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On Averaging and Extrapolation for Gradient Descent

Alan Luner* Benjamin Grimmer!

Abstract

This work considers the effect of averaging, and more generally extrapolation, of the iterates
of gradient descent in smooth convex optimization. After running the method, rather than re-
porting the final iterate, one can report either a convex combination of the iterates (averaging)
or a generic combination of the iterates (extrapolation). For several common stepsize sequences,
including recently developed accelerated periodically long stepsize schemes, we show averaging
cannot improve gradient descent’s worst-case performance and is, in fact, strictly worse than
simply returning the last iterate. In contrast, we prove a conceptually simple and computa-
tionally cheap extrapolation scheme strictly improves the worst-case convergence rate: when
initialized at the origin, reporting (1 + 1/4/16N log(N))zy rather than zy improves the best
possible worst-case performance by the same amount as conducting O(1/ N/ log(N)) more gra-
dient steps. Our analysis and characterizations of the best-possible convergence guarantees are
computer-aided, using performance estimation problems. Numerically, we find similar (small)
benefits from such simple extrapolation for a range of gradient methods.

1 Introduction

There is a long history of using strategic weightings of iterates to produce better solutions in convex
optimization. In many nonsmooth optimization settings, returning the final iterate is known to
provide provably suboptimal worst-case guarantees [I]. A common and well-studied resolution
to this problem is to output instead an average (convex combination) of the iterates [2H5]. In
smooth optimization, on the other hand, averaging is not as commonplace; instead, one often simply
returns the final iterate. One intuitive justification for not averaging is that most theory guarantees
some monotone decrease, ensuring the last iterate outperforms the rest, e.g., decreasing objective
values for gradient descent; however, monotonicity alone is not enough to reach this conclusion
Beyond the convex combinations underlying averaging, one could consider extrapolations from
the iterates, utilizing a not necessarily convex combination of them. KEach step of a momentum
method, like Polyak’s heavy ball method, can be viewed as extrapolating from recent steps to
a (hopefully) better next iterate. The use of more sophisticated extrapolation techniques, like
Anderson acceleration [6l[7], have also proven useful in smooth optimization.

Basic questions remain about the importance (or lack thereof) of averaging and extrapolation
in smooth optimization. Our primary focus in this paper is on smooth optimization via gradient
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descent. Extensions to other accelerated gradient methods will be considered in our numerics in
Section Bl For a convex function f :R™ — R with L-Lipschitz gradient, gradient descent iterates

h
Tyl = Tf — fkvf(iﬂk) ; (1.1)

given initial point z¢ and a pre-determined stepsize sequence h = (hg,...,hny_1). Existing conver-
gence rate theory can handle gradient descent with stepsizes hy constant in (0,2), hy dynamically
increasing up towards two [8], and hy as a special silver sequence of long stepsizes, frequently greatly
exceeding length two [9]. Existing worst-case convergence analysis for all of these stepsize patterns
applies to the final iterate, not utilizing any averaging. This motivates our first major question:

Can averaging improve the worst-case performance guarantees of gradient descent (in
objective gap or gradient size) for any common stepsizes choices (Constant, Dynamically
Increasing, or Silver)?

We prove it cannot. See the informal statement of this result in Theorem [Tl and Section B where
this claim is formalized and proven.

The fact that averaging cannot help gradient descent motivates the consideration of reporting
an extrapolation. Rather than returning a convex combination of the iterates, one could return a
linear combination of gradient descent iterates. Our second major question is then:

Can extrapolating improve the worst-case performance quarantees of gradient descent?

We prove it can and show, in fact, a very simple, computationally cheap extrapolation approach
suffices. We consider the following intuitive extrapolation strategy. After N steps of gradient
descent, instead of returning zy, report

xo + c(rn — x0)

for some fixed extrapolation factor ¢ > 1. This amounts to extrapolating from xy away from
xo. This is natural as one may suspect the direction of progress from the initial iterate to the
terminal iterate to “roughly” point towards optimal. With xy chosen as the origin, this simplifies
to reporting cxpy, adding effectively no additional computational or memory storage costs. We
exactly characterize the resulting improvement in worst-case performance guarantee under proper
selection of the extrapolation factor c. See the informal statement of this result in Theorem
and Section M where this claim is formalized and proven.

To provide such exact descriptions of worst-case algorithm performance, we turn to performance
estimation. The Performance Estimation Problem (PEP), first proposed by Drori and Teboulle
[10], established a new perspective framing a method’s worst-case performance as an optimization
problem. Building on this initial proposal, Taylor et al. [IT] showed the PEP search for a worst-case
problem instance is equivalent to a Semidefinite Program (SDP). This approach to optimization
problems is a doubly important tool. First, PEP serves as a black box to numerically compute worst-
case convergence rates under varied algorithmic configurations. Observing these numerical results
can help identify patterns and shortcomings/slackness in current performance guarantees. Second,
observing the exact worst-case problem instances and corresponding dual optimality certificates
produced by PEP can often translate into proving new and improved convergence guarantees. For
readers unfamiliar with PEP, we refer to the library and resources of [12] and the foundational
early paper by Taylor et al. [13].

Particularly relevant to our investigation, the PEP framework has seen substantial use in the
design of stepsizes for gradient descent. In their paper introducing PEP, Drori and Teboulle proved



a tight O(1/N) convergence bound [10, Theorem 3.1] for gradient descent with constant stepsize
h € (0,1]. They also conjectured a similar bound [10, Conjecture 3.1] for h € (1,2) based on strong
numerical evidence from performance estimation. More recently, by solving a related nonconvex
problem via branch-and-bound, Das Gupta et al. [I4] numerically identified “globally optimal”
stepsize patterns for fixed small N < 25, which were often much larger than length two. Through
their general branch-and-bound method, one can optimize an algorithm’s hyperparameters, such
as the stepsize sequence or averaging weights, for any reasonably small fixed number of iterations;
this ability to answer questions of global optimality offers a useful comparison for our later results.
Motivated by these numerical results, Grimmer et al. [15,[16] used the PEP framework to analyze
specific “straightforward” sequences with frequent long steps (hy > 2), eventually showing a slightly
accelerated convergence rate of O (1/N 1.0564)  Concurrently, Altschuler and Parrilo [9] following up
on the earlier Master’s thesis work [17], introduced the silver stepsize sequence for gradient descent,
which attains a stronger rate of O (1/N1-2716).

1.1 Owur Contributions

Our two primary contributions show that averaging does not improve (and, in fact, strictly worsens)
the worst-case convergence guarantees for gradient descent under common stepsize sequences, while
a very simple extrapolation can strictly improve gradient descent performance. Our analysis in both
settings is tight, having exactly matching worst-case problem instances derived from associated PEP
solutions. We measure solution quality both by function value gap and gradient norm. These two
main results are informally stated below with Ay denoting the standard simplex in RY and § L,D
denoting the set of all considered smooth convex problem instances: namely, all pairs (zg, f) with
f convex and L-smooth and xg at most distance D from a minimizer of f.

Theorem 1.1 (Informal, The Optimal Averaging is to Not Average). The optimal averaging of the
iterates of gradient descent is to return the final iterate when the stepsizes hy are chosen as any of

(i) constant h € (0,1],
(it) constant h € (1,2) (assuming N sufficiently large and [10), Conjecture 3.1] holds),
(iii) dynamically increasing as proposed by Teboulle and Vaisbourd [8],

w) silver long steps as proposed by Altschuler and Parrilo [9 assuming N is one less than a
/
power of two and our Conjecture hOldS}

That is, for the stepsize sequences above, o = (0,...,0,1) is the unique minimizer of
N 2
LD
min max o;jx; | —inf —— (3:8)
0€AN+1 (z0,f)EFL,D ! g;(] 7 /= 42 h +2
and
min max Vf Z 0T 7D B2
0EAN+1 (Z‘o,f)ESL,D Z h + 1

Remark 1. After the initial release of this manuscript, two preprints claimed to respectively prove
both conjectures referenced above. Kim [I8] presents a proof of [10, Conjecture 3.1] and Wang et
al. [19] present a proof of Conjecture B.2l Given these results, the statement of Theorem [I.T] holds
for silver stepsize patterns and for approprlateﬁ constant stepsizes h € (1,2).

=(1-h)*".

2Specifically, for h less than or equal to the solution to the equation W



Theorem 1.2 (Informal, Strict Gain of \/N/log(V) from Simple Extrapolation). For any constant
stepsize h € (0,1] and simple extrapolation factor ¢ up to size 1 + O (ﬁ), gradient descent

has LD
— —inff=—-——. 1.2
(o %, roFelen =) =inf f = s (12)
For example, setting xo = 0 without loss of generality,
1 LD?
max fl|l+ —————|zny | —inff= . 1.3
(z0,f)€SL,D (( 4\/Nlog(N)> ) AN + ﬁh +2 (1.3)

Note that gradient descent is not optimal among all first-order methods for smooth convex
optimization as accelerated methods provide faster rates of O(1/N?) [20,21]. As a result, our
theory should not be viewed as advancing the state of the art in performance for this general class.
Instead, gradient descent provides a structured and fundamental smooth optimization setting where
we can provide exact proof that averaging offers no gains and quantify the provable gains simple
extrapolation can provide. This simple extrapolation may have practical relevance in settings where
memory is the dominant computational constraint (See Remark [2). It can be easily implemented
at the end of any first-order method, with no a priori knowledge of the number of steps to be taken.
To extend our main results beyond gradient descent, we provide numerical characterizations of the
worst-case performance of several common accelerated methods with extrapolation. We find nearly
universal improvements (small but nonzero) in the worst-case theoretical guarantees from simple
extrapolations. Extensions to projected and proximal gradient methods are also discussed when
applicable.

Outline. First, Section 2l introduces our notation and the performance estimation problem frame-
work upon which our results are primarily built. Section [BJthen proves our negative results regarding
the use of averaging in gradient descent (for any of a range of common stepsizes). Section [l proves
our positive result on the benefits of even very simple extrapolation on worst-case performance.
Finally, Section [0l presents numerical results strongly indicating the degree to which our insights
from gradient descent generalize. A few algebraic simplifications are deferred to the associated
Mathematica [22] notebook available at github.com/alanluner/GDAvgExtrap.

