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Abstract

The structured saddle-point problem involving the infimal convolution in real Hilbert spaces
finds applicability in many applied mathematics disciplines. For this purpose, we develop
a stochastic primal-dual splitting algorithm with loopless variance-reduction for solving this
generic problem. We first prove the weak almost sure convergence of the iterates. We then
demonstrate that our algorithm achieves linear convergence in expectation of its iterates as
well as convergence of the (smoothed primal-dual and duality) gap function value under the
assumption of strong convexity. We also derive the total average complexity and compare it to
the most recent advances developed in the available literature.
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1 Introduction

In this paper, we revisit the following structured saddle point problem in real Hilbert spaces.

Problem 1.1 Let H, G be separable real Hilbert spaces. Let L: H — G be a bounded linear
operator. Let f: H — |—o00,400] and g: G — |—00, +00] be proper lower semicontinuous convex
functions. Let n, and ng be strictly positive integers. Let (j1;)1<i<n, and (¥;)1<i<n, be non-negative
sequences. Let (hi)lgignp be a sequence of convex differentiable functions from H to R such that
Vhi is ps-Lipschitz continuous. Let (¢)1<j<n, be a sequence of convex functions from # to R such
that ¢; is 1/v;-strongly convex. Let h: H — R and ¢: G — R be convex differentiable functions
defined, respectively, by

1 "p 1 nd
h:=—> h; and ¢*:=— ) /. 1.1
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The primal problem is to

miniryr_tlize h(z)+ ((Og)(Lz) + f(z), (1.2)
Te

where £0 g denotes the infimal convolution of the functions ¢ and g (see Section 2 for its definition).
The dual problem (in the sense of Fenchel-Rockafellar) is to

minirgize (h+ /) (L*v) 4+ g*(—v) + £*(—v) (1.3)
ve

where, f* and ¢* denote the Fenchel conjugate of the function f and ¢, respectively (see Section 2
for the definition) and L* is the adjoint of the linear operator L.

Prior and related work: Stochastic numerical methods for solving saddle points problems have
been extensively investigated in the literature, see [3, 5, 11, 12, 21, 23, 24] and [15, 17, 18, 31, 32, 37]
for more recent developments. In these papers, the proposed methods find applicability to vari-
ous problems arising from machine learning, statistical learning, transport optimization, portfolio
optimization, eigenvalue optimization as well as many another problems in applied mathematics.
Over the last decade, many of these stochastic methods have also exploited the variance reduction
(class of) techniques in order to increase the precision of the gradient estimates while decreasing the
computation time to obtain them; see for instances [3, 5, 11, 15, 17, 18, 31, 32, 37] and references
therein. In this context, Problem 1.1 was first investigated in [12] and then in [33, 6, 7, 16] for the
case where n, = ng = 1. In the case where n, +ngq > 2, the problem has been recently resolved in
[31, 24, 25] by means of stochastic variants of primal-dual splitting methods. Let us emphasize that
when n, and ng are (very) large, the evaluation of the full gradient of i and ¢ becomes prohibitive.
In turn, stochastic primal-dual splitting methods are often used as alternative to their deterministic
counterpart. Comparatively,

(i) The algorithm in [31] can be viewed as a stochastic extension of [13] by using the Bregman
distance. The main advantage of this work is that Hilbert spaces are relaxed to reflexive
Banach spaces. Although enabling interesting applications such as the linear inverse problems
on the simplex, the condition on the variables is much stronger than expected; moreover, the
method does not exploit any variance reduction technique.

(ii) A stochastic method is developed in [24] for solving the Problem 1.1 with Bregman distance.
The method exploits the variance reduction technique of [35] in finite dimensional Banach
space. It reaches a linear convergence rate in expectation under constraining conditions as
the strong convexity relative to Bregman functions.

(iii) The method in [24] was further developed in [25] by partially relaxing the fixed setting of
the extrapolation parameters, and exploiting the double-loop variance reduction technique of
[35] but still restricted to the usual duality gap function.

The present work is motivated by the recent development in [19] of the loopless variance reduc-
tion method which obtains the optimal total average complexity. Their framework is nevertheless
less general than the method proposed in this paper because it is concerned by the minimization of
the function h only. This limitation has been removed in [1] where authors developed the idea of



loopless variance reduction for solving monotone inclusions which can apply to solve primal-dual
problems (1.2)-(1.3). The resulting algorithm does not improve the complexity over its determin-
istic counterpart as confirmed by [2]. The total average complexity of the method proposed in [2]
(but also those developed in [8, 18, 5]) remains far from the one obtained in [19]. Instead, this work
fills this gap by developing a stochastic primal-dual splitting algorithm for Problem 1.1 that relies
on loopless variance reduction and that obtains the optimal total average complexity as in [19].

Contribution: The main contributions of this paper are:

(i) The development of a primal-dual full-splitting method with loopless variance reduction as
well as the proof of the almost sure weak convergence of the generated sequences and the
convergence of the smoothed primal-dual gap function introduced in [14].

(ii) The proof of the linear convergence in expectation of the iterations as well as of the duality
gap and the smoothed primal-dual gap function.

(iii) Under the strong convexity assumption, the method obtains the total average complexity as
in [19] that focuses on minimizing a single function objective (referring to primal problem
(1.2), the function h).

Structure: Section 2 is devoted to the definition of the notations and the introduction of basic
notions This section also includes the basic results used in the next sections of this paper. We
present the algorithm and prove its convergence properties in Section 3. The complexity analysis
is detailed in Section 4. The last section consists of a brief conclusion.

2 Preliminaries

Notations. The inner product and norm of all Hilbert spaces are denoted by (- | -) and || - ||. The
adjoint of the linear operator L is denoted by L*. The effective domain of a function f: H —
]—00, +00] is dom(f) = {x € H | f(z) < 400}. This function is proper if dom(f) # @. We denote
by I'g(H) the class of all proper lower semicontinuous convex functions f from H to |—oo, +oc].
For f € T'y(H), the conjugate (or Fenchel conjugate) of the function f denoted by f* is defined as

f(x) = sup((z | y) — f(y))- (2.1)

yEH

We also use Jf to refer to the subdifferential of f. Given the functions f and g from H to
]—00, 400, their infimal convolution f O g,

¢0g: xw— inf (U(y) +g(x —y)). (2.2)
yeH

The proximity operator of the scaled function Af from H to |—o0,+o0] with parameter A > 0 is
defined by

. 1
prox,;: H —H:x— ar;ger;l{m(f(y) + 5H$ —y[*). (2.3)



Let U,V be two self-adjoint bounded linear operators from H to H, we write U = V to indicate
that (Vo € H) (x| Uz) > (x| V). We denote the semi-norm of x € H on U by ||z||y = /(x| Uz)
where U is semi-definite. We also use the following notation

1y (y) = (e [ Uy),

which defines a scalar product on H if U is self-adjoint, positive definite. The following simple
properties of the semi-norm will be used:

(Vo € H) |lzllf + l2l5 = l2llZr4 and (Ya € [0, +00]) allz(F = ||z ]2, (2.4)
Moreover, if U = V then (Vz € H) ||z||Z > ||z]?.

Assumptions. As in [12], throughout this paper, we assume that the set S is defined by

S={zeH|0€df(z)+ Vh(z)+ (L* o (0(0dg) o L)(z)} # 0, (2.5)
where
of : H — 2™ s {ueH|(VyeH) y—z|u+ flz) < fy)}, (2.6)
and
ol0dg = (00* + 0g*) L. (2.7)

As demonstrated in [12], under some qualification conditions, the primal problem (1.2) can be
reduced to find a point in the set S (2.5). If we denote by

M: (z,v) = df(z) x 9g*(v) and C': (z,v) — (Vh(z) + L*v) x (V€*(v) — Lz), (2.8)

where the (Fenchel) conjugate ¢g* of the function g is defined by (2.1). Then, under the condition
(2.5), this problem becomes equivalent to

S={(z,v) eHxG|0€ (M+C)(z,v)} #0. (2.9)

We recall the definition and properties of the smoothed primal-dual gap function as introduced
in [14].

