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Abstract

In recent years, there has been growing interest in solving linear optimization problems — or
more simply “LP” — using first-order methods in order to avoid the costly matrix factorizations
of traditional methods for huge-scale LP instances. The restarted primal-dual hybrid gradient
method (PDHG) — together with some heuristic techniques — has emerged as a powerful tool
for solving huge-scale LPs. However, the theoretical understanding of the restarted PDHG and
the validation of various heuristic implementation techniques are still very limited. Existing
complexity analyses have relied on the Hoffman constant of the LP KKT system, which is known to
be overly conservative, difficult to compute (and hence difficult to empirically validate), and fails
to offer insight into instance-specific characteristics of the LP problems. These limitations have
limited the capability to discern which characteristics of LP instances lead to easy versus difficult
LP instances from the perspective of computation. With the goal of overcoming these limitations,
in this paper we introduce and develop two purely geometry-based condition measures for LP
instances: “limiting error ratio” and LP sharpness. We provide new computational guarantees
for the restarted PDHG based on these two condition measures. For limiting error ratio, we
provide a computable upper bound and show its relationship with the data instance’s proximity
to infeasibility under perturbation. For LP sharpness, we prove its equivalence to the stability
of the LP optimal solution set under perturbation of the objective function. We validate our
computational guarantees in terms of these condition measures via specially constructed instances.
Conversely, our computational guarantees validate the practical efficacy of certain heuristic
techniques (row preconditioners and step-size tuning) that improve computational performance
in practice. Finally, we present computational experiments on LP relaxations from the MIPLIB
dataset that demonstrate the promise of various implementation strategies.

1 Introduction, Motivations, and Main Results

The focus of this paper is on solving huge-scale instances of linear optimization problems — or
more simply “LP”. LP problems abound across a wide variety of applications from manufacturing,
transportation, service sciences, to computational science and engineering. Up until very recently,
the most successful methods for solving LP problems have been simplex and pivoting methods |1 1]
and interior-point methods [55]; these methods have been extensively studied and implemented
in state-of-the-art commercial solvers [19]. In most cases, they are able to obtain a high-accuracy
solution, but the success of these methods relies on repeatedly solving a linear system in each
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iteration. For LP instances of a huge scale, the matrix factorizations required for solving the linear
systems can be prohibitively costly. Moreover, the matrix factorizations are often unable to exploit
the natural sparsity of a given LP instance and can have prohibitively large memory requirements.
In contrast, first-order methods (FOMs) — and in particular the primal-dual hybrid gradient method
(PDHG) [9] — are emerging as an alternative for solving huge-scale LP problems because they do not
require the repeated solution of linear equations nor do they impose large memory requirements,
thus reducing per-iteration costs. The primary task within each iteration of a FOM for LP is the
gradient computation, which typically only requires matrix-vector multiplications (and so can fully
take advantage of the sparsity of the LP instance). Moreover, FOMs are more suitable for distributed
and parallel computation, and can benefit from modern computational architectures that accelerate
computation through distributed systems and graphics processing units (GPUs). And indeed this
compatibility with modern hardware architectures underscores the growing importance of FOMs for
solving larger-scale LP instances.

Perhaps the best-known implementation of an FOM for solving LP is the solver PDLP [1], which
is based on the primal-dual hybrid gradient method (PDHG) [9] to solve the saddlepoint formulation
of LP. In the experiments reported in [1]|, PDLP was able to outperform the commercial solver Gurobi
when the LP problem was large-scale. A recent GPU implementation of PDLP further outperforms
traditional algorithms implemented in the state-of-art commercial solvers on more LP instances [35].
Furthermore, |[11] presents a distributed version of PDLP that is used to solve practical LP problems
with 92 billion non-zeros in the constraint matrix — which is far beyond the capability of any simplex
or interior-point method. PDLP is based on PDHG [9] — often referred to as the Chambolle-Pock
method. PDHG is an operator-splitting method with alternating updates between the primal and
dual variables. On top of running the base algorithm PDHG, schemes for restarting PDHG have
also been proven in theory to help PDHG achieve faster linear convergence [3, 32] and this theory
has yielded impressive speed-ups in practice as well. And in addition to using restarts, PDLP also
utilizes various heuristic techniques such as presolving, row preconditioning, and step-size tuning [1].

We work with LP in the standard form:

min ¢'z st Ar=0b, x>0, (1.1)
zeR™
where the constraint matrix A € R™*"  the right-hand side vector b € R™, and the objective vector
c € R", whose standard dual problem is:

max by st A'y<ec. (1.2)
yeR™

The problem (1.1) can also be expressed as the saddlepoint problem:
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a?elﬁ&% 5161%35 L(z,y):=ca+by—x Ay (1.3)

where L(z,y) is the Lagrangian function and y is the vector of multipliers on the equation system

Az = b, where exchanging the min and max operations in (1.3) leads to (1.2). In this paper we let

X* and Y* denote the optimal solution sets of (1.1) and (1.2), let Z* := X* x Y* denote the solution

set of the saddlepoint problem (1.3), and let z := (z,y) € R™*™ denote the combined primal/dual
iterates.

The family of PDHG algorithms (using various step-sizes, and with/without overlaid restart

schemes) is designed to directly tackle the saddlepoint problem (1.3) rather than the original problem

(1.1) or/and its dual (1.2). One step of PDHG for (1.3) at the point z = (z,y) is defined as follows:

ot = Pry (z—71(c—ATy))

yTi=y+o(b-AQ2xt —1)) , (1.4)

2" = PDHGSTEP(2) := {



in which 7 and ¢ are the primal and dual step-sizes, respectively, and Pm is the projection
operator onto the non-negative orthant R’} (which is the computationally trivial task of taking
the nonnegative parts of the components). The vanilla PDHG tackles LP by generating iterates
according to: z**t1 «— PDHGSTEP(2*) for k = 0,1,2,.... PDHG with restarts, which is denoted by
rPDHG, is a variant of PDHG that regularly restarts PDHG using the average of the previous /¢
iterates where £ is chosen according to some rule, see Section 3 for a detailed description of rPDHG.

In this paper we seek to more deeply understand the performance of rPDHG applied to LP
problems, both in theory and in practice, and to improve the theory where possible, as well as to
explore the extent to which the theory is aligned with computational practice of rPDHG. The starting
point of our work is the algorithm and analysis of rPDHG in the paper [3]|, which contains many new
and important ideas both in terms of methods and analysis, and whose main results for rPDHG we
now attempt to summarize in a brief and cogent manner. Along with other primal-dual methods, [3]
analyzes rPDHG for solving (1.3). Let the iterates of rPDHG be denoted by 2* = (2, y¥). Taken
together, Theorems 1 and 2 of [3] state that rPDHG requires at most

o (1411, (141)) 0s)

iterations in order to obtain an iterate z* for which Dist(z*, Z*) < e, where the notation Dist(z, Z)
denotes the Euclidean distance from a point z to the set Z. Here the notation O(-) hides only
absolute constants, || Al is the spectral norm of A, and « is a positive scalar related to the sharpness
[18, 7] of a particular functional called the “normalized duality gap” function, that we now describe.
The normalized duality gap function is denoted p(r;z) and is defined parametrically for a given
positive “radius” r as:

plri) = (1) max [L(od) - L) (16)

T/ 2€B(r;z)
where z = (z,y) € R} x R™, B(r;z) :={2:= (#9): %> 0 and ||2— z|ar <7}, and the norm || - || s
is a carefully selected matrix norm constructed using A and the step-size parameters of PDHG,
where M = < I —nAl
—nA 1

identically equal to n and n < 1/||A||. The scalar « in (1.5) is related to the “sharpness” of p(r; 2),
which we now describe as well. As developed in [18] and extended in [7], the sharpness of a function
f essentially measures how fast f grows away from its optimal solution set, and we say that f is
B-sharp if f(v) — f* > p - Dist(v, V*) for any v, where V* is the set of minimizers of f, and f* is the
minimum value of f. The quantity « in (1.5) is related to these sharpness notions applied to the
normalized duality gap function and is defined to be a constant that satisfies

in the simple case when the primal and dual step-sizes of PDHG are

p(rk: 2*%) > o - Dist(2F, 2%) (1.7)

for all iterates z* of the algorithm. (Note that this is a bit weaker than the actual sharpness of p(r; )
as it only needs to hold for the iterates z*.) Here the radius parameter ¥ depends on the iteration k
and is dynamically and adaptively defined by the algorithm’s iterates, see [3] for the precise details.
In summary, if there exists a positive value a for which (1.7) holds for all iterates z* of tPDHG,
then the algorithm has an overall iteration complexity bound given by (1.5).
Furthermore, Property 3 and Lemma 5 of [3] show that (1.7) always holds for
1
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where H(K) is the Hoffman constant! [21] of the matrix K of the Karush-Kuhn-Tucker linear
inequality system that defines the optimal solution set, namely

ko (I —AT AT 0 -]
=\ 0o o0 -4 b)) -

Combining (1.5) with (1.8) one also obtains the following iteration bound for rPDHG for LP:

) (HAH - H(K) - max{1, Dist(0, 2*)} - In (HAH - H(K) - max{1, Dist(0, 2*)} - i)) . (1.9)

1.1 Motivating Issues

The rPDHG algorithm and iteration bounds (1.5) and/or (1.9) in [3] are quite significant in at least
several ways, including but not limited to the algorithm design (the restart scheme for rPDHG
both theoretically and practically), the proof of linear convergence of rPDHG, the use of and the
development of properties of the normalized duality gap function p(r; z), and the use of the Hoffman
constant H(K) of the KKT system matrix K to bound the constant a in (1.7).

Nevertheless, there are certain issues with the bounds (1.5) and/or (1.9) that are not very
satisfactory, and which we seek to overcome. One issue has to do with the reliance on the sharpness
constant « of the normalized duality gap function p(r;z) in (1.5). The normalized duality gap
function p(r; z) itself is not such a natural metric of LP behavior, as there is (at best) only a partial
equivalence between p(r;z) and more typical metrics and stopping criteria that are used in LP
solvers such as primal and dual infeasibility and non-optimality measures. Also, the definition of
p(r; z) depends on the step-sizes of the algorithm through the matrix M. Therefore the sharpness
of p(r;z) and consequently the value of o depend — at least partially — on the magnitude and
ratio of the primal and dual step-sizes of the algorithm and hence depend on more than just the
intrinsic properties of the LP. It is thus unclear from the iteration bound (1.5) what natural/intrinsic
properties of the LP problem itself (such as geometric properties, data-perturbation metrics, error
bounds, etc.) contribute to the performance — theoretically or practically — of rPDHG.

Another issue concerns the iteration bound (1.9). This bound replaces a by two other metrics,
namely Dist(0, Z2*) and H(K). The reliance on Dist(0, Z*), which measures the norms of primal
and dual optimal solutions, seems both natural and appropriate, as in the very least Dist(0, Z*)
bounds changes in optimal solution values under perturbations of b and ¢ and thus is tied to general
notions of condition number theory for LP much more broadly, see [19]. However, the reliance in
(1.9) on the Hoffman constant H(K) of the KKT system matrix K is not desirable for a number of
reasons. For one, the Hoffman constant of a matrix W is typically extremely large by definition, as
it accounts for the largest error bound of every linear inequality system Vy = {v : Wov < g} over
all possible right-hand side vectors g for which V,; # (). Furthermore, it is typically an extremely
conservative measure since in academic applications one is typically only concerned with the error
bound for a single given g. And in the KKT system that single g is given by (0, —b,b, —¢,0) and
thus has its own special structure by itself and also is tied to the data b and ¢ which appear in the
matrix K as well.

A third issue also concerns the non-local nature of the error bounds embedded in the Hoffman
constant. If the primal or the dual feasible region has an extreme point whose active constraint
system is badly ill-conditioned, then H(K) will be very large, even if this extreme point is not

!The Hoffman constant of a matrix W is a global error bound that bounds the distance of any point v to a
non-empty set of solutions of a system of linear inequalities Wv < g in terms of the norm of the residual vector
I[Wo — gl "I, see [21].



related at all to the optimal solution in terms of active constraints and/or distance to the optima
or objective function value. Indeed, it would be better to have an iteration bound that does not
depend so globally on properties of all points in the primal and the dual feasible sets.

The fourth issue with the iteration bounds (1.5) and/or (1.9) has to do with computability
in order to test whether or not the bounds align with computational practice. From both the
practical and theoretical perspectives, it is important to ask whether an iteration bound aligns with
computational practice. In other words, when applied to problems that arise in practice do problems
with smaller sharpness constant values « require more iterations of rPDHG than problems with
larger such values of a?, and similarly for H(K)? In order to study these questions one has to be
able to actually compute (or approximately compute) o and/or H(K'). However, it is not known (at
least by us) how to compute « for LP problems in general. And regarding the Hoffman constant,
using the results in [17] we know that H(K) has the following characterization:

1
H(K) := max
(K) JC{1,...,2m+2n+1} min =1 K ol

K j has full row rank

veERY, [lv

where K j denotes the submatrix of K formed by selecting the rows indexed by J. Even with this
novel characterization, it is still a very difficult task to compute (or even just reliably estimate) H(K)
as it requires enumerating exponentially many submatrices [17]. Thus neither of the bounds (1.5)
nor (1.9) are amenable to testing the extent to which they might align with computational practice.
To illustrate the importance of alignment between theory and practice, consider the following
extremely simple LP instance with m = 1 and n = 2, for which computing H(K) is doable:

min COS .11 — sin . s.t. sin .21 + cos =1

for v € (0,7/2), which is illustrated in the left subfigure of Figure 1. In the subfigure the feasible
set is the blue line segment. We note that for all v € (0,7/2) the distance of the feasible set to
(0,0) is 1. The optimal solution is the red point (x7,z%) = (0,1/cos(y)), and the direction of the
objective vector ¢ = [cos(7), — sin(y)] is denoted by the red dashed arrow. The right subfigure shows
the values of the Hoffman constant H(K') of the KKT system, the iteration bound (1.9) based on [3],
and the actual iteration count of rPDHG for (LP,) for v € (0,7/2). We see that as v\, 0, (LP~)
becomes more ill-conditioned in terms of H(K) and this is reflected in the iteration bound (1.9).
However, this family of LP instances is very easy for rPDHG to solve for arbitrarily small values of
~. It would be better to have an iteration bound that is more aligned with actual computational
practice. (The blue line in the right subfigure is a spoiler: it shows the bound that we develop in
Theorem 3.1 of this paper, which for this family of problems is well-aligned with actual iteration
counts.) Details of this experiment are presented in Section 6.1.

1.2 New computational guarantees based on “Limiting Error Ratios” and LP
Sharpness

We now describe our new computational guarantees. Consider the original LP primal problem (1.1),
and let F,, denote the feasible set, defined as the intersection of the nonnegative orthant R’} and the
affine subspace V), := {z € R" : Az = b}, namely F, = V,, NR’}. The primal optimal solution set is
denoted by X*. Our new computational guarantees involve two types of condition measures. The
first condition measure is denoted by 67, and is called the “limiting error ratio,” or “LimitingER” for
short, which we now define.
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Figure 1: (left) The feasible set (blue line) and the optimal solution (red point) of (LP,). (right) The values of
the theoretical iteration bound (1.9) based on [3], the Hoffman constant H(K) of the KKT system, and the actual
iteration count of rPDHG to achieve z = (x,y) for which Dist(z, 2*) < 107'°. The blue line shows our new bound in
Theorem 3.1 of this paper.

Definition 1.1 (Error ratio and limiting error ratio). For any x € V), \ F, (namely x satisfies the
linear equality constraints but lies outside the nonnegative orthant and is thus infeasible), the error
ratio (ER) of F, at x is defined as:

Dist(x, Fp)

0,(z) = Di(e ) (1.10)

which is the ratio of the distance to the feasible set F,, to the distance to the nonnegative orthant.
Let 0,(x) := 1 for x € F, for notational completeness. The limiting error ratio (LimitingER) is the
quantity 05 defined as:

0 := lim ( sup 0p(a;)> , (1.11)
)<e

e—0 x€Vp, Dist(x,X*
which is the supremum of 8,(x) for all x € V), approaching X*.

The measure 05 (and also 6),(z)) is similar to error bounds proposed in the literature such as those
in [15, 25]. We call 0,(z) an error ratio because it represents the ratio of two types of errors: the
distance to the feasible region and the distance to the nonnegative orthant R’}. For any x € V,, \ F,
it always holds that 6,(x) > 1 because the numerator in (1.10) is always at least as large as the
denominator (since F, C R’} ). Indeed, many papers have studied different formulations of global
upper bounds for the error ratios of linear inequality systems from different perspectives, starting
with the celebrated Hoffman bound [21], including [10, 5, 39, 17] among many others, see [15] for a
comprehensive survey of relevant results. Note that 6 is also bounded above by a Hoffman bound

H(A) on the linear inequality system Az <b, —Ax < —b, —2 <0, where A := [AT — AT — 1T,

because 0, (z) < H(A) for all z. However, unlike #(A), ¢ only depends on local information about

the feasible set JF,, near X, and hence H(A) is likely to be an excessively conservative bound on 67,
since (i) H(A) is a global bound whereas 6, is a local bound, and (ii)  must satisfy x € V,, in (1.11)
of Definition 1.1 and only allows zero error in the system Ax = b.

It should be noted that 6} is a local quantity, as it is the supremum of 6, (z) over infeasible points
x €V, \ Fp that approach X*. In contrast, the global supremum SUP,cv,\ F, fp(x) can be arbitrarily

larger than 6. To see this, consider again the family of LP instances (LP.) for v € (0,7/2). Here F)

is the line segment with endpoints z* = (0, CO}M) and T := (Sirlw,()). Now parameterize V), by z(t) =



ta*+(1—t)z = (2L, L) for t € (—o00,+00). Then for t > 1 we have Dist(z(¢),R2) = =L and

sinvy’ cos 7 siny

Dist(x(t), Fp) = (t — I)H(va, COS,Y)H whereby 0,(z(t)) = Cols,y and hence 05 = limy; 0,(2(t)) = Cols,y.

However, for t < 0 we have Dist(z(t),R%) = C(‘fg' and Dlst( (), Fp) = |t ]H(Sm,Y COSV)H which yields
} and the ratio of sup,cy,\ 7, Op(2) to

Op(x(t)) = snw Therefore sup,cy:\ 7, Op(z) = max{
05 is equal to max{1, Z?ﬁj/} — 400 as v | 0.
The second condition measure is the “LP sharpness” and is denoted by p,, and is defined as

follows.

cos 7y’ Sln"/

Definition 1.2 (LP sharpness). Let H} denote the optimal objective hyperplane, i.e., Hy := {z €
R":c'& = c'a*} for an o* € X*. The LP sharpness i, of the primal problem is deﬁned as:
Dist(x, V, N Hy)

= inf 1.12
Hp xe}-‘g\x* Dist(z, X*) ( )

which is the infimum of the ratio between the distance from x to V), N Hy and the distance from x to
the optimal set X*.