2 Preliminaries and Performance Estimation Problems

In this section, we introduce Performance Estimation Problems (PEP) and the specific problems
relevant to our analysis. Consider a smooth convex minimization problem of the form

i 2.1
Inin f(x) (2.1)
where f: R™ — R is L-smooth (i.e. Vf is L-Lipschitz) and convex. We assume a minimizer x, of
f exists and suppose a point g is known with ||zg — z,|| < D for some D € R. Throughout, we
denote the Euclidean inner product by (-,-), and all norms are the associated two-norm. Note that
a differentiable function f is L-smooth and convex if and only if

F) 2 @)+ (Vf@)y =2+ 5 [VF@) -~ VE@IP Ve,y R (22)
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One particularly useful smooth convex function is the “Huber” function, which often occurs as
a worst-case problem for smooth optimization, as highlighted in [II] and many related works
[8,10,13L20]. We denote this simple one-dimensional function by

%:172 if |x| <n

2.3
Ln\x!—LT”Q if |z| >n . 23)

¢L,n($) = {

We primarily consider applying gradient descent by iterating as in ((ILT]) using a pre-determined

stepsize sequence h = (hg,...,hny—1). Rather than simply reporting the terminal iterate xp, we
consider reporting an averaged /extrapolated point z,, defined by

N
Ty = Zdjl‘j (2'4)
7=0

given weights o = (0y,...,0n). Note no modification is made to the iterates of gradient descent;
the only change is to which point is ultimately reported and, hence, where performance (in the
objective gap or gradient norm) is measured.

We broadly refer to this scheme as general extrapolation. As a specific case, we define iterate
averaging as any choice of ¢ such that ¢ > 0 and Z;-V:O o; = 1. We will say that an averaging

scheme o is nondegenerate provided that Z;-V:O ojz; #xn (i.e. 0 #(0,...,0,1)). Observe that our
framing of x, is equivalent to
N N 1971
Ty = Z ojT; = Zaj To— 7 Z hiV f(z) (2.5)
§=0 j=0 k=0
| V-1 N
:xo—zz hk Z 0j Vf(a:k) .
k=0 j=k+1

So a general extrapolation can be denoted by z¢ + span{V f(x¢),...,Vf(zn-1)}.

2.1 Performance Estimation Problems with Averaging/Extrapolation

When evaluating the convergence of an optimization method, there are several different perfor-
mance measures commonly considered. We will introduce the PEP framework using the objective
gap f(x)— f(xy) as the measure of algorithm performance. Although this is done to ease our initial
development, we will also present results on guaranteeing a small gradient norm, ||V f(z)||. In par-
ticular, our primary focus is to compare the worst-case performance of an averaged or extrapolated
point z, with that of the last iterate x .

One can frame deriving a convergence guarantee for an algorithm in terms of understanding
its performance on a worst-case problem instance. From this perspective, worst-case analysis is an
optimization problem: find the problem instance with the maximum final/reported objective gap,
gradient norm, etc. We define our worst-case performance py r, p(o, h) by

maXge, o, ;  f(2To) = f(24)
5.t @)= Fy) + (V) z—y)+ 3V (@) = V)P Yo,y
[z — 4]l < D
Vf(zs) =0
a;kﬂ:a;k—h—L’“Vf(a;k) k:O,...,N—Q
2o =10 — £ SN (he a1 07) VI ()

pN,L.p(0,h) ==

(2.6)



where our first constraint comes from the standard identity for L-smooth, convex functions (2.2]).
We use the alternate form (2.35]) of z, to remove its dependence on x . Consequently, we can exclude
xn from our problem formulation. Equivalently, one could view z, as a modified replacement of
IN-

Finite dimensional relaxations of this formulation were first considered by Drori and Teboulle [10].
Subsequently and quite surprisingly, the Interpolation Theorem of Taylor et al. [I1] established an
equivalent finite-dimensional problem one could consider. Rather than enforce our constraints for
all points in our domain, it is only necessary to enforce them along the points of interest in our
algorithm. We denote fr = f(zx), gx = Vf(zg), and Z = {%,0,1,...,N — 1,0}, where we abuse
notation to allow x and o to act as indices (f, = f(ax), fo = f(xs), etc.). Then our problem
becomes

maXgy x,, f fo— f«
8.t fiz fi+{gjwi—xj) +opllgi—gll? Vi£jel
B |zo — x| < D
pN,L.p(oh) = =0 (2.7)
xk—f-l:ﬂ?k—%gk k=0,...,N—2
T =10 — LS (hk Yk Uj) Ik -

By translation, we can also fix xy, = 0 and f, = 0 without loss of generality.

Finally, following the methods in many previous works [ITL13]23], we slightly relax our discrete
problem (Z7) to form a solvable SDP. We adopt the notation used in [14] and introduce it here.
We define

F=1[folf1l-. |fn-1lfs] € RN FD

H = [550’90’91’ A ’gN—llga] c Rmx(N+2)

G=H"Hesy*.

We also define special vectors for selecting particular elements of our matrices using standard basis
vectors e; (the corresponding space for e; should be clear from context if not specified):

g, =0ec RV+2, gi=eo e RVT2 j=0,..., N-1

f, =0e RN fi=e e RV =0,... . N—1
h.

x, =0 e RV*2, xi+1:xi—flgi 1=0,...,N—2

oneleRN+2

and to account for z,, we define

8o = enyz € RVT?

| N-1 N
Xa—Xo—zZ he > 05| 8k
k=0 j=k+1

Through this construction, we have encoded the gradient steps of the algorithm into our matrices
F, G, and H; we have x; = Hx;, g; = Hgj, and f; = F'fj for all i € Z. Next, using the symmetric



outer product z ® y = 3(zy” + yaT), define

Aij(h) =g © (x; — x;) € SV

Bij(h) = (x; — x3) © (x; — x;) € SV *2

Cij=(gi—g) o (g —g) SV

ai; =f5— f; ¢ RNV

for all ¢,j € Z, with ¢ # j. These matrices satisfy the useful identities

(g, — xj) = TrGA; ;(h)
|lz; — x| = TxGB; ;(h)
lgi — ;| = TtGC;; -

These definitions enable a succinct statement of the performance estimation problem as an SDP
with a rank constraint:

maxp G Fa, s
s.t. Fa;j+TrGA;j(h) + 5=TrGC;; <0 Vi#jeT
pN,Lp(0,h) = G>=0 (2.8)
TrGBy . < D?
rankG <m .

Applying the rank constraint ensures that there is a solution to G = HTH for H € R™*(N+2)  1f
we remove this rank constraint, we obtain an upper bounding SDP

maxp,g Fa, o
s.t. Fa;;+TrGA; j(h) + =TrGC;; <0 Vi£jeT
o,h) < ’ ’ ’ 2.9
pN.L,p(0,h) G0 (2.9)
TrGBy, < D? .

This SDP can be made equivalent by applying an additional assumption that the problem dimension
m is at least N + 2 [II]. However, our analysis will only rely on upper bounds, so this relaxation
is sufficient, and we do not require this assumption on problem dimension. This completes our
derivation of the PEP SDP for the averaged/extrapolated performance measure f(z,) — f(z4).
Other common performance measures would follow a very similar derivation. Going forward, we
simplify our notation to

p(o) :==pn,p(0,h) (2.10)
but note that our solution is a function of each of those now hidden parameters. We especially
emphasize the role of N as a known and fixed parameter in the optimization problem.

Finally, we define the dual SDP in preparation for our use of the dual certificate in our later
proofs. Introducing dual variables \; ; € R, v € R, and Z € SN2 we let

min, ) z vD?

s.t. leﬁj )\i,jai,j — Oy, = 0
d(o) := vBo « + Ei;ﬁj )\m(Ai’j(h) + %C’i,j) =7 (2.11)
Z =0

UZO,)\Z'JZO V’L'#jEI

7



with the role of o implicit in the various vector and matrix definitions. This SDP (2.9 and its dual
(2:I1)) provide a widely useful framework for analyzing worst-case problem instances [10,[1T,14H17].
This dual problem will play a central role in proving our new convergence guarantees as each feasible
point to the dual problem constitutes a proof of an upper bound on p(o).

3 Averaging is Strictly Worse than the Last Iterate

In this section, we address our first major question regarding the effect of iterate averaging on gra-
dient descent’s convergence guarantees. Our approach to establishing that averaging cannot benefit
(and in fact harms) worst-case convergence guarantees works by first observing a common struc-
ture in the tight convergence bounds for many common stepsize selections (Section B.I]) and second,
showing any stepsize with this worst-case structure cannot benefit from averaging (Section [3.2)).

3.1 Common Structure Among Tight Last Iterate Convergence Guarantees

The performance estimation framework has enabled the development of exactly tight convergence
rates for gradient descent. That is, convergence guarantees that are attained with equality by
some problem instance, establishing that no better guarantee is possible. Below, we summarize the
known (or conjectured) tight convergence rates for four different families of stepsizes hy. For each
considered stepsize policy on any L-smooth convex f with ||xg — .|| < D, these tight rates for
gradient descent take the form

LD?
flzn) = flos) < m (3.1)
and D
IVf(zn) (3.2)

e
I< Ziz\;_ol h; +1
Before discussing particular stepsize selections, we first note that no stepsize sequence hj can
produce a rate faster than those above. This follows from considering simple Huber functions as
prior works [8[10,11,13,20] have identified as common worst-case problem instances. While we
do not focus on momentum methods in this section, we note that the prevalence of the Huber
function appears to be shared for momentum methods such as Nesterov acceleration and OGM, as
conjectured in [I1].

Lemma 3.1. Consider gradient descent with stepsizes h = (hg,...,hn—1). For any L, D > 0, there
exists a problem instance with L-smooth convex f and ||xg — x| < D such that

LD?

f(ﬂfN)—f(x*):m-

There also exists an L-smooth convex f with
LD
Vfx =
H f( N)H Zi]i_olhi‘i‘l

Proof. In both cases, this problem instance takes the form of g = D and f = ¢, as a Hu-
ber function. Note that provided n < D/(XN5'h; + 1), the first N iterates of gradient de-
scent all remain larger than n, being given by x, = D — 772?:_01 h; and having constant gradient
V f(z) = nL. To attain equality in the objective gap, selecting n = D /(2 Zf\:ol hi+1) has f(xy)—



flzy) = LD? . To attain equality in the gradient norm, selecting n = D/ (Zij\;}l h; + 1) has

IV f(zn)| = % O
As a result, guarantees of the form ([BI]) and ([3:2) holding imply more strongly that
2
o X flzn) —inf f = 425_0% (C1)
and D
o P IVf(zn)l = SN0 (C2)

hold, respectively. We show below in Theorems Bl and that these two conditions imply aver-
aging is strictly worse than returning the last iterate in terms of worst-case guarantees.

Constant Stepsizes hy = h € (0,1] Perhaps the simplest setting of gradient descent is the
use of a constant stepsize hy = h € (0,1]. The seminal work of [10] and subsequently [8] showed
such stepsizes have guarantees of the form (B3I and (3:2)), giving bounds of LD?/(4Nh + 2) and
LD/(Nh+1) on objective gap and gradient norm convergence, respectively. Note tightness of these
bounds is easily verified by the examples in Lemma [3.1, and so the conditions (CIJ) and (C2]) hold.
For extensions of these ideas to monotone operators, see [24, Remark 4.10].