Definition 2.1 Let 8 € [0, 40| and (7,0) € ]0, 400>, Let x = (x,v) and x = (i&,0) be in H x G,
where x denotes the Cartesian product. The smoothed primal-dual gap function Gg(x;X) centered
at x is defined by

Golxi%) = sup (K<x,v’> S K@)~ Dol =) - - @u?), (2.10)
' eH'EG 27' 20'
where the Lagrangian function K(x,v) is given by
K(z,v) =h(z)+ f(z) + (Lz | v) — g*(v) — £*(v). (2.11)

Observe that setting § = 0 yields the conventional duality gap function defined as

Gp=o(x) = x’@?—?geg (K (z,v) — K(2/,v)). (2.12)

Moreover, [16] shows that the smoothed primal-dual gap function Gg(x;x) as defined by (2.10) can
be used as a measure of optimality in the following sense:



Lemma 2.2 [16, Proposition 8] Let 8 € [0,+oc| and (1,0) € |0, +o0>. Let xt = (zf,0f) € S,
where S is defined by (2.9), and x = (z,v) € H x G. Then,

Gs(x;x") =0 if and only if x € S. (2.13)

Moreover, define

vg(z) = proxa(g*+g*)/ﬁ(vT +oLz/p).
Then, the following holds,
Galixt) > K(,vf) ~ Kot ) + 2 fus(a) — ol + Do) — a1 (2.15)

We provide the main probability theory definitions and notations used throughout this
manuscript. We refer the reader to [22] for more details on probability Theory in Hilbert spaces.

Definition 2.3 Let (Q,71,P1) be a probability space where Q = {1,...,np}, F1 = 2%, and
Py = {p1,p2,...,Pn, } with uniformly selected random index p; = 1/np € ]0,1]. Let (Q2,F2,P2) be
a probability space where Qo = {1,...,np}, Fo =22, and Py = {q1, q2, - - ., qn, } with ¢; = 1/np €
10,1]. Then (2, F,P) = (21 x Q2,F1 @ Fa,P1 x Py) defines a probability space.

Definition 2.4 A H-valued random wvariable is a measurable function X : Q — H, where H is
endowed with the Borel o-algebra. The expectation of a random variable X is denoted by E[X].
The conditional expectation of X given a o-field A C F is denoted by E[X|A]. The abbreviation
a.s. stands for "almost surely”.

The proposed method developed in Section 3 obeys the general characterization of variance
reduction as in the following definition.

Definition 2.5 [17, Section D.] Variance reduction (VR): method used to increase the precision
of the (gradient) estimates and to improve the speed to obtain them. Formally, assume hy is an
estimate of the gradient Vh(xy). A method which verifies the property E[||hy — Vh(zy)||?] ——

k—o0
is referred to as a VR method.

In turn, variance reduction implies to specify the rate of improvement of the gradient estimate
against the deterministic variant. The total average (computational) complexity is further devel-
oped in Section 4.

Note that although stricto sensu a VR method does not require hy, being an unbiased estimate
of the gradient Vh(zy), the proposed algorithm relies on this property (see Lemma 3.3).

Lemma 2.6 ([28, Theorem 1]) Let (Fx)ren be an increasing sequence of sub-o-algebras of the
o-algebra F. Let (zx)ren, (Ak)keN, (Ck)ren and (tg)ren be sequences of [0, +oo[-valued random
variables such that, for every k € N, zi, &k, (x and tp are Fx-measurable. Assume moreover that
Yokente <400, D openCr < 400 a.s. and

(VE € N) E[zg41|Fx] < (1 +tr)zi + G — g a.s..



Then, the sequence (zx)gen converges a.s. to a [0,+oo[-valued random variable and the sequence
(Ok)ken is summable a.s..

3 Algorithm and Convergence properties

3.1 Algorithm

In this section, we detail our algorithm to solve the primal-dual problem (1.2)-(1.3) where we use the
stochastic estimation of the full-gradient incorporating auxiliary variables with priority updating
probabilities. Hence, the Algorithm 3.1 does not involve the full gradients Vh(yi) and V&*(uy).
Nonetheless, in our convergence analysis (see Section 3.2), we also use the full gradients at each
iteration k£ through

i’k+1 = pl"OXka<.1‘k - Tth(yk) — TkL*uk)

) (3.1)
Opy1 = ProX,, g« (Vg — ox VO (ug) + oxLy),

where 73 the primal stepsize and o}, the dual stepsize.

Algorithm 3.1 Let (7, 0%)ren be (stepsize) sequences in ]0,+oo[2. Let the priority updating
probability (p,¢) be in ]0,1]%. Let (zo,z_1) € H2 and (vo,v_1) € G2.

Set auxiliary variables w1 € H and wp € Gat k=0 : w19 = wi,—1 = o and wap = wa 1 = vp.
Tterate

> Step 1. Compute

= 2x — Tp_
{yk Tk — Th—1 (3.2)
up = 20k — Vg1
> Step 2. Pick i, € {1,...,np} and ji € {1,...,np} uniformly at random, and compute
zk = —Vhi(wik) + Vhi (yk) + Vh(wir) (3.3)
dk = —Vf;k (wgyk) + Vg;k (uk) + Vﬁ*(wlk)
where
yr with probability p uj, with probability ¢
Wy = . . and wo j, = . o (3.4)
w1 k—1 With probability 1 —p wa 1 With probability 1 — ¢

> Step 3. Update

Tpy1 = prox,, p(wg — Thzg — TRL Uug)
Ukl = ProX,, o« (vk — oxdy + o Lyy).

Remark 3.2 Here are some remarks concerning this algorithm.

(i) The extrapolation Step 1 of Algorithm 3.1 was introduced in [20] for solving the classical
variational inequality problem over a closed convex set in H. Then, it was extended by [9]
to solve a monotone inclusion. A stochastic development of [9] has been recently obtained in
[26].



(ii) The idea of using the auxiliary variables w; ; and wgy (as part of Step 2) was presented in
[19] with the purpose of finding a minimizer of a single function h, without extrapolation Step
(i.e., yr = xk, up = vg). This idea was further developed in [1] for the method introduced in
[20]. Algorithm 3.1 can be viewed as combining the auxiliary variables as proposed in [19]
with the method developed in [9]. In particular, if np = np = 1, then we obtain the method
in [9] for finding a point in S, see (2.9).

(iii) The main differences of Algorithm 3.1 compared to recently published works [24, 26] consists
of i) the involvement of auxiliary variables with priority updating probabilities (p,q) and ii)
the loopless variance reduction step compared to double-loop variance reduction structure
where the outer loop is replaced by a probabilistic switch between two types of updates: with
probability (p,q) a full/stochastic gradient computation is performed on the primal/dual,
while with probability (1 — p,1 — ¢) the previous gradient is reused with an adjustment.

We first demonstrate that, for all & € N, the random variables z; and dj as defined by this algo-
rithm are unbiased estimators of Vh(yy) and V£*(uy), and their variances are reduced progressively
along with the convergence of the full-gradient. More precisely, we have the following.

Lemma 3.3 Let Ej, be the conditional expectations with respect to the history {yg, w1 g—1, Uk, wo k—1}-
Then, (Vk € N) z, and dy are unbiased estimators of Vh(yg) and VI*(ug), respectively, i.e., we
have

(V/{? S N) Ex [Zk] = Vh(yk) and Ej [dk] = VE*(uk) (3.5)

Moreover, let xI' = (zf,0") € § (2.9) and define the mean square error (MSE) over np and np,
i.e., the average squared difference between the point-wise estimation of the gradient Vh;(wi i) and
VE;(wg,k) (computed at the values the auxziliary variables wy y, and way) and the actual gradient

value Vh;(z") and Vf;(UT), respectively

- L ¢

En(wy g, xl) = - Z |Vhi(wi g) — Vhi(z1)]?, (3.6)
Pi=1
1 &

Zp o) = - 3 V6 () - VG (37)
q j=1

Then, we have

2(1
2(1

p)(En(wi g1, 2") + Ep(yg, z1))

Q) (e (wa 1, 0") + S (g, v1)). (3-8)

{Ekmzk—wymm <2(1-
Exllldy — V& (w) ] < 2(1—

Proof. The unbiased estimation in (3.5) follows directly from the fact that (Vz € H) Ex[Vh;, (x)] =
Vh(z) and (Yo € G) B[V (v)] = VI*(v). Let us prove (3.8). From (3.3), by substracting Vh(yj
on both left- and right-hand sides, we have

(Vk € N) |2k — VR(yp)I” = [|[Vh(wi k) — Vhi, (wik) + Vi, (ye) — Vh(ye) |- (3.9)



