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Noise-Tolerant Optimization Methods for the Solution of a Robust Design
Problem*

Yuchen Lou', Shigeng Sun®, and Jorge Nocedalf

Abstract. The development of nonlinear optimization algorithms capable of performing reliably in the presence
of noise has garnered considerable attention lately. This paper advocates for strategies to create
noise-tolerant nonlinear optimization algorithms by adapting classical deterministic methods. These
adaptations follow certain design guidelines described here, which make use of estimates of the noise
level in the problem. The application of our methodology is illustrated by the development of a line
search gradient projection method, which is tested on an engineering design problem. It is shown that
a new self-calibrated line search and noise-aware finite-difference techniques are effective even in the
high noise regime. Numerical experiments investigate the resiliency of key algorithmic components.
A convergence analysis of the line search gradient projection method establishes convergence to a
neighborhood of the solution.
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1. Introduction. Over the past 50 years, significant progress has been made in the de-
velopment of robust and efficient methods for deterministic nonlinear optimization. These
methods have been adopted in a wide range of applications, and in the case of constrained
optimization, can be quite complex. Recently, there has been a growing interest in tackling
nonlinear problems where the function and/or gradient evaluations are subject to noise or
errors [1, 4, 10, 11, 13, 19, 26, 29, 42]. This raises the question of whether existing optimiza-
tion methods require substantial redesign to ensure robustness in the presence of noise, or if
certain modifications are sufficient to tackle such challenges.

This paper argues that one can develop effective methods for a broad range of noisy
optimization problems by retaining the fundamental properties of deterministic methods while
incorporating certain modifications based on the design guidelines outlined herein. These
guidelines stem from the observation that, in the presence of noise, only few operations can
lead to numerical difficulties in optimization methods. These operations include:

1. Comparisons of noisy function values, as required e.g., in line search and trust region

techniques.

2. Computation of differences of noisy function values, as required in finite-difference

approximations to a gradient.

3. Computation of differences of noisy gradients, a basic ingredient in quasi-Newton

updating.

Robust methods can be designed by ensuring that these operations are conducted reliably,
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preventing the algorithm from making harmful decisions. In this paper, we explore stabiliza-
tion procedures that utilize an upper bound or a standard deviation of the noise (referred to
as the noise level), and illustrate their performance in solving a design optimization problem.
Examples of strategies proposed in the literature to safeguard the three fragile operations men-
tioned above are as follows. Soft comparisons: when assessing whether a step is acceptable
by comparing noisy function values, the classical sufficient decrease condition can be relaxed
in proportion to the noise level [2, 3, 39]; Robust difference intervals: in computing a finite
difference gradient approximation, the distance between evaluation points for noisy functions
should be proportional the square root of the noise level divided by the norm of the Hessian
[26, 38]; Controlled gradient differences: quasi-Newton methods can achieve robustness by
ensuring that points used for computing gradient differences (normally consecutive iterates)
are adequately spaced in relation to the noise level in the problem [37, 42].

We do not argue that the only way to design nonlinear optimization methods for noisy
problems is to adapt existing deterministic methods. We will see that in scenarios with highly
noisy gradients, deviating from traditional approaches can be beneficial. Specifically, utilizing
techniques like diminishing steplengths [6, 28, 33] can help counteract the adverse impacts of
errors or noise, offering a viable alternative to line searches or trust region techniques. Never-
theless, the sophistication of some of the established methods and software for deterministic
optimization makes it alluring to build upon their foundations as much as possible because of
the important algorithmic ideas they embody. For example, in cases where a good estimate of
the optimal active set is available, it is sensible to employ an active set method like sequential
quadratic programming, as it can effectively utilize this estimate [34]. Similarly, primal-dual
interior point methods have demonstrated remarkable efficacy in handling large-scale prob-
lems with network structure [20]. Maintaining these capabilities even amidst noise is highly
desirable.

In this paper, we study the performance of an algorithm that follows the design principles
mentioned above and apply it to a design optimization problem in which the noise level can
be adjusted. In this problem, the goal is to optimize the shape of an acoustic horn to achieve
optimal efficiency, assuming that there is uncertainty in some of the physical properties of the
system [29]. This leads to a nonconvex bound constrained optimization problem, for which
we design a noise-tolerant gradient projection method with a new self-calibrated line search
that incorporates noise suppression within the classical framework. Our case study provides
ample flexibility for assessing the efficacy of various optimization methods as noise increases
from mild to extremely high, a regime where the stochastic gradient descent (SGD) method
[33] has shown to be particularly effective.

1.1. Contributions of the Paper. The recent literature on noisy nonlinear optimization
typically reports numerical tests using either synthetic noise or simple machine learning mod-
els, leaving the question of their effectiveness in realistic applications open. In this paper,
we focus on the sources of noise and errors that arise in certain practical problems, identify
three critical operations prone to failure, and discuss the importance of the noise level in
designing noise-tolerant algorithms. Based on a case study in optimal design, we conduct
systematic tests to verify the robustness of two key components of our gradient projection
method, namely the line search and the finite difference gradient approximation, as the noise
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NOISE-TOLERANT OPTIMIZATION FOR ROBUST DESIGN 3

level in the problem increases.

Building upon these findings, we introduce a new self-calibrated line search technique,
effective even in environments with high levels of noise. This technique narrows the gap
between traditional algorithms and the fixed step length SGD method. Additionally, we
provide a convergence analysis for the line search gradient projection algorithm used in our case
study, under the assumption that the noise in the function is bounded—a realistic assumption
in this context.

1.2. Organization of the Paper. This paper is structured into seven sections. In the fol-
lowing section, we explore the concept of noise level and its estimation. Section §3 introduces
the optimal design problem central to our study. In Section §4, we detail a gradient projection
method rooted in robust design principles. Section §5 presents the results of our numerical
tests, while Section §6 offers a global convergence analysis of the gradient projection method
with a line search. The paper concludes with final remarks in Section §7.

2. Noise and Errors. Let f be a smooth function and f its noisy or inexact counterpart.
Polyak [32] proposed two broad categories of noise and errors:

(2.1) f(z) = f(x)+ A(z) stochastic noise,

(2.2) f(z) = f(x) + 6(x) deterministic error.

The first case arises e.g. from Monte Carlo simulation, and thus A(z) ~ D, is a random
variable following a distribution D, that may be parameterized by x. The second case concerns
computational error, broadly speaking, where repeated evaluations of f (z) for a given x give
the same result.

Following Moré and Wild [25, 26], we use the term noise level of a function. For the case
of stochastic noise, we define the noise level of f at a point z as the standard deviation of
f(x), which we denote of(x). In practice, we compute an estimate € (x):

(2.3) er(z) = op(z) = \/V(f()).

There are situations where deterministic error (2.2) can be described in a useful manner
using a stochastic model, so that d(x) can be viewed as a realization of a random variable.
In this case, we say that the function exhibits computational noise, and we will denote the
resultant random variable as A(x), as in the case of stochastic noise. Following Moré and Wild
[25, 26], we define the noise level o¢(x) as the standard deviation of A(z), with €;(z) serving
as an approximate measure. For example, roundoff error is deterministic but can be modeled
(albeit imperfectly) using a random variable drawn from a uniform distribution over the
interval [—|f(z)|err, | f(x)|err], where ey is unit roundoff. More examples of computational
noise can be found in [25] and in §3.4 of this paper.