Constant Stepsizes hy = h € (1,2) When using constant stepsizes hy = h € (1,2), the con-
jectured tight convergence rates from [I0, Conjecture 3.1] and [I1, Conjecture 3|, respectively, are
that

LD? 1
Flan) — flw) < F2- max {m - h|2N} (3.3)
and )
£l < LDmax{ ot - nV] (3.4)

Provided N is large enough relative to the fixed value of h, each first case above dominates, and
the (conjectured) convergence guarantees take the form ([B.I) and ([B:2]). Again, tightness and the
conditions (CIl) and (C2) follow from Lemma B3Il See Remark [l for progress on this conjecture.

Dynamic Stepsizes hy — 2 Note convergence cannot be guaranteed for gradient descent with
hj, constant and greater than or equal to two. A sequence of stepsizes hj, approaching this boundary
was proposed and analyzed by [8]. They considered

. Sio hi+ \/ (Shd ) +8 (g i+ 1)
L=
2

(3.5)

with hg = v/2. Theorem 4 of [8] established tight convergence guarantees of the common form (3.))
and (3.2)), establishing conditions (CI)) and (C2)) hold.



N =1 N=3 N=17 N =15 N =31 N =63 N =127
Silver Obj. Gap PEP 0.13060 0.04692 0.01842 0.00747 0.00307 0.00127 0.00052
Difference from (CI)) -8.567e-10 1.581e-8 5.148e-11 | -2.942e-9 | -5.057e-12 | -3.232e-8 | -1.660e-13
Silver Grad. Norm PEP 0.41421 0.17157 0.07107 0.02944 0.01219 0.00505 0.00209
Difference from (C2) -3.669e-14 | -1.976e-13 | -6.178e-12 | -5.630e-9 | -1.204e-8 | -3.685e-10 | -5.238e-9

Table 1: Numerical results from Mosek with feasibility tolerances set as 107!? solving the PEP
SDP for the worst-case objective gap and gradient norm of z after N steps of the silver stepsize
sequence. Differences from the value in Conjecture 3.2 are presented, which remain relatively small.

Silver Stepsizes hj (often much greater than two) Going beyond the limitation of stepsizes
being at most length two, Altschuler and Parrilo [9] considered the “silver” stepsize pattern: Using
the silver ratio, p = 1 + /2, the sequence h(™) is defined recursively for any N = 2™ — 1 by
concatenation h(?N+1) = (R(V) 1 4 pm=1 (V) and with h") = /2. Note this includes arbitrarily

large stepsizes, having hé],:f) ~ k12716 whenever k is a power of two. Theorem 1.1 of [9] showed silver

stepsizes have an accelerated convergence rate of f(xx) — f(2x) = O(LD?/N12716). Numerically
computing the worst-case performance of silver stepsizes via PEP, we find for every IV one less than
a power of two, the convergence matches (B]) and (3.2), see Table [l This leads us to make the
following conjecture.

Conjecture 3.2. Consider a gradient descent algorithm of fized length N = 2™ — 1 and the
corresponding silver step sequence h = h®™). Then any L-smooth convex f has

LD? LD?
flzn) — flze) < 42:?;—01 hi +2 - 4plog2(N+1) _ 27
LD LD

|f(zN)

< = .
” — ZZ]\L—Ol hi +1 plogQ(N—i-l)

In the statement above, we use the fact that Zf\i _01 h; = plo82(N+1) _ 1 If true, tightness of these
bounds is immediate from Lemma 3], giving conditions (CIl) and (C2)). See Remark [Il for progress
on this conjecture.

3.2 Suboptimal Convergence from Averaging

The above tight characterizations (down to the constants) of the worst-case performance of gradient
descent’s final iterate provide a direct quantity against which to compare the performance of a
proposed averaging scheme. We find that the conditions (CIl) and (C2) imply every nondegenerate
iterate averaging o provides a strictly worse final objective value. This is formalized for objective gap
convergence in Theorem [B.T] and gradient norm convergence in Theorem Similar to Lemma [3.1]
the proof of these results is based on considering related Huber functions.

As an immediate consequence of these theorems, averaging cannot benefit (and strictly worsens)
the convergence guarantees for gradient descent with h; constant less than one or as the dynamic
sequence in (3B). Further, if N is sufficiently large and the numerically supported conjecture
of [10, Conjecture 3.1] holds (See Remark [I]), constant stepsizes between one and two cannot ben-
efit from averaging. Similarly, if N is one less than a power of two and the numerically supported
Conjecture holds, the accelerated rate following from silver stepsizes cannot benefit from av-
eraging. As an aside, numerical PEP evaluations indicate the conditions and do not
appear to hold for the straightforward sequences studied by [I5,[16], indicating they may benefit
from averaging.

10



Theorem 3.1. Consider gradient descent with stepsizes h = (hg,...,hn—-1) > 0. For any L, D > 0,
if the worst final iterate objective gap is characterized by (C1l), then the optimal averaging is to return
the final iterate. That is,

a LD?
min max f ojx; | —inf f=—F7——— 3.6
> o e 36

oc€AN+1 (z0,f)ETL,D

with o = (0,...,0,1) as the unique minimizer.

Proof. To prove this result, it suffices to show that for any nondegenerate o, there exists an L-
smooth convex function f and initialization ||zg — x.|| < D such that

LD?

f(zo) = fl2s) > W

We consider the same Huber function establishing tightness of the last iterate convergence in
Lemma 3.1l Let o = D and f = ¢Ln with n = D/(25 N  hi +1). Noting n < D/(XN o hi + 1),
each k < N has x, = D — Y%, o hi > n and Vf(:nk) = 77L Observe that f is afﬁne over the
convex hull of the iterates (since 1t is affine on x > ) with

Fon) — LD LD?
Ty N T T 22y Ny 1 1)?
LD2
$en) = sy <)

Hence f(zn) < f(x) for all kK < N. Then for any nondegenerate o, this affine property ensures

al LD?
fxy) — flzs) = f(zg) = oif(x;) > flzn —
(20) = fla) = l20) = 32 03fw) > Flon) = gt =
Therefore, the degenerate averaging o = (0,...,0,1) uniquely minimizes the worst-case objective
gap max(y, 5 f(vs) — inf f. O

Theorem 3.2. Consider gradient descent with stepsizes h = (hg,...,hny—-1) > 0. For any L, D > 0,
if the worst final iterate gradient norm is characterized by (C2)), then the optimal averaging is to

return the final iterate. That is,
N
Vf Z aja;j
j=0

with o = (0,...,0,1) as the unique minimizer.

LD
TN T 1

min max
0€AN+1 (z0,f)ESL,D

(3.7)

Proof. Fix some nondegenerate o and choose & > 0 such that

. Dhyn_q 1 1
Mmm&z Yhi+ 12 h+Ul%Z%%m$MH >N h+J}'(m)

Note that since ¢ is nondegenerate, ZJ 00 Zi 01 h; < ZN Lh;, so the second term in BY) is
strictly positive.

11



Consider o = D and the Huber function f = ¢r,, with

D

==t tO
Yito hi+1

From the first term in (3.8), we have D — n(z 2h; +1) > 0 and therefore, D — nz 2hy > .
As a result, the first N iterates of gradient descent are given by xp = D — 772 h Thus any
averaging o produces an output point

N 41
Zajznj ZO']D nZh —UZO'thZ’.
j=0 =0
Then, applying the second term of ([B.8) with n = Zih + § yields
=0 it
D D
To=D— | ——— o hi> —————+d=n.
St et PO URSS e
By construction, at z, > n we have Vf(z,) = n > ﬁ Since this bound holds for any
i=0 'V
nondegenerate averaging, we conclude the degenerate averaging o = (0, ..., 0, 1) uniquely minimizes
the worst-case gradient norm max,, ¢ |V f(zo)||- O

3.2.1 Discussion of Conditions (CIl) and (C2) We emphasize that (CIl) and (C2)) are es-
sential to our proofs above; we rely on the fact that the Huber function is the worst-case problem
instance for the terminal iterate, which is implied by (CI)/(C2). Given any stepsize sequence
h, we can numerically check if (CI)/([C2) hold by solving (2.9) and if averaging can improve the
worst-case performance (see (L1])). In Figure [T, we plot for N = 2 and N = 3 the stepsizes h for
which (CI]) and (C2) hold numerically. Comparing with the values of h for which averaging is not
beneficial (which can also be numerically confirmed), we found that these conditions exactly align.
That is, numerical results suggest that the converses of Theorem B.I] and Theorem are true, i.e.,
(C1)/(C2) hold if and only if averaging is not beneficial. We state this formally in the following
conjecture.

Conjecture 3.3. Consider gradient descent with stepsizes h = (hg,...,hn—1) > 0. For any
L,D > 0, if the worst-case final iterate objective gap is not characterized by (CIl), then there exists
nondegenerate o such that

ol LD?
max f Zajzltj —inff < ———
(x0,f)EFL,D 20 42 h +2°

Similarly, if the worst-case final iterate gradient norm is not characterized by (C2)), then there
exists nondegenerate o such that

LD
SN Thi+1

max
(zo0,f)ESL,D

Vf (i Uﬂj)

j=0

12



Figure 1: Values of h for which (CIJ) holds (left) and (C2)) holds (right) for N = 2,3. Numerically
we find that this region fully aligns with the stepsizes for which averaging is not beneficial (See
Conjecture 3.3)).

3.3 Extension to Projected/Proximal Gradient Descent

Reasoning virtually identical to the above can be applied to the proximal gradient method. We
focus on the constant stepsize case, but the argument can be similarly extended to appropriate
non-constant sequences. Consider minimizing an additive composite function v = f + r where f,r
are both convex. Denote the proximal mapping by

1
prox,, (x) := argmin {r(u) + gHu —z|*:ue Rm}

and then iterate according to zg41 = prox(, ), (zr — %V f(zx)). We note that projected gradient
descent is a special case where we take r as the indicator function of a closed, convex set. In [8,
Theorem 7] Teboulle and Vaisbourd proved for any L-smooth f, the proximal gradient method
with constant stepsize h € (0, 1] satisfies

2
Yan) — vl < Ty
and D
ln/n(xn—1)|| < Nh
where
h . h N
¢h/L(33N—1) = ((33N—1 - va(ﬂﬁN—l)) —(@y_y — va(ﬂﬁzv—ﬁ)) L/h

and zt = prox(, ), (w - %Vf(a:)) Note that ¢y,/r(rN-1) € OY(zn), so these results are clear
analogs of those in Theorems B.1] and Moreover, the bounds above are shown to be tight by
the simple example of f(x) = Lnx and r as the indicator function over R, choosing n = % and
n= %, respectively. The earliest occurrences of these tight lower bound examples to our knowledge
are [25] Appendix 2.8] and [I1 Section 4]. Consequently, we can apply similar arguments from
Theorem B.1] and Theorem B.2] to obtain the result below. As a note, although PEP is not used
for proximal settings here, such natural extensions exist [I3] and have seen much use [12}26-28].