Intuitively speaking, the LP sharpness measures how quickly the objective function grows away from
the optimal solution set A* among all feasible points. In the case of LP it is easy to see that u, > 0.

Notions of sharpness were perhaps first introduced by Polyak in [18] as a useful analytical tool in
convex minimization. For example, sharpness plus some mild smoothness assumptions can lead to
linear convergence of the subgradient descent method via the use of restarts, see [60]. |3] generalizes
the sharpness concept from convex optimization to primal-dual saddlepoint problems by defining
sharpness for the normalized duality gap functional (1.6). Here we apply the notion of sharpness
directly (and naturally) to the LP optimization problem itself.

The two condition measures 05 and p, are defined for the primal problem in the nonnegative
(“cone”) variable . We define analogous condition measures for the dual problem in terms of the
slack variables s of the dual constraints, namely the variables s := ¢ — A"y. Specifically, let S*
denote the set of optimal slack variable values in the dual LP. Then it is straightforward to define
dual counterparts 6} and g of the primal condition measures 67 and p,; see Section 3 for the formal
definitions. Additionally, we let k denote the standard condition number of A, which is defined to
be the ratio of the largest to the smallest positive singular value of A.

The main result of this paper is a new computational guarantee for rPDHG that depends on
the above condition measures, which we now describe. We suppose that ¢ satisfies Ac = 0 (which
can be easily enforced by projecting ¢ onto the nullspace of A as part of a presolve scheme), and we
suppose that the step-sizes 7 and o are chosen in a certain way that is described in detail in Section
3. Our main result (Theorem 3.1) is as follows:

Main Result 1. (Less formal restatement of Theorem 3.1) Under the above conditions rPDHG

requires at most
0</\/.1n {N?OD (1.13)

iterations of PDHGSTEP in order to compute a pair (x,s) of primal solution and dual slack that
satisfies max{Dist(z, X*), Dist(s,S8*)} < &, where N and D are defined as follows:

1 1 * *
Ni=k- (+ ) (0*+0d+ el s ”) (1.14)
fp  Hd 1blle — lel
and ;
D= 326'K'maX{ lell | ”Q} , (1.15)
1blle” el



and g¢ := max{Dist (2, X*), Dist(s",S*)} is the error of the initial iterate (z°,s°) measured using
the distance to the set of optimal solutions. Here x* and s* are the least norm optimal primal solution
and dual slack solution, respectively. Also ||bllg denotes |AT(AAT)Tb||, in which Q := (AAT)L if A
has full row rank. The quantity e is the base of the natural logarithm.

Let us now examine the components of the iteration bound in Main Result 1 a bit closer. First
notice that the ratio of the initial error to the target error /e appears inside the logarithm term
and is a consequence of the global linear convergence property of the algorithm. The quantity N
appears both inside and outside of the logarithm term and itself involves the condition number s of
the matrix A, plus six other quantities. These are 1, and pg (the LP sharpness for both the primal
and dual problems), 6; and 6} (the LimitingER for both the primal and dual problems), as well

as ngfn*g and “|fc*||“. Notice that higher values of u,, L u;l, 05, and/or ¢ result in a higher value of
N. Also notice that all four cross-terms between primal and dual LimitingERs and the reciprocals

of the LP sharpness are present in N, as well as all four cross-terms between %, % and the
[lz* I

reciprocals of the LP sharpness. The numerator in Tole is the norm of the least-norm primal optimal
solution, which measures the stability of the dual problem under perturbation of ¢. In Fact 2.1 of
Section 2 we show that the denominator ||b||g is equal to Dist(0, V},), which is the distance from 0

to V,, and so ||b]|g can be interpreted as a lower bound on the norm of any (and every) feasible

or optimal solution of the primal. Therefore the quotient % is equal to the geometric measure
% and can be interpreted as a relative measure of stability or relative distance to optima. A
VP

similar interpretation holds for Hlfc*”H.

We note that A is the only quantity outside of the logarithm term in the iteration bound and
hence is the quantity characterizing the rate of linear convergence. We will shortly focus on N in
our discussion and comments.

The quantity D, which appears only in the logarithm term of the iteration bound, is a (positive)
scale-invariant measure of the problem data, and is less important since it only appears inside the
logarithm term in (1.13). The proofs leading to Main Result 1 actually use a similar strategy as
in [3]. Roughly speaking, these proofs proceed by showing that a sharpness condition akin to (1.7)
(but using a different norm) holds for a = ﬁ for all iterates, see Lemma 3.4 in Section 3.

1.3 Remarks on Main Result 1

Geometric nature of the new iteration bound. The iteration bound (1.13) in Main Result
1, as well as the specific quantity A that is outside the logarithm term, essentially relies on the
primal and dual LimitingER values 67 and 67, the primal and dual LP sharpness values i, and piq,
and the minimum norms of solutions z* and s*, as well as on data metrics involving the condition
number x of A and other norms of the data (A,b,c). The primal and dual LimitingER values and
the LP sharpness values are all geometric in nature and (in our view) arise naturally in the study
of the behavior or “conditioning” of an LP instance at its optima. Recall that ¢ and 6} are local
supremums of the error ratios 0,(z) and 64(s) near X* and S*, and p, and pq quantify the sharpness
of the objective function near the optimal solution set. In this regard 67, 67, p,, and pg depend only
on the optimal solution set and an arbitrarily small neighborhood around the optimal solution set.
Especially because the bound in Main Result 1 is described only by local information around the
optima, it is likely to be significantly tighter than (1.9) which depends on the Hoffman constant
H(K). (An ill-conditioned basis at a non-optimal extreme point may significantly increase H(K),
yet it will have no impact on N.)



Dependence only on local behavior near the optima. Because the iteration bound in Main
Result 1 only depends on local behavior near the optimal solution set, it therefore shows that the
performance of PDHG — at least in theory — is only tied to local properties of the LP instance local
to the optimal solution set.

Computability of the bound in Main Result 1. From both a practical and theoretical
perspective, it is important to ask whether the bound in Main Result 1 aligns with computational
practice. In other words, when applied to problems that arise in practice do problems with smaller
values of (1.13) require fewer iterations of rPDHG than problems with larger such values? (More
generally it is important to ask this question for any algorithm for any optimization problem; however
it is all the more important for LP given its pervasive use in practice, and it is important for rPDHG
in order to better understand whether/where one might discover improvements in the theory or
in practice in this nascent stage.) In order to answer this and related questions it is necessary to
efficiently compute the component quantities involved in (1.13). The quantities ||b||g, ||c||, and ~ are
not difficult to compute (or estimate with high accuracy). Also ||z*|| and ||s*|| are readily computable
once an optimal solution has been computed. Hence the challenge in computing the bound in Main
Result 1 lies in computing ¢} and 1, and their analogous dual quantities. Let us first consider 6.
While we have not uncovered a direct way to compute 65 exactly, we have developed an efficient way
to compute an upper bound ¢ via the following result:

Property 1. (essentially Proposition 4.2.) Suppose x, € X* and there ezists R, for which
X* CH{z: [|xr — ol < Ra}, then it holds that 0 < G* for G* defined as follows:

o=t Btz ol

sst. xeVp, x>r-e. (1.16)
r>0, xteR™ r

In order to compute G* above one needs to know a ball containing the optimal solution set; if X* is
a singleton then it is sufficient to know an optimal solution, and if there are multiple optima then
the analytic center of X* can furnish such information, see Sonnevend [52], also [12]|. Property 1
essentially states that 65 cannot be too large if (i) the radius of the optimal solution set of (1.1) is
not too large, and (ii) there is a feasible solution x that is not too close to the boundary of R’} and
not too far from the optimal solution set. Such a solution is related to the concept of a “reliable
solution” in [13]. Similar results also hold for #7. This result is formally stated as the first assertion
of Proposition 4.2 in Section 4, where we will also show that the optimization problem in (1.16)
can be reformulated as a convex conic optimization problem with m linear equalities, n 4+ 1 linear
inequalities, and one second-order cone.

Let us now consider the computation of LP sharpness p,. Not surprisingly, there is a nice
polyhedral characterization of LP sharpness p, that enables its computation, which we develop in
Section 5. If the optimal solution set is a singleton, then the LP sharpness p, is the smallest objective
function growth rate along all of the edges of F,, emanating from x*, which can be computed easily
if the number of such edges is not excessive. For LP problems with multiple optimal solutions,
computing i, requires computing the smallest sharpness along all edges of F that intersect X™*,
which might be more challenging. A similar approach applies to computing ug. For details see
Section 5.

Relation to other condition numbers. Especially since the condition measures LimitingER and
LP sharpness play the central role in Main Result 1, it is useful to understand how they may be
related to other more traditional condition measures for LP, such as Renegar’s data-perturbation
condition numbers [19]. It turns out that the LimitingER is upper-bounded by (and hence is tighter



than) a simple quantity involving the data-perturbation condition number of Renegar [19], see
Corollary 4.4. We also show that LP sharpness p, is related to the stability of A* under perturbation
of the objective function vector ¢; in fact p, is equal to the least-norm relative perturbation Ac of ¢
for which the new optimal solution set is not a subset of existing optimal solution set, see Theorem
5.1. Similar arguments also hold for 4.

Invariance under simple scalar rescaling. It has been observed in practice that, with proper
choice of step-sizes, lPDHG’s performance is invariant under the scalar rescaling (A, b, vc) of the
LP instance data (A, b, c) for «, 8,7 > 0, see [1]. Notice that this observation is in synch with the
iteration bound in Main Result 1. To see this, notice that the quantity N in (1.14) is invariant

under scalar rescaling, since in particular each of the condition measures — i, piq, 05, and 0} is
. . . . . o . . x* s*
invariant under the rescaling, as is the matrix condition number x. Likewise, because % and HIICIIH

can be interpreted as the relative distances to optima, they are also invariant under the rescaling.
Curiously, the quantity D (which only appears inside the logarithm term) is not invariant under
rescaling; while the first term of D (which is k) is scale invariant, the second term is always at least
1 and setting o = =y = ||b||@/||c|| results in D = &.

In addition to the above desirable features of the iteration bound in Main Result 1, the bound
also suggests ways to think about practical enhancements of rPDHG to improve performance, in
particular row-preconditioning of A as well as tuning the step-sizes 7 and o, which we now discuss.

Row-preconditioning of A. It has been observed in practice that heuristic row- and column-
preconditioning of A can improve the practical performance of rPDHG, see [1]. The iteration bound
in Main Result 1 provides a theoretical justification of the value of row-preconditioning as follows.
Observe from Main Result 1 that the iteration bound is at least linear in the matrix condition
number x which appears outside the logarithm term (and inside the logarithm term as well). Now
consider the row-preconditioned system H Az = Hb for some rank-m matrix H. Replacing (A, b)
with (HA, Hb) does not change the geometry of the primal  or dual s variables, and so leaves i,
pd, 05, and 67 invariant. However, it does change the value of %, and thus heuristics to compute H
that will reduce the value of k will have the effect of reducing the theoretical iteration bound in
Main Result 1. Therefore, row-preconditioning of A is a natural way to improve the performance of
the algorithm — at least in theory. Furthermore, in Section 6 we explore and confirm the practical
effect of row-preconditioning.

Tuning the ratio of primal and dual step-sizes. The theory for PDHG is premised on the
primal and dual step-sizes 7 and o satisfying 7 - o < (0. (A))~2 where o, (A) is the largest
positive singular value of A, see [3, 3|. However, there is leeway in the ratio of the stepsizes; notice
that for v > 0 if we replace (7,0) — (y7,0/7) then the product 7 - o is unchanged but the stepsize
ratio 7/o changes by v2. Furthermore, it has been observed in practice that tuning the ratio 7/o
can significantly improve the performance of rPDHG, see [!, 3]. Our analysis points to theoretical
benefits in the iteration bound of rPDHG if the stepsize ratio is tuned in a special way. In Theorem
3.2 in Section 3 we show that a specially chosen step-size ratio leads to an iteration bound with a

similar structure as in (1.13) but with A and D replaced by:

. 9* 9* * *
N::m-<”+d+ Ll + Is ”) (1.17)
tp  pa o palldlle  ppllell
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and

~ b
D= 326'14;'1118,}{{ Hplel ’,UdH HQ} . (1.18)
pallbllo ™ pplle]

Since the quantity D only appears in the logarithm term, let us focus on the quantity N as compared
to A. Notice that A/ contains fewer cross-terms involving pp, pa, 6, 07, ||||Z|TC! and H”SC*”H, and so has
the potential to be significantly smaller than A. This lends theoretical credence to the value of tuning
the step-size ratio in practical implementations of rPDHG. Indeed, we confirm the benefit of this
strategy in our experiments in Section 6. The special stepsize formula that leads to this theoretical
improvement is presented in equation (3.6) in Theorem 3.2. Notice that the stepsize formula in (3.6)
involves the LP sharpness quantities y, and p4. Unfortunately, these two quantities are typically
not known a priori nor are they easy to estimate, and for this reason the improved iteration bound
involving N and D is essentially just theoretical in nature. Nevertheless, the improved bound points
to the usefulness of heuristically tuning the step-size ratio in practical implementations of PDHG.
We end this section with a review of related works for large-scale LP.

1.4 Related works for large-scale LP

In addition to [I, 3| discussed earlier, there are several other investigations and analyses of the
performance of PDHG and its variants for solving LP problems. [36] studies PDHG (without
restarts) applied to LP instances, and uncovers a two-phase behavior of PDHG: the initial phase is
characterized by sublinear convergence, followed by a second phase with linear convergence. The
linear convergence of the latter phase is upper bounded using the Hoffman constant of a reduced
linear system defined by the limiting point of the algorithm’s trajectory. The duration of the initial
phase inversely depends on the smallest nonzero of the limiting point. |31] introduces a stochastic
variant of PDHG for solving LPs. [2] studies how to use PDHG for detecting infeasible LP instances,
and [32] shows that the PDHG without restarts also achieves linear convergence on LPs, though at
a slower rate compared to rPDHG. [20] shows that the rPDHG has polynomial-time complexity for
totally unimodular LPs, and [37] proposes to solve convex QP using PDHG-based methods.

Concurrent with our own efforts in revising the present work, several more papers on PDHG
have been posted on arXiv. From a computational perspective, recent efforts include improved
implementations of PDHG-based LP solvers [38], other extensions to convex quadratic and conic
optimization [23, 30|, as well as [34, 59, 26]. From a theoretical perspective, recent works have
provided refined analyses for special families of LPs |
[57], and convex conic optimization extensions [59].

In addition to PDHG, a number of other FOMs have also been studied for solving huge-scale
LP instances. Early efforts included the steepest ascent method [0], feasible direction methods
[61], the projected gradient algorithm [21], and others. More recently, several more practical FOM-
based solvers have been proposed. ABIP [29, 12| solves conic linear programs (including linear
programs) using an ADMM-based interior-point method applied to the homogeneous self-dual
embedding. SCS [14, 13] employs a similar ADMM-based approach to solve the homogeneous self-
dual embedding. OSQP [53, 51] uses an ADMM-based method to solve convex quadratic programs,
which include LPs. HPR-LP [10] is a recently developed GPU-based solver for LP that uses the
Halpern Peaceman-Rachford method with semi-proximal terms. [27] proposes a semismooth Newton
augmented Lagrangian method for LP problems and proves its superlinear convergence. ECLIPSE
[1] is a distributed LP solver designed specifically for addressing large-scale LPs encountered in web
applications.

, 33|, average-case complexity guarantees
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1.5 Notation

For a matrix A € R™ ", let Null(4) := { € R" : Az = 0} denote the null space of A and
Im(A) := {Az : x € R"} denote the image of A. For any set X C R", let Py : R — R™ denote the
Euclidean projection onto X', namely, Py(x) := argmingecy || — Z||. Unless otherwise specified, || - ||
denotes the Euclidean norm. For M € S'}, the set of symmetric positive-semi-definite matrices in
R™ ™ we use || - ||as to denote the semi-norm ||z|ps := V2T Mz. For any x € R” and X C R", the
Euclidean distance between x and X' is denoted by Dist(z, X') := minzey ||z — Z|| and the M-norm
distance between = and X is denoted by Dists(z, X) := mingex ||« —Z||ps. For simplicity of notation,
we use [n] to denote the set {1,2,...,n}. For A € R"*" A" denotes the Moore-Penrose inverse of A.
For any matrix 4, o}, (A) and o, (A) denote the largest and smallest non-zero singular values of A.
For an affine subset V, let V denote the associated linear subspace of V', namely V = V +uv for every
v € V. Let R} and R’} , denote the nonnegative and strictly positive orthant in R", respectively.
Let e denote the vector of ones, namely e = (1,...,1)" whose dimension is dictated by context. For
a vector v € R, v™ and v~ respectively denote the vector of positive parts and negative parts of
v, i.e., the components of v+ and v~ are (v"); = max{v;,0} and (v~); = max{—wv;,0} for i € [n].
|Az|

The operator norm [[A[| of a matrix A is defined as ||A[| = sup,_ lHTll For a symmetric matrix A,

A= 0 means A € S. For a linear subspace Vc R™, VL denotes the orthogonal complement of V.

1.6 Organization

The other sections of this paper are organized as follows. Section 2 contains preliminaries for LP
and presents a detailed review of PDHG. In Section 3 we present our new computational guarantees
for rPDHG for LP based on LimitingER and LP sharpness. In Sections 4 and 5 we discuss and
derive computable upper bounds for LimitingER and a computable representation of LP sharpness,
and we relate both of these condition measures to other condition numbers. Finally, in Section 6 we
present computational experiments that give credence to both our theoretical iteration bounds and
the effectiveness of heuristic enhancements inspired by these iteration bounds.

2 Preliminaries for LP and PDHG

As mentioned in Section 1.2, we use the lens of focusing on the nonnegative variables x of the primal
and the nonnegative dual variables s (the slack variables) of the dual. We first review the “symmetric”
formulation of primal and dual LP problems from this perspective.

