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A traditional stochastic program under a finite population typically seeks to optimize efficiency by maxi-
mizing the expected profits or minimizing the expected costs, subject to a set of constraints. However, imple-
menting such optimization-based decisions can have varying impacts on individuals, and when assessed using
the individuals’ utility functions, these impacts may differ substantially across demographic groups delin-
eated by sensitive attributes, such as gender, race, age, and socioeconomic status. As each group comprises
multiple individuals, a common remedy is to enforce group fairness, which necessitates the measurement of
disparities in the distributions of utilities across different groups. This paper introduces the concept of Dis-
tributionally Fair Stochastic Optimization (DFSO) based on the Wasserstein fairness measure. The DFSO
aims to minimize distributional disparities among groups, quantified by the Wasserstein distance, while
adhering to an acceptable level of inefficiency. Our analysis reveals that: (i) the Wasserstein fairness measure
recovers the demographic parity fairness prevalent in binary classification literature; (ii) this measure can
approximate the well-known Kolmogorov—Smirnov fairness measure with considerable accuracy; and (iii)
despite DFSQO’s biconvex nature, the epigraph of the Wasserstein fairness measure is generally Mixed-Integer
Convex Programming Representable (MICP-R). Additionally, we introduce two distinct lower bounds for
the Wasserstein fairness measure: the Jensen bound, applicable to the general Wasserstein fairness measure,
and the Gelbrich bound, specific to the type-2 Wasserstein fairness measure. We establish the exactness of
the Gelbrich bound and quantify the theoretical difference between the Wasserstein fairness measure and
the Gelbrich bound. Lastly, the theoretical underpinnings of the Wasserstein fairness measure enable us to
design efficient algorithms to solve DFSO problems. Our numerical studies validate the effectiveness of these
algorithms, confirming their practical use in achieving distributional fairness in several societally pertinent

real-world stochastic optimization problems.

Key words: Wasserstein Distance, Group Fairness, Stochastic Optimization, Gelbrich Bound,

Mixed-Integer Convex Programming




Qing Ye, Grani A. Hanasusanto, and Weijun Xie: Distributionally Fair Stochastic Optimization using Wasserstein Distance

1. Introduction

Optimization empowers decision-making by providing an efficient solution to address complex
problems in many domains. Its widespread use has motivated research studies focusing on the
societal impact of optimization-based decisions. Since the traditional approach optimizes efficiency
relevant to profits or costs, the optimization outcomes can have varying impacts across demographic
groups delineated by sensitive attributes, including gender, race, age, and socioeconomic status. As
each group comprises multiple individuals, enforcing group fairness necessitates the measurement
of disparities of probability distributions of individual utilities between different groups. Traditional
fairness measures are often based on summary statistics, such as minimum, mean, or deviation,
which can be insufficient to quantify distributional disparities since each notion only characterizes
a particular aspect of the probability distributions. On the other hand, statistical distance metrics,
such as the Wasserstein distance, can be employed to quantify distributional fairness accurately.
However, these metrics introduce significant computational challenges, and hence they remain
largely unexplored in the field of fair decision-making. This motivates us to study distributional

fairness.

1.1. Setting

The conventional decision-making problem under uncertainty is to optimize the total expected cost

efficiency. Such an optimization problem can be formulated as the stochastic program

V' =minEp[Q(z,£)], (1)

xeX

where X C R™ specifies a mixed-integer convex representable decision space (Lubin et al. 2022),
Q(+,-) is a recourse function in stochastic programming or a loss function in machine learning, and
é € R” are the random problem parameters governed by a probability distribution P with support
E. The stochastic program (1) and its variants with risk aversion and distributional robustness
have been a prevailing modeling paradigm for numerous decision-making problems (see the survey
paper Rahimian and Mehrotra 2019).

Many real-life decision-making problems may often involve a sensitive attribute such as gender,
race, or age in the random parameters é, designated by the component 5} € A, where the set A
denotes a finite collection of possible outcomes in the sensitive attribute (e.g., A = {male, female}).
This sensitive attribute partitions the outcome space into groups. Thus, by invoking the law of

total expectation, we can rewrite the stochastic program (1) equivalently as

V' =min Y P = a)Es,[Qx, &), (2)
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where P, is a shorthand for the conditional distribution of € given £, = a. Observe that the objective
function constitutes a weighted sum of conditional expectations, where the weights correspond to
the marginal distribution of the sensitive attribute. From this vantage point, the optimal solution x
may treat the minority groups unfairly as it emphasizes groups of higher weight. This observation
motivates us to study fair stochastic programming. Since many pertinent decision-making problems
with sensitive attributes are concerned with a finite population, we assume that the entire support
set = is finite (i.e., 2= {&;}icm)), and we assume that each group a € A consists of m,, individuals
represented by the set C, i.e., IP’a{éa =&} =1/m, for any i € C,. Evidently, the following identities
hold in view of our assumption: = = Ugca{&;}icc, and C, NCy; =0 for any a <a € A. Under this

setting, the stochastic program (2) further simplifies to

o 1
V' =min " > Q&) (3)

acA 1€Cq

Many deterministic optimization problems involving multiple groups of individuals can be viewed
as a special case of (3) by treating each individual as an equiprobable sample.

To measure fairness, given a decision « € X, for an individual realization £, in each a € A, we
suppose that the function f(x,&,) denotes its utility value, which may not be monotonic (see,
e.g., Kliegr 2009). Our goal is to match the probability distributions of the random utility values
{f(=, éa)}ae 4 among different groups to attain fairness, where we quantify the utility distributional
disparities using a statistical distance metric. Since the random utilities may have different support
sets, we employ the Wasserstein distance and propose the following Distributionally Fair Stochastic
Optimization (DFSO):

v*(q) = min {WDg(az) = max W (Pyg Proen) : ElQ(@,6)] <V +e|v*y} . (DFSO)

xzeX a<acA 4

Here, the objective function represents the gth power of type-¢ Wasserstein fairness measure.

Particularly, the type-¢ Wasserstein distance W,(-,-) is defined as

WPy, Pa) = inf {\/ [ 1= Gl 0udgde s G 2 omt disibution of G and G, }

with marginals P; and P,, respectively

where || - || is a norm and ¢ € [1,00]. In DFSO, the goal is to minimize the maximum distributional
disparities of utilities quantified by the Wasserstein distance among all pairs of groups (i.e., the
Wasserstein fairness) while maintaining the cost efficiency around a near-optimal region, where
€ > 0 denotes the inefficiency level prescribed by the decision-maker. In practice, the utility function
f(x, &) can be quite general. If it is equal to the recourse function Q(x,£), then the decision-maker,

in this case, tries to achieve the distributional fairness of random cost among different groups.
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1.2. Literature Review

Optimization has served as an essential tool in decision-making over the past decades. Throughout
the years, the issues of fairness in optimization have been recognized and studied in the fields of
resource allocation, facility location, and communication networks (Ogryczak et al. 2014, Karsu
and Morton 2015). The commonly adopted definitions of fairness pertain to the utilities of all
individuals in the population, e.g., max-min fairness, proportional fairness, and alpha fairness, or
to some particular characteristics of the distribution of the utilities, e.g., spread, deviation, Jain’s
index, and Gini coefficient. Contrary to traditional definitions that consider the entire population,
this paper concentrates on fairness among different groups of individuals. These fairness measures
at the population level can be simply generalized to the group level by applying them to each
group instead of the entire population. For example, Samorani et al. (2022) studied the max-min
fairness at the group level. They addressed the racial disparity in medical appointment scheduling
by minimizing the maximum waiting time among the racial groups. Cohen et al. (2022) discussed
price discrimination against protected groups and attempted to enforce nearly equal prices for
different groups. Patel et al. (2020) considered group fairness for the knapsack problem when each
item belongs to a particular group. They defined three fair knapsack notions, i.e., to bound the
number of items from each group, to bound the total weight of items from each group, and to bound
the total value of items from each group. Since the traditional fairness measures are often based on
summary statistics, they might be inadequate for quantifying group disparities in a comprehensive
way. Our distributional fairness notion overcomes this limitation by using the Wasserstein distance
to quantify the distributional disparities among different groups. The Wasserstein distance has
also been used in a variety of optimization problems such as Wasserstein distributional robust
optimization (Mohajerin Esfahani and Kuhn 2018, Blanchet and Murthy 2019, Gao and Kleywegt
2023, Hanasusanto and Kuhn 2018, Chen et al. 2022, Xie 2021).

Recent studies in the growing field of fair machine learning have proposed various methods for a
number of tasks (Caton and Haas 2020). The majority of the literature has focused on group fair-
ness, which seeks to treat different groups equally. Group fairness in binary classification has been
extensively studied (Kamishima et al. 2012, Feldman et al. 2015, Barocas and Selbst 2016, Hardt
et al. 2016, Zafar et al. 2017, Donini et al. 2018, Aghaei et al. 2019, Kallus et al. 2022, Taskesen et al.
2020, Ye and Xie 2020, Wang et al. 2021, Lowy et al. 2021). However, the number of works on group
fairness in regression with continuous outcomes is rather limited. Berk et al. (2017) introduced a
family of convex fairness regularizers such that each group should have similar predicted outcomes
weighted by the nearness of the true outcomes on average. Agarwal et al. (2019), Chzhen et al.
(2020), Rychener et al. (2022) used the Kolmogorov—Smirnov distance to achieve demographic par-
ity. Additionally, Rychener et al. (2022) summarized the common integral probability metrics for
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quantifying fairness, including the Kolmogorov—Smirnov distance and the Wasserstein distance. To
achieve fairness, Agarwal et al. (2019) designed a reduction-based algorithm, while Chzhen et al.
(2020) developed a post-processing algorithm for fair regression. Rychener et al. (2022) proposed
to solve fair regression via a stochastic gradient descent algorithm. According to the definition in
fair machine learning literature, the demographic parity-based fairness notion ensures the proba-
bility distribution of outcomes is independent of the sensitive attribute groups. Our distributional
fairness notion coincides with demographic parity when applied to machine learning problems.
Furthermore, the proposed DFSO formulation is a general stochastic optimization problem where
fairness is integrated with efficiency. Thus, it provides flexibility to model various decision-making
problems, including classification with binary utilities and regression with continuous utilities.
More importantly, different from existing results in the literature, we thoroughly investigate the
optimization properties of the Wasserstein fairness measure and exploit them to systematically

design efficient solution algorithms with provable guarantees.

1.3. Summary of Contributions

The main contributions of this paper are summarized as follows:

e From a fresh scope, this paper establishes the fundamental result that the Wasserstein fair-
ness measure is essentially equivalent to matching the probability distributions of distinct groups
comonotonically and computing the distance of the comonotonic distributions. Using this equiva-
lence, we show that the Wasserstein fairness measure recovers the well-known demographic parity
fairness from the binary classification literature, and we reveal that the Wasserstein fairness mea-
sure is relatively close to the Kolmogorov—Smirnov one.

e We prove that the DFSO under the Wasserstein fairness measure, in general, is NP-hard.
However, different from other biconvex programs, we show that the epigraph of the Wasserstein
fairness measure is, in general, Mixed-Integer Convex Programming Representable (MICP-R), and
we provide four different representations. These are the first known MICP-R results for Wasserstein
distance-based distributional fairness models.

o We derive two different lower bounds for the Wasserstein fairness measure: the Jensen bound
for the general Wasserstein fairness measure and the Gelbrich bound for the type-2 Wasserstein
fairness measure. We prove a broader condition than the well-known elliptical distributions under
which the Gelbrich bound is asymptotically tight, and we provide a theoretical gap between the
Wasserstein fairness measure and the Gelbrich bound. We also prove that computing the Gelbrich
bound is NP-hard.

e Inspired by the theoretical properties of the Wasserstein fairness measure, we design effective
solutions algorithms to solve the DFSO to near-optimality. Our numerical study confirms the

effectiveness of the proposed algorithms.
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The remainder of the paper is organized as follows. Section 2 presents properties of the Wasser-
stein fairness measure. Section 3 formalizes definitions and develops two exact mixed-integer convex
programming representations of the epigraph of the Wasserstein fairness measure. Section 4 studies
two lower bounds of the Wasserstein fairness measure. Section 5 reports the numerical study, and
Section 6 concludes the paper. Proofs and additional results are relegated to the appendix.
Notation. Bold lowercase letters (e.g., ) denote vectors, bold uppercase letters (e.g., Z) denote
matrices, and the corresponding regular letters (e.g., x;, Z;;) denote their components. For any
n € Zy, we let [n] :={1,2,...,n} and use R?} :={x € R":2; > 0,Vi € [n]}. For any ny <ny € Z,
we let [ny,ng] :={ni,n; +1,...,ny}. For a set A, we let a <a € A denote a,a € A such that a < a.
The indicator function I(B) takes value 1 if B is true and 0 otherwise. Additional notation will be

introduced as needed.

2. Properties of the Wasserstein Fairness Measure

This section presents various notable properties of the Wasserstein fairness measure. To begin
with, let us define the cumulative distribution functions of the random functions {f(x,€,)} aca
as F,(t|x) =P{f(x, &) <t} for all a € A. Correspondingly, we define the inverse distribution
functions F; ' (y |x) =inf{t: F,(t|x) >y} for all a € A.

2.1. Comonotonicity and Complexity

This subsection investigates the comonotonicity property of the Wasserstein fairness measure and
the complexity of DFSO, which motivate us to develop strong mixed-integer convex programming
formulations for DFSO.

One property of the Wasserstein fairness measure in DFSO is that it can be simplified as the

integral of the difference of inverse cumulative distributions.

LEMMA 1 (Proposition 2.17 in Santambrogio (2015)). For any a<a € A and a fized deci-

sion x, the Wasserstein distance W, (IP’f(m7€~a),Pf(m7éa)) can be expressed as

1
W, (Pf(mvéa)’Pf(m,éa))zi//o |E7(y|z)— Fi'(y | =)|" dy, (4)

where F; 1 is the inverse distribution function of the random function f(a:,éa) for each a € A.
When q =1, the type-1 Wasserstein distance W, (Pf(m)éa),IP’f(%éﬁ)) coincides with the L, distance

between the cumulative distribution functions

Wi (Bragor o) = | IFalt|2) = Pt o) dt ®)

where F, is the cumulative distribution function of the random function f(a:,éa) for each a € A.
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Lemma 1 shows that the Wasserstein fairness measure WD, () := max,<aca Wo(Py 4,05 Pr(aén))
can be viewed as the largest L,-norm of the difference between inverse distribution functions.
Hence, in DFSO, minimizing WD, (x) implies attempting to match the distributions of utilities
between any two groups a < a € A. Remarkably, as established in the existing literature, type-
1 Wasserstein fairness measure WD, () is equivalent to the maximum L, distance between the
cumulative distribution functions. For each pair of groups a < a € A, under our assumption of
discrete distributions, the integrals in (4) and (5) can be simplified to be summations. These
properties motivate us to study the exact MICP formulations of the Wasserstein fairness measure.

Another interesting byproduct of Lemma 1 is that when achieving the infimum of the Wasserstein
distance, the two distributions must be aligned comonotonically, where the comonotonicity of two

random variables is formally defined as follows.

DEFINITION 1. A pair of random variables X = (X1, X5) is comonotonic if and only if it can be
represented as (X, X3) L (F % (U),Fx, (U)), where U is the standard uniform random variable,

and Fgll, F)}Ql are the inverse distribution functions of X, X,.
This gives rise to an interesting result for the following Wasserstein fairness measure.

PROPOSITION 1. For a given decision x € X, when computing the Wasserstein fairness measure

in DFSO, the optimal joint distribution is comonotonic for any pair a <a € A.

