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Abstract

Problem definition: A key challenge in supervised learning is data scarcity, which can
cause prediction models to overfit to the training data and perform poorly out of sample. A
contemporary approach to combat overfitting is offered by distributionally robust problem
formulations that consider all data-generating distributions close to the empirical distribution
derived from historical samples, where ‘closeness’ is determined by the Wasserstein distance.
While such formulations show significant promise in prediction tasks where all input features
are continuous, they scale exponentially when discrete features are present.
Methodology /results: We demonstrate that distributionally robust mixed-feature classifi-
cation and regression problems can indeed be solved in polynomial time. Our proof relies
on classical ellipsoid method-based solution schemes that do not scale well in practice. To
overcome this limitation, we develop a practically efficient (yet, in the worst case, exponential
time) cutting plane-based algorithm that admits a polynomial time separation oracle, despite
the presence of exponentially many constraints. We compare our method against alternative
techniques both theoretically and empirically on standard benchmark instances.

Managerial implications: Data-driven operations management problems often involve
prediction models with discrete features. We develop and analyze distributionally robust
prediction models that faithfully account for the presence of discrete features, and we
demonstrate that our models can significantly outperform existing methods that are agnostic

to the presence of discrete features, both theoretically and on standard benchmark instances.



1 Introduction

The recent application of machine learning tools across all areas of operations management
has led to a plethora of data-driven and end-to-end approaches that blend predictive models
from machine learning with optimization frameworks from operations research and operations
management. Notable examples include inventory management (Ban and Rudin, 2019; Bertsimas
and Kallus, 2020), logistics (Bertsimas et al., 2019; Behrendt et al., 2023) and supply chain
management (Glaeser et al., 2019), assortment optimization (Kallus and Udell, 2020; Feldman
et al., 2022) and revenue management (Ferreira et al., 2016; Alley et al., 2023) as well as healthcare
operations (Bertsimas et al., 2016; Bastani and Bayati, 2020; Bertsimas and Pauphilet, 2024).

The machine learning algorithms used for prediction are prone to overfitting the available
data. Overfitted models perform well on the training data used to calibrate the model, but their
performance deteriorates when exposed to new, unseen data. This undesirable effect is amplified
if the output of a machine learning model is used as input to a downstream optimization model,
this phenomenon is known by different communities as the Optimizer’s Curse (Smith and
Winkler, 2006) or the Error-Mazimization Effect of Optimization (Michaud, 1989). Traditionally,
overfitting is addressed with regularization techniques that penalize complex models characterized
by large and/or dense model parameters (Hastie et al., 2009; Murphy, 2022). A contemporary
alternative from the robust optimization community frames machine learning problems as
Stackelberg leader-follower games where the learner selects a model that performs best against
a worst-case data-generating distribution selected by a conceptual adversary (‘nature’) from a
predefined ambiguity set (Ben-Tal et al., 2009; Rahimian and Mehrotra, 2022; Bertsimas and
den Hertog, 2022). We talk about Wasserstein machine learning problems when the ambiguity
set constitutes a Wasserstein ball centered around the empirical distribution of the available
historical observations (Mohajerin Esfahani and Kuhn, 2018; Blanchet and Murthy, 2019; Gao

and Kleywegt, 2023). Over the last few years, Wasserstein machine learning problems have



attracted enormous attention in the machine learning and optimization communities; we refer to
Kuhn et al. (2019, 2025) for recent reviews of the literature. Interestingly, Wasserstein learning
problems admit dual characterizations as regularized learning problems (Shafieezadeh-Abadeh
et al., 2015, 2019; Gao et al., 2024), and they thus contribute to a deeper understanding of the
impact of regularization in machine learning. We note that other classes of ambiguity sets have
been explored as well, such as moment ambiguity sets and those based on ¢-divergences (such as
the Kullback-Leibler divergence). We will not delve into the comparative advantages of different
ambiguity sets, and we instead refer the interested reader to the existing literature (see, e.g.,
Van Parys et al., 2021, Kuhn et al., 2019, 2025 and Lam, 2019).

Although Wasserstein formulations of many classical machine learning tasks admit formula-
tions as convex optimization problems, these formulations scale exponentially in the discrete
input features. This limitation has, thus far, confined the use of Wasserstein machine learning
models primarily to datasets with exclusively continuous features. This constitutes a major
restriction in operations management, where estimation problems frequently include discrete fea-
tures. Recent examples include Qi et al. (2022), who apply Wasserstein-based quantile regression
to a bike sharing inventory management problem characterized by numeric and discrete features
(e.g., the weather conditions, the hour of the day as well as the day of the week); Samorani
et al. (2022), who study appointment scheduling problems where most features are discrete
(e.g., the day of the week, the patient’s marital status and her insurance type); Li et al. (2023),
who detect human trafficking from user review websites (here, the discrete features describe
the presence or absence of indicative words and phrases); Chan et al. (2023), who predict the
macronutrient content of human milk donations using discrete features such as the infant status
(term vs preterm); and Duchi et al. (2023), who enforce fairness in offender recidivism prediction
through the use of discrete features such as the offender’s race, gender and the existence of prior

misdemeanour charges. More broadly, at the time of writing, 240 of the 496 classification and 64



of the 159 regression problems in the popular UCI machine learning repository contain discrete
input features (Kelly et al., 2017).

We will demonstrate that naively replacing discrete features with unbounded continuous
features leads to pathological ambiguity sets in the Wasserstein learning problem whose worst-
case distributions lack theoretical appeal and whose resulting prediction models underperform
in practice. We also show that replacing discrete features with continuous features that are
supported on suitably chosen convex hulls of the discrete supports leads to ambiguity sets that
are equivalent to those resulting from faithfully accounting for discrete features. Unfortunately,
however, tractable reformulations of the Wasserstein learning problem over such bounded
continuous features are only available for piece-wise affine convex loss functions, where we will
demonstrate empirically that their solution times can be prohibitively long.

This paper studies linear Wasserstein classification and regression problems with mixed
(continuous and discrete) features from a theoretical, computational and numerical perspective.

Our work makes several contributions to the state-of-the-art:

(i) From a theoretical perspective, we demonstrate that while linear Wasserstein classification
and regression with mixed features are inherently NP-hard, a wide range of problems can
be solved in polynomial time. Also, contrary to problems with exclusively continuous
features, we establish that mixed-feature linear Wasserstein classification and regression
do not reduce to regularized problems. On the other hand, we demonstrate that mixed-
feature linear Wasserstein classification and regression problems are equivalent to bounded

continuous-feature problems with suitably chosen supports.

(i) From a computational perspective, we propose a cutting plane scheme that solves progres-
sively refined relaxations of the linear Wasserstein classification and regression problems
as convex optimization problems. While our overall scheme is not guaranteed to terminate

in polynomial time, we show that the key step of our algorithm—the identification of the



most violated constraint—can be implemented efficiently for broad classes of problems,

despite the presence of exponentially many constraints.

(11i) From a numerical perspective, we show that our cutting plane scheme is substantially
faster than an equivalent polynomial-size problem reformulation via bounded continuous
features. We also show that our model can perform favorably against classical, regularized

and alternative robust problem formulations on standard benchmark instances.

Our paper is most closely related to the recent work of Shafieezadeh-Abadeh et al. (2015) and
Shafieezadeh-Abadeh et al. (2019). Shaficezadeh-Abadeh et al. (2015) formulate the Wasserstein
logistic regression problem as a convex optimization problem, they discuss the out-of-sample
guarantees of their model, and they report numerical results on simulated and benchmark
instances. Shafieezadeh-Abadeh et al. (2019) extend their previous work to a wider class
of Wasserstein classification and regression problems. Both papers focus on problems with
exclusively continuous features, and their proposed formulations would scale exponentially in any
discrete features. In contrast, our work studies linear Wasserstein classification and regression
problems with mixed features: we examine the theoretical properties of such problems, we
develop a practically efficient solution scheme, and we report numerical results. Our work also
relates closely to a recent stream of literature that characterizes Wasserstein learning problems
as regularized learning problems (Shafieezadeh-Abadeh et al., 2015, 2019; Blanchet et al., 2019;
Gao et al., 2024). In particular, we demonstrate that our mixed-feature Wasserstein learning
problems do not admit an equivalent representation as regularized learning problems, which
forms a notable contrast to the existing findings from the literature.

The present work constitutes a completely revised and substantially expanded version of a
conference paper (Selvi et al., 2022). While that work focuses on logistic regression, the present
paper studies broad classes of linear Wasserstein classification and regression problems. This

expansion necessitates significant adaptations of the proof for the computational complexity



of the Wasserstein learning problem (c¢f. Theorem 3 in Section 4), an entirely new proof for
the absence of regularized problem formulations (¢f. Theorem 4 in Section 4) that applies to
any loss function (as opposed to only the log-loss function in Selvi et al., 2022) and any non-
trivial Wasserstein learning instance, as well as a substantially generalized cutting plane scheme
(cf. Algorithms 1 and 2 as well as Theorem 2 in Section 3). We also show that the mixed-feature
Wasserstein learning problem is equivalent to a bounded continuous-feature formulation, and we
present a considerably augmented set of numerical results that encompass both classification
and regression problems (cf. Section 6).

The remainder of this paper is organized as follows. Section 2 introduces the mixed-feature
linear Wasserstein classification and regression problems of interest, and it develops a unified
representation of both problems as convex programs of exponential size. Section 3 presents and
analyzes our cutting plane solution approach for this exponential-size convex program. Section 4
shows that while mixed-feature linear Wasserstein classification and regression problems are
generically NP-hard, important special cases can be solved in polynomial time. We also show
that mixed-feature linear Wasserstein classification and regression problems do not reduce to
regularized problems. Section 5 contrasts our mixed-feature model against formulations that
replace discrete features with (bounded or unbounded) continuous ones. We report on numerical
experiments in Section 6, and we offer concluding remarks in Section 7. Exponential-size convex
reformulations of the mixed-feature linear Wasserstein classification and regression problems,
which are unified by our representation in Section 2, as well as all proofs are relegated to the
e-companion. All datasets and source codes accompanying this work are available open source.

Notation. We denote by R (R4, R_) the set of (non-negative, non-positive) real numbers,
by N the set of positive integers, and we define B = {0,1} as well as [N] = {1,..., N} for

N € N. For a proper cone C € R", we write £ <¢ @’ and « <¢ ' to abbreviate @' —x € C

'Website: https://anonymous.4open.science/r/Wasserstein-Mixed-Features-088D/.
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and &' — x € int C, respectively. The dual norm of ||-|| is |||« = supyegniz '@’ : ||2'| < 1},
and the cone dual to a cone C is C* = {z’ : '@’ > 0 Vx € C}. The support function of a set
X € R" is Sx(z) = sup{z'x’ : =’ € X}. For a function L : X — R, we define the Lipschitz
modulus as lip(L) = sup{|L(x) — L(z)| / ||z —&'|| : =,x’ € X, & # «’}. The set Py(Z) contains
all probability distributions supported on =, and the Dirac distribution dg € Po(R™) places unit
probability mass on & € R”. The indicator function 1[€] attains the value 1 (0) whenever the

logical expression £ is (not) satisfied.

2 Mixed-Feature Wasserstein Classification and Regression

We study learning problems over N data points " = (x", 2", y") € E = XxZxY, n € [N], where
x", 2" and y" represent the numerical features, the discrete features and the output variable,
respectively. We assume that the support X of the numerical features is a closed and convex
subset of RMx. The support Z of the K discrete features satisfies Z = Z(ky) x ... x Z(kg),
where k,, € N\{1} denotes the number of values that the m-th discrete feature can attain,
m € [K], and Z(s) = {z € BS! : Die[s—1] % < 1} is the one-hot feature encoding. We let
M, = Zme[ k](km — 1) denote the number of coefficients associated with the discrete features.
The support Y of the output variable is {—1, +1} for classification and a closed and convex subset

of R for regression problems, respectively. We wish to solve the Wasserstein learning problem
minimize sup  Eqllg(z,z,v)]
QE‘BG(I[ADN) (1)

SUbjeCt to B = (50718X716Z) € R1+MX+MZ7

where the ambiguity set %6(@1\7) ={Q e Py(E) : W(Q,I@N) < €} represents the Wasserstein
ball of radius € > 0 that is centered at the empirical distribution ]/E\DN = % Zne[ N] d¢n placing

equal probability mass on the N data points £€”, n € [N], as per the following definition.



