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We study the problem of allocating scarce societal resources of different types (e.g., permanent housing,
deceased donor kidneys for transplantation, ventilators) to heterogeneous allocatees on a waitlist (e.g., people
experiencing homelessness, individuals suffering from end-stage renal disease, Covid-19 patients) based on
their observed covariates. We leverage administrative data collected in deployment to design an online policy
that maximizes expected outcomes while satisfying budget constraints, in the long run. Our proposed policy
waitlists each individual for the resource maximizing the difference between their estimated mean treatment
outcome and the estimated resource dual-price or, roughly, the opportunity cost of using the resource.
Resources are then allocated as they arrive, in a first-come first-serve fashion. We demonstrate that our data-
driven policy almost surely asymptotically achieves the expected outcome of the optimal out-of-sample policy
under mild technical assumptions. We extend our framework to incorporate various fairness constraints. We
evaluate the performance of our approach on the problem of designing policies for allocating scarce housing
resources to people experiencing homelessness in Los Angeles based on data from the homeless management
information system. In particular, we show that using our policies improves rates of exit from homelessness
by 5.16% and that policies that are fair in either allocation or outcomes by race come at a very low price of

fairness.
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1. Introduction
We study the problem of allocating basic resources of different types to heterogeneous individuals
within high-stakes social settings subject to budget and fairness constraints. We are particularly

motivated by housing allocation for individuals experiencing homelessness in Los Angeles (LA)
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County. According to the Los Angeles Homeless Services Authority (LAHSA), more than 75,000
people are currently unsheltered in LA County as of June 2024 (LAHSA 2024a). By comparison, the
latest Housing Inventory Count in June 2024 from LAHSA reported only around 28,600 permanent
housing unit interventions (LAHSA 2024b), many of which are already occupied. While permanent
housing interventions are a key aspect of addressing homelessness (U.S. HUD 2007), the number
of individuals experiencing homelessness far exceeds the capacity of available resources. Due to the
scarcity of resources available relative to demand for them, there is a need to allocate housing in
an effective way as individuals and housing resources arrive.

Additionally, since housing resources are a public good with significant impact for individuals
experiencing homelessness, it is important that an allocation policy is, in some sense, fair. A lack of
fairness in the system may erode the trust and effectiveness of any policy. Indeed, in our motivating
example, LAHSA policymakers and community members are particularly concerned with issues of
fairness in allocation and outcomes within homelessness services. A 2018 report from LAHSA’s Ad
Hoc Committee on Black People Experiencing Homelessness found that while Black individuals
represented 9% of the overall population in LA County, they made up 40% of the population
experiencing homelessness (LAHSA 2018b). Furthermore, while housing resources are allocated at
equal rates across racial groups, Black individuals receiving Permanent Supportive Housing (PSH)
experienced higher rates of returns to homelessness relative to other racial groups. These findings
have led to further investigations into causes of racial inequities in outcomes within the current
system (Milburn et al. 2021) and a policy focus on racial equity to address existing injustices.
Therefore, an allocation system needs to be not just effective, but also fair to be adopted and
trusted by policymakers and community members.

Currently in the U.S.,; many local communities pool resources into a centralized planning system
known as Continuum of Care (CoC), which coordinates housing and services funding for people
experiencing homelessness. Within CoCs, Coordinated Entry Systems (CES), a network of homeless
service providers and funders, use a standardized process to manage housing and supportive services
and connect individuals to appropriate interventions. Individuals seeking housing in the LA CoC
have various entry points into the system, such as access centers, street outreach, or emergency
shelters. Following entry, they may take a self-reported survey to be assessed for eligibility and
vulnerability. The assessment survey, known as Vulnerability Index—Service Prioritization Decision
Assistance Tool (VI-SPDAT), consists of a series of questions to measure vulnerability, such as
prior housing history and disabilities, and weights responses to output a score between 0 and 17,
where a higher score indicates greater vulnerability (OrgCode 2015). Generally, the score is used in
determining and prioritizing the most vulnerable individuals to receive more supportive resources.

Many communities, based on OrgCode recommendations, have used score cutoffs for prioritization
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or guidance in the past (LAHSA 2018a). Individuals scoring 8-17 are considered “high risk” and
are prioritized for Permanent Supportive Housing (PSH), the most supportive and intensive type of
housing resource. Individuals scoring 4-7 are recommended for Rapid-Rehousing (RRH), or short-
term rental subsidies, while those scoring less than 4 are only eligible for services, which we refer
to as Service Only (SO) (OrgCode and Community Solutions 2015). Based on these scores and
the VI-SPDAT assessments, case managers, who are social service workers assisting individuals
experiencing homelessness, will determine the appropriate resource to match an individual to.

While the above prioritization policy, based on just score cuts, is interpretable, both the thresh-
olds and the weights on responses to construct the score are not tied to any data on intervention
outcomes nor to arrival rates of individuals and resources. This leads to three issues. First, it is
not clear that assigning the most vulnerable individuals PSH, or even RRH, would lead to the best
overall outcomes, such as reducing returns to homelessness after intervention. Second, there may
not be enough housing available to serve all individuals prioritized for that resource because the
thresholds do not account for arrival rates. Indeed, even OrgCode, the organization that developed
the VI-SPDAT, has called for alternative approaches beyond the VI-SPDAT in 2020 (OrgCode
2020). Finally, a threshold prioritization tool cannot address stakeholder concerns around racial
disparities in housing outcomes. An allocation system that is equitable in outcomes would need
to account for the heterogeneity of treatment effects by protected groups such as race, gender, or
age (Jo et al. 2023). In contrast to the existing tool, we seek to incorporate treatment outcomes
and effects into the design of a policy for maximizing desirable societal outcomes and ensuring
certain notions of fairness in allocation or outcomes.

Utilizing treatment outcomes and effects in policy design, however, is challenging since they are
counterfactual, or “what if” quantities. This means we need to know what would happen to an
individual if they were assigned to different resources. While running randomized control trials is
the gold standard for inference of causal treatment effects, in high-stakes domains such as public
health and social services, experimentation may be unethical or impractical. For example, it would
be unethical to deny housing from individuals experiencing dangerous and vulnerable situations.
A proper experiment may also take years before conclusive results, leading to negative life conse-
quences for many individuals during that time span. Therefore, we aim to leverage observational
data for learning treatment outcomes. The historical data that LAHSA and other communities have
access to was collected in deployment from administered VI-SPDAT assessments, which contains
an individual’s covariates, and the LA County Homeless Management Information System (HMIS)
database, which contains an individual’s trajectory of interactions with the system. These interac-

tions include events such as engagements with street outreach workers, emergency shelter access,
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and housing allocations, if any. From these trajectories, we construct a return to homelessness
definition that is used as the outcome of interest.

Motivated by these issues with the existing housing allocation system, our goal is to design an
efficient policy for allocating scarce housing resources to maximize positive expected outcomes,
subject to budget and fairness constraints. Using historical observational data, we learn treat-
ment outcomes based on an arriving individual’s characteristics, such as prior housing history, to
appropriately match individuals to housing resources. In particular, in keeping with the existing
allocation system, the assignment policy must make decisions about which resources to allocate
to individuals as the resources arrive in the system, rather than waiting for a sufficient number of
individuals and housing resources to aggregate in the system for offline matching. Stakeholders,
including people experiencing homelessness, policy-makers, and the public at large, are dissatisfied
with scarce housing sitting empty for long periods of time while thousands of people who need
them sleep on the streets or in shelters each night. Furthermore, offline matching over fixed time
intervals results in undesirable behavior where individuals with the same characteristics can be
recommended different resources due to variations between different batches. When two individu-
als with the same characteristics receive different resources, this allocation does not seem fair nor
interpretable to policymakers and individuals seeking assistance. This concern is captured by the
notion of individual fairness introduced by Dwork et al. (2012), which calls for treating similar
individuals similarly. A policy that assigns the same resources based on individual characteristics
ensures consistency and interpretability in allocation recommendations. Additionally, implement-
ing dynamic policies that adjust allocations based on the current state of the system is infeasible
in this context, as the information necessary, such as the state of an individual in the system at
any point in time, is not systematically tracked.

While we primarily focus on housing, our approach is applicable in general to allocation of scarce
treatments in other public domains where system outcome efficiency and fairness are important.
One example is the problem of kidney transplantations in which patients arrive to the system
and join a waiting pool for a donor organ to be procured (Bertsimas et al. 2013, Dickerson and
Sandholm 2015). Similar to our case, there is a significant organ shortage relative to the number of
waiting patients and observational data exists from the United Network for Organ Sharing. Another
example is the allocation of scarce healthcare equipment such as ventilators and critical care beds
to patients arriving to the hospital with Covid-19 during spikes in hospitalizations. Observational
data from electronic health records for hospitalized patients with Covid-19 can be used to learn

policies for allocating equipment as patients arrive (Johnston et al. 2020, Radovanovic et al. 2021).
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1.1.
Our

Contributions of the Paper

contributions in this paper are:

We first consider policy design under budget constraints only. We propose a sample-based
dual-price queuing policy by solving an offline policy learning problem using only histori-
cal (observational) data and propose an online queuing-based implementation of the derived
policy. This policy establishes separate queues for each treatment, and each individual is
waitlisted for the treatment that maximizes the difference between their estimated expected
outcome, given their covariates, and the estimated resource dual price, which approximates
the opportunity cost of assigning that treatment. Resources are allocated as they arrive in the
system to the first individual in the queue for that treatment. The proposed policy ensures
that capacity constraints are always met, meaning resources are assigned only when they are
available in the system. We prove that, under mild technical assumptions, our policy attains
the same long-run expected average outcome as the best offline policy that already knows the
true distribution of covariates and (counterfactual) treatment outcomes. We establish a con-
nection between our technical assumptions on the convergence of estimators and the standard
assumptions commonly made in observational data studies, arguing that estimators satisfy-
ing our assumptions exist when the standard assumptions for observational data hold. Our
framework unifies policy learning from observational data and dual-price allocation methods.
We extend our framework to incorporate various fairness constraints, including statistical par-
ity in allocations and outcomes between groups of a protected characteristic (e.g., race, gender,
or age). We introduce fairness-constrained extensions of the sample-based dual-price queuing
policy, which adjust the estimated opportunity costs for different groups using the estimated
dual variables associated with the fairness constraints. While these extensions are designed to
meet the respective fairness constraints in-sample, we demonstrate through numerical exper-
iments that they can also improve fairness out-of-sample.

We demonstrate through computational experiments on synthetic and real data that our
method’s guarantees of asymptotic optimality lead to improvements in out-of-sample perfor-
mance, even in finite samples. Specifically, we evaluate the policy’s performance in allocating
scarce housing resources to people experiencing homelessness in Los Angeles, based on data
from the HMIS database. We show that our policies improve historical rates of exits from
homelessness by 5.16% (which amounts to approximately 500 additional individuals exiting
homelessness per year), and policies that are fair in either allocation or outcomes by race come

at a very low price of fairness.
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1.2. Related Works
Our work is closely related to the literature on data-driven allocation of public resources and fair-
ness, policy learning from observational data, network revenue management, and online matching.

Data-Driven Allocation of Public Resources and Fairness. A closely related strand of
literature focuses on data-driven allocation in scarce public resource settings such as kidney alloca-
tion (Bertsimas et al. 2013, Dickerson and Sandholm 2015, Li et al. 2019), hospital ICUs (Grand-
Clément et al. 2023), refugee resettlement (Bansak et al. 2018, Ahani et al. 2021, 2024, Freund et al.
2023, Bansak and Paulson 2024), or homeless services (Azizi et al. 2018, Kube et al. 2019, Rah-
mattalabi et al. 2022, Kaya et al. 2024, Kube et al. 2023). Our work shares similarities with several
papers in this line of literature (e.g., Bansak et al. (2018), Ahani et al. (2021), Kube et al. (2023),
Freund et al. (2023)) in that we use historical data to learn treatment outcomes and incorporate
these estimates into resource allocation optimization problems. However, in contrast to this stream
of literature, we prove the asymptotic optimality of our proposed sample-based policy, explicitly
formulating the necessary properties that the estimators must satisfy and discussing their rela-
tionship to standard assumptions in observational data studies Additionally, some of the related
works, including Bansak et al. (2018) and Kube et al. (2023), formulate the corresponding resource
allocation problems as mixed-integer linear optimization problems for offline matching, whereas
our approach only requires solving a finite linear program to derive an online implementation.
Furthermore, we consider various fairness notions, which have not been studied by the majority of
these works.

The works most closely related to ours are Bertsimas et al. (2013), Li et al. (2019), Ahani et al.
(2024), and Freund et al. (2023), as they, like our framework, leverage dual variables in constructing
resource allocation decisions. Bertsimas et al. (2013) propose learning a scoring policy for kidney
allocation that satisfies fairness constraints, but assumes knowledge of the treatment outcomes.
Their scoring rule is a linear approximation of treatment outcomes minus the dual multipliers
of various eligibility and fairness constraints. Li et al. (2019) and Ahani et al. (2024) propose
allocations to maximize dual variable adjusted outcomes, where they estimate the dual variables
based on simulated future arrival trajectories. In comparison, we only solve a single finite linear
program to estimate the dual variables, provide theoretical guarantees for our proposed method,
and incorporate fairness constraints. Concurrent to our work, Freund et al. (2023) tackle group
fairness constraints in dynamic refugee settlement and propose dual-price assignment decisions,
relying on dual variables associated with capacity and fairness constraints. They demonstrate
that the regret of their proposed approach vanishes as the number of refugee cases grows. While
they assume that estimates of treatment outcomes (i.e., employment probabilities) are directly

available to decision-makers, our asymptotic optimality result explicitly incorporates the estimation
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process from data, establishing asymptotic optimality as the number of training samples increases.
Furthermore, while their fairness notion generalizes our notion of statistical parity in outcomes in
Section 4.2, our notion of statistical parity in allocation in Section 4.1 addresses a distinct but
complementary fairness notion. Another important difference is that we search for a policy that
is a function of an individual’s covariates—therefore treating individuals with the same covariates
equally—whereas they propose a matching that allows refugees with the same covariates to be
treated differently.

In another related work, Bhattacharya and Dupas (2012) focus on maximizing welfare under a
budget constraint for social programs with a binary treatment by learning asymptotically consistent
treatment effects and propose an allocation policy based on data from a randomized experiment.
In comparison to their binary treatment setting, we allow for multiple scarce treatment types, are
able to impose a variety of fairness constraints, and formulate an online implementation in which
an individual is matched to an appropriate resource as they arrive in the system.

Our work is also broadly related to fairness in decision-making within high-stakes domains.
Many such problems incorporate fairness constraints that limit some notion of disparity between
protected groups (Bertsimas et al. 2013, Corbett-Davies et al. 2017, Azizi et al. 2018, Nguyen et al.
2021, Rahmattalabi et al. 2022). Recent work has shown that different notions of fairness studied
in high-stakes domains may be impossible to satisfy simultaneously (Mashiat et al. 2022, Jo et al.
2023). Other fairness concepts, e.g., based on social welfare, ordinal efficiency and envy-freeness,
have been explored in algorithmic division (Rahmattalabi et al. 2021, Nguyen et al. 2021, Freeman
et al. 2020, Manshadi et al. 2021) and mechanism design (Athanassoglou and Sethuraman 2011).
Our work follows in the vein of imposing fairness constraints such as parity in resource allocation
rates between different racial groups, as this is how policymakers within LA homeless services
evaluate fairness (LAHSA 2018b).

Policy Learning from Observational Data. Another strand of literature focuses on policy
evaluation and learning from observational data by estimating counterfactuals or correcting for
selection bias in historical treatment assignments. Various works focus on constructing unbiased
estimators for policy evaluation from observational data under an unconfoundedness assumption,
which can then be used for policy learning. These include the direct method of using plug-in
estimates of counterfactual treatment outcomes (Qian and Murphy 2011), propensity score based
reweighting strategies (Swaminathan and Joachims 2015), and doubly robust combinations of out-
come estimates and propensity-based reweighting (Dudik et al. 2011). Kitagawa and Tetenov (2018)
and Athey and Wager (2021) study regret bounds for policy learning under propensity-weighted
or doubly robust objective functions relative to some well-specified policy class with structure

while Zhou et al. (2023) extend the analysis to the multiple treatment case. Other works emphasize
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interpretable policy classes such as prescriptive trees (Kallus 2017, Bertsimas et al. 2019, Jo et al.
2021, Zhou et al. 2023). While these works derive important analytical results for policy classes
with suitable structure, they either use a specified class like trees in practice, or suggest a general
policy learning algorithm without explicitly considering how to optimize over the abstract policy
class that may have budget, fairness, or functional form constraints. In contrast, we consider the
general policy class of measurable functions and derive an explicit assignment policy parameterized
by sample-based dual multipliers that is asymptotically optimal and can flexibly handle capac-
ity and fairness constraints. In other words, by considering a specific policy design problem and
connecting it to the dual-price controls framework, we are able to characterize an asymptotically
optimal, interpretable, and computationally cheap policy across all (unrestricted) policy classes.
Network Revenue Management. Another related stream of literature is network revenue
management (NRM), which focuses on the sale of products comprised of scarce resources to cus-
tomers who request a specific product with an offer price (Talluri and Van Ryzin 2004). In domains
such as airlines and hotels, the system must decide to accept or reject an arriving customer’s offer
and the decision depends on the stochastic demand and revenue for products relative to resource
capacities. In particular, our approach is inspired by work on bid-price controls, a class of policies
where an offer is accepted only if the revenue generated is greater than the sum of optimal dual vari-
ables (bid-prices) associated with the resource capacity constraints (Talluri and Van Ryzin 1998).
Early work by Talluri and Van Ryzin (1998) showed that such a control policy is asymptotically
optimal as the number of requests and resources grow as long as the relative relationship of sup-
ply and demand stays constant. Since NRM problems are often formulated as dynamic programs,
recent works have focused on settings where large state spaces cannot be solved tractably and com-
puting optimal bid-prices is challenging. Tractable solutions are generally heuristics, approximate
dynamic programming, or Lagrangian relaxation methods (Adelman 2007, Kunnumkal and Talluri
2016, Zhang and Weatherford 2017, Li et al. 2023). While our approach is inspired by bid-price
controls within NRM, our setting differs in that the system must choose amongst a set of resources
to match an arrival to rather than an accept or reject decision for a specific requested resource.
Online Matching and Resource-Constrained Dynamic Problems. Our work also relates
to the class of online matching problems (Karp et al. 1990, Mehta et al. 2007, Aggarwal et al. 2011,
Mehta et al. 2013, Devanur et al. 2013, Vera and Banerjee 2021), where one must decide which
resource, among a set of capacitated resources, to immediately and irrevocably assign to each arriv-
ing individual, which results in a reward but also uses a resource. The goal is to match individuals
and resources in an online fashion to maximize rewards while respecting resource capacities. Simi-
lar to our approach, online matching algorithms make matching decisions by trading off between

the potential match reward and the opportunity cost of using up a scarce resource as in the case
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of the AdWord problem (Mehta et al. 2007). The derivation of the tradeoff function often results
from analyzing the offline or full knowledge primal-dual linear programs where the dual variables
are used to parameterize the opportunity cost of using a resource. While in many online matching
settings it is possible, and even desirable, for individuals with the same features to be matched
to different resources, this behavior is undesirable in our setting, which is why we adopt a policy
design framework rather than a matching one. When two individuals with the same features are
assigned different resources, this allocation does not seem fair nor interpretable to policymakers
and individuals seeking assistance. Therefore, it is important in our motivating application that
two individuals with the same features receive the same type of resource.