This equality implies that the variance of the variable z; computed over i samples is bounded by
Ei, (21 — VA(yr)I?] = Ei, [IVA(w1k) = VR(yk) = (Vhi, (w1 k) = Vhi (k)]
— £, [IVh(wis) = V() |2 + VAo, (w1 — Vi, (3]
2B, [(Vh(wik) = VR(yk) | VR, (wik) = Vi, ()]
= By, [I[Vhiy (w1 k) = VR (i) |I°] = Es, [IIVR(w1k) — Vh(yr)|]
< Ej, [IVhi, (wik) — Vi, (yi) 1] - (3.10)

Hence, since for any k € N for which wy j, = y with probability p, w; ; = wy -1 with probability
(1 —p) and ||z —y|® < 2|z — 2||* + 2 ||z — y||?, the left-hand side of this inequality verifies

Eir [llze = VA1) = (1 = p)Eiy [IIVhiy (w1 k1) = Vhi, (yx)[I]
<2(1-p) (E 1A (wr,-1) = Vhi (22| + Eq, [IVhi (i) = Vhiy (2 2] )

(ZHWL W1k—1) th‘(xT)HerHth‘(yk)—Vhi(xT)HQ)

(Eh(wlk‘ 1, L )+Zh(yk,$T)) (311)
From (3.2), by substracting V#*(uy) on both left- and right-hand sides, we also have,
(Vk S N) Hdk — Vﬁ*(uk)H = va*(wzk) — Vﬁ;k (ngk) + Vﬁ;k (uk) — Vﬁ*(uk)H . (3.12)
This equality implies that the variance of the variable d; computed over j; samples is bounded by
Eji [lde — VO (w)|?] < Ejy [V, (wa) — VE, (wr) %] (3.13)
Hence, drawing a similar reasoning as for the variance of the variable z;, we obtain
. _ * 2 ( * * *
Eji Il — VO (up)|?) < 2°— Z Vi (wak-1) — VE( g V& (ug) — VI (
q
=2(1—gq) (:g* (wo,k—1,0") + Eps (ug, v1)), (3.14)

which completes the proof. O

Hence, this Lemma enables to state that the variance of the estimators z; and dj is bounded
and (being unbiased) is equal to their mean square error. The next Lemma provides an upper
bound on the values of the difference of the Lagrangian function. To simplify notations, we also
introduce the following definition

Definition 3.4 Set x = (z,v) € dom(f) x dom(g*). Define

Xk = (.%'k,vk), )A(k = (j:k’@k)7 Yi = (yk7uk)7
(VkeN) Sy = (2k,dy), (3.15)
Ri = (Vh(yr), VI (ug)),

and denote the infimal convolution and addition by

{g =90t (3.16)
f =f+h



Lemma 3.5 Set = maxi<i<p, ;i and v = maxi<j<n, Vj. Define

(0 —L* (17, 0 C(uld 0
L_<L 0 >,Uk_< ok Id/0k>,andD—<'uO y1d>. (3.17)
Let x = (z,v) € dom(f) x dom(g*). Define
(Vk € N) bi(x) = (xp — xk—1 | L(xt — %)) (3.18)

where Xy is defined in (3.1). Then,
1 1
K(2p41,0) = K (@, vp41) < 5lIxe — x|, + L xe-1l3p — br(x)
1 1
= (G ket =Xl + 5 %01 = xkl3p = brs1(3))

1 2 1 2
+ §HXk+1 - XkH4D+L*D*1L - §HXk+1 - XkHUk

+ HI‘k - RkHijgl + <)A(k+1 — X ’ R — I‘k> . (319)

Proof. Let k € N. We have vgy1 = (Id +0,0¢*) " (vx — ordy + orLys), which is equivalent to

1
Ly — dp + ;k(vk — Ut1) € 99" (Vg 1)-

Since g* is a convex function, it follows that
(Vo € G) g"(v) = g" (k1) + <Lyk —dy + Ulk(vk —Vg41) |V — vk+1> ;
which implies that
g (Urg1) — 9" (v) < {dp — Lyx | v — vpq1) + Ulk (Vg = V41 | k1 — V)

1
= (di — Lyg | v — vp41) + E(Hv — ol = [lvg1 — ol = [lv = vpal[?), (3.20)

where the last equality follows from the base identity in [4, Lemma 2.12(i)]. Since ¢* is convex and
continuously differentiable with v-Lipschitz gradient, it follows from the descent lemma [4, Lemma
2.64] that

{E*(uk) —*(v) (ur, — v | VO (ug))

<

i) = () < (pen = up | V() + 3 llonen = wl®

Adding these two inequalities, we obtain
O (0rs1) = (0) < (ors1 = v | V0 () + 5 orrs — i (3.21)
We derive from (2.11), (3.20), and (3.21) that, for every v € G,
K(zpt1,0) =K k41, vp1) = (Lpgr | v — vp1) + 87 (0p11) — 87(v)
< (L(wg+1 — yk) | v —vps1) + Q;(HU — vgl® = flogsr — o> = llv - Uk+1HQ)
Sl = w4+ (V0 (ug) = di | v ). (3.22)



Similar to (3.22), we have, for every x € H,

K (i1, V1) =K (2, vi1) = (L(@pg1 — @) | 1) + £(@hg1) — £(2)

1
< (L(@k41 — @) | Op1 — ug) + H(Hx — agl® = lleprs — 2l = llz — 211 ]1?)

+ g”fﬁkﬂ — ukll® + (wpp1 — 2 | Vh(yr) — 21) - (3.23)

Adding (3.22) and (3.23), we obtain for every (z,v) € H X G

a1k az g

K(oa,) = Kavnn) < (Elowen =) o — o0+ Lo — ) [0 - o)

1 1
+ E(Hx = apl® = llonrs = apll? = llo = wp]?) + R(Ilv = vl = okrr = vkl* = o = vesa]f?)

a5k a6,k

14
+ g”mk—H — yil? + §Hvk+1 —wgl® + (wps1 — @ | VA(yr) — 2i) + (VO (ug) — di, | ves1 — v) -

as i Qg

0,k

(3.24)

Using (3.2), i.e., ux = v +vg — vk—_1, the first term in the right hand side of (3.24) can be expressed
as

a1k = (L(Tp41 — @) | Vg1 — Vg — Uk + Vg—1)
= (L(zkr1 — @) | vps1 — vp) — (L(@h41 — ) | O — V1)
= (L(@k+1 — @) | vk — vk) — (L(@k1 — k) | vk — vp—1) — (L@ — @) [ v —v—1) . (3.25)

Similar to (3.25), for the second term of (3.24), by expanding the expression of y; (see (3.2)), we
also have

azl = (L(xpyr — 2p) | v — V1) — (L — 1) | v — i) — (L(xk — 1) | v& — veg1) . (3.26)
Observe that

(L(xgg1 — 2x) | 6 — vp—1) + (L(@k — Tp—1) | v — Vpg1) = Xk — Xp1 | L(xp — xp—1))
(L(wg1 — @) | vpg1 — vg) + (L(Tpt1 — 2k) | v = Opg1) = (K1 —xe | L(Xp1 — %)) (3.27)
<L(ij — x) ‘ Vi — Uk_1> + <L(5L‘k - xk_l) | v — Uk> = <Xk — Xk—1 ’ L(Xk — X)> .

