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Abstract The cosine measure was introduced in 2003 to quantify the richness of a finite posi-
tive spanning sets of directions in the context of derivative-free directional methods. A positive
spanning set is a set of vectors whose nonnegative linear combinations span the whole space.
The present work extends the definition of cosine measure. In particular, the paper studies co-
sine measures relative to a subspace, and proposes a deterministic algorithm to compute it. The
paper also studies the situation in which the set of vectors is infinite. The extended definition of
the cosine measure might be useful for subspace decomposition methods.

Keywords Positive spanning set - positive basis - cosine measure - gradient approximation -
subspace decomposition

1 Introduction

Given a set of vectors D in R™, the concepts of spanning, linear independence, and basis, are
considered foundational to linear algebra. Closely related, but less well studied, are the ideas of
positive spanning, positive linear independence, and positive basis [7]. All of these notions can be
defined considering a set’s properties relative to R™ or relative to a linear subspace [20].

In addition to the intrinsic mathematical interest in these concepts, positive bases have been
shown to be fundamental to the convergence analysis in direct-search methods in derivative-free
optimization. The first occurrence dates from 1996 [18] and more recent presentations are found
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in the textbooks [3] and [6]. A key tool in this analysis is the cosine measure, introduced in [15].
Algorithms to compute the cosine measure are provided in [10,21]. Results on the maximal
value of the cosine measure for positive bases of R™ are developed in [12,19]. The notion of
cosine measure is also briefly investigated for positive k-spanning set of R™ in [11]. Until now,
this cosine measure was only deeply studied for positive spanning sets of R™. In this paper, we
explore the cosine measure relative to a subspace, which effectively provides a measure of how
well a subset of the positive spanning set considered explores that subspace. The results herein
will be of high value in understanding the subspace decomposition methods which are recently
gaining traction in [2,5,9,14,17,26].

The main goals of this paper are to introduce the notion of cosine measure relative to a
subspace, to demonstrate its value in understanding positive spanning properties of a set, and to
provide a deterministic algorithm to compute it. As a secondary goal, we provide several novel
results examining the case where the set of vectors is infinite.

The remainder of this paper is organized as follows. The notation is presented in Section 2
and background results that are necessary to understand this paper are provided. This includes
positive spanning, positive linear independence, positive basis, cosine measure, cosine vector set,
and active set. These final three definitions are extended to include “relative to a subspace”. In
Section 3, properties of a positive spanning set of a linear subspace are investigated. It is shown
that many known results regarding R™ are easily adapted to working in a subspace or working
with an infinite set. In Section 4, the notion of cosine measure relative to a subspace is explored.
Several results are provided that link the positive span, cosine measure, and cosine measure
relative to a subspace. The case where the cosine measure relative to a subspace is equal to 0 is
examined. The section concludes with new results showing how the cosine measure relative to a
subspace can be used to provide a general error bound on the true gradient of a smooth function.
In Section 5, a deterministic algorithm to compute the cosine measure relative to the span of the
set is provided and proven to return the correct results. In Section 6, the main results of this
paper are summarized.

2 Notation and Preliminaries

The zero vector in R™ is denoted by 0,, and the vector of all ones in R™ is denoted by 1,,. When
the dimension of the vector is clear, we may omit the subscript. The i*" coordinate vector in R”
is denoted e;.

We denote by B, (z% A) the open ball centered about z° € R™ with radius 0 < A < oo and
by B, (2% A) the closed ball centered about x° with radius A. That is

B, (2% A)={z eR": ||z —2°| < A} and B,(2%A)={zeR": [z -2 < A}.

Given a set of vectors D C R™ (possibly infinite), the cardinality of D is denoted by |D|. The
radius of the smallest ball centered at the origin containing the set D is denoted by Ap and
given by

Ap = sup ||d]|. (1)
deD

When useful, in this paper, a set of vectors is represented as a matrix where each column repre-
sents a vector in the set. That is

D ={dy,da,...,dy} is interchangable with D = [dl dy ... dm] .
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The dimension of a linear subspace L C R™ is denoted by dim(L). A trivial subspace L C R™
is a set of the form L = {0,,} or L = (. Similarly, a set D in R™ is said to be trivial if D = {0,,}
or D = (). In this paper, the linear subspace considered are assumed to be nontrivial.

We now focus on the key definitions studied in this paper. In the remaining of this paper, the
word linear may be omitted when discussing the notion of span, subspace and basis. All these
notions are defined for the linear case.

Definition 1 (span, positive span) Let D C R™.
i. The span of D is denoted by span(D) and defined by

k
span(D) = {xER":szaidi,keN,di €D, aq; E]R}.

i=1

ii. The positive span of D is denoted by pspan(D) and defined by

k
pspan(D) = {xER”:mZ)\idi,kéN,di e D, ZO}.

=1

Note that span(D) is always a linear subspace of R™. Moreover, L is a linear subspace of R™
if and only if L = span(L).

The projection of a vector v € R™ onto a linear subspace L will be denoted by Proj; v. We
will be particularly interested in the projection onto span(D). For ease of writing, we provide this
with the special notation Pp = Projg,.,(py- In Section 5, we shall make use of the well-known
formula

Ppv = DD,

where D denotes the Moore—Penrose pseudoinverse of D [23, Chapter 7).

Definition 2 (spanning, positive spanning) Let D C R™ and L be a subspace of R™.

i. The set D is said to be a spanning set of L, or spans L, if and only if span(D) = L.
ii. The set D is said to be a positive spanning set of L, or positively spans L, if and only if
pspan(D) = L.

It is easy to prove that, if D (positively) spans L, then D must be a subset of L. Indeed, one
always has
D C pspan(D) C span(D).
The term (positively) independent is used to mean that removing any vector from the set

changes the (positive) spanning properties of the set.

Definition 3 (independence, positive independence) Let D C R".

i. The set D is said to be dependent if and only if there exists a vector d € D such that d €
span(D\{d}). Conversely, D is said to be independent if and only if span(D\{d}) # span(D)
for any d € D.

ii. The set D is said to be positively dependent if and only if there exists a vector d € D such
that d € pspan(D \ {d}). Conversely, D is said to be positively independent if and only if
pspan(D \ {d}) # pspan(D) for any d € D.

Finally, we introduce the notion of a (positive) basis of a subspace.

Definition 4 (basis, positive basis) Let D C R™ and L be a subspace of R™.
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i. The set D is a basis of L if and only if D is independent with span(D) = L.
ii. The set D is a positive basis of L if and only if D is positively independent with pspan(D) =
L.