Additionally, methodologically, our work is related to more general resource-constrained dynamic
problems (Balseiro et al. 2024), which capture some of the online matching settings and network
revenue management problems as special cases. Specifically, our work is closely related to the
fluid certainty-equivalent control results (Balseiro et al. 2024), which leverage dual-based opti-
mality conditions. However, our framework is based on offline policy learning translated into an
online/dynamic implementation, and we work with historical observational data generated under
an unknown historical policy, whereas they assume that the underlying distribution of contexts

and their relation to rewards are known.

1.3. Organization and Notation

The remainder of this paper is structured as follows. Section 2 introduces the policy design prob-
lem and outlines the technical assumptions required for our optimality results. Section 3 studies
the proposed sample-based dual-price queuing policy, along with its optimality guarantee. Sec-
tion 4 studies the fairness-constrained extensions of the dual-price queuing policy. Finally, Section 5
presents numerical results based on synthetic and real data. All proofs are relegated to the online
appendix.

Notation. All random variables in this paper are defined as measurable functions on an abstract
probability space (2, F,P) and are capitalized (e.g., X) while their realizations are denoted by
the same symbols in lowercase letters (e.g., x) unless stated otherwise. Throughout the paper,
(in)equalities containing random variables should be interpreted to hold P almost surely. We
let Lo(X,C) denote the set of all bounded Borel-measurable functions from a Borel set X' to a
Borel set C. For any set A, we use |A| to denote the cardinality of the set. We use 1[-] to denote

the indicator function of a logical expression E, where 1[E] =1 if E is true and 1[E] =0 otherwise.

2. Problem Statement, Problem Formulation, and Assumptions
2.1. Problem Statement and Problem Formulation

We now formalize our problem statement. To model long-run policy performance, we consider an

infinite time horizon wherein individuals indexed in the set K arrive over time. Each individual
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k € K is characterized by their covariates X, € X CR? and their potential outcomes {Y}'}ic7, where
T ={0,1,...,m} collects the treatment options, with treatment 0 representing no-treatment (or the
control), and Y} € R corresponds to the individual’s outcome under treatment ¢, see e.g., Hernan
and Robins (2023) for an overview of the potential outcomes framework in causal inference. For
example, in the context of the housing allocation problem that motivates us, the vector of covariates
X may collect the VI-SPDAT and HMIS information of homeless client k; the set of treatments
T may collect the various housing options such as PSH, RRH, or no resource; and the potential
outcome Y} represents, for instance, whether client k would exit homelessness or not if assigned
resource t. In particular, we regard both X}, and the Y's, observed at individual k’s time of arrival,
as fixed quantities over time. This modeling choice is realisitic in our motivating application if
the time from when individuals arrive to the system and when they receive a resource is not too
long. Crucially, we emphasize that an individual’s covariates and potential outcomes can change
over a long period of time, which motivates our online implementation proposed in Section 3. We
numerically observe that our policy has low wait times with minimal impact on individual outcomes
in Sections 5.2.4 and EC.5. Without much loss of generality we assume that {(Xy, {Y!}ie7) brex
are independent and identically distributed (i.i.d.) across individuals and therefore may drop the
index k from now on.

We do not know the joint distribution of (X,{Y"},c7). However, we have access to a historical
dataset of i.i.d. observations which (with a slight abuse of notation) we denote by {(X;,T;,Y;) }ien
and index in the set N. Here X; is the covariate vector of the ¢th observation, T} is the historical
treatment assigned to it, and Y; = YiTi is the observed outcome, i.e., the outcome under the treat-
ment received. Critically, we do not know and cannot control the historical treatment assignment
policy and the outcomes Y for t # T; remain unobserved.

We aim to use this historical observational dataset to design a policy m € L, (X,[0,1]™) for
assigning treatments to different individuals conditional on their covariates. Specifically, 7*(z)
denotes the probability of assigning treatment ¢ to an individual with covariates z, so
that ), 7'(x) =1 for all z € X. We focus on policies that are functions of the covariates only
(being e.g., independent of the state of the system) for explainability and fairness purposes. Indeed,
aligned with the notion of individual fairness (Dwork et al. 2012), such policies ensure that all
individuals that are similarly situated are treated similarly and make it easier to justify why a
particular allocation decision was made.

The objective of the policy design problem is to maximize the asymptotic expected average
outcome of assigning treatments to arriving individuals. We can formulate the expected average
outcome under a policy 7 as

1 t t
W Z Z T (Xk)Y),

keK teT

= lim E

IK]|—00

lim E

|K|—00

=F [Z wt(X)mt(X)] ,

teT

|,2| ZZH(XQE[Y,HX,J

keK teT
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where E denotes the expectation operator with respect to the (unknown) joint distribution P of
(X, T, {Y"}ie7) and m' € L(X,R) is the conditional average treatment outcome under treat-
ment t € T for covariate vector z € X, i.e., m'(x) = E[Y?|X = z]. The last equality follows from the
definition of m! and the assumption that individuals arrive i.i.d.

In the scare resource settings that motivate us, each treatment type ¢ € 7 \ {0} has limited
availability, i.e., the arrival rate of treatments of type ¢ € T \ {0} is less than the arrival rate of
individuals. Specifically, for treatment ¢ € T, we let b* € [0,1] denote the asymptotic capacity of
treatment ¢ per individual. For example, if b* = 0.3, then we can allocate treatment ¢ to at most 30%
of all individuals. Since treatment 0 is the no-treatment case, we set b° = 1. We then require policy 7

to satisfy the capacity constraints

lim Zﬂ' (Xp) <" VteT.

K| 00 ]IC] =
As individuals arrive i.i.d. and 7 is bounded, by the strong law of large numbers we have

Zw X)) =E[r'(X)] VteT.

|lC\—>oo |IC| =

The policy design problem is thus given by

z*=max [E
well

> (X)m <X>] »)

teT
st. EY(X)]<b" VteT,

where

H:{weL( [0,1]™) : > wt(z) =1 VxeX}.

teT
Without loss of generality, we take m! to be non-negative for all ¢t € 7. In fact, if m’ did take on

negative values, one could shift the values of all m! by adding a sufficiently large constant to all
of them. This does not change the optimal solution to (P) and simply shifts the optimal objective
value by a constant.

Note that we cannot solve problem (P) because the functions m' and the distribution P are
unknown, and we do not have access to samples from this distribution due to the observational
nature of the data. Moreover, policy 7 in Problem (P) is an offline policy in the sense that it only
depends on the personal characteristic of individuals when they arrive in the system. However,
it must be implemented online, since in our setting, both individuals and resources arrive over
time. In Section 3, we will propose a method for learning an asymptotically optimal policy for
Problem (P) from the observational data. We will also introduce an online implementation of this
policy that maintains the same performance. In the remainder of this section, we introduce the

assumptions underlying our approach, highlighting why they are reasonable in our setting.
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2.2. Assumptions

2.2.1. Observational Data and Identifiability Assumptions A fundamental challenge of
policy learning from observational data is that, for any sample i, we observe the outcome Y; = Y;T"
associated with the treatment 7T; assigned by the historical policy but we do not observe the
outcome that would have been obtained if any other treatment ¢ # T; had been assigned. Therefore,
even evaluating the performance of a counterfactual policy m necessitates appropriate identifiability
conditions to make causal quantities such as E[Y"] and m' possible to estimate from the available
data. We make the following assumptions that are standard within the causal inference literature

(Hernan and Robins 2023).

ASSUMPTION 1. The following conditions hold.
(i) Conditional Exchangeability: Y'* LLT|X VteT
(i) Positivity: P(T=t| X =2)>0 VteT andVreX
(iii) Consistency: YT =Y

Assumption 1 (i) says that the outcome Y of assigning treatment ¢t € 7 and the allocated treat-
ment 7" are conditionally independent given the covariates X = z. Equivalently, the joint distribu-
tion of potential outcomes is the same for all individuals in each treatment group ¢t € T given they
have the same value of x. This assumption is satisfied if we measure and condition on all covariates
that are common causes of treatment assignment and outcomes. This implies that we can consider
all individuals with the same z in each treatment group as exchangeable and we can calculate m'(z)
as E[Y | T =t,X = z|. In context of our motivating example, this means the VI-SPDAT assessment
responses and HMIS database contain all the relevant information for individuals experiencing
homelessness that case managers use to make their final decisions on housing assignments. In our
case, this assumption is likely reasonable since the VI-SPDAT is used as a prioritization tool by
case managers and contains a comprehensive overview of an individual’s vulnerability factors.
Assumption 1 (ii) requires that the conditional probability of treatment assignment given fea-
tures X = x is positive for each treatment. Intuitively, this means that each individual receives
any particular treatment with positive probability under the historical policy. Assumption 1 (iii)
states that the observed outcome under an observed treatment 7' is actually the potential outcome.
Practically, this means that our treatments are well specified or else if there were multiple versions

of a particular treatment ¢, then Y is not well defined.

2.2.2. Conditional Average Treatment Outcomes Assumptions Our asymptotic opti-
mality results rely on the following technical assumption on conditional average treatment out-
comes, which ensures that a dual-price queuing policy—constructed under full distributional knowl-

edge and not from data—is optimal in (P).
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ASSUMPTION 2. For any t €T, the following conditions hold.
(i) The random variable m'(X) is continuously distributed and has a bounded support, i.e., there
exists a C € Ry such that |m'(z)| < C for all z€ X.
(ii) For any t' € T and t' #t, m"(X) —m" (X), the difference in conditional treatment effects

between t and t', is continuously distributed.

Assumption 2 requires that the conditional average treatment outcomes m'(X) for all treat-
ments ¢ € T, and the treatment effect differences m!(X)—m" (X) between any two treatments ¢, ¢’
are bounded and continuously distributed. Note that boundedness of m!(X) for all t € T implies
boundedness of m!(X) — mt (X) for any ¢, t’. Intuitively, this assumption holds if treatment out-
comes and effects take on continuous values.

The following example illustrates a simple case where the conditional average treatment outcomes
are linear functions of a continuous random variable and satisfy Assumption 2.

EXAMPLE 1 (ASSUMPTIONS 2 (I) AND (II) HOLD). Suppose that there exists a single covari-
ate X that is continuously distributed on the support [0,1]. There are two potential treatments
indexed by 0 and 1, and their respective conditional average treatment outcome functions are given
by m°(z) =z and m'(z) = 2z. In this case, the random variables m°(X), m!(X), m'(X) —m°(X)
and m°(X) —m!(X) are all bounded and continuously distributed.

We also show in the following two examples wherein conditions (i) and (ii) in Assumption 2 are
both needed, thereby demonstrating that one does not imply the other. These also give intuition
as to when Assumption 2 does not hold.

EXAMPLE 2 (ASSUMPTION 2 (I) DOES NOT IMPLY ASSUMPTION 2 (I1)). Suppose again that
there exists a single covariate X that is continuously distributed on the support [0, 1]. There are two
potential treatments indexed by 0 and 1, and their respective conditional average treatment out-
come functions are given by m®(z) =z and m'(z) = x+ 1. The random variables m°(X) and m*(X)
are therefore bounded and continuously distributed, which implies that Assumption 2 (i) holds. On
the other hand, m!(z) —m°(z) =1, and therefore m'(X) —m°(X) is not continuously distributed.
Thus, Assumption 2 (ii) does not hold.

EXAMPLE 3 (ASSUMPTION 2 (I1I) DOES NOT IMPLY ASSUMPTION 2 (I)). Suppose again that
there exists a single covariate X that is continuously distributed on the support [0, 1]. There are
two potential treatments indexed by 0 and 1, and their respective conditional average treatment
outcome functions are given by m°(z) = 1 and m'(x) = z. Then, we have that m!(x) —m°(z) =2 —1
and m°(z) —m'(z) =1 -z, and so both m'(X) — m°(X) and m°(X) — m'(X) are bounded and
continuously distributed. However, m°(X) is constant valued in this case and not continuously

distributed. Therefore, Assumption 2 (ii) does not imply Assumption 2 (i).
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2.2.3. Sample-Based Estimates Assumptions In Section 3, we propose a sample-based
dual-price queuing policy. In order to learn this policy from data, we first need to estimate the
conditional treatment outcomes. Let m!(-[{(X;,T},Y;) }ien’) € Loo(X,R) denote an estimator of the
conditional mean treatment response m! from the data. For ease of notation, we suppress the
dependency of ' on the historical samples and simply write 7}, to stress that we use a sample
of size n. The following assumption formally states properties we need our estimators to have and

how “good” they need to be asymptotically.

ASSUMPTION 3. For any t €T, the following condition holds.
(i) The estimate !, is measurable and has bounded support, i.e., there exists a C e Ry such
that |m' (z)| < C for all z € X and neN.
(it) The estimate 1!, converges uniformly and almost surely to m', i.e., lim,,_ o sup, . |l () —

m!(z)|=0.

Assumption 3 (i) is a technical assumption needed for our theoretical results and is standard within
other policy learning works as well. Assumption 3 (ii), the uniform convergence of ! to m! for
each treatment, is necessary for the asymptotic optimality of the sample-based dual-price policy;
see Theorem 1. This is because we do not make any functional assumptions about the conditional
expected outcomes m?, t € T. In fact, if one has knowledge of the form of m?, for example that it is
a linear function with parameters €, then Assumption 3 can be weakened to uniform convergence
of the estimator parameters . In our general setting, the asymptotic convergence guarantees we
require in Assumption 3 (ii) are satisfied by non-parametric estimators like nearest-neighbors,
kernel regression, and sieve estimators (Mack and Silverman 1982, Cheng 1984, Liero 1989, Hansen
2004, Chen and Christensen 2015, Xie 2023) if standard assumptions on observational data also
hold. Specifically, under Assumption 1, the conditional average treatment outcomes m!' for t € T,
which are causal quantities, can be expressed and estimated as statistical quantities that are solely
a function of the observed data (Hernan and Robins 2023). When Assumption 1 holds and we can
estimate a causal quantity as a statistical quantity from observed data, then the aforementioned
non-parametric estimators will satisfy the uniform convergence property of Assumption 3 (ii) (Liero

1989).

3. Dual-Price Queuing Policy: Solution Approach and Online
Implementation

In this section, we characterize an online policy, which we call the sample-based dual-price queu-
ing policy, and show that it asymptotically attains the optimal value z* of problem (P) as the
number of data samples tends to infinity. To that end, we need the conditional average treatment

outcome functions m' for each ¢t € 7, which we estimate from our observational dataset. There
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exist a variety of methods within the causal inference literature for learning conditional average
treatment effects and outcomes such as metalearning, double machine learning, and doubly robust
learning (Chernozhukov et al. 2018, Kiinzel et al. 2019, Foster and Syrgkanis 2023, Kennedy 2023).
Since these methods allow for arbitrary estimators to be used for modeling outcomes and treat-
ment assignments, which are components used to adjust for observational selection bias in the
estimation procedure, we can use nonparametric estimators that satisfy the theoretical asymptotic
assumptions we make in Assumption 3.

To showcase the approach that yields the characterization of our policy, consider the following
sample approximation of problem (P), where we replace the expectations with sample averages

and m'’s with their estimators m!’s.

1 n
ZF =max — E g 7t (x;)ml (;)
refon i=1 teT >
Lo (P)
g = wh(a) b
s "2 ' (z;) < eT

The Lagrangian dual of this problem is given by

1 n 1 n
)= min max — Z Z 7 (z;)mk (z;) + Z I Zwt(aﬁi)
peryHl eIl A teT ni3 (1)
: 1 - t ~t t tpt
= min max — i (x;) (1, () — p°) + wo',
im0 33w ) () =)+ 3
where p collects the dual variables of the capacity constraints. By weak duality, we have 0 > 2*.

For any p € ]R’]:H, the inner maximization problem is solved by the policy

!

() = {1 if ¢t=minargmax;cr (m; () —p

tl
) VteT,VxeX. (2)
0 otherwise

We suppress the dependence of policy m on p notationally in order to avoid clutter. We use a
lexicographic tie-breaker in characterizing (2). We emphasize that our results do not rely on this

particular tie-breaking rule. By substituting policy (2) into the dual problem (1), we obtain

n

1 .
r= min — Y max(m! (z;)—pu')+ Z b’ (D)

m+1l n teT
HERY i=1 teT

Problem (75) is a convex optimization problem and can be reformulated as a finite linear program
that can easily be solved by off-the-shelf solvers. Denote by [ an optimal solution to problem (25),

A~

which exists under Assumption 3 (i) because we can restrict the feasible set of (D) to a compact
set without loss of generality; see Lemma EC.4. We define a candidate policy 7 through

VteT,VzeX. (3)

o~ ) 1 if t=minargmax,cr (mf: (z) — ﬂ;vt')
7o) =
" 0 otherwise
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Note that policy 77 is obtained by choosing p as ¥ in (2).

Next, we introduce an online implementation of policy 7} that takes into account the fact that
individuals arrive sequentially and that treatments become available over time. By construction,
this policy always satisfies the capacity constraints, even out-of-sample and in finite horizon.

DEFINITION 1 (SAMPLE-BASED DUAL-PRICE QUEUING POLICY). Establish m queues each asso-
ciated with a treatment ¢ € 7\ {0}. At any time, individuals in queue ¢ are waitlisted for treatment t.
There are two events triggering an action: (1) arrival of an individual, (2) arrival of a treatment.

(1) When an individual with covariate vector z arrives, compute the treatment ¢ =
min arg maxycr (7l (z) — fix"'), where ¢ attains the maximum difference between the esti-
mated conditional mean treatment outcome and the associated sample optimal dual variable.
If ¢ #£0, assign them to queue ¢, otherwise assign them to no-treatment. If they are the only
individual waiting in queue t, check whether there is an available treatment of type t. If there
is, assign treatment ¢ to the individual.

(2) When a treatment of type ¢ becomes available, assign this treatment to the first individual
in the queue t. If there is no one in the queue t, keep the treatment until an individual is
assigned to this queue.

In finite horizon, the sample-based dual-price queuing policy assigns ¢ =0 to individuals still
waiting in queues at the end of the time horizon. Since in practice our experiments can only occur
in the finite horizon setting, we will use a ‘long’ test horizon in the synthetic data experiments as a
proxy for the asymptotic environment. We also note that in general, even if the historical samples
are fixed, fi*, the optimal solution to problem (f)), need not be unique since the objective function
of (15) may not be strictly convex and therefore the sample-based dual-price queuing policy may
not be uniquely specified.

In the following, we denote by 2P the expected average outcome of the sample-based dual-price
queuing policy, where the expectation is taken with respect to the distribution of covariates and
outcomes of the individuals arriving during implementation and not with respect to the distribution
of the historical samples. Note that 2P is a random value because it relies on the historical samples,
which are random. The next theorem shows that the sample-based dual-price queuing policy attains

the optimal value z* of problem (P) as the number of data samples tends to infinity.