Proof. See Appendix B.1. O

Proposition 1 shows that the Wasserstein fairness measure, in fact, aligns the two distinct groups’
utility function values comonotonically, computes the L, norm of the difference of their inverse
distribution functions, and then takes the maximum value among all the pairs of groups. It helps
us study the new exactness conditions of the well-known lower bound (i.e., the Gelbrich bound) of
the type-2 Wasserstein fairness measures. This result also motivates us to study its relation with
another popular distributional fairness notion: the Kolmogorov—Smirnov fairness measure.

We conclude the subsection by proving the NP-hardness of DFSO via a reduction from the well-

known chance-constrained stochastic program (Charnes and Cooper 1959, Ahmed and Xie 2018).

THEOREM 1. Solving DFSO is, in general, strongly NP-hard, even when X is a polytope, € = 00,

and f(x,€) is a linear function.

Proof. See Appendix B.4. O
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2.2. Recovering the Demographic Parity Fairness Measure of Binary Qutcomes

Demographic parity of binary outcomes, defined as DP(x), requires the probability of beneficial or
detrimental outcomes to be independent of the sensitive attribute. In the following, we show that

the proposed WD, () recovers DP () if the utility function is Bernoulli. Let us first define DP(x).

DEFINITION 2. Suppose that P{f(x,€) € {0,1}} = 1. The binary demographic parity fairness mea-

sure is defined as

DP (@) = max [P{f(@,£,) =0} —P{f(2.&) = 0}| = max [Pu{f(@,€.) =1} ~Pa{f(@,€x) =1}

a<a€cA a<acA

We next show that the Wasserstein fairness measure WD, (x) is equivalent to DP(x) in view of

Lemma 1.
PROPOSITION 2. For a Bernoulli utility function f(z,€) € {0,1}, WD,(x) is equivalent to DP(x).

Proof. See Appendix B.2. O
The result in Proposition 2 reveals that the proposed Wasserstein fairness measure constitutes

a generalization of the binary demographic parity fairness measure.

2.3. Comparison with the Kolmogorov—Smirnov Fairness Measure

Instead of the sum of differences, we can use the supremum of differences to measure the demo-

graphic parity fairness as defined below.
DEFINITION 3 (KOLMOGOROV—SMIRNOV FAIRNESS MEASURE, AGARWAL ET AL. 2019). The
distributional fairness of a decision & can be measured using the Kolmogorov—Smirnov distance:

KSD(x) = max sup |F,(t|x) — F;(t| x)|. (6)

a<acA 4

The Kolmogorov—Smirnov distance measures the largest difference of cumulative distribution func-
tions between any two distinct groups. To compute KSD(x), one needs to discretize ¢, which is
easily done in view of our assumption of finite populations. Specifically, the assumption implies
that the cumulative distributions {F,(y | €)}.ca and their inverse counterparts {F, ' (y | )}.ca

are of finitely many values, defined formally as follows.

DEFINITION 4 (BREAKING POINTS). For any x € X’ and any pair a < a € A, the breaking points of
F Yy |x)—F;'(y|x) are denoted by b, (x) = (bjaa(x)) cr., With index set J,q:={1,2,--- | Jual}-
We further define the widths w;qa(2) = bjea(®) — b(j—1)ea(x) for j € Joa \ {1} and calculate the

largest width as 7(T) = maxX,<aca, jesoa\ {1} Wjaa(T)-
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Based on Definition 4, we propose the following lower and upper bounds on KSD(x) in terms of
WD, (), which shows that the two measures are close to each other within a constant factor. The

key idea is to recast the type-g¢ Wasserstein fairness measure as

a<ac€A

WD, (z) = max (//O |E (| 2) = B (y | )| dy

= max g« Z wjaa(a?) |F;1 (bjaa($) | $) - Fgl (bjaa(m) | 5’7)|q>

a<acA
j€Jaa\{1}
in the spirit of Definition 4. Then we bound the difference between WD, (x) and KSD(x). Next,
we use the relationship between WD, (x) and WD, () to finally bound WD, () and KSD(x).
PROPOSITION 3. For any feasible x € X and q € [1,00]|, the following inequalities hold:

1 1
WD, () <KSD(x) < mina@EAM(Aaa(w))WDq(m).

X caea 1(@) T (F2na () ~ f100())
Here, t1,5(x) = min{min,{¢: F,(¢t| ) > 0}, min,{t : Fa(t| x) > 0}}, towa(x) = max{sup,{t: F,(¢ |
x) <1},sup{t: F,(t|x) <1}}, and Aa(x) ={t: |F.(t|x) — F(t|x)| =sup, |F.(t| ) — Fa(t | )|}
with its Lebesgue measure u(Aqz(x)).

Proof. See Appendix B.3. O

Proposition 3 theoretically establishes that the Wasserstein and Kolmogorov—Smirnov fairness
measures are rather similar to each other. The bounds can be independent of the decision variables
x by finding the least-favorable coefficients. It is worth mentioning that the existing literature
(see, e.g., Ross 2011) only bound Kolmogorov—Smirnov fairness measure from above by type-1
Wasserstein fairness measure when the underlying random variables are continuous. In our fol-
lowing derivation, the Wasserstein fairness measure shows amenable optimization properties. Our
numerical study demonstrates the advantage of the proposed methods for the Wasserstein fairness

measure compared to the existing ones for the Kolmogorov—Smirnov fairness measure.

3. Mixed-Integer Convex Programming Formulations of DFSO

This section focuses on deriving exact Mixed-Integer Convex Programming (MICP) formulations
of DFSO. To begin with, we observe that under the discrete-distribution assumption, using epi-

graphical variable v, the proposed DFSO can be formulated as the mathematical program

v*(g) = min v, 7a
(q> (x,v)eFq ( )

1
st Y Q@ &) SV eV, (7b)

1€[m]



Qing Ye, Grani A. Hanasusanto, and Weijun Xie: Distributionally Fair Stochastic Optimization using Wasserstein Distance

where we introduce the set F, to denote the epigraph of the Wasserstein fairness measure, as

follows:

F, = {(a:, v)eX xRy W/ (]P’f(m’éa),]P’f(m’éa)) <vVa<ac A} . (8)

For the formulations, we will also utilize the following set that corresponds to the graph of the

function f(-,&;) for each realization §; € =:
Xi = {(Q’J,Qf)i) € A % Rf(mvsz) :ﬂ)z}

Section 3.1 discusses the concept of MICP representability and presents MICP formulations for
the graphs of utility functions {X;};cqm. Section 3.2 and Section 3.3 explore two different ways
of representing the epigraph of Wasserstein fairness measure F, in (8). The first formulation uses
Lemma 1 to represent quantiles using mixed-integer programming formulations. The second for-
mulation is a variation of the first one, using aggregate rather than individual quantiles. We have
two additional formulations presented in Appendix A, where the Discretized Formulation (see
Appendix A.1) is based on the discretization of the transportation decisions by observing that the
inflated transportation decision variables can be restricted to integers, and the Complementary
Formulation (see Appendix A.2) is to recast the set F, using linear programming with comple-
mentary slackness constraints and linearize the complementary slackness constraints. Besides, we
derive an equivalent MICP formulation for the Kolmogorov—Smirnov fairness measure KSD(x),

which can be found in Appendix A.3.

3.1. Mixed-Integer Convex Programming Representability

To begin with, we introduce the notion of MICP representability and develop formulations for var-
ious families of utility functions, depending on whether the sets {X;};cn) are MICP representable

(MICP-R) or not MICP-R. The MICP-R sets are defined as follows.

DEFINITION 5 (THEOREM 4.1 IN LUBIN ET AL. 2022). A set S CR™ is MICP-R if and only if

there exists d,p € Z,, a convex set C CR?, and a closed convex family (B.).cc € R"*P such that
S =U.ecnza Proj,(B:).

In addition, Lubin et al. (2022) also provided the following sufficient condition for not MICP-R.

LEMMA 2 (Lemma 4.1 in Lubin et al. 2022). A set S CR" is not MICP-R if there exists R C
S,|R| =00 such that (x+x')/2¢ S for all x,x' € R,x # x'.

Our MICP-R results rely on the McCormick representation.
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DEFINITION 6 (MCCORMICK REPRESENTATION, MCCORMICK 1976). Consider a bilinear set

{(,k,v) € R x {k, kY} x [vF, VY] : ¢ = sk} with given lower bounds x*,v* and upper bounds

kY, VY. Its McCormick representation is

YpeR, ke {rl kU v <v <Y,
MC(r", kY, 0" V) = (¥, k,v) 1 > kPv+ kvt — ko > kY + kY — VDY,
< kYv+ kvt — kYl < kY + kv — kEVY
Next, we discuss three special cases when the sets {X; }ie[m] are MICP-R.

PROPOSITION 4. Suppose that f(x,&) =& r(x)+ s(x), where r(x) and s(x) are linear functions.
Then the sets {X;}icim) are MICP-R.

Proof. We have
X ={(z,w,) € X xR: & r(x) +5(x) =0, },
which is an MICP-R set. g

PROPOSITION 5. Suppose that f(x,£) = max,er {ﬁTrT(w) +ST(:B)}, where {r (x)},er and
{s:(x)}rer are linear functions. Then the sets {X,}iepm) are MICP-R.
Proof. Suppose that M; > maxzex (7n) ‘maxTeT {E;r’l“.,.(aﬁ) + sT(:B)}‘ for each ¢ € [m]. Then, we have
- 5. . T — D,
X, ={(@,w;) € X xR max {€] v () + 5. (2) } = w1 }
0> € r (@) +5,(), V7 €T,

— (.’L‘ TI)) c X X R:wi S&TTT(ZU)_‘_ST(m) +Mz(1 _Zir)aVT ET,
Y zr=1,2,€{0,1},VTeT

TeT
which is an MICP-R set. 0
PROPOSITION 6. Suppose that f(x,€) = min,er {€ 7. (x)+s,(x)}, where {r.(x)}.er and
{s:(x)}-er are linear functions. Then the sets {X;}icpm) are MICP-R.

Proof. Recall that M; > maxgcx, (71 ‘minTeT {ﬁer(m) + sT(w)H for each i € [m]. Thus, we have
- 7. - mi T
X; {(m,wz)eXx]R.ITrg?{ﬁzr x)+s,(x)} = wz}
w; <& (x)+ s, (), Vr T,

i

(
(
(@ w) e X xR: i 2& (@) +5:() = Mi(1 = 2i7) VT €T,
Y zi=1,2,€{0,1},V7€T

TeT

which is an MICP-R set. O
When the utility functions are exponential or logarithmic, their corresponding F, sets are typi-
cally not MICP-R according to Lemma 2. Hence we propose to approximate them using piecewise

linear functions (see Appendix C).
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3.2. Quantile Formulation

In this subsection, we propose a quantile-based formulation to represent the set F, motivated by

Lemma 1. That is, we first equivalently rewrite set F, as

1
fq:{(:c,u)eXxR+:/ ‘Fa_l(y]a:)—Fa_l(y\a:)‘qdySV,V@<@€A}. 9)
0

Since all the random parameters have finite support, let us sort the distinct elements of the set

{O}U{Z} U{ ! } ::{/b\iaﬁ}l N
mg ie[ma] Mg iE[ma] Ze[ma&]

in the ascending order as 0 := Bma < e </5(maa)a[l :=1 for each a < a € A. Observe that in the

equation (4), the value F, '(y|x)— F,'(y| ) is a constant whenever y € (bma,b(,;ﬂ)m—l} for i €

~

[Maa — 1]. Thus, the set {/b\iaa}ie[ﬁlaﬁ} helps simplify the Wasserstein fairness measure as

a<a€cA

1€ [Mag—1]

b(z+1)aa
WDi(z) = max / Uy lz) - Fo\y | z)|" dy,

~

~ ~ q
= max Z (b(lJrl)aa - bzaa) a_l(b(i+1)aa | l') — Fa_l(b(i+1)az‘z | ,CL')

a<acA £
i€ [maa —1]

Next, we define the quantile set Q, (k) = {(x,tr,) € X xR : F, *(k/m, | ©) = t,} for each k € [m,]

and a € A. Using the graph representation (x,w;) € X; for each i € [m], we propose the following
equivalent formulation of the quantile set Q,(k).

PROPOSITION 7. Suppose that M; > maxzcx () | f(x,&;)| for each i € [m]. For each k € [m,] and

a € A, the quantile set Q,(k) is equivalent to

/

Tika € {07 1}7zika S {07 1}77rika S Zikas (m7wi) S Xi7V7: € Ca7 )

Z Zika = ka Z Tika = 17tka = Z ?iktu

(k) =< (@, tre) € X xR ieCa i€Cq i€Cq . (11)
tha 2> Wy — (M; + M) ) (1 = Ziga) s tha < W5 + (M + M) Zika,

o~

(tika)ﬂ-ika7wi) S MC(O7 ]-7 _Mi7 Mz))vz S Ca

where M is the ith smallest value of the vector M.

Proof. See Appendix B.5. O
To reformulate the set F, defined in (9), we use the quantile-based representation (10) of the
Wasserstein fairness measure by plugging in the MICP-R quantile sets {€2,(k)}refmq],aca defined

n (11).

THEOREM 2. (Quantile Formulation) Suppose that the set X; = {(x,w;) € X xR: f(z,&) =
w;} is MICP-R and M; > maxzcx (m) | f(x,&:)| for each i € [m]. We further define the quantile set
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Qo (k) ={(z,tra) € X xR: E; Y (k/mg, | @) =tra}, which admits a MICP-R form (11). Then F, can

be represented as

( Z </b\(i+1)aa _/l;ia&) n?a(z § v, Va <ae A,

i€[Maa—1]

F,= V) EX XR,: N , (12
! (@) - Z Oijaarlja — Z ijaaotia| < Niaa, Vi € [Maa — 1],a <a € A, (12)
jE€[ma) j€[ma)
(m7tja) € Qa(])avj € [ma]va € A
where . .
5 =1 (BBl € (=2 9] vie (s 11,5 .
ijaal = iaar O(i+1)aa | = ) S [maa - 1},] S [ma],a <a€A,
Mg Mg
and ‘ ‘
Oijaaz =1 @ma /5(1'+1)aﬁ:| c (= L J Vi € [Maa — 1], 5 € [mal,a <a € A.
J ) = ma ) Mg I ) )
Proof. See Appendix B.6. g

According to (11), we see that the continuous variable t;, = F,, ' (j/m, | ) represents the j/m,th
smallest quantile value, and the binary variable z;;, indicates whether up to the ¢th smallest quantile
value is selected or not for each i € C,,j € [m,], and a € A. Therefore, we obtain the following

monotonicity-based valid inequalities.

