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Abstract

Covering and elimination inequalities are central to combinatorial optimization, yet their role
has largely been studied in problem-specific settings or via no-good cuts. This paper introduces
a unified perspective that treats these inequalities as primitives for set system approximation
in binary integer programs (BIPs). We show that arbitrary set systems admit tight inner and
outer monotone approximations, exactly corresponding to covering and elimination inequalities.
Building on this, we develop a toolkit that both identifies classical structural correspondences
(e.g., paths vs. cuts, spanning trees vs. cycles) and extends polyhedral tools from set covering
to general BIPs, including facet conditions and strengthened valid inequalities. We also propose
new reformulation techniques for nonlinear and latent monotone systems, such as auxiliary-
variable-free bilinear linearization, bimonotone cuts, and interval decompositions. Computa-
tional experiments on bilinear supplier—region selection and distributionally robust network site
selection show how these tools produce exact reformulations, strengthen root relaxations, and
support efficient cut generation. Overall, this unified view clarifies inner/outer approximation
criteria, extends classical polyhedral analysis, and provides broadly applicable reformulation

strategies for nonlinear BIPs.
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1 Introduction

Valid inequalities are central to combinatorial optimization, not only for strengthening formulations
but also for revealing structural properties of feasible sets. Among them, two recurring families are
the covering and elimination ' inequalities, defined for a structured subset 1" (e.g., paths, trees,
cycles) as

Zaji >1 (Covering), le <|T|—1 (Elimination).

1€T €T
These inequalities have been widely recognized, derived, and often strengthened into stronger forms

across a broad range of combinatorial optimization problems, including transportation and rout-

! Although packing is often paired with covering, we use elimination to emphasize that these inequalities exclude
forbidden structures, and to align with established terminology such as cycle elimination constraints.
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ing problems [1, 10, 28, 35, 56], network design and survivability [30], facility location [17, 41],
sequencing and scheduling models [19], and interdiction games [18, 34, 45, 62, 69].

Traditionally, such constraints are derived from problem-specific structures: for example, en-
forcing coverage over required sets leads to covering inequalities, while eliminating cycles in the
traveling salesman problem (TSP) naturally yields elimination constraints. Subsequent frameworks
such as Logic-Based Benders Decomposition (LBBD) [33] and Combinatorial Benders Decomposi-
tion (CBD) [20] have unified these ideas by interpreting such inequalities as no-good cuts derived
from infeasible solutions under monotone objective functions. In these frameworks, covering and
elimination inequalities are generated iteratively to refine the feasible region by excluding solutions
encountered during the solution process.

Despite these advances, several important questions regarding the broader role of these inequal-

ities remain open in the context of general binary solution spaces:

e When do covering and elimination inequalities yield valid outer or inner approximations of

binary solution spaces, and under what conditions are these approximations exact?

e What general conditions ensure that such inequalities define facets of the convex hull of the

feasible region?

e How can covering and elimination inequalities be extended to characterize nonlinear or latent

monotone feasible regions?

This paper addresses all three inquiries by introducing a new perspective that treats covering
and elimination inequalities as primitive tools for binary solution space approrimation, rather than
as post hoc feasibility cuts. This shift enables a unified method that (i) identifies structural corre-
spondences, such as s-t paths versus s-t cuts in flow problems [25], spanning trees versus edge cuts
in min-cut problems [36], and edge cuts versus bipartite subgraphs in max-cut [6, 8]; (ii) extends
classical tools from the set covering literature, including polyhedral analysis [4, 5, 59] and various
lifting techniques [53, 68, 69], to general binary integer programs (BIPs); and (iii) introduces new
reformulation tools by identifying latent monotone systems, i.e., solution spaces closed under subset
or superset inclusion, thereby enabling more flexible use of these inequalities across diverse problem
settings. In addition, we also introduce a compact set of algebraic properties of set system oper-
ators, extending the classical clutter—blocker relationship [21, 23] to a richer family of operators.

This serves as a convenient toolkit for structural reasoning and simplifies several of our results.

1.1 Related Works

The covering and elimination inequalities are closely related to two prominent strands of research.
The first concerns classical constraint families such as set covering inequalities [5] and subtour
elimination constraints for TSP [10], which are widely used in mixed integer programming problems
to strengthen formulations and improve computational efficiency. The second relates to no-good
cuts and their generalizations within the frameworks of LBBD [33] and CBD [20], where valid



inequalities are iteratively derived from infeasible solutions to refine the master problem. Both
offer insights that motivate the development of our set system approximation framework.