THEOREM 1. Under Assumptions 2 and 3, the expected average outcome 2P of the sample-based
dual-price quewing policy is almost surely asymptotically at least as high as the optimal value z* of

problem (P) as n — oo, that is,

. D
limsup z* — 2, <0.

n—oo
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To prove Theorem 1, we first construct a dual-price queuing policy assuming that the joint dis-
tribution of the covariates X and the potential outcomes Y, t € T, is known. We show that this
dual-price queuing policy is optimal in problem (P); see EC.1 in the online appendix for further
details about this construction and the corresponding result. This first part of the proof relies on
establishing some structural properties of problem (P) and applying standard techniques based
on optimality conditions from network revenue management (Talluri and Van Ryzin 1998), and
more generally, from capacity-constrained dynamic programming (Balseiro et al. 2024). The idea
for the rest of the proof is that if the allocations of a sample-based dual-price queuing policy
asymptotically match those of a dual-price queuing policy almost surely, then the sample-based
dual-price queuing policy will asymptotically generate expected average outcomes at least as good
as those of a dual-price queuing policy almost surely. Since the dual-price queuing policy is optimal
in problem (P), then asymptotically 2P is least as high as z* almost surely. We show in the online
appendix that the optimal solutions to problem (25), ir, will be arbitrarily close to an optimal
solution p* of the dual problem of (P) as the number of samples increases, n — oo. This will imply
that the allocations of a sample-based dual-price queuing policy and dual-price queuing policy

match almost surely.

4. Fairness Extensions

In high-stakes settings, the allocation of scarce resources needed to satisfy basic needs raises issues
of fairness with respect to some protected group(s). This is especially the case when minority
groups historically discriminated against due to race, gender, or other protected characteristics
disproportionately make up the population supported by the allocation system. In our motivating
example, fairness and equity, or the lack thereof, are key concerns for policymakers and community
members (see Section 1).

In this section, we showcase fairness-constrained extensions of the sample-based dual-price queu-
ing policy introduced in Section 3 based on two fairness notions of statistical parity in allocation
and statistical parity in outcomes. In the following subsections, we introduce the aforementioned
fairness notions and present the resulting fair policies. Details of the derivations of the respective
policies are relegated to EC.3. The proposed extensions and their derivations can be similarly
derived for other fairness notions that can be defined as linear constraints such as conditional statis-
tical parity, which, for example, could require that the percentage of housing resources allocated to
individuals with low VI-SPDAT scores should not exceed a predefined threshold. Alternatively, one
could incorporate a fairness constraint that enforces lower bounds on the percentage of resources
allocated to specific protected groups, which, for example, could require that the percentage of
housing allocated to minority groups should be at least as high as the percentage allocated histori-

cally. For a comprehensive overview of possible fairness notions and constraints for scarce resource
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allocation systems and impossibility results between these various fairness notions, see Jo et al.
(2023).

Recall from Section 2 that X can include protected features G € G that represent sensitive
attributes (e.g., race, gender, sex), i.e., X = (X~¢ @), where X ¢ collects all features of X exclud-
ing G. Therefore we note that the protected feature G is also an input into our policy 7 in the

following subsections.

4.1. Statistical Parity in Allocation

Statistical parity in allocation, which requires that the treatment allocation probabilities are similar
across protected groups, is an intuitive and commonly used notion by stakeholders for evaluating
the fairness of high-stakes allocation systems (Jo et al. 2023). Formally, a policy 7 satisfies statistical

parity in allocation if
E[r'(X)|G=g]|-E[r"(X)|G=¢1<6 Vg.g'€G,g#g VteT, (4)

which requires that the allocation probabilities of any treatment ¢t € T are approximately equal
(up to a specified tolerance level §) across different sensitive groups. Problem (P) can be extended
to include the additional constraint (4). Similarly, the sample approximation (P) of (P) can be

extended to include a sample approximation of the constraint (4), i.e.,

n

1
— > 1gi=g|'(z;) —
Mg i=1

1 n
D gi=gr'(z:) <6 V9,9 €G, g#4g, VIeT, (5)
i=1

Ng ©

where the expectations are replaced with sample averages, and n, denotes the number of individuals
with protected feature ¢ in the data.

As in Section 3, let p € R collect the dual variables of the capacity constraints in (75) We
now denote by A'(g,¢’) € R, the dual variable of the fairness constraint (5) for the pair (g,¢’) and

for treatment t. Following similar steps to those in Section 3, we characterize a policy

N 1 if t=minargmaxy (mt’ ) — 5t — At )
ffaifoc,n(fc)={ nargmaxyer (i, (@) =5 =50 9) o Lo,

0 otherwise

where for each g€ G and t € T, 4%%(g) = Eg,eg’gig,(jxf;t(g, g)—A\5t(g',g)) is an aggregation of dual

*
n

variables across all ¢’ # g, and %' and S\Iﬁ(g,g’ ) are optimal solutions to the Lagrangian dual

problem of (P) with additional fairness constraints (5). Intuitively, if 4" is roughly interpreted as
an opportunity cost/threshold for assigning treatment ¢, then our new policy uses 4**(g) to adjust
that threshold for each group to achieve allocation parity. We can see that the adjustment 4**(g) is
unrestricted in sign so that it can appropriately increase (to allocate less) or decrease (to allocate

more) the ‘opportunity cost’ of each treatment for each group. Finally, our adjustment is also
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inversely weighted by the population proportion of each group g to appropriately account for the

protected group distribution within the population.

*
alloc,n?

Using the definition of 7 we can construct a fairness-constrained sample-based dual-
price queuing policy similarly to the Section 3. The fairness-constrained sample-based dual-
price queuing policy assigns an individual with covariates z to the queue for treatment ¢ =
minarg maxver (1 (@) - 5 = 245 (g) ).

In certain allocation settings, policymakers may want to prioritize minority groups historically
disadvantaged by racial, gender, or other forms of discrimination for allocation as a solution to
mitigate inequities. While statistical parity in allocation ensures equal opportunities across pro-
tected groups, it may be insufficient for repairing existing disparities. Whether this prioritization
is appropriate again depends on the fairness goals policymakers want to achieve. In this case, we
can define a set G™" of minority groups and a set G™* of majority groups such that g™ and Gm#
are disjoint and gm® U G™a = G. The goal of prioritizing allocation to minority groups could be

formulated through the constraint
E[n"(X)|G=g|<E[r"(X)|G=¢] Vgeg™, g eg™ vteT\{0}, (6)

where the average treatment assignment probability for any minority group g’ € G™" is at least
as high as the average treatment assignment probability for any majority group g € G™%. We see
that constraint (6) is a variant of (4), where we have excluded the no-treatment option of ¢ =0,

set =0, and we enforce the constraint only for the pairs (g,g’) such that g € G™* and ¢’ € G™in.

We can again write a sample approximation of constraint (6), include it in (P), and associate dual

variables \'(g,¢’') € R,, for g€ g™, ¢’ € ™" t € T\ {0}, with these constraints. Following similar

*
alloc,n

steps as before, we can characterize a minority prioritizing allocation policy & as follows. For

any x € X such that g € g™, we have

()= 1 if t=minargmaxycy (m; (x) —axt + % Zglegmaj At (9'79)) VieT
L 0 otherwise ’
and for any z € X such that g € G™*, we have
P (2) = 1 if t=minargmaxycr (ﬁzfl () — it — o D gregmin An' (95 g')) Ve T
peen 0 otherwise

For t =0, we define X;’O(g, g') =0 for any pair of g and ¢'. In this case we see that the adjustments
for all minority groups g € g™ | given by > o/ cgmai A2 (g',g), are non-negative, and serve only to
decrease the ‘threshold’ of treatment t for group g, therefore leading to more assignments. On the
other-hand, since Zg/ cgmin N (g,¢’) is also non-negative but has opposite sign, it serves to increase
the ‘threshold’ of treatment ¢ for all g € G™®, thereby leading to fewer assignments. Similarly to
before, we can define a corresponding minority allocation prioritization sample-based dual-price

queuing policy.
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4.2. Statistical Parity in Outcomes

While statistical parity in allocation ensures similar chances of receiving each treatment across
different protected groups, it may not be adequate for achieving fair outcomes for the individuals. If
minority groups are more vulnerable to homelessness due to discrimination, then statistical parity
in allocation may not address existing outcome inequities. This is precisely the case and a major
concern in our motivating example, where PSH is allocated at nearly equal rates to all racial groups,
but Black individuals experience higher rates of returns to homelessness compared to other racial
and ethnic groups (LAHSA 2018b). For this reason, we will consider an alternative fairness notion

called statistical parity in outcomes, which requires that a policy 7 satisfies constraints of the form

Zﬂ' X)|G=g

teT

E|Y r(X)m'(X)|G=g'| <6 Vg9 €G, g#g. (7)

teT

Constraint (7) ensures that the expected outcomes under the allocation policy 7 are approximately
equal across different protected groups. The sample approximation of constraint (7) takes the
following form.

ni DD g = glwt (i)l (z:) —

/
9 i=1 teT 9 =1 teT

Ha)ml(z,) <6 Vg.9' €G, g#4g  (8)

Problem (75) can be extended to include this constraint. As before, we associate dual variables
with constraints of this extended problem and denote by A(g,¢’) € R, the dual variable of the
statistical parity in outcome constraint (8) for the group pair g and ¢’. We denote by [} and 5\;
the optimal solutions to the Langragian dual problem of (75) with additional statistical parity in
outcomes constraints (8). Then, we characterize a modified policy

. . , ~ ¢! _on Ak ot
oy (:E):{l if t=minargmaxycr <mn($) <1 ng')’n(g)> Mo ) VteT,VzeX, (9)

out,n .
0 otherwise

where 45,(9) = 3" icg org (5\7*1 (9,9") — \i(d, g)) Compared to statistical parity in allocation, we see
now that the adjustment is directly applied to the contribution value of the estimated conditional
mean treatment outcome function 7! . The adjustment 4*(g), which is unrestricted in sign and
inversely weighted by the population proportion of group g, will scale up or down 7! (z) for a
given treatment t in order for assignments to achieve parity in outcomes. If on average group g¢’s
outcomes are not as high as other groups’ outcomes, we can upweight group ¢’s conditional mean
treatment outcomes so that group ¢ individuals are more likely to ‘pass’ the ‘threshold’ value j**
This leads to individuals in group g being more likely to receive treatments under the statistical
parity in outcomes policy, and therefore higher group-wise outcomes. As in the case of statistical
parity in allocation in Section 4.1, we can similarly define a minority prioritization version of (9)

and the respective fairness-constrained sample-based dual-price queuing policies.
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5. Empirical Results

In this section, we evaluate the empirical performance of our methodology in two sets of experi-
ments: (1) a synthetic example, where the data generation models for covariates, treatment assign-
ments, and potential outcomes are known; (2) an example based on real HMIS and VI-SPDAT
data from our central motivating application of allocating scarce housing resources to people expe-
riencing homelessness. In both cases, we split the available data into training and testing/test sets,
where the training data is used to learn the dual prices and counterfactual outcomes and the testing

data is used to evaluate policy performance.

5.1. Synthetic Data Experiments

We use a simple synthetic example to evaluate the performance of our approach in a setting where
counterfactuals are known and to study the effects of bias from insufficient training data, large
noise terms, and model misspecification on the out-of-sample performance of our methodology. For
the synthetic experiments, our primary performance metric is the ratio of the test set outcomes
of the sample-based dual-price queuing policy to the outcomes of the perfect foresight test set
policy (that knows both the people and resources arriving and the counterfactual outcomes). Thus,
a ratio of 1 corresponds to the best possible performance. We also study the convergence of the
performance of our policy to that of the perfect foresight test set policy as the training sample size

is increased.

5.1.1. Data Generation. For the synthetic data experiments, we adapt the data generation
process of Jo et al. (2021) by increasing the number of treatments from two to three to test our
methodology in the multiple treatments case. In this setting, there are three possible treatments,
ie., T ={0,1,2}, and each individual is characterized by two covariates, each following a standard
normal distribution, i.e., X = [X*! X?] and X', X? ~ N(0,1). The potential outcomes Y* ¢t €T,

are expressible as
t 1 1 2 1 1 1 2
Y :§X +X +(2-]l[t:1]—1)ZX +(2-Il[t:2]—1)ZX + €,

where ¢, ~ N(0,0), t € T, are i.i.d. noise terms. In our experiments, we will vary o in the
set {0.1,0.5,0.8,1.15,1.5} to study the impact on our method of increasing noise. Indeed, increasing
the standard deviation of the noise impacting Y, ¢t € T, is expected to affect the quality of the
estimates of m' and u' used by our sample-based dual-price queuing policy. From the above, in

our notation of conditional mean treatment outcomes, we see that

1 3 3 3 1 )
Y(X)=-X'+2Xx? I X)y=X'+ X2 A X)=-X'+=X2.
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The historical/training set treatment assignments 7' come from a discrete distribution that, in
line with our assumptions, depends on the covariates X only, i.e., p(X) = [p*(X),p*(X),p*(X)],
where p’(x) is the assignment probability of treatment ¢ given X = x. In particular, we let treat-
ment assignment probabilities depend only on the treatment that is the best in expectation. This
partitions the covariate space into three disjoint regions, each with associated values for p(x):
(1) when treatment 0 is the best (or at least as good) in expectation amongst the treatments
(i.e., 0 = minargmax,;erm'(z)), we set p(x) =[0.8,0.1,0.1]; (2) when treatment 1 is the best
(or at least as good) in expectation amongst the treatments (i.e., 1 = minargmax;c+m'(z)), we
set p(z) =[0.6,0.3,0.1]; and (3) when treatment 2 is the best (or at least as good) in expectation
amongst the treatments (i.e., 2 = minarg max,c7m'(z)), we set p(z) =[0.6,0.1,0.3]. This model-
ing choice mimics realistic scenarios where we anticipate that policy-/decision-makers frequently
assign treatments “correctly.” In addition, for cases (2) and (3) where treatments 1 and 2 are the
best in expectation and there is a higher probability of receiving those treatments relative to the
probabilities in case (1), treatment 0 still has the highest probability at 60%. This modeling choice
mimics realistic scenarios where there is a default no-treatment scenario (treatment 0) and there
are limited quantities of treatments 1 and 2. Finally, we assume that the treatment capacities are
known and given by ° =1, b' = 0.1, and b* = 0.05.

To evaluate the performance of our method on this data, we run 25 simulations. Each of these
involves 360,000 test set samples (individuals) as a proxy for the asymptotic setting, and a number

of training samples that we vary from 500 to 220, 000.

5.1.2. Choice of Outcome Estimators. Since the asymptotic optimality of our policy w
depends on the uniform almost sure convergence of ' to m* (see Assumption 3 (ii)), we study the
robustness of our method to Assumption 3 (ii) by using a variety of estimators for learning the mean
treatment outcome models. If an incorrect parametric model is employed when learning m!, ¢ €
T, then such estimation errors may cause suboptimal policy learning. From the data generation
process, we know that the true m' functions are linear, see Section 5.1.1. Thus, we can use decision
trees and lasso regression (with regularization parameter o= 0.6 so that lasso is misspecified) as
our misspecified models (Assumption 3 (ii) does not hold) and k-NN as a non-parametric model
with asymptotic consistency. Finally, we investigate if causal inference methods for ameliorating
functional form bias in treatment effects estimation can improve policy learning in the presence of
estimation errors of treatment outcomes. In particular, we use inverse propensity score weighted
(IPW) and doubly robust (DR) variations of our misspecified models (decision trees and lasso
regression) to see if they can mitigate bias from estimation errors. Since IPW and DR require
estimating propensity scores, we use decision trees and logistic regression as the model classes
for propensity score estimation. For an introduction to these methods, please see Battocchi et al.

(2019).



Tang et. al.: Learning Policies for Online Allocation of Scarce Resources

Article under review 23

5.1.3. Performance and Discussion. Our main results are summarized in Figure 1, where
we plot our main performance metric under policies using various estimators of treatment outcomes.
The figure shows our policy performance metric for each estimator in dependence of training sample
size, with the left (resp. right) figure focused on the low (resp. high) variance case where o =0.1
(resp. o = 1.5). For brevity, in the rest of this section we refer to various dual-price queuing
policies using different estimators of the conditional mean treatment outcomes by just the estimator
name. For example, the linear, lasso, decision tree policies in Figure 1 are the dual-price queuing
policies based on ‘directly’ estimating the conditional mean outcomes using linear, lasso, and
decision tree models, where linear is the correct model form while decision trees and lasso are
misspecified models. The policies that start with ‘IPW’ and ‘DoublyRobust’ in their names are
based on estimators of treatment outcomes that attempt to correct the bias of the lasso based
policy by IPW or DR estimates of treatment outcomes. Finally, we have omitted from these results
the performance of a ‘random’ policy that randomly assigns treatments as they arrive to waitlisted
individuals (which performed near 0% irrespective of training sample size). Additional results for o

values of {0.5,0.8,1.15} can be found in Electronic Companion EC.4.1.
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Figure 1 Companion figure to the synthetic data results for 0 =0.1 and o = 1.5. Both subfigures show the ratio
of out-of-sample performance of the sample-based queuing policy to that of the perfect foresight policy in

dependence of training set size. Each line corresponds to a policy using a different treatment outcome estimator.

From Figure 1 (left), we see that, in the low variance setting, policy performance converges

relatively fast (with under 9,000 training samples). This is expected: since observed outcomes affect
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the estimation of counterfactuals, which in turn affect the estimation of policy parameters i*, low
noise in the observed outcomes leads to faster convergence of policy performance. As we would
expect, the linear estimator policy attains close to perfect performance since it correctly estimates
the true conditional mean treatment outcomes. On the other hand, the various modified lasso
policies appear to mitigate the estimation bias of the direct lasso estimates and improve policy
performance. However, these results also show that the choice of propensity score estimates used to
modify the direct treatment outcome estimates can impact policy performance. We see that policies
using decision tree estimated propensity scores resulted in better convergence of policy performance
(close to the linear policy performance) compared to policies using logistic regression estimated
propensity scores. The worse performance of policies using logistic regression estimated propensity
scores, compared to that of policies using decision tree estimated propensity scores, may result from
the non-linear relation between treatment assignment probabilities and covariates. We emphasize
that selecting an accurate propensity score model (even when the historical treatment assignment
policy is unknown) is usually feasible in practice with modern machine learning approaches. In this
low noise setting, non-parametric estimator based policies such as k-NN can effectively estimate
the counterfactuals well enough to achieve close to perfect performance. Thus, as expected, in the
direct estimator case, our method’s performance converges to 1 if the model employed is correct.
On the other hand, in policies using IPW or DR adjustments, the choice of propensity score model
and estimates impacts the convergence of policy performance. With a nonparametric estimator,
convergence to 1 also occurs.