PROPOSITION 8. The following inequalities are valid for the Quantile Formulation

tia <t(j+1)as Zija = Zi(j+1)as Vi € Cq, j € [Mg],a € A. (13)

3.3. Aggregate Quantile Formulation
Motivated by the quantile set Q,(k) in (11), we develop another formulation using the aggregate
quantiles in this subsection. We also show that this formulation can be quite strong compared to
others. To begin with, let us define the aggregate quantile variable ¢ and the aggregate quantile
set Qa(k) = {(®,7xa) € X x R: 30 F(i/m, | @) = e} for each k € [m,] and a € A. Letting
(x,w;) € X; for each i € [m], we present the following representation of the set Q, (k)
(x,w;) € X;,VieCy,

_ _ 'Eka S mjn Zikalz)i : Zika - {0, 1}7V2 c CC“ Zika — k ,
Qg (k) =1 (x,tr) €X xR z {Z Z

i€Cq 1€Cq )
Eka 2 mzin { Z Zikawi * Zika S {07 1}7VZ S Ca7 Z Zika = k}
1€Cq 1€Cq V,

where similar to (11), we let the binary variables z;i4, Zir, indicate whether up to the ith smallest
quantile values is selected or not for each i € C,, k € [m,], and a € A. By dualizing the first mini-
mization problem and linearizing the bilinear terms in the second minimization problem, we arrive

at the following MICP-R set.
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PROPOSITION 9. Suppose that M; > maxzecx () | f(x,&;)| for each i € [m]. For each k € [m,] and

a € A, the aggregate quantile set Q,(k) is equivalent to

Zika S {07 1}) (m7wi) S XiaVi € Caa Z Zika = kv
1€Clyq
Q. (k) = (m’t_ka)GXX]R:t_kaSkﬂ-ka_ Zpikaaﬂ-ka_pikagwi’pikaZoa\v/'iECm ' (14)
i€Clyq
t_k:a Z Z Sikas (Sikau Zika7wi) S MC(Ou 17 _MuMz)avz € Ca
1€Clyq

To represent the set F, defined in (9), we simply plug in the representation of the aggregate quan-

tile sets {Q(k)}rema],aca into the representation (9), which motivates the following formulation.

THEOREM 3. (Aggregate Quantile Formulation) Suppose that the set X; = {(x,w;) € X xR:
f(x,&) =w;} is MICP-R and M; > maxgex () | f(,&)| for each i € [m]. We further define the
aggregate quantile set Qq(k) = {(, 1) € X x R: S5 FrY(i/myg | ®) = e}, which admits a MICP-
R form (14). Then F, can be represented as

Z <g(i+1)a& _Biaz’z> 77;1@@ S v, Va <ae A?

i€[Maa—1]

Fo=<(x,v) e X xR, : N , (15
! (@) " Z dijaarlja — Z dijaaztia| < Miaa, Vi € [Maq — 1],a < a € A, (15)
j€[mal j€[ma]
\ tja:t_ja_f(jfl)av(m’t_ja) EQa(j)aan:())vjé [ma],CLEA )

where the parameters & are defined in Theorem 2.

Proof. The proof follows Theorem 2 with the fact that ¢;, =, —t(j_1), for all j € [m,],ac A. O
We remark that the inequalities (13) are also valid for the Aggregate Quantile Formulation.

3.4. Summary of the Different Formulations

The different formulations have their own strengths from the derivations according to their devel-
opments. Their formulation complexities are summarized in Table 1, where we suppress the term
O(|AJ?) for simplicity. In our numerical study, we observe that the Aggregate Quantile Formulation
consistently outperforms the others in terms of computational time, which might be because it has
the least amount of binary variables and the smallest big-M coefficients.

In the following, we show that the Quantile Formulation and the Aggregate Quantile Formulation

can be stronger than the other two under some assumptions.

PROPOSITION 10. Suppose that the big-M coefficients M,M\ are large enough as specified in the

proof. Then, by relaxing the binary variables,
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Table 1 Formulation Complexity Comparisons

. . # of Binary | # of Continuous Largest Big-M
Formulation # of Constraints Variables Variables Coefficient
Discretized O(m?log(m)) O(m?log(m)) O(m?log(m)) max;e(m M;
Complementary O(m?) O(m?) O(m?) MaXe < 2 (i) <00 xCa
(M; + M;)*
Quantile O(m?) O(m?) O(m?) 2max;em) M;
Aggregate Quantile O(m?) O(m?) O(m?) maX;e[m] M;

(i) the continuous relazation value of the Discretized Formulation is zero;
(ii) the continuous relazation value of the Complementary Formulation is zero;

(iii) the continuous relazation value of the Quantile Formulation is

min max </l;(7’ﬁaa)aa _/l;(ﬁ@a— 1)aa) ’Fgl(l |@) — F (1] "3)|q;

TEX a<acA e

(iv) the continuous relaxation value of the Aggregate Quantile Formulation is at least

q
, 1 N 1 N
A S S e B B O x)‘
i€Cq i€Cq
Proof. See Appendix B.7 O

As a side product of Proposition 10, we see that

COROLLARY 1. For any q > 1, the continuous relaxation value of the Aggregate Quantile Formu-

lation is at least as good as the Jensen bound presented in Section 4.1.

The continuous relaxations of all the formulations can have nonzero objective values if one
optimizes the big-M coefficients or adds valid inequalities. We numerically test each formulation in

Section 5.1 and observe that the Aggregate Quantile Formulation performs best overall.

3.5. An Alternating Minimization (AM) Algorithm

When solving large instances with thousands of populations, the exact formulations in the previ-
ous subsections may suffer from slow convergence to find an optimal solution. Therefore, in this
subsection, motivated by the representation in Lemma 1, we design a fast AM algorithm that can
effectively solve DFSO instances to near optimality.

To this end, according to (10), we can recast DFSO as

v'(g)= min v, (16a)

o~ ~ o~ o~ q
S.t. Z (b(i+1)aa - bi(zfz) ‘F;l (b(i+1)ad ‘ x) — Fgl <b(i+1)(l,(7. ’ :B) ‘ S V, Va < @ S A,

ie[ﬁlaafl]

(16b)
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(7b),

which has been used to derive the Quantile Formulation and the Aggregate Quantile Formulation
of DFSO. This formulation is also valuable for deriving the AM algorithm. Specifically, we can run
the AM algorithm as follows: (i) First, we pick a feasible solution x, (e.g., an optimal solution
that minimizes the total cost (1)); (ii) At iteration ¢ > 0, we find the inverse distribution functions
{E7'(- | ) }aca, which can be done via sorting with time complexity O(mlogm); (iii) For each

~ o~

i € [Mag—1] and a <a € A, let f(x;,&5,)) = F; " (Di41)aa | ) and f(x4,&5,()) := Fy " (Dit1)aa | 4);

(iv) Next, we solve the following program by fixing the inverse distribution functions in the DFSO

(16):

Yt (q) - mlg.;fnv Y

s.t. Z </b\(i+1)a& _/l;la(i) ‘f (fﬂafga(i)) —f (-T,Ega(i)) !q <yVa<acA,

1€[Maa—1]

(7b)7

with an optimal solution x;,,; and (v) Let ¢ :=t+ 1 and repeat Step (ii) to Step (iv) until the
stopping criterion is invoked (e.g., |v; — v41] < € for some small threshold €). The benefit of the
proposed AM algorithm is that it completely eliminates the necessity of auxiliary binary variables
introduced by the exact MICP-R formulations. In addition to its computational advantage, our
numerical study shows that the proposed AM algorithm can successfully find optimal solutions in

many instances.

4. Two Lower Bounds for the Wasserstein Fairness Measure

In this section, we study a compact Jensen lower bound for type-¢ Wasserstein fairness measure
(i.e., WD{(x)) and the well-known Gelbrich lower bound for type-2 Wasserstein fairness measure
(i.e., WD3(z)). In particular, we derive new conditions under which the Gelbrich bound is tight.
To obtain the equivalent MICP-R formulations, we assume that f(x,&) =& r(x) + s(x), where
r(z) = Az +a, and s(x) = a] +0d; are linear functions. For notational convenience, we define the

mean and covariance matrix for each group a € A as p, = Ep[€,] and X, = Covp[€,], respectively.

4.1. The Jensen Bound for the gth Power of Type-q Wasserstein Fairness Measure WD!(x)

We first introduce the Jensen bound for WD{(z), which enables us to ascertain that the semidefinite
relaxation of the Gelbrich bound is relatively weak. The following theorem establishes the relation

between the Wasserstein fairness measure and the Jensen bound.

THEOREM 4 (The Jensen Bound). For any ¢ >1, WD{(x) is bounded by

WD!(2) > max |ulr(@) - plr(@)|" = v,(q).

a<a€A
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Proof. For any ¢, a < a € A, and joint distribution Q,; of f(x,€,) and f(x,&;) with marginals

P,,P;, we have

EQa,a”f(ana) - f($,€a)|q] > ‘EQa,a[f(wvga)] 7EQa,a[f(xa£ﬁ)qu
= e, [/ (@, &0)] — Be, [f (. €))|" = [y 7 () — py r ()"

Here, the inequality is due to Jensen’s inequality, and the first equality is because the random

vectors &,,&; are governed by the marginal distributions P,, P, respectively. Then, we obtain

WD} (z) = max W7 (P,,P;) > max ’uzr(m)—;ﬁr(m)!q,

a<acA a<acA

which completes the proof. O

This result gives rise to the following model for computing the Jensen bound for WD} (x):

v;(¢) = min {v:|p.7( )—ugr(w)‘qgu,Va<d€A,(7b)}. (18)

xeX v

4.2. The Gelbrich Bound for the Squared Type-2 Wasserstein Fairness Measure WD (x)

When g =2, there is a popular Gelbrich bound for W2 (P,,P;) for any a < a € A, which has been
studied in many optimal transport works (see, e.g., Kuhn et al. 2019). Formally, the Gelbrich bound
for W3 (P,,P,) is defined as follows.

DEFINITION 7 (THE GELBRICH BOUND, THEOREM 2.1 IN GELBRICH 1990). For any a <a € A,

the squared type-2 Wasserstein distance W3 (P,,P;) is bounded by

Wy (P, Py) > (ulr(w)—uir(m)f#— <\/r( VT 1 () — /7 () TZar( )2.

According to Definition 7, the Gelbrich bound can be computed via the following nonconvex

program:

UG:mrél)i{{lV v, (19a)
2

st. (par(x) — pgr( ) <\/1° )TE 7 (x) — /() TZar( ) <v,Va<acA, (19b)

(7b).

where p, and ¥, are the mean and covariance of €, for all a.

Using the Cholesky decomposition X, = L,L_ for each a € A, we can recast (19) as

vg = g)l(in v, (20a)
st. z,=L)r(x),Yac A, (20b)

4
(ir(@) =l r@)" + (|2all2 = | zall2)* < v, Vo <ae 4, (20c)
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(7b).

Our numerical study shows that the Gelbrich bound (20) can be very close to the true optimal
value v*(2). Unfortunately, computing the Gelbrich bound (20) constitutes an intractable noncon-

vex program, which we formally prove to be generically NP-hard.
THEOREM 5. Computing the Gelbrich bound is strongly NP-hard even when ¢ = oo and |A| =2.

Proof. See Appendix B.8. O
We remark that, in practice, one can compute the Gelbrich bound (20) by employing off-the-
shelf solvers, which are based on the spatial branch and bound algorithm. To further expedite
the solution process, we can tighten the bounds of decision variables and auxiliary variables in
formulation (20), which significantly decreases the number of branch and bound nodes and thus
accelerates the computation.
AM Algorithm. The complexity result motivates us to solve (20) using a highly effective AM
method. We first rewrite the formulation (20) as

Vg = min v,
X, z,v

2 _
st (g (@) — g 7())” + 2] 2all3 + 2012613 — ([ 2all2 + [|2all2)* < v,Va <@ € A,
(7h), (20b).

Using the convex conjugate representation, we have

_(”zaH2+Hz&”2)2: min {_QQIza_QaZza"i'wga: Haa|’2§waa7”aau2Swaﬁ}'

Waa>0,0q,03

Thus, we can equivalently restate the formulation (20) as

vg = min v, (21a)

zxeX,z,w,o,v

2
st (e (@) — pg ()" + 2] 205+ 2l 2413 — 20, 24
— 2a2za +w?, < v, lagls < Waa, [|aal|s < Waa, Va < a € A, (21Db)

(7h), (20D).

In the AM method, at each iteration ¢, given a solution (xy,z;,v;), we compute the solution

(wy, o, ;) in closed-form, as follows:

_ 2 2

7= max { (ulr(@) — pgr(@)” + (1zalls = 1222)* }

Waat o Waat

T RatyQat = 77 Rat-
1Za 2

Waat = ||Zat||2 + ||Zz’th27aat - HZ H
at|[2
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Then we fix the values of (w;, ;) and resolve (21) with respect to the variables (x,z,v). The
procedure is repeated until we reach a prescribed tolerance. Our numerical study finds that the
AM approach works extremely well in quickly finding near-optimal solutions.

Semidefinite Programming Relaxation. Alternatively, in the Gelbrich bound formulation (20),
let us introduce a new variable o, = ||z,||2 for each a € A. For each pair a < a € A, let us denote
Saa = [aa Z, Og za] ! and Z,; = Sqa - 8. Then one can show that the Gelbrich bound (20) can be

converted to a semidefinite programming formulation with rank-one constraint, as follows:

o= i, v (222
st (pgr( r(w))2+
( aall — 22aa1(n+2 + Zaa n+2)(n+2)) < v, Va<ae A? (22b)
zo=L}r(x),0,>0,Vac A, (22¢)
n+1 2n+2
Zaa11 = Z Zaaiis Laa(n+2)(n+2) = Z Zagii,Va<a € A, (22d)
i=2 i=n+3
saa:[o'a Z, 0g Z@]T,VCL<C_E€A, (226)
Z,o =84S aa,Va<a6A (22f)
(7b).

The rank one constraints in (22f) are difficult to handle in practice. A simple way is to relax (22f)
as the semidefinite inequalities

Zpo > Saa- 8- Va < ac€ A.

aa’

Using the Schur complement, we obtain the semidefinite relaxation of the Gelbrich bound (20) as

vg = min v, (23a)
- xeX,s,Z,v
s.t L s ~0,Ya<acA, (23b)
o Saa Zati
(7b), (22b) — (22e).

We see that the semidefinite relaxation (23) is stronger than the type-2 Jensen bound v;(2) in
(18) since Z,; is positive semidefinite and (Zaau —2Z0a1(n+2) +Zaa(n+2)(n+2)) > 0 for every pair
a < a€ A. On the other hand, if we allow the relative tolerance of the semidefinite constraints (see
MOSEK ApS 2019), then for up to any prescribed tolerance, we can show that vg < wv;(2). This

result is summarized in the following proposition.

PROPOSITION 11. The semidefinite relazation (23) of the Gelbrich bound model satisfies vg >
v7(2). On the other hand, for any relative tolerance 8 >0 of the semidefinite constraints in (23b)
such that Z,z — Saa - 8.y = — BN (Zya)Ionio, where N1, (-) denotes the smallest nonzero eigen-

value, we have vg < UJ(Q).
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Proof. See Appendix B.9. O

4.3. Tightness of the Gelbrich Bound

The Same Univariate Marginal Distribution Condition: In the literature, it is known that
the Gelbrich bound is tight when the random parameters {éa}ae A are asymptotically elliptical as
m, — oo for all a € A. We generalize this result by establishing a weaker condition that achieves
the tightness of the Gelbrich bound. Our result shows that when the random utility functions
of different groups can be linearly transformed to the same univariate random variable, then the

Gelbrich bound is asymptotically tight.

THEOREM 6. Suppose that for any pair a < a € A, the optimal comonotonic ran-

dom  wvariables (f(x, éa) - MI’I‘(J}) — 5($),f($,éa) ~ ulr(@) — s(@)) M —00,Mmg—00
(Vr(@)TE,.r ()i, /r(z) T S,r(x)d) for a univariate random variable i with zero mean and umnit

variance. Then the Gelbrich bound is asymptotically tight.

Proof. See Appendix B.10. O
Theorem 6 shows that the tightness of the Gelbrich bound applies to a much broader family of
distributions than elliptical. In fact, from the proof, we can see that the Gelbrich bound is derived

using the Cauchy-Schwarz inequality, i.e.,

Bo.., [(£(@.6) - ulr(@) — s(@)) (£(2.&) ~ u]r(@) - s@))] < Vi@ Zar(@)-/r(@) Zar

Thus, the tightness result holds whenever there exists a joint distribution such that the Cauchy-
Schwarz inequality becomes equality.