2.1 Symmetric primal and dual formulations of LP

The dual problem (1.2) can be formulated with explicit slack variables s as follows:

max by st.Aly+s=c¢ s>0. (2.1)
yeR™, scR”

Define g := AT(AAT)b ; then (2.1) is equivalent to the following (dual) problem on s:

max ¢"(c—s) st.scc+Im(AT), s>0, (2.2)
seR™

and the corresponding dual solution in the variable  is any such g for which ATy = ¢ — s. (This is
because for any dual feasible solutions y satisfying A"y = ¢ — s, the corresponding objective value
of yisequal to g (c—s): b'y=q' ATy =q' (c— s), where the first equality is due to Aq = b.)

12



Let V, := {x € R" : Az = b} = ¢+ Null(A) and V; := ¢ + Im(A"). To summarize, we can
rewrite the primal problem (1.1) and the dual problem (2.2) in the following symmetric formats:

(P) X*:=argmin c¢'z (D) &*:=argmaxq' (c—s)
zeR” SER™
st. € Fpi=V,NRY st. s € Fy:=VyNRY (2.3)
V, := g+ Null(A) Vi:=c+Im(A")
This reformulation of the dual was, to the best of our knowledge, first proposed in [54]. Here the sets

of primal and dual optima are X* and S*, respectively, and we use Y* to denote the corresponding
optimal solutions y associated with S*.

[From a computational perspective, none of the quantities specific to the symmetric reformulation
actually need to be computed, i.e., we do not need to compute g or AT. We present these objects as
they frame our analysis and our results.|

We now briefly review optimality conditions for (2.3). Note that the duality gap in (2.3) is equal
to Gap(r,s) := c¢'x — q' (c — ), and a solution pair (z,s) is optimal for (2.3) if and only if the
following conditions are met:

e Primal feasibility: Dist(z,V},) = 0 and Dist(z,R’}) = 0,

e Dual feasibility: Dist(s,V;) = 0 and Dist(s, R’} ) = 0, and

e Nonpositive duality gap: Gap(z,s) :=c'z —q' (c—s) <0.

The optimal primal-dual solution sets can be directly written as

X x 8 = {(x,s) }J:EVP, reRY, scVy scRY, Gap(x,s)SO} .

In our theoretical development we will measure the error of a non-optimal pair (z,s) using the
distance to optima, defined as:

Ei(z, s) :== max{Dist(z, X*), Dist(s,S*)} . (2.4)

(The distance to optima is not conveniently computable, and so in practice it is more typical to

i ; S — lAzt bl L Jl(e=ATy)7| leTat—bTy| -
work with the relative error defined as &,(x,y) := FIrR T R s P T2 4 3] It is

straightforward to show that the relative error &, (x,y) is upper bounded by a constant factor times
the distance to optima Ey4(z, s), for a constant depending only on the data (A, b, c), see Remark A.1
in Appendix A.)

It can also be observed from (2.3) that the linear subspaces associated with the primal and dual
problems are orthogonal to each other. Let us denote by Vp and Vd the linear subspaces associated

with the affine subspaces V), and V;. Then ‘_/;3 and V; are orthogonal complements. The following
fact collects some other useful properties of the symmetric formulation (2.3):

Fact 2.1. In the symmetric formulation (2.3), Vd is the orthogonal complement of \_/;D, i.e., ‘_/21 = VEDL.
Furthermore, Py (c) € 1_/;) and P\?,,(c) = argmin,ey, ||v||, and ¢ € V; and q = arg mingey, [[v]|.

Finally, we make the following assumption about (1.1) and its dual problem (2.1).

Assumption 1. We assume that the LP problem (1.1) has an optimal solution, and non-optimal
feasible solutions exist for the duality-paired problems (1.1) and (2.1), and equivalently for (2.3).
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2.2 Convergence properties of PDHG (without restarts) for LP

In this subsection, we review the ergodic convergence properties of PDHG (without restarts) for
LP. The ergodic convergence is also known as the convergence of the average iterate. A sublinear
ergodic convergence bound has been shown for PDHG in [9, 3] for general convex-concave saddlepoint
problems, whose error is measured in terms of the “primal-dual gap” associated with the saddlepoint
problem. We briefly review these convergence results with a focus on two issues, namely (i) the role
of the primal and dual step-sizes, and (ii) the convergence (to zero) of errors for the LP problem
(measured using the distances to the constraints and the duality gap) instead of gap measures of
the saddlepoint problem. The material presented in this subsection will be used later in Section 3.
Complete proofs of the results in this subsection are deferred to Appendix B.

One step of PDHG for LP (1.3) is defined in the function PDHGSTEP in (1.4). Note that we use
2 := (z,y) € R™" to denote the pair of primal and dual solutions x and y, and PDHG generates
iterates by 27 <~ PDHGSTEP(z). We will freely use the notation z with sub/superscripts and other
modifications, so that it denotes the primal and dual solutions (x,y) with the same sub/superscripts
and other modifications, such as 28 = (z*, y*).

The convergence guarantees for PDHG rely on the step-sizes 7 and o in (1.4) being sufficiently
small. In particular, if the following condition is satisfied:

1 T
I, —A
=" = .
M <—A ;Im>_0’ (2.5)
then PDHG'’s average iterates will converge to a saddlepoint of the problem (1.3) [3, 9], though the
guaranteed rate of convergence is sublinear. The requirement (2.5) is equivalently written as:
1 2
T>0, 0 >0, andra§<> , 2.6
UrJlr1ax(A) ( )
where o, (A) is the largest positive singular value of A. The matrix M defined in (2.5) turns out

to be particularly useful in analyzing the convergence of PDHG through its induced inner product
norm defined by ||z||ps := V2T Mz (though it is only a semi-norm if M is not positive definite),
which will be used extensively in the rest of this paper.

For notational convenience let us define:

Arﬂa){
Amax = O (A) ) Amin =05 (A), and k = . (2.7)

Here & is the standard condition number of the matrix A. To measure the convergence of PDHG for
LP, [3] introduces the “normalized duality gap,” which we have briefly reviewed in (1.6), and whose
formal definition is as follows:

Definition 2.1 (Normalized duality gap, (4a) in [3]). For any z = (x,y) € R} x R™ and r > 0,
define B(r;z) := {2 := (2,9) : & > 0 and |2 — z||m < r}. The normalized duality gap of the
saddlepoint problem (1.3) is then defined as

p(r;z) == <1> max [L(z,9) — L(&,y)] . (2.8)

T/ 2€B(r;z)

Note in Definition 2.1 that E(T; z) is technically not a ball in the usual sense of the term, since the
requirement that & > 0 means that B(r;z) is not necessarily symmetric relative to its center z. The
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normalized duality gap serves as an upper bound for evaluating error tolerances and distances to
optimality, see [3], which also presents an efficient algorithm for approximating p(r; z).

The following lemma shows that the normalized duality gap provides an upper bound on both
the distances to feasibility and the magnitude of the duality gap; this lemma is a variation of [3,
Lemma 4| but measures distances instead of error tolerances.

Lemma 2.1. For any r > 0, Z := (,7) such that Z >0, and 5 := ¢ — A"y, the normalized duality
gap p(r; z) provides the following bounds:
1. Primal near-feasibility: Dist(z,V},) < f)\
2. Dual near-feasibility: Dist(s,Vy) =0 and let(s R%) <

3. Duality gap: Gap(z,s) < max{r,||z||a}tp(r; 2).

- p(r;z) and Dist(a‘c,R’fr) =0,

\f p(T72)7 a’nd

A proof of Lemma 2.1 as well as other results in this section are given in Appendix B. Let the
k-th iterate of PDHG be denoted as 2 := (z*,4*) for k = 0,1,..., and let the average of the first K
iterates be denoted as 2 = (2K, %) .= L Efil(:ﬁi, y') for K > 1. The following lemma presents
the sublinear convergence of the average iterates of PDHG for the saddlepoint LP formulation (1.3)
in terms of the normalized duality gap.

Lemma 2.2. Suppose that 7 and o satisfy (2.6). Then for all K > 1 it holds that

: 0 *
(125 — 2)yy: %) < AP ZD)

We remark that Lemma 2.2 can be viewed as an extension of Property 3 of [3] to the case of
different primal and dual stepsizes 7 and ¢. By combining Lemma 2.1 and Lemma 2.2 and changing
the norm, we obtain the following theorem regarding the ergodic behavior of PDHG in terms of
distances to constraints and the duality gap.

(2.9)

Theorem 2.3. Suppose that T and o satisfy (2.6), and suppose that PDHG is initiated with
20 = (2% 4°) := (0,0). Then for any K > 1 and 2% := %Zf; z' and 5% = %Efil(c — ATy,
the following hold:

1. Primal near-feasibility: Dist(z%,V,) < 4\f (Dm(o A7) 4 Distle, S*)> and Dist(z%,R%) =0,

\/0-77_)\111111 UArznm
2. Dual near-feasibility: Dist(5%,V;) = 0 and Dist (55 R < % <Dlst(0 X)) 4 ?}%f\:m)) . and
Dist(0,X*)2 D S*)2 2 Dist(0,A*) D S*
3. Duality gap: Gap(z K K) < 16( 1st(T ) + ISt/(\Cfﬂm) + 1st(\/ﬁg\milrslt(c )) .

Theorem 2.3 states that the distances to the constraints and the duality gap of the average
iterates of PDHG converge to zero at a sublinear rate. We note the roles of the primal and dual
step-size 7 and o: generally speaking the larger 7 is, the faster 55 converges to the dual feasible
set, while the larger o is, the faster Z converges to the primal feasible set. However, a balanced
choice of 7 and o is required (at least in theory) for faster convergence of the duality gap of (z%,5K).
Items (1.) and (2.) of Theorem 2.3 follow directly using Lemma 2.2 and Lemma 2.1 plus a norm
inequality relating distances in the M-norm to Euclidean distances (Proposition 2.6).

Below we present two lemmas that are related to the performance of PDHG and are used in
the proof of Theorem 2.3. The first is a well-known general nonexpansive property for PDHG (and
certain other methods as well), see [50, 3, g|.

Lemma 2.4 (Nonexpansive property of PDHG, see [3]). Suppose that 7,0 satisfy (2.6). For any
saddlepoint z* of (1.3), and for all k >0,
1254 = 2l < 127 = 2%l (2.10)

k

Therefore under the assignment z := zF or z := Z* it holds that ||z — 2*||,; < Hzo — Z*HM.
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Lemma 2.5. Suppose 2%, 2°, and z¢ satisfy the nonexpansive properties: ||2° — 2*||ar < ||2% — 2|
and ||z¢ — 2*||\pmr < ||2% — 2%||ar for every z* € Z*. Then

max{||2® — z%||azr, |2%| 2} < 2 Distas (2%, Z*) + ||12%ar - (2.11)

Lemma 2.4 is a simple extension of Proposition 2 [3] to the setting of different primal and dual step
sizes. It can be proved just as in [3] by directly substituting the identical primal and dual step size
n of [3] with 7 and o, respectively. Inequality (2.10) is known as the nonexpansive property and
appears in many operator splitting and other related methods [28, 50, 3].

We end this section with a proposition on the relation between the M-norm used in PDHG
and the Euclidean norm. While the M-norm arises naturally in the analysis of PDHG, it has the
disadvantage that its quadratic form is not separable in z and y and also it implicitly includes the
step-sizes 7 and o in its definition. Towards the goal of stating results in terms of the Euclidean
norms on x and y, we introduce the following N-norm on (z,y) € R™*" whose quadratic form is
separable in x and y. Define:

Il = 2l Lol whene = (7
Y N T g y T %Im '

In comparison with the M-norm, the N-norm offers advantages in both computation and analysis.
Furthermore, when 7 and o are sufficiently small, the M-norm and N-norm are equivalent up to
well-specified constants related to 7 and o, as follows.

Proposition 2.6. Suppose that o, T satisfy (2.6). Then for any z = (z,y) € R™™ it holds that

V1= VT0Amax - l2llv < ll2llar < V212w - (2.12)

Furthermore, if v € R} and s :=c— ATy € R” then

2 2
DiStM(Za Z*) < :j; DiSt(fL', X*) + \/gﬁ\:mn

1 1
Distas (2, 2*) > 1/1 — V70 Amas - ——_ Dist(z, X*), ————
istas(z, 2%) > TOAma max{ﬁ ist(x ) NG

Appendix B presents proofs of the (uncited) results in this section.

Dist(s,S*), and (2.13)

Dist(s,S*)} . (2.14)

3 Computational Guarantees for PDHG with Restarts

In this section we formally state and prove the computational guarantees that we previewed and
discussed in Section 1.2. In Section 3.1 we present our new computational guarantees in two theorems:
Theorem 3.1 is a more formal statement of Main Result 1 previewed in Section 1.2, and Theorem 3.2
is a formalization of the improved bound previewed in (1.17) obtained for a very special choice of
stepsizes 7 and o that are primarily of theoretical interest since they are not efficiently computable.
Section 3.2 is dedicated to the proofs of our key results, and Section 3.3 is comprised of statements
and proofs of supporting lemmas.

Building on the basic step of PDHG described in (1.4), Algorithm 1 formally presents the
framework of PDHG with restarts that we will work with. Recall that we use the notation
M1« PDHGSTEP(2F) to denote an iteration of PDHG as described in (1.4). The double
superscript on the variable z™* indexes the outer iteration counter followed by the inner iteration
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Algorithm 1: PDHG with general restart scheme (rPDHG)

Input: Initial iterate 220 := (299, ¢%%) n < 0 ;

repeat

initialize the inner loop: inner loop counter k < 0 ;

repeat
conduct one step of PDHG: z™**! « PDHGSTEP(2"™F) ;
compute the average iterate in the inner loop. z"Ft1 « %H Z?ill PAELE
k< k+1;

until Some (verifiable) restart condition is satisfied by 2™ ;

restart the outer loop: 2”10 « 2% n«n4+1;

until Either 2™ is a saddlepoint or 2™V satisfies some other convergence condition ;
Output: 20 ( = (20, y™0))

© 0w N o A W N

-
- o

counter, so that z™* is the k-th inner iteration of the n-th outer loop. In order to implement
Algorithm 1 it is necessary to specify a (verifiable) restart condition on the average iterate 2" in
line 8 that is used to determine when to restart PDHG. We will primarily consider Algorithm 1
using the following restart condition in line 8:

pIZ"F = 20 ar; 2%) < B p(ll2™0 = 2" M0 lars 20) (3.1)

for a specific value of g € (0,1) (in fact we will use § = 1/e where e is the base of the natural
logarithm). In this way (3.1) is nearly identical to the condition used in [3]. The condition (3.1)
essentially states that the normalized duality gap shrinks by the factor 3 between restart values z™*
and z™%. One of the reasons for using condition (3.1) is that the normalized duality gap can be

easily approximated, see |3, Section 6].

3.1 Computational guarantees for rPDHG based on LimitingER and LP sharp-
ness

In this section we present our main computational guarantee for rPDHG. This computational
guarantee relies on the two condition measures ¢ and i, for the primal and on their counterparts
0% and pq for the dual problem. Recall that we formally defined 67 and p,, for the primal problem in
Definitions 1.1 and 1.2. Now that we have established the symmetric representation of the primal
and the dual problems in (2.3), we can write the formal descriptions of 6} and p4 for the dual

problem. Similar to (1.10), for s € V; \ Fy we define 6,4(s) := %, and then define

Dist(s, Vg N HY)

0% = lim sup 04(s) ] , and 4= inf - 3.2
¢ e=0 <s€Vd,Dist(s,S*)§s ( )> H s€Fg\S* DlSt(Sa S*) ( )

where H} denotes the optimal objective hyperplane for the dual problem, namely H} := {5 € R"} :
q' (c—s)=q"(c—s*)} for any s* € S*.
We consider running rPDHG (Algorithm 1) using the following simple restart condition:

Definition 3.1 ([-restart condition). For a given 8 € (0, 1), the iteration (n, k) satisfies the B-restart
condition if n > 1 and condition (3.1) is satisfied, or n =0 and k = 1.

In the following theorem we suppose for simplicity and ease of exposition that ¢ € ‘_/;3. Note that
under Assumption 1 it must hold that ||c|| # 0, since otherwise all feasible solutions for (1.1) would
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have the same objective value, contradicting the existence of non-optimal feasible solutions. Similarly
for the dual it must hold that ||¢|| # 0. Also recall the definitions of Apax, Amin, and & from (2.7).

Theorem 3.1. Suppose ¢ € 17]0, and that Assumption 1 holds, and that Algorithm 1 (rPDHG) is run
starting from 290 = (290,4%0) = (0,0) using the B-restart condition with 3 := 1/e. Furthermore, let
the step-sizes be chosen as follows:

lal el
2% c] 2l A Ao (3.3)

Let T be the total number of PDHGSTEP iterations that are run in order to obtain n for which
(x™V, s™0) satisfies (™0, s™Y) < e. Then

3

0,0 .0,0
T§5e-./\/'-ln<./\fD-gd(x’S)>+1, (3.4)

where D is defined in (1.15) and N is defined as follows:

1 1 Dist(0, X*)  Dist(c, S*)
=85k ( —+— | |05+ 65 : 3.5
= 85n (up i ud> ( p 04T Dist(0,V,) " Dist(0, Vo) (35)

In Section 1.3 we discussed key points and comments about Theorem 3.1. Here we present some
detailed technical remarks. The optimality tolerance criterion used in the theorem is (2™, s™0)
(see (2.4)), which is the distance to optima of the primal and dual (slack) variable (z™°, s™9). Note
that Dist(s™?, S*) is equal to Dist 4 47 (y™°, V*) — the distance of y™° to Y* under the AAT-norm.
The prescribed step-sizes in (3.3) are relatively easy to compute as long as estimates of the largest and
smallest positive singular values of A are easy to compute. In particular neither the LP sharpness nor
the LimitingER are needed in the computation of the step-sizes. See Remark 3.5 for extensions of
the theorem to other step-sizes, different values of 3, and relaxations of the assumption that ¢ € ‘_/;,.
The proof of Theorem 3.1 is presented in Section 3.2, and the proofs of the supporting technical
lemmas are in Section 3.3 and Appendix C.

Let us now show that the expressions (3.4) and (3.5) are equivalent to (1.13) and (1.14) up to
absolute constant factors, thus validating that Main Result 1 is the same as Theorem 3.1. Under the
condition that ¢ € V, in the theorem it follows that Dist(c, S*) < ||¢|| 4+ Dist(0,S*) < 2 Dist(0, S*),

Dist(c,S* Dist(0,5* Dist(0,5* . .
and therefore D;;Eg,vdg < %it((o,vd)) =2 ISH(C” ). Also it follows from Fact 2.1 that Dist(0, Vp) =

lqll = I1bll where [[blg denotes [[AT(AAT)Te).