Definition 1 (Wasserstein Distance). The type-1 Wasserstein (Kantorovich-Rubinstein, or

earth mover’s) distance between two distributions P € Py(Z) and Q € Py(E) is defined as

WeQ) o nt [ dle€) Mg ag) ¢ Tae,) - Plag), 1= a€) - Q(ae) |

IIePy (E2)

where the ground metric d on = satisfies
d(&, &) = ||z — @'|| + kudy(2,2) + Kydy (y,y) V€= (x,2,y) €=, & = (2',2,y)eE (2a)
with K,, ky > 0 as well as, for some p =1,

1/p
1y #y] fY={-1,+1},
L) = | Y 1| ad a0 TR

me[K] ly — /| otherwise.

An important special case of Definition 1 arises when s, = 00. In this setting, any transport
between samples with different outputs incurs infinite cost, and hence the ambiguity set only
contains distributions that preserve the empirical output values. In other words, ’Be(]?”]v)
then consists of perturbations of the feature distribution conditional on y, while the marginal
distribution of y remains fixed.

The loss function lg(x, z,y) : X x Z x Y — R in problem (1) satisfies

Ly - [Bo+ B+ B, 2]) ifY={-1,+1},
lg(x, z,y) =
L(Bo+ B+ B8, 2—vy) otherwise,

where L : R — R, measures the similarity between the prediction Sy + Bx '« + 3, ' z and the
output y. With a slight abuse of terminology, we also refer to L as the loss function whenever

the context is clear. For both classification and regression problems, we consider two settings:



(i) L is convex and Lipschitz continuous with Lipschitz modulus lip(L), X = RMx and

Y = {—1, +1} (for classification problems) or Y = R (for regression problems);
(ii) L satisfies L(e) = maxjes{aje + b;}, and X < RMx and Y € R are closed and convex.

In either case, we assume that L is not constant.

The Wasserstein learning problem (1) offers attractive generalization guarantees. While the
classical choice of Wasserstein radii suffers from the curse of dimensionality (Mohajerin Esfahani
and Kuhn, 2018), recent work has developed asymptotic (Blanchet et al., 2019; Blanchet and
Kang, 2021) as well as finite sample guarantees (Shafieezadeh-Abadeh et al., 2019; Gao, 2023)
that apply to Wasserstein radii of the order O(1/v/N).

We next review a result that expresses the Wasserstein learning problem (1) as a convex

optimization problem.

Observation 1. The Wasserstein learning problem (1) admits the equivalent formulation

B?A7s

L 1
minimize )\6+N Z Sn
ne[N]

subject to sup {lg(x, z,y) — M|z — x"|| — Akydy (v, y")} — Ak,d,(2,2") < sy 3
(x,y)eXxY ( )

Vne|[N], VzeZ

B = (607/6xa;6z) € R1+MX+MZ, AeRy, se R]-l\-]

When ky = 00, the semi-infinite constraint in Observation 1 simplifies to

sup {lg(x, z,y") — M|z — x"||} — Ak,dy(2,2") < sp Vn e [N], Vz € Z.

xeX

Problem (3) contains embedded maximization problems, and it comprises exponentially many

constraints. We next prove the existence of equivalent reformulations of (3) for classification



and regression problems, respectively, that do not contain embedded optimization problems.
Since the resulting reformulations exhibit an exponential number of constraints, the next section
will develop a cutting plane approach to introduce these constraints iteratively.

Our equivalent reformulations of (3) leverage the unified problem representation

minimize  fo(6,0)
0,0

subject to  fni(gni(0,€",;2)) — hni(0,€",;d,(2,2")) < oy Vne|[N], Viel VzelZ
00O, o€ ]R]Jy ,

(4)
where £", = (x",y") and Z is a finite index set. To ensure that (4) is convex, we stipulate that
fo:RMe x RY — R and f,; : R — R are convex, gn; : RMo x (X x Y) x RM2 — R is bi-affine in
0 and z for every fixed £",, hy; : RMo x (X x Y) x R — R is concave in 0 for every fixed &7,
and every fixed value of its last component, n € [N] and i € Z, and © < RM? is a convex set.

We further assume that fj is non-decreasing in o so that (4) is not unbounded.
Theorem 1. The following problems admit equivalent reformulations in the form of (4):

(i) the mized-feature Wasserstein classification and regression problems with convexr and

Lipschitz continuous loss functions L as well as the continuous feature support X = RMx,

(ii) the mized-feature Wasserstein classification and regression problems with piece-wise affine

convez loss functions L(e) = maxje[sj{aje + bj} as well as the continuous feature support

X ={xeRM= . Cx <¢ d} for some C e R"*Mx deR"

and proper convex cone C € R"

10



for classification problems as well as the support

XxY= {(a:,y) e R+ . O + cy -y <c d} for some Cx € R™Mx ¢ e R", d e R”

and proper convex cone C < R"

for regression problems, assuming that the supports admit Slater points.

The Appendices A and B in the e-companion prove Theorem 1 for classification and regression
problems, respectively. The proofs follow similar arguments as those of Shafieezadeh-Abadeh

et al. (2019), adapted to the presence of discrete features as well as our ground metric.

3 Cutting Plane Solution Scheme

The unified problem representation (4) of the mixed-feature Wasserstein regression and classifi-
cation problems (c¢f. Theorem 1) is convex, but it comprises constraints whose number scales
exponentially in K, the number of discrete features. We therefore develop a cutting plane
approach that iteratively introduces only those constraints that are most violated by a sequence
of incumbent solutions.

Algorithm 1 outlines our cutting plane scheme, which follows the standard methodology of
this class of techniques. The algorithm iteratively solves a sequence of relaxations of problem (4),
where each relaxation only includes a subset W of the constraints indexed by [N] x Z x Z.
Consequently, any optimal solution (8*,6*) obtained from the relaxation gives rise to a valid
lower bound for the optimal value of problem (4). At each iteration, the algorithm identifies and
incorporates the most violated constraint from problem (4) with respect to the current solution
(6*,0*). This procedure ensures the generation of a monotonically non-decreasing sequence of
lower bounds, which is guaranteed to converge to the optimal value of problem (4) in a finite

number of iterations. A common challenge in cutting plane techniques is the derivation of

11



Algorithm 1 Cutting Plane Scheme for Problem (4)
Input: (Possibly empty) initial constraint set W < [N] x T x Z.
Output: Optimal solution (6*,0*) to problem (4).
Initialize (LB, UB) = (-0, +) as lower and upper bounds for problem (4).
while LB < UB do
Let (6*,0*) be optimal in the relaxation of (4) involving the constraints (n, i, z) € W.
for n e [N] do
Identify, for each i € Z, a most violated constraint

z(n,1) € arg max {fm(gm(e*, £",:2)) — hpi(0%,€" 5 dy(2,2")) — 0’;}

zZ€Z

associated with (6*,0*) and (n, ), and denote the constraint violation by ¥(n, 7).
Let i(n) € argmax{¥(n,i) : i € Z} and add (n,i(n), z(n,i(n))) to W if 9(n,i(n)) > 0.
end for
Define 9* € RY via 9% = max{¥(n,i(n)), 0}, n € [N].
Update LB = fp(0*,0*) and UB = min{UB, fy(60*,0* + 9*)}.
end while

upper bounds, which allow us to quantify the optimality gap, particularly when the algorithm is
terminated prematurely, such as when reaching a predefined time limit. In our case, the special
structure of problem (4) enables us to obtain such upper bounds efficiently: We adjust the
optimal solution (6*,0*) of the relaxation by increasing the slack variables o* so as to account
for the maximum constraint violations 9*.

The next result formalizes our intuition.

Proposition 1. Algorithm 1 terminates in finite time with an optimal solution (68*,0%) to
problem (4). Moreover, LB and UB constitute monotonic sequences of lower and upper bounds

on the optimal value of (4) throughout the execution of the algorithm.

A key step in Algorithm 1 concerns the identification of a constraint (n,i,2z) € [N] x Z x Z
that is most violated by the incumbent solution (6*,0*). We next argue that the underlying
combinatorial problem can be solved efficiently by Algorithm 2.

Algorithm 2 determines a most violated constraint index, denoted as z(n,1), for a given

12



Algorithm 2 Identification of a Most Violated Constraint in Problem (4)

Input: Incumbent solution (6*,0*) and constraint group index (n,i) € [N] x Z.
Output: A most violated constraint index z(n, i) in constraint group (n,1).
Initialize the candidate constraint index set Z = .
Let (w,wg) € RM2 x R be such that g,;(6*,£",;2) = w'z + wp.
for e {£1} do
Compute 2z, € argmax{jt - Wy, Zm : 2Zm € Z(km)\{2z"}} for all m e [K].
Compute a permutation 7 : [K]| — [K] such that

~25my) 2 MWty (Zrgny — Zrw))  VISm<m/ <K
for 0 € [K] U {0} do
Add z(6) to Z, where z,,,() = 2z}, if m(m) < §; = 2!, otherwise, m € [K].
end for
end for
Select Z(?’L, ’L) € arg max{fm(gm(O*, Szm Z)) - hni(e*a £Ez7 dZ(Z7 zn)) —oy

n

: z€ Z}.

incumbent solution (6*,0*) and a given constraint group (n,i) € [N] x Z in the optimization

problem (4). We obtain such a constraint by maximizing the constraint left-hand side in (4),

fnl(gnl(e*a Szza Z)) - hni(a*a 57—Lz7 dz(za zn))7

over z € Z. Note that the constraint function comprises two distinct terms. The second
term, hp;(0*,€",;d,(2,2")), depends on z only through the distance metric d,(z, 2") within
the ground metric d (c¢f. Definition 1). Consequently, we can decompose the maximization
of the difference of both terms into two steps. In a first step, we maximize the first term
Jni(gni(0*, €™ ,; 2)) over all z € Z that satisfy d,(z,2") = 0 for any fixed § € [K] u {0}. This is
what the inner for-loop in Algorithm 2 accomplishes, and it results in K + 1 candidate solutions

z(0). In a second step, we can then select an optimal solution z(§*) that maximizes

Fri(gni (07, €" 45 2(0))) — hni (07, €" 43 0)

13



across all ¢ € [K] u {0} by evaluating the constraint left-hand side for the K + 1 candidate
solutions z(0). This is what the final step in Algorithm 2 implements.

To maximize f;(gni(0*,&",; 2)) over all z € Z satisfying d,(z,2") = ¢, note first that f;
is assumed to be univariate and convex. Thus, its maximum over any compact set X < R is
attained either at min{z : x € X'} or max{x : v € X'}. Hence, to maximize fp;(gni(0*,&",;2))
over all z € Z with d,(z,2z") = §, we only need to maximize and minimize the inner function
gni(0*,&",; z) over all z € Z with d,(z,2") = 6. The maximization and minimization of g,; is
unified by the outer for-loop in Algorithm 2, which maximizes p - g,,;(0*,€",; z) for p € {£+1}.

We claim that the optimization of g,;(0*,&",;z) over z € Z with d,(z,2") = ¢ can be
decomposed into separate optimizations over z,, € Z(k,,), m € [K]. Indeed, note that g,; is
affine in z for fixed 8*, which allows us to express the mapping z +— g,;(0*,£",;2) as w' z + wo

for some w € RM= and wy € R. Moreover, the distance metric d,(z, z") only counts the number

n

of subvectors m € [K]| where z,, differs from 2],

without considering the magnitude of the
difference (as both vectors are one-hot encoded). Finally, we recall that Z is rectangular, that
is, Z = Z(k1) x ... x Z(kg). Taken together, the aforementioned three observations imply
that the optimization of g,;(0*,£&",;z) over z € Z with d,(z,2") = § can be broken into two
interconnected steps: We need to select the § subvectors mi < ... < mg where z differs from 2",
and for each differing subvector m, we need to select a solution z, that optimizes wi, | (2, —2%,)
across all z,, # 2. To this end, Algorithm 2 first computes for every m € [K] a solution 2},
that optimizes wy, " (2, — 27) over z,, # 27 (first step inside the outer for-loop), it subsequently
T(zx — 2"), m e [K] (second step inside the outer for-loop), and it

sorts the contributions w,, ' (z

*
m

finally selects the § largest (smallest) contributions to maximize (minimize) gp; (inner for-loop).

We formalize the above intuition in the next result.

Theorem 2. For a given incumbent solution (0*,0*) and a constraint group index (n,i) €

[N] x Z in problem (4), Algorithm 2 identifies a most violated constraint index z(n,i) in time

14



O(My, + KT + Klog K), where T is the time required to compute fni, gni and hp;.