More importantly, we can theoretically bound the gap between the optimal Gelbrich bound vg
and the optimal value of DFSO v*(2) under type g =2 Wasserstein distance.

THEOREM 7. Suppose that for any group a € A, the individual samples {&;}icc, satisfy f(x, &) —
prr(x)—s(x) 2 /r(x) "X, r(x)u; for eachi € C,, where {u;}icc, arei.i.d. samples of a univariate
sub-Gaussian random variable 4, with zero mean and unit variance, and {l,}.ca obey the same

distribution. Then with probability at most 1 — 1 such that 7> 0 is small, we have

v*(2) = Ci(miny/ma) ™! <ve <v'(2)

ac€A
for some positive constant C.
Proof. See Appendix B.11. O
Different Groups with Proportional Covariances: The result in Theorem 6 necessitates the

same marginal distributions. We relax this assumption by establishing another tightness condition,

such that the marginal distributions of different groups can be distinct.
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THEOREM 8. Suppose that for any pair a < a € A, the optimal comonotonic random variables
(f(®,&0) — pir(@) = s(@), f(2,&) — pr(x) — s(x)) === (&) r(2),& r(2)), where the
random vectors /c\glga,ﬁglé—l obey the same distribution with zero mean and covariance matriz X,z

for some positive parameters ¢,,c;. Then the Gelbrich bound is asymptotically tight.

Proof. See Appendix B.12. O
Similar to Theorem 7, we can theoretically bound the gap between the optimal Gelbrich bound

vg and the optimal value of DFSO v*(2) under type g =2 Wasserstein distance.

THEOREM 9. Suppose that for any group a € A, the individual samples {&;}icc, satisfy f(x,&;) —
plr(z) — s(x) =& r(x) for each i€ C,, where {& }icc, are ii.d. and sampling from €, and the
random vectors ’c\;lé\a,é\glé’\a obey the same sub-Gaussian distribution with zero mean and covariance
matriz Xqq. Then with probability at most 1 — 1 such that 17> 0 is small, we have

v*(2) — Co(min /m,) ' <vg <v*(2)

a€A
for some positive constant C,.

Proof. The proof is similar to that of Theorem 7 and is thus omitted. O

5. Numerical Study

In this section, we apply our framework to several fair optimization problems. We consider the
fair regression problem and the fair allocation problem of scarce medical resources. An additional
numerical study on the fair knapsack problem can be found in Appendix D.2. All the instances in
this section are executed in Python 3.7 with calls to Gurobi 10.0.0 on a PC with an Apple M2 Pro

processor and 16GB of memory.

5.1. Fair Regression

Consider the regression problem aiming to predict the response vector y € R™ using features £ €
R™*" where the loss function is given by the mean squared error (MSE) Q(z,&;) = [£ = — vi|?
or the mean absolute error (MAE) Q(z,&;) = |€x — v;|. In terms of demographic parity fairness,
we choose the utility function of the fair regression problem to be f(x,€) =& x. We conduct two
experiments to test the proposed methods: (i) using hypothetical data to evaluate the performance
of the exact formulations, AM algorithm, and two lower bounds, and (ii) using real data to compare

DFSO against two state-of-the-art methods.
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5.1.1. Formulation comparisons We compare the proposed methods for solving fair regres-
sion with MAE, where we (i) test the exact formulations on small populations and (ii) test the
AM algorithm and lower bounds on large populations. In this experiment, we choose |A| =2 (i.e.,
we study the fairness among two groups) and ¢ =2 (i.e., we consider type-2 Wasserstein distance),
and we set € = 10% as the inefficiency level. The hypothetical data is generated in the following
manner. The response g is generated from gy = éT(a:O) +noise. The first |n/2| components of the
vector 2° are randomly sampled i.i.d. from the uniform distribution Unif(—1,0), the next [n/2] —1
components are sampled from Unif(0,10), and the last component is set to zero. The last compo-
nent §~,.€ € {—1,1} of the vector é corresponds to the sensitive attribute. In the generated dataset,
the first [m/2] data points are assigned with the sensitive attribute £, = —1, where their features
(éj) jelr—1) are independently drawn from {Unif(0, j)};e(x—1]. The remaining data points are assigned
&, =1, where their features (éj)je[,{,” are independently drawn from {Unif(0,j 4+ 2)},ep.—1j. The
noise follows the uniform distribution Unif(—0.1,0.1) x E[£]T ().

In the first comparison, we generate data sets of a small population with sizes m €
{15,20,...,100} and feature dimension x = 10 to compare the exact formulations against the AM
algorithm of DFSO and the two lower bounds. In the second comparison, we generate data sets of
a large population with sizes m € {100,200, ...,3,000} to illustrate the solution quality of the AM
algorithm and two lower bounds. We solve the Vanilla Formulation, the four exact MICP-R for-
mulations, the AM algorithm in Section 3.5, the Jensen bound, and the Gelbrich bound in the first
comparison. We test the AM algorithm, the Jensen bound, and the Gelbrich bound in the second
comparison. Particularly, the AM algorithm of DFSO in Section 3.5 is initialized with the Gelbrich
bound solution obtained by executing its corresponding AM algorithm described in Section 4.2.

In the first comparison, we report each instance’s objective value, lower bound, optimality gap,
and running time. Let “Obj.Val” denote the objective value and “LB” denote the lower bound.
We use the dashed line “—” if “Obj.Val” is not available. The optimality gap denoted by “Gap” is
computed by (UB-LB)/UB x 100%, where we use the optimal objective value as UB if available.
We define the best upper bound as the smallest “Obj.Val” of the exact formulations and the AM
algorithm of DFSO, and the best lower bound as the largest “LLB” of the exact formulations and
“Obj.Val” of Gelbrich bound. For some instances, “Obj.Val” may not be available for the exact
formulations. In this case, we use the best upper bound to compute their optimality gaps, use
the best lower bound to compute the AM’s optimality gap, and use the AM’s objective value to
compute the Jensen bound’s and Gelbrich bound’s optimality gaps. The running time in seconds is
denoted as “Time”. We set the time limit to 3,600 seconds. In the second comparison, we plot the

gaps between AM and the two lower bounds over 10 replications, where the gap is computed by
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(UB-LB)/UB x 100%. We report the mean and standard deviation of the gaps and also illustrate
the average running time of each method.

The first comparison results are displayed in Tables 2-5. The Vanilla Formulation cannot solve
the small population instances within the time limit. The upper bounds of the Vanilla Formula-
tion tend to be close to the optimal value, while the lower bounds are nearly zero. In fact, the
gap of the Vanilla Formulation is 100% when the population size of the instance is m > 30. The
Discretized Formulation can solve the instance with m = 15. The quality of the incumbent solu-
tion at the time limit then deteriorates rapidly as m increases. The Complementary Formulation
performs similarly to the Discretized Formulation. Its upper bounds are often worse than other
formulations, and the lower bounds are always zero for all the instances. This demonstrates the
weakness of the Discretized Formulation and the Complementary Formulation, which is consistent
with Proposition 10. The performances of the Quantile Formulation and the Aggregate Quantile
Formulation in Table 3 are significantly better. The Quantile Formulation is able to solve instances
up to m <40 to optimality, and it returns nonzero lower bounds except for the last instance. The
optimality gap of the Quantile Formulation becomes larger as m increases. Remarkably, the Aggre-
gate Quantile Formulation can solve instances with m < 60 and m = 70 to optimality. The running
time for each instance is less than 10 seconds when the population size is m < 40. The Aggregate
Quantile Formulation cannot be solved optimally for larger instances; however, it still consistently
provides high quality lower bounds with small gaps. We observe that the upper bounds of the
Quantile Formulation and the Aggregate Quantile Formulation may not be available for instances
with large m. This is potentially due to these two MICP-R, formulations having many variables and
constraints, which causes the solver to have difficulty finding a feasible solution for large instances.
Therefore, we instead use the AM algorithm to solve instances for which the Aggregate Quantile
Formulation cannot provide an optimal solution within the time limit.

In fact, as shown in Table 4, the AM algorithm provides very near-optimal solutions to instances
of a small population using less than one second. It has a zero gap for most instances when the
optimal solution is available, that is, m < 60 and m = 70. Its solution is close to the best lower
bound when the optimal solution is unavailable, where the gap is less than 7%. In particular, the
AM algorithm has better objective values than the Vanilla Formulation for all instances in this
experiment. On the other hand, the Jensen bound has a gap of around 30% for each instance, and its
running time is short due to the simplicity of its model formulation. On the contrary, the Gelbrich
bound’s gap decreases and running time slightly increases when the population size m increases.
The gap of the Gelbrich bound is around 15% when the population size is m > 50. Since the
number of features x = 10 is small, the Gelbrich bound model can solve all instances to optimality,

where each instance’s running time is less than 3 seconds. Besides, we also compute the continuous
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relaxation values of the exact MICP formulations. In Table 5, the continuous relaxation values
of the first three formulations are zero for most instances. The Aggregate Quantile Formulation
always has a nonzero continuous relaxation value, and it is greater than the objective value of the
Jensen bound as shown in Corollary 1. The continuous relaxation gap of the Aggregate Quantile
Formulation is around 30% overall, which numerically verifies this formulation’s strength.

The second comparison is presented in Figure 1. We see that both gaps stabilize when the
population size is large enough. The gap between AM and the Jensen bound decreases from 40%
to 21% when the population size m grows from 100 to 1,000. This gap is around 21% when
the population size m > 1,000. The gap between AM and the Gelbrich bound drops from 10%
to 1% when the population size m grows from 100 to 1,500. This gap decreases to 0.8% after
m = 1,500. The small gap between AM and the Gelbrich bound verifies that the solution of AM is
near optimal and demonstrates the strength of the Gelbrich bound. Meanwhile, the running time
of these methods grows slowly. Since the Gelbrich bound formulation is nonconvex, it requires a
longer time to solve large population instances. Figure 1(c) shows that AM is much faster than
the Gelbrich bound, and the Jensen bound is slightly faster than AM. When m = 3,000, AM,
the Jensen bound, and the Gelbrich bound take 15, 11, and 53 seconds on average, respectively.
The stable and efficiently solvable lower bound solutions are useful to initialize AM and verify its
solution quality.

The two comparisons in this experiment confirm the effectiveness of the proposed methods in
solving DFSO. In practice, we suggest choosing the Aggregate Quantile Formulation to solve fair
decision-making problems with a small population and switch to the AM method if the population
size is large, where we can use the Jensen bound or the Gelbrich bound to initialize and establish

the quality of the AM method.

Table 2 Results of Exact MICP Formulations

m Vanilla Formulation Discretized Formulation Complementary Formulation
Obj.Val LB Gap (%) Time Obj.Val LB Gap (%) Time Obj.Val LB Gap (%) Time

15 342.43 99.92 70.82 3600.00 342.43 342.40 0.01 339.36 342.44  0.00 100.00 3600.00
20 230.62 8.23 96.43 3600.00 230.62 184.95 19.80 3600.00 231.30 0.00 100.00 3600.00
25 136.81 0.62 99.55 3600.00 135.03 84.28 37.58 3600.00 140.37 0.00 100.00 3600.00
30 174.38 0.00 100.00 3600.00 172.21 52.11 69.74 3600.00 199.55 0.00 100.00 3600.00
35 136.94 0.00 100.00 3600.00 133.81 12.34 90.78 3600.00 219.28 0.00 100.00 3600.00
40 256.27 0.00 100.00 3600.00 257.70 53.99 79.05 3600.00 1249.10 0.00 100.00 3600.00
45 226.81 0.01 100.00 3600.00 228.73 20.61 90.99 3600.00 613.29 0.00 100.00 3600.00
50 170.45 0.00 100.00 3600.00 177.92 21.70 87.80 3600.00 708.46 0.00 100.00 3600.00
55 205.50 0.00 100.00 3600.00 230.96 11.95 94.83 3600.00 684.75 0.00 100.00 3600.00
60 134.96 0.00 100.00 3600.00 772.27 1.35 99.82 3600.00 | 1142.74 0.00 100.00 3600.00
65 150.43 0.00 100.00 3600.00 176.77 0.03 99.98 3600.00 658.52 0.00 100.00 3600.00
70 138.49 0.00 100.00 3600.00 144.42 0.00 100.00 3600.00 596.50 0.00 100.00 3600.00
75 140.58 0.00 100.00 3600.00 242.28 0.00 100.00 3600.00 | 1021.06 0.00 100.00 3600.00
80 169.10 0.00 100.00 3600.00 253.35 0.00 100.00 3600.00 793.09 0.00 100.00 3600.00
85 148.41 0.00 100.00 3600.00 320.75 0.00 100.00 3600.00 773.68 0.00 100.00 3600.00
90 174.45 0.00 100.00 3600.00 400.22 0.00 100.00 3600.00 835.96 0.00 100.00 3600.00
95 177.90 0.00 100.00 3600.00 587.42 0.00 100.00 3600.00 898.22 0.00 100.00 3600.00
100 161.34 0.00 100.00 3600.00 819.40 0.00 100.00 3600.00 727.02 0.00 100.00 3600.00
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Table 3 Results of Exact MICP Formulations

m Quantile Formulation Aggregate Quantile Formulation
Obj.Val LB Gap (%) Time Obj.Val LB Gap (%) Time

15 342.43 342.43 0.00 0.51 342.43 342.43 0.00 0.21
20 230.62 230.62 0.00 6.94 230.62 230.62 0.00 0.50
25 135.03 135.03 0.00 40.80 135.03 135.03 0.00 1.50
30 172.21 172.21 0.00 356.06 172.21 172.21 0.00 3.14
35 133.54 133.54 0.00 271.32 133.54 133.54 0.00 5.77
40 252.42  252.42 0.00 2379.63 252.42 252.42 0.00 8.61
45 219.17 177.31 19.10 3600.00 219.17 219.17 0.00 46.05
50 170.16  120.52 29.17 3600.00 169.99 169.99 0.00 169.07
55 204.76 137.83 32.69 3600.00 204.76 204.76 0.00 230.42
60 — 66.85 48.91 3600.00 130.84 130.84 0.00 1022.89
65 — 47.18 66.90 3600.00 142.54 142.27 0.19 3600.00
70 — 30.48 77.57 3600.00 135.92 135.91 0.01 3134.58
75 — 31.39 77.24 3600.00 — 128.64 6.72 3600.00
80 — 25.32 84.03 3600.00 — 154.58 2.51 3600.00
85 — 27.86 80.89 3600.00 157.36  143.52 8.79 3600.00
90 — 26.65 84.47 3600.00 — 165.23 3.71 3600.00
95 4.57 97.37 3600.00 162.50 6.51 3600.00
100 0.00 100.00 3600.00 124.59 12.17 3600.00

Table 4  Results of AM Algorithm of DFSO, Jensen Bound and Gelbrich Bound

m AM Jensen Bound Gelbrich Bound
Obj.Val Gap (%) Time | Obj.Val Gap (%) Time | Obj.Val Gap (%) Time
15 342.43 0.00 0.17 207.12 39.51 0.06 222.14 35.13 0.39
20 230.62 0.00 0.26 89.13 61.35 0.08 105.91 54.07 0.41
25 135.03 0.00 0.37 46.03 65.91 0.09 50.41 62.67 0.48
30 172.21 0.00 0.30 109.56 36.38 0.10 110.85 35.63 0.48
35 133.54 0.00 0.35 92.95 30.39 0.11 93.07 30.31 0.50
40 252.42 0.00 0.23 187.66 25.65 0.13 194.65 22.89 0.54
45 219.17 0.00 0.63 138.17 36.96  0.14 176.41 19.51 0.59
50 170.17 0.10 0.52 116.18 31.65 0.16 143.05 15.85 0.72
55 204.76 0.00 0.62 141.53 30.88 0.16 178.35 12.90 0.65
60 130.84 0.00 0.46 69.87 46.60 0.18 105.48 19.38 1.18
65 142.54 0.00 0.90 83.21 41.63 0.19 118.92 16.57 1.40
70 135.92 0.00 0.51 83.84 38.31 0.20 119.37 12.18 0.81
75 137.91 6.72 0.68 85.22 38.21 0.22 119.79 13.14 0.89
80 158.57 2.51 0.73 112.03 29.35 0.24 145.23 8.41 0.96
85 145.77 1.54 0.81 104.78 28.12 0.24 134.34 7.84 0.99
90 171.59 3.71 0.80 126.73 26.15 0.29 160.95 6.20 1.08
95 173.82 5.36 0.91 132.55 23.74 0.31 164.49 5.36 2.00
100 141.85 6.59 0.92 91.76 35.32 0.32 132.50 6.59 2.27