The step-sizes (3.3) in Theorem 3.1 are valid step-sizes that are typically relatively easy to
compute. It has been observed in practice that heuristically tuning the ratio 7/0 can significantly
improve the performance of PDHG, see |1, 3]. Theorem 3.2 below shows that a specially chosen
step-size ratio (that is unfortunately not easy to compute in practice) results in an iteration bound
that is potentially much smaller than that of Theorem 3.1.

Theorem 3.2. Suppose c € ‘_/;,, and that Assumption 1 holds, and that Algorithm 1 (rPDHG) is
run starting from 290 = (290,499) = (0,0) using the B-restart condition with B := 1/e. Let the
step-sizes be chosen as follows:

_opallall o el
26| cll 21441/ Amax Amin

, (3.6)

and let T be the total number of PDHGSTEP iterations that are run in order to obtain n for which
(270, s™0) satisfies E4(x™0,s™0) < e. Then
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3

N PR 0,0 .0,0
T§5e-N-1n<ND-‘W’S)>+1, (3.7)

where D is defined in (1.18) and N is defined as follows:

- o5 0% Dist (0, X* Dist(c, S*
N = 16k (” 444 B .(O’ ) = .(C’S ) ) (3.8)
Lp  fd  pa - Dist(0,V},)  pp - Dist(0, Vg)

Note that A in (3.8) is potentially much smaller than (3.5) because there are fewer cross-terms
involving gy, pid, 0y, and 63. However, the assignment of the step-sizes (3.6) requires knowledge of
the LP sharpness constants 1, and pg (or just their ratio), which are likely to be neither known nor
easily computable. Although the step-sizes in (3.6) are not implementable in practice, Theorem 3.2
lends some theoretical justification to the observed practical value of adaptively tuning the step-sizes
in practical solvers |3, 1]. Using identical logic as presented earlier, it is straightforward to show that
the value of A/ in (3.8) satisfies (1.17) up to an absolute constant factor. See the last paragraph of
Section 1.3 for other remarks and observations about Theorem 3.2. The proof of Theorem 3.2 is
similar to that of Theorem 3.1, and is presented in Appendix C.

3.2 Two lemmas, the proof of Theorem 3.1, and extensions

Similar to the main complexity proofs in [3], the proof of Theorem 3.1 involves two steps. The
first step is to demonstrate that if the normalized duality gap of the iterates satisfies a certain
sharpness condition, then rPDHG achieves linear convergence, with the total number of PDHGSTEP
iterations being largely determined by this sharpness condition. The second step involves analyzing
and bounding the sharpness condition using the condition measures p,, pq, 0, and 03 (plus other
data-related quantities). Lemma 3.3 below embodies the first step.

Lemma 3.3. Suppose Algorithm 1 is run starting from 2°0 = (2%0,4%0) = (0,0) using the B-restart
condition, and let the step-sizes T and o satisfy (2.6). Suppose also that there exists a scalar N for
which it holds that

Distyr (29, 2*%) < N - p(]|2™° — 27710 5 2™0) (3.9)

for alln > 1. Let T be the total number of PDHGSTEP iterations that are run in order to obtain n
for which 20 = (x™9 5™V satisfies Eg(x™0,s™0) < e. Then

5 ~ gd(xo,o SO’O)>>
T§~N-ID<C-N'<’ +1, 3.10
BIn(1/8) € (310
= a2 B S R S
where ¢ 1= NN (\/T + V0 Amax) (ﬁ + \/Ex\mm)'

The proof of Lemma 3.3 is similar to the proof of [3, Theorem 2|, and proceeds by establishing
an upper bound on the PDHGSTEP iteration count between restarts. The primary difference is that
we are particularly interested in the role of the primal and dual step-sizes. The complete proof of
Lemma 3.3 is presented in Appendix C.

Lemma 3.4 embodies the second step described above.

Lemma 3.4. Suppose that the initial iterate of rPDHG is 20 := (0,0), and let 2°, 2¢ € R? xR™ satisfy
2b % 2¢ and the nonexpansive inequalities ||2° — 2*||ar < [|2° — 2*||ar and ||2¢ — 2%||pr < ||2° — 2*|| s
for all z* € Z*. Then it holds that:

Distps (22, 2¥) < N - p(||2° = 2°||a; 2%) (3.11)
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i which

3v3 N 1P ()l o 1Py1 (o)l
(ﬁxmmup T Rl O + TP T

N — 22 o v2 4
N = T\ Ve rmimia T 7y TP v<>||> 0 - (312)
4

L Dist (0, x*) +

4 (1L *
T\ Al @t ﬁudmnxmm) (+ Dist(c, §))

IIlln\/7
The proof of Lemma 3.4 is presented in Section 3.3. Armed with Lemma 3.3 and Lemma 3.4, we
now prove Theorem 3.1.

Proof of Theorem 3.1. For any n > 1 it holds that z™0 = z»~ LK = % Zfil 2"~ bt where K is the
total number of inner iterations of rPDHG run in the outer loop iteration n — 1, whose initial iterate
value is 2" 10, It then follows from the nonexpansive properties of PDHG from Lemma 2.4 that
270 — 2*|| s < ||z 50 — 2*|| )y for each 2* € Z*. By telescoping inequalities we then have

1270 = 2l < 2780 =2 flar < - <1220 = 2|l

0,0 b

, 20 = z”’o, and z¢ := 2710

for each z* € Z*. Now notice that 20 := z satisfy the hypotheses of

Lemma 3.4, whereby it holds that
Dist (2™, %) < N - p(||2"° — 2710 a5 2™0) (3.13)

From the supposition of Theorem 3.1 we have ¢ € V, and therefore HPV.p(c)H = lell; [[Py . (c)]l = 0,
p

and ||c|| = Dist(0, V). Also by construction we have ||g|| = Dist(0, V},). Substituting the step-size
values (3.3) into (3.12) and using the above norm equalities in (3.12) yields:

. AN 3 ( 11 ) [Dist(O,X*) ist(c, S*)
N =62 (up mz) 0+ 42 up Md 0 + 8 Ip T Dist (0, Vp) " Dlst( , Va)

B (3.14)
Now notice that the value of N specified in (3.5) is at least as large as the value of N above, whereby
it holds that Distps (2™, 2*) < N - p(||2™0 — 27~ 10| 5r; 20) for the value of A specified in (3.5).
Therefore condition (3.9) of Lemma 3.3 is satisfied, and it follows from Lemma 3.3 that T satisfies
(3.10) with the value of ¢ specified in the statement of the lemma, namely:

5 i £4(200 80,0)>>
T < -N-ln(o/\/-(’ +1. 3.15

FIn(1/5) : 19
Substituting in the step-sizes (3.3) and 8 = 1/e into the value of ¢ in Lemma 3.3 we find that
¢=8e- (1 + /@”C”) ( Hq”) and using 5 = 1/e and the value of ¢ above in (3.15) we finally arrive

llqll [lell
at:
E1(00 50,0
T < 5e-N-In 8- N - (d()) IR Y FUR VI B (3.16)
€ llgll el
Note that in logarithm term in (3.16) that because x > 1 and ||q|| = ||b||q (where ||b||q denotes

|AT(AAT)TB|)) it follows that

el Il
8¢ (1 +k ||QH> (1 + HCII> <D (3.17)

where D is defined in (1.15). Substituting (3.17) into (3.16) yields (3.4), which completes the proof
of the theorem. O
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We now present several remarks.

Remark 3.5 (Extensions: other parameter settings, and allowing c ¢ V;)) Theorem 3.1 uses the
specific values of the primal and dual step-sizes in (3.3), uses f = 1/e, and assumes that ¢ € ‘_/;3.
The results could have been presented without these specific conditions, albeit at the expense of more
complicated expressions and more challenging exposition. Indeed, the step-sizes T and o could have
been left unassigned — just as they are in Lemma 3.3 and Lemma 3.4. Using (3.13) directly with
Lemma 3.3 and some algebraic calculations yields the proof for other step-size assignments.

If c ¢ Y_/;,, then the value of N in (3.5) changes based on the changed value of N in (3.12).
Observing (3.12), we see that HPV.pL (c)|| appears only in the last term of the first of the three lines; if

cé¢ VP then H 71 ()|l # 0, and then the iteration bound in Theorem 3.1 will change by replacing 6

1P ( Il
with 6 + HP @1 throughout, and the step-sizes in (3.3) will also change. If the step-sizes follow

some other rules, then in addition to the change of N based on N in (3.12), the value of ¢ in Lemma
3.8 will also change.
The choice of the value of the scalar B affects only the expression W outside the logarz'thmz'c

term in (3.10) of Lemma 3.3. The specified value 8 = 1/e was chosen to minimize the scalar ,3111(1/6)
but the value of B could have been left unassigned, again at the expense of expositional simplicity.

Remark 3.6 (Relation to the bound (1.5) from [3]). The proof of Theorem 3.1 is based in part
on Lemma 3.3. We note that the idea of Lemma 3.3 stems from the iteration bound (1.5) from
[3]. Indeed the condition (3.9) in Lemma 3.3 is quite similar to the sharpness condition (1.7) from
[3]; the difference is only in using N instead ofé and using the M-norm distance Dist (20, 2*)
instead of the Euclidean distance Dist(z™°, Z*).

Remark 3.7 (Relating our results to sharpness of the normalized duality gap functional in [3]). It
follows from Lemma 3.4 and the proof of Theorem 3.1 that the normalized duality gap functional
p(r; 2) obeys an “a-sharpness” condition p(||z™° — 2" 19| ar; 2™°) > a - Distpr(2™°, Z*) along the
algorithm iterates for

1 1

ai=-— =

V7w (i ) (5 0 B + e6%)

where the expression for N above is from (3.5). Note that this is just like the a-sharpness condition
(1.7) except it is expressed with the M-norm distance Distys(2™°, Z*) instead of the Euclidean
distance. Furthermore, it follows from Proposition 2.6 that Distys (2™, Z*) > ~ - Dist(2™°, Z*) for a
certain constant v whose expression is defined using T, 0, Amax, see the formulas in Proposition 2.6
for details.

Remark 3.8 (Extensions to other first-order methods). The proof of Theorem 3.1 is based on the
two “steps” of Lemma 3.3 and Lemma 3.4, and it is quite possible that it can be extended to certain
other first-order methods. Indeed, [3] proves that some iteration bounds analogous to (1.5) also apply
to other first-order methods, such as the alternating direction method of multipliers (ADMM) and
extragradient method (EGM). For these methods, if similar results to Lemma 3.4 can be extended
(which we believe likely is the case), then computational guarantees similar to Theorem 3.1 may be
obtained for these other methods.

Section 3.4 below is focused on the proof of Lemma 3.4.
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3.3 Proof of Lemma 3.4

This subsection is devoted to proving Lemma 3.4. As part of this task, we will need the following
two very specific lemmas.

Lemma 3.9. For any Z = (%,7), let z* € argmin,ecz+ ||z — Z||a, and define for all t > 0
5= Eate (52 (3.18)

(whereby Zo = Z). Suppose that there exist nonnegative scalars Cy, Cy, Cs such that the following
inequality (Z;) holds fort =0:

DiStM(gt, Z*) S Cl . DiSt(i’t, va) + 02 . DiSt(gt, R:L_) + 03 . HlaX{O, Gap(i:t, §t)} . (It)
Then inequality (Z;) holds for all t > 0.

Proof. Let z* € argmin,cz« ||z — Z|| s be given. Then because Z* is a convex set, it follows that
z* € argmin,ez« ||z—2Z||ar for all t > 0. Therefore Dist s (Z:, 2*) = ||2*—Z¢||amr = (14+1)-||Z—2"||p =
(1 +1¢) - Distas(Z, Z%).

Regarding the terms on the right-hand side of (Z;), for ¢ > 0 we have Dist(Z, V,) = (1 +1¢) -
Dist(z, V),) and max{0, Gap(Z, §;)} = (1 +t) - max{0, Gap(z, 5)}. It also holds that:

Dist(1, ) = [|(3) | = G+t (3= )| > |1+ 6)(3) || = (1 +1) - Dist(5,R7) ,

where the inequality above follows since s* > 0 and hence (§+¢-(5—s*))” > (1+4¢)(5)~. Combining
the above equalities and inequalities proves (Z;) for all £ > 0. O

Lemma 3.10. Suppose that 7 and o satisfy (2.6). For any 2° € R?, 4 € R™ and s := c— ATy €
R™, then 20 := (2°,9°) satisfies:

Distys (2%, 2*) < Cy - Dist(2°, V) + Oy - Dist (s, R) + C3 - max{0, Gap(z°, s°)} , (3.19)
where
* 3v2 V2
O = (3125, (@) + 17 @m(ﬁw%w+ﬁMWm)
V2
Ca = Oglall (fumnxmm mpqup(c)u) (3.20)
- 2 V2
Cs := <ﬁup||Pp<c>| fudqnxmm> :

Proof. We presume that 2 ¢ Z*, for otherwise (3.19) follows trivially. Let #° be the projection

of z° onto V},, namely 70 = Py, (2°). Then 7° — 20 is orthogonal to ‘_/;,. Also let  and 5 be

the projections of 2° and s onto F, and Fg, respectively, namely & := argminger, ||z — 2°|| and
§ := argminger, ||s — s°||. Since # and § are feasible for F, and F,, respectively, the duality gap
Gap(z, §) is nonnegative. Furthermore, we have

Gap(#,5) =c¢'&—q'(c—38) =Gap(a®,s°) +¢' (2 — a2 +¢" (5 5") (3.21)
< Gap(a®,s%) + ¢ (& — 2°) + ||q|| - Dist(s’, Fy) '

and also

(@ —2% = (PVP(C) + PV; (c)>—r (-3 + (2" —a")) = Py (o) (2 -3°) + P} ()" (2° —2)
< ||P‘7p(c)| & =20 + ||P |- ||2° = 2% = ||P‘7p(c)\| -Dist (2°, F,) + HPV; (¢)| - Dist(z°, V) ,
(3.22)
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where the second equality above is due to 2 — 2° € 17p (because both £, 7% € V,,) and 7% — 2% € 17]}.
Substituting (3.22) into (3.21) then yields:

Gap(, 3) < Gap(z",s°) + || Py, (¢)|| - Dist (3%, Fp) + [Py, (c)[| - Dist(z", V) + [|q]| - Dist(s", Fa) -
(3.23)
Now we aim to replace the distance term involving Z° in the right-hand side of (3.23) with a
term involving #°. From the definition of the ER 6,(-) we have:

Dist(2°, F,) = 0,(3") - Dist(3°,R?) < 0,(3°) - [|3° — 2°|| = 0,(z°) - Dist(2,V}) , (3.24)

where the inequality uses 2° € R7.. Note that Dist(z°, 7,,) < Dist(z%, F,)+||z° —z°|| = Dist(z%, F,)+
Dist(z%,V}), so using (3.24) we obtain

Dist(2°, F,) < (6,(3°) + 1) - Dist(z%,V},) . (3.25)
Similarly, since s € Vj, using the ER 604(-) we have:
Dist(s, Fy) < 04(s°) - Dist(s’, R") . (3.26)
Substituting (3.24) and (3.26) into (3.23) yields:
Gap(2. ) < Gap(a®, ) + (1P, (©)16,(2%) + [Py (0)]) - Dist(z". V) + [l - 6a(s°) - Dist(s", )
(3.27)
Let us now use (3.27) to bound the distances to optima. Note that the duality gap Gap(z, §) is

an upper bound for both ¢"Z — f* and f* — ¢ (c — 5), where f* denotes the optimal objective value.
Then because & € V), and 5 € V; we have:

Gap(%, 3) Gap(%, 8)
REEACI [EACH

and note that || Py (q)|| = [[¢|| because ¢ € V. Because Gap(#,8) > |¢'# — f*| and Gap(, §) >
lg" (c — 5) — f*|, we have:

Dist(z, Vp, N {x : cle=f* b < and Dist(8, VyN {s: ¢ (c—s)=f* 1<

Dist(#, X*) < Ris@Vondwele=/"}) o 1 Gap(d.9)

Hp — Hp ||P\7p(c)|| ’ (328)
Dist (3, S*) < DitEVanlsa (c=)="}) o 1 Gap(a.5)
T Ha T

Now since Dist(z%, X*) < ||2° — 2| + Dist(&, X*) = Dist(2?, F,) + Dist(£, X*), using (3.25) and
(3.28) implies that:

Dist(z%, X*) < (6,(z°) + 1) - Dist (2, V) + —

! Gap(‘f .8) (3.29)

Combining (3.27) and (3.29) we obtain:
Dist(2°, X*) < (0,(2°) + 1) - Dist(z°,V},)
Gap(a®, 5°) + (IIPy, ()16,(2°) + | Py.1 () ) - Dist(°, V) + gl - Ga(s°) - Dist(s°, R?)

+
o Py (O]

lq]l0a(s°)

NP ) st (s0, R™)
[ Py (O] :

B Gap(2?, s°) N <9p(i0) N HPVPL(C)”

= +0,(2°%) 4 1 | - Dist(2°, V) +
O o il Py @ " ?

(3.30)
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Note that because p, < 1 and 6,(2°) > 1, it follows that (3.30) can be relaxed to:

0 0 ~0 |Po. (o)l 0
Dist(z", X*) < Gap(a, ) 30,(77) Vs -Dist (2", V) + lalifals™) Dist(s?, R") .
wlPe @l T\ T mlPrel Py @]

(3.31)
Using almost identical logic applied to s° instead of 20, we obtain:

0 &0 0 1Py ()[|10p(2°) + [ Py ()]
Gap(z”,s”) = 204(s”) -Dist(so,Ri) n v, D Vi

Dist (s, S*) <
pallqll Ld pallgll

-Dist(2%,V},) .

(3.32)
Combining (3.31) with (3.32) and using the right-most inequality of (2.13), it follows that

Dist s (2%, 2*) < C1(2%) - Dist (2%, V) + Ca(2°) - Dist (s, R} ) + C3(2°) - max{0, Gap(z?, s°)} , (3.33)

where

C1&") = (8P DIy, 1+ 1P, @) - (7o + s )
P

s — 2v2 V2
Col20) 1= 04(s") ] - < Y - mp%@)
03(20) = 03 y

(3.34)

and notice in the definition C; we have written 6,(Py, (")) since in fact 2 := Py, (z"). Now notice
that (3.33) is nearly identical to (3.19), except that the constants Cy(2°) and C5(z") use 6,(Py, (2°))
instead of ¢, and use 04(s°) instead of 65.