Proposition 3.4. Consider the prozimal gradient method with constant stepsize h € (0,1] and any
L,D > 0. For any nondegenerate averaging o, the worst-case performance is strictly worse than
that of the terminal iterate. That is,

o) — >
(m’%gghl)w(ﬂc ) — () ANE
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and

LD

max > —
(zo,f)ESL,D el Nh

for any & € OY(x,).

Proof. Let xy = D, f(x) = Lnx, and let r be the indicator function over R;. To prove our first
claim, we let n = %. Our proximal gradient iterates are then given by zp+1 = xr — %77. We
observe that 1 is linear over the convex hull of our iterates xzg,...,xy. For any nondegenerate o,

we then have

al LD?
W(ag) = () = v(zg) = D 0f (x)) > flan) = f(D ~ hNn) = o
j=0

To prove our second claim, fix some nondegenerate o and choose § > 0 such that

. D 1 1

Let n = % + 6. By the first term of (3.9), we have D —h(N — 1)n > 0 and therefore x = D —nkh
for k =1,...,N. We similarly apply the second term of (3.9)) to get

N D N
Ty = ZO'](D—T]]h) =D — <N—h+5) thO'] >0 .
7=0 7=0

Finally, given that xz, > 0, we compute 0v(z,) = {Ln}, so our claim holds. O

4 Extrapolations are Strictly Better than the Last Iterate

Given that averaging gradient descent’s iterates cannot improve its convergence bounds, we now
remove the restriction that o describes a convex combination, allowing it to be freely chosen from
RN*1, As discussed in Section 2] this allows 2, to be anything in zo+span{V f (o), ..., Vf(zn_1)}.

An initial problem to investigate in this larger parameter space is to determine the optimal
choice of o for a fixed number of iterations N and fixed step sequence h. Given L,D > 0 and
stepsizes h, this amounts to solving the following nonconvex minimization problem

_Inin_ p(o) . (4.1)
Note that expanding the definition of p(o) gives a nonconvex minimax problem. Das Gupta et
al. [14] introduced a spatial branch-and-bound approach tailored to numerically globally solving
such problems. We apply their method to the new setting of optimizing extrapolation weights o.
Fixing N = 10 and constant stepsize h = 1, Figure 2] shows the optimal ¢ for minimizing the
objective gap f(z,) — f(xy) and for minimizing the gradient norm ||V f(z,)|. We observe that
the components of ¢ are dominated by the weights of the last two components. It is worth noting,
however, that approximating these final two weights and setting the remaining weights to zero
significantly worsens the performance. For example, considering the objective gap above, one can
approximate the optimal o by (0,...,0,—2.3493,3.3493). Solving (23] for this approximated o
gives a performance guarantee of 0.02473, notably worse than the optimal value of 0.02000, and
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Figure 2: Optimal extrapolation choice of o for N = 10 under different performance measures.
Under these respective choices of o, the performance guarantees for L = D = 1 are 0.02000 for
objective gap and 0.08443 for gradient norm.

Final Iterate Optimal Extrapolation | Optimal Simple Extrapolation
N | Obj Gap Grad Norm | Obj Gap Grad Norm | Obj Gap Grad Norm
5 0.0455 0.1667 0.0365 0.1483 0.0390 0.1546
10 0.0238 0.0909 0.0200 0.0844 0.0213 0.0871
15 0.0161 0.0625 0.0139 0.0592 0.0147 0.0607
20 0.0122 0.0476 0.0107 0.0456 0.0113 0.0466
25 0.0098 0.0385 0.0087 0.0371 0.0091 0.0378

Table 2: Numerical comparison between gradient descent’s worst-case performance for objective gap
and gradient norm at its last iterate zy, at the optimal extrapolation (the solution to (1)), and
at the optimal simple extrapolation (the solution to (&I restricted to o = (—(c — 1),0,...,0,¢)).
Wefix L=D=h=1.

worse than the guarantee without extrapolation of 0.02381. Thus, the subtle structure (highlighted
in Figure [2]) for components k < N —1 appears to be integral to the optimal extrapolation scheme’s
success. The first four columns of Table 2] show these best possible improvements to the worst-case
performance as N varies.

While the optimal o offers a noticeable improvement to the previous convergence bound, we
did not identify a clear pattern in the optimal values. Even given a construction for the optimal
extrapolation for each N, applying it would require prior knowledge of N when beginning the
method in order to construct x, incrementally as a second vector in memory while running gradient
descent. To avoid these shortcomings, we restrict o to a particularly convenient structure, namely

o= (—(c—1),0,...,0,c) for any extrapolation factor ¢ > 1. This corresponds to
N-1
hy
Te =x0+ c(xny —T0) =20 —C — Gk - (4.2)
k=0 L
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Hence, one can interpret xz, as extrapolating along the vector from xg to xny. We refer to this
particular method of extrapolation as simple extrapolation. Note when ¢ = 1, this reverts back to
simply returning gradient descent’s last iterate x, = z .

This scheme’s simplicity offers a few advantages. To perform this extrapolation, one needs
only the initial point g and terminal point xn; no auxiliary vectors or enlarged memory storage
are required. Then, whenever the gradient descent iteration is stopped, this extrapolation can be
computed, without requiring a priori knowledge of N. The constant ¢ can be selected on-the-fly
once the method stops. See Corollary for several convenient, provably good formulas one could
use, setting ¢ = 1+ O(y/1/N log(N)).

In the remainder of this section, we focus on gradient descent with constant stepsize h € (0, 1]
and demonstrate a provable benefit to simple extrapolation. As a result, we show that including
this simple rescaling at the final step provides a provable improvement “for free”. In Table Bl we
include the optimal performance of simple extrapolation, though this will be discussed in more
detail in Section Bl

Remark 2 (Computational Considerations). In large-scale optimization settings where memory is
a severely limiting factor, the simplicity of this extrapolation becomes relevant. While accelerated
momentum methods achieve faster convergence, they require the simultaneous storage of two vectors
rather than just the current iterate xp. For such problem instances where memory usage is at
capacity from storing a single vector xj, doubling the memory storage is not an option, and hence
momentum methods cannot be used. When x( is a structured point such as the origin, simple
extrapolations can improve convergence while incurring no added memory costs.

The increased memory costs of momentum methods are also avoided by the recently devel-
oped gradient descent accelerations from longer stepsizes in the sequence, e.g., the silver pattern’s
O(1/N'2716) rate [9]. Such methods may be state-of-the-art in certain severely memory-constrained
settings. While our proven gains are restricted to the case h € (0, 1], in Section [, we show numer-
ically that simple extrapolation also (slightly) improves the performance for silver stepsizes in the
worst case (and in several real-world examples), offering a computational benefit at nearly no cost.
Thus, this post-processing method could improve the state-of-the-art method for memory-limited
problems.

4.1 Improved Convergence Guarantees from Simple Extrapolations

We are now prepared to present our main theorem quantifying the improvement in worst-case
performance derived from simple extrapolations. To first discuss the consequences of our theory,
we defer the proof of this result to Section [£2l Our analytic results below focus on the objective gap
as the performance measure. In Section (.1l we return to numerically consider the minimization
of the reported gradient norm, establishing similar improvements. However, our Conjecture G511
suggests that simple extrapolation is less effective at improving the final gradient norm size, hence
our focus on the objective gap.

Theorem 4.1. For any convex L-smooth function f with minimizer x,, consider gradient descent
with constant stepsizes hy, = h € (0,1]. For any N > 0, define the function

Rl (c—1)(2Nc— 2N +1)(2Nc + 1)
2Nc+4Nci — 2i2 + 1

Yn(c)i=1— >0 (4.3)

i=0
and let eyt be the largest root of Wy (c). For any ¢ € [1, cait], To = To + c(zn — xo) satisfies

LD?

f(zg) = fzy) < ANhe 12

(4.4)
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N Corit Cy o 1+1/(4v/NlogN)
1 1.5 1.672029 | 1.359869 -

10 | 1.121974 | 1.158494 | 1.104917 1.052099

100 | 1.034804 | 1.041404 | 1.028570 1.011650

10* | 1.002878 | 1.003171 | 1.002235 1.000824

10° | 1.000246 | 1.000263 | 1.000186 1.000067

10® | 1.000022 | 1.000023 | 1.000016 1.000006

Table 3: Approximate values of ¢y and the upper and lower bounds from Proposition 4.1l

where D = ||xg — xy||. Moreover, for any L,D > 0, there exists a function f where equality holds.

The choice of 1 above will be later justified in Section £2.2] In terms of PEP introduced
in Section 2 this theorem provides an exact description of the worst-case performance of small

extrapolations: the extrapolation o = (—(¢ —1),0,...,0,¢) has
LD?
p(O') = m VC S [1,Ccrit] .

Setting ¢ as large as possible (within the theorem’s bounds) provides the strongest performance
guarantee. To quantify the level of resulting benefit, we next bound how large the root c.;; is for
a given value of N.

The definition of cqit as the largest root of 1 (c) unfortunately yields no simple closed-form

. Sy L _64c3 2_ 360 .
expression. Considering the case of N = 2, our function is 1)s(c) = =84¢ +11210251 36e=1 50 it 1S

the largest root of —64c® 4+ 112¢? — 36¢ — 1 = 0, approximately 1.312285. In general, given any
N, coit Will be the largest root of a degree N + 1 polynomial. In Table Bl we include numerical
approximations of ¢ for various values of N. The following proposition shows cj shrinks at rate

1
1+6 (\/NlogN)'
Proposition 4.1. For N > 1, the largest root ceit of ¥ (c) is bounded below by
1 1 1 1
Corit > 1 — —+ + >1+ — 4.5
et 4N \/ 16N2 (2N +1)(log N + 5% +7) 4y/Nlog N (4:5)

Ce

where v = 0.5772 is the Fuler-Mascheroni constant. Moreover, this bound is nearly tight as

1 1 5
Corit <1 ——+ * '
crit AN \/16]\72 (3N+1)(10gN+%N_2l+7)

Cuy

This proposition is easily proven by establishing upper and lower bounds on ¥y (c) but involves
some in-depth calculations. We therefore defer the proof to Appendix[A.3l Combining these simpler
lower bounds on ¢y with Theorem 1] yields the following explicit convergence bounds for gradient
descent with simple extrapolations.

Corollary 4.2. For any convex L-smooth function f with minimizer . and N > 1, gradient
descent with constant stepsizes hy = h € (0,1] and simple extrapolation by factor

1 1 1
=l-ant + 4.6
¢ 4N \/16N2 (2N +1)(log N + 7k +7) (4.6)

17



has x, = xo + c(xy — o) satisfy
LD?