From Figure 1 (right), we see that in the high variance setting, the policies based on the non-
parametric estimators of m! all have a deterioration in performance relative to the low variance
setting. In particular, the policy using k-NN estimators exhibits slower performance convergence
as the high variance noise terms causes the k-NN mean outcome estimation error to decrease at a
slower rate. On the other hand, compared to the low variance setting, the simpler parametric lasso
model maintains a similar, though suboptimal, performance. The lasso model is more ‘robust’, in
some sense, to more noise as both its mean treatment outcome estimation error and overall policy
performance do not deteriorate much from the low to high variance setting. Finally, we see similar
behavior in terms of improvement in policy performance from the IPW and DR correction meth-
ods to the lasso policy, though the degree of bias correction of IPW and DR methods depend on
the estimated propensity scores used. These simple simulation results highlight the importance of
model specification for counterfactual estimation and impact on model performance. We see that
when Assumption 3 (ii) does not hold, allocation policies based on misspecified estimators generally
do not converge to 100%. We also see that reweighting or doubly robust estimation of treatment

outcomes can mitigate potential estimation bias. Finally, in Electronic Companion EC.4.2, we
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investigate if our takeaways so far still hold in the nonlinear setting. We conduct an additional
synthetic experiment with a similar setup but where replace the conditional mean treatment out-
come functions with nonlinear quadratic functions. We find that the same qualitative takeaways

still hold to a large degree.

5.2. Real Data Experiments: Allocating PSH and RRH Housing in LA

We next showcase the performance of our methodology on real data to design policies for allocating
scarce resources to individuals experiencing homelessness in LA. We obtained our data from LAHSA
through a Data Use Agreement and our data comes from the LA County Homeless Management
Information System (HMIS) database (LAHSA 2015) and administered VI-SPDAT assessments
(LAHSA 2017). We obtained Institutional Review Board approval for our data analysis. Additional

details on the data sources and preprocessing can be found in Electronic Companion EC.4.3.

5.2.1. HMIS and VI-SPDAT Data Description. The HMIS data contains deanonymized
data of individuals experiencing homelessness and their interactions with the system, which we
refer to as enrollments. Each enrollment represents an instance in which an individual is assigned
a specific resource, where the resource types (introduced in Section 1) are PSH, RRH, and S0. Note
that S0 is a broad category that includes various services that are not considered permanent hous-
ing such as street outreach, homelessness prevention, emergency shelter, supportive services like
childcare, and more. We also further breakout PSH into two sub-types PSH Tenant-Based and PSH
Site-Based that differ, broadly speaking, in terms of supportive services available on-site and pro-
cess of actually receiving housing. Further details can be found in in Electronic Companion EC.4.3.
Since an individual can have multiple enrollments, we observe for each individual and enrollment
pair the relevant date, and assigned resource type. The administered VI-SPDAT surveys, which are
used for assessing individual vulnerability and resource prioritization, contain individual covariates,
such as disabilities and prior housing history at the time of assessment.

We include all individuals with an assessment between the time period of 1/12/2015 (roughly
when VI-SPDAT started being administered) to 12/31/2019 (to avoid idiosyncratic effects of Covid-
19 during 2020) for a total of 63,764 samples. We use all individuals assessed between 1/12/2015
to 12/31/2017 as our training set to learn treatment outcomes and construct our policy, and then
evaluate on individuals assessed between 1/1/2018 to 12/31/2019 to measure out-of-sample perfor-
mance. We have a total of 4 possible resources, i.e., 7 = {0, 1,2, 3}, which represent no-treatment,
RRH, PSH Tenant-Based, and PSH Site-Based. To solve problem (25) and derive a sample-based
queuing policy, we use the training set capacities for no-treatment, RRH, PSH Tenant-Based, and
PSH Site-Based as the estimates of capacity per person, which are 100%, 14.2%, 4.1%, and 4.6%,

respectively. Since racial equality and equity are important concerns in our motivating example
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in Section 1, we use race as the protected characteristic for evaluating allocation and outcome
fairness. The protected features set is G = {BlackAfAmerican,Hispanic,Other,White}, where
BlackAfAmerican stands for Black or African American, and Other includes all other individu-
als who identify as American Indian or Alaska Native, Asian, Native Hawaiian or Other Pacific
Islander, more than one racial group, or answered ‘Doesn’t know’. In this example, we consider
non-White individuals to be minority groups that policymakers may want to prioritize due to
historical discrimination.

Outcome Definition. According to the U.S. Department of Housing and Urban Development
(HUD), the LA CoC should develop “action steps to end homelessness and prevent a return to
homelessness” (LAHSA 2023). In line with this goal, we will use an individual’s return to homeless-
ness after an intervention as the outcome to measure the performance of a policy. This outcome will
serve as an input to our optimization model for designing a dual-price policy for allocating scarce
housing resources effectively. Specifically, we focus on returns to homelessness within a two-year
window following intervention for our real data experiments. However ‘returns to homelessness’ for
individuals are not explicitly tracked. Instead, we construct a proxy outcome variable where an
individual ‘returned to homelessness’ following intervention if we observe a subsequent enrollment
into ‘emergency shelter’, ‘safe haven’, or ‘street outreach’. We chose these enrollment categories
based on discussions with domain experts like matchers and case managers working within the
LA CES since these types of interactions with the system indicate a need for homeless services
and suggest an individual returned to homelessness again. For individuals without a treatment
enrollment into RRH or PSH, we treat their first enrollment into a SO resource as the start of a
no-treatment ‘intervention’. Therefore, we define a positive outcome, Y =1, as not observing a
subsequent return to homelessness within a two-year window of receiving intervention, and ¥ =0
otherwise. While other observation window lengths could be chosen, there is a trade-off in terms
of window length. Shorter windows are potentially biased proxies since there is not enough time
to observe post-intervention outcomes while longer windows result in less individuals for whom we
can observe the entire window in our dataset.

Policy Fvaluation. We learn three different versions of our proposed policy from the training
set and evaluate their performance by their overall proportion of positive outcomes as the ‘effec-
tiveness’ metric and their fairness properties in terms of statistical parity in allocation (4) and
in outcomes (7) on the test set. We emphasize that our evaluation metric is a counterfactual
probability, since the true counterfactuals under assignments different from the historical ones
are not available. We explain how we generate these counterfactuals, as well as how we evalu-
ate out-of-sample performance, in Section 5.2.2. To investigate the fairness properties, we look at

discrepancies in the percentage receiving housing resources and discrepancies in the proportion
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of positive outcomes between racial groups in the out-of-sample allocation. In our results, Base
refers to the policy without fairness constraints, while the other two refer to fairness-constrained
variations defined in Section 4. Based on our motivating example, we chose to focus on fairness
extensions that prioritized minority groups in terms of either allocation, Al1loc Min Priority, or
outcomes, Outcome Min Priority. To benchmark performance, we compare the three policies to
the Historical policy, which uses the same assignments originally found in the data, in terms of the
overall proportion of positive outcomes and the two statistical parity metrics. In this way, we can
see if our proposed policies can improve on the ‘effectiveness’ and fairness of the currently deployed
policy. Additionally, we include the performance of a VI-SPDAT Thresholding policy, which learns,
from historical data, VI-SPDAT score thresholds for allocation so that higher vulnerability scores
get more supportive resources like PSH. These thresholds are then used online to assign resources
based on an individual’s VI-SPDAT score. This offers a comparison point of how the VI-SPDAT
score can be used for prioritization. Finally, we also compare the performance of overall outcomes
to a Perfect Foresight policy that implements the sample-based dual-price queuing policy while

knowing both the test set distribution of arriving individuals and their counterfactuals.

5.2.2. Counterfactuals and Outcome Estimators. Unlike the synthetic experiment, we do
not have access to counterfactuals for each individual under treatments other than the one received.
Therefore, we take a semi-synthetic approach and use model generated counterfactuals for the test
set by choosing models that are well calibrated to the entire data, therefore including data not
used by the training estimators. We choose calibration as the measure of fit since we are evaluating
based on expected outcomes of a binary variable, and therefore we want our predicted probabilities
of a positive outcome to match the observed data. In particular, to correct for selection bias in our
observational data, we use weighted calibration for model validation, where we calculate average
positive outcomes using the (self-normalized /Héjek) IPW estimator instead of simple averaging of
observed outcomes (Hernan and Robins 2023).

To fit counterfactual models, we consider the three causal estimation approaches of direct, IPW,
and DR that were also used in our synthetic experiment as discussed in Section 5.1.2. As some
of these methods may involve estimating both the observed outcomes and propensity scores, our
choice of base estimators for the outcomes and propensities include logistic regression (with and
without regularization), random forests, gradient boosted trees (Friedman 2001), and XGBoost
trees (Chen and Guestrin 2016). For model selection, we use standard cross-validation to find
the best hyperparameters for each model class that minimize log-loss for predicting outcomes or
the assigned treatment for propensity scores and then select the final model based on weighted

calibration curves on a held-out validation set.
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An additional concern of our model-generated counterfactuals is potential bias by race because
our evaluation is based on these model predicted probabilities. If the outcome models are miscal-
ibrated for a particular racial group (e.g., they systematically over- or under-estimates a group’s
true positive outcome probabilities under a treatment), then the overall policy outcome numbers
we report will have those errors and unfairly favor or penalize a group. Though this was not part of
our model selection process, we investigated potential racial bias by comparing calibration curves
for each racial group across treatments using our selected counterfactual-generating models. For
the most part, the calibration curves across racial groups are similar except for the ‘Other’ racial
group, likely because this group contained too few samples to get accurate estimates. For additional
details, please Section EC.4.3.3.

While the above addresses generating counterfactuals for evaluation, we take a similar approach
for actually learning m! functions but only use the training data. For more details on counterfac-
tual generation, model calibration, and racial fairness of the estimates, please see the Electronic

Companions EC.4.3.2 and EC.4.3.3.

5.2.3. Experimental Results. Our efficiency results are summarized in Table 1, which shows
the performance of the proposed policies by their out-of-sample expected outcomes and their
relative percentage difference compared to the historical policy (e.g., the relative percentage change
of Base versus Historical is calculated as the outcome of Base minus the outcome of Historical,
divided by the outcome of Historical). Since the VI-SPDAT Thresholding performance is largely
similar to Historical, any comparison to the Historical policy also applies to the VI-SPDAT
Thresholding policy. As a point of reference for the effectiveness of different allocations, we also
included the potential population expected outcome if every individual receives no-treatment.

In terms of the out-of-sample expected outcomes, we see in Table 1 that our base model
achieves a 5.16% improvement above the Historical policy, or an absolute 3.07 percentage point
(p-p.) increase, while having a performance gap of 1.55%, or 0.92 p.p., compared to the Perfect
Foresight policy. We found that the performance gap relative to Perfect Foresight comes from
two sources of error: (i) estimation error of treatment outcomes 7', which are plug-ins into the
assignment policy, and (7i) shifts in the distribution of individuals we observe and capacities per
person for each treatment from training to testing, which affects the optimal value of p* and any
estimates [1* of it. These sources of error could come from insufficient training samples for esti-
mating outcomes or observing the distribution of individuals, or from violations of assumptions
needed such as stationary distribution from training to testing, or positivity assumption for causal
inference. Practically speaking, we see that the Historical policy already performs rather well
compared to the Perfect Foresight policy given the scarce amount of resources. Our policy fur-

ther improves upon Historical, leading to roughly 500 more individuals exiting homelessness per
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year. This shows our proposed policy can be a systematic method to assist and supplement the

experience and knowledge of domain experts.

Table 1 Companion table to the real data experiment showing out-of-sample proportion of positive outcomes

under each policy, and the relative percentage difference compared to the Historical allocation.

Policy Proportion of Percentage Change
Positive Outcomes vs Historical

No Treatment 54.25% —8.76%
Historical 59.46% 0.00%
VI-SPDAT Thresholding 59.80% 0.01%
Base 62.53% 5.16%
Alloc Min Priority 62.51% 5.13%
Outcome Min Priority 62.53% 5.16%
Perfect Foresight 63.45% 6.71%

Figure 2 illustrates the allocation fairness of each policy by showing the proportion of each racial
group receiving RRH and PSH and the outcome fairness of each policy by showing the expected out-
come within each racial group. While Base improves upon the expected outcomes of Historical,
Base has marginally worse allocation fairness properties than Historical when considering the
proportion of minority groups receiving PSH and has more uniform allocation rates across all groups
for RRH, as displayed in Figure 2. However, by adding appropriate fairness constraints, the Alloc
Min Priority policy is able to mitigate any problems and achieve better prioritization of minority
groups for allocations. The first subplot of Figure 2 shows the proportion of each racial group receiv-
ing RRH under each policy. We see that the Base and Outcome Min Priority policies lead to more
uniform allocation rates across groups but still have RRH allocation disparity gaps between White vs
Hispanic and Other groups compared to the Historical. Alloc Min Priority, however, satis-
fies the minority allocation prioritization fairness constraint presented in Section 4.1 out-of-sample.
Looking at PSH allocations in the second subplot of Figure 2, we see that the Historical policy
does not prioritize the Hispanic and Other racial groups to be at least as likely to receive PSH
as the majority group. Our Base and Outcome Min Priority policies maintain similar allocation
disparity gaps as Historical while also allocating slightly less now to BlackAfAmerican individ-
uals relative to White individuals. However, if we explicitly add allocation fairness constraints to
our sample-based problem to prioritize minority groups for receiving PSH as shown in Section 4.1,

then our Alloc Min Priority is able to achieve our desired fairness goal.
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Figure 2 Companion figure to the real data experiments: Qut-of-sample fairness results showing the proportion
of each racial group receiving RRH, PSH (Allocation Fairness) and the proportion of each racial group with a

positive outcome (Outcome Fairness).

In the last subplot of Figure 2, we show the proportion of positive outcomes within each racial
group for each policy and focus on the prioritization of minority groups to have groupwise outcomes
that are at least as good as the majority group. In this case, the Historical policy already achieves
this notion of fairness and Base does not create outcome disparities between minority groups com-
pared to the majority group. The Outcome Min Priority policy, which explicitly includes outcome

fairness constraints in the sample problem, also achieves the desired fairness goal while also improv-
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ing BlackAfAmerican, Hispanic, and White individual outcomes relative to Historical (this is
also true for Base). We also see in these results that Alloc Min Priority has favorable fairness
properties by achieving both fairness notions of prioritization of minority groups for allocation
and outcomes, though this need not hold in other problems. In general, allocation statistical par-
ity based fairness notions and constraints are incompatible with outcome statistical parity based
fairness (Jo et al. 2023). Therefore, depending on the desired fairness goals, policymakers may
need to choose between alternative fairness notions, or choose a combination of them to achieve a
compromise.

From Figure 2, we can conclude that fairness-constrained policies such as Alloc Min Priority
and Outcome Min Priority can improve the fairness properties of the Base policy and satisfy the
fairness constraints specified in Section 4. We note that although our constraints are imposed at the
statistical level, they did hold for the sample path that was realized in our test data. More interest-
ingly, we see in Table 1 that our fairness-constrained policies suffer almost no performance gap in
terms of expected outcomes compared to Base, suggesting almost no ‘price of fairness’. Intuitively,
we would expect some loss of performance by enforcing certain constraints on allocations. This
may either be due to this application or the flexibility of our methodology to find well-performing
policies that satisfy various fairness goals.

Beyond our quantitative takeaways above, we additionally analyze the qualitative behavior of
our policy in the Electronic Companion EC.4.4. One potential concern for our policy is that by
optimizing for overall expected outcomes, it may overlook vulnerable individuals who are not
responsive to treatments. However, we find in Section EC.4.4.1 that this concern does not occur
in our experimental results because the most vulnerable individuals also tend to benefit the most
from treatment and therefore are prioritized by our policy. Additionally, policymakers may want
to understand why our policy allocates resources differently from the existing Historical policy. In
Section EC.4.4.2, we analyze cases where our policy differs from the Historical based on individual
covariates. We find that allocation differences were due to covariates that did not come directly
from the VI-SPDAT survey but from auxiliary HMIS data sources, such as an individual’s current

employment type/status. Please see the Electronic Companion EC.4.4 for additional details.

5.2.4. Queue Wait Times. Since our dual-price queuing policy involves individuals waiting
until they are at the front of the queue and the associated resource becomes available, it is important
to understand the wait time properties of our policy and how it affects individuals. We clarify that
the waiting time for matching prior to taking the VI-SPDAT is an explicit input to our model
and here we evaluate the wait time after the assessment. To that end, we additionally evaluate

the distribution of individual waiting times within each treatment queue under our Base policy
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and the impact of increasing wait times on individual outcomes. To do so, we run 250 simulations
of individual and resource arrivals over a 10,000 day horizon to evaluate the long-run result (our
original test period in Section 5.2.3 was 730 days). We simulate resource arrivals using a Poisson
arrival process, where the exponential inter-arrival times are parameterized by the average historical
resource arrival rates per day. We similarly simulate individual arrivals using a Poisson arrival
process. For each arriving individual, we sample their covariates uniformly with replacement from
the historical population.

In Figure 3, we show wait time statistics and their progression as more individuals arrive in the
system. Within each sample path, for each individual assigned to RRH, PSH Site, or PSH Tenant
queues, we compute their wait time as the time difference between their arrival time and the time
they are matched with a resource. We compute the mean, 10", 25, 75" and 90*" percentile wait

times of the ¢** individual to arrive in the system across all 250 simulations.
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We see that the mean waiting time stabilizes at approximately 18, 30, and 30 days for RRH, PSH
Site-Based, and PSH Tenant-Based, respectively, while 90" percentile wait times are 55, 100,
and 100 days for RRH, PSH Site-Based, and PSH Tenant-Based, respectively. These wait times are
much shorter than the historical wait times observed in our data, where the mean wait times from
2015 to 2019 were 213, 373, and 266 days for individuals assigned to RRH, PSH Site-Based, and
PSH Tenant-Based, respectively. Finally, to understand how reasonable these wait times are, we
investigate their effect on outcomes and find that, while the wait times negatively impact potential
outcomes, the wait time levels in our numerical experiments result in relatively small decreases in
expected conditional outcomes; see Electronic Companion EC.5.3 for additional details. For further
discussions around wait time and details on the experiment setup and results, please see Electronic

Companion EC.5.
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Online Appendix

EC.1. Dual-Price Queuing Policy under Full Distributional
Information

In this section, we assume that we know the joint distribution of the covariates X and the potential
outcomes Y, t € T. We will characterize a dual-price queuing policy under this assumption and
show that is optimal in problem (7). This characterization and result will allow us to establish the
asymptotic optimality of the sample-based dual-price queuing policy in Theorem 1.

To this end, we consider problem (P) and its Lagrangian dual

+ph (EC.1)

v*= min max E [Z 7 (X)(m"(X) — u)
teT

m+1 gell
HER teT

Similarly to the construction in Section 3, for any € R7T*", the inner maximization problem is

solved by the policy

t ot
() = n ) VteT,VreX. (EC.2)

¢ )1 if t=minargmaxyer (m
' (z) =
0 otherwise

By substituting policy (EC.2) into the dual problem (EC.1), we obtain

V*= min E[max(mt(X)—ut)]JrZMtbt- (D)

m+1 teT
HERY teT

In the remainder, we denote by p* an optimal solution to (D), which exists because we can restrict
the feasible set of (D) to a compact set without loss of generality; see Lemma EC.3. By choosing u
as p* in (EC.2), we define a candidate policy 7* through

! !

