x,z,7(6(p))) — Z > pi||6(p1)||1- Hence, the second statement of Theorem [4.2

is also proved. [

B.11. Proof of Theorem [4.3

At each iteration of Algorithm 3] UB and LB are updated by solving the corresponding master problem
and subproblem, while a new worst-case scenario d in U is obtained and added into the scenario subset A.
Algorithm |3| stops when UB = LB. Accordingly, by following an argument similar to that in the proof of
Theorem we can show as follows that Algorithm |3| must terminate and return an optimal solution to
model RS in a finite number of iterations.

First, we show that Algorithm [I| returns an optimal solution to model RS if it terminates with UB = LB.
As model RSMILP(A) is a relaxation of model RS, the value of LB, which equals the optimal objective value
of model RSMILP(A), is a valid lower bound on the optimal objective value of model RS. As UB is the
worst-case normalized cost deviation of a first-stage solution (&, 9, £), it provides a valid upper bound on the
optimal objective value of model RS. Thus, when UB = LB is achieved, (&, 9, 2) forms an optimal solution
to model RS.

Next, we show that Algorithm [I| must terminate with UB = LB in a finite number of iterations. To show
this, we note that at each iteration n, if the worst-case scenario 6™ identified in Step 3 of Algorithm [1] is
not in the current scenario subset A, it will be added to A. According to Proposition 8 satisfies that
51(3"2 €{-1,0,1} for all (i,5) € Aand r € {1,2,-,|K|}, and has a finite number of possible values. Therefore, in
a finite number of iterations, 6™ identified in Step 3 of Algorithm [I|must be included in the current scenario
set A. In such a situation, both LB and UB must be equal to the optimal objective value of the current
master problem, implying that (&,4, 2) forms an optimal solution to model RS. This completes the proof of

Theorem O

Appendix C: Acceleration Strategies for C&CG Algorithms

In this section, we illustrate several acceleration strategies employed in our implementation of the newly

proposed C&CG algorithms.
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C.1. Master Problems: Removing Redundant Variables and Constraints, Imposing Valid
Inequality, and Breaking Symmetry
For the master problems solved in our C&CG Algorithms, we can strengthen their formulations by removing
redundant variables and constraints, imposing a valid inequality, and breaking their symmetric structure.
First, for each commodity k¥ € K, and for each pair of nodes ¢ and j’ of the network D = (N, A), let
7%(¢', ') denote the length of the shortest-time path from node i’ to node j' under the nominal travel times
in the flat network, such that the origin o® and destination d* of commodity % are not included in between
the start and end nodes of the path. It can be seen that for each arc (i,j) € A, if £%(0*,4) +7i; + 7%(4,d*) >
I¥ —e* then under the nominal travel times, commodity k cannot pass arc (i,5) without violating its earliest
time for departure from origin o* or its due time for arrival at destination d*. Therefore, in every nominal
timely-implementable first-stage solution of the robust CTSNDP, commodity k can pass arc (z,5) € A only

if the following condition is satisfied:
T (0%,0) + 7oy + 7°(j,d*) <1* — €. (C.1)

Define K;; as the set of such commodities k that satisfy . Accordingly, variables and constraints
associated with commodity k € IC\ K;; can be safely eliminated from the master problems for each (i,7) € A.

Second, consider each arc (i,7) € A, and each pair of different commodities k, k" € IC;;. If k and k' are
consolidated and shipped together through arc (i,7) in a nominal timely-implementable first-stage solution
to the robust CTSNDP, then due to the constraints of commodities & and k' on earliest times for departure
from their origins and latest times for arrival at their destinations, both of the following conditions must be

satisfied:

’

(0", 0) + 75+ 7 (4,d" ) <T¥ — eV (C.2)

80" i) + 7y + (5, d*) <17 — €. (C.3)

Define KC7; to be the set of such commodity pairs (k,’k’) that satisfy (C.2) and (C.3) above. Accordingly,
(C.4]) below can be introduced to the master problems as a valid inequality, prohibiting k& and &’ from being
consolidated for each k and &’ that do not satisfy conditions (C.2)) and (C.3):

ZE 42 <1 V(i) €A, (kE) e (Ky xKi)\K2, r={1,2,...,|K| - 1}. (C.4)

igr ijr — 359
Third, to break the symmetric structure of each master problem solved in our C&CG algorithms, we can
restrict that for each arc (4, j) € A, the square sum of commodities’ indices included in the r-th consolidation
on (i,7), which equals », (k- k:)zfjr, must be non-decreasing in r. Accordingly, the following inequality can
be introduced to the master problems, without changing their optimal objective values:

Z(kk)ZZTZZ(kk)ZZT+17 v (’i,j)GA,T:{1,2,...,|IC|—1}. (05)

keX ke
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C.2. Subproblems: Removing Redundant Variables and Constraints

For the subproblems solved in our C&CG algorithms, we can strengthen their formulations by removing
redundant variables and constraints. In the following, we first present it for the RO-C&CG algorithm, and
then for the RS-C&CG algorithm.