16N2
AN + (\/1 + (2N+1)(10gN+2N+ ) 1) h+2

where D = ||zg —x4|| and v = 0.5772 is the Euler-Mascheroni constant. As a simpler, weaker bound,
setting c =1+ W ensures that

f(ag) = f(s) < (4.7)

2
Flae) = fla) < ——2 (48)
ANh + Wh +2

This result shows that adding a simple extrapolation achieves the same worst-case convergence
improvement as taking an additional O(y/N/log N) gradient steps. Note this gain increases with
N while the cost of the extrapolation step remains fixed (a vector-scalar multiplication and a
vector sum). While this is still a lower-order improvement, this level of benefit from such a simple
modification is rather surprising.

Finally, given the benefits of simple extrapolation proven above, we next consider its limitations.
In the theorem below, we formalize the notion that too large of an extrapolation has a negative effect.
An extrapolation that is too large may “overshoot” the minimizer, leading to worse performance.
In particular, we show simple extrapolation factors any larger than 1 + O(1/ VN ) can perform
strictly worse than the known worst case for gradient descent’s last iterate.

Proposition 4.3. There exists a conver L-smooth function f with minimizer x, such that gradient
descent with constant stepsizes hy, = h € (0,1] and any

1tV

cC>C:= 1—(1—h)N
has x, = xo + c(zy — o) satisfy
LD?
F(00) ~ $(02) > poels > flan) — ()

Proof. Consider f(z) = 23; and o = D. Then gradient descent (ILI) has iterates contract towards
zero with xy = (1 — h)VD. As a result, z, = 29 + c(zy — 29) = D + ¢(D(1 — h)Y — D) and so
flzg) = LTD2(1 +¢((1 — h)N —1))2. Plugging in the assumed lower bound on ¢, it immediately

follows that )

f(a:a)>L—D2<1 71+VW1‘“((1—h)N—1)) _ D7

1—(1—h)N " ANh+2°
The bound on f(xy) — f(z4) follows from [BI)) (via [10]). O

From the results of Theorem 1] and Proposition (4.3} it is clear that there exists some optimal
extrapolation factor copt € [Carit, €. Hence the optimal extrapolation factor shrinks at a rate between
1+ 06(1/y/Nlog(N)) and 1 + ©(1/v/N). In Section [, our results suggest that cop closely follows
the 1 4+ O(1//N log(N)) behavior of cuit, see Figure Bl Consequently, we expect the development
of more sophisticated worst-case functions than the quadratic above would close this gap.
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4.2 Proof of Theorem 4.1

Performance estimation provides the foundation for our exact analysis of the impact of simple
extrapolation on worst-case guarantees. Recalling our previous notation for the associated PEP
problem (2.7)), now parameterized by c instead of o, we denote

maXy, o, f  f(Ts) — f(z4)
s.t. fi > fj+{gj wi —xj) + opllos —gilI> Vi#jel
pe) = 2o — 24l < D
g =10
ka:xk—%gk k=0,...,N—2
Te =20 — pig L0k -

Then following the same SDP relaxation (2.9) and applying weak duality, let d(c) denote the upper
bounding SDP (ZI1J), also parameterized by ¢ instead of o:

min, » 7 vD?
s.t. Ditj NijGij — Qxo =0
d(c) := vBosx + Yizj Mij(Aij(h) + 57 Cij) = Z (4.9)
Z =0
v>0,N; >0 Vi£gjel.

To prove our claimed upper bound on f(z,)— f(x4), it then suffices to show the same upper bound
on d(c). This can be done by providing any dual feasible point with an objective value matching
our claimed convergence guarantee.

In the special case of ¢ =1 (that is, just reporting the last iterate without extrapolation), [10]
proved a bound matching our claim precisely through this process of constructing a dual certificate.
Our derivation of a dual certificate is a generalization of their original method to simple extrapo-
lations. In particular, our proof follows the same structure: we design a certificate with a slightly
generalized form to accommodate ¢ and verify its feasibility via the same usage of Sylvester’s cri-
terion. The needed technical contribution lies in modifying their original certificate to account for
¢, identifying the function ¥y (c) (See ([@3))) exactly characterizing the feasibility of our resulting
certificate, and quantifying its improved convergence rate.

Our construction of candidate dual solutions utilizes the following parameters

ic

n= ey =bheoN (4.10)
P R
2Nhc+1
Given these, we consider dual solutions to d(c) given by
1
v = §t (4.11)
r ifi=—1,j=0
Tjt1 — T ifi=—1,1<j<N-1
Aij=1{1-ry ifi=-1j=N (4.12)
r; ifi=j—1,1<j<N
0 otherwise
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where for simplicity we let indices —1 and N correspond to *x and o, respectively. When ¢ =1 and
the considered extrapolatlon dlsappears this construction exactly reduces to that of [10], in which
the authors use r; = 55y and t = 2Nh+1 to prove the bound LD?/(4Nh + 2).

We claim by construction these satisfy the first linear constraint } -, ; Ai jai,j—a«s = 0. Further,
we claim that the second linear constraint is satisfied by setting Z = $S.(r,t) where S.(r,t) is
defined as the following block matrix

Surt) = [ a (4.13)
o G Qe+ 2w, '
with components given by q. = (—r1,71 —ro,...,7N_1 — 7N, "N — 1)7,
27’1 —T1
—T1 27"2 —T9
—T9 27‘3 —Tr3
Q.- o , (4.14)
—rN_1 2ry -—TN
—TN 1
and
2rq To — 7T ... ’N—TN_1 C—TN
To —T1 2T2 rN —TrnN—1 C—TN
W, = : : . (4.15)
N —TN_1 TN —TN_-1 ... 2rn cC—TN
cC—TN c—TN cC—TN 1

For completeness, these two claimed identities are also verified in Appendix[A.Jl To complete our
proof, we verify nonnegativity of A (Section [£2.1]) and positive semidefiniteness of Z (Section [A.2.2])
establishing dual feasibility, from which we can apply weak duality to prove our claimed rate
(Section .Z3]). Lastly, we apply a Huber function to show our resulting worst-case bound is the
best possible (Section [A.2.4]).

4.2.1 Verification of Nonnegativity of A\ We can easily confirm that \; ; > 0 for all 1,7 € L.

Clearly r; > 0 for all ¢ = 1,..., N, provided that ¢ > % And similarly, for ¢ > 2N , We see
2Nc+1

that riy1 —r; = (2NCC(Z)(;§C)Z+1) > 0 Lastly, we have 1 — = 2%507]}(;_11 > 0 for ¢ > Y=L We

therefore have that A > 0 for ¢ > Y=L, and the remaining verlﬁcatlon steps will hold for Such c as

well. However, for the purposes of snnple extrapolation, we only consider ¢ > 1.

4.2.2 Verification of Positive Semidefiniteness of Z Note it is equivalent to show S, is
positive semidefinite since it is just a rescaling of Z. Our first lemma is a generalization of the
proof of [10, Lemma 3.3] that shows the matrix W, is positive semidefinite for ¢ = 1. By allowing
for general ¢, we obtain the following more complex determinant formulas.

Lemma 4.4. Let W, be defined as in ([AID) with entries set as in ([@I0) and denote the k-th
principal submatriz of W, by My(c). Then for k=0,...,N —1,

k k . .9
2Nc -2k -1 2Nc+4Ncei — 21 + 1
det My.(¢) = FH1 [ 1 4.16
et Mylc) = +§2Nc+4ch’—2i2+1 11 (2Nc — i) (4.16)
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and

N—-1 N—-1 . .9
—1)(2Ne¢—2N +1)(2Nc+1) 2Nc¢+4Nci — 2i° + 1
det My(c) = [1- 5 & . (417
et My(c) = ( Zg 9Nc+ 4Nci — 2i2 + 1 LE (2Nc—i)? (4.17)

The proof of this result is deferred to Appendix[A.2l This explicit formula for the determinant
yields the following result on the positive definiteness of W..

Lemma 4.5. Let W, be defined as in ([AID]) with entries set as in ([@I0). Then W, is positive
definite if and only if Y (c) > 0, with Yy (c) defined as in ([E3)

Proof. Recall from Sylvester’s criterion that a symmetric matrix is positive definite if and only if all
leading principal submatrices of a matrix have positive determinant. We can easily see from (ZI6])
that for k& < N, det My(c) is the product of all positive factors, so det My(c) > 0. Therefore, by
Sylvester’s criterion, W, is positive definite if and only if det My (c). Finally, observe that in (@17,
det My (c) is the product of ¥ (c) with a sequence of positive factors. We therefore conclude that
det My (c) > 0 if and only if ¥y (c) > 0 and the result follows. O

We now examine the matrix Q..

Lemma 4.6. Let Q. be defined as in (LI4) with entries set as in [@I0). Then Q. is positive
definite.

Proof. Consider any y = (yo,...,yn)’ # 0. We calculate

N-1 N-1
y'Qey = 2ri1yl — 2> risa¥ivie1 + Un
i=0 i=0
N-1 N—-1
= Tir1(Yit1 — yi)2 + 7“11/8 + Z (rig1 — 7”@)%2 +(1— TN)ylz\f .
i=0 i=1

The positivity of the first and second terms is immediate, and it was shown in Section E.2T] that

rig1 — 15 > 0 and 1 — ry > 0. Therefore, we have y”Q.y > 0. O
Finally, we combine each of these results to prove the following claim

Lemma 4.7. If n(c) > 0 then S.(r,t) is positive semidefinite.

Proof. For simplicity, we will denote S. = S¢(r,t). Since ¥n(c) > 0, by Lemmas and 4.6 we
know that both Q. and W, are positive definite. Observe that for h € (0, 1], %Qc + %Wc must
be positive definite as it is a convex combination of positive definite matrices. We can therefore
consider the Schur complement of %Qc + %WC in S.. From a well-known result on the Schur

-1
complement, we know that S, is positive semidefinite if and only if ¢ — g (% Q.+ %WC) ge > 0.
However, we also have the standard identity

h

1-— -1 1-—
det S, = (t — ch (Tth + ZWC> qc> det (Tth + EWC> (4.18)

Next define the vector u. = (2¥AH 1. 1)T. Tt is easily verified that S.u. = 0 (see Mathematica
proof 4.2). Consequently, det S, = 0. But det (%Qc + %Wc) > 0, so from (ZI8]) we must have

1—h h -1
<t_qg <TQC+EWC> QC> = 0.