In summary, stochastic and computational noise can be analyzed using a uniform approach
by studying the properties of A(x).

In the more general case of deterministic error, we can employ an estimate of the maximum
error:

(2.4) ey ~sup |0(z)], z€TR,
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4 Y. LOU, S. SUN, J. NOCEDAL

where R is the region of interest.

2.1. Noise Level Estimation. Knowledge of the noise level in the function is a key com-
ponent in the algorithms described in this paper. As a result, we now discuss some practical
procedures for estimating the noise level.

Local Pointwise Estimate e;(x). Given m iid. samples {fi(z), fa(2),..., fm(z)}, we can
define the pointwise noise level, in the case of stochastic noise, as

25 o) = L > (B0 - 7@)", were T iZ

m

From classic statistics, we know that ef(x) is an unbiased and consistent estimator of o¢(z) =
V(F()]V2.

We observe that formula (2.5) is not suitable in the context of computational noise. Since
this type of noise is deterministic, the formula would erroneously suggest a noise level of
zero. One can, however, use the ECNoise algorithm [25], which was specifically designed for
computational noise. It samples points along a randomly chosen line and employs Hamming
differences [21] to yield an estimate ef(x).

Global Estimate €;. Estimating e¢(xy) at every iteration is expensive and often unnecessary
in practice. Whenever possible, it is desirable to employ a universal estimate ey for all x in
the region of interest. A global measure of noise over the region of interest R can be defined
as

(2.6) of= ‘712‘/R0f(x)d$7

and can be estimated as
(2.7) —Zef T;) Gy

where {z1, -,z } are randomly sampled from R, and es(z;) is either given by (2.5) or is
the output of ECNoise.

In some cases, e.g. Figure 3 in the next section, o¢(x) remains relatively constant across
R, allowing us to use a few (ideally only one representative) sample point x; to define €.

There are other more powerful estimators in the statistics literature but they are typically
more expensive. Considering the iterative aspect of optimization algorithms, the simpler
constant estimators €y defined above are often adequate for practical purposes, as illustrated
in §5.

3. Case Study: An Acoustic Design Problem. To guide our discussion on the design of
robust optimization methods and illustrate the concept of noise level, we begin by presenting
a case study involving optimal design under uncertainty. In this problem, the uncertainty of
some system parameters and the use of sampling techniques lead to noise in the objective func-
tion. While the uncertainty in the parameters is well-defined, predicting its propagation into
the objective function becomes challenging owing to the nonlinear nature of the simulation.
Nonetheless, we will see that estimating the noise level in the function is feasible, enabling us
to effectively utilize a range of approaches to solve the optimization problem.

This manuscript is for review purposes only.



—_

ot Ot Ot
oo

-

—_

160

161
162

163

164
165
166
167
168
169
170
171
172
173
174

179
180
181

NOISE-TOLERANT OPTIMIZATION FOR ROBUST DESIGN 5

3.1. Statement of the Problem. We consider the 2-D acoustic design problem under
uncertainty studied by Ng and Willcox [29]. An incoming wave enters a horn through its inlet
and exits the outlet into the exterior domain with an absorbing boundary; see Figure 1. The
goal is to find the shape of the horn so as to optimize its efficiency.

~ ™~

e .
// \
/ N\
/ \

\ Iadiation 2b ' Dinlet

Figure 1: Schematic plot for the design of horn

The propagation of the acoustic wave is modeled by the non-dimensional complex Helm-
holtz equation

(3.1) V2u + ku =0,

where u represents velocity and k is the wave number. The design variables b = (b1, bo, - - , bg)
in R define the flare half-widths. We impose bounds on the design variables, by, < b < by,
and assume that the dimensions, a, L, depicted in Figure 1 are given. The PDE is solved
using a finite element method.

The model contains uncertainties. The impedances z; and z, of the lower and upper horn
walls are not known, but are assumed to follow a Gaussian distribution, N (50, 3). Similarly,
the wave number k is assumed to follow a uniform distribution Unif(1.3,1.5). We characterize
uncertainty by the random variable w, so that k(w) ~ Unif(1.3,1.5), z(w) ~ N(50,3), and
zy(w) ~ N (50, 3).

For a particular realization §; of the random variable w, the efficiency s of the horn is
characterized by the flux at the inlet, as follows:

(3.2) s(b,&):/r’ u(b,fi,t)dt—l‘.

Ng and Wilcox employ various statistics of s(b,w) to estimate overall efficiency and to achieve
a robust design. We focus here on the following formulation

(3.3) bLISIggbU f(b) =E[s(b,w)] + 31/ V[s(b,w)].

Although one may argue in favor of other robust formulations, the precise choice of the
objective is not important in the discussion that follows. Note that problem (3.3) is a bound
constrained stochastic optimization problem.

This manuscript is for review purposes only
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6 Y. LOU, S. SUN, J. NOCEDAL

3.2. Approximating the Objective Function. Closed form representations of the expec-
tation and variance terms in (3.3) are unknown and must be estimated by sampling. At every
iteration k£ of the optimization algorithm, we compute the stochastic approximation:

(3.4) F(bk) = 5k (b, Zi) + 31/ Sk (br, Zx)2,

where = = {&1,&, -+ ,&n} is a batch of ii.d. samples of the random variable w. Here,
Sk (bk, Zk) is the sample mean of s(bg, &;) with respect to the batch =, i.e.,
_ — 1
(3.5) Sk (b, Zx) = N > s(be, &),
§i€Ek

and Si(by, Zx)? is the sample variance of s(bg, &) in Zy, i.e.,

— 2 2gez, (50 &) — Sk(by, Zx))”
(3.6) S (br, Zx)" = N1 :

For simplicity, we assume the batch size |Zx| = N is constant across all optimization iterations.

The evaluation of f is expensive because, for each of the N realizations of w, the acoustic
efficiency s given in (3.2) requires the solution of a differential equation using a finite element
method that involves the solution of a linear system of order 0(30,000). (Ng and Willcox [29]
employ a multifidelity approach to improve the efficiency of the sampling mechanism, but we
will not consider it as it is not central to this investigation.)

3.3. lllustration. To visualize the behavior of the noisy function (3.4), we plot it in Fig-
ure 2 over a two-dimensional slice of RS defined by varying two variables: bs, bs. The noise
displays a discernible pattern rather than being highly erratic. As a result, the optimization
problem is tractable notwithstanding the inherent nonlinearity of the simulation,

Figure 2: Noisy Function. The vertical axis plots the noisy objective (3.4) with different
numbers of sample points: N = 10 (left), N = 50 (middle), and N = 100 (right). The
horizontal axes represent values of two of the design variables, b3 and b4. Different realizations
of the random variable w were employed for each evaluation of f in the region of interest.

The noise level o4(b) in this function is defined as the standard deviation of f(b) (see
(2.3)), since the problem exhibits stochastic noise. In Figure 3, we plot an estimate e¢(b) of
of(b) (defined in (2.5) with m = 50) as we vary the variables b3, by. While ef(b) does vary
among different values of b, its fluctuations are not substantial. Thus, a single estimate might
suffice for the optimization, as discussed in sections below.