Set covering inequalities are widely employed in different contexts, such as interdiction games
[34, 45, 70], vehicle routing [56], network design [30], power grid optimization [71], and facility
location problems [17], often enhancing the branch-and-cut implementation framework. Moreover,
these covering inequalities have been shown to possess strong facet properties in multiple problem
settings [59, 60, 68]. Similarly, subtour elimination inequalities have become a critical reformulation
component in transportation [1, 28, 35], production scheduling [19], location-routing problems [41],
and have demonstrated significant impact in computational efficiency when properly strengthened
and implemented [22, 63].

In many applications, covering and elimination inequalities are derived via Benders feasibil-
ity cuts [11], typically followed by strengthening steps to eliminate big-M constants. This led to
the development of combinatorial Benders decomposition (CBD) [20], which generalizes Benders
methods to mixed-integer problems with binary and continuous variables. A further generalization
is offered by logic-based Benders decomposition (LBBD) [33], which accommodates nonlinear and
combinatorial subproblems by deducing new constraints from infeasible subproblem outcomes via
logic inference. Due to its generality, LBBD has found wide applications in areas such as trans-
portation, production, supply chain management, and telecommunications [14, 15, 43, 52|, with
comprehensive discussions available in [32, 57]. A notable feature of both LBBD and CBD is the
use of no-good cuts, which are typically defined for an encountered infeasible solution z € {0,1}"
with index set I := {i € [n] | z; = 1} as

Z Z‘i—FZ(l—l‘i)Zl,

i€ln)\I iel

ensuring that at least one variable in 2 must flip to eliminate this infeasible solution from the feasible
set. When the objective function exhibits monotonicity, stronger variants, termed monotone cuts,

become valid. These take the form

Z x; >1 or ingm—l,

i€\ icl

depending on whether the objective function is increasing or decreasing in a minimization setting.

While the constraints in our framework resemble monotone cuts in form, the underlying focus is
quite different. LBBD, CBD, and no-good cuts mainly serve to dynamically generate valid inequal-
ities from individual infeasible solutions to guide solver convergence. By contrast, our framework
focuses on the structural approximation of the binary solution space itself. Rather than oper-
ating on encountered solution vectors, it analyzes combinatorial set systems deduced from the
entire family of infeasible solutions. Depending on the intended approximation purposes—outer
or inner—the resulting constraints need not be valid in the traditional logical sense; instead, they

serve as structural primitives for representing or approximating the solution space via latent mono-



Aspect

LBBD / CBD / No-Good Cuts

Proposed Framework

Goal

Refine the feasible set of an optimiza-
tion model using valid cuts

Approximate and characterize feasible
structures of a given binary space

Constraint Validity = Constraints must be logically valid for

the original problem

Constraints may be invalid (especially
for inner approximation) but serve
structural representation

Practical Usage Dynamically generates no-good or
monotone cuts from individual infeasi-

ble solutions during the solution process

Statically analyzes structures and un-
covers latent monotone systems, such
as bimonotone or interval systems, for
approximation and reformulation

Table 1: Comparison between classical methods (LBBD, CBD, and no-good cuts) and the proposed set
system approximation framework.

tone subsystems, which may require additional reformulation or decomposition steps to uncover
(e.g., bimonotone cuts or interval system decompositions in Section 4). Table 1 summarizes the
key differences between the two approaches.

Another related line of work is clutter—blocker theory, which reveals fundamental combinatorial
interactions between minimal set systems and the sets that intersect them [21, 23]. This perspective
is closely connected to the set system operators studied in this work. Our framework builds on this
connection by extending these structural interactions to arbitrary set systems and using them to

derive tight monotone approximations. A detailed comparison is provided in Section 2.3.

1.2 Contributions

Our contributions, organized around the three motivating inquiries in the introduction, are sum-

marized below.

e Set System Approximation. We establish the tightest inner and outer approximations of
arbitrary set systems by monotone systems (Theorem 2), and prove their exact correspondence
with covering and elimination inequalities (Theorem 3). This resolves the first inquiry by
showing precisely when such inequalities yield outer/inner approximations of binary solution
spaces, and when these approximations become exact. In doing so, we also develop a compact
cut—cocut algebra (Section 2.1) that extends the classical clutter—blocker framework [21, 23]

to a broader family of operators.