Table 5 Results of Continuous Relaxation Values of Exact MICP Formulations

Discretized Formulation Complementary Formulation Quantile Formulation Aggregate Quantile Formulation
m Obj.Val Gap (%) Time | Obj.Val Gap (%) Time Obj.Val Gap (%) Time | Obj.Val Gap (%) Time
15 0.20 99.94 0.24 0.00 100.00 0.38 0.34 99.90 0.23 282.42 17.52 0.16
20 0.00 100.00 0.41 0.00 100.00 0.60 0.00 100.00 0.63 147.18 36.18 0.64
25 0.00 100.00 0.50 0.00 100.00 1.00 0.38 99.72 0.60 57.40 57.49 0.63
30 0.00 100.00 0.77 0.00 100.00 1.05 0.00 100.00 0.49 111.36 35.33 1.07
35 0.00 100.00 1.09 0.00 100.00 5.64 0.51 99.62 0.62 98.71 26.08 0.67
40 0.00 100.00 1.36 0.00 100.00 17.50 0.00 100.00 0.72 219.32 13.11 0.82
45 0.00 100.00 1.73 0.00 100.00 37.80 0.96 99.56 1.22 179.74 17.99 1.03
50 0.00 100.00 2.11 0.00 100.00 5.01 0.00 100.00 1.09 134.92 20.63 1.25
55 0.00 100.00 2.63 0.00 100.00 5.76 0.65 99.68 1.81 167.17 18.36 1.51
60 0.00 100.00 3.08 0.00 100.00 6.60 0.00 100.00 1.54 92.30 29.45 1.77
65 0.00 100.00 3.68 0.00 100.00 8.72 0.44 99.69 2.00 101.41 28.85 2.24
70 0.00 100.00 4.76 0.00 100.00 10.27 0.00 100.00 2.08 103.16 24.10 2.43
75 0.00 100.00 5.46 0.00 100.00 13.96 0.32 99.77 2.71 99.28 28.01 3.09
80 0.00 100.00 6.19 0.00 100.00 11.26 0.00 100.00 2.79 120.75 23.85 3.40
85 0.00 100.00 7.25 0.00 100.00 13.57 0.26 99.82 3.49 115.93 20.47 4.08
90 0.00 100.00 8.06 0.00 100.00 14.48 0.00 100.00 4.12 136.94 20.19 4.65
95 0.00 100.00 9.27 0.00 100.00 16.51 0.21 99.88 4.99 140.77 19.01 5.48
100 0.00 100.00 10.59 0.00 100.00 18.72 0.00 100.00 4.35 102.23 27.93 5.66

5.1.2. Comparison with state-of-the-art In the second experiment, we compare our meth-
ods against two fair regression methods from the literature using real data. In this experiment, the
cost function is set to the mean squared error (MSE). We solve DFSO using its AM algorithm in
Section 3.5, solve the Jensen bound by solving (18), and solve the Gelbrich bound using its AM
algorithm in Section 4.2. The first approach that we compare is Berk (Berk et al. 2017). Their work
proposed a convex optimization method to incorporate group and individual fairness for fair regres-

sion. We compare with their group fairness model for demographic parity. The second approach
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Figure 1 Gap between AM and the two lower bounds for a large population size. The mean and standard deviation

of the gap over 10 replications, as well as the average running time of each method, are illustrated.

is Agarwal (Agarwal et al. 2019), a reduction-based fair regression algorithm that uses the Kol-
mogorov—Smirnov distance to measure demographic parity. We test the performance of different
approaches using criminological and educational datasets. The Communities and Crime dataset
contains socio-economic, law enforcement, and crime data of different communities in the US. The
goal is to predict the number of violent crimes per 100,000 of the population with race (black ver-
sus non-black) as the sensitive attribute. It contains 1,994 samples characterized by 127 features.
We create the sensitive attribute by thresholding the percentage of the black population following
Calders et al. (2013). The Law School (Wightman 1998) dataset consists of student records from
the Law School Admission Council (LSAC) National Longitudinal Bar Passage Study. The goal
is to predict a student’s GPA with race (white versus non-white) as the sensitive attribute. The
dataset contains 20,649 samples characterized by 12 features.

For both datasets, we split the data into 70% for training and 30% for testing. We repeat this
procedure 10 times and report the average performance. We evaluate the different methods based
on the trade-off between MSE and fairness scores of Wasserstein fairness and Kolmogorov—Smirnov
fairness measures, where we compute WDy (z) using (10) and KSD(x) using (6) for each method.
Note that we only use DFSO to solve the Wasserstein fairness measure and plug in its solution to
compute the Kolmogorov—Smirnov fairness measure. The hyperparameters of each method are cho-
sen as follows. For DFSO, the Jensen bound, and the Gelbrich bound, we set the inefficiency level
parameter € € {0.05,0.1,...,1} for the Communities and Crime dataset and € € {0.01,0.02,...,0.2}
for the Law School dataset. For Agarwal (Agarwal et al. 2019), we set their unfairness level param-
eter e € {0.015,0.03,...,0.3} for Communities and Crime and e € {0.035,0.07,...,0.7} for Law
School. For Berk (Berk et al. 2017), we set their unfairness penalty parameter A € {0.5,1,...,10}
for Communities and Crime and A € {0.2,0.4,...,4} for Law School.

Figure 2 presents the trade-off between fairness scores and MSE on the two datasets described

above. We observe that DFSO consistently outperforms other methods in training and testing in
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view of the Wasserstein fairness measure, where it can reduce the unfairness level to significantly
small values (i.e., nearly zero) with a relatively small increase in MSE. DFSO also performs well
in terms of the Kolmogorov—Smirnov fairness measure and attains small fairness scores. Two lower
bounds (i.e., the Jensen and Gelbrich bounds) also provide good solution quality for both Wasser-
stein and Kolmogorov—Smirnov fairness measures. Notably, the Jensen bound has similar solutions
as Berk (Berk et al. 2017), and the Gelbrich bound is competitive with Agarwal (Agarwal et al.
2019). We observe that the Gelbrich bound tends to be fairer than the Jensen bound. DFSO con-
sistently provides the best Wasserstein fairness score for the Communities and Crime and Law
School datasets. In terms of the Kolmogorov—Smirnov fairness measure, Berk (Berk et al. 2017) and
the Jensen bound is effective when MSE is small. Note that they cannot further improve fairness
given large inefficiency level parameters or allow large MSE in the experiment. On the contrary,
DFSO and the Gelbrich bound have the capacity to improve Kolmogorov—Smirnov fairness with
large MSE. It is evident that DFSO is capable of effectively addressing the unfairness issues in fair

regression problems.
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Figure 2  Fairness vs MSE for Fair Regression. The Wasserstein fairness versus MSE are shown in (a), (c), (e),
(g), and Kolmogorov—Smirnov fairness versus MSE are shown in (b), (d), (f), (h). All the training and

testing results are averaged over 10 replications.

5.2. Fair Allocation of Scarce Medical Resources

During public health emergencies such as the influenza pandemic and COVID-19, optimal allocation
of scarce medical resources (e.g., therapeutics and vaccines) is a crucial yet challenging task (see,

e.g., Sun et al. 2023, Shehadeh and Snyder 2023). DFSO can be adapted to allocate scarce medical
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resources in a distributionally fair way. In this experiment, we study the fair allocation of COVID-
19 vaccine across m counties in Georgia. Given the total amount of vaccines T € Z,, counties’

population sizes p € Z7, and thresholds I <wu € (0,1]™, we consider a vaccine allocation problem

V*=max{ .. H T ZpixiST,linigui,We[m] , (24)
i€[m] i€[m]

where the coverage rate x; € [0,1] is defined as the ratio of the number of allocated vaccines to
the population size in each county i € [m], and the benefit function is Q(x,&;) = ;. We remark
that the efficiency function in (24) follows the conventional proportional fairness, which seeks to
maximize the product of each individual county’s utility. The fair allocation approach that we are

comparing is the max-min fairness at the group level, defined as

maxmin m‘/ H T ,(/H ;> (1—e)V7, ZpixigT,ligxigui,Vze [m] 3. (25)

1€[maq] i€[m)] 1€[m]

In the experiment, we compare DFSO against the Max-Min formulation (25) using Georgia (GA)
population data from the U.S. Census Bureau. We choose the utility function to be f(x,&;) =;
for each county i € [m]. The dataset includes each county’s population size p; and the size of
the population aged 65 years and over, denoted by s;. We let A = {urban, rural} in order to
study the fairness among urban counties (where the population size is at least 50,000) and rural
counties (where the population size is less than 50,000). We assume the total amount of vaccine
is 20% of the total population. That is, we have T = 0.2 Zie[m] p;. Since older people are more
vulnerable to COVID-19, we select the minimum and maximum vaccine coverage rates as [; =
0.8s,T/ Zie[m] s; and u; = 2s;T/ Zie[m} s;, respectively. We also set the inefficiency level parameter
to e=1{0.1,0.2,0.267,0.3}. We choose type ¢ = 2 Wasserstein fairness and solve DFSO using its AM
algorithm in Section 3.5. Since the solution of Max-Min (25) remains unchanged when € > 0.267,
we only display its results for e ={0.1,0.2,0.267}.

Figure 3 shows the histograms of utility for fair allocation of COVID-19 vaccine in GA. It can be
observed that both methods can reduce the disparities of utilities among urban and rural counties,
while DFSO always has a smaller Wasserstein fairness score than Max-Min (25) given the same
inefficiency level. The solution of Max-Min (25) remains unchanged when e > 0.267, thus Figure
3(c) shows the fairest solution that Max-Min (25) can provide. DFSO can achieve a Wasserstein
fairness score that is nearly zero, effectively resolving the distributional disparities. We observe
that Max-Min (25) is not sufficient to eliminate the disparity between two distributions compared
to its counterpart DFSO. This demonstrates that the proposed DFSO can effectively address

distributional fairness while achieving relatively high efficiency.
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6. Conclusion

This paper studies Distributionally Fair Stochastic Optimization (DFSO), where we employ the
Wasserstein distance to measure group fairness. We propose exact mixed-integer convex program-
ming formulations for DFSO. By exploring the properties of the Wasserstein fairness measure, we
develop an efficient alternating minimization (AM) solution method and two strong lower bounds.
Our numerical study shows that the proposed exact methods can solve medium-sized fair learning
problems efficiently, while the proposed AM method and lower bounds work efficiently for large-
scale fair optimization and learning problems. The convergence rate and solution quality of AM
methods are interesting open questions. Stronger lower bounds for the general Wasserstein fairness
measure are also interesting to explore in the future. Another future study is properly incorporating

distributional robustness into DFSO when the individual data are noise-related.
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Appendix A. Two Additional Exact Formulations and An Equiv-
alent MICP-R Formulation for KSD(x)

A.1 Discretized Formulation: Discretizing the Transportation Decisions

In this subsection, we develop an MICP-R formulation for the Wasserstein fairness measure set
F, by observing that the balanced transportation polytope can be integral given that the supplies

and demands are both integers. To this end, we recast the set as

fq:{(m,u)eXxR+: min {Z Zwijaa|f(m,§i)—f(w,£j)|q}§1/,Va<a€A} (26)

mwaa€llaa
i€Cq j€CG

where for each a < a € A, the transportation feasible set is given by

1
Ha&: {ﬂ-aa GRT'lxma : Z ﬂ-ija& = V] S Ca, Z 7Tz_]aa = 7,\71 S Ca} .
mg

i€Clq j€Ca

Observe that, for each a < a € A, the constraint in (26) is satisfied if and only if there exists m,; €
I such that 3. > e Tijaa | f(,€:) — f(x,€;)|" <v. Hence, the resulting set has nonconvex

terms in 7r,; and x that complicate the formulation.

THEOREM 10. (Discretized Formulation) Suppose that the set X; = {(x,w;) € X x R :
f(x,&) =w;} is MICP-R for each i € [m] and M; > maxgex, ) |f(x,&;)| for each i € [m]. Then
F, is equivalent to the MICP-R set

>y 3 Ay seratacaca

1€Ca j€Ca k€[Qqal

\

(x,w;) € X;,Vi € [m],|Zijkaar — Zijraaz| < Wijkaa,

fq (39 V) < s (Zvjkaalyzzjkaa7w1) € MC(07 17 Mi’Mi)’ ’

(Zijkaazs Zijkaa, W;) € MC(0, 1, — My, M;),

Vi€ Cy,j€Cok€[Quala<ac A )
where for each a <a € A, we define Quz = [log, (min{m,,ms})] +1 and
Z Z Qkilzijka(’z =m,,Vj € C;,
maxmaxQag . € k€Qaa
Faa = | Zaa € {0, 1o Z [2: | 25712 jkaa = ma, Vi € C,
J€Ca ke[Qaal
Proof. Letting 7;jaa = TijaaMaMa, the set F, in (26) can be reformulated as

fq:{@vﬂe?fx& nin {ZZ“’““ wEi)—f(w,sj)lq}Su,va<aeA},

i€Cq jECG MM
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where for each a <a € A, we have

Moo = {waa ERT™ > Fijoa =M, Vi € Cay D Wijoa =Ma, Vi € Ca} :

1€Cq j€Ca
We see that there exist integer solutions 7., for this transportation problem according to Rebman

(1974). Then, we obtain

fq={<a:,v)eXxR+ min {Z Z ””““ a:,&)—f(m,ﬁnlq}gu,Va<aeA},

Taa€MaaNZ] ZECajECa

Since there exists 7,5 € I,z NZ7T* ™ for F,, we have

F,= {(aj,y) € X xRy 3y € Mo NZL", Y D" TH (@, &) — f(a,,)|" < y,va<aeA},

1€Cq jE€Cq a

Next, we binarize the integer matrix variables 7t,; using the expansion
- } : k—1
Tijaa = 2 Zijkaa
kG[Qaa]

where Q,5 = [log, (min{m,,mz})] +1 and 2jrea € {0,1} for all i € C,, j € Cs, and k € [Q,a].
We thus obtain

fq: (:D v EXXR+ Z Z Z Z”kaa |f( El) f(a:,sj)’qSV,Z,I&GFQ@,V(Z<&EA ’

1€Ca J€Ca k€[Qqa)

where for each a < a € A, we have

E E 2k_1zijk:ad = maa\v/j € CEH
r.={2 ¢ {O 1}mQXmaana . 1€Ca k€[Qqal
aa aa b *

Z Z 251 2 ikaa = ma, Vi € C,

J€Ca k€[Qqal

Then, letting w; = f(x,&;) and |2ijraa®; — Zijkaa®W;|” < Wijkaa can further linearize the set F, as

follows

_1/\

> Z ”’“““<V,Va<deA,

f ( ) c X R 1€Cq jE€Cq kE[Qua]
= £r,V X + - _ ~ . . = _

a ’ |Zijkaa@i — ZijkaaW;| < Wijkaa, Vi € Co,j € Cq,k € [Qua],a <a € A,

Zaa €EToa,Va<a€ A, (x,w;) € X;,Vi € [m)]

The conclusion follows from using McCormick representation of bilinear terms

{Zijka&wi}ieca,jeCa,ke[Qaa],a<(z€A and {Zijka&wj}ieCa,jGCa,ke[Qaa],a<aeA7 and invoking the definition of

the sets { X, }icpm)- O
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Note that the support size of 7,5 is m, +mg. This motivates us to introduce new binary variables
Zaa such that zijrea < Zijaa for each i € C,,j € Cy,k € [Qua),a < @ € A and obtain the following

inequalities valid for the set F, as
Z Z 2ijaci S mg +mﬁ7
i€Cq j€Ca

forall a<ae A.