This manuscript is for review purposes only.
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Figure 3: Noise Level. The vertical axis plots the estimated noise level €7(b) of the objective
(3.4) with different numbers of sample points: N = 10 (left), N = 50 (middle), and N = 100
(right). The horizontal axes represent values of two of the design variables b3 and bs. Each
value €¢(b) is computed as defined in (2.5) with m = 50.

3.4. A Variant lllustrating Computational Noise. The acoustic horn design problem
can also be used to illustrate computational noise. As already mentioned, the finite element
solution of the Helmholtz equation (3.1) requires solving of a non-symmetric linear system of
equations. In the examples given in the previous sections this was done using a direct linear
solver. However, practical applications often benefit from approximating solutions with an
iterative method. In our next experiment, we utilize the GMRES method, with tolerance of
1079, to solve the linear system.

In order to isolate the effect of computational noise, we generate and fix a particular
realization of Zp = =, of size N = 10, in the evaluation of the objective function (3.4). We
plot the generated objective function in Figure 4. For comparison, we also plot the function
using a direct linear solver. In this context, computational noise is notably smaller than the
stochastic noise previously illustrated. Although increasing the linear solver’s tolerance can
amplify the noise level, for brevity, our experiments will concentrate solely on stochastic noise.

4. Line Search Gradient Projection Methods. In this section, we consider algorithms for
the solution of noisy bound constrained optimization problems, such as the acoustic design
problem (3.3). Our starting point is a classical gradient projection method with a backtracking
line search, designed to be stable with respect to the critical operations discussed in the
introduction.

Suppose the problem is defined in R™. Let g(z) := Vf(x), and let g(z) denote its noisy
approximation. As is common, we denote g := g(xx) and gx := g(z). Given a search
direction pg, a straightforward extension of the Armijo sufficient decrease condition [30] reads

Flae+ Brbr) — far) < cBidi b, c € (0,1].

This requires the comparison of noisy function evaluations (case 1 in §1) and can lead to poor
performance or failure [2, 31, 39]. To see this, suppose e.g. that pr, = —gx. Then, the right
hand side is always negative, but due to the noisy nature of f, the left hand side can be
positive even for a very small steplength, forcing the line search to decrease [ even more.
One approach for circumventing these difficulties is to introduce a margin e4(xy) and to
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Figure 4: Computational Noise. The vertical axis plots a deterministic variant of the func-
tion (3.4) in which the samples have been fixed. The linear system within the PDE scheme
is solved using a direct method (left) and using the iterative method GMRES with tolerance
107 (right).

relax the Armijo condition as follows [2, 3, 37, 39],

(4.1) F@i+ Bubr) < (o) + cBidi Pr + 2€a ().

A gradient projection method using a relaxed line search is given in Algorithm 1. It depends
on a parameter o that determines the initial trial point in the line search. The importance
of ap will be discussed in subsequent sections. In the algorithm, Pq[-] denotes the projection
operator onto the feasible region Q. For the moment, we assume that e4(zy) depends on
ef(xr), and will elaborate on the exact nature of this relationship in the next subsection.

Algorithm 1: (GP-LS) Line Search Gradient Projection Method

1 Input: Initial point zg, constants p € (0,1), ¢ € (0,1), and initial trial steplength
ag > 0.

2 Set k <+ 0.

3 while a termination condition is not met do

4 Determine €4(zy).

5 Compute a stochastic gradient gy.

6 | Dr< Palrr — aodr] — x-

7

8

9

Set O + 1.

while f(xx + Brpr) > f(zk) + cBrdF i + 2€a(xx) do
| Br B

10 end

11 Tpt1 < Tk + BrDk-

12 Set k +— k+ 1.

13 end

In our experiments we use the parameters p = 1/2 and ¢ = 10~%. We could have considered
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NOISE-TOLERANT OPTIMIZATION FOR ROBUST DESIGN 9

a more sophisticated gradient projection method with a projected backtracking line search [7],
but the numerical and theoretical results would not be significantly different.

We now discuss the unspecified aspects of Algorithm 1, namely the computations of the
relaxation €4 (zy) and the noisy gradients .

4.1. Choosing the Relaxation € 4(x). One option is to choose e€4(x) to be greater than
€y, where the latter is defined in (2.4) as a bound on the noise. Then (4.1) is satisfied for all
sufficiently small 5, and one can establish deterministic convergence results to a neighborhood
of the solution [2, 31, 39]. However, in many applications, computing the bound ¢, is not
feasible. Even when it is possible, choosing e4(x) > €, tends to be excessively cautious and
can degrade performance, as we will demonstrate in §5.

A more effective approach, in general, is to choose e4(x) < Aef(x), where ef(x) is the
estimated noise level at x and A is a positive constant. This rule is justified as follows.

Suppose that the random variable A(z) is i.i.d. for all € 2, and that o¢(z) remains
constant, so that computing ef(x) at a single x suffices. Then by utilizing concentration
inequalities we can see that, E(A(z)) + Aef(z) serves as a high-probability estimate of ¢,
for X large enough. Given that the critical operations discussed in this paper solely involve
comparisons or differences of function values, the mean cancels out, justifying the rule e 4(x) +
e f (JI)

This rule can also be motivated in the absence of the i.i.d assumption by introducing the
weaker set of assumptions: V(A(z)) < 0? and E(A(z)) = 0 [11]. In that case it is reasonable to
set e4(x) <= Ao. Another line of research [22, 23] that also motivates the rule e4(x) < Xes(x)
assumes the existence of probabilistic bounds of ||A(z)||, and allows for E(A(z)) # 0.

When the noise level does not vary significantly within the region of interest, it is more
efficient to compute a constant estimate €; (as discussed in §2.1) and fine tune the parameter
A € [1,2] to the application at hand. We can then drop the dependency on z and write

(4.2) €A Aey.

In case the distribution of A(x) varies dramatically for different x, one may have to
recompute €4 during the course of the optimization or employ €, in lieu of a fixed value €4;
see Appendix B for details.

4.2. Finite Difference Gradient Approximation. The gradient of the objective function
can be approximated using (noisy) finite differences. This involves the critical operation 2
mentioned in §1. To achieve stability, the function evaluations must be spread out appropri-
ately to balance truncation error and noise.

Let us consider the case where a universal noise level estimate €y is available for all z. A
value of h that minimizes mean squared error for the forward difference estimator

f(z + he;) — f(z)

[G5P (2)]; = o , i=1,...,n,

is given by [26]

43 hoa gl Y
(43) VL
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10 Y. LOU, S. SUN, J. NOCEDAL

where L is a bound on the second derivative of the objective function (or the Lipschitz constant
of the gradient). (In this formula, e; should be replaced by €, when the latter is the only
information available.) Traditionally, the value of L is estimated independently from ey [17,
26, 36]. However, Shi et al. [38] recently introduced a bisection procedure that calculates h
directly using only noisy evaluations f, avoiding a separate estimation of L.

In certain applications, such as the acoustic design problem described in §3, analytic
expressions for the gradient of a sample average approximation of the objective function are
available; see Appendix A. This will allow us to present a comparative efficiency analysis of
noisy finite difference methods versus analytic gradients.