4 Complexity Analysis

Despite its exponential size, our unified problem representation (4) admits a polynomial time
solution for the classes of loss functions that we consider in this paper. In fact, it follows from

Theorem 2 that Algorithm 2 provides a polynomial time separation oracle for problem (4).

Theorem 3 (Complexity of the Unified Problem Representation (4)). Assume that the subgra-
dients of the functions fn; and —hy; in problem (4) can be computed in polynomial time and
that © is compact, full-dimensional and admits a polynomial time weak separation oracle. Then

problem (4) can be solved to d-accuracy in polynomial time.

Recall that an optimization problem is solved to d-accuracy if a d-suboptimal solution is
identified that satisfies all constraints modulo a violation of at most . The consideration of
d-accurate solutions is standard in the numerical solution of nonlinear programs where an optimal
solution may be irrational. We show in the Appendices A and B that the subgradients of f,;
and —hy; can be computed in polynomial time and that © can be assumed to be compact in the
Wasserstein classification and regression problems that we consider. The regularity assumptions
imposed on problem (4) are crucial in this regard. In fact, it follows from Theorem 2 of Selvi
et al. (2022) that if the functions f,; in problem (4) were allowed to be non-convex, then the
problem would be strongly NP-hard even if Mg = 0, N = |Z| = 1 and hj; vanished.

While Theorem 3 principally allows us to solve problem (4) in polynomial time, the available
solution algorithms (see, e.g., Lee et al. 2015) rely on variants of the ellipsoid method and are
not competitive on practical problem instances. For this reason, we rely on our cutting plane
algorithm throughout our numerical experiments.

A by now classical result shows that when K = 0 (absence of discrete features) and X = RMx

15



the Wasserstein learning problem (1) reduces to a classical learning problem with an additional
regularization term in the objective function whenever the output weight x, in Definition 1
approaches oo (Shafieezadeh-Abadeh et al., 2015, 2019; Blanchet et al., 2019; Gao et al., 2024).

It turns out that this reduction no longer holds when discrete features are present.

Theorem 4 (Absence of Regularizers). Fiz any convexr Lipschitz continuous or piece-wise affine
convex loss function L that is not constant, any Wasserstein classification or regression instance
(ct. Theorem 1 as well as Appendices A and B) with any number N > 1 training samples,
non-zero numbers My of continuous and K of discrete features, X = RMx as well as any £, > 0
and any p = 1 in the definition of the Wasserstein ground metric. For sufficiently large radii €

of the ambiguity set, the objective function

sup  Eq [lg(z, z,)],
QeB(Py)

of the Wasserstein learning problem does not admit an equivalent reformulation as a classical

reqularized learning problem,
Es . lls(, z,y)] + R(B) for any R RUFMxt M R

even when the weight ky of the output distance dy approaches 0.

We emphasize that Theorem 4 applies to any loss function L and any reguarlizer 8. We are

not aware of any prior results of this form in the literature.

5 Comparison with Continuous-Feature Formulations

We next contrast the mixed-feature Wasserstein learning problem (3) with an unbounded

continuous-feature formulation that replaces the support Z of the discrete features z with RM-

16



(Section 5.1), as well as with a bounded continuous-feature formulation that replaces Z with
its convex hull conv(Z) (Section 5.2). This section focuses on a qualitative comparison of the
three formulations; a quantitative comparison in terms of runtimes and generalization errors on

benchmark instances is relegated to our numerical experiments (Section 6).

5.1 Comparison with Unbounded Continuous-Feature Formulation

Our reformulation (3) of the mixed-feature Wasserstein learning problem scales exponentially
in the discrete features. It may thus be tempting to replace the support Z with RM» which
would allow us to solve problem (3) in polynomial time using the reformulations proposed by
Shafieezadeh-Abadeh et al. (2015) and Shafieezadeh-Abadeh et al. (2019). We next present a
stylized example to illustrate that disregarding the discrete nature of the features z can result
in pathological worst-case distributions that lack relevance to the problem.

Consider a classification problem where the single feature is binary and follows the Bernoulli
distribution z ~ %5_1 + %51, and where the output variable y € {—1, +1} is related to the feature
z via Prob(y = z | z) = 0.8. Note that in slight deviation from our earlier convention, the binary
feature is supported on {—1, +1} instead of {0, 1}; this allows us to present the example without
the use of an intercept By, which in turn will simplify our exposition. We set the label mismatch
cost to ky = 1, and we use a non-smooth Hinge loss function. We generate random datasets

comprising N = 10 samples, and we compare the following three formulations:

(i) Empirical risk model. This model replaces the worst-case expectation in the Wasserstein

learning problem (1) with an expectation over the empirical distribution Py.

(i) Mized-feature Wasserstein model. We solve the Wasserstein learning problem (3) with the

discrete support Z = {—1,+1}.

(11i) Unbounded continuous-feature Wasserstein model. We solve the Wasserstein learning
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Figure 1: (Worst-case) distributions for our three formulations. The bars represent the mean
probabilities, and the whiskers indicate the corresponding standard deviations, computed over
10,000 statistically independent simulations.

problem (3) with the unbounded continuous support Z = R.

For the fixed hypothesis 8, = 1 and across 10,000 randomly generated datasets, the mean
expected Hinge loss of the empirical risk model evaluates to 0.41. The worst-case expected Hinge
loss of the mixed-feature Wasserstein learning problem varies from 0.41 to 2; the largest worst-
case expected loss is attained for large Wasserstein radii €, where the worst-case distributions
approach any mixture of 641 1) and 6 41). The worst-case expected Hinge loss of the
unbounded continuous-feature Wasserstein learning problem, on the other hand, diverges as the
Wasserstein radii € increase. In fact, for sufficiently large € the worst-case distributions place a
probability mass of 0.1 on a non-sensical atom (+c, +1), where ¢ increases with e.

Figure 1 illustrates the (worst-case) distributions of the three formulations for an intermediate
Wasserstein radius of € = 0.85. As can be seen from the figure, the bounded continuous-feature

Wasserstein learning problem places a mean probability mass of 0.063 (std. dev. 0.048) on an
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atom (+c,+1), where c is instance-specific and where |c| lies in [1.5,7.5] (mean 2.29).

One might argue that an illogical worst-case distribution is less concerning in practical
applications, where the primary role of Wasserstein learning may be viewed as providing a
regularizing effect through the worst-case formulation. However, our numerical results will
demonstrate that the unbounded continuous-feature formulation is consistently outperformed by
our mixed-feature formulation in terms of generalization error, even when the Wasserstein radii

e are chosen via cross-validation.

5.2 Equivalence to Bounded Continuous-Feature Formulation

It is natural to ask whether the mixed-feature Wasserstein learning problem (1) is equivalent to
its bounded continuous-feature counterpart that replaces the support Z of the discrete features
with its convex hull, conv(Z). We show in the following that this is indeed the case, but we
argue that this equivalence bears little computational consequence.

To construct the bounded continuous-feature model, fix any s > 2 and define U(s) as the

convex hull of the one-hot discrete feature encoding Z(s). One readily observes that

Indeed, we have Z(s) < U(s) by construction. To see that U(s) € conv(Z(s)), on the other hand,
we note that any u € U(s) can be represented as w = Ao+ 0 + > ;c(,_1) Ai - €, where 0 € Z(s) is
the vector of all zeros and where e; € Z(s) is the i-th canonic basis vector in R~ with \; = u;

and \g =1 — Zie[sfl] A;. Defining U as the convex hull of Z, we observe that

U = conv(Z) = X conv(Z(kn)) = X conv(U(kn)),
me[K] me[K]

where the second identity follows from Exercise 1.19 of Bertsekas (2009). Since the ground
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metric d, from Definition 1 is only suitable for pairs of discrete feature vectors, we replace it

with the ground metric

1/p
1 1
dufu ) = (30 Sl — s+ 511t — )|
me[K]
that extends to pairs of continuous feature vectors. One readily verifies that d, is a metric, that
is, it satisfies the identity of indiscernibles, positivity, symmetry and the triangle inequality. The
proof of Proposition 2 below will also show that d, and d, coincide over all pairs of discrete
features. We finally define the bounded continuous-feature model as
o Ae + 1 Z
minimize €+ — S
B.\,s N "
ne[N]
subject to sup  {lg(x,u,y) — M|z — z"|| — Aeydy(y,y")} — Akzdu(u, 2") < sp 3)

(x,y)eXxY
Vne[N], VuelU

B = (/BOa/@xwgz) € R1+MX+MZ, AeR,, s€ Rf7

where u and U serve as the continuous representations of the discrete features z and their
support Z, respectively. Note that in this formulation, the features w € U can be readily absorbed
in the continuous feature set @ € X; we keep the distinction for improved clarity.

We next state the main result of this section.

Proposition 2. The mized-feature Wasserstein learning problem (3) and its corresponding
bounded continuous-feature counterpart (3) share the same optimal value and the same set of

optimal solutions.

The proof of Proposition 2 crucially relies on the concavity of the family of mappings
u — dy(u,u’), v’ € Z. Indeed, the equivalence stated in the proposition would not hold if we

lace dy with d/,(u, w') — 1) despite d, bed ic on U
were to replace dy with djj(u, u') = (2, c(xillum — uplleo ), despite dj; being a metric on U.
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Unfortunately, the equivalence of Proposition 2 does not lead to more efficient solution
schemes for the mixed-feature Wasserstein learning problem (3). Indeed, we are not aware of
any finite-dimensional convex reformulations of the bounded continuous-feature counterpart (3’)
when the loss function L is convex and Lipschitz continuous. When L is piece-wise affine and
convex, on the other hand, problem (3’) indeed admits a finite-dimensional convex reformulation
of polynomial size. We will see in our numerical experiments, however, that our cutting plane
scheme from Section 3 is much faster than the monolithic solution of this reformulation. This is
due to the fact that the reformulation comprises a large number of decision variables as well as

a constraint set that lacks desirable sparsity patterns.

6 Numerical Results

We compare empirically the performance of our mixed-feature Wasserstein learning problem (1)
with classical and regularized learning methods as well as continuous-feature formulations of
problem (1). To this end, Section 6.1 compares the out-of-sample losses of our mixed-feature
Wasserstein learning problem (1) with those of the unbounded continuous-feature approximation
when the Wasserstein radius is selected via cross-validation. Section 6.2 compares the runtime of
our cutting plane solution scheme for the mixed-feature Wasserstein learning problem with that of
solving the equivalent bounded continuous-feature formulation monolithically. Finally, Section 6.3
compares the out-of-sample performance of our formulation (1) with that of alternative methods
on standard benchmark instances.

All algorithms were implemented in Julia v1.9.2 using the JuMP package (Lubin et al., 2023)
and MOSEK v10.0, and all experiments were run on Intel Xeon 2.66GHz cluster nodes with 8GB
memory in single-core and single-thread mode (unless otherwise specified). All implementations,

datasets and experimental results are available on the GitHub repository accompanying this work.
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Figure 2: Mean out-of-sample losses for various classification (left) and regression (right) tasks
when the number of discrete features that are treated as such varies. All losses are scaled to
[0, 1] and shifted so that the curves do not overlap.

6.1 Comparison with Unbounded Continuous-Feature Formulation

Section 5.1 demonstrated that modeling discrete features in the Wasserstein learning problem (1)
as continuous and subsequently solving an unbounded continuous-feature formulation may
inadvertently hedge against pathological worst-case distributions.

We now explore whether the findings from Section 5.1 have implications on the out-of-sample
performance of the mixed-feature and unbounded continuous-feature formulations when the
Wasserstein radius € is selected via cross-validation. We generate synthetic problem instances to
be in full control of the problem dimensions. In particular, we generate 100 synthetic instances for
each of the 6 loss functions considered in Appendices A and B: log-loss (LR), non-smooth Hinge
Loss (SVM), smooth Hinge loss (SSVM), Huber loss (RR), 7-insensitive loss (SVR) and pinball
loss (QR), assuming that the loss functions explain a large part (but not all) of the variability in
the data. All instances comprise N = 20 data points, no numerical features, and K = 20 binary
features. The small number of data points ensures that distributional robustness is required
to obtain small out-of-sample losses. For each instance, we solve a mixed-feature Wasserstein

learning problem that treats some of the features as binary, whereas the other features are
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treated as continuous and unbounded. In particular, the extreme cases of modeling all and none
of the features as binary correspond to our mixed-feature Wasserstein learning problem (1) and
its unbounded continuous-feature approximation, respectively. We cross-validate the Wasserstein
radius from the set € € {0.005,0.01,0.015,...,0.1}, and we choose (k,, ky,p) = (1,1,1) as well
as [|-]| = |||l1 in our ground metric (2). We refer to the GitHub repository for further details
of the instance generation procedure. Figure 2 reports the average out-of-sample losses across
100 randomly generated problem instances for the different loss functions. The figure reveals
an overall trend of improved results when the number of binary features that are treated as
such increases. Qualitatively, we observe that this conclusion is robust to different choices of the

e-grid used for cross-validation; we refer to the GitHub repository for further details.