Therefore, S, is positive semidefinite. O
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All that remains is to show selecting ¢ < cqit ensures ¥y (c) > 0. For ¢ > 1, the denominator
2Nc+4Nci—2i? +1 is always positive, so 1 (c) is a continuous rational polynomial. And note that
n(1) =1 > 0. A quick calculation verifies that ¢/ (¢) < 0 for all ¢ > 1 with lim._,o ¢n(c) = —00.
From this, ¥)n(c) has exactly one root larger than 1, which must be c¢i;. Moreover, by continuity,
Yy (e) >0 for ¢ € [1, cit] and Yy (c) < 0 for ¢ > ceyit.-

4.2.3 Deriving Claimed Extrapolation Guarantee from Weak Duality Since our pro-
posed dual certificate is feasible, using that v = %t = m as in (4TI, we conclude that
d(c) <vD? = %. Then, by applying weak duality, for any L-smooth convex f,

LD?

f(g) = flzs) < plc) < d(c) < INher 3

4.2.4 Claimed Simple Extrapolation Guarantee is Tight Finally, we demonstrate that
our bound (£4) is tight. Our proof is an adjustment of the tight example in [10, Theorem 3.2] to
account for the extrapolation c. Consider g = D and f = ¢, with n = D/(2Nhc + 1). Then
gradient descent’s iterates are xy = D(1 — khn) for k = 1,..., N. Taking a simple extrapolation
yields

o =20+ c(xny —x9) =D — Nhen = (Nhe + 1)n .
Since z, > 1, we can therefore evaluate

Ln? LD?

f@o) = flan) = o) = 0= Ln*(Nhe +1) = 5= = ;mmes

4.2.5 Remarks on Assumptions of the Proof of Theorem We briefly draw attention
to our claim in Section above that 1 (c) < 0 for ¢ > ceit. This fact shows that our particular
certificate construction breaks down for ¢ > cqi;. Indeed, our numerical experiments in Section
indicate that (£4)) is, in fact, false for ¢ > cqpj¢. Similarly, our certificate construction breaks down
for constant stepsizes beyond the assumed h < 1. If h > 1, then we can no longer guarantee that
%Qc + %WC is positive definite. A different family of dual certificates would be needed to provide
guarantees under extrapolation with stepsizes longer than one.

5 Numerical Extensions

Beyond enabling the preceding proofs, the associated performance estimation problems enable
numerically surveying the effects of averaging and extrapolation. Here, we address three extensions
of our theory, utilizing Mosek [29] via JuMP [30] for any numerical solves. First, Section [B.1] shows
results paralleling those of Section M appear to hold when considering the worst-case gradient
norm rather than the worst-case objective gap. For both of these settings, we compute the simple
extrapolation factor minimizing the worst-case performance in both the objective gap and gradient
norm, finding our theory nearly matches the optimal factor. Then, in contrast to the many prior
works finding one-dimensional functions characterize the worst-case behavior of gradient descent’s
last iterate, Section computes its worst-case performance with and without a restriction to one-
dimensional problems, showing these are not sufficient to describe the performance of extrapolations.
Lastly, Section B.3lsurveys the effect of simple extrapolations across a range of (accelerated) gradient
methods, finding consistent, small benefits.
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Recall the PEP problem (2.7) can be written equivalently as the SDP (2.9) provided the dimen-
sion m of functions f considered is at least N + 2. Consequently, if no restriction is made on the
dimension of the considered problems (i.e., high-dimension examples are allowed), we can numer-
ically compute optimal solutions to the PEP problem via any commercial interior point method
solver. Here, we consider both the worst case measured in terms of the objective gap at x,, as
well as the gradient norm ||g,|| = ||[Vf(2s)||. To distinguish these, we denote the performance
estimation problem maximizing the reported point’s objective gap (as was considered throughout
Section M) by

maxpqg Fa,
s.t. Fa;j+ TrGA; j(h) + £+ TrGC; ; <0 Vi#jeZ
Pobj(c) = o >JO ’ 2L ! (5.1)
TrGBy, < D? .

We denote the alternative performance estimation problem maximizing the reported point’s gradient
norm, formulated as an SDP, by

maxr,q TrGC, »

s.t. Fa;j+ TrGA; j(h) + =TtGC; ; <0 Vi#jeT
G=0
TI‘GBQ* § D2

pgrad(c) = (52)

Note that due to the structure of G, our SDP in (5.2)) solves for ||g,||* rather than ||g,||; we define
Perad(c) to correspond to the non-squared value, ||g,||. In both cases, the equalities above hold by
virtue of assuming m > N + 2.

5.1 Optimal Extrapolations for Objective Gap and Gradient Norm

Numerically, we find much of our results on the benefits of extrapolation on the worst-case final
objective gap carry over to the worst-case final gradient norm. However, the exact dual certificates
v, A, Z underlying our proof do not constitute proofs for the setting of gradient norms. We expect
dual certificates proving a benefit from small extrapolations exist but have not identified their
structure and hence leave proving such parallel results open. Theory similar to the H-duality
theory of [31] may facilitate doing so without repeating and re-engineering the proof.

In Figure[3], we plot both pop,; and pgraq as the extrapolation factor ¢ varies for fixed N =7, h = 1,
and L = D = 1. In overall structure, these two plots look very similar. For ¢ in an interval near one,
Theorem ET] ensures povj(c) = LD?/(4Nhc + 2). We see similarly in the gradient norm case that
an interval near one has pgrad(c) = LD/(Nhc + 1), improving on its tight last iterate bound [8] of
IVfzn)] < Nh 7+ Reasoning mirroring the tightness of Huber functions in Theorem BTl provides
an example attaining this conjectured gradlent norm rate under extrapolation. Let g = D and
again consider f = ¢, as in (23] withn = th - A simple calculation shows that zy = D— Nhn

and
+( ) D DNhc D
To =20 +clzy —x09) =D — = =n.
o =0 N0 Nhe+1 Nhet1 !

We then have ||g; || = [[Vf(n)| = th+1
We consider two notable values of ¢ for each performance measure, the critical point ¢t where
p(c) deviates from the simple formulas m and m (as discussed in Section M) and the point
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Figure 3: Near-optimality of ¢ for objective gap and gradient norm with N =7, L =D =h = 1.

Copt Minimizing p(c). We denote these by

LD? _

Ccrit,obj = SUP § € >1 | DPobj (C) = m 5 Copt,obj = argmin Pebj (C) s
LD .

Ccrit,grad = SUP  C >1 | pgrad(c) = m 5 Copt,grad = argmin pgrad(c) .

For both performance measures in Figure [3, we see the critical point characterized by our theory
is nearly but not quite optimal. Contrasting these measures, note that ceritgrad 7 Cerit,obj, With
Cerit,grad consistently less than ceritobj, as shown in Table @l This indicates that extrapolations
should be more conservative when seeking a small gradient norm. Moreover, numerically, we
observe a faster rate of decay for ceitgrad as compared to ceritobj; this is clearly illustrated in
Figure @l Specifically, we see that cerit grad appears to be shrinking at rate 1 4+ O(1/N), motivating
the following conjecture.

Conjecture 5.1. Consider a gradient descent algorithm of fized length N, constant stepsize h €
(0,1], and with ||xg — x.|| = D. The critical value cuitgraa = 1 + O(1/N), ensuring for any
¢ € [1, Cerit,grad), simple extrapolation by factor ¢ has a tight worst-case bound of ||V f(z.)| < #c[il‘

If this conjecture is correct, simple extrapolations up to the critical ceit graq Would be a prov-
ably less effective strategy for reducing the gradient norm than for the objective gap. Whereas
an extrapolation of size 1 + O(1/y/Nlog(N)) gave the same improvement in objective value as
©(y/N/log(N)) additional gradient steps, a simple extrapolation of size 1 + ©(1/N) would only
improve the gradient norm guarantee by the same amount as a constant number of additional
gradient steps.
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N || Cerit,obj | Copt,obj || Cerit,grad | Copt,grad :Z """""

1 1.5 1.5 14142 | 1.4142 20 .

5 || 1.1800 | 1.1821 || 1.0931 | 1.0950 : I -
10 || 1.1220 | 1.1238 || 1.0471 | 1.0481 s

25 || 1.0739 | 1.0752 || 1.0182 | 1.0187 o - - - o
50 || 1.0507 | 1.0516 || 1.0086 | 1.0090 '

Figure 4: Similarity of critical and optimal fac-
Table 4: The critical and optimal extrapolation tors and divergence between objective and gra-
factors for objective gap and gradient norm. dient.

5.2 Limitations of One-Dimensional Worst-Case Functions

For ¢ < cuit, we have shown in Theorem [4.I]that there exists a one-dimensional function that attains
our worst-case performance. Similarly, regarding averaging, in Section [3.2] we showed that one-
dimensional functions were sufficient to describe the worst-case behavior of any averaging scheme
o. A natural question to ask in light of this is whether the same is true for simple extrapolation,
that is, whether one-dimensional functions are sufficient for attaining the worst-case behavior for
all simple extrapolations. To answer this, we can modify our original SDP ([Z9) by adding an
additional constraint that G = ww” for some vector w € R¥*2. This yields the problem

maxg Fa, s
s.t. Fa;j +TtGA; j(h) + = TrGC; ; <0, Vi#jel
Pobj, 1D (€) = G>0 (5.3)
TrGBy . < D?
G =ww? .

Due to the rank-one constraint, this problem becomes nonconvex, so we must now perform
global rather than local optimization. However, for small N, this is still computationally feasible.
In Figure Bl we plot our results for N = 7 with h = 1. For ¢ < cuit, we already know the
worst-case function is ¢z, from Theorem Il Figure [6] shows that for ¢ > cqit, the worst-case
performance, in general, deviates from the worst-case performance on one-dimensional objectives.
Hence, characterizing the optimal factor copy and measuring the (small) gap between it and ceit
will fundamentally require the design of worst-case problem instances beyond Huber functions and
quadratics.

The dimension of problems required can be predicted by examining the rank of optimal primal
solutions G of (ZM). To see this, recall that the columns of the Cholesky decomposition, G = H” H,
gives the gradient vectors seen in that worst-case problem instance. Numerically, even for large c,
we find the optimal G is rank two, indicating the worst-case problem instances for ¢ > cgit only
require one additional dimension. We show an example of one such worst-case function in Figure [l

Our numerical results indicate that among one-dimensional functions, the worst case is always
a Huber function or a quadratic function. This can be seen in Figure [l as ponj,1p appears to be
piecewise smooth with two distinct pieces. The first piece, as discussed above, numerically equals
LD?/(4Nhc + 2), which is attained by considering ¢rn- The second piece numerically matches

the curve LTDz(l —c+c(1 — h)N)?2; this is the exact value achieved by simple extrapolation on the

25



0.00

-0.25

—0.50

-0.75

—1.00

~12%50 —025 000 025 050 075 100 125 150

Figure 5: Level sets of a two-dimensional worst-case function for simple extrapolation with N = 20
and ¢ = 1.125.

quadratic function f(z) = %:172. The analogous result for gradient norm seems to hold numerically

as well. Therefore, in one dimension, the worst-case instances of simple extrapolation seem to
be easily described. Setting A = 1 and computing the minimum of these two functions, the best

. . . . . . 1 1 1 . .
extrapolation factor in one dimension is ¢ = 1 — 35 + /55 + 155z Which attains a convergence rate

of LD?/(4N + /8N + 1+ 1). This provides a lower bound on the magnitude of rate improvement
that simple extrapolation that can achieve among problems of any dimension, which is within a log
term of our Corollary 1.2

5.3 Application of Simple Extrapolations to Other Algorithms

Our discussion of extrapolation up to this point has focused on gradient descent with constant
stepsizes hy = h € (0,1]. This simplifying assumption enabled Section @'s exact characterization of
the impact of extrapolation on worst-case performance. As our final numerical extension, we relax
this restriction and consider the impact of simple extrapolation on a range of common first-order
methods. In particular, we consider the collection of gradient descent stepsize selections introduced
in Section Bl Nesterov’s classic accelerated method [21], Polyak’s heavy ball method [32], and
the Optimal Gradient Method [20]. The performance estimation SDP (2.9]) was previously defined
explicitly for gradient descent via the construction of our x; vectors, and consequently the matrices
A; j(h) and B; j(h). This restriction is not fundamental as PEP can apply to any gradient method
by adjusting the definition of x; to match the method’s update.