First, for any given nominal timely-implementable first-stage solution (x,y,2) of model RO with
satisfied, we can obtain its corresponding flat solution denoted by (P(z, 2),C(x, 2)). Let P*(x, z) indicate the
corresponding flat path for commodity k € K, with N*(x, ) and A*(x, z) representing its node sequence and
arc sequence, respectively. For each arc «a € A, let C*(x, z) indicate the corresponding set of all non-empty
consolidations on arc a € A. As a result, |C*(x, z)| represents the total number of consolidations on arc a.

In any optimal solution to model Frp(x,z) defined in — of the subproblem, only arcs in A"
and nodes in N'* can be visited by commodity k, implying that vf; =0 for all (i,5) € A\ A* and k € K, and
that wf =0 for all i e N\ N*, k € K. Since empty consolidations are redundant, we have that b;;,. =0 for all
(i,7) € A with |C(9)(z,2)| = 0. As a result, excluding these redundant decision variables and their related
constraints will not change the optimal objective value of model Frp(x, z). Accordingly, we can replace N,
A, and |K| in model Fyp(x, z) defined in (3.29)—(3.40) of the subproblem with their corresponding N*(z, 2),
AF(x,z) and |C9) (z, 2)|, respectively.

With the redundant variables and constraints of model Frp(x,z) defined in 7 excluded,
some variables and constraints of its reformulation defined in — can also be excluded. The
resulting model, denoted by SRP;(x,z2), is shown as follows, where T (x,z) denotes the domain defined
by - ([(#13), [@.21) - (4.24) and (B.4), with A, A and |K| replaced by their corresponding N*(z, z),
AF(x,z) and |C(9) (z, 2)|, respectively:

1cD) (x,2)|

[SRPy(x, 2)] Frp(x,2) = max > > v

(€.B7:%,m,0,6 X,0)ET (=,2) Gi)eAr(mz) =1

=300 (k)

kEK (i,5)€ A* (2,2)

lc(tD) (,2)]

> Yo Mz, - 1)) (05, + )

kEK (i,j)eAF (2,2) =1

+Y e (=AY (A =),

keX keK

As aresult, the RO-C&CG algorithm can solve the subproblem for any given nominal timely-implementable
first-stage solution (,y,z) by solving the SRP;(x,z) model. In this model, the number of consolidation
indices on each arc (i,5) € A is equal to |C"%)(x,2)|, which is generally much smaller than |K|. From the
optimal solution obtained for SRP;(x,z), we can compute the worst-case scenario d € U(T") for (x,y,z)

according to (C.6)) below, thereby still ensuring the convergence of the RO-C&CG method.

0, otherwise,

—Cis iy i (4,4)
5ij7“:{ Czjr,—l +Cz]r,lv 1f’r‘€ {153|C ! ((1}'725)|}, v (27]) 6A,7’€{1,,|’C‘} (CG)
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Next, for any given nominal timely-implementable first-stage solution (x,y,z) of model RS with
satisfied, consider the maximization MILP model defined in 7 for the computation of G(z,y, 2, p)
for the subproblem of the RS-C&CG algorithm. By following an argument similar to that above, it can be
shown that, to compute G(x,y, z,p), we also only need to solve model C}(m,y,z,p) shown below, where

T (,z) denotes the domain defined by (4.6) — (4.13) and (B.5) - (B.7), with N, A and |K| replaced by their
corresponding N*(z, z), A*(x, z) and |C(+9) (z, z)|, respectively:

19 (2,2)]
Glz,y,2,0)] max Fi(zy)-Z+ ) Y. G, D, (Muah)mg
(€87, %,m,0,6,X,4)ET (x,2) Gi)eAr(mz) =1 KEK (i,]) e AR (2,2)

|c(B:d)(@:2)

DS S IMLGE, -] (05, +€8,)

keK (ij)eAk(z,2) =1

3 (=N + D01 (M — ).

kek kex
From the optimal solution obtained for G(:c, y,z,p) above, we can compute the worst-case scenario d € U for

(z,y,z) according to (C.7)) below, thereby also ensuring the convergence of the RS-C&CG method.

— _éijr,fl +€ijr,1a lfre {1,_“’|C(i,j)(w7z)|}7 i 4
Sijr = { 0. otherwise. Y (i,5) e A,re{1,....IK|}. (C.7)

C.3. Iterations: Bundling New Scenarios to Add
To further enhance the efficiency of both the RO-C&CG and RS-C&CG algorithms, we also implement a

bundle strategy to update the scenario set in each iteration. This approach is similar to the one used by
Remli et al| (2019) in their Benders decomposition-based algorithm for a transpiration service procurement
problem.