It is well known that if D is a basis of L then |D| = dim(L). It is shown in [20, Cor. 2.4
& Thm 6.6] that the minimal cardinality of a positive basis of a subspace L is dim(L) + 1 and
the maximal cardinality is 2dim(L). Positive bases of these sizes are called minimal positive
bases and maximal positive bases (respectively). Positive bases with cardinality strictly between
dim(L) + 1 and 2dim(L) are called intermediate positive bases.

We end this section by recalling the definition of cosine measure and defining the cosine
measure relative to a subspace. The cosine measure is valuable tool to quantify how well a set
covers the space R™. We will see that the cosine measure relative to a subspace extends the value
of this tool to work with a subspace of R™. We begin with the definition of cosine measure (as
given in [12,21]) and the corresponding cosine vector set (from [10]).

Definition 5 (cosine measure) Let D C R"™ be a nonempty finite set of nonzero vectors. The
cosine measure of D is defined by
u'd
min max —-,
ueR™deD ||d||

cm (D) =

and the cosine vector set of D, denoted by ¢V (D), is defined by

u'd
c¢V(D) = argmin max —-.
uek: d€b d]

ul|=1

Note that the original definition of the cosine measure requires D to be finite. Another
limitation of the cosine measure is that is it focuses on how well the set covers the entire space
R™. As a result, if D is a positive spanning set of a proper subspace, then the cosine measure
will always return ecm (D) = 0 (Corollary 23 herein). To address these limitations, we introduce
the cosine measure relative to a subspace, which provides information on how well a set covers a
linear subspace. Simultaneously, we define a corresponding cosine vector set and allow for both
concepts to be well-defined for infinite sets.

However, since an empty set, or the zero vector, provides no coverage of R"™, the cosine
measure relative to a subspace is defined for nonempty sets of nonzero vectors. If a set is empty,
the cosine measure (relative to a subspace) should be assumed to be undefined. If a set contains
the zero vector, then one should remove the vector and work with the remaining set. If the
remaining set is empty, then the result would again be undefined.

For the remainder of this paper we shall assume that the set D is a nonempty
set of nonzero vectors.

Definition 6 (cosine measure relative to L) Let L C R"™ be a nontrivial linear subspace
and let D C R"™ be a nonempty set of nonzero vectors. The cosine measure of D relative to L is
denoted by cmy, (D) and defined by
Td
cmp (D) = min sup °a (2)

L d|’
el aen [d]

and the cosine vector set of D relative to L, denoted by ¢V (D), is defined by
Td
cVr(D) = argmin sup 4

wel deD Hd”
[lull=1
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If L =R™ and |D] is finite, then the cosine measure relative to L returns the classical cosine
measure: cmgn (-) = cm (+). Indeed, if D is finite, then the sup can be replaced by max in (2). If
D is a trivial set or if L is a trivial subspace of R™, then the cosine measure and cosine vector set
(relative to L) are undefined. When D is a nonempty set of nonzero vectors and L is a nontrivial
subspace, the cosine measure relative to a subspace returns a value in [—1, 1]. Besides, the cosine
vector set of D relative to L is well-defined and nonempty. Notice that when D is an infinite set,
then the cosine vector set may be infinite.

Remark 7 Given a nonempty set of nonzero vectors D and a nontrivial linear subspace L in

R™ such that D ¢ L, one might consider projecting each normalized vector d/||d|| € D onto L
before computing the cosine measure of D relative to L. Denote by D the set obtained from these
projections and by d a vector in the set D. Note that the set D might contain the zero vector. If
the computations are done using the projected set D then it is crucial to keep the zero vector in
the set D. The cosine measure of D relative to L can be computed as follows whenever we work
from the projected set D rather than using the original set D:

u'd
cmy (D) = min sup
HuﬁL deD || |

min s (P 0] d +( d Proj d >)

= 1n up u rojL, o — — Proj;, —-

ady pup v el g+ (g P

= mm sup u Td, (3)

fuf21deD

T (. d _ sood )
as u (HdH PrOJL‘|d‘|)—0foranyu€L.

_ The following example shows the importance of keeping the zero vector in the projected set
D if the computations are done from the projected set D.

Example 8 Let D = {e1,eo} CR? and L = {x € R? : 15, = 0}. Then
cmp (D) = 0.

The projection of e; onto L is equal to e; and the projection of ez onto L is equal to 0. We
obtain the projected set D = {e1,0}. Computing the cosine measure of D relative L as defined
in Equation (3), we obtain cmy (D) = 0. However, if one removes the zero vector from D, the
final result would be

min sup u'd = —1 # cmy(D).

fi= L de D\{o}

We shall often be interested in the special case when L = span(D). For ease of writing, when

the linear subspace considered is the span of a set, we only write the set name and omit the word
span in the subscript. More precisely,

CmD(') = Cmspan(D)(') and CVD(') = CVSpan(D)(')'

Finally, some analysis will require examining the active set of the cosine measure relative to L.
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Definition 9 (active set) Let L C R™ be a nontrivial linear subspace and D C R™ be a
nonempty set of nonzero vectors.

The active set for D at a cosine vector u € ¢V, (D) relative to L is denoted by A (D, w) and
defined by

AL(D,u) = {deD : dTu:cmL(D)}.

Il
The active set for D relative to L is denoted by A (D), and defined by
A(D) = | AuDw).
u € cVy (D)

As above, we are mostly interested in the special case of L = span(D). For this case we use
the special notation

AD('; ) = Aspan(D)('7 )

3 Properties of a positive spanning set of a linear subspace

In this section, properties of positive spanning sets of a linear subspace are investigated. The
results are developed to consider both the cases where |D| is finite and |D]| is infinite. We begin
by showing that a set D contained in a linear subspace L is a positive spanning set of L if and
only if pspan(D) = span(D) = L.

Lemma 10 Let L C R™ be a linear subspace. Then D positively spans L if and only if pspan(D) =
span(D) = L.

Proof (=) Suppose that D positively spans L; i.e., pspan(D) = L. This implies D C L and
therefore pspan(D) C span(D) C L = pspan(D).

(<) Conversely, if pspan(D) = span(D) = L, then D positively spans L by definition. O

We next show that if |D| is infinity and the positive span is a linear subspace, then the
positive span can be created through a finite subset of D. We use the following lemma.

Lemma 11 [/, Theorem 2.11] Let D C R™ be a nonempty (possibly infinite) set of nonzero
vectors. Then D contains a basis of span(D).