6.2 Comparison with Bounded Continuous-Feature Formulation

In Section 5.2, we showed that our mixed-feature Wasserstein learning problem (1) is equivalent
to a bounded continuous-feature model that replaces the support Z of the discrete features with
its convex hull conv(Z). In this section, we compare the runtimes of solving the mixed-feature
formulation via our cutting plane method with those of solving the bounded continuous-feature
formulation via an off-the-shelf solver.

When the loss function L in the mixed-feature Wasserstein learning problem (1) is piece-wise
affine and convex, the equivalent bounded continuous-feature model admits a reformulation
as a polynomial-size convex optimization problem. However, solving this reformulation is
computationally expensive since it involves O(N - J - K) decision variables, where N, J and
K denote the numbers of data points, affine pieces in the loss function and discrete features,
respectively. Moreover, the reformulation lacks desirable sparsity features. The consequences are
illustrated in Table 1, which compares the monolithic solution of the bounded continuous-feature

reformulation with the solution of the mixed-feature model using our cutting plane approach.
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The table reports median runtimes over 100 datasets with N € {500, 1,000, 2,500} data points.
All instances contain 30 features, out of which 25%, 50%, 75% are discrete with 4 possible
values, whereas the rest are continuous. We set the Wasserstein radius ¢ = 1072 and use
(Kg, ky,p) = (1, K, 1) for our ground metric. Further details of the implementation are available
on the GitHub repository. We observe that our cutting plane scheme is significantly faster than

the solution of the equivalent bounded continuous-feature model.

N = 500 N = 1,000 N = 2,500
Method | %25 %50 %75 | %25 %50 %75 | %25 %50 %75

SVM-cut 0.06 020 025 | 013 021 045 | 0.29 0.61 1.23
SVM-piece | 6.35 11.80 15.25 | 12.48 22.99 40.97 | 30.4 109.78 146.62

QR-cut 0.15 024 036 | 028 057 1.18 | 1.08 1.64 3.08
QR-piece 335 559 924 | 871 1995 26.1 | 22.83 48.34 114.19

SVR-cut 012 022 024 | 026 044 055 | 0.76 0.92 2.73
SVR-piece | 4.35 9.20 17.29 | 10.2 16.78 35.46 | 27.13 52.02  95.08

Table 1: Median runtimes in secs to solve the mixed-feature model (-cut; using our cutting plane
method) and the bounded continuous-feature model (-piece; solving a polynomial-size convex
reformulation) for the hinge (SVM), pinball (QR; with 7 = 0.5) and 7-insensitive (SVR; with
7 = 1072) loss functions.

Although no polynomial-size convex reformulations are known for the equivalent bounded
continuous-feature model when the loss function L in the mixed-feature Wasserstein learning
problem (1) is Lipschitz continuous, we can approximate such loss functions to any desired
accuracy via piece-wise affine convex functions. To this end, we take the pointwise maximum
of tangent lines at equally spaced breakpoints and subsequently solve the bounded continuous-
feature formulation for piece-wise affine convex loss functions. This provides a lower bound on
the original problem, whose value approaches the optimal value of the original problem as the
number of affine pieces in the approximated loss function increases. Table 2 reports the median
runtimes for 100 datasets; we use the same problem parameters as in our previous experiment,

and we report results for loss function approximations with J € {5, 10,25} affine pieces. Similar
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to our previous experiments, the table shows that our cutting plane scheme is significantly
faster than the solution of the equivalent bounded continuous-feature model. We note that the
approximated loss functions would require more than 25 pieces to guarantee a suboptimality of

0.1% or less; details are relegated to the GitHub repository.

N = 500 N = 1,000 N = 2,500
Method %25 %50 %75 %25 %50 %75 %25 %50 %75
LR-cut 0.16  0.61 1.32 0.22 0.60 1.48 0.56 0.67 1.87
LR-piece [5] 42.08  108.0  157.06 | 127.97 382.6 608.76 743.01  2,371.29*  NaN
LR-piece [10] 5032 133.0  186.56 | 48251  236.94%  339.82% | 3,107.19* NaN  2,595.02*
LR-piece [25] 526.72 280.11  499.72 | 2,178.79% 1,634.96* 1,137.18* | NaN NaN NaN
SSVM-cut 014 031 0.54 0.22 0.46 0.63 0.6 0.61 1.57

SSVM-piece 5] 20.54 59.6 84.11 44.43 125.33 201.43 460.29 349.74 612.18*
SSVM-piece [10] | 34.85 80.19 114.63 82.52 166.36 277.17* | 1,924.21*%  439.99* 730.46*
SSVM-piece [25] | 90.25 198.32*% 332.86* | 221.74* 406.68 763.53* NaN 1,161.48*% 1,996.73*

RR-cut 0.16 0.19 0.3 0.27 0.3 0.52 0.7 0.78 1.31
RR-piece [5] 9.87 23.23 38.57 23.13 55.95 87.75 73.02 171.16 269.98
RR-piece [10] 16.52 38.92 60.38 37.69 87.57 143.39 105.4 281.6 464.49
RR-piece [25] 43.16 95.53 155.26 93.21 222.79 373.44* 296.18* 824.93*  1,584.85*

Table 2: Median runtimes in secs to solve the mixed-feature model (-cut; using our cutting plane
method) and the bounded continuous-feature model (-piece |J]; solving a polynomial-size convex
reformulation) for the logistic (LR), smooth hinge (SSVM) and Huber (RR; with 6 = 0.05) loss
functions. A NaN indicates that more than half of the instances could not be solved within an
hour of runtime. An asterisk (*) indicates that at least one instance could not be solved within
an hour of runtime.

6.3 Performance on Benchmark Instances

In Section 6.1, we observed that the mixed-feature Wasserstein learning problem (1) can
outperform its unbounded continuous-feature approximation in terms of out-of-sample losses.
In practice, however, loss functions merely serve as surrogates for the misclassification rate (in
classification problems) or mean squared error (in regression problems). Moreover, Section 6.1
considered synthetically generated problem instances, which may lack some of the intricate
structure of real-life datasets. This section therefore compares the out-of-sample misclassification

rates and mean squared errors of problem (1) with those of alternative methods on standard
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benchmark instances. In particular, we selected 8 of the most popular classification and 7 of
the most popular regression datasets from the UCI machine learning repository (Kelly et al.,
2017). We processed the datasets to (i) handle missing values and inconsistencies in the data,
(i) employ a one-hot encoding for discrete variables, and (i) convert the output variable (to
a binary value for classification tasks and a [—1, 1]-interval for regression tasks). All datasets,
processing scripts as well as further results on other UCI datasets can be found in the GitHub
repository.

Tables 3-8 report averaged results over 100 random splits into 80% training set and 20%
test set for both the original datasets as well as parsimonious variants where only half of the
data points are available. In the tables, the column groups report (from left to right) the
problem instances’ names and dimensions; the results for the unregularized implementations
of the nominal problem as well as the mixed-feature Wasserstein learning problem (1) using
(Kz,p) = (1,1) and ||| = [|-|][1 in our ground metric (2); the results for the corresponding
lo-regularized versions; and the results for the unbounded continuous-feature approximations of
problem (1). For the unregularized mixed-feature and continuous-feature Wasserstein learning
problems, we jointly cross-validate the hyperparameters (e, ky) where € € {0, 1075,1073,1071}
and ky € {1, K,00}. For the regularized nominal model, we cross-validate the regularization
penalty « from the set {0} U {c-107P : ce {1,5}, p = 1,...,6}. For the regularized mixed-feature
Wasserstein learning problem, finally, we cross-validate the hyperparameters (e, Ky, ) from the
Cartesian product of the previous three sets. The method with the smallest error in each column
group is highlighted in bold, and the method with the smallest error across all column groups
has a grey background. For instances where a version of the mixed-feature Wasserstein learning
problem attains the smallest error across all column groups, the symbols T and I indicate a
statistically significant improvement of that model over the nominal and regularized nominal

learning problem as well as over the continuous-feature approximation, respectively, at a p-value
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of 0.05. Most nominal models were solved within seconds, most continuous-feature models were
solved within minutes, and most of the mixed-feature models were solved within 10 minutes. We
relegate the details of the statistical significance tests and runtimes to the GitHub repository.
Overall, we observe from the tables that the mixed-feature Wasserstein learning problems
outperform both the (regularized) nominal problems and the unbounded continuous-feature
approximations in the classification and regression tasks. The outperformance of the mixed-
feature Wasserstein learning problems over the continuous-feature approximations tends to be
more substantial for problem instances with many discrete features, which further confirms our
findings from Sections 5.1 and 6.1. Also, the mixed-feature Wasserstein learning problems tend
to perform better on the parsimonious versions of the problem instances. This is intuitive as we
expect robust optimization to be particularly effective in data sparse environments. Regularizing
the mixed-feature Wasserstein learning problem does not yield significant advantages in the
classification tasks, but it does help in the regression tasks. Finally, while we do not observe any
significant differences among the classification loss functions, the Huber loss function performs

best on the regression problem instances.

7 Conclusions

Wasserstein learning offers a principled approach to mitigating overfitting in supervised learning.
While Wasserstein learning has been studied extensively for datasets with exclusively continuous
features, the existing solution techniques cannot handle discrete features faithfully without
sacrificing performance in real-world applications.

In this paper, we propose a cutting plane algorithm for Wasserstein classification and
regression problems that involve both continuous and discrete features. While the worst-case
complexity of our method is exponential, it performs well on both synthetic and benchmark

datasets. The core of our algorithm is an efficient identification of the most violated constraints
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with respect to the current solution. Despite the discrete nature of the problem, we show that it
can be solved in polynomial time. We also study the complexity of mixed-feature Wasserstein
learning more broadly, and we investigate its connections to regularized as well as different
continuous-feature formulations.

Our work opens several promising directions for future research. Most notably, it would
be instructive to explore whether similar algorithmic techniques can be developed for other
supervised learning models, including decision trees, ensemble methods, and neural networks.
Furthermore, it would be valuable to investigate the development of polynomial-time solution
schemes that avoid reliance on the ellipsoid method and that overcome the scalability limitations
of monolithic reformulations. For example, the fact that our algorithm for the mixed-feature
problem relies on a sorting argument to identify the most violated constraint could potentially
pave the way to developing robust counterparts using standard convex reformulations of sorting-

type constraints.
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Dataset N M, M, K ‘ Reduced?‘ Nom MixF ‘ r-Nom r-MixF ‘ ConF

. ® 0.56% | 0.44% t | 0.52% 0.48% 0.44%

als ~O_QE |4
belancescale 625 0 16 4 v 1.65% | 1.47% tf | 1.92% L77% 1.60%
. ‘ x 30.10% [28:46% 11| 20.46%  29.36% | 29.45%
breast-cancer 277 0 42 9 v 31.87%  29.88% | 29.58% [28:31% ff| 30.48%
. x 13.50% [18d2% ff| 13.70%  13.55% | 13.88%
credit-approval 690 6 36 9 v 16.30%  14.94% [1458% ] 14.94% | 15.11%
. ) x 22.85%  22.71% | 22.90% | 22.62% f | 23.13%
Gylinder-bands 5391943 M1 | 07319 26.36% | 27.18% | 26.02% f | 26.41%
) x 17.24% [14:66% T§| 15.86%  16.55% | 17.41%
lymphography 148 0 42 18 v 23.98% | 17.713% & | 17.96%  18.07% | 19.14%
. 50 0 25 17 x 1851% 13.96% | 14.25%  13.58% | 14.33%
primacy v 15.80%  14.70% | 14.70% [14:48% 1| 14.68%
et w7 0 22 9 x 20.28%  18.40% | 20.09%  18.30% | 17.93%
spect v 23.22%  19.44% | 23.34% [19:13% F§ | 19.66%

.

fetae-to s 0 18 o t 1.94% 1.70% | 1.70%  1.70% | 1.70%

2.75% 1.65% 7 1.81% 1.68% 1.65%

Table 3: Mean classification error for the logistic regression loss function. N, My, M, and
K refer to the problem parameters from Section 2. The column ‘Reduced?’ indicates whether
the full or sparse version of the dataset is being considered. Nom, MixF and ConF refer to
the nominal problem formulation, the mixed-feature Wasserstein learning problem (1) and its
unbounded continuous-feature approximation, respectively. The prefix ‘r-’ indicates the use of
an ls-regularization.