Hence, we can derive from (3.27), (3.26) and (3.25) that

g+ oo = bk-i—l (X) — bk(X) — <Xk — Xk+1 | L(Xk — Xk_1)> . (3.28)
Next we estimate a3y and ay k. Using the non-expansiveness property of prox,, ¢, we have
|Zg+1 — Tyl = Hprokaf (azk — 1 Vh(yr) — TkL*uk) — Prox,, ¢ (xk — TRZE — TkL*uk) H
< 7k |12k — Vh(yr)|| - (3.29)

10



In turn,

sk = (Tre1 — Thtr | VR(yR) — 26) + (Er1 — 2 | VR(yr) — 21)
<lzk = Vh(yr)llzrr1 — Trgrll + (Epr1 — 2 | VR(yr) — 2x)
< Tiellan — VAP + (Ere1 — @ | Vh(yr) — 2x) - (3.30)

In the same way, we also have
gy < oplldy — VO (ug)||? + (VO (ug) — di | D1 — v) . (3.31)
Adding (3.31) and (3.30), we obtain following definition (3.15)
azp +agp < |rp — RkH%}:l + (Xgp1 —x | R — 1) . (3.32)
In order to estimate ag j, we deduce by expanding the expression of y;, that
llars = ll® = Sllewsn — @i — (@ — @)
:g”xk-&-l — x> + %Ilmk — a1 ||* = g (@pg — xn | T — TH_1), (3.33)
and
Sl = el = Zllonss = vi = (v = v
=2 ok = vl + S llox = ok = v (ot = v | o = va). (3.34)

Adding (3.33) and (3.34), we obtain, since per (3.17), D = diag(u Id, v 1d), the following expression
for a1,

0k = gllxkes = xellb + gl —xiilfb — (s —xe | Dl —xea)) . (3:39)
Therefore, adding (3.35) and (3.28), we get
00+ i = g ke —xtlb + 5l —xe-al — Goirr — x| (D~ L)k — xi)
+ bir1(x) — bg(x). (3.36)
We have
(1 =% | (D = L)k —xt-1)) = (D™ (D = L)* (k11 —xk) | Xk = Xk-1) p
< gl = s 1l + 51D (D — L) (i —x0)lp-

Following (3.17), since D* = D and L* = —L, we have

SID7HD — L (s~ 3l = 5 (D7HD — ) (xin —xe) | (D~ L) Gxaa — )

1 _
= 5 <(D + L*)(Id +D 1L)(Xk+1 — Xk) ‘ Xk+1 — Xk>

1 _
S (D+L"D YL (k1 = xk) | X1 —x)

1 2
- §||Xk+1 - XkHDJrL*D*lLa
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which implies that
1 , 1 )
(k1 =3k [ (D = L)t = x-1)) < S lxk = xe—1llp + 5lxe41 =Xkl py pop-1p (3.37)
Hence, by using (2.4), the expression (3.36) becomes
1 2 1 2
o+ arg +azk = Sl = Xkllopy pop-ip 5k = xe-1ll2p + Beri(x) = b(x). (3.38)
Next, by using the definition of Uy, we can rewrite the sum a5 and agj, as
1 2 1 2 1 2
ask + gk = §||Xk —x[ly, — §||Xk+1 —x[ly, — §ka — k1o, - (3.39)

Therefore, by combining (3.38), (3.39), (3.32) into (3.24), we obtain

6
K(zp41,0) — K(2,0041) < D g

1
Ixt = x[[27, + ol = xi-1l5p — br(x)
1 2 1 2
= (G lxerr =1, + 5 Ixe1 = xel3p = brs1())
1 2 1 2

+ EHXkJrl - XkH4D+L*D*1L - §ka+l - XkHUk

+ Hrk — Rk”?}gl + <)A(k+1 — X ‘ Ry — I‘k> . (340)
Hence, the proof is completed. O

Remark 3.6 Suppose that f and ¢g* are strongly convex functions with constants 6; and 65,
respectively. Then, using the same notations as Lemma 3.5, we have

min{ 6,7k, 6201}
2

K(241,v) — K(2, vp1)+ k41 — x|,
1 1
< 5 lxe = xllEr, + 5% = xe-13p = br(x)
1 1
= (Gl =X, + 5 %61 = xkl3p = brs1(9))

1 2 1 2
+ §||Xk+1 - Xk||4D+L*D_1L - EHXk-i—l - XkHUk

+ ||rx — Rk”%];l + (Xg+1 — x| R —rg) . (3.41)
Moreover, by replacing 1o = ||D — L|| in (3.37), it follows

1 1
ke = | (D = L) = x-1)) < 5lIxe = k-1l 1a + oI+ = Xk |7 1a- (3.42)

12



Then, using the latter inequality, the expression (3.41) becomes

min QlTk, HQO'k
Ka1,0) — Ko + 2O 020 g,

1
< Slxe = xllzr, = br() + =%k = 1l Do 1a
2

N |

1 1
(3hesr =l + gl = slra — bisa(0)

2 L 2
+ [Ixkt+1 = Xkl Do 1a — §||Xk+1 —xkllw,

+ |lrx — Rk”?];l + (Xp+1 — x| R —rg) . (3.43)

Remark 3.7 When p = 1 = ¢, Lemma 3.3 recovers the one provided in [35], and Lemma 3.5 is
similar to [24, Lemma 3.5] where pg is replaced by || D|| + || L]

Next, we extend Lemma 3.5 to upper bound the smoothed gap Gpg, (2.10) as detailed in Defi-

nition 2.1.

Lemma 3.8 Let (Bg)ren be a sequence in |0, +oo[. Under the same setting as of Lemma 3.5, define

o2+ AL L5 L 0
— Bk
Sk < 0 2 + %LL*) and
4 T, 1
Tk+1 _ 2/J + Py + 4(& + ;)L*L ) 0 ) ‘ (344)
0 2V—|—m+4(%+;)LL*

Then, for every k € N, the smoothed primal-dual gap Gg, centered at xI € S is bounded by
1 1
G, (xp413x7) < L M|, + ol = xi—1]§, — br(x")
1 1
~ (Gl = <, + gl =l — b))

1 2 1 2
+ §||Xk+1 = Xk |8y 4Ty — §ka+1 —xkllw,

+ (14 2/B)|lrk — Rk”é;l + <)A(k+1 —x! | Ry — I'k> . (3.45)

Proof. We fist observe that we can rewrite (3.44) as

S, =2D + 438 'L*U 'L
k + 45 Sk » (3.46)
Tii1 =Sk + 4ﬁk Up+4L*D™ L.

We have the following estimations
1 1 1 1
5l =, = Slbesr =, = 5l = x I, = 5 lxe = x I, + (Uklor = xee1) | X =)

1 1 2 By
< Sl = <&, — o X1 = <, + @ka—i—l —xklltr, + 5 Ix= g, (347
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and

bi(x) — by (x) = be(x!) — b1 (x1) + <L*(xk ~xp) | xt - x> - <L*(xk+1 “xp) | xF = x>
2
Bre

2, _
= by, (x) = b1 (x) + @HU;C YL (o — x0T, + 2 U L O — )|

B
+ ZHX —x'g,

1 1
_ T _ T - _ 2 - _ 2
= bk(x ) bk—l—l(x ) + QHXk Xk_lHZLBk_IL*U;lL + 2||Xk+1 Xk||4Bk_1L*U,:1L

Br

+ 2 x =T, (3.48)

and

(Xpr1 —x | Ry — 1) = <§<k+1_XT |Rk_rk>+<XT—X|Rk_rk>

B
8
~ t 2 2 ﬂk 112

(e = I Re = rc) 4 2l = Ralf o+ el (3.49)

IN

. 2
(e = IRy = mic) + 2 U3 (e = R, + 7 =,

N

Therefore, (3.19) becomes

B
K(zpy1,v) — K(z,0541) — 7||X —x'|E,

1
< —|Ixk — XTH%Jk + ink — Xk_1‘|§D+4Bk_1L*U;1L — bk(xT)

(NN

1 1
= (gl = ¥, + gl 1l ~ b ()

1 2 1 2
+ §ka+1 - XkH4D+L*D—1L+4,3kf1Uk+4ﬁ,;1L*U,;1L B §||Xk+1 —xkllw,

+ (1+2/B0) ek = Rilf + (R = x| Re— ). (3.50)

Taking the supremun over x € dom(f) x dom(g*) and using (3.46), we obtain (3.45). O

3.2 Convergence properties

In this section, we characterize the convergence properties of Algorithm 3.1. We start by studying
its (weak) convergence profile in Section 3.2.1. Then, in Section 3.2.2, we develop the conditions
and assumptions under which this algorithm converges linearly.

3.2.1 Weak convergence

The weak convergence of the iterate as well as the convergence of the smoothed primal-dual gap
function value to 0 rely on the following results that establish the bound of the variance Eg[||ry —
Rk”?}-—l] as well as the descent property of a suitable Lyapunov function.

k

14



In view of (3.19) in Lemma 3.5, we need to estimate the variance Eg|||ry — Rkaj,l] by means

k
of the difference K (zy,v") — K (27, v;) for some x = (2f,0) € S, where S is defined by (2.9). For
this purpose, we introduce the following definition.