5. Numerical Experiments. We now describe numerical experiments that test the effi-
ciency of algorithms for solving noisy bound constrained optimization problem under various
noise regimes. We compare the line search gradient projection method GP-LS defined in Al-
gorithm 1 with a variant using a fixed steplength, referred to as GP-F, given by

(5.1) Try1 < Polrg — agyl,

where g, is a gradient approximation, Pq|-] is the projection operator onto the feasible region,
and « is a fixed steplength determined at the start of the algorithm.

Unless otherwise noted, the algorithms tested in this paper operate in the sample incon-
sistent case, meaning that every evaluation of the function uses a different batch of samples.
This applies both to finite difference approximations of gradients and to line searches. (As a
benchmark, we report the results for the sample consistent case in Appendix C.)

5.1. Relaxed Line Search vs. Fixed Step Lengths. It is common practice to avoid line
searches when minimizing noisy functions. We investigate whether this practice is still justified
when employing the relaxed line search (4.1). To do so, we test our acoustic design problem
under increasing noise levels.

In the first set of experiments, we compare the two gradient projection algorithms, GP-F
and GP-LS, using gradients generated by finite differences. We chose a sample size N = 100
in (3.4) for which the estimated noise level € (b) varies between 1072 and 1072 (see Figure 3).
Since €f(b) does not change dramatically, we use a single value e;. We set €4 = 103 through
(4.2), after experimenting with the value of A. Similarly, we use a fixed finite difference
interval h = 1072 in both methods, based on formula (4.3) (experiments for other values of h
are discussed in the next subsection).

The results are displayed in Figure 5. Algorithm GP-F was tested using three values of
the fixed steplength, o = 1071,1072,1073. Algorithm GP-LS used an initial trial steplength
ap = 1. In the vertical axis we plot an approximation of the true objective function obtained
by setting N = 100 in (3.4). In the left panel, the horizontal axis plots the iteration number;
and in the right panel, it plots computational effort, defined as

(5.2) N x number of function calls.

We observe from Figure 5 that the performance of GP-F varies greatly with the choice
of steplength . The value a = 1073 leads to a slow method, whereas the choice o = 107!
results in wild oscillations. The best performing method, using o = 1072, was identified after
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Figure 5: Comparison of the gradient projection method with (GP-LS) and without (GP-F) a
line search; the former using a relaxation €4 = 1073 and the latter using three values of .
All methods use N = 100 and a finite difference interval h = 1072, Left: Objective function
value vs. iteration. Right: Objective function value vs. computational effort.

extensive experimentation. Observe that GP-LS outperforms the best option of GP-F in the
initial third of the run.

In the second set of experiments, we measure the effect of the relaxation parameter €4
on algorithm GP-LS. Figure 6 reports results for choices ¢4 = 1072,1073,10~%, which were
derived as follows. For N = 100, letting A = 2 and defining € by (2.7), we have that e4 ~ 1072
(such estimate is close to €,). To seek a lower bound of €;(b), we set A\ = 1, compute ¢ by
randomly sampling by, ..., b1go in 2, and let e; = min;—1,_ 100 €£(b;); this gives e4 ~ 1073,
(We experiment with €4 = 10™% in order to observe the effect of underestimating €4.)

We observe from Figure 6 that GP-LS performs well for ¢4 = 1072 and 10~ but not so for
€4 = 1072, By using this upper bound, the algorithm accepts overly noisy steps, resulting in
oscillations. In contrast, if the relaxation €4 is chosen too small (i.e., 107%), it may cause the
algorithm to repeatedly reject steps once it reaches the attainable accuracy in the function
(observe the straight line in the right panel). However, this is not really harmful and a high
number of rejections can be avoided by imposing a maximum number of backtracks; see e.g.
the strategy in §5.5. In summary, it is advisable to choose €4 to be in the lower range of the
estimated values of € (b).

5.2. Finite Differences vs. Analytic Gradients. A common view in optimization is that
finite difference gradient approximations should be avoided in the noisy setting. We investigate
this perspective in the context of the acoustic horn problem by comparing the use of finite
differences and analytic expressions for the gradient of a sample average approximation of
the function. These analytic expressions are provided by the PDE solver as discussed in
Appendix A.

In Figure 7, we report the performance of the line search algorithm GP-LS using finite
differences or analytic gradients. We set N = 100 and e4 = 1072 and obtain the estimate
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Figure 6: Performance of Algorithm GP-LS with three values (1072, 1073, 10~%) of the re-
laxation parameter €4 in the line search. We also plot the performance of Algorithm GP-F
with o = 1072, Left: Objective function value vs. iteration. Right: Objective function vs.
computational effort (5.2).

h =~ 1072 by using formula (4.3) with €f = 10~3. Consequently, we report results with three
values of the finite difference interval, namely A = 10~1,1072, 1072, to compare the outcomes
of overestimating and underestimating interval choices. In the figure on the right we plot the
objective function vs. CPU time, which is an appropriate measure since the cost of an analytic
gradient evaluation is difficult to quantify in terms of function evaluations.

The plots in Figure 7 indicate that, as anticipated, the use of analytic gradients yields the
best results. However, the margin of improvement is not significant compared to GP-LS with
h = 1072, a value of h aligned with formula (4.3).

5.3. Increasing the Noise Level: N = 50. As the sample size decreases from N = 100
to N = 50, the problem becomes more noisy, potentially compromising the stability of the
line search. Now, the convergence theory of stochastic gradient methods [8] states that the
steplength should diminish in response to rising noise. This fact can be used to make the line
search more robust by decreasing the initial trial steplength «g in GP-LS.

In Figure 8, we set N = 50, €4 = 2 x 1073, and plot the results for GP-LS with ag =
1, 0.25,1073. While 0.25 is a reasonable choice, 1 and 1073 are included to demonstrate the
effects of excessively large or small choices of ay. We also report the performance of GP-F
with & = 1072, a steplength obtained via tuning. The two figures report objective value vs.
computational effort (defined in (5.2)). The left panel focuses on the early stage of the run
while the right panel plots the overall long term behavior.

Figure 8 shows the benefits of using values of ag smaller than 1 in GP-LS. The choice
ag = 0.25 outperforms all other options including the tuned GP-F. The very small value
ag = 1073 leads to poor performance both because it limits the lengths of the steps unduly
and because comparisons in the line search become unreliable, sometimes yielding repeated
rejections of trial steplengths.
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Figure 7: Comparison of analytic vs. finite difference gradients in Algorithm GP-LS. We report
results for three values of the finite difference parameter h = 10~%,1072,1073. Left: Objective
function value vs. iteration. Right: Objective function value vs. CPU time.
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Figure 8: Comparison of three different values of the initial trial steplength, namely oy =
1,0.25,1073 in GP-LS. We also report GP-F with a = 1072. Both algorithms were tested using
N = 50. Left: Objective function value vs. computational effort (up to 75,000). Right:
Objective function value vs. computational effort (up to 3 x 10°).