A.2 Complementary Formulation: Linearizing the Complementary Slackness Constraints

In this subsection, we propose the second formulation of the set F, using linear programming
complementary slackness. According to the definition of the sets {X;}ic;m), we can represent the

set F, in (26) as

min TijaaWij ¢ SV,Va<a€ A,
fq_ (m’U)EXXR+:7"aaEHua{ZZ J ]}

- 1€Cq jECG

(x,w;) € Xy, wi; > @gj,@zj > |w; —wy|, Vi € [m], j € [m]

o (28)

and we have w;; < (M; + M;)? for each (i,7) € [m] x [m]. For each a < a € A, the dual of the

left-hand side of the first constraint system in (28) is

1 1
DA 2 deat o D hea S0, (20
JECT 1€Cq
s.t. Miaa + )\ja& S wij,Vi S Ca,j S C[l. (29b>

According to linear programming complementary slackness, the system of linear inequalities in (29)

is equivalent to

1 1
mi,—l Z Ajaa + mia Z Miaa SV, (30a)
JjE€Ca 1€Cq

1
Z Mijaa = Kavj € (s, (30b)
i€Cq @

1 .
Z Tijaa = m77Vl € Ca) (30C)
j€Ca @
7Tija& Z O,VZ € Cav.j € C&a (30d)
wij — Miaa — )\ja& Z O,VZ € Cavj € C?za (306)
Tijaa (Wij — Wiaa — Ajaa) = 0,Vi € Cy, j € Cs. (30f)

Then, linearizing the complementary slackness constraints (30f) allows us to derive the second

MICP-R.
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THEOREM 11. (Complementary Formulation) Suppose that the set X, = {(x,w;) € X x R:
f(x,&)=1w,} is MICP-R for each i € [m|, M; > maxzecx () |f(x,&:)| for each i € [m], and ]/W\aa =
D (i.)eCaxca (Mi+ M;)? for each a <a€ A. Then the set F, is equivalent to

1 1
Z)\jaa—l—fz,umagu,Va<a€A,
Ma Jj€Ca Ma i€Cq
1 1
Zwija&:miavjecava<d€147 Z Wijaa:mf,ViECa,a<(_Z€A,
Fy=1{ @: i€ ’ j€Ca ‘ . (31)

(ac,u]) EXZ,VZ S [m],wij Z'l/l}?j,’l/l}ij 2 ‘?1_]1 —U_]J’,VZ S [m],] € [m],

wij — Miaa — Ajad > O; wij — Miaa — )\ja& S Maz‘z (1 - Zija&) )

. _ 1 . . _
( Tijoa <min{m, ", m; " } 2105, Tijaa = 0, Zijaa € {0,1},Vie Cy,j € Cioa<ac A)

Proof. By introducing a large constant ]\7@ for each a <a € A, (30f) can be linearized as

Tijaa < min{mgl, mgl}zijaa, Wij; — Miaa — )\jad < ]/\Za& (1 - Zijaa) )
(32a)
Zijat_z € {O, 1},VZ € Caaj S Ca.
It remains to show that for each pair a < a € A, the big-M value M,, = D i)eCaxca (Mi + M;)1
suffices. That is, any dual feasible solution satisfies w;; — ftisza — Ajaa < ]\/Zaa for each i € C,,j €

Ca,a<a€ A. From (30a), we can get

1
0< > (tiaa+ Ajaa) SV (32b)

mg . .
(4,§)€Ca xCq

According to (30e), we also know that

Hiaa + Njaa < w;j < (M; + Mj)q- (32¢)
Then, we have
Hiaa + )\jaé Z - Z (Mi’a& + /\j’aa) Z - Z (Mz’ + Mj’)qv
(#',5)eCaxCaq\{i,5} (i,5")€CaxCa\{i,j}

where the first inequality is due to (32b) and the second inequality is because of (32¢). Thus, ]\7,1@
can be found by

M, = (M; 4 M;)? + Z (My + M) = Z (Mir + M) > wij — fiaa — Ajaas

(i,5")€CaxCa\{i,j} (i!,§))€Ca x Ca

which give us M,, = > (i) eCaxca (Mi+ Mj)1. O
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A.3 A Side Product: An Equivalent MICP-R Formulation for KSD(x)

In this subsection, we propose to represent the sublevel set of the Kolmogorov—Smirnov fairness
measure KSD(x), denoted as KSD3(x), using the sets {Q4(k)}aca reim,) defined in (11). We note

that the Kolmogorov—Smirnov fairness problem (similar to DFSO) admits the following form:

v*:min{KSD(m) B [Q(x, €)] gv*+e|v*|}. (33)

TeEX
Hence, if we can represent the sublevel set of the function KSD(x), then we can simply run a
binary search to find the best objective value of problem (33). The formulation of KSDjz(x) is

shown below.

THEOREM 12. Let the quantile set be defined as Q,(k) = {(z,t,) € X x R: F;Y(k/m, | ) =
to} for each a € A, which admits a MICP-R form (11). Then for a given e {li/ma —

J/Mal}icio,mal,jci0,mala<aca, the set KSDg(x) can be expressed as
(,ti0) € Qa(1),Vi € [Mmy],a € A,
KSDS(SL‘) =< xcX: t(Lma(i/mafS)JrJ)Fz < tia7Vi c [ma]aa <acA
tit1)a < s max(i/mats1) | +1)ar Ve € [0,me —1,a<a € A
where we let to, = —00 and t(m,,+1)a = +00 for any a € A.

Proof. Recall that for any € KSD3(x), we have

max sup |F, (7 | @) - Fa(7 | )| < 5 (34a)
a<ac T

Ssup|F, (7 |x) — Fy(7 | 2)| <v,Va<aeA. (34b)
Let us consider the possible values of F,(7|x) as {0,1/mg, -+ ,m,/m,}. There are three cases:

Case 1. If F,(7|«) =0, then —oo < 7 < t1,. For any such 7, we must have |F, (7 | ) — F;(7 | x)| < 5.
That is, we must have

0< Fa(r|2) <3,
or equivalently —oco < 7 < b (e max(5,1) ) +1)a- Therefore, the following inequalities must hold

T<t,< t([ma max(3,1)]+1)a

Case 2. If F,(7|x) =i/m, for some i € [m, — 1], then ¢;, <7 <t(;41),. For any such 7, we must

have |F,(7 | @) — Fy(7 | @)| < 3. That is, we must have

(Z —g> <Fa(7'\w)<max<l+§,1>
myg + mg

or equivalently tmati/ma—9yha < T < t(|mgmax(i/ma+5,1)|+1)a" Therefore, the following

inequalities must hold

B, s < tia < tasna <1

t([m@(i/ma75)+j)& — |mg max(i/mq+0,1)|+1)a
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Case 3. If F,(r | ) = 1, then t(,,), < 7 < 4oo. For any such 7, we must have
|F, (7| @) — Fs(r | @)| <. That is, we must have

(1—3) < Fy(r|®) <1,
+
or equivalently ¢, 5 |5 <7 <+o00. Therefore, the following inequalities must hold

E(lmai/ma—3)1 Da < tima)a-

If F(7|x)=1i/m, then we must have i/m — 5< F,(t;|x) < i/m+gfor all a € A to solve (34b).

Finally, we observe that since all {P,},c4 are equiprobable discrete distributions, we must have
5 € {li/ma— j/mal}icioma icomala<aca: O

We remark that to solve (33) to optimality, we can run the binary search to find the optimal
= {li/ma — /mal}ic0,mal,jc0,mal,acaca. That is, given a current 5 value, we optimize the total
cost E[Q(z,€)] subject to the set KSDz(z). Next, we check whether the optimal value is no larger
than V* + €|V*| or not. If yes, we decrease /5\; otherwise, we increase it.

Alternatively, we can perform difference-of-convex (DC) method at each binary search step,
where we solve a continuous relaxation by relaxing the binary variables to be continuous and

rewrite the set Q,(k) to

Tika € [07 1]a Zika S [Oa 1]77rilm é ZikaaVi c Caa

Q. (k) =< (@, tre) € X xR Z Zika = K, Z Tika = L, lka = Z tiras

1€Clq 1€Clq i€Clq
(33, wz) S Xia Zika (tka - wz) Z 07 tika S 7Tikalz}ia\v/i S Ca

Here, we can rewrite each bilinear term as a difference between two convex functions.
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Appendix B. Proofs
B.1 Proof of Proposition 1

PROPOSITION 1. For a given decision x € X, when computing the Wasserstein fairness measure

in DFSO, the optimal joint distribution is comonotonic for any pair a <a € A.

Proof. Given a standard uniform distribution U, let us define a joint distribution Q,; such that
(f(z, &), f(z,€:)) = (F7(U | @), F;Y(U | &) for any pair a < @€ A, and a fixed decision & € X.

Then, we have

<//: _ 161 — CquQaa(ddeCz) = i//o ’F(;l(u |x) — F({l(u ’ x)‘qdu > W, (Pf(a:ﬁa)’lpf(m,éa))

where the inequality is because Q is an admissible joint distribution. According to Lemma 1, Q

is the ideal joint distribution when computing the Wasserstein fairness measure in DFSO. This

completes the proof. O

B.2 Proof of Proposition 2
PROPOSITION 2. For a Bernoulli utility function f(x,€) € {0,1}, WD, () is equivalent to DP(x).

Proof. Since f(x,€) € {0,1}, we observe that

[0 ye R0]2))
(y'm)‘{l ye (0] ),1],

for each a € A. According to Lemma 1, the Wasserstein fairness measure WD, (x) can be simplified

as
_ o q
WD, () = max 1| [ [Fi(y] @)~ By | 2)|" dy = max {/|F.(0|@) - F(0] o))",
= max |F, orm Fo(0|@)| = max |Po{f(@,&,) =0} — Pa{ f(x,£,) = 0}| = DP(x),

where the second and third equalities are due to P(f(x,€) € {0,1}) =1 and the observation above,

while the fourth one follows from the definition of cumulative distribution functions. O

B.3 Proof of Proposition 3

PROPOSITION 3. For any feasible x € X and q € [1,00]|, the following inequalities hold:
— WD, () < KSD(z) < :

MaXgcaca () T (t2aa(x) — tigal(T)) Ming<zea f(Aaa(T))

Here, t1,a(x) = min{min,{¢: F,(t| ) > 0}, min,{t : F5(t| ) > 0}}, towa(x) = max{sup,{t: F,(¢ |

x) < 1},sup{t: Fy(t|x) <1}}, and Aya(x) ={t:|F.(t|x) — F;(t|x)| =sup, |F,(t|x) — Fa(t | x)|}

with its Lebesgue measure u(Aqz(x)).

WD, ().
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Proof. We split the proof into two steps.
Step 1. We first derive the relationship between WD, (x) and KSD(x).

We let t1,5(x) = min{min,{t: F, (¢t | ) > 0}, min,{t: F5(¢t | x) > 0}} and ta4a(x) = max{max,{t:
F,(t|x) <1}, max,{t: F;(t|x) <1}}. Then, according to Lemma 1, we have

WD, (z) = max /|F (t|x)— Fa(t|x)|dt,
a<acA
t2aa
= max F,(t|x)— F;(t|x)|dt,
/() Fu(t @)~ Falt | )
< max, (taqa(x) — t1aa(x)) max sup |F (t|x)— Fy(t|=x)| = ‘max (tgaa( ) — t1aa(x))KSD(x),
a<a€e a<a t <ae

which yields the lower bound on KSD(x).
To establish the upper bound on KSD(x), we let Aq(x) ={t:|F.(t|x) — Fai(t|x)| =sup, |F,(¢|
x) — Fy(t| )|} and use u(Aua(x)) to denote the Lebesgue measure of the set A,;(x), which is

positive since all the groups are finitely distributed. Then, we have
WD —max/\F (t|z) - Fu(t | 2)|dt,

> m _
= oo /Aaam Falt| ) = Falt| @)l di,
> m —

a<alé1A’u(A a(x)) m<3€XAsup|F (t|x)— Fa(t|x)| = am<alé1,4’u(A a(x))KSD(x).

Combining both lower and upper bounds, we obtain the desired inequalities

1 1
maxecaer (o (@) —hraa(@)) VD1(@) S KSD(@) < SR )

WD, (x).

Step 2. Next, we derive the bounds between WD, (x) and WD, () for any g € [1,00]. According

to Lemma, 1, we know that

D, () = Ft Fit !
e e

= max o/ > wea(@) |[F; (bjaa(®) | 2) = 7 (bjea(@) | @)

a<acA )
j€Jaa\{1}

)

<max | S L@ ooy @) @) - B bl |2)],

a<a -1
<oed Jj€Jaa\{1} 77(:13)‘1
1—g _ _ 1—gq
<n(z)"7 max Y wiaa(@) |F (bjaa(@) | @) = Fy H(bjaa(@) | 2)| = n(@) T WD, (2),
j€Jaa\{1}

where the second equality is due to Definition 4, the first inequality is due to n(x) =

MaX,<zea,jet\{1} Wiaa (), and the second one is because || - ||, < || - |1
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Meanwhile, by using Holder’s inequality, we have

\// |Fa1(y|x)F1(y,$>|ldyg(//o |Fa1<yrw>Fl<y|w>|qczy§//o dy

for any p,q € [1,00) with 1/p+1/g =1, Thus, the following inequality holds

1
/\F (y|z)— al(y\w)\ldyéi// |F7 (y|z)— Fi'(y| )| dy,
0

e., WD;(x) <WD,(x). This concludes the proof. O

B.4 Proof of Theorem 1

THEOREM 1. Solving DFSO is, in general, strongly NP-hard, even when X is a polytope, € = oo,

and f(x,€) is a linear function.

Proof. We derive a reduction from the chance constrained optimization problem, which is strongly
NP-hard (Ahmed and Xie 2018). Let us consider the following feasibility problem of the generic
chance-constrained stochastic program:

Does there exist a feasible solution to the following chance-constrained set

(z,2)€X:2€{0,1}™, z zi=m'—k,
i€[m/]
where X = {(z,2z) e R" x [0,1]™ : Ax>b,— M(1—2z),Vie [m’]} with large coefficients M
for each i € [m/]?
Let us consider a special case of DFSO with |A| =2, m, =m,;=m’, C; =[m/], Co =[m’ +1,2m/],

and &€ € R+ with
f((2,2),8) =&, 2+ & 1nmZ + Enpmr -
Specifically, for each individual i € [2m/], we design their corresponding scenario &; such that
f(,2),&) =2, Vie [m],
f((x,2),&)=0,Vje[m +1:m' + k],
f(x,2),&)=1Vje[m +k+1:2m'].
Assuming that € = 0o, this particular DFSO becomes

v*(q)= min  WD{((z,2)).