1 f — s , t _ Rt
TI'*’t(J,‘) = it ‘mm argmaxyer (m’ (z) —p"") VieT,Vre X. (EC.3)
0 otherwise

Next, we introduce the queuing implementation of policy 7*.

DEFINITION EC.1 (DUAL-PRICE QUEUING POLICY). Establish m queues each associated with
a treatment ¢ € 7 \ {0}. At any time, individuals in queue ¢ are waitlisted for treatment ¢. There
are two events triggering an action: (i) arrival of an individual, and (%i) arrival of a treatment.

(i) When an individual with covariate vector z arrives, compute the treatment ¢ =
minarg max, ey m' (x)— 1! where t attains the maximum difference between the conditional
mean treatment outcome and the associated dual variable. If ¢ # 0, assign them to queue ¢,
otherwise assign them no-treatment, meaning they will not wait for a particular treatment
and will exit the system. If they are the only individual waiting in queue t, check whether

there is an available treatment of type t. If there is, assign treatment ¢ to the individual.
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(ii) When a treatment of type ¢ becomes available, assign this treatment to the first individual in
queue t. If there is no one in queue ¢, keep the treatment until an individual is assigned to
this queue.

Similarly to the sample-based dual-price queuing policy, the dual-price queuing policy assigns t =0
to individuals still waiting in queues at the end of the time horizon when implemented in finite
horizon. We note that in general, u*, the optimal solution to (D), may not be unique since the
objective function of (D) may not be strictly convex; this depends on the form of the joint distribu-
tion of (X,{Y"},e7). This means that the candidate policy 7* defined in (EC.3) and the dual-price
queuing policy may not be uniquely specified.

The next theorem shows that the dual-price queuing policy satisfies the capacity constraints in
problem (P), and its asymptotic expected average outcome matches the optimal value z* of (P).

It thus solves problem (P).
THEOREM EC.1. Under Assumption 2, the dual-price quewing policy is optimal in problem (P).

The proof of Theorem EC.1 relies on establishing some structural properties of problem (P)
and applying standard techniques based on optimality conditions from network revenue man-
agement (Talluri and Van Ryzin 1998), and more generally, from capacity-constrained dynamic
programming (Balseiro et al. 2024). The idea of the proof is that it is sufficient to show that 7*
is feasible and optimal in (P). Since strong duality holds for problem (D), the optimal solutions
of (D) and its dual must satisfy the Karush-Kuhn-Tucker (KKT) conditions. The KKT conditions
imply that 7*, which is constructed from an optimal solution p* of (D), is a feasible solution of (P)
and yields an objective value equal to v* = z*. Full proof can be found in the next appendix section.

In contrast to the sample-based dual-price queuing policy, the dual-price queuing policy in Def-
inition EC.1 is unidentifiable because its definition relies on the joint distribution of (X, {Y*},c7),

which is unknown in reality.

EC.2. Proofs

In this section, we provide the proofs of the results in Sections EC.1 and 3.

EC.2.1. Proofs for Section EC.1

The proof of Theorem EC.1 requires the following two technical lemmas.

LEMMA EC.1. For any p € RT™, denote by p" its subvector (u°,...,pt 7t p!*t .. ™) €RT
excluding pt, and define the random variable Z* " =mt(X) — maxy e gy (m' (X) —p'') for all t €
T. Under Assumption 2, Zn" s continuously distributed for any t € T and p=* € R
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Proof. 'We will show that P(Z*  =z)=0 for all te T, p~* € R}, and z € R. To this end,
fix arbitrary t € T, p~" € R7, and z € R. We have P(Z“_ =2) >0 so we only need to show

that P(Z* " = z) <0. We have

t

P(Z" =2) =P(m'(X) — maxyer gy (m" (X) —p'') = 2)
= P(minyer gy (m'(X) —m" (X) + ") = 2)
<P(Upernp{m'(X) —m" (X) + " = 2})
< Y Pm'(X)—m!(X) +pu =2) =0,

t'eT\{t}

where the first inequality holds because the probability of miny e 3 (m*(X) — m! (X)4pt') =z is
less than or equal to the probability that m!(X) —m" (X)+u’ = z for at least one t' € T, the second
inequality follows from the union bound, and the last equality holds because m!(X) —m! (X) is
continuously distributed for all ¢, ' € T by Assumption 2 (ii). O

In the remainder, we denote by P, the marginal distribution of X and by P, the marginal
distribution of Z# " defined in Lemma EC.1 when necessary for clarity. The next lemma shows

that the objective function of the dual problem (D) is differentiable under Assumption 2, and this

result will later allow us to establish the optimality conditions for problem (D).

LEMMA EC.2. Define the auziliary function f:R™ — R through

_ t’ ) = t/ ot
) = o (m () =) = [ o (" )= ) AP (o), (EC.1)
which appears in the objective function of the dual problem (D). Under Assumption 2, the partial

derivative of function f with respect to u', t €T, is given by

0

ol )=~ () = 2 e () ) ).

t'eT\{t}
Furthermore, each partial derivative is continuous in p, and f is therefore differentiable.

Proof. We first derive the partial derivative of f with respect to each u' and then show that

each partial derivative is continuous in g € R7'. Given a real number a, we use a® to denote the
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positive part function max(a,0). For any ¢ € T, the partial derivative of f with respect to u' is

given by

0 0 , y

oW = /Xm%‘ (@ =4") dP(w)
—i t _ t t, - t/
_8Mt/xmax{m () —p ,t/g%gact} (m () —p ) dP, (x)
—i t _ t/ _ t ot * ¢+ _ "
= o [ (@ = max (m'@) =) =)+ max (@) =) (o)
— 9 - t\t
_8/"Lt /oo (Z ’u) szﬂft(Z)

8Ht ut zH

where the fourth equality follows from a variable substitution by using the definition of Zr~" from
Lemma EC.1 and that a%t [y maxyer (1 (mt/(m) - ut,) dP(x) =0, and the last equality follows

o)

from the Leibniz integral rule, which applies because for all z € R, GTt(Z — ') = —1 exists and is

continuous for all p* € R, and it is also uniformly bounded by the constant 1. We thus have

aaw (1) = /:’ 88w (2= p) dP e (2)
=-P, (2" >pu') (EC.5)
=P, (mt(X)—,ut> max <mt/(X)—,utl>> )

T VeT\{t}
where the last equality follows again from the definition of zr"
Next, we show that a%tf(,u) is continuous in , i.e., lim,_,,, %f(,u) = %f(,uo) for every pg €

R’7?*!. To this end, consider an arbitrary po € R7T', and note that we have

lim if(,u) = lim — [ 1[A'(z,p) > 0]dP, (),

n—po Opt p—uo  J

’

where hf(x,p) =m'(z) — maxyer (4 (mt (X)— Mt/) —ut=2*"— 4t and the equality follows
from (EC.5). The indicator function 1[h’(z,p) > 0] is uniformly bounded by the constant 1. By
Lemma EC.1 , h'(x,u) is continuously distributed for every pu € R7™' since Zrn" s continuously

distributed for any " € R, and therefore Py(h*(z, 1) =0) = 0. As the function h'(z, ) is con-

tinuous in p for every x € X, the indicator function 1[h'(z,pu) > 0] is discontinuous at o only
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if h(z, o) =0. As P (h(X, po) = 0) =0, we have lim,,_,,,, 1[h* (X, 1) > 0] = 1[h(X, pto) > 0] Px-almost
surely. We thus obtain

d
lim a—lutf(,u) = lim — [ 1[h*(x,p) > 0]dP,(x)

K10 H— [0 X

- /X lim 1[h*(z, ) > 0] dPy(x)

K“—=Ho

_ /X 1[A(, o) > 0] dPx(z)

0

= wa(#o),

where the second equality follows from the Dominated Convergence Theorem. This proves that the
partial derivative a%t f(p) is continuous in p. Function f is thus differentiable. [

Lemma EC.2 implies that the objective function of problem (D) is differentiable. As problem (D)
is a convex optimization problem and satisfies Slater’s condition, strong duality holds, i.e., the
optimal value of (D) coincides with the one of its dual problem. Denote by A the dual variable
of the constraint x> 0 in problem (D). If p* and \* are solutions to problem (D) and its dual,
respectively, then p*, A* satisfy the Karush-Kuhn—-Tucker (KKT) conditions

P (mt(X) —pht> max (m" (X) — ,u*’t/)> + A0 =10 (Stationarity Condition),
teT\{t

At =0 (Complementary Slackness), (EC.6)
pt>0, A>0 (Primal & Dual Feasibility),

for all ¢t € 7. Intuitively, the KKT conditions imply that policy #* defined
in (EC.3) satisfies the capacity constraints in expectation. To see this, note
that P (mt (X) — p*t > maxyer y (m? (X) — u*"“)) is the expected number of individuals assigned
treatment ¢ under policy 7*. As A > 0 by dual feasibility, this quantity cannot exceed the
available capacity b; by the stationarity condition.

We are now ready to prove Theorem EC.1.

Proof of Theorem EC.1. For any p* optimal in (D), the treatment assignment probabilities
of 7 defined in (EC.3) and that of the dual-price queuing policy defined in Definition EC.1 coincide.
Indeed, the dual-price queuing policy is nothing more than an online implementation of 7* since
both make assignments using the same treatment assignment criteria. The difference is that the
dual-price queuing policy waitlists individuals for treatments by assigning them to queues since
there may be a mismatch in timing between the arrival of individuals and resources. It is thus
sufficient to show that 7* is optimal in (P). We first prove that 7* is feasible in (P) and then show

that its expected average outcome matches the optimal value z* of (P).
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Policy 7* is feasible in (P) because

E[x*"(X)] =P (t=minargmax, . m’ (X)) — M*’t/)

’

<P (mt(X) - [L*’t = Maxy e\ {¢} (mt (X) — ,u*’t/)) <b Vte T,

where the first inequality follows from the fact that if the event ¢ = min argmax, ., m' (X) — p**
occurs, then the inequality m!(X) — p** > maxy e oy (m* (X) — p**') must hold, and the second
inequality follows from the stationarity and dual feasibility conditions in (EC.6).

As 7* is feasible in (P), its expected average outcome cannot exceed z*. We next show that the
expected average outcome of 7* is at least as high as z*, which implies that the two values coincide.

The expected average outcome of 7* amounts to

!

E Z 1 [t =minargmax, . m' (X) — ,u*’t/} mt(X)]

teT
_ t *,t . t/ x|kt
=E ntaez;rx(m (X)—p )—l—;ﬂ {t—mmargmaxt/eTm (X)—u },u ]

i t *,t : t INAWEY: (EC.7)

=E rglgg{(m (X) —p* )} —l—;P(t:mmargmaxt/eTm (X) —p® )u ’
— [ t *,t t,  *x,t
=E |max (m'(X) — )}+;bu
= >z

The third equality above follows from the KKT conditions (EC.6), which imply that

M*,tbt _ ,U*’t [IP) (mt(X) - ﬂ*’t > max (mt’ (X) _ M*’tl)> +/\*,t:|
t'eT\{t}

— *,tIP) tX _ *,t> t/X _ *,t'
B (00 - 2 e (0 () - )

=u*'P (t = minargmax, m’ (X)) — ,u*’t,> ,

where the first and second equalities follows from the stationarity and complementary slackness
conditions, respectively, and the third equality holds because argmax, . m' (X)—p*' is a singleton
almost surely. The last equality in (EC.7) holds because p* is optimal in (D), and the inequality

follows from weak duality. The claim thus follows. [

EC.2.2. Proofs for Section 3

The proof of Theorem 1 requires the following technical lemmas: Lemmas EC.3 — EC.7.
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We first define the following functions v : R™*! — R and 7, : R™*! — R for denoting the objective
functions of the dual problem (D) and its sample approximation (D) as functions of . These

definitions will be used throughout Section EC.2.2.

V() =E [max(m! (X) - u)| + 3 u'tf
teT

. (EC.8)
Dn(p) == > max (i}, (z;) — u') + Y p'b'.

n teT
i=1 teT

By definition, we have v* = minueRTH v(p) and ) = minueRTﬂ 7, (11). Denote by S* and S* the
sets of optimal solutions to problems (D) and (D), respectively. The next lemma shows that S* is
contained in a compact set as long as the function m' is uniformly bounded for all ¢ € T, which is

guaranteed under Assumption 2.

LEmMA EC.3. Under Assumption 2, the set S* of optimal solutions to problem (D) is non-

empty and contained in the compact set [0,C]™ 1 C R, where C is defined as in Assumption 2(i),

i.e., m'(x)| < C forallze X andteT.

Proof. We will first show that the optimal solution set &* is contained in the compact
set [0, C]™*! and then show that the set 8* is non-empty.

Suppose for contradiction that S* Z [0,C]™*!, i.e., there exists a p € S* such that p ¢ [0,C]™ .
As p & [0,C)™*!, there exists at least one ¢ € T such that pf > C. Denote by T"'={te€T : u* >C}
the nonempty set of treatments ¢ for which u' > C. We construct another feasible solution ' €
[0,C)™*! via (p')t = for all t € T\ T' (all s where p' is in the interval [0,C]), and (u/)" = C for
all t € T (all t’s where u' is not in the interval [0,C]). We will show that the objective value of p’
in problem (D) is strictly lower than that of p. This implies that p cannot be optimal and results
in a contradiction.

We will first show that max,cr(mf(x) — p') = max,er(m!(x) — (1)) for all z € X. To this end,
recall that treatment O represents the no-treatment option, and b° = 1, which makes the capacity
constraint corresponding to this treatment redundant. This implies that we can assume without

loss of generality u° =0, and therefore 0 ¢ 7'. For any t € T’ and x € X', we have

m!(x) —p' <m'(z) = C=m'(z) — () <m"(z) =m’ () — p* =m"(z) — (1')°, (EC.9)

where the first inequality follows from the definition of 77, the first equality follows from the
definition of 1/, and the second inequality holds because m!(z) < C and m°(z) is non-negative. The
last two equalities hold because u° = (1/)° = 0. By equation (EC.9), we have m!(z) — u* < m°(z) — u°

and m!(x) — (1/)* <m°(z) — (i')° for all t € T'. This implies that for any z € X, we have

max(m'(x) - p) = max (m'(z) - p') = max (m'(x) - (i)") = max(m’ () - (1)),
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where the first and third equality hold because no t € T’ can attain the maximum
in maxyer(mt(xz) — p') and maxier(m'(z) — (1)) by (EC.9), and the second equality holds
because (u')! =pu' for allte T\ T.

The objective value v(u) of p thus exceeds the objective value v(p') of u' as

() = E |max(m' (X ]+Zﬂbt E [max(m! (X) = (1))] + Y 't'

teT
>E [max(m!(X) - (0'))] + ;w'ﬁbt

=v(i),
where the second equality holds because we showed that max;cr(m'(z) — p') = max;er(m'(z) —
(1)) for all z € X, and the inequality holds because (u')* < p' for all t € T and the inequality
is strict for all ¢ € T’ by definition of p'. This implies that u cannot be optimal and results in a
contradiction. Thus, we must have §* C [0, C]™ 1.

We now show that 8* is always non-empty. As S* C [0, C]™ !, the dual problem (D) is equivalent
to min,, ¢ (o oym+1 v(i), where we only minimize over the compact set [0, C]™*'. Since v() is a convex
function, and hence continuous, in R", it attains a minimum over any compact set (Proposition
A.2.7 of Bertsekas (2009)), which implies S* is non-empty. O

Similar to Lemma EC.3, the next lemma shows that the optimal solution set 5’,*1 must also lie

within a compact set.

LemMmA EC.4. Under Assumption 3, for any n € N, the set 5’; 18 non-empty and contained in
the compact set [O,CA’]T”+1 C R, where C is defined as in Assumption 3(i), i.e., |mt(x)] < C for
allzre X, teT, andneN.

Proof. Fix an arbitrary w € €, i.e, fix historical samples. By Assumption 3(i), C is a uniform
upper bound on |mf (z)| for all z € X, t € T, and n € N. Following the same arguments used in

m—+1

the proof of Lemma EC.3, we can show that any solution u ¢ [O,C’] will be sub-optimal and

™+ with strictly lower objective value. Therefore, the feasible set

there exists a solution in [0, C]
of problem (D) can be restricted to the compact set [0,C]™+!. For all n € N, ,(u) is a convex
function and hence attains a minimum over any compact set. Since the choice of w was arbitrary,
for any w € Q, 8 is non-empty for all n € N and contained in [0,C)™+!. O

The next lemma shows that the objective function 7, (u) of the sample-approximate dual prob-
lem (D) converges almost surely to the objective function v(u) of the true dual problem (D)

uniformly in pu.
LEMMmA EC.5. Under Assumptions 2 and 3, the objective function 1, () of problem (15) con-
verges almost surely to the objective function v(u) of problem (D) uniformly on any nonempty

compact set S CR as n tends to infinity, that is,

lim sup [v(p) — 0, ()| =0

n—r oo ,LLES
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Proof. Consider an arbitrary nonempty compact set S C R7*". By triangle inequality, we have

sup (1) 7 4] < sup 1) =0+ 14,00 = 0] )

HES

<sup |v(p) — v, ()| +sup v, (1) — P ()]
peS nES

where v/, is an sample average approximation of v using the true m’ functions, i.e.,

1

vp(p) =D max (m(a) —p')+ Y p'h.
i=1 teT

n

In the following, we investigate the terms sup,,cs V(1) — v, (1) and sup,,cs V), (1) — Pn(p)| one by
one.

We first consider the term sup s [v(p) — v, ()| and show that
lim sup |v(p) — vy, ()| =0. (EC.10)

n—oo HES

To this end, let F(z, ) = max;er (m!(x) — pt'), and note that, for any x € X, F(x, ) is continuous
in p as it is a piecewise-linear function of p. For any p € S, the function F'(z, u) is dominated by the
integrable function g(z) = C as C'is a uniform bound on m! for each t € T by Assumption 2(i). We
can thus invoke Theorem 7.53 of Shapiro et al. (2014) and conclude that £ 3" | F(X;, 1) converges
uniformly on S and almost surely to E[F(X, )] as n tends to infinity. This implies that v/ (u)
converges uniformly on S and almost surely to v(u). We thus proved (EC.10).