Although PEP techniques can also naturally generalize to describe proximal or projected gra-
dient methods, extrapolations do not make sense in such settings. Reporting a point outside the
convex hull of the algorithm’s iterates may set z, as an infeasible point. Consequently, we focus
on unconstrained problems.

The methods considered possess a range of different orders of convergence guarantees for their
last iterate. The gradient descent schemes with stepsize bounded above by two and Polyak’s heavy
ball method [33] all have the last iterates objective gap converges at a rate of O(1/N) in the worst
case. Gradient descent with silver stepsizes [9] has the last iterate’s objective gap converge at rate
O(1/N'2716-) " The last iterate of Nesterov’s accelerated method [21] attains the optimal order of
convergence among all gradient methods of O(1/N?). Even better, the Optimal Gradient Method
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Figure 6: Comparison of worst-case performance of smooth functions from the standard PEP (5.1])
and from a PEP restricted to one-dimensional functions (B3] (and the analogous gradient norm
problems) with N =7, L = D = h = 1. For reference, we mark the location of copt,obj and copt,grad-
Note the values cerit,obj and Cerit,grad are not distinguishable from the optimal values in this plot
but can be seen in Figure [3]

(OGM) [20] (discussed using PEP techniques) attains the best possible O(1/N?) rate exactly among
all gradient methods, see [34] for the matching lower bound.

Worst-Case Performance We first consider the effect of simple extrapolation on the worst-
case performance of these algorithms, before applying to concrete examples. Figure [ shows the
worst-case objective gap for each considered algorithm as the simple extrapolation factor varies,
with N =7 and L = D = 1. We can see that every method except OGM has a non-negligible
convergence improvement from applying a simple extrapolation. This holds even for Nesterov
acceleration, which already has an optimal convergence order. Note that, as one should expect,
extrapolation cannot improve the convergence guarantee of OGM as the method is already exactly
optimal. While exact comparisons between the optimal amount of extrapolation for each algorithm
remain dependent on N, we find faster (more optimized) algorithms consistently benefited less
from extrapolation: Gradient descent with h = 1’s O(1/N) convergence rate benefits from larger
extrapolations than Silver’s O(1/N!-2716-+) rate, which in turn benefits from larger extrapolations
than Nesterov’s O(1/N?) rate. To this end, Table [l shows the numerically computed optimal
extrapolation factor for each method up to N = 63. This shows a widespread (small) benefit from
simple extrapolation and hints at the potential broad applicability of this as a simple, effectively-free
(in computation and memory costs) postprocessing step for smooth convex optimization.

Real-World Experiments Finally, based on this worst-case analysis, we apply simple extrap-
olation to two types of regression problems. We first consider the logistic regression problem of
minimizing

m

f(a) := " log(1 + exp(—b;{ai, z)))

i=1
for class labels b; € {—1,1} and feature vector a; € R™. We perform our experiments on the
duke breast-cancer (referred to as duke going forward), diabetes, and breast-cancer datasets from
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Figure 7: Effect of simple extrapolation on worst-case reported objective gap of various gradient
methods with N =7, L = D = 1. The optimal choice of ¢ for each algorithm is marked by a dot.

N GD GD Dynamic | Silver Heavy Ball Nesterov | OGM
h=1 | h=15 h— 2 h=1,=01

3 | 1.2447 | 1.1033 1.0884 1.1029 1.1855 1.1254 1.0

7 | 1.1508 | 1.0795 1.0703 1.0718 1.1279 1.0267 1.0

15 | 1.0991 | 1.0585 1.0519 1.0454 1.0868 1.0065 1.0

31 | 1.0667 | 1.0419 1.0372 1.0284 1.0596 1.0017 1.0

63 | 1.0454 | 1.0297 1.0275 1.0181 1.0407 1.0002 1.0

Table 5: Numerically computed optimal simple extrapolation factor cqp; for various methods and
N.
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Logistic Regression Least Squares with Huber Regularization
Algorithm Worst Case duke diabetes | breast-cancer | Random | bodyfat | cpusmall | triazines | Random

GD h=1 0.1225 0.0908 0.0200 -0.0022 0.2671 -1.4275 -2.0673 -0.2780 0.3500

GD h=1.5 0.0696 0.0488 0.0127 -0.0006 0.1530 -0.3492 -0.5070 -0.0500 0.2210

N=7 Dynamic 0.0597 0.0454 0.0120 -0.0005 0.1411 -0.2955 -0.4294 -0.0395 0.2128
Silver 0.0639 0.0442 0.0117 -0.0005 0.1392 -0.2771 -0.4027 -0.0360 0.2086

Heavy Ball 0.1063 0.0821 0.0178 -0.0015 0.2428 -1.1364 -1.6468 -0.2242 0.3104

Nesterov 0.0190 0.0237 0.0051 -0.0001 0.0682 -0.0511 -0.0743 -0.0038 0.0517

N = 1000 GD1 0.0099 0.0479 0.0034 0 0.0680 -0.0344 -0.0105 -0.0038 -0.7092

Table 6: Experimental results for simple extrapolation across different algorithms. For N = 7,
extrapolation factor is chosen as the numerically optimal c,p for each algorithm. For N = 1000,
we use Ceit, as calculated from (£3]). Values show relative change in performance: (f(zy) —
f(z5))/(f(zn) — f(z4)). Results for random data are obtained by solving 100 randomly generated
problem instances (m = 50, n = 200) and taking the median value of the relative change in
performance.

LIBSVM [35], along with randomly generated data (z¢ = 0, a; with iid standard normal entries, and

T
b; sampled iid uniformly from {—1,1}). For our Lipschitz constant, we can set L = ”LM where
the rows of M are given by b;al. Second, we consider least squares with a Huber regularization

term weighted by some A > 0:
f(@) = || Az = b|]* + Ap15(2) -

We consider data from the bodyfat, cpusmall, and triazines datasets from LIBSVM, along with
randomly generated data (z¢g = 0, a; and b; with iid standard normal entries). Viewing this as a
smooth analog of Lasso regularization, we follow the convention of [36], setting A = 29L{|ATp||,
n= ﬁ, and our Lipschitz constant then as L = 2||ATA||.

In Table[@] we report for each of these experiments the relative improvement from extrapolation
in comparison to the terminal iterate: (f(zn) — f(zo))/(f(zn) — f(xx)). We include the relative
improvement for the worst-case problem instance, as calculated from PEP, but we note that this
is just for reference: since these experiments are not theoretical worst-case instances, one cannot
directly compare with the worst-case values. We see a wide range of behavior across our problem
types and datasets, emphasizing that our results in Section [] only guarantee improvements on
worst-case behaviors. For logistic regression, the duke dataset benefits significantly from simple
extrapolation, both at small scale N = 7 and large scale N = 1000 (simple extrapolation nearly
achieves a 5% improvement for gradient descent with A = 1). On the other hand, for the breast-
cancer dataset, simple extrapolation has a small negative effect. For the least squares problem,
extrapolation does not appear to be effective on the real-world data, but performs well on random
data. Thus, our numerics show simple extrapolation can be beneficial beyond worst-case analysis,
however, its efficacy varies.
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A.1 Verifying Construction of Section

First we claim };; A; ja;j — ax,oc = 0. This is equivalent to

Z )\j,k_ Z /\]w': 1 iftk=N
j==1 j=—1 0 otherwise .
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One can easily verify this as

N
Z )\j,—l_ Z )\_1,]':0—(7’1+(T2—T1)+"'+(TN—7’N_1)—l—(l—?‘N)):—1

j=—1 j=-1
N
Z)‘JO ZAo,jZH—ﬁ:O
J——l ]——1
Z)‘Jk_z)‘k,y (P41 — Tk +7%) —Tk41 =0 Vk=1,...,N -1
J_—l ]——1
Z AjN — Z ANj=1—ry+ry)—-0=1.
Jj=-1 j=-1

Our second claim is that Z = $5,(r,t). By construction, we can rewrite S.(r,t) as

t ifi=7j=-1
—r ifi=—1,j=00ri=0,j=—1
T — Tj+1 fi=-1,1<j<N—-lorl<i<N-1,j=-1
ry—1 ifi=—-1,j=Nori=N,j=—
Su(r 1)1 = éﬁif”v) %fi:]'\f,_olgjgN—Zor0§z’§N—2,j:N (A1)
== f0<i=j<N-1
1 ifi=j=N
L(hrjpr—r;) ifi=j+1<N-lorj=i+1<N-1
$(he —1N) ifi=N,j=N—-1lori=N-1,j=N
B(rjp1—ry) fj+2<i<N-lori+2<j<N-1.

Now using our selected dual variables (d.I1]), and expanding our special matrices, we can write

1 1 =l 1
Z:UBQ,*+T1<A*0+2LC )+(1_TN)<A*’U+iC*’U)+k§1(rk+1_rk)<A*k+2LC )

N—1
1 1
Ap_ —C_ An_ —Cpn_
+kz::17’k( k 1,k+2L k 1,k)+TN( N 1,a+2L N 1,0)

t

™
= §X0X0T +3 (gogoT — (xog0” + gOXOT))

1—ry (1 ch Nl
+— <EgagaT — (x08s" +8X0' )+ 7 Y (8081 + 818" )
=0

=

Thyl — Tk (1 h
+ % (ngng — (xogK” +gxxo") + T Z (sx&1” + glng)>
1=0

o
[en]

=2

— Tk
T ((h= D@1 +gege1”) + g 1ge1” + suen’)

||M

2
N-2

< —18N-1" + 80857 + (he —1)(gn-18," + 8ogN-1") + h(c—1) D (gi1gs" + gang)> :
=0

h|2

It is now straightforward to check that Z; ; = $S.(r,t);; in each of the cases in (A).
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A.2 Proof of Determinant Formula (Lemma [4.4])

For simplicity, we will follow the same notation used by [10, Lemma 3.3], but we will assign more
generalized values. However, note many of these variables overlap with other unrelated concepts in
this paper, so these definitions should be recognized only in the context of this proof.