(z,z)eX
Hence, we see that v*(q) = 0 if and only if there exists a point (x,z) € X such that z €
{0,137, > icimn % =m' — k. In other words, v*(¢q) =0 if and only if (x, z) is feasible to the chance-

constrained stochastic program. This completes the proof. O
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B.5 Proof of Proposition 7

PROPOSITION 7. Suppose that M; > maxzcx () | f(x,&;)| for each i € [m]. For each k € [m,] and
a € A, the quantile set Q,(k) is equivalent to

;

Tika S {07 1}7Zik:a S {Oa 1}77Tika S Zikay (m7wi) S XzaVZ € Cav

Z Zika = k; Z Tika — lytka = Z %\ikm

Q. (k) =< (@, tre) € X xR icCa i€Cq i€Cq . (11)
tha > W; — (M; + M) (1 = Ziga), tha < W; + (M; + M k) Zikas

(%\ika) Tikas wz) S MC(07 ]-a _Mi7 MZ),VZ S Ca
where M is the ith smallest value of the vector M.

Proof. By definition of the inverse distribution function, we have

Qu (k) = {(,tra) € X x R: F (/g | @) =ty }
Tika € {07 1}7 Zika € {07 1}77rika S Zikas (w,ﬂ_)l) S XZ,V'L c Ca7

=< (x,tpe) EX X R: Zzika:kazﬂ-ikazlatka:Zwiﬂ-ikaa ,

i€Cq i€Cq i€Cq
tha > Wi — (M; + M) ) (1 = Zika) s tra < W; + (M + Miy) Zika,
for each k € [m,] and a € A. Next, we arrive at the conclusion by linearizing the bilinear terms

with the McCormick representation. O

B.6 Proof of Theorem 2

THEOREM 2. (Quantile Formulation) Suppose that the set X; = {(x,w;) € X x R: f(z,&;) =

w;} is MICP-R and M; > maxzcx () | f(x,&:)| for each i € [m]. We further define the quantile set

Qu(k) ={(z,tra) € X xR: E; 1 (k/m, | @) = tra}, which admits a MICP-R form (11). Then F, can

be represented as

( Z (g(i—i-l)aa _Bia(’z> ngaa S v, Va<ae A7
7;6[’!’7\1@5‘71]

F,=< (x,v) e X xR, : N
! ( ) " Z dijaarlja — Z ijaaotia| < Niaa, Vi € [Maa — 1],a<a € A,

J€lmal Jj€lmal
{ (,tja) € Qa(4), V) € [Ma],a € A )
where ]
s i-1 L . )
5ija¢_11 =1 biat_u b(i+1)a& g ) ,\V/l € [ma& - ]-L.] S [ma]aa’ <ac A,
Mo My |
and

<
|
—
<

5ija62 =1 <(3iat_17/b\(i+1)a&i| g < ) > ,\V/l € [ﬁ’Lad - ”7] € [md]va <ac A
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Proof. We split the proof into two steps.
Step 1. First, we will reformulate WD{(x). According to (10), we can represent WD{(x) < v as

o~ o~ o~ o~ q
Y (asnaa —biaa) |[Fy (brnaa | ) = By (birnaa | 2)| SvVa<ac A, (35)
ie[maa—l]
Suppose F,; 'y | x) =t;, for j € [m,],a € A. Let 8;j0a1 = H((Z)\iaa,aiﬂ)aa] C((j—1)/mg,j/m,]) for

~ ~

each i € [Mqa — 1],j € [my],a < a € A and ;502 = I((biaa, bi+1)aa) € ((J — 1)/ma,j/ms)]) for each
i € [Maa — 1], j € [ma],a < a € A. Then, the constraints (35) are equivalent to

" (Bs1yan — biaa)nfes <V Va<a € A, (36)
i€]Maa—1]
where
Z ijaartija — Z ijaaztia| < Niaa, V1 € [Maz — 1],a <a € A. (37)
j€[ma) j€[ma)

Step 2. By choosing (x,t;,) € Q,(j) for all j € [m,],a € A, we have the formulation (12) for the
set Fy. n

B.7 Proof of Proposition 10

PROPOSITION 10. Suppose that the big-M coefficients M,M\ are large enough as specified in the
proof. Then, by relaxing the binary variables,
(i) the continuous relazation value of the Discretized Formulation is zero;
(ii) the continuous relaxation value of the Complementary Formulation is zero;
(iii) the continuous relazation value of the Quantile Formulation is
min max (Bmya)an — o vaa ) | Fo (1 @) = F (1] @)
(iv) the continuous relaxation value of the Aggregate Quantile Formulation is at least

1 _ 1 1 _ )
maiezc:aFa 1 <ma w) _maiz:aFa 1 <ma

q

min max
xzeX a<acA

Proof.

(i) Since the optimal value of the continuous relaxation of the Discretized Formulation is at least
zero, it suffices to show that there exists a feasible solution for the continuous relaxation of
the Discretized Formulation such that its objective value is zero.

In the Discretized Formulation, we choose any « € X and w; = f(x,&;) for any i € [m]. We
also let v =0, Wjjraa = Zijkaal = Zijhaaz = 0 and 2Zijraa = 2177 /Quq, for all i € C,,j € C;, and

k € [Q4a]. Then we have

Z Z 2kilzijkad:ma7vjeca’z Z 2k71zijkaa:ma’Vi€CM

1€Cq k€[Qqa) J€Ca k€[Qaal
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for all a <a € A. It remains to show that

(Zijka(zla zijka(za wz) € MC(O7 17 _Mia Mz)a (Zijkaa% Zijka&a u_}j) € MC(07 17 _ij Mj)7

for all i € C,7 € Ca,k € [Qua],a <a€ A. This is true by choosing

Mi Z max Qad/(Qad - 1) max |f(m7£1)’

a<a€A zEX ,(Tb)

for each i € [m|. Hence, we see that (x,w,v,z,Z,w) satisfies the constraints in (27), which
yields an objective value zero.
(ii) Similarly, in the Complementary Formulation, we choose any € X and w; = f(x,§;) for any

i € [m]. We let 2545 = min{m,,ma}/(m.ma), wi; = 0}, Wi; = |w; — w;|, and m;ja5 = 1/(mama)
forallie C,,j € Cs,a<ac A. Wealsolet p;,s =0and \j,a =0foralli € C,,j € Ci,a<ac A.

We note that
1 1 . -1 1
Z Tijaa = > Z Tijaa = — 5 Tijaa < mln{ma , Mg }zija(uﬂ-ija(z >0,
; Mg ! me
1€Cq JECa
forallieC,,j€Cya<acA.
It remains to show that

—

wij < Mag (1= 2ijaa)

for all i € C,,j € Cy,a < a € A. This is true by choosing ]\/Zaa > (mama)/(memg —
min{ma,ma}t) D jecaxc, (Mi + M;)? for each a < @ € A. Hence, we see that
(z,w,w,w, pu, A\, v, z,z,7) satisfies the constraints in (31), which yields an objective value
Z€ro.

(iii) We observe that for any feasible solution of the Quantile Formulation, we must have z;(,,)a = 1
for each i € C, and a € A. Therefore, t(n,)0 = F, '(1| @), t(maya = Fo (1] @) and nz,,-1 >

|t(ma)a - t(ma)é|- That iS,

v max (B — bmaavan ) [F (1] @) = B (1 @)1,

a<acA

We show that this bound is tight by constructing a solution such that ¢, =0 for any
k€ [m,—1] and a € A. In fact, for any x € x, let w; = f(x,&;) for each i € [m]. Then for any
i€Cy,k€[m,—1], and a € A, we let zine =k/my, Tika =1/mg, tira = 0. It remains to show

that for any i € C,,k € [m, — 1], and a € A,
(%\ikaaﬂ-ikaawi) € MC(O, 17 _Mia Mz)

which must hold when M; > max,c m, maXgex, () | f(2,&)|-
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(iv) We observe that for any feasible solution of the Aggregate Quantile Formulation, we must
have z;(m,)a =1 for each ¢ € C, and a € A. Therefore, t(,,,), = ZZEC F ' (i/mg | ), timaya =
> icc, Fi'(i/ma | ). According to the first two constraints in (15), we have

q

Uzaglf?gfq Z </b\(i+1)a(z zaa) Z 57,jaa1tja_ Z 5z]aa2t]a

i€[Maa—1] J€[mal j€[mal

Zar?%)ix Z (b(i+1)aa_biaa) Z dijaartja — Z ijaaztja

i€[Maa—1] J€lmal Jj€lmal
q
_ -1 - —1
= max |m, ZFa i/mg | x)— ZF (i/ma | x)
1€Clq 1€Cq
where the second inequality is due to Jensen’s inequality. g

B.8 Proof of Theorem 5

THEOREM 5. Computing the Gelbrich bound is strongly NP-hard even when € = oo and |A| =2.

Proof. We show a reduction from the integer programming feasibility problem, which is known to
be strongly NP-complete. Consider the following feasibility problem of a binary integer program:
Does there exist a feasible solution to the binary program X ={x € {—1,1}""': Az > b}?
We consider a special case of the Gelbrich bound (20) by letting e = 00, |A| =2, r(z,y) = (=",y) ",

I,.0 |00 .
Hoe=pz=0, L, = [ 0 0],La— [0 1],and defining

X:={(z,y) e [-1,1]"" ' x{V/n—1}: Az >b}.
Under this setting, the Gelbrich bound (20) simplifies to

2
Ve = min (\/ xTe—vn— 1) , (38a)
st. ze[-1,1""", Az >b. (38b)

We see that vg =0 in the formulation (38) if and only if there exists a binary feasible solution to

the set X. Thus, the claim follows. O

B.9 Proof of Proposition 11

PROPOSITION 11. The semidefinite relazation (23) of the Gelbrich bound model satisfies vg >
v7(2). On the other hand, for any relative tolerance 8 >0 of the semidefinite constraints in (23b)
such that Z,; — Saa - 8.y = —BN: . (Zya)Ionio, where N1, (-) denotes the smallest nonzero eigen-

min

value, we have vg < UJ(Q).
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Proof. We split the proof into two steps.
Step 1. We know that Z,; is positive semidefinite and (Zaau —2Z0a1(n+2) +Zaa(n+2)(n+2)) > 0.

Therefore, by removing the second term in the left-hand side of (22b), we have

vg > ccpin, v, (39a)
st |per(m) — pir(x) |2 <vVa<acA, (39b)

(7h), (22¢) — (22¢), (23b)

where the optimal value of the minimization problem is equal to v;(2). Thus, we have vg > v,;(2).

Step 2. Let (z*,v*) denote the optimal solution of (18) for ¢ = 2. We compute z! = L/ r(z*),

*

0-; = HzZHQ? Sad a

T _
=[os z; 0; 2;] , and Z}, = s, - s;l for all a <a € A. Suppose o} > o and

o~

y=o0;/0s>1. Let 8,5 = [04 Za 04 %]T = [os 2z yo ’yz;]T. For any given o > & (we will specify

a later), we construct Z,; as

52 0 5,5, 0
N 0 22 0 0
Zw=155,0 32 0
0 0 0 22

It is evident that (x*, s*,az,u*) satisfies constraints (7b), (22b)-(22c), (22e).

*

We next compute Z oy — s*_-s*. 1. Without loss of generality, we can assume that z, # 0 for
all i € [n] and a € A. We first observe that by dropping the first row and column, the resulting
principal submatrix has rank 2n+ 1. Thus, the rank of 2@ is at least 2n+1. On the other hand, let
u=[1,0,—1,0]". Then we have uw' Z,,u = 0. Thus, the rank of Z,, is 2n+ 1. Let {v;}icpen+1) denote
the nonzero eigenvectors of Em with the corresponding positive eigenvalues {\;};cpnt1) € Ryy.

Then we can rewrite the matrix as

Z.a=VAVT,

where V' = [vy,...,02,41] and A =diag(A). On the other hand, since s* € span({v; }icjon41] U {u}),

we have

s* :tou+ Z q;U;.

i€[2n-+1]

Thus, we have

0Zpy—8' -8 =V(aA—qq VT — tiuu ',

aa aa

where to = (s5,) u/2. Since A = 0, we can choose a =
max{q ' q/ min;e,+1) Ai, 265 /(8 min;ep, 11 A;)} such that for any o > @, we have

~

0Zgyy—5 -8 =V(aA —qq" )V —t2uu’ = —t2uu’ = -] (OéZaa)IgnJ,_Q.

aa min

This completes the proof. O
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B.10 Proof of Theorem 6

THEOREM 6. Suppose that for any pair o < a € A, the optimal comonotonic ran-
dom  wvariables (f(x,€,) — HI () — s(@),f(z,€&) — plr(z) — s(z)) Teooomaze

(V/7(x)TZ.r ()i, /7(x) TZar(x)d) for a univariate random variable i with zero mean and unit

variance. Then the Gelbrich bound is asymptotically tight.

Proof. Note that for any a < a € A, and an optimal comonotonic joint distribution Q,, of
f(maéa) and f(waéd) with marginals Paalp' such that (f(m éa) - Ir(m) 75(13)7 f(m’éd) 7“:{7‘(%) -
s(x)) DT (r(2) TR (x)d, /7 (x) T Zar(x)@), we have

f(@.€) — nir(@) - s(a
+ (pr(@) — pir(@)’ = 2B, , [(F@.) - plr(@) - s@)) (fl@.&) - pir(@) - s(@))]
I (4T () — () + (V@) B (@) v/r@) ()

(x
—2Ep, [(f(a:,éa) —plr(x) —s(z
(

Thus, the claim follows. U

B.11 Proof of Theorem 7

THEOREM 7. Suppose that for any group a € A, the individual samples {€;}ico, satisfy f(x,&;) —
prr(x)—s(x) <, /r(x) T3, r(x)u; for each i€ C,, where {u;}icc, are i.i.d. samples of a univariate
sub-Gaussian random variable G, with zero mean and unit variance, and {U,}.ca obey the same

distribution. Then with probability at most 1 — 1 such that >0 is small, we have

for some positive constant C.

Proof. Note that the inequality vg < v* is due to the derivation of the Gelbrich bound. It remains
to establish the other direction. For notational convenience, we define ]/PS,I as the true distribution
of random variable s(x) + ) r(x) + \/r(x) "X, r(x)a, for each a € A, and let u, be the discrete
random variable with a uniform distribution on the samples {u; };cc,, where fi, and var(a,) are the
corresponding sample mean and variance, respectively. We also let [P/, be the empirical distribution
of s(x) + plr(x) + \/r(x)TZ,r(x)i, for each a € A, and P be the joint distribution of all the

random variables {, }.c4. In this case, for any a <a € A, the Gelbrich bound reduces to

(417(@) — W (&) + /P Baria — VP B @A) +
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2
(\/r VT r(x)var(ti,) — /7 (x) T Sar(x Var(a,—l)).

We split the proof into five steps.
Step 1. Following the proof in Theorem 6, for any a < a € A, we have

~ o~ 2
W3 <IP’G,IP’(;) = (p,r(z) - uaTr(avz))2 + (\/r( TY,r(x) — /r(x) T Zar( ) :
According to the triangle inequality, for any a < a € A, we have
W, (P, P,) < W, (P;,I@a) + W, (@a,@a) + W, (@E,Pg) .

Step 2. In view of Theorem 2 in Fournier and Guillin (2015), for each a € A, there exist two

constants ¢, > 0, ¢y, > 0 such that for any 77, > 0, we have

E»{Wg (P;,@a) > ﬁ} < €10 €XP(—Coa Ml ).