Definition 3.9 For every k € N, let x;, = (vg,vg) and wy, = (wi g, wa ). For xI = (af,0") € S,
the function ©(xy) is defined by the difference

O(xx) = O(zk, v) = K (xg,v") — K (2, vp,),
where the Lagrangian function K is defined by (2.11);

and the (total) MSE associated to the auziliary variables (wy g, wa ) against (x7,v")

Q(wi) = Qw1 k, wa i) = Ep(wik, 2) + Epx (wa e, v1),
where Zp, and Zg« are defined by (3.6) and (3.7), respectively. (3.51)

Using this definition, we can bound the variance E[||ry — Rk”é_l] wherewith the following
k
Lemma.

Lemma 3.10 Let x' € S and define

_di _ N _ (1-pld 0
P =diag((1 —p)Id,(1 —g)1d) := ( 0 (1—q)id)"
Then, following Definition 3.9,
= [Hrk - Rk”%;};l] < 293(1 — p) (Q(Wi—1) + 41O (xx)) + IIxk — Xk—1||ZD2PU;17 (3.52)

where we set p = min{p, ¢} and [t = max{p,v}.

Proof. Using Lemma 3.3, we first have
Ex [ lex = Rill3 -] = muBulllze = VAN + 0xEllldi — V¢ (ue)|?)
< 25(1 = p) (En(wip1,21) + Enlyr, 1))
+204(1 — ) (Ze- (wapo1,01) + Z (g, 1)) (3.53)

By definition of Zj and =+, using the triangle inequality, the Lipschitz continuity of Vh; and
VE}‘- with respect to the constant p and v, respectively, as well as (3.2), we derive the following
inequalities

_ 1 &
En(yr, ') = — Z IVhi(ye) — Vhi(zh)|)?
P =1

IN

2 & 2 &
o 2 Vhil) = Vhi@o)lP + 5= 3 [ Vhi(an) = Vi)
P =1 P =1

n
2 - -

< TTMZ > llyk — @kl + 25n (wx, 21))
Pi=1

< 2P|k — w2 + Ena, ). (3.54)
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and similarly
Eg*(Uk,’UT) < 2(1/2||vk — vk_lHQ + S (vk,vT)).

Inserting (3.54) and (3.55) to (3.53), we can further estimate (3.53) as
Ex |k = Rallf-a | < 21 = p) (Sn(wreor, ) + 207 — o] + 28 (g, 2

+204(1 — q) (zg*(wm_l, o) 4 202 — v ||? + 25, (vk,vT))

(3.55)

< 2’}%(1 — B) ((Eh(wl,k_l, .IT) + E.g* (wgyk_l, UT)) + Q(Eh(l’k, .IT) + Ez* (Uk, UT)))

+ [Ixx — Xk‘—l”iDQPU;l
= 2941 — ) (Qwi1) + 2(En (8, 27) + Zs (v, o))

+ I — Xk*lH?LDZPUIZI'
The second term in (3.56) is bounded by ©(xy), as indicated by Lemma 3.3 in [24],
En(wr, &1) + Epe (vg, v7) < 200 (xx).
Therefore, the variance is bounded by
Ex |lrx — Rngjgl] < 29 (1 = ) (Q(wk—1) + 4O (xx)) + Xk — Xk‘—lniD?PU;l’
which proves (3.52). O
Next, we introduce the following Lyapunov function

Definition 3.11 For every k € N, the Lyapunov function Li,(x") is defined by
T 1 112 + 1 2
Lr(x") = O0x) + Qwi—1) + 5llxi = xllg7, = br(x") + lxk = xw-1llv,.

where ©(xg) and Q(wy_1) are defined following (3.51) and by(x') by (3.18).

(3.56)

(3.57)

(3.58)

(3.59)

The following Theorem proves that the Lyapunov function verifies a descent property based on the

bound of the variance Eg[|lry — RkH?J—l] as obtained in Lemma 3.10.
k

Theorem 3.12 Let x' € S, 7 = max{p, ¢}, V = diag ((Q,u + dpp?) 1d, (2v + 4qv?) Id) and k € N.

Define v, = max{oy, 7} and

(£ —2u—8(1 — p)rppap®) Id — L 0
A= ™ v

Ok 12

Vk:V-i-

8(1 — p)u’m, Id 0
0 8(1 — q)v?op1d )

16

0 (L — 20— 8(1 — q)opy1v?) I1d —LL

)_v

(3.60)



Set € € ]O,B[, where p = min{p, q}. Let (n;)ren be a sequence in (% (N). Suppose that the following
conditions are verified.

4a(2v(1 —p) + D) + € < 14y, with @ = max{u, v}
2y +1)(1—p)+e<1+m,

Ui = Uy, = eld+| L2V

A = eld.

(3.61)

Then, for all k, the following descent property is verified by the Lyapunov function Li(x") (3.59):

Ex [Lrea O] + 5Bk [ —xtl,a] < 04 mIL0E) — e(00w) + Q). (362

Proof. Using the same notations as defined for Lemma 3.5 and Lemma 3.10, and the expression
(3.19) with x = xf, we obtain

1
O(x+1) < *ka — x|z, + + 5 lxe = xi—15p — br(x")
1
— (Ghan =<t + g less — xall3 — B ()
1 ) 1 2
+ §||Xk+l - Xk||4D+L*D*1L - §ka+1 - XkHUk
+ HI‘k — RkHQ[lel + <)A(k+1 —xf ’ Ry — I‘k> . (363)
From Lemma 3.3, we deduce
Ek [<>A(k+1 - X]L | Rk - I'k>} =0. (3.64)

Now, by taking the expectation Ej on both sides of (3.63) and invoking (3.52) in Lemma 3.10 as
well as (2.4), we obtain

Er [©(xk+1)] < 8vipi(1 — p)O(xk) + 27k (1 — p)Q(wg—1)

1 1 1
* EHXk - XT”%Jk + §ka‘ —xi-1/3p + §HXk - kaleszU;l — bi(x")
1 2 1 2 1 9
—Ey, [QHXk-s-l - xTHUk + §|’Xk+1 —xgll2p + §ka+1 — XkHSDQPU;il — bk+1(XT)}
1 2 1 9
+ B | 5l =kl e poipasprpusr, — gl =l | - (3.65)

Since following (3.51), Q(wy) = Zp(wy g, 21) + g (wa i, v1), its expectation Ex[Q(wy)] can be upper
bounded by using inequalities (3.54), (3.55) and (3.57),

Er [Q(wg)] = Ex [Eh(wl,k, 1) + Zpe (war, UT)]
= (1 —p)Zp(wip_1,2") + (1 — ¢)Zp (wag—1,0") + p=n(yr, 1) + ¢Zpe (ug, v7)

1
<(1- B)Q(Wk—l) + §ka - Xk—1||421D2(1d,P) +47p O (xg)- (3.66)
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We note that the the definition of V', and Ag4q in (3.60) can be rewritten as

Vi =2D +4D?*(1d —P) + 8D*PU (3.67)
A1 =Up—-2D -V, —L*D L. '
Therefore, adding (3.65) to (3.66), we obtain! by using the first three conditions in (3.61)
Ere [O(x41)] + Ex [Q(wi)] < 45 (27k(1 — p) +5)O(xk) + (27 + 1)(1 = p)Q(wk—1)
1 1
5l =t + 5l — sl - bl
1 1
- B[l = <, + 5l =0, b ()]
1 2
= B | 5lxerr = xkll3,.,,
< (I+n—e) (@(Xk) + Q(Wk_l))
1 1
+olw — <[, + Sl =%, - br(x)
1 1
A A PR ]
1 2
—Er |5l = xellX, . |- (3.68)

Now using the definition of by (x) (see (3.18)), we have
by, (x") = <Xk —xp—1 | L(xx — XT)> = (L(zk — ) | vk — vk—1) + (L — Tp—1) [ v — vg)

Yl o : 2
S (Ll S 2+ 4 ~
< 5 (gnp pallon = a'IP + Gt 4o — o

s 2 2 2
+2<2u+4qy2||vk—v "+ 2v + dgv7)llor — vea )

1 1
= 5l — x| 1 5 llxe = xk—1|%- (3.69)

2 ~
%
The inequality (3.69) implies that

1 1 1 1
112 2 t 2 112
e =Xl + S lxe =1l = be(<) 2 Slixe = xi-1lly, _p + 5lbo = o
>0, (3.70)

where the last inequality follows from Vj, — V = 8PU,.' = 0and Uy — ||LH2V_1 = eld in (3.61).
Hence,
sl =X, + 5l —xi-1ll3r, — br(x) < (1+m) <§HX1¢ =g, + gl —xe—1ll¥, — bk(XT)>

ﬁk‘(XT) > %ka - XT”%],C—HLH?Id/E > %ka - XT”2‘
(3.71)

!Since both expectations exist, the LHS can be equivalently written as Ej [©(xx+1) + Q(wy)].
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Moreover, in terms of the Lyapunov function defined by (3.59), we can rewrite (3.68) as

1
Ek [£k+1(XT):| + Ek |:2HX]¢+1 — XkH?\kJrl < (1 + T]k)ﬁk(XT) - G(G(Xk) + Q(kal)), (3.72)
which proves (3.62). O
We specify the condition (3.61) in the following examples.