To finish the proof, let z* € argmin.cz« ||z — 2% as be fixed, and define 2* := (1 — X)z% 4+ Az*
for all A € [0,1). Then (3.33) holds for z*, namely:

Distr (2}, 2*) < C1(2*)-Dist(2, V) + Ca(2*) - Dist (s*, R ) + C5(2*) -max{0, Gap(z*, s*) } , (3.35)

since 2z satisfies the same hypotheses as 2°. And since z* € argmin,cz- ||z — 2*|| 3 we can invoke
Lemma 3.9. It follows from Lemma 3.9 that for all ¢ > 0 with 2 := 2 + ¢(2* — 2*) that

Distr (27, 2*) < C1(2*)-Dist(x, V) + Ca(2?) - Dist (s, R? ) + C3(2*) -max{0, Gap(z}, 57) } - (3.36)
Setting t = A/(1 — \) yields z;' = 2%, whereby:
Distyr(2°, 2%) < C1(2*) - Dist(2°, V) + Ca(2?) - Dist(s%, R? ) + C3(2*) - max{0, Gap(z°, s°)} . (3.37)

Now let A — 1, whereby 2* — 2*, and so limsup,,_, 6,(Py, (2*)) < ¢, and therefore lim supy_,; Cy(2M) <

Ci. Similarly limsupy_,; 04(s*) < 6% and therefore limsupy_,; C2(2%) < Cs. Thus, we can conclude
(3.19) from (3.37). O

Finally, we prove Lemma 3.4.

Proof of Lemma 3.4. The proof is a combination of Lemmas 2.1, 2.5, and 3.10. Setting s® = c— ATy
it follows from Lemma 2.1 that

Dist(a?, V) < —=t— - p(||2 — 2%lars 21) |
Dist(s", BY) < - p(|| 2 — 2¢]ar: 2") (3.38)

Gap(a®, s*) < max{[[z" — z[lar, |2 }o(l12° — 2¢llars 2°) -
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Also, from Lemma 3.10 it follows that Distys (2%, Z*) can be bounded using the terms in the left-hand
side of (3.38):

Dist s (2%, 2*) < C1 - Dist(2%, V) + Oy - Dist(s?, R) + C3 - Gap(z”, s°) , (3.39)
where C1, Cy and Cs are the scalars defined in (3.20). Substituting (3.38) into (3.39) yields:

1 Cy b b b b
— . -2 — 2% ar; . A
T+ et Carmax{l2 a1} ) o2 = 2 asi ) (340)

From Lemma 2.5 it holds that

DiStM(Zb, Z*) < (

max{||z® — 2°||ar, |2°]| 0} < 2Distas (2%, 2%) + ||2°|| 3 = 2 Dists (0, 2%)
2v/2 2v/2

< —— Dist(0, X*
— \/F IS(, >+\/E)\m1n

where the second inequality uses (2.13). Substituting this inequality into (3.40) yields

2V2C5
Amin\/g

Dist(c,S™) ,

CL G 2/2C
ﬁ/\min \ﬁ \ﬁ

Distps (2%, 2%) < ( Dist(0, X*) + Dist(c, 5*)) p(12° = 2¢||ar; 2°) .

(3.41)
The proof is completed by substituting the values of C7,Cs, C3 defined in (3.20) into (3.41), which
then yields (3.11). O

4 Properties of the Limiting Error Ratio (LimitingER)

In this section we present some relevant properties of the limiting error ratio (LimitingER). Without
loss of generality, we focus primarily on 67 and similar arguments could also be made for 6. Theorem
4.1 in Section 4.1 characterizes an upper bound on 6 that is connected to the notion of a “nicely
interior” point in a convex set — which itself is critical to the complexity of separation-oracle methods
[15]. Proposition 4.2 in Section 4.2 presents a convex optimization problem (actually a conic
optimization problem with one second-order cone constraint) whose solution provides an upper
bound on 67, thus showing that computing a bound on 6} is computationally tractable. Finally,
Theorem 4.3 in Section 4.3 shows that the error ratio 6,(z) is upper-bounded by a simple quantity
involving the data-perturbation condition number DistInfeas(-) of Renegar [19]. Proofs of these
results are presented in Appendix D.

Our setup once again is the LP problem (1.1) in which the feasible set is F,, the intersection
of V, and R’} We will assume in this subsection that A* is nonempty, and recall the definition of
the limiting error ratio (LimitingER) 6 in (1.11). Let F, 4 denote the strictly feasible solutions of
(1.1), namely F4 4 :=V, NR%} . We do not necessarily assume that F, . # 0.

4.1 An upper bound based on “nicely interior” feasible solutions

The following theorem presents an upper bound on the limiting error ratio #; using the existence of
a “nicely interior” point in F4 4. (In the theorem we use the convention that the infimum over an
empty set is +00.)

Theorem 4.1. For the LP problem (1.1), suppose that the optimal solution set X* is nonempty and
bounded. Then

* e,
05 < sup inf M : (4.1)
r*EX* Tint E]"++ mlni (xint)i
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This theorem states that if every optimal solution z* has a nicely interior point near to it — in the
sense that there exists xijnt € F4 4 that is simultaneously close to * and far from the boundary of
the nonnegative orthant R, then the LimitingER value 67 will not be excessively large. In the case
when X* is a singleton, then (4.1) simplifies to finding a single nicely interior point that balances
the distance from the optimal solution (in the numerator above) with the distance to the boundary
of R} (in the denominator above). (Note that the concept of a nicely interior point is quite similar
to that of a “reliable solution” in [13], see also [14] for connections to Renegar’s data-perturbation
condition number DistInfeas(-) [19].)

The same argument also holds for 6. We prove Theorem 4.1 in Appendix D for a generic form
of LP, which encompasses both the primal and dual problems.

4.2 A computable upper bound for the limiting error ratio

Here we show how, in principle, we can use the upper bound in Theorem 4.1 to construct a
computationally tractable convex optimization problem that computes an upper bound on the
LimitingER 6.

We first suppose that we can compute, without too much extra computational effort, a ball that
contains the optimal solution set X'*. That is, we suppose we can compute a point x, € X* and a
radius value R, such that X* C B(z,, R,), so that every optimal solution is within a distance R,
from the optimal solution x,. If X* is a singleton, then R, = 0 trivially. If X* is not a singleton,
then one choice of x, is the analytic center of X* (see Sonnevend [52], also [12]), from which one can
then easily construct a bounding ellipsoid £°% that contains X* and then examine the eigenstructure
£°" to compute a suitable value of R,.

Proposition 4.2. Suppose x, € X* and there exists R, for which X* C {z : ||z — z4|| < R.}, then
it holds that 0 < G* for G* defined as follows:

Ra + ||z — |

G*:=  inf sst.xeV,, x>r-e. (4.2)
r>0, xteR™ r
Furthermore, since V, = {& € R" : AZ = b}, then
G*:= min Ria+|v—ax.|| s.t. Av=ab, v>e, a>0. (4.3)
vER", a€R

Proposition 1 in Section 1.3 is just a restatement of (4.2). The formulation of the upper bound in
(4.3) is a convex optimization problem of essentially the same size as that of the original LP problem
(1.1), and its only non-linear component is the norm term ||v — z4¢/| in the objective function. This
can easily be handled by a single second-order cone constraint, or can be upper bounded by an ¢; or
{+ norm which then can be converted to a pure LP problem.

We prove Proposition 4.2 in Appendix D for a generic form of LP, which encompasses both
the primal and dual problems. As for computing the upper bound for 87, given s, and R, such
that s, € S* and S* C B(sq, Ry), the upper bound G* in (4.2) could be computed by solving the
optimization problem:

min Roa+ v —asq|| st. Aly+v=ac, v>e, a>0. (4.4)
veER” yeR™, acR

4.3 Relationship between the LimitingER and the distance to infeasibility

We have established the relationship between 67 and the geometric properties of the feasible sets. In
this subsection, we demonstrate that this relationship also extends to the distance of the data from
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infeasibility. The concept of distance to infeasibility was initially utilized to assess the complexity
of LP [19]. Previous research, such as [39, 22|, has also studied the connections between global
upper bounds of error bounds and the existence of perturbations. Here we show it also holds for the
ER 6,(x) and the LimitingER ¢5. We primarily focus on 65 for the primal problem for clarity, but
similar arguments also hold for ¢}. In the appendix we will prove them for a generic form of LP,
which encompasses both the primal and dual problems.

Note that Vj, is given by {# € R" : Az = b} for an m x n real matrix A and a vector b in R™.
Let SOLN(A, b) denote the feasible set corresponding to (A,b), namely SOLN(A,b) := {z € R":
A% = b,z > 0}. We suppose that SOLN(A, b) # ), in which case the “distance to infeasibility” of
the data (A,b) is defined as follows:

DistInfeas(A, b) := inf {||AA|| + | Ab]| : SOLN(A + AA, b+ Ab) = 0} |

see |[19]. Now we have the following general theorem about the relationship between 6,(z) and the
distance to infeasibility.

Theorem 4.3. Suppose that F,, is nonempty for the LP (1.1). Then for every x € V,, \ Fp, it holds
that

o, (a) < JANOE lel)

. 4.5
~ DistInfeas(A4,b) (45)

This theorem shows that the larger the distance to infeasibility is (namely, the larger the least
data perturbation to infeasibility), the smaller the error ratio 6,(x) must be. The inequality (4.5)
looks similar in spirit to Theorem 1.1 part (1) of Renegar [19], even though the setup and context
are structurally different from that considered here. From Theorem 4.3 we also have the following
relationship between 67 and the distance to infeasibility.

Corollary 4.4. Suppose that the LP (1.1) has an optimal solution. If DistInfeas(A,b) > 0, then it

holds that
g < 141 + maxger: ||z]])

P DistInfeas(A, b)

Both Theorem 4.3 and Corollary 4.4 imply that the farther the feasible set ), is from infeasi-
bility (namely, the larger DistInfeas(A, b) is), then the smaller 0,(z) and 65 must be. It should be
noted that these inequalities do not hold oppositely, because 6, (z) and ¢, are only determined by the
geometry of the feasible set, while the DistInfeas(A, b) is affected by the data as well. For example,
simultaneously rescaling a row of A and the corresponding entry of b by a small factor could decrease
the value of DistInfeas(A, b) while keeping || A|| roughly unchanged. This would significantly increase
the right-hand sides of (4.5) and (4.6), but the left-hand sides are unchanged because it does not
affect the geometry of the feasible set.

The main idea of the proof of Theorem 4.3 is to construct, for each x € V, \ F,, a suitable

perturbation (A4, Ab) of (A, b) for which DistInfeas(A + AA, b+ Ab) = 0 and 6,(z) < UL

(4.6)

5 LP Sharpness and stability under perturbation

In this section we present a characterization of the LP sharpness in terms of the least relative
perturbation of the objective function vector that yields a different optimal solution set that is
nonempty and not a subset of the original solution set. We also present a characterization of the LP
sharpness via polyhedral geometry, with implications for computing methods. We still primarily focus
on fip for the primal problem (1.1) while similar results also hold for p, because of the symmetric
reformulation (2.3).
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5.1 Characterization of LP sharpness and the stability of optimal solutions
under perturbation

Let OPT(c, F,,) denote the set of optimal solutions of the LP problem (1.1), namely

OPT(c, Fp) := arg min ¢'z .
ze€Fp
Let Cx+ denote the recession cone of the optimal solution set X*, and let C%.. denote its dual
cone, namely C%, = {w : w'd > 0 for all d € Cx+}. Then for any Ac € ‘_/'pi, OPT(c, Fp) =
OPT(c + Ac, Fp). Additionally, if Ac ¢ C%., then OPT(c + Ac,F,) = 0 (indeed, there exists
d € Cy~ with Ac'd < 0; moreover ¢'d = 0 for all d € Cy«, and therefore (c+ Ac) ' (z* +td) — —o0
as t — oo and the resulting LP instance has unbounded objective value).

Intuition suggests that the LP sharpness value pu, should be related to objective function
perturbations that alter the set of optimal solutions. Indeed, we have the following theorem that
characterizes this relationship completely, namely f, is the smallest relative perturbation Ac of ¢
that yields a different optimal solution set that is nonempty and not a subset of the original optimal
solution set. More precisely, we have:

Theorem 5.1. Consider the general LP problem (1.1) under Assumption 1, and let y, be the LP
sharpness of (1.1). Then

Ac
fp = f{ ”HP~(( )|)|H OPT(c+ Ac, Fp) # 0 and OPT(c+ Ac, Fp) ¢ OPT(c,fp)} . (5.1)

Note that under Assumption 1 we must have HPVP(C)” > 0 as otherwise all feasible solutions

would be optimal (which violates Assumption 1). The proof of Theorem 5.1 in its generic form
(which encompasses both the primal and dual problems) is in Appendix E.

5.2 Polyhedral geometry characterization of LP sharpness

In this subsection we present a polyhedral characterization of the LP sharpness, which leads to an
explicit formula for the LP sharpness. Before we go into details, we first convey our general results as
follows, using the the primal problem (1.1) as an example. If the optimal solution set is a singleton,
namely X* = {2*}, then we will show that the LP sharpness i, is the smallest sharpness along all
of the edges of F, emanating from z*. One implication of this result is that if the LP instance is
primal and dual nondegenerate, then the dual nondegeneracy implies that X™* is a singleton, and the
primal nondegeneracy implies that there are exactly n — m edges emanating from X, and hence it
will be very easy to compute the LP sharpness. The more general result that we will show is that LP
sharpness is the smallest sharpness along all edges of F,, that intersect X* but are not subsets of X™*.
In the absence of nondegeneracy there can be exponentially many such edges, and so computing the
LP sharpness for either a primal or dual degenerate instance is not a tractable problem in general.

We now develop these results more formally. For any x € F, \ X*, we define the sharpness of the
point x to be:

cl(z—z*)
Glo) Dist(z, V, N HE) TPy, (@
YT TDist(x, &%) |lr — 27|

where z* := arg min,¢ x+ ||v*—z|| is the projection of x onto X*, and Hj; := {& € R" : i =cla*}is

the optimal objective hyperplane. With this notation the LP sharpness (1.12) is yp = inf,c 7\ x+ G(2).
Next let us recall some notation about convex polyhedra, see [15]. An edge of a polyhedron is a
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1-dimensional face of the polyhedron. And since F,, is a polyhedron it follows that F, will have a
finite number of edges. Furthermore, every edge will either be (i) a line segment joining two different
vertices v! # v? of F, which we denote by e = [v!,v?], or (ii) a half-line of points v + fr for all
6 > 0, where v is a vertex of F,, and r is an extreme ray of F,, and which we denote by f = [v;r].
We will be concerned with the subset of edges of F,, which have one endpoint in A but are not
subsets of X'*, which we call edges emanating away from A™* and which we denote as M, and whose

formal definition is:

M= My UMy  where M :={e=[v!,v?]:eisan edge of F,, v} € X* 0% ¢ X*}
and My = {f =[v,7] : f is an edge of F,, v € X*,c'r=1}.

The theorem below shows that the LP sharpness can be characterized using the following two
functions:
Dist(z, V), N H)
R =G(2) = P
1(e) = G@) = 557 2o

- L Dist(z* +¢& -7, V, N H}) . -
Ry(f;¢6) =G(x"+¢-r) = Dist(z* + 27, X for all edges f = [2*;r] € Mg and all€ >0 .

for all edges e = [z, %] € M1, and

Because M is a finite set, we can write M = {e' : i =1,2,...,mi}U{f/ : j = 1,2,...,my} for
some integers mq, ms.

Theorem 5.2. For any given € > 0, the LP sharpness is characterized as follows:
ptp = min { Ry (e'), Ri(€?),..., Ri(e™), Ro(f;8), Ra(f?8), ..., Ra(f™8)} . (5.2)

Theorem 5.2 provides a purely polyhedral characterization of p, via edges of F,, that emanate
from X*. In the special case of a unique optimal basis, Theorem 5.2 leads to a closed-form expression
for pp, in terms of the optimal basis and optimal dual slack variable values of the simplex tableau at
the optimal basis, see Lemma 5.2 of [56] for details. For general LP instances, depending on the
number of optimal bases, the computation of 1, may be straightforward or exponentially expensive
in the worst case.

The proof of Theorem 5.2 is in Appendix E. It is noted that the R;(e’) and Ra(f;&) in the
right-hand side of (5.2) are both purely geometric quantities. Therefore, the characterization of p,
in Theorem 5.2 and its implications for computing p, also hold for x4 in a symmetric way on the
dual problem.

6 Numerical Experiments

Here we present results of numerical experiments designed to test how consistent our theoretical
bounds are with computational practice, as well as to demonstrate the value of various heuristics on
practical computation, based on our theoretical results. All computation was conducted on the MIT
Engaging Cluster, and each experiment used a 2.4 GHz 14 Core CPU and 32G RAM, with CentOS
version 7. All experiments were implemented in Julia 1.8.5.

6.1 Simple validation experiments

We conducted five simple experiments to test the extent to which the iteration bounds in Theorem
3.1 are “valid,” by which we mean that the bounds are directionally consistent with computational
practice on a specifically chosen family of test problems.
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Experiment 1: Sensitivity to the Hoffman constant of the KKT system. The bounds in
Theorem 3.1 are based essentially on three condition measures: LP sharpness, LimitingER, and
(relative) distance to optima. This is in contrast to the analysis of [3] whose bounds are mostly based
on the Hoffman constant of the KKT system of the LP instance. To test the sensitivity of Algorithm
1 to the Hoffman constant of the KKT system, we created the following family of LP instances in
standard form (1.1) with m = 1, n = 3, and data (A!,b!, c!) parameterized by v € (0, 1] as follows:

. . T
A% = [Smm cos(7), sin() | gl c,ly = [COS(V),—sin(V), m} . This family of problems was

V2 V2 V2 V2

designed to have the following properties: |c|| = 1, Ac = 0, ||q|| = 1, with uniform values of LP
sharpness values and LimitingER, for both the primal and dual problems, but with increasing values
of the Hoffman constant of the KKT system as v \, 0.

The first three columns of the first row of Figure 2 show the LP sharpness values (computed using
the methodology in Section 5.2), LimitingER values (computed using the upper bound methodology
in Section 4.2), and relative distances to optima for this simple family of problems, which are
all constant over the range of v € (0,1]. In the fourth column we report the actual iterations of
Algorithm 1 (to obtain a solution whose Euclidean distance to the optimum is at most 10719), and
the iteration bound of Theorem 3.1 as well as the iteration bound (1.9) based on [3]. (Since these
two bounds are based on linear convergence rates, we report the constant outside of the logarithmic
term for simplicity, and we computed the Hoffman constant for the KKT system using the algorithm
and code from [10].) Notice that the bound (1.9) from [3] grows exponentially in In(1/7) while the
actual number of iterations and the bound of Theorem 3.1 are constant over v € (0, 1]. This simple
example validates the absence of the Hoffman constant from the bound in Theorem 3.1, and shows
for this simple family that the actual number of iterations of Algorithm 1 is constant as suggested
by Theorem 3.1.