By letting the right-hand side probability be no larger than 5e (0,0.1), we obtain 7, :=

- IOg(Cla/g)/<C2ama)-
Step 3. We have

(uIr(m)—ugr(m))QS(uIr(w)— Tr(@)+/r(@) S.rf, - w @)
(@) - plr(@)] |Ve@) S — /(@) S (@)

s(u:r<w>—uar<w>+¢r<m>Tzawa w TS (@) +AM? i~ o]

where M := max,c 4 maxgey {max{\/r(a:)TEar(a:), lulr(z)|}: (7b)}. According to the Cheby-
shev inequality, for each a € A, the following probabilistic bound holds:

_ _ 1 =
P{‘,U«a’> = }Sn
nmeg

Thus, using the union bound, we obtain

(ir(@) — pir(@)” < (nlr(@) -l r(@) +V/r(@) i - V/r(@) Sar(@ ua)

+4M2<\/¢ﬁlﬁ+¢\ﬂ%)’

nlr(@) - plr(@)] < |plr(@) - plr@) + /r(@) Sarji - V(@) Ser (@)

that is,
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with probability at least 1 — 2.
Step 4. In view of Theorem 4.7.1 in Vershynin (2018) and the Markov inequality, for each a € A,

there exists a constant cs, > 0 such that

2¢34 N
{\Var(ua)—l\ “ } <7.
n

Thus, according to the union bound, with probability at least 1 — 27, we have

<\/7’( )T r(x \/r ) TEr(x ) <\/r )T, r(x)var(a \/T )TEar(x VE?LI“(%))2

2
2630, 203@
+AM? | [ = +4/= .
(%m Jrm)

That is,

‘\/r(m)TEGr(sc)—\/r( ) T3 ( ‘ ‘\/r ) TE 7 (x)var(t,) — \/7(x) T Zar(z)var (i)

203(1 263@
+2M — +4/ = .
(e )

Step 5. Combining all the steps together and using the union bound again, we have with probability

at most 1 — 67,

W2 (B, Ba) < (] r(a) — plr(@) 4 v/r(@) S, - r<w>T27r<w>i)2+

(\/r VTE 7 (x)var(t,) — \/7(x) T Zar(x)var(a )) + C (Amin y/my,) ™

acA

where C, is a positive constant depending on {¢14,C24,C34}aca and M. Letting & be an optimal

solution of DFSO and redefining 7 := 67, the conclusion follows. O

B.12 Proof of Theorem 8

THEOREM 8. Suppose that for any pair a < a € A, the optimal comonotonic random variables

(f(®@.€.) — plr(@) — s(@), f(@,6) — plr(x) — s(x)) 2% (E0r(x),E0r(w)), where the
random vectors ¢, 1£a, lfa obey the same distribution with zero mean and covariance matriz X,z

for some positive parameters ¢,,cz. Then the Gelbrich bound is asymptotically tight.

Proof. Note that for any a < a € A, and an optimal comonotonic joint distribution Q,, of
f(x,&,) and f(x,€,) with marginals P,, P, such that (f(x,€,) — ] 7(x) —s(x), f(x, &) — pl r(z) —
s(z)) L= (£ Tp (), €1 p(x)) and the random vectors ¢ '€, ¢ '€, obey the same distribu-

tion with zero mean and covariance matrix X,;, we have

Bowallf(@.€) - f@ &)= Be, | (@) - ulr(@) - s@) | + En, | (@) - ulri@) - s(@)) |
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Thus, the claim follows. O
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Appendix C. Not MICP-R Functions and Their Piecewise Linear
Approximations

When the utility functions are exponential or logarithmic, their corresponding F; sets are typically

not MICP-R. Hence we propose to approximate them using piecewise linear functions.

PROPOSITION 12. If f(x,&) =exp (€ "r(x) + s(x)), where r(x) and s(x) are linear functions, then
set F,, in general, is not MICP-R even when m=2 and |A| =2.

Proof. Let us consider a special case of DFSO with n=2, X =[0,1]?, m=2, |[A| =2, m,=mz =1,
e=0.1 and f(x,&;) =exp(z1), f(x,&,) = exp(z2). Under this setting, we have

Fo={(z,v) €[0,1]* x Ry : |exp(a;) — exp(z2)|* < v} .

It suffices to show that the sublevel set of the function |exp(z;) —exp(z2)]? is not MICP-R. Specif-
ically, letting v = 0.1 in F,, we consider the set

~

Fo={(x,v) €[0,1]> x Ry : |exp(z1) — exp(a,)[|* < 0.1}.

Then for any two distinct points @, x, satisfying x;; = log(exp(z21) + v/0.1), 212 = log(exp(zaa) +
v/0.1), and a1, 222 € (0,log(e — +/0.1)), one can show that their midpoint (x; +x2)/2 ¢ .7?q. Indeed,

we have

exp (; <log(exp(x21) + V/0.1) + log(exp(z22) + \%ﬁ))) —exp (; (21 + x22)> _Y01>0

() exp(ear) + VO1\/exp(w22) + V0.1 — v/exp(za) v/exp(wss) — Y01 >0

(¢5) (exp(ear) + VO1) (explrae) + ¥01) — (v/explaa)v/explez) + 01) >0
()¥0.1exp(221) + V0.1 exp(a0s) — 2¥/0.1\/exp(21) exp(aa2) > 0

(<) <\/6XP(9U21) - \/eXp(a?22)>2 >0

where the last inequality holds due to xs; 7 Zos.

Since there is an infinite number of these points, according to Lemma 2, the set ]-A'q is not
MICP-R. Hence, the set F, is not MICP-R. O
Therefore, when f(z,€&) = exp (€' r(x)+ s(x)), we propose to use an iterative discretization
method to approximate it. Suppose that there are T' candidate points {Z,},¢ir) and their corre-
sponding g, = &' r(Z,) +s(&,), then we approximate f(x, &) ~ max, i exp(g.) +exp(g,) (& r(z)+
s(x) — g,). Thus, we obtain the following approximate MICP set of X; for each i € [m] as
w; > exp(g-) +exp(g-)(§ ' r(x) + s(x) — g,), 7 € [T],
Xom % L o) € xR T S EXP() + D00} (€T (@) +5(2) — gr) + Min (1= 5). Y7 € [T),
Z zir =1, 2;; € {0,1},V71 € [T]

TE[T]
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where M;, = maxzcx{exp (& r(x)+s(x)) — exp(g,) — exp(g,) (& r(x) + s(x) — g,;)} for each T €
[T].
A similar negative result holds when f(z,&) =1log (¢ r(x) + s(x)).

PROPOSITION 13. If f(x,€) =log (£ r(x)+ s(x)), where r(x) and s(x) are linear functions, and
Er(x)+s(x)>0 for allx € X, then set F, is not MICP-R even when m =2 and |A| = 2.

Proof. Let us consider a special case of DFSO withn =2, X =[1,4+00)?, m=2, A=|2|,m, =mgz =1
and f(x,&,) =log(x1), f(x,&,) =log(xs). Under this setting, we have

Fy= {(az, v) €[1,4+00)* x R, : |log(x;) — log(xs)|? < 1/} .

Consider any two distinct points (@1,11), (2,12) € [1,400)* x Ry such that x1; =215 =1, @9 =
exp(¢/v1) > exp(q — 1), Taa = exp(¢/12) > exp(q — 1). Note that when v > (¢ — 1)9, the function
exp(¥/v) is convex in v. It remains to show that their midpoint ((x1,v1) + (@2,12))/2 ¢ F,. Indeed,

we have

N

(exp(/72) + exp( 7)) — exp ( /(5004 >)) >0

due to the convexity of the function exp(¥/v).

Since there are infinitely many of these points, according to Lemma 2, the set F, is not MICP-R.
O

Therefore, when f(x,€) =1log (€ "r(x) + s(x)), we also propose to use an iterative discretization
method to approximate it. Suppose that there are T candidate points {Z,},cir; and their corre-
sponding g, = Z!r(Z,) + s(Z,), then we approximate f(x,&) ~ min, ¢ log(g,) + g, (€77 (z) +
s(x) — g-). Thus, we obtain the following approximate MICP set of X; for each i € [m] as

w; < log(gf) +g;1(€—rr(m) + S(m) - gT)aVT € [T]v
X~ X, =4 (z,0) e X xR: ™ >log(gr) + g7 ' (€' 7(@) + s(x) — gri) — My (1 - 2;7), V7 € [T],
Z zir =1, 2;; € {0,1},V71 € [T]

TE€[T]

)

where M;, = maxgcx{—log (¢ r(x) + s(x)) +log(g,) + g-* (¢ "r(x) + s(x) — g.;)} for each 7 € [T].
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Appendix D. Additional Numerical Results
D.1 Results of Exact MICP Formulations With Jensen Inequality

Table 6 and Table 7 display the numerical results for the Vanilla Formulation, Discretized Formu-
lation, Complementary Formulation, Quantile Formulation, Aggregate Quantile Formulation by
adding Jensen bound as a valid inequality. We see that adding the Jensen bound improves the lower
bounds for most instances. However, it often yields worse upper bounds and does not help solve
the hard instances to optimality. Therefore, the main paper only reports the exact formulation

comparison results without having Jensen bound.

Table 6  Results of Exact MICP Formulations (With Jensen Inequality)

Vanilla Formulation Discretized Formulation Complementary Formulation

™ ["Obj.Val LB Gap (%) Time | Obj.Val LB Gap (%) Time | Obj.Val LB Gap (%) Time

15 342.44 207.12 39.51 3600.00 342.43 342.43 0.00 57.36 345.38  207.12 40.03  3600.00
20 232.67 89.13 61.69 3600.00 236.27 192.01 18.73 3600.00 245.28 89.13 63.66 3600.00
25 139.71 46.03 67.05 3600.00 158.40 75.62 52.26 3600.00 248.53 46.03 81.48 3600.00
30 177.52  109.56 38.28 3600.00 218.84 109.56 49.94  3600.00 217.74 109.56 49.68 3600.00
35 140.54 92.95 33.86 3600.00 326.31 92.95 71.51 3600.00 963.45 92.95 90.35 3600.00
40 256.82 187.66 26.93 3600.00 583.48 187.66 67.84 3600.00 294.49 187.66 36.27 3600.00
45 223.49 138.17 38.18 3600.00 480.48 138.17 71.24 3600.00 693.37 138.17 80.07 3600.00
50 170.04 116.18 31.67 3600.00 933.76 116.18 87.56  3600.00 915.49 116.18 87.31 3600.00
55 209.61 141.53 32.48 3600.00 576.83 141.53 75.46  3600.00 636.08 141.53 77.75 3600.00
60 131.32 69.87 46.80 3600.00 546.72 69.87 87.22 3600.00 857.62 69.87 91.85 3600.00
65 153.22 83.21 45.70 3600.00 548.73 83.21 84.84 3600.00 | 1125.53 83.21 92.61 3600.00
70 136.70 83.84 38.67 3600.00 754.04 83.84 88.88 3600.00 962.53 83.84 91.29 3600.00
75 173.96 85.22 51.01 3600.00 703.20 85.22 87.88 3600.00 881.76 85.22 90.34 3600.00
80 159.68 112.03 29.84 3600.00 567.92 112.03 80.27 3600.00 746.74 112.03 85.00 3600.00
85 194.68 104.78 46.18 3600.00 599.51 104.78 82.52 3600.00 563.55 104.78 81.41 3600.00
90 176.64 126.73 28.26  3600.00 807.08 126.73 84.30 3600.00 | 1713.39 126.73 92.60 3600.00
95 231.74 132.55 42.80 3600.00 749.70 132.55 82.32 3600.00 | 1144.84 132.55 88.42 3600.00
100 147.47 91.76 37.78 3600.00 683.09 91.76 86.57 3600.00 | 1427.90 91.76 93.57 3600.00

Table 7  Results of Exact MICP Formulations (With Jensen Inequality)

Quantile Formulation Aggregate Quantile Formulation

™ [TObj.Val LB Gap (%) Time | Obj.Val LB _ Gap (%) Time

15 342.43 342.43 0.00 0.56 342.43 342.40 0.01 0.54
20 230.62 230.62 0.00 5.26 230.62 230.61 0.01 0.49
25 135.03 135.03 0.00 18.58 135.03 135.03 0.00 1.65
30 172.21 172.21 0.00 53.27 172.21 172.20 0.00 5.92
35 133.54 133.54 0.00 911.07 133.54 133.54 0.00 8.81
40 252.42  252.42 0.00 3068.64 252.42  252.42 0.00 15.39
45 219.63 192.58 12.32 3600.00 219.17 219.17 0.00 21.90
50 170.01 120.79 28.95 3600.00 169.99 169.99 0.00 41.36
55 — 143.47 29.93 3600.00 204.77 204.76 0.00 75.79
60 — 79.65 39.12  3600.00 130.84 130.84 0.00 199.56
65 — 83.25 41.59 3600.00 142.55 142.54 0.00 327.37
70 — 83.94 38.24 3600.00 136.33 134.50 1.34 3600.00
75 — 85.22 38.21 3600.00 — 135.69 1.61 3600.00
80 — 112.03 29.35 3600.00 — 155.35 2.03 3600.00
85 104.78 28.12 3600.00 144.59 0.81 3600.00
90 126.73 26.15 3600.00 169.96 0.95 3600.00
95 — 132.55 23.74 3600.00 — 171.93 1.09 3600.00
100 — 91.76 35.32 3600.00 — 139.46 1.68 3600.00

D.2 Fair Knapsack

This subsection extends DFSO to the classic knapsack problem. Given weights w € Z'' and values

& € Z7 of a set of m items, the objective of the knapsack problem is to select a subset of items to
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maximize the total value given that the total weight does not exceed the capacity C. That is, the

knapsack problem can be formulated as

V= max Z &y Z w;x; < C,x; €{0,1},Vie [m] », (40)
i€[m] i€[m]
where the binary variable z; indicates whether item i € [m] is selected or not. We define the
distributional fairness for the knapsack problem, where we choose the utility function of the fair
knapsack problem to be the value of item f(x,§;) = & z; if being selected for each i € [m].

In this experiment, we use A = {a,a} and generate the hypothetical data in the following manner.
The weights w; are drawn from Unif{1,100}. The first [m/2] data points are assigned with the sen-
sitive attribute a, where their values {fi}ie[rm /21) are drawn independently from {Unif{w; 4+ 10, w; +
30}}1’6[!'m/2'\]' The remaining data points are assigned with @, where their values {&}ie[(m/QHLmJ

are drawn independently from {Unif{w; + 20, w; + 60} } |- We generate a dataset of m =

i€[[m/2]+1,m
1,000 items and choose the capacity C =0.5 Zie[m] w;. Vé;e /s;t the inefficiency level parameter to
€ €{0.01,0.05,0.1}. We choose type ¢ =2 Wasserstein fairness and solve DFSO using its AM algo-
rithm in Section 3.5. For ease of illustration, we only display the histograms of each group’s utility
for selected items (z =1). The probabilities of selection P,(z =1) and P,(x = 1) are reported.
Figure 4 presents the histograms of utility for fair knapsack. The vanilla knapsack problem
(40) has a Wasserstein fairness score of 57.09, where it selects 47% and 85.8% of items from
groups a and a, respectively. In Figures 4(b)-4(d), DFSO improves the Wasserstein fairness score
significantly between groups a and a by slightly reducing the efficiency. The two groups have the
same probability of selected items when € € {0.05,0.1}. This shows that the proposed approach can

achieve distributional fairness for the knapsack problem while maintaining high efficiency.

€=0.1, WDy(x) = 3.79

€ =0, WD,(x) = 57.09 £ =0.01, WDy(x) = 36.45 £ =0.05, WDy(x) = 11.31
0025 2:7,(x=1) = 0.562

0025 3:P,(x=1) = 047 0025 a:P(x=1) = 0598 0.025 2:P,(x=1) =064 5:pax=1) = 0.562
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Figure 4 Histograms of Utility for Fair Knapsack
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