Example 3.13 Assume the Lipschitz constants verify pu = v; thus, @ = u. Set g = 0. Then the
conditions (3.61) are satisfied when the strictly positive stepsize sequence (7, ok )ken verifies the
following conditions

: . p—e€ 1—6—4up}
1) v = max Tk, Ok < mln{ — ,
W (oo <M S0 s - p)

L]

2p(1 + 2pp)

1L

i) L >l > S |l
(i) 7oy 27 2 et 2v(1 4 2qv)

and 0,1, > o' > e+

1 1
(ili) 7ot > dp + dpp® + 4p(p—e€) + ;||L||2 +eand o' > 4v +4qv? + 4Wip—e) + ;HLH2 + €.

Example 3.14 Assume the stepsize 7, = 0, = 7. Set n = 0 and s = 2u + 4pu?. For simplicity,
further assume p = v and p = ¢, thus p = p = p. Then, Uy = v !'1d and D = p1Id. Then we can
simplify the conditions in Example 3.13 as

p—e 1—e—4dpu s 1 }

2(1—p)" 8u(l—p) "||L||? + se” [4pu(1l+ App+ p(p — €)) + p= 1| L||2] + ¢ (578)
3.73

O<7§min{

Remark 3.15 Note that the first term 28:;) appearing in (3.73) depends only on p. Let N be

the epoch and ¢ = p = 1/N. We can take N large enough and ¢ = ﬁ such that

p—€ 1
= = . 4
TT ) AN &7
1
which is much better than v = INGTILD used in [1] for Problem 1.1 whenever fi + || L] > 1.
[0

The main result of this Subsection can be now stated. The following theorem proves the almost
sure weak convergence of the sequence (xi)ren to a point xt € S (2.9) and the convergence of the
sequence of (O(xx))ken to 0.

Theorem 3.16 Under the same setting as Theorem 3.12, the following hold for xt = (zf,v7) € S.

{ O(xx) = O(xg, vk) = K(:ck,vT) - K(wT,vk) — 0 almost surely; (3.75)

Q(wg) = Q(wy.1, wr2) = Ep(wi k, xT) + Epx (wa UT) — 0 almost surely.
Moreover, if the following conditions (the lower boundedness of the primal stepsize 1, and dual

stepsize oy,) are verified

inf 75, > d inf o > .
inf 7 > e and Inf o} > ¢, (3.76)

then (xg)ken= (Tk, Vi )ken converges weakly to some random variable X € S almost surely (a.s.).

19



Proof. Under the setting of Theorem 3.12, all the conditions stated in Lemma 2.6 are satisfied.
Consequently, there exists a random variable defined as L. (x!) such that

Lip(x") = Lo (xT) as. as k — oo, (3.77)
and 1 !
> E,€[§|yx,€+1 — x> Ek[iﬂxkﬂ —xi|[3,] < +oo as., (3.78)
keN keN
and
D (B0%) + Q(wi—1)) < +o0. (3.79)
keN

Hence, by [26, Corollary 2.6], we also obtain

Z xk+1 — xg]|> < 400 (3.80)
keN
as well as xg11 —xx — 0, and O(xg) + Q(wg—_1) — 0 a.s. (3.81)

Therefore, (3.75) is proved.

For the second part, we derive from (3.52) and (3.81) that

Z Ex [llrs — Ryl?] < +oo as.. (3.82)
keN

Using [26, Corollary 2.6] again, we get by expanding ry and Ry, following definition (3.15)
[ex = Ryl = [z — VA1 + lds — VE (up)[|* = 0 as., (3.83)

and thus, by (3.29), that

{ %61 — e [2 < 72126 — VA2 + ot — Ve (i) [2 - 0 as )

[Re+1 = Xpl| < Rk1 = Xiga ]l + [Ixeg1 — xull = 0 as.

Moreover, (3.77) implies that (£x(x!))ren is bounded a.s. Hence, by (3.71), (|xps1 — x' ||z, )ren is
also bounded a.s. In turn, using the definition of by(x') (3.18),

k1 0| < N[ xp41 = kx4 = 5Ny = ILIxe41 =kl lxes1 = xT [, = 0. (3.85)
Next, we derive from (3.81), (3.85) and (3.77) that
lim Lpy1(x") = lim ||xgq1 — xTH%jk = Loo(x") as., (3.86)

which, in particular, implies that (xg)gen is bounded almost surely. Let X be a weak cluster point of
(Xk)ken, 1.€., there exists a subsequence (xp, )ken that converges weakly a.s to X. Note that (yp, )ken
and (X, )ken also converge weakly a.s to X. As k — oo, from

U, (xk — %41 — Cyi) € M%ji1, (3.87)

and (3.76), we obtain X € zer(M + C) = S a.s. Therefore, by [34, Proposition 2.5], (Xx)ren
converges weakly a.s. to a point in S. O
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We next show that the convergence of the function O(xx) (3.51) to 0 and the strong convergence
of (xx)ken imply the convergence of the partial duality gap function defined by

Gz(zg,vg) = )s(lelg(K(xk,v) — K(z,vg)), (3.88)

where Z is a bounded set of H x G.

Corollary 3.17 Suppose that the conditions of Theorem 3.16 are satisfied and dim(H x G) < +oo.
Then, for any bounded set Z of H x G, which have nonempty intersection with the set of solutions
S, the partial duality gap converges to 0, i.e.,

sgg(K(xk,v) — K(z,v;)) = 0 a.s.. (3.89)

Proof. Since Z NS # 0, the partial gap supycz(K (zx,v) — K(z,vy)) is nonnegative. By Theorem
3.16 and dim(H x G) < 400, xx — x! a.s. and \g = sup,cz [|[2]| < +0o. Simple calculations show
that

<K($k,v) - G(mk,vT)> — <K(m,vk) — G(xT,USJrl))
= G(z",v) — G(z,v") + <L(xk —zl) |v— vT> - <L(x — ) | o — vT> . (3.90)

Since x' € S, the convexity of f,h,g,¢ and the linearity of L imply that G(zf,v) — G(z,v!) < 0.
Therefore, it follows from (3.90) that

(K (@rv) = Glaw, o) = (K(w,0) = Gl vn)

< <L(a:k —z) v - vT> - <L(:v —zh) o — vT>

< Lo + Nl Dl — 2l + LI o + [FoF ) o — o, (3.91)
which implies that

Slelg(K(wka v) = K(z,01)) < O(k) + [LI o + Izl — 2| + 1L (Ao + [T ) [ox — o' (3.92)

Since ©(r;) — 0 and x;, — x' a.s., (3.89) follows from (3.92). O

We next show that the proposed method is a variance reduction method.

Corollary 3.18 Under the same setting as Theorem 3.12, Algorithm 3.1 is indeed a variance
reduction method in the sense of Definition 2.5.

Proof. The conclusion follows directly from (3.82). O

The following theorem proves the almost sure convergence of Gg, (xg;x") to 0 and the almost
sure weak convergence of the sequence (x;)ren to a point x € S.
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Theorem 3.19 Let k € N and define

8127 (1+ 2)(1 —p) + TEL*L 0 .
Z, _ T ( B )( P) Br. , ) - Vv
0 8viok(l+ 4-)(1—q) + FELL" (3.93)
Aey1 =Up —Tip1 — Zya-
Define the following Lyapunov function
1 1
L5, (x") = G, (x5 xT) + Qwg—1) + L V[, — br(x") + 5l =%kl (3.94)

where Gg, (xg;x) is defined at each iterate k € N following (2.10) and Q(wy_1) by (3.51). Let
p = max{p,q} and p = min{p,q}. Let (nx)ren be a sequence in 0% (N). Suppose that for all k € N,
the following conditions are verified.