Corollary 12 Let D C R" be a nonempty (possibly infinite) set of nonzero vectors and L be a
linear subspace of R™. If pspan(D) = L, then there exists a finite subset of vectors C C D such
that pspan(C) = L.

Proof If D is a finite set, then take C = D.

Suppose D is an infinite set and dim(Z) > 1. By Lemma 10, pspan(D) = L implies L =
span(D). By Lemma 11, the set D contains a basis of span(D). Denote this basis by B =
{b1,b,...,by,} where m = dim(span(D)). Define v = — 3" | b;. Since pspan(D) = span(D),
the vector v can be written as

’U:Oéld1+d2+"'+01kdk
where d; € D and k is an integer greater or equal than 1. Since the pspan(B U {v}) = span(D)
[20, Theorem 5.1], we have
pspan(B U {d;,ds...,d,}) = pspan(B U {v}) = span(D) = L.

The set BU{dy,ds...,d;} is finite, so the proof is complete. O
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Note that the above result requires D to be a positive spanning set. Indeed, consider the
floating ring set defined by D = {z € R3 : (21)? + (22)®> = 1,23 = 1}. It can be shown
that the set D is positively independent [13]. As such, for any finite subset C' C D, we have
pspan(C) # pspan(D).

This inspires the following result about positive independence for an infinite set of vectors.

Corollary 13 Let D C R™ be an infinite set of vectors. If D is positively independent, then
pspan(D) # span(D).

Proof Let E be a finite subset of D with pspan(E) = span(D). If D is positively independent,
then pspan(D) = pspan(F) creates a contradiction. ]

Notice that Corollary 13 is specific to infinite sets. Indeed, a finite set of positively independent
vectors D such that pspan(D) = span(D) is a positive basis.
We now extend [20, Theorem 2.5] to the cases of infinite sets.

Theorem 14 Let D C R™ be a nonempty (possibly infinite) set of nonzero vectors. Then the
following are equivalent.

(i) The set D is a positive spanning set of span(D).
(i1) For any d € D, —d is in pspan(D \ {d}).

Moreover, these imply that there exists a finite subset C C D such that pspan(C) = pspan(D).
Suppose C'is a finite subset of D such that pspan(C) = pspan(D) (if D is finite, then C = D).
Let s = |C| > 1. Then the following are equivalent.

(i) The set D is a positive spanning set of span(D).

(iv) The set C is a positive spanning set of span(D).

(v) There exists a € R*, such that o > 0 and Ca = 0,,.
(vi) There exists B € R®, such that 8> 1 and C = 0,,.
(vii) There exists v € R® such that v > 0 and Cy = —C1;.

where items (v), (vi), and (vii), interpret C' as a matriz in R™*°.

Proof Parts (i) and (ii) are equivalent by [20, Theorem 2.5]. Suppose that D is a positive spanning
set of span(D). By Corollary 12, part (i) implies that there exists a finite subset C' C D such
that pspan(C') = span(D). The proof of equivalence of parts (iii) to (vii) is identical to the proof
for finite sets provided in [20, Theorem 2.5]. O

Our next example shows the importance of pspan(C') = pspan(D) in the second half of
Theorem 14.

Example 15 Consider Dy, = {d : ||d|| = 1,d; > 0} C R?. The set C = {ea, —€a} is contained in
D, but pspan(C) # pspan(Ds ). Notice that C' satisfies parts (v), (vi), and (vii) of Theorem
14, but C is not a positive spanning set of span(Dy).

In practice, Theorem 14(vii) is useful to decide if a given set is a positive spanning set.
Theorem 14(vii) can also be used to show how to extend a set that is not a positive spanning set
into a positive spanning set by adding only one vector.

Proposition 16 Let D C R™ be a nonempty (possibly infinite) set of nonzero vectors. Suppose
pspan(D) # span(D). Let m = dim(span(D)) and B = {b1,--- ,by} C D be a basis of span(D).
Define the vector w = — 377", b;. Then

(i) the set D' = DU {w} is a positive spanning set of span(D), and
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(i) the set D" = D U —B is a positive spanning set of span(D).

Proof (i) Let C = B U {w}. By [3, Thm 6.4], pspan(C) = span(B) = span(D). We also have
that the sum of the vectors of C' is the null vector. Therefore, Theorem 14(v) ensures that
pspan(D’) = span(D).

(i) The result follows similarly using C = B U (—B). O

One of the most useful properties of a positive spanning set of R™ is that for any nonzero
vector v € R™, there exists a vector d in the positive spanning set for which

vld>0.

It follows that given f € C!, a positive spanning set of R” contains a descent direction of f at
any point 2° € R™ where Vf(2°) # 0,,. This result can be generalized to the linear subspaces
and infinite sets. To do this, we apply the following lemma.

Lemma 17 Let D C R™ be a nonempty (possibly infinite) set of nonzero vectors. If pspan(D) #
span(D), then all the vectors in D are contained in a closed half-space of span(D).

Proof Follows immediately from [22, Corollary 11.7.3]. O

Proposition 18 Let D C R™ be a nonempty (possibly infinite) set of nonzero vectors. Then
pspan(D) = span(D) if and only if for any nonzero vector v € span(D) there exists a vector
d € D such that

v'd>0. (4)

Proof (=) Suppose pspan(D) = span(D). Let v be a nonzero vector in span(D). As v €
pspan(D), v can be written as

v =aidy + aady + - - + apdm,
where o; > 0 for all j € {1,2,...,m}. It follows that
0<v'v=oa1d|v+asdgv+- -+ amdhv.

Hence, we must have dij > 0 for at least one j € {1,2,...,m}.

(<) Conversely, suppose that given any v € span(D) \ {0,} there exists a d € D such that
v'd > 0. If pspan(D) # span(D), then by Lemma 17 there exists h € span(D) \ {0,,} such that
all vectors in D are contained in {w € span(D) : w'h < 0}. This leads to a contradiction by
taking v = h. ad

In Proposition 18, if we let the nonzero vector v be in R™ rather than span(D), then the
result does not necessarily hold. The forward direction is true if we replace the strict inequality
in (4) by an inequality. Proposition 19 provides a proof of this claim.

Proposition 19 Let D C R™ be a nonempty (possibly infinite) set of nonzero vectors. If pspan(D) =
span(D), then for any vector v € R™, there exists a vector d € D such that

v'd>0.