In each iteration of our C&CG algorithms, we solve the master problem to obtain an optimal first-stage
solution, as well as a pool of feasible first-stage solutions. We can accomplish this using general optimization
solvers such as Gurobi and CPLEX. These first-stage feasible solutions, including the optimal solution, are
sorted by their objective values in non-decreasing order. For each of these solutions, we then solve the
corresponding subproblem to identify its worst-case scenario, resulting in multiple new scenarios that can be
added to the master problem for future iterations. As we add more new scenarios in each iteration, the C&CG
algorithm may require fewer iterations to reach the optimum solution. However, as we add new scenarios
along with their decision variables and constraints, the size of the master problem increases, which may lead
to longer computation times for each iteration of the algorithm.

Accordingly, to strike a better balance between efficiency and accuracy, we add a bundle of at most two
new scenarios to the master problem in each iteration. One of these new scenarios is the worst-case scenario
of the optimal first-stage solution. To identify the second scenario to add, we evaluate the first-stage solutions
in the pool and choose the solution with the least objective value. If this solution’s objective value is better
than the current best upper bound on the optimal objective value, we update the upper bound accordingly,
and we then add the worst-case scenario of this best solution, as the second scenario in the bundle, to the

master problem.
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Appendix D: Details on Instance Generation for Computational Experiments

For our computational experiments, we generated instances of the robust CTSNDP based on the seven
instance classes (named R4-R10) of the fixed-charge capacitated multi-commodity network design (CMND)
problem available in the literature |Ghamlouche et al.| (2003)). The attributes of each instance class, including
the size of the node set |\, the size of the arc set |A|, and the size of the commodity set |K|, are given in
columns 2-4 of Table Each class consists of five networks with varying values for the ratio of fixed cost
to variable cost, and for the ratio of the total demand of commodities to the total capacity of the network.
These instances are referred to as “untimed” instances, as they do not have any temporal attributes such as
travel times of arcs, or earliest available times and due times of commodities.

To obtain “timed” instances for each of the 7 classes of the CMND problem, we followed an approach
similar to that presented in |Boland et al.| (2017) to generate fixed costs and time attributes of the CTSNDP.
First, for each arc (4,7) € A, we set the nominal value of travel time (in minutes) 7,;; to be proportional to
its fixed cost f;; by setting 7;; = f;;/0.55, as in [Boland et al| (2017). This is based on the same premise that
fi; represents the transportation cost for carriers that spend 0.55 cents per mile, and that their trucks travel
at 60 miles per hour.

Next, for each commodity k € IC, we followed a normal distribution to randomly generate the available
time e®. Let ., denote the length of the shortest-time path from origin o* to destination d* for commodity
k in the flat network under the nominal travel times 7. We then set the due time [* of each commodity
k€K by I¥ =e* + %, + .Z,. Here, the parameter .%, > 0 represents the time flexibility for the delivery of
commodity k, which we also set randomly using a normal distribution. We used the same normal distribution
to generate the available times e* for all instances, but used two different normal distributions to generate
Z,, for instances of high and low time flexibility, respectively. Consequently, we had two combinations of
normal distributions to generate commodities’ available times and time flexibility. The detailed settings of

these normal distributions are described in Table where .Z denotes the average of £, over all k € K.

Table D.1 Detail setting of the normal distributions used for generating “timed” instances.

Normal Distribution Mean () Standard Deviation(o)
For generating e, £ 1z
1o 1. 1e
For generating .7, : o2
iz e

For each “timed” instance obtained, we then generated unit in-storage holding costs and unit delay penalties
for the commodities. We set the per-unit-of-demand-and-time in-storage holding cost h* for each commodity
k € K to be proportional to its cheapest per-unit-of-time per-unit-of-flow cost, i.e., h* = 0.5min,c4{(c* +
fa/ta)/Ta} where T, is the nominal value of the travel time generated. Inspired by [Lanza et al| (2021)),

for each commodity k € K, we set its penalty ¢g® per unit of time for the delay to be twice the most
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expensive per-unit-of-time transportation cost for it to pass through an arc, i.e., g =2 - max,ea{(c® - ¢* +
fuld fua)) /7).

Moreover, to characterize travel time uncertainty, we generated the maximum deviation 7;; of the travel
time for each arc (4,j) € A by setting 7;; = fi;;7:;. Here, T;; is the nominal value of the travel time generated,
and fi;; is a coefficient randomly selected from 0.1 to 0.5.

For each network in each problem class, we randomly generated 3 instances for each combination of the
distributions for commodities’ available time and time flexibility. As a result, we obtained 5 x 2 x 3 =30 test

instances for each of the 7 instance classes, and thus obtained 7 x 30 = 210 test instances in total.
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