Next, we consider the term sup,, [V, (1) — Pn(p)| and similarly show that
: , . B
Jgnsoigg%(“) Dn(p)] = 0. (EC.11)

For any p € S, we have
1 - t t ~ 1 t
o 2 e (i () = ) =g (i () = )

1 n
gﬁz

A ADIES

max (m'(z;) — p') —max (! (x;) — u')

— |'ieT 13
1 n
< " z_; max (m*(z;) — mfl(xl))‘ (EC.12)
< 1S ma ') — i )
T nA4 teT g n\Yi

i=1
< ") —ml (z)].
< sup max |m* (a) — 1, (2)]
The first inequality follows by triangle inequality. To see that the second inequality holds, fix an

arbitrary x € X and p € S and let t* = minarg max,c7 (m'(z) — p'). We then have
max (m'(2) - p') — max (1, (z) — p) < (m"" (@) = ") = (10t (@) = ")
S

teT
=m'" (x) — i, (z)
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where the first inequality holds by definition of t* and mt (z) — u'" < max,er (7l (z) — ub).
Since the choice of = and pu were arbitrary, the above holds for all x € X and pu €
S, thereby proving the second inequality in (EC.12). Finally, by Assumption 3(ii), we
have lim,, o SUp,cy max;er |m'(z) —mh(x)| = 0. As this claim holds irrespective of the value
of p €S and in view of (EC.12), we conclude that (EC.11) holds.
The findings above imply that lim,, . sup,cs [v(1) — Dn(@)| = 0. The claim thus follows. [

Next, we use Lemmas EC.3-EC.5 to show that the optimal value 2} of the sample-approximate
dual problem (D) converges almost surely to the optimal value v* of the true dual problem (D). We

will also prove a convergence result in terms of their respective optimal solution sets. The following

definitions will be relevant for this result. We use || - || to denote the Euclidean norm and define

dist(z, A) = inf ||z —2'||, D(A,B)=supdist(z,B),
' cA z€A

where dist(z,.4) denotes the distance between a point z € R? and a set A C R, and D(A, B) denotes
the deviation between two sets A C R? and B C R%.

LEMMA EC.6. Under Assumptions 2 and 3, the optimal value U} of problem (75) converges
almost surely to the optimal value v* of problem (D), and the deviation D(S*,S*) between their
respective optimal solution sets S'; and S8* converges almost surely to zero as n tends to infinity,

that is, lim,, o [v* — 0| =0 and lim,,_, ID)(S;,S*) =0.

Proof. Consider the compact set [0, max(C,C)]™+! ¢ R™*!  and note that: (i) the optimal solu-
tion set S* is nonempty and contained in [0, max(C, )] by Lemma EC.3; (ii) the function v(yu)
is finite valued by Assumption 2(i) and continuous on [0, max(C, C)]™*+1; (iii) £, (;1) converges uni-
formly on [0, max(C, )™ and almost surely to v(x) by Lemma EC.5; and, (iv) S* is nonempty
and contained in [0, max(C, CA')]’”+1 by Lemma EC.4. We can thus invoke Theorem 5.3 of Shapiro
et al. (2014) and conclude that 7% converges almost surely to v*, and D(S?,S*) converges almost
surely to zero. [

The proof of Theorem 1 will require comparing the treatment assignments made by a dual-price
queuing policy and its sample approximation defined in Definitions EC.1 and 1, respectively. To
that end, we extend the sample solution set convergence results of Lemma EC.6 by showing that
for n large enough, any optimal sample-based solution /i, will be arbitrarily close to some element
within the optimal solution set S*. This will help ensure that almost surely for n large enough, a
sample approximation policy will make the same treatment assignments as a dual-price queuing

policy.

LEmMA EC.7. Under Assumptions 2 and 3, there exists 0 C Q, where P(Q') = 1, with the
following property. For any w € Q' and € >0, there exists N(w) € N such that

Vi (w) ES;(w), eSS ||ar(w)—p'|<e Vn>N(w).
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Proof. By Lemma EC.6, ]D(S;,S*) converges almost surely to zero as n — oco. In other words,
there exists ' C Q, where P(Q') = 1, with the following property. For any w € €’ and € > 0, there
exists N(w) € N such that

sup inf [ (w) —pf <e Vn=>N(w),
fin () €85 (w) M5

which follows by the definition of D(A, B). The above implies that
Viin(w) € S (@) + inf [ljin(w) = pll <€ ¥n > N(w). (EC.13)

Next, we show that for every w € Q (i.e., for fixed historical sample), inf,cgs+ ||fin(w) — p|| has
an optimal solution for all fi,(w) € S*(w). To this end, we first show that S* is a compact set.
Recall that S* denotes the optimal solution set to problem (D). The set S* is bounded as it is
contained in the compact set [0, C]™*! by Lemma EC.3, where C' is defined as in Assumption 2(i).
The objective function v(u) of problem (D) is convex and thus continuous on R™*!. This implies
that it has closed sublevel sets of the form {u € RT*" | v(u) < c}, where c is any scalar. We now
have 8* =[0,C]" " N {p e RT™ | v(u) < v*}, which is closed as it is an intersection of closed sets.
The set S* is thus compact.

Since all norms are continuous on R7T*" and S* is compact, by Weierstrass’ Extreme Value
Theorem (Proposition A.2.7 of Bertsekas (2009)), inf, cs+ || ftn(w) — || has an optimal solution for
any input fi,(w) € S*(w). This together with (EC.13) implies that for any w € Q' and € > 0, there
exists N(w) € N such that

Vi (w) € §i(w), It €8* ¢ i — 'l <€ Vn>N(w).

The claim thus follows as P(Q')=1. O

We are now ready to prove Theorem 1.

Proof of Theorem 1. We use the following notation throughout the proof. Define the function A’
through h'(z,p) =m!(z) —pt forallz € X, p € RT™' and t € T. For any w € Q (i.e., fixed historical
samples), define the function A’ (-, w) through Al (x, u,w) = i, (z,w) — ' for allz € X, p e R7H t e
T, and n € N. Denote by 2P the expected average outcome of a dual-price queuing policy. Recall
that 2P and 2* denote the expected average outcome of a sample-based dual-price queuing policy,
where the expectation is taken with respect to the distribution of covariates and outcomes of
the individuals arriving during implementation and not with respect to the distribution of the
historical samples, and the optimal value of problem (P), respectively. Note that, by definition, 2P
is a random variable as it depends on the historical samples observed.

The proof is divided into two steps. In Step 1, we show that the allocations of a sample-based

dual-price queuing policy match almost surely those of a dual-price queuing policy as n — oco. In
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Step 2, we then use this fact to show that a sample-based dual-price queuing policy asymptotically
generates at least as high expected average outcome as that of a dual-price queuing policy as n — oo
almost surely. As the expected average outcome of any dual-price queuing policy is equal to z* by
Theorem EC.1, we will thus conclude that the claim holds.

Step 1. For any w e Q, neN, i} (w) € S} (w), and p* € §*, by triangle inequality we have

sup sup [, (¢, it (),0) — B (2, )| = up sup | (,0) — iy (w) — m (&) + 7]
teT z€X teT z€X (EC.14)
< sup sup [t (,w) — m(2)] +sup a5 (w) — ]
teT zeX teT

For the first term in the last line of (EC.14), by Assumption 3(ii), there exists Q' C 2, where P(£2') =
1, with the following property. For every w € {2’ and € > 0, there exists N(w) € N such that

sup sup |} (z,w) —m'(z)| <e Vn>N(w).

teT zeX
For the second term in the last line of (EC.14), Lemma EC.7 and the property sup, 1 |u'| < ||p]]
imply that there exists Q" C Q, where P(Q”) =1, with the following property. For every w € Q"

and € > 0, there exists N(w) € N such that

Vit (w) € SH(w), Iu* € §* : sup |5t (w) — p™t| <e VYn>N(w),
teT
Let Q=Q'NQ” and note that P(2) =1 because
P(Q) > 1-P((Q\Q)U(Q\Q") 2 1-P(2\2)) -P(2\2") =1,

where the second inequality follows from the union bound, and the equality holds because P(Q)') =1
and P(Q") = 1. Assumption 3(ii) and Lemma EC.7 thus imply that for every w € Q and € > 0, there
exists N(w) € N such that

Vit () € 1), 3" €8+ sup sup i (,w) — m(z)| +sup iy (w) — g < V> N(w).
teT zeX teT

The above expression, in conjunction with equation (EC.14), imply that for every w € Qand >0,
there exists N(w) € N such that

Vit (w) € Sk (w), Iu* € 8* : sup sup |AL (x, 4 (w),w) — hi(z, 1*)| <e V¥Yn>N(w). (EC.15)

teT zeX

Decomposing the expression sup,er sup,cy |hY (2, % (w),w) — ht(z, u*)| < € in Equation (EC.15),
we have that for every w €  and € > 0, there exists N (w) € N such that
\V//,AL:L(W) € S:L(U.)), El:u* SR ﬁ;(:c,ﬂ;(w),w) - ht(Iau*) <¢, ht(l’,,u,*) - B;(xaﬂ:b(w)aw) <e

(EC.16)
Vte T, Ve e X,Vn> N(w).
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For any ¢,t' € T, by summing the inequalities from above, i.e.,
ht([E,M*)—iL;(LIZ,[L;(W),(U)<E and ili:(l‘,ﬂ;(&)),w)—htl(ﬂ},,u*)<6,

we obtain
Bt (1) — he (2, i (w),w) + bt (2, i (W), w) — hY (2, 1) < 2. (EC.17)

Using (EC.16) and (EC.17), we have that for every w €  and € > 0, there exists N(w) € N such
that

Vi (w) € Si(w), Ip* €8 ¢ A (w, ) — b (x, iy (w),w) + s (@, fus (), w) — b (z, 1) < 2e (EC.15
18
Vi, t' e T Vo e X,Vn> N(w).

Let t(x,p) = minargmaxyer h'(z, 1), and define &(z,p) = h'™M (2, 1) — max, sy, b (z, p) for
all z € X and p € RT'. Note that §(z, i) represents the difference between the highest and second
highest value of the set {h*(z, i) }+c7 and that we have d(x, ) > 0 if and only if arg max;e7 h'(z, pu) =
{t(x,n)}, i.e., t(x, 1) is the unique treatment that attains the maximum. Next, we write (EC.18) not
for all treatment pairs ¢, € T but only for the treatment pairs of the form (t(x,u*),t), where t €
T\ {t(x, n*)}. Using the new notation we introduced and (EC.18), we have that for every w e Q
and € > 0, there exists N(w) €N

Vi (w) € 8 (w), I € 8™+ i (w, iy (w), w) = AL (@, iy (w), w) < 26 — 8, )
(EC.19)
Vie T\ {t(z,n*)},Vee X,¥n> N(w),

where we used the fact that

8(z, p*) = h'"H (2, u*) — nax Wt (x, ) < B (2, 1) — (@, p*) VEe T\ {t(z, ")}, Ve e X.
Equation (EC.19) implies that for a fixed w € Q and z € X, if 0(x,u*) >0, then for e >0 small
enough (an therefore n large enough), 2 — &(x, %) < 0. This in turn implies Al (x, % (w),w) —
hiew™) (2, i (w),w) < 0 for all Vt € T\ {t(x,*)}. Since t(z,u*) is also the unique maximizer
of argmax;c7 h'(z, ) when 0(z, u*) > 0, this implies that the allocation of a sample-based dual-
price queuing policy for an individual with covariates x match that of a dual-price queuing pol-
icy for n large enough for any w € €2, where ]P’(Q) = 1. By Assumption 2 and Lemma EC.1, we
have §(X, u*) > 0 almost surely. We will use this observation in Step 2 to prove that the expected
average outcome of a sample-based dual-price policy almost surely will be as high as that of a true
dual-price policy as n — oc.

Step 2. By Step 1, for any w €  and sequence (fi%(w))nen of sample-based solutions,
where /i* (w) € §F(w) for all n € N, there exists a sequence (% (w))ney of solutions, where p* (w) € S*

for all n € N, with the following property. For every e > 0, there exists N(w) € N such that

i (2, 7, (), @) = Iy D, 7 (), w) < 26 = 8, 13 (w)
(EC.20)
Vie T\ {t(z,u:(w))}, Ve e X,Vn> N(w).
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Fix a w € Q and sequence couple (/i (w))nen and (p* (w))nen such that (EC.20) holds. From now
on, we slightly abuse the notation and drop w notation. In the following, intuitively, we fix a path
of historical samples, which implies that our estimates i, m?, ilfl and 2P are no longer random.
We still perceive the covariates and outcomes of the individuals arriving during the implementation
as random and will denote by E, the expectation taken with respect to the distribution of these

individuals’ covariates. Recalling that 2P = 2* by Theorem EC.1, we have

A~

. «_ D _ 1 D_ ;D
limsup z* — 2, =limsup 2z~ — 2,

;;;;Sip E, [C]l {:r?i:arg max h'(X, 1) # minarg max ht (X, ﬂ:’)H

< E, hnmﬁs;ip C1 {mlnargmaxht(X wr) ;émlnargmaxh (X, ,un)}}

< E, hnmjgpc { — hHXm) (X i) > 0 for somet € T\ {¢(X, ,un)}}]

< B, [timsup €L {A (X, ) - B0, 15) 4 606, 05) > 0 for some ¢ € T\ {1(X.pi)} .

(EC.21)
where the first inequality holds because a gap between 2P and zP occurs only when the dual-
price queuing policy and its sample-based variant assign different treatments to an individual with
covariates X and because m' is uniformly bounded by C' by Assumption 2 (i), which implies that
the gap is also bounded by the same value. The second inequality follows from the reverse Fatou’s
lemma, which applies because the indicator function is bounded above by 1. The third inequal-
ity holds because for every = € X', min arg max,c7 h'(x, 1i%) # min arg max,c7 h'. (, i%.) implies that
there exists a t € T\ {t(z, )} such that hf (z, %) — it “")( ,fi5) >0, where t(z, p)) is defined
as before, i.e., t(z,pu)) = minargmax;c h'(x,u’). To see this, for a fixed x € X, if t(x,u’) &
argmax,cy bt (z, ji*), then there exists £ € T\ {t(x,u*)} such that At (z,4F) — Wi (x, if) > 0.
On the other hand, if ¢(z, %) € arg max,e A, (, ii5) but is not the minimum index treatment, then
there exists ¢ € T\ {t(z, )} such that At (z, i) — ha™"%)(z, ir) = 0. Finally, the last inequality
holds because ht, (X, i) — bW (X, ji%) > 0 implies that A (X, it) — A\ (X, )+ 6(X, ) > 0
almost surely as (X, ur) > 0 almost surely by Assumption 2 and Lemma EC.1.

We will next show that the last expression in (EC.21) equals zero. By (EC.20), we have
limsup A, (z, i) — bt (2, i) + 0 (2, 15) <O VEe T\ {t(w, 1)}z € X. (EC.22)

n—oo

Equation (EC.22) implies that for any x € X', we also have

liminf 1 { bt (2, 15) = B (. ) + 8 p7) SO Ve T\ {2, )} =1,

n— oo
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We then have

limsup 1 {ﬁ;(x, [it) — X (2, 5% ) 4 6 (, 1) > 0 for somet € T\ {t(, u;)}}

n—oo

n—oo

=1~ Timinf 1t (2, ) = Bl (@, 15) + () <O Ve €T\ {t( 1)} }
=0.

As the above equality holds true for all z € X, the last expression in (EC.21) therefore amounts to
zero. By (EC.21), we thus have limsup,, ., 2* — 2P <0 for the fixed path of historical samples. The
claim now follows from the observation that our choice of sequence couple (i} ),en and (@), en Was
arbitrary and that limsup,,_,  2* — 2P <0 holds for every sequence couple (fi%),en = (/i) nen(w)
and (12 )nen = (17 )nen(w), where w € Q and P(Q) = 1. In other words, we have limsup,, ,  z*—2P <

0 almost surely. [

EC.3. Derivations of Fairness-Constrained Policies for Section 4
EC.3.1. Allocation-Parity-Constrained Policies

In this section, we show the derivation of policy 7* of Section 4.1. The derivation for the

alloc,n
minority prioritization case is similar and omitted. Recall that we now explicitly consider the
protected feature G' as an input into the policy 7, i.e., X = (X~¢ G). The sample approximation
of the allocation-parity-constrained policy design problem is given by

. 1 .
z:":lloc,n = r‘/{leal_}l( E Z Z ﬂ-t (l'l)mfz(mz)

i=1 teT

s.t. —ZW )<t VteT (EC.23)

— 1

where n, denotes the number of individuals with protected feature g in the data. Let p € RT“

Z]l 7 (z;) <dVg,g €G,g# g, teT,

collect the dual variables of the capacity constraints and denote by A'(g,g’") € R, the dual variable of
the fairness constraint for pair (g,¢’) and for treatment ¢. The Lagrangian dual of problem (EC.23)

is given by
oF = min max Laioen (T, 1, A),
alloc,n HGRT'H rell lloc, ( H ) (E024)
AELoo (GG R
where
Faenlmoi ) = -3 S et )+ 3 (zf Zﬂm) LYY Y N
i=1teT teT i=1 teT g€ g'€G,g#g’

=20 > M) <nlgi1l[9i=g] n,zﬂ ))-

teT g€G g'€G,g#g’ 1=1
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We can rewrite the last term as

33N Mg (;ngizgwxi)—éZn[gizg']ﬂxi))

teT g€g g'€G,g#yg’

= z Z (nlg Z 1[g; = g]ﬁ(:@)) Z X(g,9) = X(d',9))

teT geg 9'€G,9#g’

For ease of notation, we let v*(g) =3 /cg .., (A (9,9) — A'(g', 9)). We now have

Lallocn 7T )U“’ ZZW $z l‘l +Ziu <bt Zﬂ-t($l)>
i=1

i=1 teT teT
+ZZ Z )\t(g,g’)(S—ZZ (;Zl[gi:g]ﬂt(%)) 7' (g9)
teT g€G ¢'€G,9#g’ teT geg 9 i=1
:iZZW"‘(:ﬂJ(Th x;) — u—fv >+Z,ub*+zz Z A(g.9")0
i=1 teT teT teT ge§ g'€G,g9#9g’

For any fixed p and A, the inner maximization problem of (EC.24) is solved by

e , At gt
(z) = {1 if +=minargmax,cr (mn(ﬂﬁ) po= ey (9)) VeT zeX. (EC.25)

0 otherwise
We suppress the dependence of the above policy m on u, A notationally in order to avoid clutter
and tie-break using a lexicographic tie-breaker. By substituting the above policy into the dual

problem (EC.24), we obtain the convex program

@zlloc,n = minl Zallocm(f‘: >‘)a
perPH
AELoo (GXGRYTT)
where
_ 1 <
L _ At o tpt t
aHOC,n(:uv)‘) n I{lea%((m ( ) M ’7 >+Zub +ZZ Z )\ gg
i=1 teT teT g€g g'€G,9#9’

We denote by ﬂ;,j\* an optimal solution to this finite convex program. We can now define our

allocation-parity-constrained policy 7* by substituting f, 5\; into (EC.25).

alloc,n

EC.3.2. Outcome-Parity-Constrained Policies

We now derive the policy 77 . . of Section 4.2. The sample approximation of the outcome-parity-

out,n

constrained policy design problem is given by

. 1
S L3S it (2

i=1 teT

1 n
R Hz)<b' YteT
R ,Z” () < (EC.26)

n

L3S 1l =l )~ 33 1l g i () <5

i=1 teT 9 =1 teT

V9,9 €G,9#9.
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Again let p € R be the dual variable for the capacity constraints, and denote by A(g,g') € R,
the dual variable of the statistical parity in outcome constraint for the group pair g and g’'. The

Lagrangian relaxation of problem (EC.26) is given by

ﬁ;ut,n = Merginril Ifgr)[( Lout,n(ﬂ'muv A)7 (EC27)
NELoo(GXG,RY)
where
1 n
L - . ’
T N = LSS e )+ S ( 15 w) S A
i=1 teT teT i=1 9€G ¢'€G,g#q’

> > Ag.d) ( ZZJI () ——ZZJL )m;(xi))

9€G g'€G,g#9g’ i=1 teT i=1 teT
We can rewrite the last term as

S Y Aog) (; SO g, = gl (it () - — 303 1g, :g'}w%xi)m;(xi))

. ngl .
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For ease of notation, we let v(g) =>_ /g 2,(A(9,9") —A(g',9)). We now have
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For any fixed p and A, the inner maximization problem of (EC.27) is thus solved by

. _ . , At/ - n _ t'
T S T o) s R
0 otherwise

We suppress the dependence of policy m on u, A notationally and tie-break using a lexicographic

tie-breaker. By substituting the above policy into the dual problem (EC.27), we obtain the convex

program o
@;ut n— min Lout,n(uv )\)7
’ MERT"’l
AELoo(GXG,RY)

where

_ 1 — . t

Lowtn(, ) =2 rgg;c(m( )(1—7(91) >+Zub D D Mog)

P teT 9€G g’'€G,9#g’

We denote by [, ;\* an optimal solution to this convex program. We define the outcome-parity-

constrained policy 7%, , by substituting /%, A into (EC.28).

out,n
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EC.4. Empirical Results Details
EC.4.1. Linear Outcomes Simulated Data

In Figure EC.1, we show additional simulation results for values of o from the set {0.5,0.8,1.15} for
the noise term. The qualitative takeaways are the same as those in Section 5.1.3 and serve primarily
to show the degradation of non-parametric methods of decision tree and KNN from added noise

in the data.
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Figure EC.1  Synthetic data results for o values {0.5,0.8,1.15}. All subfigures show the ratio of out-of-sample
performance of the sample-based queuing policy to that of the perfect foresight policy in dependence of training

set size. Each line corresponds to a policy using a different outcome estimator.