Proof Let v € R™ and note that v'd = (Ppv)'d for all d € D. If Ppv = 0, then v'd = 0 for
alld € D. If Ppv # 0,,, then by Proposition 18 there exists d € D such that (Ppv)'d >0. O

The converse of Proposition 19 is not necessarily true. For example, consider the set D =
{e1,—e1,ea} C R2. For this set, for any vector v € R?, there exists d € D such that v'd > 0,
however pspan(D) # span(D).

In the next section, the notion of cosine measure relative to a linear subspace is investigated.
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4 Cosine measure relative to a subspace

Definition 6 extends the definition of the cosine measure to include the idea of a cosine measure
relative to a subspace. In this section we explore the basic properties of this new definition. As
we are most interested in the cosine measure relative to span(D), many results focus on cmp (D).
Since the definition of the cosine measure assumes D is finite, results involving the cosine
measure include the assumptions that D in finite.
We begin with the obvious relationship between the cosine measure and the cosine measure
relative to a subspace.

Proposition 20 Let D C R"™ be a nonempty finite set of nonzero vectors, L be a nontrivial
linear subspace of R™. Then
cm(D) < cmp (D)

with equality if and only if cV(D)N L # 0.

Proof Since L is a nontrivial subspace of R”, the definitions of the cosine measures ensure that

T T
u'd u'd
D = 1 —_— < i - = D .
em(D) ﬁﬁnﬁaﬁ = \f?lﬁl% max gy = (D)
ul|=1 ul|=1

Now, suppose cm(D) = cmp, (D). Let u* € ¢V (D). Then u* must be in ¢V(D), so ¢V N L # (.
Conversely, suppose cV(D) N L # 0. Let u# € ¢V(D) N L. Then

(u?)Td ) u'd
D) = - > _— = D).
em(D) = max dl = ﬁi}a aed |d| em (D)
Since cm(D) < emp (D), we must have cm(D) = cmy, (D). ]

4.1 Relating pspan(D) and cmp(D)

We now turn our attention to how the cosine measure relative to a subspace provides knowledge
about positive spanning properties. We begin with an example computing the cosine measure
relative to a subspace. We will return to this example after each result to illustrate what the
information the cosine measure relative to a subspace provides. In the following example, it is
relatively easy to find the exact value of the cosine measure relative to a subspace since the
subspaces considered are either one dimensional or two dimensionals. A deterministic algorithm
will be provided in Section 5.

Example 21 Consider the sets of directions D1 = {e1, —e1, ez, —ea} € R3 and Dy = {e1, —e1,e3} C
R? and the subspaces L = {z € R® : 42y = 3wy, 23 =0} and M = {x € R® : 2; = 23 = 0}. First,
note that

cm (Dl) = 0, CV(Dl) = {63, —63}
and cm (Dg) =0, cV(Dy) = {v = (0,v2,v3) : ||v|| =1, v2 < 0}.

The shaded regions in Figure 1 represent the positive span of D; on the left and of Dy on
the right. Both figures also show the subspaces L and M.
There are exactly two unit vectors in L:

0.6 —0.6
ut= (0.8 and uw?= |-0.8
0 0
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€1 €1

-e2 M N

€2 €2

4 4
—€1 —eé1

Fig. 1 Illustrations of the positive spans of D; and D2

The cosine measures and cosine vectors relative to the subspace L are

cmyp(D;) = min ;n%qud cue{utu?ty = 0.8, V(D) = {ut,u?}
€Dy
and cmp(D2) = min ;n%qud cue {u' u?ty = 0.6, cVu(Ds) = {u?}.
€D>

In the subspace M, there are exactly two unit vectors: es and —es. We obtain

cmy(Dy) = min (Iin%qud s u € {eg,—eatp = 1, cVi(Dy) = {ea,—e2}
€Dy
and cmpr(D2) = min én%xu—rd s u € {eg,—ea}p = 0, V(D) = {—ea}.
€D2

Considering the subspaces span(D;) and span(Ds), we find

Cmp, (Dl) = 1/\/5’ cVp, (Dl) = {(0170270) : |1)1‘ = ‘/U2| = 1/\/5}
and cmp,(Ds3) =0, cVp, (D) = {—ea}.

Given a nontrivial finite set D C R™, it is known that cm(D) > 0 if and only if D positively
spans R™ [21, Theorem 4.2]. Note that since pspan(D) C span(D), the previous result can be
expressed as follows: given a nontrivial finite set D C R™, we have cm(D) > 0 if and only if
pspan(D) = span(D). Thus, neither D; nor Dy in Example 21 is a positive spanning set of R3.
The cosine measure provides no further information.

The next proposition shows the ability of the cosine measure relative to a subspace to detect
if the subspace is contained in the positive span of D.

Proposition 22 Let D C R™ be a nonempty set of nonzero vectors and L C span(D) be a
nontrivial linear subspace. Then L C pspan(D) if and only if cmp,(D) > 0. In particular,
pspan(D) = span(D) if and only if cmp(D) > 0.

Proof (=) Suppose L C pspan(D). Let u* € ¢VL(D). Since u* € L, we have that u* can be
expressed as u* = a1dy + aads + - - - + apmdy,, where o; > 0 for all j € {1,2,...,m}. Similar to
Proposition 18, 1 = (u*) "u* = a1d] u* + asdy u* + - + amd,,u* implies d; v > 0 for at least
one j € {1,2,...,m}. Thus cm (D) > 0.

(<) Conversely, suppose cmp, (D) > 0. This implies that given any v € L with ||v|| = 1 there
exists d € D such that v'd > 0. If L is not a subset of pspan(D), then pspan(D) # span(D),
so applying Lemma 10 in the same manner as Proposition 18 leads to the same contradiction.
Thus L C pspan(D).

The final statement comes from setting L = span(D). O
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In Example 21, cmp (D7) > 0,cmp(D2) > 0, cmp(D1) > 0; thus L C pspan(Dq), L C
pspan(Dz), and M C pspan(D;). Also, cmp,(D1) > 0, so pspan(D;) = span(D;). However,
cmy(D2) < 0, so M is not a subspace of pspan(Ds). Also, cmp,(D3) = 0, so pspan(Dsy) #
span(Ds).

Next we prove the claim in the introduction: “if D is a positive spanning set of a proper
subspace, then the cosine measure will always return 0”.

Corollary 23 Let D C R"™ be a nonempty finite set of nonzero vectors. Suppose span(D) # R™.
If pspan(D) = span(D), then cm(D) = 0.