5.4. A Higher Noise Level: N = 10. When N = 10, the noise level is so high that
all algorithms exhibit strong oscillations in the objective. In Figure 9, we report results of
GP-F with a = 1072, and GP-LS with €4 = 1072 and oy = 0.025 (all parameters chosen after
experimentation). The panel on the left focuses on the initial stages of the run, and the right
panel on the overall run. Note that the best objective value achievable by the methods is
around 8 x 1072, whereas for N = 50, 100 it was 6 x 1072. GP-LS no longer has an advantage
over GP-F, unlike the case for N = 50 or 100.
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To summarize our experiments so far, the relaxed line search strategy performs efficiently
in the presence of noise by reducing the initial trial point «g as the noise level increases. Yet,
when dealing with highly noisy functions, employing a fixed step length strategy is equally
effective. Nevertheless, we now demonstrate that further enhancements to the line search
strategy are possible.
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Figure 9: Comparison of GP-F and GP-LS with heuristics. Algorithm GP-LS and GP-F were
tested using N = 10; Left: Objective function value vs. computational effort (up to 75,000).
Right: Objective function value vs. computational effort (up to 3 x 10°).

5.5. A Self-Calibrated Line Search Strategy. We now show that the performance of the
GP-LS method can be improved significantly in the highly noisy regime by adaptively selecting
the two key parameters in the GP-LS method: €4 and «g. To do so, we first define a user-
specified memory size T. Every T iterations, before computing the noisy gradients in GP-LS,
instead of performing line 4 of Algorithm 1, we proceed as follows:

e Compute the average number of line search backtracks in the most recent T iterations,
denoted as avg.
e If avg > 3, then update €4 and «q as

(5.3) €4 + min{1.5e4,2¢s}, g + max{0.5a0,107°},
and if avg < 0.1,
(5.4) €4 < max{0.5¢4,107°}, ag < min{1.5a9,107'}.

The motivation for this strategy is as follows.

Case 1: If avg is large, then either the relaxation is too small and the line search has
stagnated (see Figure 6 for e4 = 107%), or the search direction is too noisy leading to many
backtracking steps. In this case, the strategy increases €4 and decreases aq to further relax
the line search and put more emphasis on safeguarding errors. The upper bound of €4 is
set as 2¢; since we have seen in §4.1 that line search will ultimately be successful with high
probability as €4 is increased to 2ey.

This manuscript is for review purposes only.



394
395
396
397
398
399

400

401
402
403
404
105
406
407
408
409
410
411
412

413
414

415
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Case 2: If avg is small, then either €4 is adequately large or the steps are productive. In
this case, we decrease €4 since we try to keep this parameter as small as possible, and increase
g to attempt to take more aggressive steps.

In addition to the rules (5.3) and (5.4), we limit the number of possible backtracks by
requiring that f3; never be smaller than p37, where p is the contraction parameter defined in
Algorithm 1. Thus, the condition in the while loop in line 8 of Algorithm 1 is changed to
(5.5) F@r + Bipr) > f(xk) + cBgi P + 2€4 and By, > p°T.

The constants in (5.3) and (5.4) can be tuned for the application at hand, but the method
is not sensitive to the choices of these constants, with one caveat. It is important that, when
changing €4 and «ag, we decrease them more rapidly than increase them (note 1.5 x 0.5 < 1)
because it is less harmful to perform more backtracks than accepting a poor step. We mention
in passing that this method stands in contrast to a recently proposed method [40], where an
estimation of the gradient norm variance was used to re-scale the steps.

The results of applying GP-LS with the self-calibrated strategy, denoted as GP-LS-cal,
are displayed in Figure 10. There, T = 5 and the sample size is N = 10. The left panel
compares fine-tuned GP-LS against GP-LS-cal. The right panel plots a smoothed version of
the left figure, i.e., a moving average of objective. We can observe that GP-LS-cal clearly
outperforms GP-LS. Moreover, the best average objective value of GP-LS-cal improves to
around 6 x 1072, which is similar to the objective obtained for N = 50 and 100.
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Figure 10: Comparison of GP-LS and GP-LS-cal. Algorithms were tested using N = 10,
T = 5; Left: Objective function value vs. computational effort. Right: Moving average of

“J\“ ‘ ik “‘ \‘\ ‘M“ L[
[ g "‘HT"“‘ oy

\h H“\\ |

0.5 1 15 2
Computattional Efforts

25

35
x10°

o

0.09

0.08

0.07

0.06

st | o

Ly

o S N IS PP

0 0.5 1 15 2 25 3 3.5

Computational Efforts (Moving Average) «10°

recent 50 objective function values vs. computational effort.

6. Convergence Analysis. In this section, we establish convergence properties for algo-

rithm GP-LS in the presence of bounded noise, when applied to the problem

(6.1)

min
e

f(=),
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where f is a nonlinear function and €2 is a closed convex set. We begin by stating two common
assumptions.

Assumption 6.1. € is a nonempty, closed, and convex set, and for any x € Q, f(x) > —oc.

Assumption 6.2. f is continuously differentiable in the feasible region 2 and for all x,y €
Q, there exist L > 0 such that

lg(x) — gl < Ll — yl|.

Next, we assume that the noise in the function and gradient is bounded.

Assumption 6.3. For all x € (), there exists a constant €, > 0 such that

1f(z) = f(2)] < &

Assumption 6.4. For all x € ), there exists a constant €, > 0 such that
19(z) — g(2)]| < €.

Let us comment on the last two assumptions. In many engineering applications, including
our acoustic design problem, the noise in the objective and gradient is inherently bounded due
to the physical nature of the problem. In that case, when employing finite difference gradient
estimations, we have that Assumption 6.2 and 6.3 imply Assumption 6.4. This justifies the
results in [2, 3, 5, 31, 39] and the analysis given below, which assume bounded noise.

Nonetheless, a series of studies [9, 15, 22, 23] assume only probabilistic bounds on the
noise, and as mentioned in §4.1, achieve high-probability convergence results. That analysis is
more sophisticated but also more involved than the one presented here. Since we believe that
the boundedness assumption holds in many applications, our analysis is relevant to practice.
It is also novel in that no prior results exists for noisy gradient projection methods with a line
search, to our knowledge.

We begin the proof of global convergence by citing several established lemmas and intro-
ducing a stationarity measure specifically tailored to this problem. Our ultimate objective is
to demonstrate that the limit inferior of this measure is of order O(e, + eg).

Lemma 6.1 (Prop. 1.1.9 Appendix Bin [7]). For any x € R", the projection of x on §) exists
and is unique. Furthermore, z is the projection of x on § if and only if (x — 2)T(y —2) <0

for all y € Q.
Lemma 6.2 (Theorem 9.5-2 part (5) in [24]). For any x,y € R",

[Pafz] — Polylll < [z -yl

We now recall a standard stationary measure from convex optimization [7]:

(6.2) p(z) := Polx — apg(x)] — x, p(z) = Palr — apg(x)] — x,

where g > 0 is any initial step-length set in Algorithm 1. Note that by design of our gradient
projection method, p(x) is the search direction.
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Lemma 6.3. z* € Q is a first-order stationary point of problem (6.1) if and only if p(x*) =
0.

This lemma is a simple extension of a classical result (see Prop. 6.1.1 (b) in [7]); we include
its proof in Appendix D for completeness.

Remark 6.4. Lemma 6.3 implies that beyond serving as the search direction for algorithm
GP-LS at iteration zy, p(xy) also functions as a measure of stationary for problem (6.1).
There is, however, another optimality measure that is more convenient in deriving our main
convergence result. This measure is given by —p(z)? g(zy), as discussed next.

Lemma 6.5. z* € Q is a first-order stationary point of problem (6.1) if and only if
(6.3) pa™)Tg(z*) = 0.