EC.4.2. Nonlinear Outcomes Simulated Data
In this section, we investigate a variant of the setup from Section 5.1.1, where the outcomes are
now nonlinear in the covariates. In particular, the potential outcomes Y and conditional mean

treatment outcomes m', for each ¢ € {0,1,2}, can be written as:

YP=m®(X)+e, m’(X)=025X7+0.75X;

Y'=m'(X)+e, m'(X)=0.75X;+0.75X;

Y2 =m?*(X)+e, m*(X)=0.25X;+1.25X;
where ¢, ~ N(0,0), t € T, are i.i.d. noise terms. We now vary o over a larger range of values
{1,5,8,12,15} since the quadratic outcome functions m° m',m? now take on a larger range of
values (using the range of o values from the linear case of Section 5.1.1 does not yield noise terms
with meaningful differences compared to the scale of outcome values).

Figure EC.2 shows the simulation results for this setting. Compared to the case of linear con-

ditional mean treatment outcomes, as one would expect, no policy based on a linear outcome

estimator reaches close to 100% of the perfect performance, regardless of sample size, since they
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are all misspecified now. In the low noise regime (o = 1), the policy based on the non-parametric
E-NN estimator comes close to 100% (as does using decision trees), but increasing levels of noise
cause a deterioration in the performance of k-NN. We also see that simpler parametric models
like linear and lasso, though misspecified, are relatively robust to increasing levels of noise. The
causal adjusted versions of lasso also improve their performance as well here, though only to a

small degree.
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Figure EC.2 Synthetic data results for nonlinear outcome function for o values {1,5,8,12,15}. All subfigures
show the ratio of out-of-sample performance of the sample-based queuing policy to that of the perfect foresight

policy in dependence of training set size. Each line corresponds to a policy using a different outcome estimator.

EC.4.3. HMIS and VI-SPDAT Data
EC.4.3.1. Data Details and Preparation In this subsection, we provide further details on

the current system, raw data, and how we defined outcomes for our experimental results.
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When an individual arrives to the system, they are assessed for vulnerability with the VI-SPDAT
tool, which contains a series of questions such as prior length of and number of experiences of
homelessness. Adverse answers, such as sleeping situations indicative of homelessness, are given a
weight of 1 so that an individual’s vulnerability score ranges from 0 to 17, where a higher score
indicates more vulnerability. The question and answers from the tool are used as features in our
estimation methods and a sample of the tool is shown in Figure EC.3 (LAHSA 2017). To determine
treatment assignments and outcomes after individuals receive their VI-SPDAT assessments, we can
match them with their enrollment history from the raw HMIS data, which details their interactions
with the system. Full details on the HMIS data and variables can be found in the HMIS Data
Standards Data Dictionary (U.S. HUD 2021). For a given individual, we observe a sequence of

enrollments, each characterized by a type of service and the corresponding date information.

A. History of Housing and Homelessness

4. Where do you sleep most frequently? L1 Shelters Car
[ Transitional Housing Client doesn't know*
(1 Safe Haven Client refused*
[ Outdoors* Other* (please specify:
[ Couch surfing

If the person answers anything other than “Shelters”, “Transitional

Housing”, or “Safe Haven”, then score 1. Score:

5. How long has it been since you lived in permanent [ Less than a week 16 months to 1 year Client doesn't know
stable housing? 1week-3months 11—2years Client refused

13 - 6 months [12 years or more
6. In the last three years, how many times have you [0 times [ 3 times 7 Client doesn’t know
been homeless? 11 time 4 times Client refused

[12 times (15 or more times

If the person has experienced 1 or more consecutive years of

homelessness, and/or 4+ episodes of homelessness, then score 1. Score:

Figure EC.3  VI-SPDAT sample

Finally note that there is not a one-to-one correspondence between individuals found in VI-
SPDAT assessment data and the HMIS data. After merging the two datasets, and removing miss-
ing data issues, we obtain our final dataset that consists of 63,764 individuals assessed between
1/12/2015 and 12/31/2019, their assessment information, treatment received, and observed out-
come. Recall that we use all individuals assessed between 1/12/2015 to 12/31/2017 as our training
set to learn treatment outcomes and construct our policy, and then evaluate on individuals assessed

between 1/1/2018 to 12/31/2019 to measure out-of-sample performance.
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Historical Treatment Assignment Definition. Since the original HMIS data does not explicitly
contain “Treatment”, we use the enrollment history to create these variables. In Table EC.1 below,
we breakout the 11 types of enrollments found within HMIS data, where the enrollments ‘PH-
PSH’ and ‘PH-RRH’ are considered permanent interventions or treatments, and the remaining
enrollments are considered no-treatment, or ‘Services Only’, either due to their temporary nature,
shelter type, or nature of service provided. We also further breakout ‘PH-PSH’ into ‘tenant’ and
‘site’ based on an additional column, where the two sub-types differ, broadly speaking, in terms of
supportive services available on-site and process of actually receiving housing. This categorization
of the enrollment types was chosen based on discussions with matchers working within the LA

CES system.

Table EC.1

treatments. Percentage breakdowns come from our data used for estimation and are based on individuals who

HMIS enrollment types grouped by enrollments considered as permanent interventions and no

received a VI-SPDAT assessment.

Treatment Type Enrollment Type Proportion of All Enrollments
Permanent Intervention PH - RRH 14.16%
Permanent Intervention PH - PSH Site 4.63%
Permanent Intervention PH - PSH Tenant 4.14%

No Treatment Emergency Shelter 26.74%
No Treatment Street Outreach 26.23%
No Treatment Services 18.73%
No Treatment Other 3.10%
No Treatment Transitional Housing 1.31%
No Treatment Day Shelter 0.55%
No Treatment Homelessness Prevention 0.30%
No Treatment PH - Other 0.09%
No Treatment Safe Haven 0.05%

Outcome Definition. Recall from Section 5.2.1 that we focus on measuring returns to homeless-
ness after an intervention as the outcome variable, in line with the goals listed by HUD. Since such
an outcome is not explicitly tracked within the data, we construct a proxy variable as follows. To
determine an individual’s outcome, we first define an two-year observation window depending on
their treatment received. For those receiving ‘PH-RRH’; we also observe a ‘Move-In Date’ column

signifying when an individual was recorded to have officially received the resource. We define the
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‘PH-RRH’ window to start from the ‘Move-In Date’. Similarly for ‘PH-PSH’, we use the ‘Move-In
Date’ to determine the starting point, but add a 100 day lag to the ‘Move-In Date’ because we
concluded the recorded ‘Move-In Date’ within HMIS is likely not accurate. Through discussions
with matchers within the LA CES system, we learned that the ‘Move-In Date’ within HMIS is
an initial date inputted by case managers, but often does not get updated after an individual
eventually moves in. Furthermore, we analyzed an auxiliary dataset, the Resource Management
System (RMS) data, that supports this conclusion. For a subset of PSH units found within the
HMIS data, the RMS data contains specific information such as their eligibility requirements and
the updated move-in dates. For units found within both the HMIS and RMS data, we found
discrepancies between the reported move-in dates, where the RMS ‘Move-In Date’ occurs often
months after the corresponding HMIS ‘Move-In Date’, indicating that the HMIS ‘Move-In Date’
column for ‘PH-PSH’ have inaccuracies. This presents a problem where we often found individuals
receiving PSH within the HMIS data to subsequently enroll in enrollments indicating an individual
was experiencing homelessness (‘Street Outreach’, ‘Emergency Shelter’, and ‘Safe Haven’) shortly
after their reported HMIS PSH "Move-In Date’. If the HMIS ‘Move-In Date’ was incorrect and
those individuals had actually not yet moved-in yet to their PSH units, then we would incorrectly
conclude they experienced an adverse outcome after receiving PSH.

To address the problems with the HMIS PSH ‘Move-In Date’ column, we add a 100 day lag
to the ‘Move-In Date’ to determine the starting point for the ‘PH-PSH’ observation window. We
determined this 100 day lag based on the distribution of positive differences between the RMS and
HMIS ‘Move-In Date’. Finally for those receiving no-treatment, we consider their first enrollment
date of any type to be the start of their observation window. Our choice of a two-year observation
window for determining if an individual returned to homelessness after an intervention involved a
trade-off where shorter windows resulted in insufficient time to observe post-intervention outcomes
while longer windows resulted in fewer individuals for whom we can observe their full outcome
window. If we observe any occurrence of the three proxies of homelessness enrollments (‘Street
Outreach’, ‘Emergency Shelter’, or ‘Safe Haven’) within that observation window, then we consider
an individual to have experienced a negative outcome. Otherwise we consider them to have a
positive outcome. We made the above choices of treatment types, window length, start dates, and
more considering the trade-offs in terms of number of samples, ‘bias’ of the proxies, and data
quality. For individuals for whom we do not fully observe their outcome window, i.e., the outcome
window ends after the last observation date in our data, we remove them from our analysis. Keeping
those indivisuals would bias the data towards positive outcomes since individuals may experience
negative outcomes after the observable time in our data. For a summary of our outcome column

construction, see Figure EC.4.
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What is the treatment
assignment?
No Treatment PSH-Tenant or PSH-Site
RRH
No Tr Outcome Window RRH Outcome Window PSH Outcome Window
Start: Enrollment Date Start: Move In Date Start: Enrollment Date + Lag (100 Days)
End: Start + 2 Years \End: Start + 2 Years ) End: Start + 2 Years

period?

Is outcome window fully
observable in the data
No Yes

Subsequent entry into emergency
shelter, street outreach, or safe
haven within outcome window?

No /\ Yes

| Positive Outcome \ | Negative Outcome I

Unobserved |

Figure EC.4 Construction of treatment outcomes.

EC.4.3.2. Generating Counterfactuals and Fitting Training Set Estimators To
obtain counterfactuals for evaluating performance within the held out test set, we took a semi-
synthetic approach and used model-generated outcomes based on the entire dataset. We consider
three causal estimation approaches for generating counterfactual outcomes, the direct (or T-Learner
method), IPW, and DR methods. While the direct method simply fits an observed outcome esti-
mator for each treatment group, the IPW and DR methods involve fitting an additional propensity
model that estimates the probability of receiving each treatment conditional on observed covari-
ates. The inverse propensity scores are then used as sample weights in a second stage counterfactual
estimator in order to correct for selection bias. Since many causal estimation methods involve a
two step procedure where the first step estimates nuisance components like outcome and propen-
sity models and the second step combines these components into a final counterfactual model,
recent works often refer to the final model as a “final” or “second” stage estimator (Kiinzel et al.
2019). Therefore, we also adopt this terminology going forward and refer to the final counterfactual
estimator as a second stage estimator. We largely follow similar procedures as those described in
Battocchi et al. (2019) and Jacob (2021). For counterfactual outcome model selection for each
treatment, we want our model output probabilities to be as well-calibrated to the observed out-
come distribution as possible. Since our outcome is binary, the probability of positive outcome for
individual with features X under treatment ¢ is exactly the function m'(X). Therefore, requiring
calibrated probabilities under each treatment is the same as requiring m'(z) ~m'(z) for all z € X

for our chosen treatment outcome generating model m!. Therefore, we generate counterfactuals
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from models that empirically match the outcome distribution of each treatment as well as possi-
ble. To ensure generalization as well, we take a standard cross-validation approach to select the
best model for each treatment group. Finally, we noticed individuals without any indication of a
disability in the data were very unlikely to receive PSH and, generally speaking, PSH units required
some form of disability to be eligible. Therefore modeling the PSH outcomes of non-disabled indi-
viduals would possibly violate the positivity assumption in Assumption 1 and practically we have
insufficient samples. Therefore, we model disabled and non-disabled individuals separately and did
not model non-disabled individual outcomes under PSH treatment.

Note that the procedure outlined in this section was applied to the entire dataset and does not
relate to the time-based splitting of training (1/12/2015 to 12/31/2017 assessments) and testing
sets (1/1/2018 to 12/31/2019 assessments) used to evaluate performance in our experiment. Here,
we are simply trying to find models that empirically fit our data and outcome distributions well
enough to serve as counterfactuals.

Cross Validation. Since we want to have well-calibrated probabilistic predictions, we use log-loss
during the cross validation phase as the evaluation metric for tuning hyper-parameters of each
model class for estimating observed outcomes, propensities, and any second stage estimator. We
choose to minimize log-loss since log-likelihood is a strictly proper scoring rule, i.e., optimizing
this metric will yield well-calibrated probability predictions (Gneiting and Raftery 2007). For esti-
mating each treatment group’s outcomes, treatment assignment propensities, and second stage
components, we use b-fold cross validation and select the hyper-parameters with the best average
log-loss across all folds for each model class we considered (logistic regression with and without
regularization, random forests, gradient boosted trees, and XGBoost trees).

Validation Set of Calibration. For each treatment group and hyper-parameter tuned counterfac-
tual outcome model, we generate a calibration plot to visually pick the model that is best calibrated.
In Figures EC.5, EC.6, EC.7, we plot the calibration curves from a held-out validation set for the
direct, IPW, and DR methods, respectively. For example, in each of the subplots of Figure EC.5,
the dotted diagonal line represents probability outputs of a perfectly calibrated model while the
colored solid lines with markers are the calibration curves of each model class. In particular, we
calculate weighted calibration curves. To generate each calibration curve, we split the probability
predictions for a given model into equal sized buckets and find the average predicted probability
(x-axis) and plot it against the weighted average proportion of positive outcomes (y-axis), where
the weights are the inverse propensity weights. In essence, because we can only plot and observe
outcomes for those who received a particular treatment, we need to correct for observational data

selection bias. One way to correct for selection bias is to calculate each bucket’s average outcome



e-companion to Tang et. al.: Learning Policies for Online Allocation of Scarce Resources ec2b

using the IPW estimator (Hernan and Robins 2023). Also, because the treatment groups RRH, PSH-
Tenant, and PSH-Site had much smaller numbers of samples relative to the no-treatment group,
we used a smaller number of buckets to evaluate calibration to avoid each bucket being too small in
size and resulting in noise. Generally speaking, there was not a big difference between the calibra-
tion curves of the direct and IPW methods, while the DR curves on the smaller treatment groups
look more miscalibrated. The DR miscalibration may be due to the weighted residuals used in the
doubly robust second stage estimation, as the residuals, which are functions of a binary outcome
subtracting a predicted probability, may be better suited for debiasing continuous outcomes. Given
that overall the best IPW calibration curve within each disability and treatment group appeared
the most calibrated, we defaulted to using the IPW models for generating counterfactual outcomes.

After selecting the appropriate estimator for each treatment group of disability and non-disability
groups, we refitted the chosen models on the training and validation sets and checked for out-of-
sample generalization on the held-out test set. In Figure EC.8. we plot the final test-set calibration
curves for each treatment group for individuals with and without disabilities. In general, the final
chosen models for each treatment group appear well-calibrated visually with some slight deviations
from the diagonal line. Finally, while the above procedure describes how we chose the counterfactual
generating models, we still need to generate predictions of treatment outcomes for the training set
only (all individuals assessed 1/12/2015 to 12/31/2017) to learn a sample-based dual-price queuing

policy. We repeat the above procedure but only on the training data to generate 7.

EC.4.3.3. Fairness of Estimates An additional concern with our counterfactual models
for evaluation was potential bias by race. Since we want to use our generated counterfactuals as
reflections of the true generating process, any calibration bias would mean our evaluation results
would be potentially biased by race. In Figure EC.9, we plot and compare calibration curves for
each racial group across treatments on the test-set for the final chosen models. For the most part,
the calibration curves across racial groups are similar for each treatment, with the exception of
the ‘Other’ racial group. This is likely because the ‘Other’ group is only a small portion of the
sample, representing only ~ 7% of the sample. Furthermore, the scarce PSH-Tenant and PSH-Site
treatment groups also have worse calibration than RRH, again likely due to insufficient samples

from this small treatment group.

EC.4.3.4. Full Experimental Test Results In this subsection, we present further results
on two additional fairness-constrained policies Allocation SP and Outcome SP policies, which
seek to achieve statistical parity in allocation (constraint (4)) and statistical parity in outcomes
(constraint (7)) by race, respectively. The out-of-sample performance in terms of expected outcomes

are summarized in Table EC.2 and allocation and outcome fairness properties are presented in
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Figure EC.5
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Calibration plots on validation set for each direct method outcome model class and different

combinations of disability and treatment group.
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Calibration plots on validation set for each IPW method outcome model class and different

combinations of disability and treatment group.
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Predicted Probability

Predicted Probability

Calibration plots on validation set for each Doubly Robust method outcome model class and

different combinations of disability and treatment group.
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Figure EC.8 Out-of-sample calibration plots of final counterfactual generating models chosen for each
treatment group and for individuals with and without disabilities.
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Figure EC.9 Out-of-sample calibration plots for different racial groups and treatments from final counterfactual

generating models chosen.



ec30 e-companion to Tang et. al.: Learning Policies for Online Allocation of Scarce Resources

Table EC.2 Out-of-sample average expected outcome under each policy, and the relative percentage difference

compared to the Historical allocation.