Proof Select any v € R"™ with |jv|| = 1. Let vp = Ppv and vpr = v — vp. Since pspan(D) =
span(D), Proposition 22 implies cmp(D) > 0, which further implies

(vp)'d
max ,
deD ||dl -

with equality only if vp = 0,,. Since vp. is in the orthogonal subspace to D, (vp.)Td = 0 for
all d € D. Thus,

T4 T T
& = max (UD) d _|_ max M 2 O’
deD ||d| deD ||d] deD |||
with equality only if vp = 0,,. Selecting v to be in the orthogonal subspace to span(D) now
demonstrates cm(D) = 0. O

In Example 21, span(D;) # R and cm(D;) = 0, so Corollary 23 allows for the possibility
that pspan(D;) = span(D;). However, notice that this is not sufficient to ensure that result, as
Dy in Example 21 also has cm(Dz) = 0, but pspan(Dz) # span(Ds). Hence, Corollary 23 cannot
be made into an ‘if and only if’ statement.

The next theorem further investigates the relation between the value of the cosine measure
and the value of the cosine measure relative to the subspace span(D).

Theorem 24 Let D be a nonempty finite set of nonzero vectors in R™. If cm(D) # cmp(D),
then pspan(D) = span(D) # R™.
Proof If cm(D) # cmp(D), then Proposition 20 using L = R™ implies that span(D) # R™.

For eventual contradiction, suppose cm(D) # cmp(D) and pspan(D) # span(D). From
Proposition 20, cm(D) # cmp (D) implies that cm(D) < emp (D). From Proposition 22, pspan(D) #
span(D) implies that cmp (D) < 0. Hence, we have

cm(D) < emp(D) < 0. (5)

Let v € ¢V(D) and notice that Proposition 20 implies v ¢ span(D). Let vp = Pp v and notice
that v'd = vgd for all d € D. This implies that

d d
D) — T ¢ _ T ¢
D) =R ] WP

which further implies vp # 0,,. Define ¢ = |[vp||. Considering vp € span(D) and |jvp| =1, we

obtain
1\ d 1
cmp (D) < max (EUD> Tl =7 cm(D) < cm(D),
where the last inequality comes from 0 < ¢ < 1 and cm(D) < 0. This contradicts inequality (5),
so the initial supposition cannot hold. 0O

Returning to Example 21, notice that cm(D;) = cmp, (D;), and indeed we have span(D;) =
pspan(D;) # R3. In Example 21, we find the cm(D3) = cmp,(D3) = 0, so Theorem 24 does not
apply. In the next section, we explore what cmp (D) = 0 tells us about D.
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4.2 Consequence of cmp(D) =0

In this section, we focus exclusively on properties of cmp (D). Since the results do not involve
cm(D), we no longer require the assumption that D is a finite set. However, for the sake of
simplicity, we continue to assume that D is a nonempty set of nonzero vectors.

To explore the consequences of cmp (D) = 0 we first begin by examining the other extreme
case: cmp (D) = 1.

Proposition 25 Let D C R™ be a nonempty set of nonzero vectors. Define U = {u € span(D) :

|ul| = 1} and D = cl{d/||d|| : d € D}, where cl denotes the closure of the set. Then the following
are equivalent.

(i) U=D,

(i1) emp(D) =1,
(iii) cVp(D) =U,
(iv) Ap(D)="U.

Proof Clearly (i) implies (ii), (iii), and (iv). Therefore we only need to show (ii) implies (i).
Suppose cmp (D) = 1. By construction, D C U. Let u* € U. By definition of the cosine measure
relative to span(D),

u'd T3 T3
min _ supu d < sup(u*) ' d < ||u”] =1,

1=cmp(D) = min sup —- =
D( ) u€span(D)HuH:ldeg ||d|| uEllspHangD) deD de
ull=

1%
D

where the last inequality is true by Cauchy-Schwarz. Moreover, the last inequality is an equality
if and only if d = u*. Since equality holds across the above, this implies u* € D. Thus U C D,
which provides (i) and the proof is complete. ad

An important consequence of Proposition 25 is that if |D| = 2, then either cmp(D) =1 or
cmp (D) < 0.

Corollary 26 Let D C R™ be a set of nonzero vectors with exactly 2 vectors. Then either
cmp(D) =1 or cmp(D) < 0.

Proof Let D = {di,d2}. Set v = — (HS—N + H%H) If w = 0, then Proposition 25 creates
D= {H%II’ - Hillil\} =U, so cmp(D) = 1. If u # 0, then set v* = u/||lu|| and notice
(U*)le (u*)ng 1 d;rdg
cmD(D)SmaX{ , =-—|-1-——"—"—] <0.
[du]l 7 [zl I [y [lll 2l
O

We now begin our examination of the consequences of cmp (D) = 0. Our goal is to show that
cmp(D) =0 if and only if D contains a finite nontrivial subset that is a positive spanning. The
proof is reductionist in nature and uses the following lemma, which shows that if cmp (D) = 0,
then there exists a subset V' C D that is strictly smaller than D and has cmy (V) > 0.

Lemma 27 Let D C R™ be a nonempty set of nonzero vectors. If cmp (D) = 0, then there exists
a finite subset V.C D such that 1 < |V| < |D| and cmy (V) > 0.
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Proof Let u* € ¢Vp(D). Define H = {v € span(D) : (u*)Tv = 0} and V = D N H. Since
cmp (D) =0, by definition there exists at least one vector in V.

If |D| = |V, then V = D, which implies (u*)"d = 0 for all d € D. This yields (u*) v = 0 for
all v € span(D), which implies u* = 0,, contradicting ||u*|| = 1. Thus, |V| < |D|.

Finally, for eventual contradiction, suppose cmy (V') < 0. This implies that there exists v* €
span(V) such that (v*)Td < 0 for all d € V. For € > 0, define

v =u* 4 ev* € span(D).
Given any d € V, we have
(W) 'd = (u* +ev*)'d= (u*)"d+ (ev*)"d <0,
as (u*)Td =0 and (ev*)"d < 0. Given d € D\ V, we have

(w)'d
]

/Td: *Td *Td< d
()Tl = )T ()T < e (1]

) + (ev) Td.

Since u* € ¢Vp(D), we have

* Td
max | ||d]| () <0.
deD\V lldl
Thus, for e sufficiently small (v/)"d < 0 for all d € D. The vector u’ contradicts cmp (D) = 0,
and therefore we must have cmy (V) > 0.

Finally, |[V| > 1, as if |[V| = 1, then cmy (V) = —1. If V is not finite, then apply Theorem 14
to reduce to a finite subset. O

We now present the main result for this subsection.