Dataset N My M, K ‘ Reduced?‘ Nom MixF ‘ r-Nom r-MixF ‘ ConF
blacescale 625 0 16 4| FOEIGEROTCORT daen o [pueme
s 0w 0| 3| B ma | o g o
cedivapprol 60 6 35 9| 7| 0G0 DT rem o0 | 1555
phograpty 148 042 18| 7| jooce ORI 010 s g 2o
EFTETRE 1

.96% .88% .53% .53% .88%
s w0 mom| 3|0 mew o mmm—
.

Table 4: Mean classification error for the hinge loss function. We use the same abbreviations
as in Table 3.
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Dataset N My M, K |Reduced? | Nom MixF | r-Nom  r-MixF | ConF

x 1.36% [10:40% 1% | 1.52% 0.48% | 0.52%
P S 4

balancescale 625 0 16 4 v 3.15%  1.89% 2.07% 2.01% | 1.71%
o x 29.55% [20009% F%| 30.18%  30.00% | 30.18%
breast-cancer 277 0 42 9 v 31.30%  30.00% | 28.55% [28:19% f§| 31.08%
. ® 13.44%  13.37% | 13.44% [1383% F | 14.42%
credit-approval - 690 6 36 9 v 15.50%  15.31% | 14.65% @ 14.43% tf | 15.09%
N o x 23.27% [22.06% 11| 23.04%  22.66% | 22.62%
cylinder-bands 539 19 43 14 v 27.43% | 26.49% t | 27.09%  26.75% | 26.73%
. x 19.31%  16.90% | 16:38% 16:38% | 17.76%
lymphography 148 0 4218 v 21.31%  20.11% | 18.47% | 18.07% t | 20.17%
e 50 0 95 17 ® 13.51%  13.43% [18d8%  13.66% | 14.03%
primacy v 15.10%  14.78% | 14.38% | 14.34%  14.41%
x 20.28%  18.30% | 19.25% [16:79% 11| 18.11%
spect w70 2 22 v 23.16% [[10:91% F | 23.16%  20.16% | 20.03%
I s 0 18 o x L73%  170% | 1.70%  1.70% | 1.70%

uctactoe v

2.77% 1.65% 1.65% 1.65% 1.65%

Table 5: Mean classification error for the smooth hinge loss function. We use the same
abbreviations as in Table 3.

Dataset N M, M, K ‘ Reduced?‘ Nom MixF r-Nom r-MixF ‘ConF
RN, AR
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mowents 1197 72 4| | Yo'y seres | sosto Eeraz o
we w6 | % | sen e | g o
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Table 6: Mean squared errors for the Huber loss function (with 6 = 0.5). We use the same
abbreviations as in Table 3.
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Dataset N M, M, K ‘ Reduced?‘ Nom MixF r-Nom r-MixF ‘ ConF

. 217.87 217.86 | 217.87 217.83 217.86
bike 17,379 4 8L 218.17 218.15 | 218.17 218.12 218.19
124.36 124.35 | 130.45 124.46 124.36

fire o7 1031 4 120.54 109.80 | 116.67 109.85 109.81
fare 1,066 0 291 9 218.56 218.67 218.27 | 204.93 % | 218.56

2,230.29 484.92 | 215.22 | 203.17 % | 216.09

374.08 373.93 | 373.32  372.87 i | 376.05
894.07 376.22 { | 377.78 376.44 376.92

671.67 303.77 | 351.66 @ 283.95 i | 314.84
726.46 386.98 | 371.56 = 350.52 % | 394.28

399.65 396.69 | 387.07 @ 386.44 § | 404.71
451.85 397.77 | 403.51 @ 393.42 }i | 414.37

232,323.47  503.93 | 493.28 | 490.19 {f | 507.81
287,607.592  507.60 | 517.85  498.17 §i | 510.78

garments 1,197 7 22 4

imports 193 14 45 10

student 395 13 26 17

vegas 504 5 106 14

ANE SIANE SIRNE SIRNE SIENE SENE SN 4

Table 7: Mean squared errors for the pinball loss function (with 7 = 0.5). We use the same
abbreviations as in Table 3.

Dataset N M, M, K | Reduced? Nom MixF r-Nom r-MixF ‘ ConF
e mm 4w o] % | B W e oo
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mwents 1197 T2 4| 3| g gmy (mmemm s | s
mports 199 145 0] 5| o P smor et s
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R e B

Table 8: Mean squared errors for the 7-insensitive loss function (with 7 = 0.1). We use the
same abbreviations as in Table 3.
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E-Companion to “It’s All in the Mix:

Wasserstein Machine Learning with Mixed Features”

Appendix A: Wasserstein Classification with Mixed Features

This section derives exponential-size convex reformulations of the mixed-feature Wasserstein
learning problem (3) for classification problems with convex and Lipschitz continuous as well
as piece-wise affine and convex loss functions L. One readily confirms that the resulting
reformulations are special cases of our unified representation (4), which implies that our results

in this appendix prove Theorem 1 for the case of classification problems.

Proposition 3. Consider a classification problem with a convex and Lipschitz continuous loss

function as well as X = RMx_ In this case, the Wasserstein learning problem (3) is equivalent to

,)\,S

C 1
minimize  Ae + N Z Sn
ne[N]

subject to (@, 21") — Arada(2, 27) < s Vne|[N], VzeZ (E-1)
lg(x",z,—y") — Akyd,(2,2") — Aky < s
Hp(L) - [[Bxll« < A
B = (Bo, Bx, B,) e RITMAM - N e R, seRY.
When ry = 00, the second constraint set in Proposition 3 is redundant for any A > 0. This is
the case whenever \ does not vanish at optimality (i.e., the Wasserstein radius ¢ actually affects

the optimal solution).

Formulation (E-1) emerges as a special case of our unified representation (4) if we set

7T = {i1}> 0 = (/37 >\)7 o =S, f0(0,0') = Ae + %ZnE[N] Sny fnz(e) = L(e)v gnl(eaézzaz) =
iy [Bo+ Bx " + By 2], hni(0, €7, d, (2, 2™)) = Akydy(2, 27) + Ay - 1[i = —1] and © = {0 :

lip(L) - ||B«ll«+ < A, A € Ry}, One verifies that this choice of Z, 0, o, fo, fni, gni, hni and ©
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satisfies the regularity conditions imposed on problem (4) in the main text.

Proposition 4. If 3 in problem (E-1) is restricted to a bounded hypothesis set H, then A can

be restricted to a bounded set as well.

Proposition 3 covers Wasserstein support vector machines with a smooth Hinge loss,

-

1/2—e ife <0,

L(e)=4(1/2)-(1—¢)? ifee(0,1),

0 otherwise,

where the Lipschitz modulus is lip(L) = 1, and logistic regression with a log-loss,
L(e) =log(1 + exp[—e]),

where again lip(L) = 1. We provide the corresponding reformulations next.
Corollary 1. The first set of inequality constraints in (E-1) can be reformulated as follows.

(i) For the smooth Hinge loss function:

(w+ y" - (Bo + ﬁxTiEn + ﬁZTZ))2 +1-— w;n — ARydy(2,2") < s

zn

Vne[N], VzeZ

(wi, —y" (Bo+ Bx &" + BZTz))2 — Aigdy(2,2") < sp

zn
(ii) For the log-loss function:

log (1 + exp [—y” (Bo + Bx 2" + ﬁZTZ)]) — ARydy(2,2") < s, VYne[N], VzeZ

Here, w;n € R are auziliary decision variables. The second set of inequality constraints in (E-1)

follows similarly if we replace w;n € R with additional auziliary decision variables wy,, € R,
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replace —y" with +y™ and subtract the expression Aky from the constraint left-hand sides.

We now provide a reformulation of problem (3) without embedded maximizations when the

loss function L is piece-wise affine and convex.

Proposition 5. Consider a classification problem with a piece-wise affine and convex loss
function L(e) = maxjey{aje + b;}, and assume that X = {x € RMx . Cx <¢ d} for some
C e R™Mx deR" and proper convex cone C < R™. If X admits a Slater point x° € RMx such
that Cx® <¢ d, then the Wasserstein learning problem (3) is equivalent to

. 1

minimize e + N E Sn
+ —

ﬂ7Avs7qnj7qnj nE[N]

subject to q:{jT(d — Cx™) +ay" - (Bo+ Bx & + B, 2) — Meydy(2,2") + b; < sp
q;jT(d —Cz") —ay" - (Bo + By z™ + BZTz) — Akzdy(2,2") — Ay + bj < s
Vne[N], Vjel[J], VzeZ
lajy" B~ CTalls < A llagg™ B+ Clagle <A Wne[N], Ve []
B = (Bo, Bx, B;) e RMMAM N e R, seRY
Qnj> 4y €C*, m e [N] and j € [J].
(E-2)
When ky, = 00, the constraints involving q,; are redundant whenever A\ > 0. In this case,

the variables g, j and all constraints involving q,; can be removed from Proposition 5.

Formulation (E-2) emerges as a special case of our unified representation (4) if we set

i= (1), T =[J]x{£1}, 0 = (B, A\ ani), o = s, fo(0,0) = Xe + %Zne[N] sn, fni(e) =
aje+bi, gni(0,€",:2) =ty - [Bo+ Bx 2" + B, 2], hni(0,€",;d,(2,2")) = —qn; | (d— Cx™) +
Ariydy (2, 2") + My - L[t = —1] and © = {0 : ||a;y™ - Bx —t- C quill« < AV(n,i) € [N] X Z, gni €
C*V(n,i) € [N] x Z, A € Ry}. One verifies that this choice of Z, 0, o, fo, funi, gni, hni and ©
satisfies the regularity conditions imposed on problem (4) in the main text.

Proposition 6. If 3 in problem (E-2) is restricted to a bounded hypothesis set H, then

(g, a,;)ni and X can be restricted to a bounded set as well.
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Proposition 5 covers Wasserstein support vector machines with a (non-smooth) Hinge loss,
L(e) = max {1 —e, 0},

which is a piece-wise affine convex function with J =2, a1 = —1, b1 =1, as = 0 and bo = 0. We

provide the corresponding reformulation next.

Corollary 2. For the (non-smooth) Hinge loss function, the first set of inequality constraints

in (E-2) can be reformulated as
g (d—Cz") —y"(Bo + Bx " + B, 2) — Meidy(2,2") + 1 < s, VYne[N], VzeZ

The second set of inequality constraints in (E-2) follows similarly if we replace —y™ with +y™ as

well as g7 with q,, and subtract the expression Aky from the constraint left-hand sides.
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Appendix B: Wasserstein Regression with Mixed Features

This section derives exponential-size convex reformulations of the mixed-feature Wasserstein
learning problem (3) for regression problems with convex and Lipschitz continuous as well
as piece-wise affine and convex loss functions L. One readily confirms that the resulting
reformulations are special cases of our unified representation (4), which implies that our results

in this appendix prove Theorem 1 for the case of regression problems.
Proposition 7. Consider a regression problem with a convexr and Lipschitz continuous loss
function L and (X,Y) = (RMx R). In this case, the Wasserstein learning problem (3) equals

C 1
minimize  Ae + N Z Sn
ne[N]

67A’3

subject to  Ig(x", z,y") — Akzds(2,2") < sp  Vne[N], VzeZ
lip(L) - |Bxlls < A
lip(L) < Ary
B = (Bo,Bx, B,) e RMMAM: N e R, seRY.

(E-3)

When sy = 00 and A > 0, the third constraint in Proposition 7 is redundant.
Formulation (E-3) emerges as a special case of our unified representation (4) if we set
0= (8.0), 0 =5, f0(0.0) = X + - Sy 5m0 Suile) = L(e), guil0.€%,:2) = fo + B2 +
Bz —y", hui(0,€",:d,(2,2")) = Akgdy(2,2") and © = {0 : lip(L) - ||Bx|l+ < A, lip(L) <
Aky, A € Ry}, One verifies that this choice of 8, &, fo, fni, gni, hni and © satisfies the regularity

conditions imposed on problem (4) in the main text.