( Br > Br_1,
A (275 (1 — p) + ) + € < 1+, with 3, = v (1 +2/B),
(29, +1)(1 — p) + € < 1+ m with 5y, = (1 +2/B), (3.95)
Up1 = Uy = eld+| L2V,

L A = eld.

Then, for all k € N, the following descent property is verified by the Lyapunov function (3.94)

Ex [cﬂkﬂ (xf)} + Ep ankﬂ — xk||2xk+l < (L + )L (x1) — e(Gap (s xt) + Q(wy—1)). (3.96)

Consequently,
G, (xe;x1) = 0 and Q(wg) — 0 a.s.. (3.97)

Moreoover, if (3.76) is satisfied, then (xg)gen converges weakly to some random variable X € S
almost surely.

Proof. Obseve that we can rewrite (3.93) as

{Zk = S, +8D*PU, " +4D*(1d —P), (3.8)

Ney1 =Up —Thy1 — Zi
where P, = (1+2/k)P. It follows from Lemma 3.10 that

(1+ 2/ 51)Ex [l = RulZ, ] < 271 — ) (QQwe1) +45001)) + bt = ¥t 12 ey 1 (3.99)

Hence, by taking conditional expectation on both sides of (3.45) in Lemma 3.8, we obtain

Ex [Gsk (%15 x*)] < 275(1 = p)(Qwe—1) + 470 (k) + % = b1 li p2 p g0
1 1
+ 5 llxe — <, + L xp-1][8, — br(x")
1 t112 1 2 T
- §||Xk+1 x|, + §\|sz+1 — %8, — br+1(x")

1 1
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Adding (3.66) to (3.100), we obtain
Ex [Gﬁk (k13 XT) | + Ex [Q(wi)] < 475(27,(1 = p) +D)O(xk) + (27, + 1)(1 = p)Q(w—1)
1 1
+ iHXk — XT”%]k + 5”Xk - xkilHék“”SD2PkU;1+4D2(Id7P) - bk(XT)
1 1
= (Gl =<+ gl = sl — Bea))
1 2 1 2
+ §HXk+1 - Xk”sk+1+Tk+1 - §||Xk+1 - XkHUk- (3.101)
In view of the notations defined in (3.98), we can rewrite (3.101) as
Ex |G, (Xk:-i—l;XT)] + Ex [Q(wy)] < 47(27,(1 — p) +D)O(xk) + (27, + 1) (1 — p)Q(wi—1)
1 1
+ gl — g, + ol = xi—17z, — br(x')
1 1
= (Gl = xT + glhs = xul,, — bin())
1
— 5 lxeer = xk||%k+l. (3.102)

Since (Bk)ken is assumed increasing, Gpg, (Xpp1;xt) > ngH(XkH;XT). Moreover, by Lemma 2.2,
O(xx) < G, (xk;x). Therefore, (3.102) can be further estimated as follows

E [ﬁﬁkﬂ(xw + Ex [;ka—l-l - Xkllikﬂ] < 47 (29,(1 = p) + D) Gg, (ki xt) + (27, + 1)(1 — p)Q(we—1)

gl =< + 5l —xealy, — B
< (14 m) (G, (s ) + Q(we—1))
gl =<t + Sl — w1, — B
— e(Ga (a5 x1) + Q(wy—1)). (3.103)
Next, we use (3.69) to obtain
Sl =<t + Sl = w1, = BeO) 2 Sl =ty g+ Sl =2

>0, (3.104)

1

where the last inequality follows from Zj — V = 0 and U}, — ||L||2V71 > €ld in (3.95). Therefore,
we can further estimate (3.103) as

1
i [ 0] + gl =l | < 0 ) (Giboind) + Qo)

1 1
gl xR, + g =, — b))

— e(Gp,, (i xN) + Q(wg 1))
= (L4 m) L, (1) — €(Gp, (ki xT) + Q(wi—1)).  (3.105)
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Hence, (3.96) is proved. The remainder of the proof is similar to the proof of Theorem 3.16, and

we omit it here. O

Remark 3.20 Here are some comments.

(i) The weak convergence of the iterate as well as the convergence of the smoothed primal-dual
gap function appear to be new in the context of loopless variance reduction method for solving
primal-dual problems. In the case of non-loopless variance reduction method, this kind of
result has also been obtained in [25]. While the proof of the almost sure convergence of the
iterations based on the gap function is not new approach even in the stochastic; see [31, 25]

for instance.

(ii) To the best of our knowledge, our results appear to be the first establishing the convergence

of the smoothed primal-dual gap introduced by [16] in the stochastic setting.

3.2.2 Linear convergence

In this section, we study the linear convergence properties of the proposed algorithm. More pre-
cisely, we establish the linear convergence in expectation of the duality and the smoothed primal-

dual gap as well as the iteration.

Theorem 3.21 Suppose that f and g* are strongly convex functions with strictly positive constants
61 and 03, respectively. Let i = max{p,v}, p = max{p,q} and p = min{p,q}. For every k € N,

set € = infreny min{by 7k, o0k} and v = max{7g,or}. Suppose that py verifies

(2+€e)(1—po) <€
(VkeN){ 472wl —p)+D) <po <1
@y + 1)1 -p) <po <1,

and that
Up_1 = Uy

Vk e N 1—
( ) Apyr = ro

(Vg1 + LU L L).
Then, the following hold:

E[O0x41)] = Oeh), Ex[Q(we)] = O(pf) and By [[ellwusn — XTI, .| < O(h).

Proof. By using (3.41), instead of (3.68), we obtain

(3.106)

(3.107)

(3.108)

E [@(Xk—H) + Q(wg) + %llxkﬂ - XTH%IJ < 4R (27:(1 = p) +9)O (k) + (276 + 1)(1 — p)Q(wp—1)

1 1
+ iHXk —x!|g, + §H><k — -1y, — br(x")

1 1
~ B[ glhenn = <, + gl = xil%,., — bl

1
- gl xRy,
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This inequality together with the condition (3.106) gives

Ex [©(k11)] + Ex [Q(wr)] < po(O(xk) + Q(wp—1))
1 +

1 €
=[x = x|z, + + 5 lxe — xe-1ll3, — br(x") — ol = <1z,

1—|—e

_l’_

1
=B S =+ ki el ~ b )]

1
_E [ Ik — Xkuikﬂ]

< po(O(x) + Q(wg—1))
1

+€ 1 €
1 1, 4 L~ — BuG) - Sl — T,
1+e 9 1 9
< B[P o gl 0l b))

1
ST
€
= po(O(xx) + Q(Wi—1)) + ar — ol = Mg, = arp

1
3l .., | (3.110)

where the last inequality follows from the first condition in (3.107) and

1 —|— € 1
a, = Ixi — x|z, + + 5l — k-1, — br(x"). (3.111)
Then,
(1= po)br(x) = (1 = po) (U L7 (o6 = xm1) [ 6 =xT)
k
(1= po) (1—po)
> = e =, = = ok = xel (3.112)
Therefore,
ay = poax + (1 — po)ay
1+¢)(1— 1-—
= poa+ TP+ L P i, — (1 po)elc)
(2+¢€)(1— po) 1—po
<poar+ EEILZL gt + L il g (3113)

Now, using the second condition in (3.106), i.e., (2+€)(1 — pg) < €, we obtain

€ 1—po
aj, — §||Xk: —x!Er. < poar, + Xk — Xk:—l“%/k+L*U;1L

1 —po
:po(ak—i— 7 ||xk—xk_1||%,k+L*U;1L>. (3.114)

25



Therefore, (3.110) can be further estimated as

Bk [©O(xk41)] + Ex [Q(wi)] < po <@(Xk) + Q(wk—1) + ay + 12_p;)0 lIxx — Xkﬂ”%,HL*U;lL)

1
— Ei [ag4+1] — Ex [2||Xk+1 - Xk”?\k]

1 —po

= po <®(Xk) + Q(wg—1) + ap + X — Xk—l”%/k_,'_L*UI:lL)

1 —po 2
—Eg {ak-i-l + 200 [[Xe41 — Xk||Vk+1+L*U;+11L

1 —po 1
(3.115)

The difference between the last two terms in (3.115) is negative due to the condition (3.107).
Therefore,

1 —po

Ee [00ck)] 1 [ Q) + aner + 15 Pt =l pog ]

1—po
< po(©0xk) + QUwi1) + ax + =k = xp1 I3 gy ) (3.116)
Using this expression recursively, we obtain
1 —po
£ 001 + B Q) + ot + 15 s =l g ] SOGRL @)

which proves the desired results. O

Remark 3.22 Under the strong convexity of f and g*, the linear convergence of ©(x) implies the
linear convergence of the duality gap defined by (2.12), i.e., sup,eyng K (25, v) — K(z,v1) = O(pf)
[25]. Moreover, by using the same technique, the linear convergence of the smoothed primal-dual
gap function can be obtained. Hence, we omit it here.