Theorem 28 Let D CR™ be a nonempty set of nonzero vectors. Suppose pspan(D) # span(D).
Then cmp(D) = 0 if and only if D contains a nonempty finite proper subset V' such that
pspan(V) = span(V).

Proof First, note that pspan(D) # span(D) implies cmp (D) < 0.
(<) Suppose there exists a nonempty proper subset V' C D such that pspan(V) = span(V).
Let u* € cVp(D) and define uj, = Pyu* and uj,, = u* — uj,. Since uj,, is in the orthogonal
subspace to V', we have
*\ T * \T * Td * Td uk Td
sup () = sup () v < sup () = sup (w) d_ 7( ve)
aev vl dev vl aep |ldl| aep |dll aep |ld]

<cmp(D) <0. (6)

If uj, # 0,,, then Proposition 18 would imply the existence of v € V with (uf,)—rv > 0, therefore
equation (6) implies that uj, = 0,. Substituting uj, = 0,, in equation (6) shows cmp(D) = 0.

(=) Suppose cmp (D) = 0. Without loss of generality, we assume D is finite. (Indeed, if D
is not finite, then apply Theorem 14 to drop to a finite set.) Let m = |D|. Note that m > 3, as
|D| =1 implies cmp (D) = —1 and |D| = 2 implies cmp(D) =1 or cmp(D) < 0.

By Lemma 27, there exists a nonempty proper subset D; C D such that 1 < |[Dy] < m
and cmp, (D7) > 0. If cmp, (D7) > 0, then V = D; is our desired set. If cmp, (D) = 0, then
|D1| > 2 and therefore we can repeat the procedure as necessary to generate a nonempty proper
subset Dy, C Djy_; such that 2 < |Dy| < |Di—1| < m —k and cmp, (Dy) > 0. This process must
terminate before kK = m — 1 or a contradiction is created. When the procedure is terminated we
have cmp, (Dg) > 0, so V = Dy, is our desired set. O
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The previous theorem can be adapted to the cosine measure of D or reformulated to discuss
dimensions of subspaces.

Corollary 29 Let D C R"™ be a nonempty set of nonzero vectors.

(i) Suppose pspan(D) # R™. Then cm(D) = 0 if and only if D contains a nonempty proper
subset V' such that pspan(V') = span(V).
(#i) Suppose pspan(D) # span(D). Then cmmp(D) = 0 if and only if D contains a positive basis
of a linear subspace L C span(D) with 1 < dim(L) < dim(span(D)).
(i4i) Suppose pspan(D) # span(D). Then cmp(D) = 0 if and only if D contains a minimal
positive basis of a linear subspace L C span(D) with 1 < dim(L) < dim(span(D)).

Proof Ttem (i) is immediate from Theorem 28. Item (ii) results from rephrasing Theorem 28 in
terms of positive bases. Item (iii) follows from [24, Theorem 1], where it is shown that a positive
basis of a linear subspace can be partitioned to minimal positive bases [24, Theorem 1]. a

4.3 Bounding the norm of the gradient in directional direct-search methods

Directional methods such as the Generalized Pattern Search (GPS) [25] and the Mesh Adaptive
Direct Search (MADS)J[1] algorithms are foundational methods in derivative-free optimization
[3,6]. Their convergence rely on applying poll steps, evaluating f(2* + d), d € D where D is a
positive basis for R", to seek improvement in the objective function. An important result is that
in the case of a failed poll step (i.e., f(z*) < f(z* 4+ d) for all d € D), the cosine measure of D
combined with the radius of D provides an error bound on the gradient of f (assuming V[ is
Lipschitz continuous). We provide a formal statement below from [6], but recommend seeing [8,
16] for alternate presentations.

Given the nature of directional direct-search algorithm, in this subsection we continue to
assume that 0,, ¢ D.

Theorem 30 /6, Theorem 2.8] Let D C R™ be a nonempty finite subset of nonzero vectors with
radius Ap. Let f : domf C R® — R and 2° € dom f. Suppose D positively spans R™ and
f(2%) < f(z°+d) for alld € D. If V f is Lipschitz continuous with constant Ly > 0 in an open
set containing the ball B, (z°; Ap), then

1
9@ < 5Ly em(D) " Ap.

We next present two extensions of this result. Theorem 31(i) directly extends Theorem 30 to
allow for subspaces and infinite sets. (Setting L = R™ and D finite in Theorem 31(i) reproduces
Theorem 30.) Theorem 31(ii) presents a new result, demonstrating a stronger error bound in the
situation where the set D contains symmetry.

Theorem 31 Let D C R”™ be a nonempty set of nonzero vectors. Suppose the radius of D
is finite (0 < Ap < 00). Let f : domf C R® — R and 2° € dom f. In addition, suppose
pspan(D) = span(D) and f(z°) < f(2° + d) for all d € D.

(i) If Vf is Lipschitz continuous with constant Lyy > 0 in an open set containing the ball
B (2% Ap), then

|Po Vi) < 5Lsemp(D)" Ap. (7)
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(i) Suppose in addition that for each d € D there exists ag > 0 such that —agd € D. If V2f s
Lipschitz continuous with constant Ly2 ¢ > 0 in an open set containing the ball B (2% Ap),
then

1 _
IPp Vf(°)] < 3maxLv2y cmp (D) A, (8)

where Omax = SupdeD{ad}'

Proof (i) Let v = —Pp Vf(a?). If v # 0,,, then by definition, we have

.
v'd

cmp (D) < sup ————
deD ||v]ll|d]]

and therefore there exists a d € D such that
cmp (D)fo][|d]| < v d.
If v = 0, the above holds trivially. Therefore, there exists a vector d € D such that
T
cmp(D)||Pp Vf()|[ld]| < - (Pp Vf(z?)) d. (9)

Applying Taylor’s Theorem and the assumption that f(z°) — f(2° +d) < 0 for all d € D, we
have

— (PpVf(a%) d=-Vf(a")Td = f(z°) — f(2° + d) + Ri(*;d) < Ri(a%d)  (10)

where R; is the first-order remainder term. Combining equations (9) and (10), then noting that
[R1(2% d)| < 3Lvy|d||?, yields

1
emp(D)[[ Pp V(@) [ld] < Ra(2"d) < 5 Lysld]*.
Since span(D) = pspan(D), we know that cmp(D) > 0. Equation (7) follows using the fact
Ild|| < Ap for all d € D.
(ii) Suppose that for each d € D there exists ag > 0 such that —agd € D and let apax =

supgeplad}. If amax = 00, then the result holds trivially, so we assume auax < 00.
Taylor’s Theorem and the assumption that f(2°) — f(2° + d) <0 for all d € D, yields

~Vf(a®)Td= f(2°) — f(2° +d) + %dTVQf(zO)d + Ry (2°;d),
—Vf®)Td < %dTvzf(x)d + Ry (2% d) (11)
and similarly,
V)T (~aad) < BTV )+ Ro(as —avd), (12)

where R is the second-order remainder term. Multiplying (11) by «? and subtracting (12), we
get

—(a2+ag)Vf(a®)Td=—(af +aq) (Pp Vf(gco))T d < a2Ry(2°;d) — Ro(2%; —agd)  (13)
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Therefore, combining equations (9) and (13), then noting that | Ry (2% d)| < & Lyz2||d||, we find
(e + aq) emp(D)|| Pp VF(2°)|[ld]| < aiRe (2" d) — Re(z"; —aad)

Ly2 Ly2
< ag=tld)* + = — aad]?