Experiment 2: Sensitivity to LimitingER. This simple experiment is designed to test the
sensitivity of Algorithm 1 to the LimitingEER. Similar in approach to Experiment 1, we created the

cos(v) cos(7) sin(v) sin(y) T
family: A2 := [ \/g ,sin(y), \/; }, b =1, cg = { \/; , —cos(7), \/;} , where again ||c|| = 1,

Ac =0, ||g|| = 1, with constant values of LP sharpness for v € (0, 1], but now the LimitingER value
increases as v \, 0. The second row of Figure 2 shows our results. In this family of instances the
LP sharpness values are constant even as the LimitingER grows. Notice that the relative distance
to optima also grows similarly to the LimitingER; this must occur since the relative distances to
optima are lower-bounded by the LimitingER , see [58]. The fourth column shows that for the
smaller values of 7, the bound in Theorem 3.1 follows a similar pattern — including the slope in the
log-log plot — as the actual iterations of Algorithm 1.

Experiment 3: Sensitivity to LP Sharpness. This simple experiment is designed to test

the sensitivity of rPDHG to LP sharpness. We created the family: Af; = [%, %, %}, b =1,
-1 -1 2

T T
c% := cos(7y) - [%, T %} + sin(7y) - [&—%, %, 0} . Similar to the previous experiments we have
llc|| = 1, Ac = 0, ||q|| = 1, with constant values of the LimitingER and the relative distances to
optima for € (0, 1], but now the primal LP sharpness p, value decreases as v \, 0. The third row
of Figure 2 shows our results. Similar in spirit to Experiment 2, the fourth column shows that for
the smaller values of v that the bound in Theorem 3.1 follows a similar pattern — including the slope
of the log-log plot — as the actual iterations of Algorithm 1.

Experiment 4: Sensitivity to simultaneous changes in LP sharpness and LimitingER.

T

We created the family: Afly = |sin(7y), CO\?%Y),—&\/(;)}, b= 1, cfly = [0,%, %} , in which the
primal LP sharpness p, decreases and the dual LimitingER 6 increases as v “\, 0, see the fourth
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(a) Results for Experiment 1
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(c) Results for Experiment 3
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(d) Results for Experiment 4
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Figure 2: Values of LP sharpness, LimitingEER, relative distance to optima, theoretical iteration
upper bound of Theorem 3.1, actual iteration count, and the iteration bound (1.9) based on [3] for
the four simple validation experiments.
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row of Figure 2 for the computational values. Examining the fourth column of this row, we see the
multiplicative effect of these two condition measures both on the theoretical bounds of Theorem 3.1
as well as a doubling of the slope of the log-log plot of actual iteration counts, which aligns well with
the theoretical results.

Experiment 5: Effect of the step-size rule based on LP sharpness. Theorem 3.2 presented
a step-size rule (3.3) based on knowledge of the LP sharpness measures p, and p, that leads to a
structurally superior complexity bound for Algorithm 1. (However, this rule is impractical since the
LP sharpness measures are neither known nor easily computable in practice.) In this experiment
we test the utility of this rule using the simple family of LP instances (Ai, b4, c%) described in
Experiment 4, where for this simple family we know the LP sharpness measures. Figure 3 shows the
theoretical upper bounds and the actual iteration numbers of Algorithm 1 with standard step-sizes
(Theorem 3.1) and the step-sizes of Theorem 3.2 for this family of LP instances. The figure shows
that this step-size rule reduces the actual number of iterations in line with the theory.

Results for Experiment 5
1010

Standard step-sizes:
= = Theorem 3.1 bound
- Actual iterations

108 4

106 4
Step-sizes based on LP sharpness:

= = Theorem 3.2 bound

- Actual iterations

104 4

102 1= T T T T T
10° 107110721073107%107>

Value of y
Figure 3: Theoretical upper bounds and the actual iteration numbers of Algorithm 1 with standard
step-sizes (Theorem 3.1), and theoretical upper bounds and the actual iteration numbers of Algorithm
1 with the LP sharpness-based step-sizes of Theorem 3.2, for the family of LP instances described by
(AL, b, )

Experiment of Figure 1. Finally, we conducted an additional experiment on the family of LP
instances given in (LP,), and the results are shown in Figure 1 in Section 1. In this experiment, the
iteration bound from Theorem 3.1, the Hoffman constant, and the iteration bound (1.9) were all
computed using the same approach as in the five experiments described above.

6.2 Computational evaluation of two theory-based heuristics on the MIPLIB
2017 dataset

In this subsection we introduce two heuristics that are inspired by our theoretical guarantees, and are
designed to improve the practical performance of Algorithm 1. The first heuristic involves the choice
of step-sizes 7 and o for Algorithm 1. It was observed in [3] that even while keeping the product
of the primal and dual step-sizes 7 and o constant, heuristically modifying the ratio 7/o had the
potential to improve the computational performance of rPDHG. Theoretical justification for that
observation can be seen in the computational bounds for Algorithm 1 in Theorem 3.1 using different
step-sizes 7 for the primal and o for the dual in (3.3), and Theorem 3.2 shows — at least in concept —
how the complexity bound can be structurally improved by appropriately varying the ratio 7/0 while
keeping the product constant, namely 7o = 1/(4)2,.). In the spirit of “learning from experience,”
our first heuristic is essentially an adaptation of the methodology in [3]| to learn a reasonably good
step-size ratio, and works as follows. We consider five possible choices of step-sizes, namely (7,0) =

(40° /2 \max, 407 /2 mayx ) for £ = —1, —%, 0, %, 1. For each of these step-size pairs we run Algorithm 1
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for 5,000 iterations from the same initial point (z%9 5%9) = (0,0), and then choose which of the five
_ ||A$+—b||+||(c—ATy)’ll T2t —bTy|

1+l I+l ItleTat|+[b Ty
The heuristic essentially spends 20,000 iterations exploring/testing for a better step-size ratio. (We
note that the relative error &,(x,y) is upper-bounded by the distance to optima &;(x,s) (2.4), see
Remark A.1.)

The second heuristic is also motivated by the computational bound in Theorem 3.1 where we
observe in (3.4) that the bound grows at least linearly in the condition number x of the matrix A
(recall the definition of k in (2.7)). The heuristic is to compute and apply a (full-rank) row-pre-
conditioner D € R™*™ to the equality constraints zile = b to yield the equivalent system DAz = Db
Athax (DA
AF ((DA))

min

step-sizes to use based on the smallest relative error & (z,y) :

for which the condition number ' := k(DA) := is reduced. Notice that for any such D,

the preconditioned LP instance

min ¢'z st. DAz = Db, >0 (6.1)

zeR"
and its dual problem have the identical duality-paired symmetric format (2.3) as the original LP
instance; and so the LP sharpness, the LimitingEER, and the relative distance to optima are unchanged
by the preconditioner. Indeed the only quantity in the iteration bound (3.4) that is changed is the
matrix condition number k(D A). In our second heuristic we work with the “complete” pre-conditioner
D := (AAT)~1/2 for which ' = k(DA) = 1, which requires one (potentially expensive) matrix
factorization. Other first-order methods for LP, such as |29, 11|, also compute and use a single
matrix factorization throughout all iterations. (When the problem is very large and computing even
one matrix factorization is not tractable, [1] proposed to use a diagonal preconditioner D, but there
were no theoretical guarantees.)

We tested the usefulness of the two heuristics using the LP relaxations of the MIPLIB 2017
dataset [16], which is a collection of mixed-integer programs from real applications. We took the LP
relaxations of the problems in the dataset and converted them to standard form so that Algorithm 1
can be directly applied. We ran Algorithm 1 to compare the following choice of heuristic strategies
for step-sizes and preconditioners:

e Simple Step-size: this is the simple step-size rule originally used in the proofs in [3], namely

T=0=1/(2 \max);

e Learned Step-size: use an extra 20,000 iterations to heuristically learn the best of five

step-sizes as described above,

e Preconditioner: apply the preconditioner D = (AAT)_I/ 2 as described above, and

e Learned Step-size+Preconditioner: apply both of the above heuristics.

Figure 4 illustrates the individual effects of the two heuristics on three representative problems,
namely nu120-pr9, n2seq36f and n3705. The horizontal axis is the number of iterations and the
vertical axis is the relative error &.(z,y) := ”?flrll;\\bu 4 ”(sz[j")_“ + 1_&T2Tx;f‘jbyr|y|
the original data of the LP instance for consistency. (The rather chaotic pattern of the early iterations
of the Learned Step-size heuristic is due to the fact that the first 25,000 iterations are used to test
five different step-sizes.) For most of the LP instances in the MIPLIB 2017 we observed that the
Learned Step-size heuristic enables much faster linear convergence, though n3705 is an exception to
this observation. We also observed that the preconditioner improves convergence significantly across
all problems.

Last of all, we tested all four combinations of heuristics on a large subset of the MIPLIB 2017
dataset, namely all LP relaxation problems in which mn < 10, of which there are 574 such problems
in total. For this evaluation we consider an LP instance to be “solved” if Algorithm 1 computes
a solution (z,y) for which &.(z,y) < 10~*. Figure 5 shows the fraction of solved problems (of

computed using
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nul20-pr9 n2seq36f n3705
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Figure 4: Performance of Algorithm 1 using two heuristic strategies, on problems nul20-pr9,
n2seq36f and n3705.

the 574 instances) on the horizontal axis, and the maximum iterations (leftmost plot) and the
maximum runtime (rightmost plot). Notice that these two techniques both help the rPDHG solve
more problems in a shorter time. Among the two heuristics, the preconditioner plays a prominent
role in reducing the number of iterations, and also in reducing runtimes. Moreover, applying both
heuristics is also valuable. Finally, it bears mentioning that if the problem is so large that the cost
of working a matrix factorization is prohibitive, it is still possible to apply diagonal preconditioners
to potentially improve the value of &, see [1].
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C
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Figure 5: Performance of Algorithm 1 combined with heuristic strategies, on the 574 LP relaxation
instances from the MIPLIB 2017 dataset.

The above experiments show that these two heuristics — which are motivated by our theoretical
results — have clear potential to improve the practical performance of Algorithm 1, which also
highlights the value of the theoretical understanding in the development of practical improvements
in solution methods.

Appendix

A  From the Distance to Optima to the Relative Error

Here we show that the relative error is upper-bounded by the distance to optima up to a scalar
factor. For the pair (z,y) and s := ¢ — ATy, let &.(z, s) denote the corresponding relative error of

. = . 5 Azt —b - Tat—qT (c—
(z,y), i.e., E(z,s) := &E(x,y). Then it follows that &.(x,s) = I 1i||b|| Iy k”l'” + lJlTCTxﬁqu(Tc(c‘?‘s)',
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in which ¢ := AT(AAT)"b.

Remark A.1 (Relative error bounded by distance to optima). There exists a scalar constant
¢ depending only on the data (A,b,c), such that for any solution pair (z,y) and s = ¢ — Ay,
the relative error of (z,s) is upper bounded by the distance to optima by a factor of ¢, namely

E(x,8) < E-Ey(x,s). One such value of € is & = c¢q := i‘lﬁlb‘\‘ + 2|le|l + gl + 1.
~ _ — T —a T (e
Proof. The error &.(x, s) is comprised of three parts, namely H’?ﬂbnb”, JEHJH and 1-iTch::+|i|q(Tc(cs—)L)\'

For any z* € X* and s* € 8*, because ||z — 2*|| > ||x — ]|, we have

[Az" —b|| _ [[Az — Az || + [[Aw — Ae*|| _ Al (v — ™| + lz —27]]) _ 2[4l - o — 2]

L+l — 1+ ol B 1+ |[oll 1+l
and
lcTat — g (c— )] T 4+ _ T T4+ _ T.x_ T T *
<lc z" — c—S)|=|cx" —c T — c—s)+ c— s
ey Sl =9l = | A 5) +a (e~ )
< el (e = 2* [ + llz = 2™ [) + llall - s — || < 2llell - & — 2*[| + llqll - [ls — s*]| -
Similarly, because ||s — s*|| < ||s — s*||, we have l‘tic“\\ = ”f;ﬁ:“” < ”f;‘f;‘” < |ls = s*[|. Now let
r* 1= argmingex+ || — 2| and s* := arg minges- ||s — 3|, then combining the above three inequalities
implies that &.(x,s) < ¢ Ey(x, s). O

B Proofs for Section 2.2

B.1 Proof of Lemma 2.1

Proof of Lemma 2.1. We first examine primal near-feasibility. It holds trivially from the supposition
that > 0 that Dist(z,R’}) = 0. Let us now show the upper bound on Dist(z,V},). We assume that
Dist(z, V},) > 0 as otherwise the upper bound holds trivially. Let & = arg mingey, ||z — Z|| and hence
Dist(Z, V,) = ||# — Z|. Note from the standard optimality conditions that # —z € Im(AT) and hence
there exists w such that 2 — # = ATw and also w € Im(A). It further holds that ATw # 0, since
Dist(z, V},) > 0.

From the definition of p(r;-) we have:

L(Z,y) — L(z,5) < rp(r; 2) for any z € B(r; 2) . (B.1)
Define y := §+ v/or - w/||w|| and set z := (Z,y), whereby z € B(r; z) and hence from (B.1) we have
ro(r;2) > L(#,y) — L(@,9) = (b— AD) (=) = (2 — D) TAT(y — 5) = w AATwy/ar/ ]|
It then follows that

plriz) wll _plriz) el _ plr:2)
Vo ATl = Vo Twlaar © voran

where the last inequality above follows since Apin = min, ey (a) ”UH#AT. This proves item 1.
Let us now examine dual near-infeasibility. Notice that by definition it holds that § € V. Define

z:=Z 4 /77 (5)7/(5)7| and set z := (z,7), whereby z € B(r;z) and hence from (B.1) we have

rp(r;2) 2 L(z,) — L(z,5) = (¢~ ATg) (z —2) = =5" (5)"V7r/Il(3)" | = V77 (5) I,

Dist(, Vp) = |& —zl| = [ATw] <
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and hence Dist(5,R"}) = [|(5)7[| < % - p(r; Z). This proves item 2.

Lastly, we examine the duality gap Gap(Z,5) =c'Z —b'%, and we consider two cases, namely
Zz=0and z #0. If 2= 0, then Gap(z,5) =c'Z —b' j = 0, which satisfies the duality gap bound
trivially. If Z # 0, then define z := z — min{m, 1}z, which satisfies ||z — z||as < 7. Substituting

the z := 2z — min{m, 1}z in (B.1) yields:

_ _ _ . r _ _
rp(r;z) > L(z,y) — L(z,y) = min {HZHM, 1} (c"z—-b"g), (B.2)
which simplifies to
'z — by < max{r, ||z a}p(r; ) . (B.3)
This proves the desired bound in item &. O

B.2 Proof of Lemma 2.2
We first recall the convergence result for PDHG in Remark 2 of [9].

Lemma B.1 (Sublinear convergence of PDHG (Remark 2 of [9])). Suppose that T and o satisfy
(2.6). For all K > 1, and for all x > 0 and y and z = (x,y), it holds that

L(z",y) — L(z,5") < =2 (B.4)

The actual result in Remark 2 of [9] is slightly different than above, but the logic of the proof
leads to (B.4) in our set-up for PDHG for LP.

Proof of Lemma 2.2. From the triangle inequality it holds that
2 _ _ 2
Iz = 25 < (2 = 25N + 1125 = 2%llmr)”

which then implies via Lemma B.1 that every z € B(||z25 — 20||ar; 25) satisfies

2
1 2 _ (Il = 2% + 1125 = 2°%w)” _ 2 2
—K K 0 K 0
L(z™,y) — L(z,y )SﬁHZ_ZHMS oK g?HZ _ZHM'

Therefore X 0
21z% — 2

o125 — Pl %) < A2l (85

For any z* € Z*, it follows from Lemma 2.4 that ||25 — 20| < |25 — 2%||ar + ||2* — 20| <

2||z* — 2°|| a7, which combines with (B.5) to prove the lemma. O

B.3 Proof of Lemma 2.5

Proof of Lemma 2.5. Let z* := argmin,cz« ||z — 2%||as, we have

max{|[z® — ||, ||zl }

max{|[2® — 2*[|ns + [12° = 2¥[|ar, 2% — 2*[|as + (21| ar}

max{||z® — 2*||ar + [|2% — 2*[|ar, 2% = 2*[|lar + [|2%][ar} (B.6)
max{l|z® — 2*[|ar + [|2% = 2¥[|ar, 2% = 2%llar + 1% = 2%[lar + [[2%]]ar}

2||2% = 2*[lar + l2%llas

IR VANRVANIVAN

where the second inequality uses the nonexpansive property (Lemma 2.4). This completes the
proof. O
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B.4 Proof of Proposition 2.6

We first prove the following elementary inequality:

Proposition B.2. For any y and s = ¢ — A"y, it holds that Dist(y, V*) < Dist(s, S*) - %

min

Proof. First observe that:
Dist (s, S*) = Dist(c—A"y, S*) = Dist(c—ATy,c—AT (V*)) = Dist(A y, AT (V*)) = Dist g 47 (3, V*) .

Let AAT = PD?PT denote the thin eigendecomposition of AAT, so that PTP = I and D is the
diagonal matrix of positive singular values of A, whereby D;; > min; D;; = Amin for each i. Now
let y* solve the shortest distance problem from y to Y* in the norm || - || 447, hence y* € Y* and
Dist 4 47 (v, V*) = ||y — y*|| 447, and let us write y — y* = u + v where u € Im(A) and v € Null(AT).
Then setting § = y* + v and noting that § € V*, we have:

Dist 447 (4, V") < ly — Gllaat = [Jull a7 - (B.7)

Next notice that since u € Im(A) = Im(AA"), there exists 7 for which = AAT 7, and define
A= D?P"r. It then follows that u = PA\, A = PTu, and ||u|| = ||\||. We therefore have:

Dist 447 (v, V)2 = (u+v) " AAT (u +v)

B.8
—u  AATu=ATPTPD?PTPA=XTD?X > )2 |2, (B3)

and hence Dist(s, S*) = Dist 447 (¥, V*) > Aminl|Al| = Amin||2|| = Amin Dist(y, Y*), where the second
inequality uses (B.7). Rearranging completes the proof. O

Proof of Proposition 2.6. We first prove (2.12). For a given a > 0, the statement “||z||as > «||z|| N
for any z” is equivalent to

2

l—«o T
1 —A
Izl — o®[[2]% = 2" Qaz > 0, where Qq := ( T An 102 > ,
_ I

and hence ||z||pr > af|z||y for any z if and only if Qo = 0. A Schur complement argument then
establishes that Q, = 0 if and only if (1 —a?)?/o7 > A2, which rearranges to a < v/1 — \/T0 Amax

max?