Policy Proportion of Percentage Change
Positive Outcomes vs Historical

No Treatment 54.25% —8.76%
Historical 59.46% 0.00%
Base 62.53% 5.16%
Allocation SP 62.50% 5.11%
Alloc Min Priority 62.51% 5.13%
Outcome SP 62.52% 5.15%
Outcome Min Priority 62.53% 5.16%
Perfect Foresight 63.45% 6.71%

Figure EC.10. We use a § of 0.01 for the fairness constraints in the sample-based problem to learn
the Allocation SP and Outcome SP policies.

For RRH, we see that Allocation SP has the highest minimum percentage receiving RRH across
all racial groups compared to all other policies, but surprisingly does not result in the smallest
differences in percentages between all racial groups out-of-sample. It also allocates fewer resources
to Black individuals compared to Historical or any other policy, which may be undesirable when
policymakers want to prioritize minority groups. In this instance, policymakers need to choose
between statistical parity in allocation or prioritizing minority groups for allocation of RRH but our
proposed policy can incorporate either notions into consideration or possibly some combination of
the two. Similarly, for PSH, Allocation SP also has the highest minimum allocation rate across
all racial groups, but again does not have the smallest differences between all racial groups and
allocates to Black individuals at the lowest rate relative to all other policies. Also, of note in the
allocation fairness results is that the Outcome SP policy allocates RRH and PSH to the Other group
at far lower rates compared to other racial groups. This is because in our predictions, individuals of
the Other group had predicted outcomes under no-treatment that skewed more positive relative
to other racial groups. Therefore, the Outcome SP policy allocated less to the Other group in
an attempt to achieve outcome parity across all groups because their predicted outcomes under
no-treatment were already higher compared to the other racial groups. In terms of statistical
parity in outcomes, we see that Outcome SP, in addition to Base and Outcome Min Priority,
resulted in the smallest differences in proportion of positive outcomes between all racial groups

out-of-sample.
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Figure EC.10  Out-of-sample fairness results showing proportion of each racial group receiving RRH, PSH
(Allocation Fairness) and the proportion of positive outcomes for each racial group (Outcome Fairness) under

different policies.

Finally, we see in Table EC.2 that our fairness-constrained policies Allocation SP and Outcome
SP suffer almost no performance gap in terms of expected outcomes compared to Base while
potentially improving the fairness properties of the Base policy. Again, these further results suggest

almost no ‘price of fairness’.
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EC.4.4. Qualitative Behavior of Dual-Price Queuing Policy

EC.4.4.1. Allocations with Respect to Vulnerability One potential concern for our pol-
icy is that by optimizing for overall expected outcomes, it may overlook vulnerable individuals who
are not responsive to treatments. Under our queue assignment mechanism for the Base policy (Def-
inition 1), each person is assigned to the queue ¢ that maximizes the difference m! (z) — . Since

the dual price for No Treatment is 0 (it has no budget constraint), a resource queue ¢ is eligible for

0
n

assignment only when m! (z) — 5" —m?(x) is at least larger than 0. In this case, optimizing for
expected outcomes will risk deprioritizing vulnerable individuals with low treatment effectiveness.
However, we find this potential concern does not occur in our experimental results due to a strong
correlation (93%) between an individual’s vulnerability and the treatment effectiveness of the best
resource for that individual. This means that highly vulnerable individuals also tend to benefit
most from treatment and are prioritized by our policy.

In Figure EC.11, we plot the probability of being matched to any treatment queue under the Base
policy as a function of individual vulnerability, where vulnerability is defined as the probability of
an adverse outcome under No Treatment. We observe a clear pattern where individuals with higher
vulnerability are increasingly likely to receive a resource, because of their higher treatment effects.
In particular, more vulnerable individuals are also more likely to receive the more supportive PSH
resources. Therefore, in settings where individuals who are very vulnerable also tend to have large

benefits from receiving treatments optimizing for expected outcomes does not necessarily come at

the expense of vulnerable individuals.

EC.4.4.2. Comparing Dual-Price Queueing Assignments to Historical Assignments
Based on Characteristics In practice, policymakers will want to understand why our policy
allocates resources differently from the existing Historical policy. Since our policy consistently
makes resource assignments as a function of individual characteristics, we can examine individ-
ual covariates to understand cases where our Base policy makes different assignments than the
Historical policy. We therefore examined every individual in our test data and isolated the cases
where the two policies disagreed: either Base offered any treatment while Historical offered none,
or vice-versa. (Observations on which both policies agreed were discarded.)

Due to the high-dimensionality of our data (more than 100 covariates), we used a simple feature-
importance analysis approach to understand the disagreements. For individuals with policy dis-
agreements, we assigned a label 1 if Base assigned a treatment but Historical did not, and 0 in
the other case. Then we fit a logistic regression with one-hot encoded categorical covariates and
normalized continuous covariates so that all covariates were in the same scale. Finally, we rank

covariates by the absolute value of their coefficients as a heuristic for feature importance.
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Figure EC.11 Proportion of individuals matched to any treatment queue under a dual-price queueing policy, as
a function of individual vulnerability. Vulnerability is defined as the probability of an adverse outcome under no
treatment, where the x-axis corresponds to buckets with a width of 10%. For example, 0% corresponds to the
interval [0%,10%), 10% to [10%,20%), and so on, where each bucket is left-inclusive and right-exclusive. The

y-axis represents the average matching probability for individuals within each vulnerability bucket.

The results show that the covariates with the highest absolute value coefficients for predicting
whether Base vs Historical assigned an treatment were covariates that did not come directly
from the VI-SPDAT survey but from auxiliary HMIS data sources. These included characteristics
like an individual’s current employment type/status, whether they were looking for employment,
or the specific category of living situation an individual was in. As an example, the Historical
policy tended to assign treatments to individuals with some form of work whereas our policy was
more likely to assign treatment to someone without known form of work. Since case managers
primarily relied on the VI-SPDAT responses to make allocation decisions historically, our findings
suggest that augmenting VI-SPDAT responses with additional HMIS data can improve allocation

decisions.

EC.5. Wait Time and Queue Length Statistics under the Dual-Price
Queueing Policy

Section EC.5.1 discusses the theoretical properties of wait times and queue lengths under our
proposed policy. Section EC.5.2 presents additional results on wait times observed in the numerical

experiment described in Section 5.2.4. Section EC.5.3 investigates the causal effect of the wait times
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observed under our counterfactual policy on outcomes. Section EC.5.4 provides further empirical
evidence from the VI-SPDAT that an individual’s circumstances are unlikely to materially worsen

under our policy’s wait times.

EC.5.1. Discussion of Arrival and Queue Statistics

In this section, we argue that the expected number of individuals assigned to the queue for any
resource under the dual-price queuing policy matches the expected number of resource arrivals
of that type, ensuring balance in the system over time. In constructing our policy optimization
framework, we have not made any assumptions regarding the arrival processes of individuals and
resources in the system. For the purposes of this discussion, we now assume that the arrival process
of individuals is such that the expected number of arrivals in any interval of length ¢ is A¢, where
A > 0. Examples of such a process include cases where individuals arrive either with deterministic
inter-arrival times of 1/X or with i.i.d. exponential inter-arrival times with mean 1/, i.e., a Poisson
arrival process. Similarly, we assume that the arrival process of resources of type t € 7\ {0} is such
that the expected number of arrivals in any interval of length £ is u*¢, where u' > 0. Note that the
system is assumed to be initially empty. To reflect the scarcity of resources, we assume that u' < A
for all t € T\ {0}.

In our policy optimization framework, the parameter b*, which represents the asymptotic capacity
of treatment ¢ € T \ {0} per individual, can be related to the arrival processes through the equation
b' = u' /A, which denotes the expected number of arrivals of resources of type ¢ per unit time
divided by the expected number of individual arrivals. The policy 7*, defined in (EC.3), satisfies
the capacity constraint E[7**(X)] <b' for all ¢t € T. Furthermore, under Assumption 2, if resources
of type t € T\ {0} are very scarce and contribute to improving outcomes (which align with the
housing application), these capacity constraints are binding for all t € 7\ {0}.

The dual-price queueing policy introduced in Definition EC.1 assigns each individual with covari-
ates x to the queue for treatment ¢, for ¢t € T, if 7%%(x) = 1. Given that the capacity constraints
are binding for all ¢ € T \ {0}, this implies that the expected number of individuals assigned to
the queue for any treatment ¢t € 7 \ {0} at any time matches the expected number of arrivals of
resources of type t, assuming that the covariates X, are i.i.d. across individuals. To see this, con-
sider any time point ¢ and any treatment type ¢t € 7 \ {0}. Under the dual-price queueing policy,
the expected number of individuals assigned to the queue for resource ¢ at time ¢ is given by b* /.
This follows from the fact that the prior probability of assigning an arriving individual to the queue
for treatment ¢ is E[7**(X)] =0', and the expected number of individuals arriving in the system
until time ¢ is A\l. Given the relation b* = '/ A, this implies that the expected number of individuals

assigned to the queue for resource t by time £ matches the expected number of arriving resources
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of type t up to the same time, i.e., u'f. In this sense, the dual-price queueing policy ensures a
well-balanced system. If this balance is not maintained (i.e., if the prior probability of assigning
a treatment ¢ € T \ {0} is either low or high compared to that under 7*), then, on expectation,
the difference between the number of individuals waitlisted for treatment ¢ and the number of
resources of type t arriving in the system will continue to grow either toward infinity or negative
infinity, indicating either longer waiting times for individuals or an increased number of unutilized
resources—both of which are undesirable. So far, in the discussion, we have focused on the optimal
dual-price queuing policy constructed under the assumption of knowing the distribution of the
covariates and potential outcomes. Recall that, in reality, we only have access to data, meaning
we can only compute and rely on the sample-based dual-price queuing policy, as defined in Defi-
nition 1. Since we have shown this policy to be asymptotically optimal, it is reasonable to expect
that the sample-based dual-price queuing policy will achieve a similar balance as the number of
in-sample data points grows.

Studying the statistics of queue lengths for any treatment ¢t € 7 \ {0}, or the waiting times of
individuals and resources in the system, is significantly more complex and depends on further
specifications about the arrival processes as well as the distribution of covariates. To illustrate this
complexity, consider the simplest case where inter-arrival times are deterministic; that is, at any
time ¢, A\l (assume to be an integer) individuals arrive in the system, and p'¢ (assume to be an
integer) resources of type t € T \ {0} become available. As the dual-price queueing policy assigns
each arriving individual with covariates = to the queue for treatment t € 7 \ {0} with probability

m*t(z), the expected length of queue ¢ at time ¢ is given by

E (Zw*vt(xk)—wz> , (EC.29)

where (a)* = max{a,0}. The term S2", 7%%(X}) represents the length of queue # after A¢ arrivals
of individuals with covariates Xi,...,X,,, while p'f is the number of resources of type t that
become available by time ¢. The expected queue length in equation (EC.29) depends not only on
the expected allocation of an individual to queue ¢ prior to knowing their covariates but also on
the overall distribution of the covariates. Moreover, if we consider a stochastic arrival process, this
quantity also depends on the specifics of that process (e.g., the distribution of inter-arrival times)
and not merely on the expected number of arrivals, making the analysis significantly more complex.

Additionally, in reality, we only have access to data and therefore lack knowledge of the true
distribution of the covariates as well as the specifics of the arrival process. When assessing queue

lengths, waiting times, and the number of idle resources under our proposed sample-based queueing
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policy, we will therefore rely on data to estimate. In Section EC.5.2, we will indeed verify numer-
ically that the allocation system under our sample-based queuing policy is well-balanced, in the

sense that on average there is not a build up of individuals waiting in queues nor idle resources.

EC.5.2. Full Wait Time Results for Section 5.2.4
In this subsection, we present further numerical results on wait times (Section EC.5.2.1) and
queue lengths (Section EC.5.2.2) under our policy, based on the experiment setup described in

Section 5.2.4.

EC.5.2.1. Wait Times Previously, we summarized our wait time results in Section 5.2.4 and
Figure 3, which showed that our policy results in relatively low wait times on average, across 250
trials. One aspect that Figure 3 does not account for is idle housing “waiting” to be matched, which
is also an undesirable situation based on our discussions with policy makers. Figure EC.12 presents
the same statistics for the wait times of each i*" arriving individual, adjusted by subtracting the
idle time of their matched resource. This “adjusted wait time” can be computed as the difference
between the individual’s arrival time and the arrival time of their matched resource, and provides
a holistic view of the allocation system in terms of both individuals and resources. The “adjusted
wait time” is positive when an individual is waiting for a resource and is negative when a resource
is waiting to be matched to an individual, and we clarify that individuals and resources cannot
both be waiting. Note that the quantities in Figure 3 are obtained by truncating negative adjusted
wait times, which represent idle resource times, to zero. We see from Figure EC.12 that across
each treatment queue, the mean adjusted wait times stabilize around 0, indicating that the system
is well-balanced on average, which aligns with the discussion in Section EC.5.1. For applications
in which a holistic view of the allocation system is important, we may desire such well-balanced
behavior, where on average there is neither waiting individuals nor idle resources. We note that
the 10" quantiles (where adjusted wait times are negative and resources are idle) are —57, —94,
and —96 days for RRH, PSH Site, or PSH Tenant, respectively. The 90" quantiles (where adjusted
wait times are positive and and individuals are waiting) are 57, 99, and 96 days for RRH, PSH Site,

or PSH Tenant, respectively.

EC.5.2.2. Queue Lengths To complement the results on wait times, we additionally inves-
tigate the queue lengths under our policy based on our experiment setup. In Figure EC.13, we
take a holistic system view by considering both individual and resource build-ups in treatment
queues. We compute the queue size, displayed in this figure, as the difference between the number
of individuals assigned and waiting for a particular housing type and the number of the respective
resources waiting to be matched. Therefore, at each time point, a positive queue size means there

are individuals waiting for resource arrivals while a negative queue size means there are resources
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Figure EC.12 Adjusted wait times for the different types of housing resources across 250 sample paths, where,
for each individual, we plot the difference between an individual’s arrival time and the arrival time of their
matched resource. A positive value means an individual arrives before their matched resource while a negative

value means a resource arrived before its matched individual.

waiting to be matched to an individual. Similar to the wait time results in Figure EC.12, we see
that our policy, on average across simulation trials, results in a well-balanced system where neither
individuals nor resources continuously build up within queues over time, but can result in longer
queue lengths. The 10" quantiles (where queue sizes are negative and there are resources wait-
ing) are —213, —118, and —156 across the subplots, respectively, and the 90'" quantiles (where
queue sizes are positive and individuals are waiting) are 256, 137, and 173 across the subplots,

respectively.

EC.5.3. Impact of Wait Time on Outcomes
One important consideration for whether the wait times observed under our policy are reasonable
is the impact of these wait time levels on individual outcomes. Therefore, based on our historical

data, we compute the negative impact of increasing wait times on individual outcomes for each
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Figure EC.13 Simulated treatment queue sizes across 250 simulated sample paths, where positive queue size

means individuals are waiting in queue while negative queue size means resources are waiting to be matched.

group of individuals based on disability characteristic and resources received. To study potential
heterogeneity in how wait times may impact different individuals, we compute wait time condi-
tional average treatment effects (CATE)—treatment referring to wait time in this case— based on
each individual’s covariates using the Orthogonal/Double Machine Learning (DoubleML) frame-
work from the causal inference literature (Chernozhukov et al. 2018, Nie and Wager 2021). We
chose this method because it allows for the incorporation of arbitrary machine learning techniques
for estimation and naturally handles the continuous nature of wait times, in contrast to the binary
or discrete treatment settings (recall that treatment refers to wait time in this analysis) commonly
studied by other methods. For estimating the two nuisance functions required in DoubleML of
outcomes and treatment assignment (in this case wait time) conditional on covariates and the final
stage regression in DoubleML, we follow standard cross-validation and hyperparameter search pro-
cedures with the base estimators being linear/logistic regression (with and without regularization),

random forests, gradient boosted trees, and XGBoost trees.
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In Figure EC.14, we show the mean, 25 to 75", and 10" to 90*® quantile ranges of the decrease
in probability of positive outcomes as wait times increase, where each subplot corresponds to a
different combination of disability and resource received. In this case, a lower quantile (such as
10""%) corresponds to larger decreases in positive outcome probability as wait times increases,
while higher quantile corresponds to individuals where wait time has less effect on their positive
outcome probability. For the sample path average RRH wait time of 18 days, we see that the
mean decrease in positive outcome probability is —0.53 p.p.and —0.29 p.p. for disabled and non-
disabled individuals, respectively, while the 10*® percentile decreases by —0.86 p.p. and —0.61
p-p- for disabled and non-disabled individuals, respectively. For PSH Tenant and PSH Site, the
sample path average wait time of 30 days corresponds to mean decreases of —0.64 and —0.36
p.p. respectively, while the 10" percentile individual’s decrease in positive outcome probability
are —0.99 and —0.87 p.p., respectively. Even at 90" percentile wait times of 55, 100, and 100
days of wait time for RRH, PSH Tenant, and PSH Site, the mean decrease in positive outcome
probabilities are —1.62, —2.12, —1.21, and —0.90 p.p. for Disabled RRH, PSH Tenant, PSH Site,
and Non-Disabled RRH individuals respectively. In addition, at 90" percentile wait times, the 10*®
percentile individual’s decrease in positive outcome probability are —2.62, —3.31, —2.89, and —1.85
p-p- across the subplots, respectively. As expected, increasing wait times has a negative effect on
positive outcome probabilities across individuals, but the impact is relatively minimal at the wait

times seen in Figure 3.

EC.5.4. Impact of Time on Vulnerability: Evidence from VI-SPDAT Reassessments
Another way to gauge the potential impact of the wait times (Sections 5.2.4, EC.5.2, and EC.5.3) of
our policy on outcomes is to examine changes in an individual’s circumstances over time under no
treatment, which we can observe from retakes of the VI-SPDAT. Because case managers typically
administer a retake of the VI-SPDAT only when they notice a visible shift in circumstances, the
frequency of retakes, the time elapsed between them, and the magnitude of any score change
together provide a proxy for how quickly vulnerability actually worsens. For example, if individuals
rarely retake the assessment within 100 days (the 90" quantile of wait time for PSH under our
policy) and their scores do not increase significantly (indicating worsening vulnerability), then this
suggests wait times at the levels of our policy do not result in material changes to circumstances.

To analyze individual changes based on VI-SPDAT retakes, we subset our data on those who
received no treatment historically since these individuals represent what happens to someone as
they wait for their allocation. We see that only 6.7% of all individuals had a reassessment within
100 days. Among those who ever retook the assessment, the average and median time to retake

were 385 and 303 days, respectively. These numbers indicate that case workers did not find most
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Figure EC.14 DoubleML/R-Learner causal estimate of the heterogeneous negative impact of increasing wait

times on probabilities of positive outcomes.

individuals’ circumstances to change materially within the time frame of the wait times of our
policy to administer a reassessment. Furthermore, amongst those who needed a reassessment within
a year, only 51% of the individuals had a score increase (their circumstances worsened) and the
mean and median score changes both increased by 1 on an 18 point scale. Consequently, the wait
times our policy introduces are short relative to the timescales on which VI-SPDAT scores (a proxy
for individuals’ situations) tend to change, suggesting the practical acceptability of our policy’s

queuing wait times.