Ly»
< (g + o) =3 ||’

Using the bounds ||d|| < Ap and ag < quax, we obtain (8). O

Theorem 31 could be used in directional direct-search methods in several different manners.
One obvious example would be to use it to generate a stopping condition, particularly in the
case where span(D) = pspan(D). In the case of reduced subspace methods where span(D) #
pspan(D), Theorem 31 could be used to create flags indicating when it is time switch to a different
subspace.

While convergence of the directional direct-search methods requires the use of positive span-
ning sets, it is easy to conceive of an implementation that does not enforce positive spanning sets
at every iteration. The following corollary demonstrates how Theorem 31 might be used to help
determine next steps in the case of a failed poll step where D is not a positive spanning set.

Corollary 32 Let D C R"™ be a nonempty set of nonzero vectors. Suppose the radius of D
is finite (0 < Ap < 00). Let f : domf C R® — R and 2° € dom f. In addition, suppose
pspan(D) # span(D) and f(x°) < f(2° + d) for all d € D.
Let B={d1,ds...,dn} C D be a basis of span(D). Define
" d;
w = —AD#, D'=DU{w}, and D" =DU-D.
1225=1 il
(i) If V[ is Lipschitz continuous with constant Lvy > 0 in an open set containing the ball
B (2% Ap), then at least one of the following holds:

fa®+w) < f(a°) or [[PpVf(a")] < %Lw cmp (D)~ Ap. (14)

(i1) If V2f is Lipschitz continuous with constant Lgz; > 0 in an open set containing the ball
B, (2% Ap), then then at least one of the following holds

f(2® —d) < f(2°) for somed € D or |PpVf(x°)| < %vaf emp(D")T1AZL. (15)

Proof (i) Suppose f(z°) < f(2° + w). By Proposition 16, D’ is a positive spanning set. The
result follows from Theorem 31(i), noting that the scaling of w makes Ap, = Ap.

(ii) Suppose f(z°) < f(2° — d) for all d € D. By Proposition 16, D" is a positive spanning set.
The result follows from Theorem 31, noting that Ap» = Ap and ag =1 for all d € D. m|

5 Computing the cosine measure relative to a subspace

Section 4 established the value of the cosine measure relative to a subspace. In this section, we
investigate how to compute cmp (D) for a nonempty finite set of nonzero vectors. In Example 21,
we were able to compute the cosine measure relative to a subspace since the subspace considered
were either 1-dimensional or 2-dimensional. In this section, we provide a general deterministic
algorithm to compute the cosine measure relative to a subspace. Note that Algorithm 1 assumes



The cosine measure relative to a subspace 17

D is finite and 0,, ¢ D. Reasons for both are clear. If D is infinite, then we must confront the
challenge of how to express the set in a manner suitable for algorithmic use. If we allowed 0,, € D,
then the first step of the algorithm would simply become remove 0,, from D.

Algorithm 1 is a modification of the algorithm in [10] to allow for subspaces and for the
case where D is not a positive spanning set. To allow for the scenario where D is not a positive
spanning set, Algorithm 1 begins by checking if pspan(D) = span(D). Recall that this can be
done by solving a linear program using Theorem 14(vii). Within the algorithm ps is used as a
flag to store whether D is a positive spanning set (ps = 1) or not (ps = -1). This flag is used in
line (2.1) to control whether g is positive or negative. The notation G(B) represents the Gram
matriz of B. That is G(B) = BT B.

Algorithm 1: The cosine measure of a finite set D relative to span(D)

Given a nonempty finite set D of ¢ nonzero vectors in R™,
0. Normalize: set D < {d/||d| : d € D}.
1. Determine if pspan(D) = span(D) and define
(11) ps= { 1, if pspan(D) = span(D)
' —1, if pspan(D) # span(D).
2. Let m = dim(span(D)) > 1. For all bases B of span(D) contained in D,

compute
(2.1) v = (ps) lmTGl(B)—llm (pos. if pspan(D) = span(D), neg. otherwise),
(2.2) up =198 (BT)Jr 1, (the unit vector associated to yg),
(2.3) pp = [[pBl1 -+ [PBle] = (up) "D (the dot product vector),
(24) pp= lrg?écq[pg]j (the maximum value in pp).
3. Return

min p, ifps=1 (pspan(D) = span(D)),

3.1 D)=
(3.1) cmp(D) min {énci%ﬁB’O} ,if ps = —1 (pspan(D) # span(D)).

{up : pp = cmp(D)}, if cmp (D) # 0,
(3:2) eVp(D) = { fuc span(D) : DT < 0y, [ul] = 1}, if cmp (D) =0

To prove that the algorithm returns the correct cosine measure and the cosine vector set, we
begin by introducing several results that can be viewed as a generalization of the results in [10,
19]. The following lemma is an adaptation of Lemma 1 in [19].

Lemma 33 Let B = [dl e dm] be a basis of Sp = span(B) in R™ written in matriz form where
1 <m < n and where each d; is a unit vector. Then there exist a unit vectors up € Sp such that

(up)'di =+ = (up) " dm = V8,
and
(—Dup)'dy =+ = ((=Dup) "dm = (~1)75.
where
1
B = TG IL. > 0. (16)
Moreover,

up :’}/B(BT)T].m. (17)
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The proof is essentially identical to the proof of [19, Lemma 1] by replacing R™ with Sp.

Lemma 34 Let B = {d1,--- ,d,,} be a basis of Sp = span(B) in R™ and where each d; is a
unit vector. Suppose w is a unit vector in Sg such that uw'd; = -+ = u'd,, = a > 0. Then
a =g, where yp is defined as in (16).