Corollary 3. If 3 in problem (E-3) is restricted to a bounded hypothesis set H, then A can be

restricted to a bounded set as well.
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Proposition 7 covers Wasserstein regression with a Huber loss,

(1/2) - €2 if e] <6,
L(e) =

d-(le] = (1/2)-0) otherwise,

where 0 € R, determines the boundary between the quadratic and the absolute loss, implying

that lip(L) = §. We provide the corresponding reformulation next.

Corollary 4. For the Huber loss function, the first set of inequality constraints in (E-3) can be

reformulated as

1

5 (Bo+ B+ B, 2 — Y —pan)? + P2 — Mindy(2,2") < 8y
1 Vn € [N], Vz € Z,
5(50 + ’BXTmn + BZTZ -y - pz,n)2 — 0Pz — Ay (2, 2") < sp

where p, , € R are auziliary decision variables.

We now provide a reformulation of problem (3) without embedded maximizations when the

loss function L is piece-wise affine and convex.

Proposition 8. Consider a regression problem with a piece-wise affine and convex loss function
L(e) = maxjer{aje + b;}, and assume that X x Y = {(x,y) e Rt : Cyx + ¢y -y <¢ d} for

some Cy € RT*Mx cy € R, d e R" and proper conver cone C = R". If this set admits a Slater
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point (x°,1°) € RMx*1 such that Cyx® + cy - y° <c d, then problem (3) is equivalent to

1
minimize e + — 5
ﬁ7A7qun]’ Nng\f] "
subject to qu(d —Cyx" —cy-y") +aj- (Bo+ Bix" + B, 2 —y") — Mgdy(z,2") + bj < sp
Vne[N], VjelJ], VzeZ
lla; - Bx — C’XanjH* <A, |—aj — cqunj| < Ay Vn e [N], Vj e [J]
,6 = (5075)(“@) c R1+MX+MZ, e R+, se RJI
gnj €C*,ne[N] and j e [J].
(E-4)
When £y = o0 and A > 0, the constraints |—a; —c; @nj| < Aky in Proposition 8 are redundant.

Formulation (E-4) emerges as a special case of our unified representation (4) if we set

I=1[J],0=(B,\qni),o=s, fo(6,0)= )\€+%Zne[1\z] Sny fni(€) = aie +bi, gni(0,€",;2) =
Bo+Bx "+ B,z —y", hni(0,€7,;d,(2,2")) = —qni | (d— Cxx™ — ¢y - y"™) + Aryd, (2, 2") and
O =1{0:|la;- Bx — CTquillx« <AVY(n,i) € [N] x I, |—a; — c;qm-| < Ay V(n,i) € [N] X Z, gp; €
C*VY(n,i) € [N] x Z, A € Ry}. One verifies that this choice of Z, 6, o, fo, fui, gni, hni and ©

satisfies the regularity conditions imposed on problem (4) in the main text.

Corollary 5. If B in problem (E-4) is restricted to a bounded hypothesis set H, then (qni)n.i

)

and A can be restricted to a bounded set as well.

Proposition 8 covers Wasserstein support vector regression with an 7-insensitive loss function,
L(e) = max {|e| — 7, 0}

with robustness parameter 7 € R, which is a piece-wise affine convex function with J = 3,

a1 =1,by = —7,a0 = —1, by = —7, a3 = 0 and b3 = 0. It also covers Wasserstein quantile
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regression with a pinball loss function,
L(e) = max {—7e, (1 —7)e}

with robustness parameter 0 < 7 < 1, which is a piece-wise affine convex function with J = 2,

a1 =—7,b1 =0,a3 =1—7 and by = 0. We provide the corresponding reformulations next.
Corollary 6. The first set of inequality constraints in (E-4) can be reformulated as follows.

(i) For the T-insensitive loss function:

to1 ' (dy — Cra™) +vp1 (do — Coy™) + (Bo+ Bx " + B, z — ")

—T — Akydy (2, 2"
> VYne|[N], VzeZ

tna' (di — C12") + v (do — Cay™) — (Bo + B ™ + B, 2 — y™)

—T — Akydy(2,2")

) < sn
< Sp, )
(ii) For the pinball loss function:

tan(dl - Clmn> + 'Uan(d2 - CQyn> - 7—(50 + ﬂXTmn + BZTz - yn)
— Ak, d,(z,2") < sy
thT(dl — Clw") + ’UnQT(dQ — ngn) + (1 — T)(ﬁo + ﬂXT:c” + ,3sz — y")

—Akydy(z,2") < sy,

> Yne|[N], VzeZ

J
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Appendix C: Proofs

Proof of Observation 1. The statement follows from similar arguments as in the proof of

Theorem 1 by Shafieezadeh-Abadeh et al. (2015). Details are omitted for the sake of brevity. [

Proof of Proposition 1. We first show that LB and UB constitute lower and upper bounds
on the optimal value of (4) throughout the execution of the algorithm, and then we conclude
that Algorithm 1 terminates in finite time with an optimal solution (6*,0*) to problem (4).
Algorithm 1 updates LB to fo(0*,0*) in each iteration of the while-loop. Since (6*, %)
is an optimal solution to the relaxation of problem (4) that only contains the constraints
W < [N] x Z x Z, LB indeed constitutes a lower bound on the optimal value of (4). Moreover,
since no elements are ever removed from W, the sequence of lower bounds LB is monotonic.
To see that UB constitutes an upper bound on the optimal value of (4) throughout the
execution of Algorithm 1, we claim that in each iteration, (8*,0* + ¥*) constitutes a feasible
solution to problem (4). Indeed, we have (6*,0*) € © x RY and 9* € RY by construction, while

for all n € [N], i € Z and z € Z, we have that
i(gni (07,825 2)) = hni(07, €25 d(2,2")) < 05 +0(n,1) < oy +9(n,i(n)) < o, + 0y,

that is, (0*,0* + 9*) is indeed feasible in problem (4). Moreover, the sequence of upper bounds
UB is monotonic by construction of the updates.

To see that Algorithm 1 terminates in finite time, finally, note that each iteration of the
while-loop either adds a new constraint index (n,i(n), z(n,i(n))) to W, or we have ¥(n,i(n)) <0
for all n € [IV]. In the latter case, however, we have 9* = 0 and thus LB = UB at the end of

the iteration. The claim now follows from the fact that the index set [N] x Z x Z is finite. [

Proof of Theorem 2. For fixed (6*,0*), finding the most violated constraint index z(n,7) in
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constraint group (n,4) amounts to solving the combinatorial optimization problem

maximize  fpi(gni(0*,€",;2)) — hni(0%,€",;d,(2,2")) — o),
z

subject to z € Z.

We can solve this problem by solving the K + 1 problems

maximize  fri(gni(0”,€"5; 2)) — hni(0", 8" ,;6) — o
z
subject to  d,(z,2") =0 Vé e [K] v {0},

z€el

where each problem conditions on a fixed number § of discrepancies between z and 2z, and
subsequently choosing any solution z(d) that attains the maximum optimal objective value
among those K + 1 problems. Removing constant terms from those K + 1 problems, we observe

that the §-th problem shares its set of optimal solutions with the problem

maximize  fni(gni(0*,€",; 2))
subject to  d,(z,2") =4

z € 7.

Since the outer function f,; in the objective function is convex, the objective function is
maximized whenever the inner function g,; in the objective function is either maximized or

minimized. We thus conclude that the -th problem is solved by solving the two problems

maximize - gni(0*,€",; 2)
z
subject to d,(z,2") =0 Vp e {£1}

z€el

and subsequently choosing the solution z(u, ¢) that attains the larger value fn;(gni(6*,&",; z(1, 9))

among those two solutions (with ties broken arbitrarily). Fixing p to either value, adopting the
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notation for w and wg of Algorithm 2 and ignoring constant terms, we can write the problem as
maxizmize W [ 2 mezm]
me[K]

subject to d,(z,2") =0

z € 7.

The rectangularity of Z implies that the decisions of this problem admit a decomposition into
the selection M < [K] of ¢ discrete features m € [K] along which z,, differs from 2] and, for

those features m € [K| where z,, # 2]}, the choice of z,, € Z(kn,)\{z}:

Zm € Z(kp)\{2"} Yme M

.. T
maximize max-< f- Wiy 2 |

M o [mez[;(] ] Zm =20 Vm e [K]\M
subject to M < [K], M| =0.

Noticing that the embedded maximization problem decomposes along the discrete features

m € [K], we can adopt the notation for z;, of Algorithm 2 to obtain the equivalent formulation

s T _* T
maxjmize [ Z TR T zm] + [ 2 [ W z:;ib]
mem me[K|\M

subject to M < [K], |[M|=0.

The two summations in the objective function of this problem admit the reformulation

[ Z N'mez:n]+[ Z u'mezﬁl] = [ Z N‘mez;Lq]"‘[ Z N'me(zq:z_za?z)]v
me[K]

mem me[K|\M meM

and ignoring constant terms once more simplifies our optimization problem to

maximize Z e wy (25— 2")
M
meM

subject to M < [K], |[M|=0.
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This problem is solved by identifying M with the indices of the ¢ largest elements of the sequence
pew (2 =20, ..., o wi ! (25 — 2%), and this problem can be solved by a simple sorting
algorithm. One readily verifies that Algorithm 2 adopts the solution approach just described to
determine a maximally violated constraint index z(n,1).

The runtime of Algorithm 2, finally, is dominated by determining the 2K maximizers z},,
m € [K] and p € {£1}, which takes time O(M,) due to the one-hot encoding employed by Z,
it

sorting the 2K values - wy, ' (2, — 2,), which takes time O(K log K), as well as determining a

maximally violated constraint among the 2K +2 candidates z € Z, which takes time O(KT). O

Proof of Theorem 3. Recall from Grotschel et al. (1988, Corollary 4.2.7) that problem (4)
can be solved to d-accuracy in polynomial time if (i) the problem admits a polynomial time
weak separation oracle and if (i) the feasible region of the problem is a circumscribed convex
body. We prove both of these properties next.

Fix a convex and compact set I € R™ and a rational number 6 > 0. Grotschel et al. (1988,
Definition 2.1.13) define a weak separation oracle for K as an algorithm which for any vector q €
R™ either confirms that g € S(K, ), where S(K,0) = {r e R : ||[r — r'||2 < § for some 7’ € K}
is the d-enclosure around K (i.e., g is almost in K), or finds a vector ¢ € R™ with |lc||, = 1
such that ¢'p < e¢"q + 4 for all p e S(K, —0), where S(K, =) = {re K : S({r},d) < K} is the
d-interior of K (i.e., ¢ is an almost separating hyperplane). We construct a weak separation
oracle for problem (4) as follows. Denote the feasible region of problem (4) by K € © x RY,
and fix any ¢’ = (6',0’) e RMe x RN If ¢/, < 0 for any n € [N], then our algorithm returns
the separating hyperplane ¢! = (07 —e,"). If @ ¢ O, then we can augment the weakly
separating hyperplane ¢ € R™e for the set © to a weakly separating hyperplane (¢” 07) for
problem (4). Otherwise, we leverage Algorithm 2 to obtain a strong separation oracle for IC,
which Grotschel et al. (1988, Definition 2.1.4) define as an algorithm which for any vector g € R"
either confirms that g € K or finds a vector ¢ € R” such that ¢"p < ¢"q for all p e K. To this

end, we execute Algorithm 2 for all constraint group indices (n,i) € [N] x Z to identify most
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violated constraint indices z(n,4) along with the constraint violations ¥(n, ). If ¥(n,7) <0 for
all (n,i) € [N] x Z, then ¢’ is feasible in problem (4) and our oracle terminates. If J(n*,i*) > 0
for some (n*,i*) € [N] x Z, on the other hand, then our oracle computes a subgradient ¢ of the

function

*

r(0,0) = furi(guein (0,625 2(n",i"))) = hri= (0,675 dy(2(n*,i%),2")) — 0
at (0,0) = (60',0’). We have
c'(0,0) < c¢'(0,0)+r0,0)-1r0,0) < (0,0 V(0,0) € K,

where the first inequality is due to the definition of subgradients and the fact that r is convex, and
the second inequality holds since (€', 0") > 0 while (0, 0) < 0 for all (8,0) € K. In conclusion,
c is a strong separating hyperplane for (6’,0') as desired. Note that by construction, a strong
separation oracle is also a weak separation oracle. Finally, the assumptions in the statement of
our theorem, together with Theorem 2, imply that our oracle runs in polynomial time.