Proof. By Lemma 6.3, it suffices to show that (6.3) is equivalent to p(z*) = 0. Clearly
p(z*) =0 = p(a*)"g(z*) = 0.

To establish the converse, assume that p(z*)” g(2*) = 0, and define 6 as the angle between
p(z*) and g(z*), so that

Ip()[1lg (") cos 8 = 0.

If ||p(z*)]| = 0 or ||g(«*)|| = 0 (which by (6.2) implies ||p(z*)|| = 0), then p(z*) = 0, yielding
the desired result.

Let us therefore consider the case when |[p(z*)|| # 0 and ||g(z*)|| # 0, and cosf = 0. We
show by contradiction that this case is not possible. Note from (6.2)

1Polz* — aog(a™)] — (2" — aog(2"))|* = || Palz® — aog(z™)] — o[> + aog(z")
> || Palz* — agg(z™)] — =*||.

I

This contradicts the fact that Po[z* — apg(z*)] as the unique vector closest to x* — apg(z*)
in . [ |

Using the standard abbreviations py, := p(z), Pr := p(zx), Lemma 6.5 establishes pl gy as a
stationary measure of problem (6.1)—and p! g is its noisy counterpart, which is the quantity
accessed by the algorithm. In light of Lemma 6.1, it is easy to see that —pfgk > 0 and

~Bk gk > 0.
Let us now define
(6.4) dg(zk) = (=gr) — (=gk),  Op(@k) == P — Pr-
We now establish a technical lemma relating —ﬁ{gk and the stationary measure —p;fgk,

in terms of a scaling factory dependent on the magnitude of the noise ||d4(z)]|.

Lemma 6.6. Under the assumptions previously stated, for any iterate xp generated by
GP-LS (Algorithm 1),

T ~ 1 (&%) 30[0 1
—pi Gk > < -2 (2 + 2) %3) (—Di 91)

(6.5) e o= 10a(@e)ll

N
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Proof. We lead the proof by noting the differences between —ngk and —ﬁ{gk:
(6.6) — Ph gk — (—Pk 9k) = —gi Op(ak) + ik 69 (1) + Op(ar) " (k).

We establish bounds on each terms on the right hand side of this equation.
We first show that the last term d,(zx)?8,(xx) is non-negative. Apply Lemma 6.1 with

T = z—aogk, 2 = Polry—aogr] = zx+pk, and y = z,+Pk, we have (—aogr—pr)” (Br—pk) < 0,
which implies

(6.7) — P op(an) < aogi Op(a).-

Apply again Lemma 6.1 with x = z; — apgr, 2 = Polrr —aogr] = 2+ and y = x +pi € Q,
we have (—aodr — Pr)” (px — Pr) < 0, which implies

(6.8) ﬁ%‘sp(xk) < —ao§£5p(:vk)~
Summing up (6.7) and (6.8), we obtain
(e — pi) " Op(1) < 09 — Gr) " 6p(k)

(6.9) — Gyl "8y (an) = Gy )| = .

We next analyze the cross term gl{ép(xk). For this, we first derive a few auxilary inequal-
ities. First note by Lemma 6.2,

(6.10) 10 (za) |l = Il — Prell < collge — grll = aolldg(xr)]-

Moreover, apply Lemma 6.1 with = z —agg, 2 = Palrr —aogr] = 2k +pk, and y = x, € Q,
we obtain

(6.11) lpkl* < —aopj gr-

To bound g} 6,(zx), we have from (6.8)

(6.12) PrOp(xr) < —aodi 0p(21) = —aogf 0p(wr) + aody(zx) T 8y (xr).
Re-organize and obtain

—aogi Op(zk) > Prop(ak) — 0bp(ws) T Sy (k)
= Pk Op(@i) + Op(@i) " p (k) — 0y ()T Sg (k)

> —a||8g (@)l [Pkl — aflldg(xx)]?
> —apl|dg(w )|\/ —aop} gk — o [|0g (x|
3«
> 20T, — H5 (zx)|?
« 3o
(6.13) ( 20 + 20’Yk> P;}ng-
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Here, the second inequality follows from Cauchy-Schwartz inequality, ||0,(z)||?> > 0, and
(6.10); the third inequality follows from (6.11); the fourth is from arithmetic-geometric mean,

ie., agldy(xk)|ly/—aoptar < (a0||5 (z3)||? — aopggk>; and the last line is by ~; defined
(6 5)-
Finally, using (6.13), (6.9) & Cauchy-Schwartz, (6.11), and arithmetic-geometric mean for
the following inequalities respectively, we obtain the desired result:

~Dk Gk = —Pr 9k + (=i Sp(a)) + Dk g (xx) + Gp(ar) T dg(a1)

1 30(0
> —phogk + (2 + 27;3) i 9k + D 0g (k) + 6p(xk)T 6y ()

1 3«
> (5= %5%) (90 = el 15y (o) |

2 2
1 3ag

> (5= 552) (k) ~ 18,0y ol
1 30&0 (87)

> (5= 55%) (k) = 5@l + ot
2 2 2

14 —(z_%_ (2% T o). -
(6.14) (3-5- (552 +3) %) (-rkan

We can now state the main convergence theorem for the gradient projection algorithm
with a relaxed line search. We recall that —p;fgk serves both an algorithmic role in the
Armijo decrease condition and a theoretical role as a stationary measure of the problem, as
mentioned in Remark 6.4.

Theorem 6.7. Under Assumptions 6.1-6.4, if ap + 2c < 1 and €4 > €, the iterates {xy}
generated by GP-LS (Algorithm 1) satisfy

lim inf )pggk‘ <e€
k—o0

where
€2 209 L
(6.15) €:= —92 + T o aogao N (€4 +€p),
ey (% +3)?)
and
1—2¢c— 1-—
(616) ,y2 — ( c Oéo)( Oéo)

(1—2c—ap) (Bapg+1)+2°

Proof. The proof is constructed by characterizing the descent on the objective function
using the noisy stationary measure p‘}fgk, and dividing the proof into two cases according to
the relative size of the noise.

First, by applying Lemma 6.1 with x = zx — aogr, 2 = Palrx — aodr] = =k + Pk, and
y =z, € ), we have

(6.17) 15k]1? < —copl G-
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Next, by a Taylor expansion and Assumption 6.2, we have for any 8 > 0,
Flaw+ B50) < Flox) + 65F g+ 2 81l
< Fla) + B0 G+ y(ew)) + 5 5 (~oo 30
(6.18) < for) + (=B + “2E ) pE 1) + 81l 15, () |
< flan) + (B + @ﬁ ) (=L 38) + B0, ()l —cob 3

aoL .\, B
<+ (- 1) 5+ S5 6%) (<) + 515,
where the second and fourth inequalities are from (6.17), the third is from Cauchy-Schwartz,
and the last is from the arithmetic-geometric mean. Together with Assumption 6.3, we have

019 Font o9 < Fla + (2 - 1) 5+ 2555 (<o) + 515, (an) ] + 26

We now note that the line search in GP-LS always terminates within finitely many back-
tracking steps. This follows from the fact that we pick e4 > €, and that the term inside square
brackets in (6.19) converges to zero as § — 0. Hence, the relaxed Armijo condition (4.1) will
be satisfied for some sufficiently small 5 > 0.