The previous lemma can be proved using a similar process than the proof of Lemma 13 in [10].
Next, we recall a lemma that will be useful to prove the key theorem of this section.

Lemma 35 [10, Lemma 16] Let € # 0 and let u and v be unit vectors in R™. Then

(i) |lu+ ev|| =1 if and only if e = —2u"v, and
(#1) ||u+ ev|| <1 implies ||u — ev|| > 1.
(#ii) Assume ||u £ ev|| # 0. Then

u =+ ev

Tosrerrli— < = +u.
futef v=

Theorem 36 Let D be a nonempty set of nonzero vectors in R™ with cmp (D) # 0. Let ug €
cVp(D). Then

span(Ap(D,ug)) = span(D).

Proof Without loss of generality, assume that all vectors d in D are unit vectors. Suppose that
span(Ap(D,up)) # span(D), i.e., the rank of Ap(D,up) is strictly less than dim(span(D)).
This implies that the kernel of Ap(D,up) is nonempty. Let v € span(D) be a unit vector in the
kernel of Ap(D,ug). This means that d"v =0 for all d in Ap(D,up).

Notice that, if d € D\ Ap(D,ug), then

d"up < cmp(D).

Consider the vector ug + ev € span(D). Since cmp(D) # 0, it follows that up # +v as ud # 0
for all d € Ap(D,up). Hence, using Lemma 35(iii), for sufficiently small e > 0 and not equal to
| — 2ugw|, we have

d" (up =+ ev)

< cmp(D
lup £ ev]| (D)

for all d € D\ Ap(D,up). Moreover, since d v = 0, it follows that

d"(up + ev) d"up cmp(D)

|lup % ev|| lup £ ev]| lup £ ev]|

for all d € Ap(D,up) and where cmp(D) # 0 by assumption. By Lemma 35(i), € # —2ujv
implies that ||ug + ev|| # 1. By Lemma 35(ii), if |jup + ev|| < 1, then |lupg — ev|| > 1. Select w in
{up + ev,up — ev} such that ||w| > 1. Then

dTw
—— < cmp(D)
[[o]]

for all d € D. This contradicts the definition of cosine measure.
Therefore, span(D) C span(Ap(D,up)) C span(D), and the result follows. O
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Theorem 36 can be viewed as an extension of Proposition 17 in [10] for the following two
reasons: the linear subspace span(D) is considered rather than the whole space R™; and the
assumption that the set D considered is a positive spanning set is deleted and replaced by the
more general condition that cmp (D) # 0.

The following corollary follows from Theorem 36 and the fact that a spanning set of a vector
space contains a basis of the vector space [4, Theorem 2.11].

Corollary 37 Let D be a nonempty set of nonzero vectors in R™ such that comp (D) # 0. Let
upg € ¢cV(D). Then Ap(D,ug) contains a basis of span(D).

We are now ready to show that Algorithm 1 returns the desired values.

Theorem 38 Let D = {d1,...,d,} be a set of ¢ > 1 nonzero vectors in R™. Then Algorithm 1
returns cmp (D) and cVp(D).

Proof Without loss of generality, assume that all vectors d; are unit vectors. Since ¢ > 1,
cVp(D) #0. Let ug € cVp(D). Define

_ 1, if pspan(D) = span(D)
PE= 1, if pspan(D) # span(D).

Case (i) ps = 1. Suppose ps = 1. By Proposition 22, this implies cmp(D) > 0. Let up €
cVp(D). By Corollary 37, Ap (D, up) contains a basis of span(D). Without loss of generality, let
this basis (written in matrix form) be B, = [dy - - d,| where m = dim(span(D)) > 1. Hence,

cmp(D) =djup = ---=d)up > 0.

By Lemma 34,
1
1) G(B.) 11,

cmp(D) =g, = (1)

Note that pp, = maxi<j<q d;ruB = vp, since vp, = cmp(D). Therefore, we have
cmp(D) = min pg = pB..
p(D) BQDPB PB.

Taking all the vectors up associated to pp such that cmp(D) = pp in Step (3.2) returns the
complete set ¢V p (D).

Case (ii) ps = —1. Suppose ps = —1. Then either cmp(D) < 0 or cmp(D) = 0. When
cmp(D) < 0, using any up € cVp(D), Corollary 37 guarantees that the Ap(D,up) contains
a basis of span(D). A similar process than the previous case shows that the cosine measure is
equal to

D) = min pp.

cmp(D) min P
If cmp (D) = 0, then Corollary 37 does not apply, so mingcp pp can be 0 or strictly positive. (If
cmp (D) =0, then cmp (D) < mingcp pp implies that this value cannot be negative.) Therefore,

min{ min 133,0}
BCD
returns the exact cosine measure when ps = —1.
When cmp(D) < 0, then the first branch of Step (3.2) returns the complete vector set

c¢Vp(D) by Theorem 36. When cmp(D) = 0, then finding all unit vectors w in span(D) such
that DTu < 0, provides the complete vector set, which is the second branch in Step (3.2). O
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6 Conclusion

This paper introduces the definitions of the cosine measure relative to a subspace, and the related
cosine vector set relative to a subspace. These definitions not only generalize the cosine measure
and cosine vector set to allow for working in subspaces, but also generalize these ideas to work
for infinite sets.

Novel results demonstrate the value of these new definitions for working with sets that are
not positive spanning. Proposition 16 shows that any nonempty set of vectors can be extended
to positive spanning set of its span by adding at most one vector to the set. Section 4 provides
several properties of the cosine measure relative to a subspace. Theorem 24 shows that if the
cosine measure of a set D differs from the cosine measure relative to the span of D, then D is
a positive spanning set of its span and span(D) must be a proper subspace of R"™. Theorem 28
proves that the cosine measure relative to span(D) is equal to zero if and only if the set D
contains a positive spanning set of the span of a proper nonempty subset of D. Theorem 31 uses
the notion of cosine measure relative to a subspace to define two error bounds on the projected
gradient of a smooth function. In the case where the set is not a positive spanning set of its
span, Corollary 32 introduces results that could be valuable when the poll step of a derivative-
free algorithm fails. Lastly, a deterministic algorithm is proposed to compute the cosine measure
relative to its span. The algorithm is designed to accept a non-positive spanning set as an input.
Combined, these results demonstrate that the cosine measure relative to a subspace is a valuable
and practical tool to quantify the positive spanning properties of a set relative to a subspace.
On a final note, an implementation of Algorithm 1 in MATLAB is available upon request.
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