We next turn to the claim that the feasible region K < © x RY of problem (4) is a
circumscribed convex body. According to Grotschel et al. (1988, Definition 2.1.16), this is the
case whenever K is a finite-dimensional, full-dimensional, closed and convex subset of a ball
whose finite radius we can specify. By construction, /C is finite-dimensional, closed and convex.
Moreover, K is full-dimensional since © is full-dimensional by construction and the constraints
have an epigraphical structure. To see that K can be circumscribed by a ball whose finite radius
we can specify, we note that © is bounded by assumption and o is non-negative by construction.
Since the objective function fj in (4) is non-decreasing in o, we can without loss of generality

include in (4) the additional constraints o, < @, for

on = max max max { fui(gni(6,€"5; 2)) = hni(0, €5 du(2,2"))},  ne[N].
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Note that all 7, are finite since © is compact, Z and Z are finite sets and the objective function
is continuous. We thus conclude that o can be bounded as well, and thus K can indeed be

circumscribed by a ball whose finite radius we can specify. O

Proof of Theorem 4. Fix any Wasserstein classification or regression instance as described
in the statement of the theorem, fix any ambiguity radius € > k,K VP, any non-zero numbers
M of continuous and K of discrete features, and denote the training set as {£"},c[n] With
& = (x",2",y"), n € [N]. Our proof proceeds in three steps. We first derive a closed-form
expression for the objective function of the Wasserstein learning problem (1) at a judiciously
chosen model B Our derivation will show that this objective function constitutes the sum of the
empirical loss N~* Dnern 15(€") and a function hg({€"}ne[ny). We then construct two sets
of data points {é”}ne[N] and {én}ne[]v] at which hﬁ({é”}ne[m) # hé({é”}ne[m), showing that
hB({E”}ne[ ~]) exhibits a dependence on the dataset {£"},c[n] that cannot be replicated by any
data-agnostic regularizer ER(B)

Fix the model 3 = (BO, B, BZ) with By € R and By # 0 selected arbitrarily. Fix any discrete

feature realization z* € Z\{z'} as well as the discrete feature coefficients

2 .
BT ’%th(L) ’ HIBXH* ) dz(Z*azl) if 2y, = 1,

Bami = c;’ for all m € [K] and i € [ky,],
7 kAID(L) - || Byl - do(2*, 2')  otherwise

where d’ = (d/de)L(e) |,_,, is the derivative of the loss function L at any point 2’ € R where the
derivative does not vanish. Such points 2’ exist due to Rademacher’s theorem, which ensures that
a Lipschitz continuous function is differentiable almost everywhere, as well as the assumption
that the loss function L is non-constant. We make two observations that we will leverage later

on in this proof:

(i) We have d' - B,mi - (2mi — 2;) = 0 for all z € Z, m € [K] and i € [ky,]. Indeed, fix any

zeZ me[K|andic€ [ky] If 2z}, =0, then d' - Bymi = 2- klip(L) - || Byl - du(2*, 21) = 0
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and 2;,; — z}m =>0. If z,lm» = 1, on the other hand, then d’ - Bz,mi = —2-K,lip(L) - HBXH* .

d,(z*,21) <0 and 2,,; — 2}, < 0. In particular, we have d’ - B, (z—2")=0forall zeZ.

(ii) We have d' - B, (z* — z') > wlip(L) - ||Bxlls - dus(2*, 21). Indeed, since z* # 2!, there

is at least one m* € [K] and i* € [ky,] where 2%... — 2zl ... # 0, and thus d’ - BZ,mW .
(28 eie — 2hi) = 2 KAIP(L) - || Bulls - du(2*, 21) > Klip(L) - |8y« - du(2*, 2'). The claim
now follows from the fact that d’ - B,mi - (2mi — 2%,;) = 0 for all other m € [K] and i € [kp]

thanks to our previous observation (7).

Note that piece-wise affine loss functions are Lipschitz continuous. For our selected problem
instance, Proposition 3 from Appendix A therefore implies that the objective function of the

Wasserstein classification problem becomes

1

minimize e + —

A8 + N Z on
ne[N|

%

%
lip(L) - ||Bx[l« < A

AeRy, seRf,

(", 2,y") — Akpdy(2,2") < sp

subject to Vne[N], VzeZ

(", z,—y") — Akzdy (2, 2") — Aky < sp

and Proposition 7 from Appendix B implies that the objective function of the Wasserstein

regression problem becomes

1

minimi A —

- ze €+ N Z Sn
ne[N]

subject to ZB(:B", z,y") — Akpdy(2,2"™) < sp Vne[N], VzeZ
lip(L) - [|Bxll« < A
lip(L) < A&y

AeRy, se Rf .
When xy — o0, the second set of constraints in the classification problem and the third constraint

EC-15



in the regression problem become redundant since A = lip(L) - ||Bx |+ > 0 because By # 0. For
all n € [N], we can then replace each s, with a maximum of the left-hand side of the first
constraint set over all z € Z in either problem to obtain the unified formulation
wimize et LY ma
minimize €+ — max {4
A N

8
ne[N] z€eZ

subject to  Lip(L) - [|Bxl+ < A
re Ry

(", z,y") — Ak, d,(z, z")}

of the objective function of both the classification and the regression problem. Note that the
non-negativity of s, for n € [N] is preserved in the unified formulation since d,(z",z") = 0
and L(x", 2", y") = 0 for all n € [N] by definition of the loss function L that underlies I5. We
claim that \* = lip(L) - ||Bx||+ at optimality. Indeed, any increment AX > 0 in A will cause an
increase of A) - ¢ and a maximum decrease of AX - k, K/? in the objective function, and we
have € > k,K /P by assumption. Hence, the objective function of the Wasserstein classification
and regression problem simplifies to
. 1
FBAE ) = Mot 1 Y, max {Ig(a", 2,y") — Mrady (2,2 }

€Z
ne[N] *

1
- < Z[:]lﬁ(ﬁn) +hs({€" bnern);
nelN

* 1 *
hs (€ nein)) = Ne+ max {I5(@", 2,y") — l3(@", 2", y") = N'kdy(2,2") }
In contrast, the objective function of a generic regularized learning problem has the form

BAE  wein)) = D) 15(E") +R(A).

ne[N]
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By construction, :(3) does not vary with {£"},c[n]. In contrast, we claim that hﬁ({ﬁn}ne[m)
varies with {€"},c[n]- To this end, we will construct two sets of data points {é”}ne[N] and
{€"}e[) at which hB({én}ne[N]) # hg({€ " nern))- The two datasets {€"} nevy and {€7} e
are identical to {E”}ne[ N7 except for the realization a! of the continuous features in sample 1.
In other words, we have (2", 2", ") = (&", 2", 9") = (x", 2", y") for all n € [N]\1 as well as
(2L,9") = (2" 9") = (z',y").

We select &' such that the maximum in the definition of hﬁ is strictly positive at sample
n = 1. To achieve this, we choose &' such that ¢ - [Bo + BTt + BZT,QI] = g/ for classification
problems and BO + BxTil + ,BZTﬁl — ! = &/ for regression problems, respectively, where 2’ was
defined earlier as a point where the derivative of the loss function does not vanish. Note that

this is always possible since BX # 0. We then have

rilgleé(:ﬁl,z,gjl) —lg(@', 2, 9Y) — Nrdy(2, 21)

Zlﬁ

— L'+ B, (2" — 2Y)) — L(2)) — N kudy (2, 2)
. d

B, (=" — 2" L@
d-B,"(z" = 2") = klip(L) - || Bxlls - du(2", 2") > 0,

(@2, 5") = lg(@', 21, 9") — N'rudy (27, 21)

— NR,d, (2%, 21)

\Y

e=x'

where the first inequality holds since z* € Z, the first identity uses the definitions of [ 3 and &',
the second inequality exploits the convexity of L, the second identity uses the definition of d’
as well as A*, and the third inequality follows from our earlier observation (7). Since the term
inside the maximum in the definition of h 3 is strictly positive for z = z* at sample n = 1, the
maximum is guaranteed to be positive at sample n = 1 as well.

We choose &' such that the term inside the maximum in the definition of hﬁ is strictly
negative at sample n = 1 for all z € Z\{z'}. Consider the case where d’ > 0; the alternative

case where d’ < 0 follows from analogous arguments. Since L is non-negative and convex, we
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have that

. d
Jim =L (c) ., <0, (E-5)

which in turn implies that for all z € Z\{z'}, we have

lim Lz +8,"(z—2")) - L(z) < lim B,"(z—2")- e < 0, (E-6)

T—=>=0 T——00 de ( ) ’e:er,ézT(zfil) =

where the first inequality exploits the fact that the derivative of a convex function is non-

decreasing and the second inequality holds because d’ - BZT(Z — 21 > 0 due to our earlier
d

: ‘ . d .
observation (i) and the fact that lim,_, o &L(e) ’e=z+BZT(z—21) = limy o &L(e) ’e:z <0
by equation (E-5). Moreover, for n = 1 and for all z € Z\{z'}, we have
lim  1g(&' 2,9") — l5(&, 2, §1) — Nrudy(z, 21
ﬂAde:l_’_Oo
= lim L(@"+ B, (z — 2") — L(&") — N kady(2, 2")

< —MNrydy(2,2Y) < 0,

where the identity applies the change of variables 4 - [Bo + BXszl + BZTil] = 2" for classification
problems and ,5’0 + ,éXTa?;l + BZTél — ' = 2" for regression problems, respectively, the first
inequality uses (E-6), and the last inequality is due to the fact that \*, s, and d,(z, ') are all
strictly positive. Since the term inside the maximum in the definition of A 3 is strictly negative at
sample n = 1 for all z € Z\{z'}, the maximum is guaranteed to evaluate to 0 for n = 1. Given
that the datasets {én}nem] and {én}nem] are identical for all other samples n € [N]\1, this
implies that hg({én}ne[]v]) # hg({é"}ne[N]) and confirms that hﬁ({ﬁn}ne[m) has a dependency

on the dataset {£"},e[n] that cannot be replicated by any data-agnostic regularizer R(3). [

Proof of Proposition 2. We prove the statement of the proposition in three steps. We first
show that our revised ground metric d, coincides with the original ground metric d, over all

pairs of discrete feature vectors z, z’ € Z. This implies that the left-hand sides of the constraints
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indexed by w € Z in (3’) reduce to their counterparts in (3). In other words, problem (3’) is a
restriction of (3) since it contains all of the constraints of (3). We then prove that dy(u, 2’) is
concave in u for every fixed 2z’ € Z. Our third step leverages this intermediate result to show
that every feasible solution to our mixed-feature Wasserstein learning problem (3) is also feasible
in the bounded continuous-feature formulation (3’).

In view of the first step, fix any z, 2’ € Z and observe that for any m € [K], we have

1 ) 0 if zp =2,

1 1 m m
gllem =2l + 31T m =2l = 3]G - (5, -
1 otherwise.

Here, the first identity applies basic algebraic manipulations, and the second identity holds since
(z5,1—1Tz,) and (2/], 1 —172!)) are canonic basis vectors in R*m. We thus conclude that
1/p

1 1
du(z,2") = | ] lzm = znll + 511 (2 — 2] = Y, Wz # 2, )P = dy(2,2)
me[K] me[K]

as claimed.

As for the second statement, fix any 2z’ € Z. We then find that

1
dy(u,2’) = <2 Z []l[zinj = 0] - U + ]l[z;nj =1]-(1 - umJ)] +
me[K] jelkm—1]

1/p
) [n[z:n=o1-1Tum+n[z:n#0]-(1—1%,%)]) ,

where the first summation evaluates the 1-norm differences between u,, and z], and the second
summation computes the absolute values in d,, respectively. The above reformulation shows that
the mapping u — dy(u, z’) can be represented as f(g(u)), where f(z) = /7 and g : U - R
is affine. It then follows from §3.2.2 of Boyd and Vandenberghe (2004) that the mapping
u — dy(u, z’) is concave.