(where the right-hand side is well defined due to (2.6)). This establishes the first inequality in (2.12).
For the second inequality, note that the statement “||z||5; < v/2||z||x for any 2" holds if and only
1/(ro) > A2 ., which is satisfied due to (2.6)), completing the proof of (2.12).

max?

Let us now prove (2.13). We have

Distps(z, 2*) = 2@1\9}231* Iz — 2|lar < V2- ZG;I\Ifl*iley* |z — 2|~

< \\;?— Dist(ac, X*) + jg Dist(y,y*) < :j?iDiSt(x,X*) + \/a\ﬁfnm

where the first inequality utilities (2.12) and the third inequality uses Proposition B.2.
We next prove (2.14). Again using (2.12), we have Distps(z, 2*) > /1 — \/T0 Amax - Disty (2, Z2%),

and it also holds that Dist 5 (z, Z*) > max - {% Dist(x, X*), % Dist(y, y*)}. Furthermore, Dist(s,S*) =

Dist(ATy, AT(V*)) < ||A| - Dist(y, Y*) and ||A|| = Amax, which combined with the above two in-
equalities yields the proof of (2.14). O

Dist(s,S*) ,
(B.9)
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B.5 Proof of Theorem 2.3

Proof of Theorem 2.3. Before proving Theorem 2.3, we first prove the following claim:

1. Primal near-feasibiltiy: Dist(z%,V},) < f/l\ . 4Di5t1‘14<(07‘z*) and Dist(zX,R") =0,

2. Dual near-feasibility: Dist(s%,V;) = 0 and Dist(s5,R7) < \% . %ﬂo’z*) , and
*\2
3. Duality gap: Gap(z,35%) < % .
The upper bounds for the primal near-feasibility and dual near-feasibility follow directly from

Lemmas 2.1 and 2.2. To prove the bound on the duality gap, let r = ||z — 2°||,s, and let z* € Z*.
Then it follows from the duality gap bound in Lemma 2.1 that

_ 4 0_
(K K) SHZKHM ||ZKZ||M

Gap < max{[[2% = 2%lar, [12%lar} - p(I125% = 2%l1as5 25)

)

where the second inequality above uses Lemma 2.2 and z° = (0,0). Now we apply Lemma 2.5
with 2¢ = 2% = (0,0) and 2° = 2¢ = X which yields ||z5]||5; < 2Distys(0, 2*), and we obtain

Gap(zX,5%) < M’ which completes the proof of the claim.

Pr0p081tlon 2.6 states that Dist/(0, Z*) is upper bounded by % Dist (0, X*) + f\( Dist(c, ).

Substituting this upper bound into the claim proves Theorem 2.3. O

C Proofs for Section 3

C.1 Proof of Lemma 3.3

Proof of Lemma 3.3. We first bound the number of inner iterations k& of rPDHG between restarts in
the outer loop. When n = 0 we have k = 1. For n > 1 we show that &k < 5N /8. To see this, note
that it follows from Lemma 2.2 that

4 Dist (20, Z%)

nOH —nkz)_ -

(|2 —

(C.1)

We may presume that p(||z™% — 2"~19||r; 2™0) #£ 0, for otherwise it follows from Lemma 2.1 that
2™Y € Z* and Algorithm 1 would have terminated already in line 10. Let us rewrite (C.1) as

pUIZ"* = "0 2™ 4 Dist(:"0, 27)
om0 =203 2m0) = & ([0 — 2020

(C.2)

It then follows from (C.2) and (3.9) that k = [4N/3] suffices to ensure that condition (3.1) is
satisfied. Since N’ > 1 and 8 € (0,1), such a k is no larger than 5N /f3.

Next we prove an upper bound on the number of outer iterations. When n = 0 rPDHG restarts
when k = 1, and it follows from Lemma 2.2 and inequality (2.13) that the initial normalized duality
gap is upper bounded as follows:

Vi, 3
\F \F Amin

p([|12%% = 29955 2%Y) < 4 Distpr (290, 2%) < 4 ( > Eq(x™0, 00y (C.3)

Now note from (2.14) that

Dist n,0 X*) Dist n,0 S*
DiStM(Zn’OaZ*)Z’Y'maX{ istfa”, 27) Distls™ )}

VT Vo Amax
1

> - min{\};, M} CEq(a™0, sm0) |
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where v := /1 — \/0TAmax. Substituting this inequality back into (3.9) yields:

n n N n n— n
Eilx 0 s ’0) < 7 -max{v/7, V0 Amax} - p(||z 0_ 2 1’0||M;z ’0) ) (C.4)

n—1,0 n—l,O)

According to the restart condition, we have p(||z0— 2719 5s; 2™0) < B-p(||2 — 220y 2

for each n > 2. And noting that 219 = 201 it follows that:

p(l2™0 = 2" s 20) < B p(fl20 = 220w 210)

= Gt g2 — 2005 20) < 4t (ﬁ + ﬁfn) E4(a®, )
(C.5)
where the second inequality uses (C.3). Combining (C.4) and (C.5) yields:
gd(xn,O’ SnVO) < /;/ : max{ﬁ, \/E)\max} : 4511_1 ' (\\;»72»_ + \/E\i\ijn> gd(ib'o’o, SO’O)
(C.6)
<4I8n—1./\/'£(ﬁ+\/5)\ ) <1+ 1 >’gd(l'0’0 SO’O)
— ’7 max \//7_ \/E)\mm b .

Note that v = \/1 — /0T Amax, whereby (C.6) implies that for any & > 0, £4(z™?, s™0) < ¢ for all

V2 1 1 0,0 0,0y . ~—
g In <4N%(\/F+ \/E)\max)' (W‘i’ \/EAmin> 5d($ y S ) € 1)
n

- In(5~1)

+1, (C.7)

which must be true when

In <4~/\/ : 7/17\/{‘27_)\ ' (\ﬁ'i' \ﬁ)‘max) : (% + m) ' gd(xO’Ov 3070) : 5_1 : /B_1>
n > max
- In(6-1)

The upper bound for the total number of PDHGSTEP iterations now follows from (C.8) and noting
that the inner loop at n = 0 uses k = 1 iteration whereas for all n > 1 we have bounded the number
of PDHGSTEP iterations by k < 5N/f3. O

+1.(C.8)

C.2 Proof of Theorem 3.2

Proof of Theorem 3.2. Substituting in the step-sizes (3.6) and using the norm equalities ||P‘7p(c)|| =
lell, [[Pyo(e)ll = 0, |lg|l = Dist(0, V;,), and ||c[| = Dist(0, V) into the value of N in (3.13) yields:

(C.9)

Hp Hd

i = 25 <4e;+m- Bt | 0itave %ﬁzt&%fé,jf)
Due to (3.13), the value of A specified in (3.8) is at least as large as A in (C.9), whereby it holds
that Distys (™9, 2%) < N - p(||z™° — 2710 |pr; 2™0) for the value of N specified in (3.8). Therefore
condition (3.9) of Lemma 3.3 is satisfied, and it follows from Lemma 3.3 that T satisfies (3.10) with
the value of ¢ specified in the statement of the lemma, namely:

T < M-N-ln(é-/\ﬂ(W))H. (C.10)
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Substituting in the step-sizes (3.6) and S = 1/e into the value of ¢ in Lemma 3.3 we find that:

PR opllell pallall : _ : )
¢=8e <1 + HHd”‘]”) <1 + MPHCH)’ and using § = 1/e we finally arrive at:

0,0 .0,0
T < &»A/Jn<&»A/.<&xx’8))-<1+n“pk”><1+*“Wm>>-+1. (C.11)

€ pallgll ppllc]

Finally, because x > 1 and ||q|| = [|b]lq (where ||b]q denotes ||[AT(AAT)Tb|), it holds that 8e -

(1 + mZZ”SH) (1 + ZZHzH) < D for D defined in (1.18). Substituting this inequality into (C.11) yields

(3.7), which completes the proof of the theorem. O

D Proofs for Section 4

First of all, we introduce the following generic LP format:

U :=argmin ¢g'u st.ueF:=VNRY, (D.1)
u€R™
which generalizes the duality-paired LPs in (2.3) as specific instances. Let U*, u, g, F and V be X*,
x, ¢, Fp and V}, respectively, then (D.1) is the primal problem of (2.3). Let U*, u, g, F and V be
S§*, s, —q, Fq and Vy, respectively, then (D.1) is the dual problem of (2.3). We let F denote the
strictly feasible solutions of (D.1), let f* denote the optimal objective value, let 6(u) denote the
error ratio of F at u, and let 8* denote the LimitingER of (D.1).

D.1 Proof of Theorem 4.1

In this subsection, we prove Theorem 4.1 by proving its generalization to the generic LP (D.1):

Theorem D.1. For the generic LP (D.1), suppose that the optimal solution set U* is nonempty

and bounded. Then .
0* < sup inf M )

ur el wint €F 4 MiNG (Uing)s

(D.2)

Before proving Theorem D.1, we first introduce a more general result about 6(u). Suppose
u €V \ F and ujnt € Fyy, then the line segment from wu to uiye will contain a unique point that lies
on the boundary of F, and let us denote this point by F(u;uint). More formally we have

F(u; uint) = argmin{||u — || : @ € F, @ := Muint + (1 — A)u for some X € R} . (D.3)

The following lemma will be used in our proof of Theorem D.1.

Lemma D.2. For the general LP presentation (D.1), suppose that Assumption 1 holds. Then for
u € V\F and ujny € Fyy, it holds that

[ (us wint) — tins || _ [0 — Wing ]
<

0(u) < (D.4)

min; (Uint )i = min; (Uing);
where F (u; uint) 5 given by (D.3).

Proof. Suppose that uiy is any given strictly feasible point in Fi 4. Let r := min;(uint);, and so
r > 0. In the line segment connecting uin; and w, let v := F(u; uin) defined in (D.3). Then because
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r>0and u €V \F, there exists A € (0,1) for which v = Aujns + (1 — A)u. Also we have v € IR}
and there exists 7 € [n] such that v; = 0, whereby 0 = v; = A(uint); + (1 — A\)u; and u; < 0 and so:

(uint)i _ L= [|v — ting|
i A [o = ull
And since (uing); > r it follows that
o= ull _ o= il _ o= win] D)
|uil (Uint )i r
On the left-most term of (D.6) it follows from u; < 0 that
Jo—ul | o=l _ _Jo—ul o)
i [(w)~|  Dist(u,R%)
Combining (D.6) and (D.7) yields
Ju = Flusuing)|| _ [lu—1] [0 = winel| _ [lv = ]| _ [ (05 wing) — ting| (D.8)
Dist(u, R") Dist(u,R%?) = (wint)i r min; (wing ); ' '
Noting that the numerator of the right-most term of (D.8) is bounded by
[1F (w5 tting) = wing || < [1F (05 ing) = tine || + 1 (w3 wine) — ull = [Ju — wine | (D.9)

[lu—F (w;uine) |l > 0(u), we therefore have 0(u) < ”-F(u%uint)_uint”.

and the left-most term (D.8) satisfies Dist(wE" ) Tmimy (i )s

[ —ins |

Last of all, since ||u — wing|| > || F (w; Uint) — wint||, () is also further upper bounded by ()

which completes the proof.

Lemma D.2 shows that the error ratio 6(u) is upper-bounded by the ratio of the distance from u
to uint to the distance of ujy to the boundary of the nonnegative orthant. We now use Lemma D.2
to prove Theorem D.1.

Proof of Theorem D.1. If F = (0, then the right-hand side of (D.2) is equal to +00 so (D.2) is
trivially true. We therefore consider the case when F # (). For any optimal solution u* € U* and
a given associated strictly feasible solution wuiyt € Fy4, let the {ul‘“}z(’:1 be a sequence in V' that
converges to u*, whereby from Lemma D.2 it holds that

lu* — win ] _ = v + [ — u”]

6(u*) <

= ming(Uint)i ming (Uing )i

Taking the limit as k& — oo on both sides, and noting that limg_, ||u* — ukH — 0, it thus follows
that lim supy._ o 6(u¥) < Lol

over all such wuiy yields

. And since wuiyt is any strictly feasible point, taking the infimum

[0 — tins |

lim sup 9(uF) < inf - . D.10
k—00 ( ) wimt € F s mlni(uint)i ( )
We now seek to prove:
* — .
6" := lim sup O(u) < sup  inf M ) (D.11)
e=04¢v, Dist(u,U*)<e w*eU* Vint €EF 44 1IN, (Uint)i
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If this were false, there would exist § > 0 and a sequence {@*}2° | in V' such that Dist(u®,U*) < 1/k
and 9(1‘/‘”) > 0 + Supysey« infoy e r, %
lie in the compact set {u : Dist(u,U*) < 1} as U* is convex, closed and bounded. Therefore there
exists a subsequence of {#*}%° ;| that converges to a limit point in 2/*. This violates (D.10), and so
provides a contradiction, whereby (D.11) is true, thus completing the proof. O]

Note that the points in the sequence {u*}2°  all

Therefore, Theorem 4.1 follows as a special case of Theorem D.1, when (D.1) is taken to be (1.1).

D.2 Proof of Proposition 4.2

In this subsection, we prove Proposition 4.2 by proving its generalization to (D.1):

Proposition D.3. Suppose u, € U* and there exists Ry for which U* C {u : ||u — uq|| < Ry}, then
it holds that 0* < G* for G* defined as follows:

Ra + [Ju — ud

G* = inf sst.ueV, u>r-e. (D.12)
r>0, ueR"” r
Furthermore, let V = {u € R" : At = b}, then
G*:= min Ria+|v—au,l| s.t. Av=ab, v>e, a>0. (D.13)
veER”, aeR
Proof. From Theorem D.1 we have:
0 < sup inf Il = i | < sup inf J = e |
T wrelr umeEFy ming(Uing); uEB(uq,Ry) WintEF++ ming (Uing )
< sup inf ||u - Ua|'| + ||ua - uint” < inf R, +.||Ua - uint” (D14)
WEB(tq,Ry) Wint EF++ min; (Uint ); Uing€F 4+ NG (Uing )4
R _
= inf M s.t.ueV, u>r-e,
r>0, ueR” r

and notice that the final right-hand side is precisely G*, which proves (D.12). Next notice that,
if V.={a € R": Au = b}, (D.12) and (D.13) are equivalent via the elementary projective
transformations v = v/« and (v, ) = (u/r,1/r) if we add the additional constraint o > 0 to (D.13).
However, since we are only interested in the optimal objective value of (D.12) and (D.13), solving
the (D.13) yields the same optimal objective value as (D.12). O

D.3 Proofs of Theorem 4.3 and Corollary 4.4

In this section, we prove Theorem 4.3 and Corollary 4.4 by proving their generalizations to (D.1).
Suppose that V' in the generalized LP (D.1) is represented by V' = {4 : Ku = h} for K € R™*" and
h € R™, and then the generalizations are as follows:

Theorem D.4. Suppose that F is nonempty for (D.1). Then for every uw € V' \ F, it holds that

AL [luel])
< .
blu) < DistInfeas(K, h)

(D.15)

Corollary D.5. Suppose that (D.1) has an optimal solution. If DistInfeas(K,h) > 0, then it holds

that
o KA + maxyeys [ull)

<
b7 < DistInfeas(K, h)

(D.16)
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We first prove Corollary D.5 using Theorem D.4:

Proof of Corollary 4.4. By the definition of * and Theorem D.4, we have

x _ 1 : (L A+ ul]) )
0* = lim sup O(u) | <lim sup < - , D.17
e—0 (uEV, Dist(u,U*)<e ( )> e=0 (UGV, Dist(u,U*)<e DlStInfeaS(Kv h) ( )

which is exactly (D.16). O

Then we prove Theorem D.4 through the approach of constructing, for each v € V'\ F, a suitable
perturbation (AK, Ah) of (K, h) for which DistInfeas(K + AK, h+ Ah) = 0 and §(u) < m%.
Before presenting the formal proof of the theorem, we establish several key properties of points
ueV\F.

Let u € V' \ F be fixed and given, and let @ be the projection of @ onto F, denoted as 4 := Pr(u).
Then 4 solves the following convex quadratic program:

min %Hu—ﬂ”z, s.t. Ku=h, u>0, (D.18)

u€ER™

whereby there exist multipliers ¢ and § that together with @ satisfy the KKT optimality conditions:
Ki=h, >0, t—u=K'§+5 §>0,4'§=0. (D.19)

Note that since u € V' \ F, then Ku = K4 = h. In addition, the following proposition holds for
(4, 5,9):
Proposition D.6. For any u € R it holds that —||i —ul* =8"Tu < 8"a=0<3"w.

Proof. This first equality follows from (D.19) since ||[a —a> = (K T§+38) " (& —a), K(4—u) = 0, and
@4 =0, whereby |4 —u||> = —5T 4. The first inequality follows trivially since §' @ = —||@ —a> < 0
and @'§ = 0. And the last inequality follows since v > 0 and § > 0. ]

Let H be the hyperplane defined as H := {u : §'u = 0}. Proposition D.6 implies that H

separates @ and R}, and 4 € H. We denote the projection of % onto H as i, namely @ = Pp(u)

AT R . o
|S|§”1§ - 8. For simplicity of exposition we use a to denote @ — % and use

which has closed form @ = u —
b to denote U — 4, namely

$Ta
1152

N

a:=1u—

5, b=a—u=K"§+§. (D.20)

Proposition D.7. For a and b defined in (D.20) it holds that

_ el s
La=gp-5,
2. |[oll > |lall >0, and
2 b 2 R
3. a HZ”Z b=K"Tw, where w := —”SHQ -7
Proof. To prove item 1, note from Proposition D.6 that —Hb||2 = —||a — a||2 = §'a, whereby
RS
[HE [HE
To prove item 2, notice that since Kb = (Ka — Ku) = h — h = 0, it follows that ||5||> =
lo—KTg|> = |b]?+ 9" KK > ||b]|>. And since we have from item 1 that ||a| = %, this implies
llall/116]l = 116ll/1|8]l < 1 which proves the first inequality in item 2. To prove that |la|| > 0, note
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that we cannot have ||b|| = 0 since u € V' \ F and @ € F, and we cannot have § = 0, for otherwise
Proposition D.6 would also imply that b = & — @ = 0. Therefore from item 1 we have ||a| > 0.
To prove item 3, we first show that ||a||> = b'a. From item 1 and the definition of b, we have

a'b= % 5T (5+ K'). Since K(3+ K"j) = Ki.— Ko =h — h = 0, it follows that

STE+KT) =817 +3" K g+  KG+K'g) =15+ K g = []bl* , (D.21)
and therefore a'b = HZH? = ||a||? (from item 1). This proves ||al|?> = b"a and then we have
S el Ve P EbTs | BIRRGEKT)TS

1612 1612 15112 15[ o[> 15112 15[ o[>
1 <1 (3 +KT@)T§> GRS
EL ol Ek .
(D.22)

Here, the second equality follows from item 1, and the third equality uses b = §+ K ' §j. Substituting
(D.21) into (D.22) yields a — ||‘|ZH§ b= — Hg”i - K9 = KTw, thus proving item 3. O

With the above propositions established, we now prove Theorem D.4.