First, observe that W, has a very specific structure. Using this structure, we can write the k-th
principal submatrix for M, as

do aj a9 oo Ap—1 ag
ay dy as ag—1
as as da ag—1 Qg
M, =
g—1 Qp—1 Qg1 dp—1 ay
ag ag ag . ag dk

and we consider its determinant. Drori and Teboulle derived the following recursion equation

202 27 di 1\ 2
det My = (dk e B L. 1) det My_1 — a2 <1 - ﬁ) det My_» (A.2)
ak—1 ap_q ag—1
with det My = dop and det M7 = dyd; — a%. We set
2c(i+1)
di:2'f’i+1:m Z—O, ,N—l
dy =1
(i+1)c ic
=Tl — T = — =1,...,N—-1
G T T ONe—i 2Ne—i+1 T
B B Nc
N IN = T ONe— N +1°
. 2a? a2dy,_ dr1\2
Then denoting ay, = dj, — ﬁ + % and B = a% (1 — a’;i) ,for k=0,...,N — 1, we have
(2Nc+ 1)k — k2 —1)
— A3
k (2Nc — k)? (4.3)
and )
8 2 (4kNc—2Nc —2k* + 4k — 1) (A1)
N T (2Ne—k)2(2Nce—k+ 1)2 ‘
The recursive equation (A.2) can then be expressed nicely as
det My, = ay. det My_q1 — B det My_o . (A.5)

We further define for i =0,..., N — 1,

fi:ci-l-l
gi=2Nc—2i—1

1
Z;

T 2Nc+4Nci — 22+ 1
~ 2Nc+4Nci— 2" +1
vi= (2Nc —0)? '
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Next, we verify that (£I6]) holds for the base cases, My and M:

9Ne— 1Y\ 2Ne + 1

det My = ¢ 1

v C< +2Nc+1) (2Nc)?
1

det M; = 2(1+

2Nc—3+2Nc—3> (2Nc+1 6Nc—1 )
2Nc+1 6Nc—1 (2N¢)? (2Nc—1)?
_ 28N%¢? —20Nc—1

= dod; — a? .
AN2(2Nc — 1)? 061~ 61
Now, we claim the recurrence (A.5)) ensures that for k=0,...,N — 1,
k k
det My, = fi <1 +9k2$i> Hyz .
i=0 / i=0

This result follows from the argument in [10, Lemma 3.3], using our new values for f, gk, etc.,
defined above. This completes our proof for k < N.

Finally, we consider Mpy. Note that the formulas for dy and ay differ from their counterparts
for k < N. So to derive an equation for My, we simply apply the recursion ([A.5]) to My_; and
Mpy_o and simplify. We compute ay and Sy as

2a3 a%dn_1 ¢(e)
=dy — —N N =
aN N an—_1 + a?v_l (2Nc+1)2
» 2 (AN%¢c — 2N¢ — 2N? + 4N — 1)°
(2Nc+1)%2(2Ne— N + 1)

dn—1
anN—1

ﬁNZa?\;(l— )2:(2Nc—2N—|—1)

where

C(c) =16N3(N — 1)t —8N%(5N? — 9N +4)c + 4N(8N3 — 22N? + 20N — 5)c?
—2(4N* — 16N> 4+ 21N? — 13N +2)c+ 1 .

Applying our recursion (A.5]), and after significant simplification (see Mathematica proof A.2 for
verification), we arrive at our desired formula

N-1 N-1
det My(c) = det W, = ¢ <1 —(c—=1)(2Nc—2N +1)(2Nc+1) > x> II v -
=0 =0

A.3 Proof of Proposition [4.1]
Recall our definition of ¥y (c):

N-1

on(e) =1 Z (c— 12)5\27]\76 - 2N+ 1?2(2Nc+ 1) '
= c+4Nci — 21 +1

Before going forward, we perform a simple change of variables with s, where ¢ = 1 + 5% . This will

significantly simplify our analysis to follow. So removing the N subscript, we define ¢ as a function

of s:

1 = s(s+1)(2N +s+1)

Un(e) =v(s):=1- 5% 4 2N +4ANi+ (20 + 1)s — 22 + 1

=0

(A.6)

34



We now focus on approximating Scit, where sqi, is the largest root of 1(s), or equivalently, scyi =
2N(Ccrit - 1)

Our approach for approximating s.i will be to find upper and lower bounding functions for
1(s). We can then find a closed form expression for the roots of these bounding functions, which
will in turn act as bounds for s.i;. Define

(A.7)

4N?

) s(s+1)(2N +1)
2N

1
Ye(s) =1— (logN+ o T
where v &~ 0.5772 is the Euler-Mascheroni constant. We claim below that vy(s) is a valid lower
bound for 9 (s) and defer the calculations to the following section.

Lemma A.1. For all s > 0, 1y(s) < ¥(s).

So 1y(s) is a lower bound for (s), with a much simpler form. Observe that 1,(s) is quadratic
with respect to s, it is concave, and 1,(0) = 1 > 0, so it must have a single positive root, which we
will call sp. This root s, is a lower bound for sqi;. We can easily find sy by the quadratic equation:

1+1 14 16N2
S¢g=—=+ = .
72T (2N + 1)(log N + 5% +7)

Therefore, we can define ¢y < ceit by

1 1 1
=1-—+ + :
“ AN \/ 16N2 (2N +1)(log N + o +7)

This bound ¢, gives us the precise form we present in Proposition [4.1]
We now derive an upper bound ¢, through a similar approach. Define

4N —1 n ) s(s+1)(3N +1) (A.8)

J(s)=1— (log N
Yuls) (Og T 12V2

with v again the Euler-Mascheroni constant. We again defer the calculations to the following
section.

Lemma A.2. For all 0 < s < N, ¢,(s) > 9(s).

We claim that the largest root s, of 1,(s) satisfies s,, < N. Solving our quadratic equation we

have
N A8N?
Sy =——=-4+ =
Y202 (3N + 1)(log N + 2N=1 4 )

and one can easily check s,, < N for N > 1. Consequently, by the same argument as for the lower
bound, s, > scrit- We then define ¢, > cepiy by

1 1 3
cy=1——+ + .
“ 4N \/16N2 (BN +1)(log N + =L + )

To summarize, from Lemmas [A.1l and [A.2] we know for all N that ¢; < cait < cu. The
proposition’s first claim follows by applying Theorem (4.1l to ¢; < cqit. The second claim similarly
can be obtained by verifying that 1+ 1/(4y/Nlog(N)) < ¢¢ < Cerit
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Lastly, we observe these upper and lower bounds suffice to determine the asymptotic behavior

of cerit. We claim that ¢p =1+ © and similarly ¢, =1+ 0 (W), from which

1
Nlog(N)
N
N log(N)

lower bounds follow from the simple limit calculations

we can conclude cq it =1+ © . These claimed asymptotic behaviors of the upper and

) ce—1 . 1 1 1
B SN 1 Nlog(N
Nféoﬁ() le‘oo< 4N+\/16N2+(2N+1)(logN+ﬁ+’Y)> e
~ i N log(N N log(N Nlog(N) _ Q
T Nooo AN 16N2 2N+1)(10gN+ﬁ+7) 2
Cy — 1 3
lim —“ " — lim [—— + ) N log(N)
R ( AN \/16N2 (3N +1)(log N + =t +7)
‘ Nlog(N) | Nlog(N) 3NV log(N)
= lim — IN 16N?2 IN-1 =1
A 6 (3N +1)(log N + =L 4 )

A.4 Proof of Lemma [A.1]

We prove this lower bound in two steps, using an intermediate function 1[15(3). Define

1 s(s+DERN+1)
2N & 2N +4Ni—2i2 +1°

es) =1 -

We first show that ¢,(s) < 1(s). We calculate

B(s) — Bals) = LN sHDEN +s+1) (. N s+neN -+
o 2N & 2N +4Ni+ (2i+1)s — 22 + 1 2N & 2N +4Ni —2i% + 1
Cs(s+1) (E 2N 41 Nz‘:l ON + 541
2N \ & 2N +4Ni—224+1 4 2N +4Ni+ (2i +1)s — 22 + 1
Cs(s+1) (E %(i +1)s
~ 2N\ & (2N +4Ni+ (2i+1)s — 2i2 + 1)(2N + 4Ni — 2i% + 1)
>0

For the final inequality, we use the fact that both terms of the denominator are always positive for
i =0,...,N. Next we show that 1y(s) < ¥y(s). Recalling our definition of 1(s) from (A.G]), we

36



have:

Buls 1 s(s+ 12N +1)
Z = 1= 3%

1
2N = 2N(1+2i — ik + 5)

>1_LN Ls(s+1)(2N +1)

2N £ 2N(1+1)
N—1
:1_s(s+1)(2N+1) Z ‘ 1
4N?2 i+l

s(s+1)(2N+1)< 1 )
>1_ _
>1 N2 lo N+2N+'y
= 1y(s)

where the second inequality uses the harmonic series upper bound Zij\il % <log N + ﬁ + 7.

A.5 Proof of Lemma [A.2]

We again define an intermediate function zﬁu s):

. 1 s(s+DBN+1)

u(s)=1- .
Yuls) 2N £ 3N + 6Ni — 2% + 1

We first show that v, (s) > 9(s). Recalling our definition of ¢ (s) from (A6, we have:

N-1 N-1
W(s) — Puls) = (1 _ 1 3 s(s+1)(2N +s5+41) ) (1 1 s(s+1)(3N 4+ 1) )

2N = 2N +4Ni+ (2i + 1)s — 20 + 1 2N = 3N +6Ni— 2 + 1

_S(S-l-l) Nl 3N +1 ON +s+1

2N \ & 3N+6Ni—22+1 2N +4ANi+ (2i+1)s—2i>+1
_ss+ 1) (R _2i(i + 1)(N — 5)

T 2N & (BN +6Ni— 22 + 1)(2N +ANi + (20 + 1)s — 22 + 1
<0

where we use the fact that s < N. Finally, we show that b, > 9),(s).

R 1 N-1

du(s) = 1— s(s + (3N + 1)

Y N: Z . i2
2N = 3N(1+2i — 25 + 2%)
1 X s(s+1)(BN +1)

<1l—-— -

2N = 3N (2 + 2i)

N—-1
:1_s(s+1)(3N+1) Z ‘ 1
12N?2 = 141

s(s+1)(3N +1) 4N — 1 )
< —
<1 19N? log N + ——— e + v
:Zbu(s)

where the second inequality uses the harmonic series lower bound Y% 1 >1log N + %} + 7.
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