We now divide the set of iterates into two cases depending on whether the noise dominates
the optimality measure, in the sense that the ration v is larger than the threshold ~, where
these quantities are defined in (6.5) and (6.16), respectively.

Note by the assumption o + 2¢ < 1 and simple algebra

1—0[0
3CM(J+1'

(6.20) 0<~?<

Case 1: Noise is relatively small: 77 < +?. By (6.19), (6.5), and Lemma 6.6, we have

(6.21)
Qg agL

Flar+ ) < Fo) + (2 -1) 6+ 2288 (ot + 5

5 27;3( —pi g) + 26

- 2 L
= It ((1—%—&0“) 7y 1>/8 E /32) (PLan) -2

With this result, the Armijo condition (4.1) holds when

o aoL
(6.22) (1—040—(3a0+1)'y,%+<2_1>>ﬁ+ — % < —cB,

which is equivalent to

2 V2 ap
6.23 < |—c— ——+1].
(6.23) 5_040L< ¢ 1—ap— Bag+ 1)y 2 +
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Since 7,% < ~2, by (6.20),
(6.24) 1—ag— (3ag+ 1)1} > 1 — ag — (3ag + 1)7* > 0.

2
With this, we note that _1—@0—(’;—20+1)W;§ is decreasing in 'y,%, for 'y,% € (0,74%]. Therefore its

lower bound is achieved when v, = 7, i.e.

2 2
1
Vi _@+12_c gl O‘O_|_1:f

6.25) —c— - _
(6:25) “T1- ap— (Bag+1)v2 2 l—ap— Bag+1)y2 2 2

where the equality follows from the definition of 4% in (6.16) and algebra.
This, together with (6.23), implies that the relaxed Armijo condition holds for any § <
a%L' Thus, for any k € N in Case 1,

_r
ool
Therefore, we have from (4.1), Assumption 6.3, and (6.26) that

F@r+ Bibr) < f(wr) + cBrbi G + 2€4 + 26y
(6.27) cop (1 a9 1
< sl - 2 ( (552 +3)?) (-pEon) + 264 + 20
which measures the reduction of the objective between any two consecutive iterations for Case
1 (notice that according to Algorithm 1, z11 = 2% + BkPk)-
Case 2: Noise is relatively large: 72 > v2. By definition of v in (6.16)

(6.28) 189 () I? > 7 (—pk 91)-

As explained in the paragraph after (6.19), there always exists J; > 0 such that the relaxed
Armijo condition (4.1) holds. This fact, together with Assumption 6.3, Assumption 6.4,
and (6.28),

(6.26) Br >

f(xr + Bepr) <f(xx) — cBe(—Pr gr) + 2ea + 26
<f(zk) + 2€4 + 2¢

o) - 5 (55— (50 +5) 7)ol

cp (1 3o 1) 2) T
S e ik - 2 2
a0L<2 2 (2 +3) 7 ) (FPRgr) + 2ea + 26
c 1 o 3a 1
<) - 2 (5= 5= (5 +5) ) (-oFa)
cp (1 a0 (3ag 1) 2) [19g (%)
o (e el A UnCASLZA BT 2
+a0 <2 B ( D) +2 Y 72 + 2e4 + 2¢p
cp (1 3ag 1> 2) T
< _ [ = —
<f(xr) 7 (2 5 (2 +5)7 (—pk gr)
ecp (1 ao ([3ag 1) 2) e
Sl (AN e 949 2
+ozo (2 9 (2 +2 Y 724- €A T 2¢€p
_ _ep (1 o (3 1> 2>T
=f(z) 7 (2 ) (2 +5 )7 (—prgr) + 1,
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where

cp (1 o 3ag 1\ o 63
. =—|z-—-—=——-(— 4= —= 42 2¢p.
(6.30) n ozoL( < 5 +2>V>72+ €A+ 2¢

Condition (6.29) measures the reduction of the objective between any two consecutive itera-
tions for Case 2.
Now combine both Case 1 and 2, and since 1 > 2e4 + 2¢, it follows that for all £ € N,

(6.31) f(@ri1) < flag) — OZ—’)L (; - % - (330 + ;) 72> (—Pk gr) +1-

Finally, to prove that liminfy_, |pfgr| < € where € is defined in (6.15), assume for
contradiction that there exists €; > € such that —pfgk > €1. Then for all £ € N,

(6.32) flow) < f@) = |2 (5 - - (5 +5) 7)) e -]

This shows that for each iteration there is a decrease in f of at least

cp <1 o™ <3ao n 1) 2)
— - += €1 — 1.
aoL \2 2 9 Tg)7 )T
We conclude by noting that this quantity is strictly positive as ¢; > € and that
L (1 - — (&% + %) 72> € —n = 0. Therefore f(zy) — —oo as k — oo, which is a contra-

aoL \ 2 2
diction to Assumption 6.1. In light of Lemma, 6.1 —pfgk > 0, and thus lim inf;_, o |p£gk| <eml

7. Final Remarks. We underscore how this research extends beyond prior studies aimed at
mitigating roundoff errors in optimization. Nonlinear optimization packages [12, 16, 27, 41, 43|
and textbooks [14, 18, 30] devote attention to this issue. Nonetheless, the strategies for
handling errors are introduced as heuristics that are seldom documented or justified. More
critically, they tend to focus solely on roundoff errors,' characterized by machine precision €y,
which is a precisely specified quantity. There is a need for a more comprehensive understanding
of this topic in which stabilization techniques follow clearly specified guidelines, and where
noise exhibits a more complex behavior than roundoff. This paper attempts to be a step
toward that goal.

In the future, it would be desirable to conduct similar studies, using practical applications,
for more general constrained optimization problems. We believe that the ideas presented here
extend to such a wider setting.

Acknowledgments. The authors are grateful to Richard Byrd, Figen Oztoprak, and Stefan
Wild for valuable discussions regarding the subject matter of this paper.
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Appendix A. Analytical Gradient of the Design Problem.
In the acoustic horn design problem outlined in (3.3), the gradient of the sample approx-
imation in (3.4) can be computed analytically. More specifically,

-~ A —_ _ —_ —_
(A.1) Gk = V[ (bk, Ex) = Vg (bk, Ex) + 3V 4/ Sk (b, Ex)?,
where 55, (by, Z1) and Sy (bg, Z)? are defined in (3.5) and (3.6). Furthermore,
_ — 1
(A.2) Vsp(be, Zg) = N > Vs(bi, &),
§i€Ek
and simple algebra shows that,

= o 1 Zfz Zk (S(bkvgl) - §k(bk,Ek))(v5(bk,£2) _ vgk(bk’ak))
(A3)  Vy/Shlby, Ep)? = =5 (e 50) '

If ) is randomly sampled, g is an unbiased estimator for the gradient in (3.3) and can be
computed by approximating Vs(b, &;) for each & € Zx. In the definition of s from (3.2), T'inet
is independent of b. If w is smooth, with 1 indicating fFinlct udl’ > 0,

(A.4) Vs(b,&) = (21 — 1) / Vudr.

1—‘inlet
Here Vu can be obtained as a by-product while solving the Helmholtz equation with a finite
element solver. Numerical integration over ipet yields Vs(b, ;) and gg.

Appendix B. Further Discussion on Noise Level.