Proof of Theorem D.j. Let u € V' \ F be given. We will use all of the notation developed earlier
in this subsection, including & = Pr(u), the KKT multipliers (9,38), H := {u : §'u = 0}, and

@ = Pg(u) = u— ﬁsTT% - 5. Additionally, let a and b be as given in (D.20) and w = —Hg“i - as

specified in Proposition D.7.
We first examine the case when § # 0, and hence w # 0. Let us consider the following
perturbations of K and h:

2
Ak el

=20 b —a)'. Ah:=AKu— D.23
TwlEE = Boew, (D-23)

where £ > 0 is a small positive scalar. Then:

2 2
—”Mg-n+ H@ i
1] [l [][0]

HMP) ( HdP)IMW .
=(1- a=|1- 520,
< 1612 1olz /sl

where the second and the fourth equalities are due to Proposition D.7, and the final inequality is
also due to Proposition D.7. Furthermore, we have

(b—a)-w'w

(K+AK)"w=K'w+AK'w=a
(D.24)

2 b 2
w' (h+ Ah) =w' (K + AK)a — ¢|lw|? = <1 - ’|”Z|‘|‘2> : |:|§H|| dla—ellw|*> <0, (D.25)

where the strict inequality follows since '@ < 0 from Proposition D.6, ||a|| < ||b]| from Proposition
D.7, and |Jw|| > 0 by supposition for this case. Examining (D.24) and (D.25) yields (K +AK)Tw > 0
and w' (h+ Ah) < 0, which implies via Farkas’ lemma that SOLN(K + AK, h+ Ah) = (), and hence
DistInfeas(K, h) < [|[AK]|| + ||Ah].

Let us now bound the size of ||AK]|| and ||AR||. From (D.23) we have

la]®

IAK] <
lwlo]?

[|o—all . (D.26)
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Since a — HZHQ b= K "Tw, we also have || K| > Ha — lal? bH Twy- Therefore

IlofI
L B R (R B - S S R
[lall H ol [iol Il Tall H [Io] ~ loll [[w]]

(D.27)

where the first equality above follows from squa‘lring”both”&“des arllld reﬁ;mrrangln%; terms using Proposition
K Dist

D.7. Combining (D.26) and (D.27) yields St < II%H ”Z Z” = Dist( uf From Proposition
D.6, because H separates @ and R}, it follows that Dist(u, H) < Dist(u, R’} ), whereby ”ﬁﬁ” <

% = ﬁ Moreover, since Ah := AKu — cw, it follows that [|Ah| < [[AK]| - ||al +
ellw]| < JEb | K| + efwl. Finally, we can add the inequalities 6(7)[| AK]| < [ K| and 0(z)[| Ah|| <

0(u)
|lul|[| K]| + @(@)e||w| which yields after rearranging 6(u) < ”K”(HHUHJ“E bla )”T‘UH/”KH)-. And since

DistInfeas(K,h) < |AK|| + ||Ah|| we have 0(u) < HKH(lJ]B'[Zt”IIfng(( )HZ)”/HKH). Taking the limit as
€ — 0 then proves the result in the case when g # 0. 7

Next we consider the case when § = 0. It follows from (D.19) that ¢« —u = 5. Let I :=
{i : 4; > 0} and J := [n] \ I. Then we have §; = 0 and 4y = @7, and §; = —uy. This
implies that 4 = at = Pgn (), and hence Dist(u, F) = [|& — al| = [[3|| = Dist(u, R}), and hence
6(u) = Dist(u,F)/Dist(a,R}) = 1. Now let AK = —K, and for any ¢ > 0 let Ah be any
vector satisfying ||Ah|| < ¢ and h + Ah # 0. Then (K + AK,h + Ah) = (0,h + Ah) whereby
SOLN(K + AK, h+ Ah) = (). Therefore DistInfeas(K, h) < ||[AK| + ||Ah|| < ||[K]| + ¢ for all £ > 0,

and thus DistInfeas(K, h) < ||K]|. Finally, we have in this case that §(u) = 1 < ﬁa!(m <
[N+ m])

Distinfeas(K 7’ which completes the proof. 0

Therefore, Theorem 4.3 and Corollary 4.4 follows as special cases of Theorem D.4 and Corollary
D.5, when (D.1) is taken to be (1.1).

E Proofs for Section 5

E.1 Proof of Theorem 5.1

In this subsection, we prove Theorem 5.1 by proving its generalization to the generic LP (D.1). We
let i denote the LP sharpness of (D.1). The generalization is as follows:

Theorem E.1. Consider the generic LP (D.1) under Assumption 1, and let p be the LP sharpness of
(D.1). Then

_ {1P(8g)]
H= f{ 1P ()l

The proof of Theorem E.1 is divided into two parts, where each part proves an inequality version
of (5.1) in one of the two possible directions of the inequality. The following lemma proves the “<”
version of (5.1).

:OPT(g+ Ag,F) #0 and OPT(g+ Ag,F) ¢ OPT(g,]:)} . (E.1)

Lemma E.2. Consider the general LP problem (D.1) under Assumption 1, and let p be the LP
sharpness of (D.1). Then

u<i f{HPV(Ag)H :OPT(g+ Ag, F)#0 and OPT(g+ Ag, F) ¢ OPT(Q,]:)} : (E.2)
Ag HPV(g)H
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Proof. Let Ag satisfy OPT(g+ Ag, F) # 0 and OPT(g+ Ag, F) ¢ OPT(g,F), and let w € OPT(g+
Ag, F)\ OPT(g,F). Denote the optimal objective value hyperplane by H* := {u : g'u = f*}.

Ts *

Let @ := Pyng+(0) = @ — HQRUW - Py(g) and 4 := Py« (u). For simplicity, we use the notation
Vv
a:=u—uand b:= 14— u. From Definition 1.2 we have:

- Dist(a, VN H*)  |la—al _|lal

P ——— = L = . (E.3)
Dist(a, U*) [ —all ol
Our goal then is to prove that
P (A
llall _ IPo (A9l (B4
ol = 1Pg(9)l

and combining (E.4) with (E.3) will yield the proof.

Because % € H* and @ € H*, we have g4 = g' 4, which implies that g'a = g b. Furthermore,
since 4 € OPT (g + Ag, F), we have (g + Ag) '@ < (g + Ag) "4, which implies that (g + Ag)Tb > 0.
Substituting g"a = g"b into (g + Ag) b > 0, we obtain Ag'b > —gTa. It follows directly from
Assumption 1 that ||P;(g)[| > 0, and dividing both sides of this last inequality by || P;(g)|| yields

( A9 >Tb> < g )T (E.5)
= a . .
1P () 1P ()

. . . o Tﬂ_ * Tﬂ— *
Regarding the right-hand side of (E.5), note that @ = u — IfJPVTfIIQ -Py(g) and a = _IIQPVTJCIIQ - Py (9),
whereby:

T T
g Py(9) )
a= a=lal . (E.6)
(HP (9 )H> <HP Ol

Regarding the left-hand side of (E.5), since b =4 —u € V, it follows that (Ag)Th = (PV(Ag))Tb <
| Py (Ag)|l||b]|. Substituting this inequality and (E.6) back into (E.5) yields (E.4), which as noted
earlier combines with (E.3) to complete the proof. O

Before proving the “>” direction, we first establish a simple proposition. For a convex set S let
Cs denote the recession cone of S, and let C's denote the corresponding (positive) dual cone.

Proposition E.3. Let u € F \U*, and let G := Py~(u), then
o (0—a) (u* — ) >0 for any u* € U*, and
e u—ucCh. .

Proof. The first assertion follows directly from the optimality conditions for the projection of @ onto
U*. For the second assertion, observe that for any v € Cy» and any u € U* we have u + Av € U* for
all A > 0, whereby it follows from the first assertion that (& — @) ' (u + v — @) > 0 for all A > 0 and
hence (4 — %) "v > 0. Since v is an arbitrary point in Cy« it holds that @ — u € Cj. . O

Lemma E.4. Consider the general LP problem (D.1) under Assumption 1, and let p be the LP
sharpness of (D.1). Then

A
w> 1nf { ”H;(( §|)|” OPT(g+ Ag,F) #0 and OPT(g+ Ag,F) ¢ OPT(gaf)} . (E.7)
Proof. Note that by setting Ag := —g that OPT(g + Ag,F) = F ¢ OPT(g9,F) = U* under

Assumption 1, and therefore the right-hand side of (E.7) is at most 1. Recall from the definition of
LP sharpness that g < 1. Therefore in the special case when =1 then (E.7) holds trivially.
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Let us therefore consider the case p < 1. For any given u € F \ U*, we will construct a
perturbation Ag for which OPT(g + Ag, F) # () and OPT(g + Ag, F) ¢ OPT(g, F), and

| Py(Ag)l _ Dist(a,V 0 1)

< —— ; (E.8)
1Pz () Dist(a, U*)
which then implies (E.7). We proceed as follows. Let u € F \ U* be given, and define @ :=
Pyap+(u) = u — ”g;fiﬁf”; - Py(g) and 4 := Fy~(u). Similar to the notation used in the proof of
\4

Lemma E.2, let a := 4 — 4 and b := 4 — 1.
To construct the perturbation Ag we first define
~ —q'b
b= Y

=T (E.9)

and construct the perturbation Ag :=t- b, where ¢ is the optimal objective value of the following
optimization problem:
t = max 7 s.t. « € OPT(g+7b,F) . (E.10)
T

We aim to show that ¢ € (0,1]. Towards the proof of this inclusion, let £1 be the set of extreme
points of F that are in U*, and let £2 be the set of extreme points of F that are not in U*. Similarly,
let R1 be the set of extreme rays of F that are also extreme rays of U*, and let R2 be the set of
extreme rays of F that are not also extreme rays of U*. Note that £1 and £2 are finite sets, and R1
and R2 are also finite sets. We can therefore rewrite (E.10) as:

OP : t = max 7 (E.11)
s.t. 1.0 (4 — ) <—g' (- for each v’ € £1 (E.12)

70" (4 — ) <—g' (4 —Y) for each v’ € £2 (E.13)

Tob' >—g'rt for each r* € R1 (E.14)

707 >—g'rt for each r’ € R2 (E.15)

First observe that —g'b = —g' (i — @) > 0, whereby b is a positive scaling of b. Also notice that
7 = 0 is feasible for OP, because & € OPT(g,F). It implies that the right-hand sides of (E.12) and
(E.13) are nonnegative and the right-hand sides of (E.14) and (E.15) are nonpositive. Next we show
that ¢ < 1. To see this, note that if 7 > 1 then

(g+7-0) (@—a)=(9+7-b) b=(9+b) b+ (r—1)b'b=(r~1)-(~¢g'0) >0,

whereby @ ¢ OPT(g + 7b, F) and thus 7 is not feasible for (E.10).

It thus remains to show that ¢ > 0, which we will demonstrate by examining the constraints
of OP. Examining the constraints (E.12), when v’ € £1 the corresponding right-hand side is equal
to 0 while b (& — v%) < 0 (from Proposition E.3), so these constraints are satisfied for all 7 > 0.
Examining the constraints (E.13), when v’ € £2 the corresponding right-hand side is strictly positive
so (E.13) is satisfied for all sufficiently small 7 > 0. Examining the constraints (E.14), when 7% € R1
the corresponding right-hand side is equal to 0 while b'7* > 0 (from Proposition E.3), so these
constraints are satisfied for all 7 > 0. And examining (E.15), when r’ € R2 the corresponding
right-hand side is strictly negative, so (E.15) is satisfied for all sufficiently small 7 > 0. Therefore,
there exists 7 > 0 that satisfies all the constraints of OP, which implies that ¢ > 0.

Now let us show that OPT (g + Ag,F) # 0 and OPT(g + Ag,F) ¢ OPT(g,F). It follows
from (E.10) that (g + Ag)" (@& — u) < 0 for any u € F and therefore & € OPT(g + Ag, F) and
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therefore OPT (g + Ag, F) # (. Now notice that when 7 is optimal for (E.10) (and its equivalent
formulation OP), there exists either v* € £2 for which the corresponding constraint in (E.13) is
active, or 7' € R2 for which the corresponding constraint in (E.15) is active (or both). In the former
case, v' € OPT(g + Ag, F) and in the latter case @+ r* € OPT(g + Ag, F). And in either case, we
have OPT(g + Ag, F) ¢ OPT(g, F).
Last of all, because ¢'a =g 'b, a € 17, and b € ‘7, we have
—9"b _—g"b _—g"a _—Py9)'a _|al|

Dist (@, V N H*)
1Py (Ag)|| = t-[[b]] = t- < = = < el = —= == I1Pg(a)ll-
v 161l 16l 161l 161l Jof v Dist (u, U*) v

This shows (E.8) and completes the proof. O

Last of all, Theorem E.1 follows by combining Lemmas E.2 and E.4. Theorem 5.1 follows by
applying Theorem E.1 to (1.1).

E.2 Proof of Theorem 5.2

Our proof of Theorem 5.2 relies on the following two elementary propositions. For any € > 0 define
Se to be the level set whose objective function value is exactly € larger than the optimal objective
value, namely S: := F, N {z:c'z = f* +¢}.

Proposition E.5. Ifez > &1 >0 and S, # () for i = 1,2, then infyes. G(x) > infres. G(2).
Proof. For any given x € Sg,, let & := Py« (z) and t := ¢ /e2. Then for x; := tx + (1 — t)& it holds
that x; € S.,. Moreover, since x; lies on the segment between x and & and % is the Euclidean

projection of x onto the convex set X*, we have Dist(zy, X*) = ||xy — Z|| = t || — 2| = ¢ Dist(x, ™).
In addition, because z; € V,, and V, N Hy = {u € V, : ¢'u = f*}, we can write Dist(z, V, N H}) =

o[t _ UeTs) _y Digt(s, V, N HY). Therefore, G(z) = "2V _ G0y Since this

[1Pg, (@] 1Py, @] T Dist(z, A7)
equality holds for all z € S.,, it follows that infyes., G(x) > infyes. G(x), which proves the
proposition. O

Proposition E.6. Let x* € X* and v € ‘7;, satisfy c'v > 0. Ifta >t; >0 and z* +t;-v € Fp for
i=1,2, then G(z* +t1-v) > G(z* + t2 - v).

Proof. For t > 0 define g1(t) := Dist(z* + ¢ -v, V, N Hy) and ga(t) := Dist(z* +¢ - v, A*). Then
for t > 0 we have G(z* +t-v) = ¢1(t)/g2(t). Notice that ¢;(t) = ”PCT(”)” which is a nonnegative
Vp

increasing linear function of ¢ with g1(0) = 0. Also notice that g2(t) is convex and nonnegative for
t >0, and g2(0) = 0, whereby g2(t) is a monotonically increasing nonnegative convex function for
t > 0. Therefore ga2(t)/g1(t) is monotonically increasing on ¢t > 0, whereby G(t) = gi1(t)/g2(t) is
monotonically decreasing on ¢ > 0, which proves the proposition. O

Proof of Theorem 5.2. First notice from the definition of p that

pp < min { Ry (e'), Ri(€?),..., Ri(e™), Ro(f';8), Ra(f?;8), ..., Ra(f™;8)} . (E.16)

For € > 0 let us consider the level set S. and suppose that S. # (), and let £S. denote the extreme
points of S.. Then we claim that

gy = inf G(z)=inf (inf G(a:)) = lim <inf G(x))

TEFp\X* e>0 \ z€S8: e—0 \z€S:
e
) 1Pg, @] ) TPy @1 (C)H
= lim . = lim .
e—0 \ sup,cg. Dist(z, X*) e=0 | max,ices, DlSt(’UZ, X*)
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Here the first equality is the definition of pu,, the second equality is a restatement of the first

expression, and the third equality is due to the monotonicity property of the sharpness function on

the level sets S. from Proposition E.5. To prove the fourth equality, observe that the numerator

of G(x) is Dist(x, V, N Hy;) which equals the constant m for x € S¢, and the denominator of
p

G(z) is Dist(z, X*). For the fifth equality, observe that Dist(-, X*) is convex in  and bounded from
above and below on S;, and so attains its maximum at an extreme point of Se.

Next notice that since F), is a polyhedron and S; is a level set of F,, there exists £ > 0 such that
for all € € (0,€) the extreme points of S all lie in the edges of F,, emanating away from X, namely

MnN S, = ES.. Therefore using the definition of M = M7 U M4 we have:

)

pp = lim ”PV”(_C)H ‘ = min{ min ( inf G(:E)) , min ( inf G(:B))} .
e—0 | max,icgg. Dist(v?, X*) eeMi \zce:cT z<fr+& fEM2 \zeficTa<f*+e

(E.17)

It follows from Proposition E.6 that G(x) is decreasing on any edge emanating away from X*. Thus

for e = [v!,v%] € M) with v! € X* and v* ¢ X* we have inf c...7,<p+ - G(z) > G(v?) = Ri(e),

and similarly for f = [v;r] € My with v € X* and r being an extreme ray of F we have

inf ¢ pomrcpeieG(x) = G(v+&r) = Ra(f,€). Substituting these inequalities back into (E.17) yields

Hp > min{Rl(el),Rl(eQ), .. Ri(€™),Ro(f1;8), Ry(f?:2), .. .,Rg(fm2;€_)} ,

which combined with (E.16) yields the proof. O
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