Remark 3.23 The linear convergence of the duality gap as well as the smoothed primal-dual gap
function values under an additional condition like the strong convexity-concavity or the quadratic
error bound are well-known in both stochastic and deterministic settings; see for examples [5, 16,
24, 32]. If ¢ =0 and f = 0, under additional assumptions on the linear operator L, [15] achieves
the linear convergence rate even when the strongly convex-concave condition is not full-filled.

The following proposition provides an explicit expression of the stepsize and will be further used
when developing the computational complexity results in Section 4.

LLI>

Proposition 3.24 Under the same conditions stated in Theorem 3.21. Set x := 10u + m

Suppose that p = v, p=q < min{l/pu,1/5} together with
01 =02 =6 < min{(2n + x)/(4x), u} (3.118)
and 1, = o, = v < 0.5/u. Then the condition (3.106) and (3.107) are satisfied when

B fp/A—p) (A/(4p)—p) 1
= amin{ B e s ) (A1)
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Proof. Under the conditions p=¢q, u =v, 01 =03 =0 and 7, = 0}, = Y = 7y, we have

— inf mi = ~0. 12
€= inf min{0,7x, 6201} = 70 (3.120)
If we take
-2 2 (3.121)
P e a0 '

then the first condition of (3.106) is satisfied. Moreover, from (3.106), simple calculations show
that the condition (2v + 1)(1 — p) < pg is satisfied when

—(0+4)+ /(0 +4)2+ 16p/(1 — p)
46
_ 16p/(1 — p)
4000 + 4+ /(0 + 4)2 + 16p/(1 — p)]
16p/(1 — p)
~ 804/(0+4)2 +16p/(1 —p)
. VW
= (0+4)(1—p)o’

v <0 =

(3.122)

(3.123)

where the last inequality follows from the condition p < 1/5 which implies

16p/(1 —p) - 16p/(1 - p)
VO+4)2+16p/(1—p) ~ V2(0+4)

(3.124)

From (3.106), the condition 47z(2y(1 — p) + p) < po is satisfied when

—4(1 —p) —pf + /(4(1 —p) +pf)? —166(1 — p)(p — 1/(4p))

46(1 — p)

160(1 — p)(1/(4p) — p)
~ 8V20(1 — p)(4(1 — p) + pb)

2(1/(4p) —

41 —p) + pb
where the last inequality follows from 6 < p. The first condition of (3.107) is trivially satisfied
since 7, = o, = 7. Since (3.67), Ay = Uy — 2D — V.1 — L* D7 'L, the second condition in
(3.107) is equivalent to

v < o1 =

1 1-—
Up=2D+—V, +L'D'L+ — XU, L
Po Po
1 1-—
—9D+ Vi +pu 'L L+ L
£0 £0
1
<2D+ — (Vi +p 'L*L)
Po
1
=2D + —(2D +4D*(1d —P) + 8D*PU,; ' + ' L*L)
P0
1
< 2D+ —(2D + 4D + 4D + . 'L*L). (3.126)
Po
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Therefore, the second condition in (3.107) is satisfied when

1L

1 1

— > 2p+ —(10p + ) (3.127)
Y Po

which implies since 6 < (2 + x)/(4x) that

—(4p+2x) +/(4p + 2x)% + 8x0
2x0

v < Y02 =

V2

> TS (3.128)

4 Complexity

The complexity analysis detailed in this section assumes that the functions f and g* are strongly
convex. From Theorem 3.21 and Proposition 3.24, we derive the following result for the total
average complexity. By convention (as usually performed in the literature), we measure the per-
iteration complexity in terms of the number of the stochastic gradient calls, i.e., the number of
calls to the so-called Stochastic First-order Oracle (SFO)?.

Corollary 4.1 Under the same conditions stated in Theorem 3.21. Set x := 10u + W Suppose
that p =v, 01 =62 = 0,0, =v < 1/2u), 7 =7, ng = n, = N > max{5,2u}, and p =q = 1/N.
Assume that 0 < min{(2u + x)/(4x),p}. Then, to reach an e-accurate point, the total average
complezxity is (’)((N +1/0) log(l/e)).

Proof. First, referring to Theorem 3.21, the number of iterations to reach an e-accurate point is
driven by pg. If we take po as in Proposition 3.24 and set p = %0% then

_ 1 1
S 14+d0 149

1
£0 , where p = 507.

Hence, since log(1/(1 + p)) = —log(1 + p), the method reaches an e-accurate point after

log(1/€)
o(m) (4.1)

iterations. Next, at each iteration, the number of calls in expectation to the stochastic first-order
oracle is

O(2+ pN). (4.2)
By multiplying the term (4.1) with (4.2) and approximating log(1 +¢) ~ ¢ (t < 1), we have
log(1/e) 2+ pN
O(24+pN)————~= |~ 0O log(1 . 4.3
(@+ M) iy y) ~ O, losl1/9) (4.3)

2Whence, this complexity measure is often referred to as the oracle complexity.
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Since p = ¢ = 1/N, it follows that

p = (4.4)
Referring to Proposition 3.24
6 _ e ] O+ DA —p) 40 —p)+pf 2@u+x) |
g = Vo me{ R G D R0
hence,
o((z + pN)/p) ~ O(N + %). (4.5)

It follows that the the total average complexity is O((N +u/0) log(l/e)). O

Remark 4.2 In view of Corollary 4.1, the proposed method obtains the optimal total average com-
plexity O(N + p/6)log(1/e). This recovers the complexity result in [19] obtained when minimizing
only one f—strongly convex function h defined by finite sums. This result significantly improves
the total average complexity O(N + /N (i + || L||)/6) log(1/€) obtained in [8] and [2]. Moreover,
we can also observe that the total average complexity obtained for proposed method improves the
complexity of the deterministic method from O(N(u+ ||L]])/0)log(1/€) to O(N + p/6)log(1/e).

Remark 4.3 In view of (2.9), one can apply directly several existing methods for solving the
monotone inclusions 0 € (M + C)x as in [5] and [2] to obtain suboptimal total complexity O(N +
(1 + ||L]))%/62) log(1/€) and O(N + V'N(u+ || L||)/0)log(1/e), respectively.

5 Conclusion

In this paper, we developed a new primal-dual splitting algorithm with loopless variance reduction
for solving Problem 1.1. We proved the weak almost sure convergence of the iterations and the
convergence of the duality gap and the smoothed primal-dual gap functions as well as of the full
gradient. Linear convergence is also obtained under the strong convexity condition. We also note
that when Step 1 of Algorithm 3.1 is modified as

v = (1 +wp)rp — wprr—1
up = (14 wp)vp — wrvgp—1

where wy, > 0; then, under the same conditions on wy as those used in [25], all results presented in
this paper can be extended to this general case with minor modification of the conditions. In terms
of computational complexity, the proposed stochastic primal-dual splitting algorithm reaches the
optimal total average complexity as in [19].
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Appendix A [26, Corollary 2.6] Let (F,,)nen be an increasing sequence of sub-o-algebras of F, let
(Zn)nen be a [0, +oo[-valued random sequence such that, for every n € N, z,,_1 is F,,-measurable
and

Z Elzn|Fn] < 400 a.s.. (5.1)
neN

Then > z, < 400 a.s..
neN

Proof. Let us set
n—1
(Vn €N) z, = Zxk
k=1
Then, z, is F,, measurable. Moreover,
Elzn+1|Fn] = 2n + E[z,|Fn]. a.s..

Hence, it follows from Lemma 2.6 and (5.1) that (zj)nen converges a.s.. O
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