In view of the third statement, finally, fix any feasible solution (3, A, s) to problem (3). Since
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the objective functions of (3) and (3’) coincide, we only need to show that (3, A, s) satisfies the

constraints of problem (3’). To this end, we observe that for all n € [N], we have

sup  {lg(x,u,y) — ||z — z"|| — Aeydy(y,y")} — Aezdu(u, 2") < sy VuelU
(x,y)eXxY

— sup{lg(xz,u,y) — M|z —x"| — Arydy(y,y")} — Akpdu(u, 2") < sy, V(e,y) e X xY

uelU

I

sup {lg(x, u,y) — Akzdu(u, 2")} — M — 2" || — Arydy(y,y")} < sp V(x,y) e X xY

uelU

sup {lg(x, z,y) — Akzdu(z, 2")} — A|lx — 2| — Asydy(y,y")} < sp V(x,y) e X xY

<
z€Z
=

sup {lg(x, z,y) — Ak,d,(2,2")} — Al — "] — Aeydy (y,y")} < sn V(z,y) e X xY

z€Z

— sup {lg(x,z,y) — Ak,d,(2,2")} — Az — x"|| — Aeydy (v, y™)} < sp Vz e Z.
(x,y)eXxY

Here, the first, the second and the last equivalences reorder terms. As for the third equivalence,
recall that dy(u, 2™) is concave in u for every fixed z" € Z. Thus, the expression inside the
supremum in the third row is convex in w, which implies that it attains its maximum at an
extreme point of U. The equivalence then follows from the fact that Z coincides with the extreme
points of U. The fourth equivalence, finally, leverages the first step of this proof, which showed

that dy, and d, agree over all pairs of discrete feature vectors z, 2’ € Z. O

The proof of Proposition 3 utilizes the following lemma, which we state and prove first.

Lemma 1. Assume that the loss function L is conver and Lipschitz continuous. For fized

a, " € RMx oy eR and X € Ry, we have

L@@ + o) iflip(L) - afls <
sup L(a'x + ap) — M|z —2"|| = ’ (E-7)

M .
wERMx +00 otherwise.

Lemma 1 generalizes Lemma 47 of Shafieezadeh-Abadeh et al. (2019) in that it includes a

constant g in the argument of the loss function L and that it extends to the case where A = 0.
Proof of Lemma 1. Consider first the case where o # 0. We conduct the change of variables
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w = x + d, where d € RMx is any vector such that a'd = ag. Note that d is guaranteed to

exist since a # 0. Setting w" = x™ + d, the left-hand side of (E-7) can then be written as

sup L(a'x +ag) — M|z —2"|| = sup L(a'w) = Aw—d— (w" —d)|

reRMx weRMx

— sup L(a'w)— \w —w"|
weRMx

If A > 0, then Lemma 47 of Shafieezadeh-Abadeh et al. (2019) can be directly applied:

.
L(a™w™) iflip(L) - ||el« < A,

sup L(aT’w) —Aw —w"|| =< :
e |+ otherwise,
.

L(aTa" +ag) iflip(L)- e < A,

+00 otherwise.
\

Note that Lemma 47 of Shafieezadeh-Abadeh et al. (2019) assumes A > 0. For the case
where A = 0, the left-hand side of (E-7) evaluates to +o0 since L is assumed to be non-
constant (cf. Section 2) and convex. The right-hand side of (E-7) also evaluates to +00 since
lip(L) - |||« > A due to L being non-constant and a # 0. Hence, the equivalence also extends
to the case where A = 0.

Now consider the case where & = 0. There is no d such that a'd = «ag unless ag = 0.
However, when a = 0, the left-hand side of (E-7) has the trivial solution & = ", and the
right-hand side of (E-7) simplifies to L(ag) since 0 < A always holds. Thus, the equivalence still

holds, which concludes the proof. O

Proof of Proposition 3. The statement can be proven along the lines of the proof of The-
orem 14 (ii) by Shafieezadeh-Abadeh et al. (2019) if we leverage Lemma 1 to re-express the

embedded maximization over « € X. Details are omitted for the sake of brevity. O

Proof of Proposition 4. For ease of exposition, we adopt the notation introduced after prob-
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lem (E-1). By construction of problem (E-1), X is lower bounded by 0. To see that we can
bound A from above as well, we observe that there are optimal solutions for which A does not

exceed A\ = max{\i, Ao}, where
A1 = sup lip(L) - [|B]l«
BeH

with the bounded set # < RI*M=+M= containing all admissible hypotheses 3, and

n oL oion
o = s e map | A R (D) (B
Indeed, selecting A\ > A; ensures that all hypotheses 3 € H are feasible, and selecting A > Ao
implies that for any 3 € H, all left-hand sides in the first two constraint sets of problem (E-1)
are non-positive, and thus all of these constraints are weakly dominated by the non-negativity
constraints on s. Note that the numerator in the objective function of (E-8) is bounded since
all suprema and maxima in (E-8) operate over bounded sets and Ig is Lipschitz continuous.
Moreover, the denominator in the objective function of (E-8) is bounded from below by a strictly

positive quantity since (z,7) # (2",1) and k,, ky > 0. O

Proof of Corollary 1. The proof is similar to those of Corollaries 16 and 17 by Shafieezadeh-
Abadeh et al. (2019). Details are omitted for the sake of brevity. O

Proof of Proposition 5. The statement can be proven along the lines of the proof of Theo-

rem 14 (i) by Shafieezadeh-Abadeh et al. (2019). We omit the details for the sake of brevity. [

Proof of Proposition 6. For ease of exposition, we adopt the notation introduced after prob-
lem (E-2). Our proof proceeds in two steps. We first show that without loss of generality, we
can impose bounds on each variable g,;, n € [N] and i € Z, and we afterwards show that we can

impose non-restrictive bounds on A as well.
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To see that each g,; can be bounded, n € [N] and i € Z, we proceed in two steps. We
first argue that q,; ' (d — Cz™) = 0 for all n and i, that is, larger values of q,; weakly increase
the left-hand sides in the first two constraint sets of (E-2). Due to the non-negativity of
fo in s in problem (E-2), larger values of g,; thus weakly increase the objective function
in (E-2). Non-zero values for g,; can therefore only be optimal if they allow to reduce A via
the constraints [|a;jy" - Bx —t - CTquill«+ < A. We then derive a bounded set Q such that
la;y™ - Bx —t - CTqnill« > |lajy" - Bxll« for all n € [N], i = (j,t) € Z, all admissible 8 and
all g,; ¢ 9, that is, the choice q,; = 0 € C* dominates any feasible choice of g,; outside of
Q. In view of the first step, note that d — Cx™ € C by construction of X and the fact that
x" € X. We thus have q,; ' (d — Cx™) > 0 since q,; € C*. As for the second step, consider
for each n and i the orthogonal decomposition of the vectors q,; € C* into g,; = qgi + qf{l-
where g%, € Null(C) is in the nullspace of C" and g, € Row(C") is in the row space of C.
There is a bounded set @7 < Row(C'") such that [lajy™ - Bx —t- CTq'|l« > |lajy™ - Bx|l« for
all n € [N], i = (j,t) € Z, all admissible 3 and all g;. ¢ OT; note in particular that [a;y" - Bx||«
is bounded due to the assumed boundedness of the hypothesis set and the fact that Z and Z are
finite sets. Similarly, there is a bounded set Q" < Null(C'T) such that for all g/,; € Null(C")\Q°
satisfying g, + q/,; € C* for some g, € Q7 there is g2, € QU satisfying g, + ¢°; € C* such that
(gh +q%)T(d—Cz") < (g} +q,;,)"(d— Cz"), that is, ¢°,"d < q/,; " d, across all n € [N] and
i = (j,t) € Z. Thus, we can without loss of generality restrict the choice of g,; to the bounded
set @ =C*n (QO + Q1), where the sum is taken in the Minkowski sense.

To see that A can be bounded as well, note that by construction, A is bounded from below by
0. To see that we can bound A from above as well, we observe that there are optimal solutions

to problem (E-2) for which A does not exceed A\ = max{\1, A2}, where

A\ = sup max max max |[a;y" - B —t- C quills
Ber ne[N] i=(t)el qni€Q
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with the bounded set H < R1*Ma+M= containing all admissible hypotheses 3, and

~ @ni (d—Cx™) + ajty” - (Bo + B " + B, z) +b;
)\2 = Sup max max max max
BeH ne[N] i=(jt)el 2z€Z qni€Q Kod,(z,2") + Ky - 1t = —1]

D (=z,t) # (z",l)}.

Indeed, selecting A > \; ensures that all hypotheses 3 € H are feasible, and selecting A > Ay
implies that for any B € H, all left-hand sides in the first two constraint sets of problem (E-2)
are non-positive, and thus all of these constraints are weakly dominated by the non-negativity
constraints on s. Note that the numerator in the objective function of Ay is bounded since all
suprema and maxima operate over bounded sets. Moreover, the denominator in the objective
function of Ay is bounded from below by a strictly positive quantity since (z,t) # (2™, 1) and

Kz, ky > 0. We thus conclude that variable A in problem (E-2) can be bounded as well. O

Proof of Corollary 2. The proof is similar to that of Corollary 15 by Shafieezadeh-Abadeh
et al. (2019). Details are omitted for the sake of brevity. O

The proof of Proposition 7 relies on two lemmas that we will state and prove first.

Lemma 2. The compound norm ||[et, V]||comp = |||+ &|v|, @ € RMx v e R and k > 0, satisfies

1%
v, ] oompr = max{”au*, ll} |

Proof of Lemma 2. By definition of the dual norm, we have that

maximize o'z + vy

M
H[a,V]HCOmp* - (x,y)eRMx xR

subject to ||| + kly| < 1.

Note that the optimization problem on the right-hand side satisfies Slater’s condition since the

feasible region includes the interior point (x,y) = (0,0). The optimization problem thus has a
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strong dual. To derive the dual problem, we consider the Lagrange dual function for v > 0,

g() = s alz+vy (el +slyl - 1).
(z,y)eRMx xR

Note that the maximization is separable over & and y. Focusing on the variable y, in order for
the Lagrange dual function to attain a finite value, we need to have |v| < vk so that y* = 0.

Under this condition, the Lagrange dual function simplifies to

g(v) = sup o'z — x| +1.

xeRMx

We can now apply Lemma 1 with L being the identity to obtain the equivalent reformulation

v ifflafll <y, v <9k,
9(v) =
+00 otherwise.

The dual problem therefore is

minimize v
Y

subject to  |v| < vk
el <

76R+7

which has the optimal solution [|[c, V]||comp* = 7* = max{||la||«, [v|/k}. O

Lemma 3. Assume that the loss function L is convexr and Lipschitz continuous. For fized
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a,z" € RMx oy, y" € R, k > 0 and X € R, we have
sup  L(a @ —y+ag) — Az —2"| - Axly — y"|
(z,y)eRMx xR
Lla™z" —y™ +ag) iflip(L) - max {k||a|«, 1} < Ak,

400 otherwise.

Proof of Lemma 3. Concatenating the variables  and y to w = [z, y]" € RMx+1 letting
n = [a’,—1]T and w" = [(z")",y"]" and defining the compound norm ||[z,y]lcomp =

lz|| + k|y|, we can write the left-hand side of the equation in the statement of the lemma as

sup L(nT'w + o) — A|Jw — w" || comp-
’wER]MX‘H

Now we can apply Lemma 1 directly to conclude that

L(UTU’” + aO) if lip(L) ’ Hanomp* <A,
sup  L(n"w + ag) — A|w — w"|lcomp =

My +1 .
weRTx +o otherwise.

The statement now follows from Lemma 2, which implies that lip(L) - ||[9]|comp* < A if and only

if lip(L) - max{||a||«, |-1|/x} < A. ]

Proof of Proposition 7. The statement can be proven along the lines of the proof of The-
orem 4 (ii) by Shafieezadeh-Abadeh et al. (2019) if we leverage Lemma 3 to re-express the

embedded maximization over (x,y) € RMx x R. Details are omitted for the sake of brevity. [

Proof of Corollary 3. The proof is similar to that of Proposition 4. Details are omitted for

the sake of brevity. O

Proof of Corollary 4. The proof is similar to that of Corollary 5 by Shafieezadeh-Abadeh
et al. (2019). Details are omitted for the sake of brevity. O
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Proof of Proposition 8. The statement can be proven along the lines of the proof of Theo-

rem 4 (i) by Shafieezadeh-Abadeh et al. (2019). We omit the details for the sake of brevity. [

Proof of Corollary 5. The proof is similar to that of Proposition 6. Details are omitted for

the sake of brevity. m

Proof of Corollary 6. The proof is similar to those of Corollaries 6 and 7 by Shafieezadeh-
Abadeh et al. (2019). Details are omitted for the sake of brevity. O
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