In §4.1, we justified the rule ey < Aey, under specific assumptions on A(x). However,
these assumptions may not be valid in cases where the noise distribution varies significantly
across different x values. This limitation is evident in scenarios where canceling the mean is
not possible, as discussed in §4.1.

While the self-calibrated strategy proposed in §5.5— which can be viewed as an implicit
way of estimating the local noise level— is one possible solution, it may fail to provide sufficient
safeguards in some extreme cases (e.g. when the algorithm is highly sensitive to the choice of
€4). For those scenarios, we still need to estimate a bound on the noise €, (defined in (2.4))
or a high-probability bound. We discuss such estimation next.

B.1. Estimation of ¢; for Stochastic Noise. For simplicity, we will obtain €, by comput-
ing an estimate of sup ||A(x)|| at a representative z. A global estimate can then be derived
e.g. by (2.7).

One can establish consistent estimators of the noise bound if we can compute an estimate
on the true objective value. Let us generate m i.i.d. samples {fi(z), fa(x),..., fm(z)} and
let us compute an accurate estimate of the true objective f(x), denoted as ]?(:L‘) Then the
samples of noise in the function are given by

o~

(B.1) 5;(x) = fi(z) — f(x), j=1,2,---,m.
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A concrete example arises in stochastic optimization where the true objective is f(x) :=
E(F(z,€)). The jth sample of the noisy objective is defined as f;(z) = & SN, F(x,¢;,) for
an ii.d. batch {§,,&j,, - ,&y} of size N. An accurate estimator f(m) of f(x) can then be
defined as f(z) = & S M| F(x,&) for another batch of i.i.d. samples {&}M,, where M > N
is sufficiently large.

We provide the following three estimators that can be used in practice, where the first

~

two require the access to f(z) and the third one does not:

1) Empirical Chebyshev bound [35]:

(B.2) = B 4| 3 (0 (a) — 3)?
j=1

for some integer A large enough, where §(z) = [01(z) + - - - + I (2)]/m0 .
2) Mazimum of |0;(x)|:
(B.3) &= max {5}

‘]:1,... m

3) Range of noisy objectives:
(B.4) &= max fi(w)— min f;).

é is a high-probability bound of ||A(z)||, assuming that the noise has a finite variance
but not necessarily bounded. € is a consistent estimator of ¢, if sup [|A(z)| < co. & can be
a biased (and depending on the estimated quantity, potentially inconsistent) estimator if the

noise does not have mean zero, yet it can be easily computed without f(z). In practice, €g’

is an attractive candidate when f(z) is expensive or not accessible, or when the noise level
estimate is not required to be accurate, as in the acoustic horn design.

B.2. Estimating ¢, for Computational Noise. Due to the deterministic nature of compu-
tational noise, the first two estimators discussed above cannot be employed. As an alternative,
we can modify the range estimator (B.4) following a similar approach as ECNoise. At a se-
lected point x, one can collect noisy objectives in a small neighborhood of x, and then compute
the range as an estimate of €;,. Similar to the argument for stochastic noise, if the distribution
does not vary significantly, using ECNoise is usually effective; see [25].

Appendix C. Sample Selection and Consistency. In many stochastic optimization
problems, such as the acoustic horn design described in §3, the noisy evaluations f(mk),
e.g. (3.4), depend on a particular sample batch Zj. In certain cases, the selection of Zj is
entirely under the control of the user. One can thus fix Z; during the course of an iteration
of the optimization algorithm, a case we refer to as “sample consistency”. In such a setting
the effect of noise on function comparisons and differences is more benign.

Reusing samples is, however, not always possible. In that case, the algorithm will operate
in the “sample inconsistent” regime, which is the most general and challenging for optimization
methods and holds particular interest in this paper.

Let us summarize these two cases for the key components of our algorithm.
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Relaxed line search. For backtrack numbers ¢ = 1,2,---, we denote the sample used in
the evaluation of f(zy + Bpx) by Z5. In the sample inconsistent case, the =& are different
from each other and a relaxation €4 is employed. On the other hand, if sample consistency is
ensured, we can set €4 < 0 since no errors are involved in the comparison with a fixed =, 2.

Finite differences. Given the estimated noise level ey, the finite difference estimator is

f A=A =1
(c.1) o= =) TOZ) -y,

where E}C and E% are two batches. Sample inconsistency allows E}C =+ E%, and h needs to
be chosen according to the noise level as seen in (4.3). With sample consistency, E,lc = Ei,
formula (C.1) gives a fairly accurate gradient approximation of the corresponding sample
average approximation of the objective, and thus A is set as the unit roundoff €j,.

C.1. Numerical Results with Sample Consistency. We study the performance of algo-
rithm GP-LS when fixing the sample during line search and gradient estimation. In Figure 11,
we plot the performance of GP-LS with €4 = 0, and for N = 10,50,100. For each value
of N, we adjust ag (0.1,0.25, 1 respectively) to cope with the fact that the sample average
approximations of the objective function become increasingly inaccurate as N decreases. The
finite difference interval h is chosen to be 1076 for all cases.

02 ‘ ‘ ‘ 0.2 ‘ ‘ ‘ ‘ ‘
GP-LS N10 0.1 GP-LS N10 ag0.1
0.18 GP-LS N50 a0.25 | | 0.18 GP-LS N50 a0.25 | |
GP-LS N100 agl GP-LS N100 agl
0.16 ‘f 0.16
0141 14
‘ 0
) | )
2012 So12
3 ‘H 5
2 2
o) U )
8 o1 8 o
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0.08 I | ] 0.08
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0.06 M ” ‘\ Al — 0.06
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Figure 11: Comparison of different sample sizes when using a sample consistent version of
Algorithm GP-LS using sample sizes 10, 50, 100, and different o respectively; Left: Objective
function value vs. computational effort (up to 75,000). Right: Objective function value vs.
computational effort (up to 3 x 10°).

We observe in Figure 11 that all three plots exhibit nice convergence behavior. With
smaller sample sizes the iterates approach the solution more quickly, although they may give
rise to spikes as the iteration continues. We conclude that, when feasible, sample consistency

2Note that although the comparison is robust, f (zx) is still a noisy estimate and a careful choice of ag can
be useful when noise is large; see §C.1.

This manuscript is for review purposes only.



28 Y. LOU, S. SUN, J. NOCEDAL

results in robust and efficient performance, if an appropriate value of the sample size N is
first determined after experimentation.

Appendix D. Supplementary Proof.
Lemma D.1. z* € Q is a first-order stationary point of problem (6.1) if and only if p(x*) =

Proof. Prop. 6.1.1 (b) in [7] shows (<) of Lemma 6.3.
To see (=), since x* is a stationary point and by definition, g(x*)T(z — 2*) > 0 for all
x € Q. Take x = Po[z* — apg(z™)], then

(D.1) g9(z")! (Pala™ — agg(2")] — 2*) = p(z*)" g(z") > 0.

Note that by letting x = z* — agg(z*), z = Pa[z* — apg(z*)] and y = 2* in Lemma 6.1, one
has

(z" — aog(@®) = Pole” — apg(z")))" (¢* = Polz* — agg(z")]) < 0
= |pa")|I” = 2" — Palz™ — apg(a")]|* < —aop(z*)" g(z*) <0

where the final inequality follows from (D.1). This implies that p(z*) = 0. [ |
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