e Unified Analytical Toolkit. Building on this result, we develop a unified toolkit for analyz-
ing binary integer programs (BIPs). First, we introduce a systematic method for identifying
structural correspondences (e.g., cycles and claws vs. paths, neighborhoods vs. dominating
sets, trees vs. cycles) directly from the framework (Section 3.1). Second, we extend clas-
sical polyhedral tools from set covering to general BIPs, including a general facet-defining

condition (Section 3.2) and strengthened valid inequalities (Section 3.3). This addresses the



second inquiry, demonstrating how existing combinatorial and polyhedral insights fit within

the unified set-system perspective.

e New Reformulations. We introduce several reformulation methods for nonlinear and la-
tent monotone systems that, to the best of our knowledge, are new. These include: (i) a
linearization of bilinear terms (x, Ry) that avoids auxiliary variables when R is structured
(Example 2), in contrast to the standard McCormick linearization [50]; (ii) bimonotone cuts,
obtained by extending monotone cuts via the flipping map (Example 11); (iii) interval system
decompositions, which provide reformulations for piecewise-affine objectives (Example 12).
The computational experiments evaluate these structures through bilinear supplier-region
selection and distributionally robust site selection. Collectively, these tools address the third

inquiry and extend the scope of monotone reformulations beyond classical settings.

We use the following notation throughout. An empty feasible region has value +oo for mini-
mization and —oo for maximization. G = (V, E') denotes a connected simple undirected graph with
vertex set V' and edge set E. For v € V| N[v] is the closed neighborhood of v; for V! C V| G[V'] is
the subgraph induced by V’. All edge and vertex weights are nonnegative unless stated otherwise.
Given n € Z, 4, [n| denotes {1,2,...,n}. For a matrix R indexed by [n] x [m], R;; denotes the
submatrix with rows I and columns J, o(I,J) its entry sum, and I = [n] \ I, J = [m]\ J the
complement index sets. (z,y) denotes the inner product of two vectors of equal dimension. For
any set Z, the indicator function Iz(§) returns 1 if £ € E and 0 otherwise.

The remainder of the paper is organized as follows. Section 2 develops the main set system
approximation results for binary solution spaces. Section 3 demonstrates how these results recover
structural correspondences in classical combinatorial problems and extend polyhedral tools from
the set covering literature to general BIPs. Section 4 introduces two complementary reformulation
strategies based on latent monotone system identification. Section 5 presents two case studies
on bilinear supplier—region selection and distributionally robust network site selection. Finally,
Section 6 offers concluding remarks and a summary of our findings. Technical proofs are deferred

to Appendix A to streamline exposition.

2 Set System Approximation

Every binary vector x € {0,1}" can be uniquely associated with a subset of the ground set A :=
[n], defined by T, := {i € A | ; = 1}. Conversely, for a subset T C A, let xp denote the
corresponding binary vector. Under this correspondence, any binary solution space X C {0,1}"
can be equivalently represented as a set system Qy :={T C A | xp € X'}, which is a subset of the
power set denoted as Z(A). Figure 1 illustrates two set systems with n = 4.

This section develops the tightest inner and outer approximations of a given set system €2 using

simpler structures, termed the monotone systems defined as follows.



{1,2,3,4}

{123} {124} {1,34} {2,3.4} {123} {124} {1,341/{2,34}

{1,2} {24} {34}

{1,3} {14} {23} {24}

{1} 3y {4}

Figure 1: Two set systems, Q; (left) and Qg (right), each defined over the ground set A = {1,2,3,4}. Each
curve encloses all subsets belonging to €y (left) or Q5 (right).

Definition 1 (Monotone Systems). A set system Q C F(A) is upper-closed if T € Qand T D T
imply 7" € Q; it is lower-closed if T € Q and T" C T imply T” € Q. Any upper- or lower-system is

called a monotone system.

It is well-known that any union or intersection of upper-systems (or lower-systems) is still upper-
closed (or lower-closed). To support the main approximation results, we introduce a set of basic

operators that transform one set system into another.
Definition 2. For a set system €2, we define eight operators organized into two groups.
e Closure & Extremal Operators 1 (), (-),m(-), M(-):

o 1Q:={T|T 2T for some T" € Q} (Up-Closure Operator),

o L Q:={T|T CT for some T' € Q} (Down-Closure Operator),
om(Q):={TeQ|VI"e OV, T'CT = T =T} (Minimal Operator),
o M(Q):={TeQ|VT"eQ,T DT = T' =T} (Maximal Operator).

e Complement & Cut Operators —(-),~(-),C(+),G(-):

o Q) := Z(A)\ Q (Complement Operator),

o ~Q:={A\T|T € Q} (Element-Complement Operator),
o C(N):={S|VT €Q, SNT # 0} (Cut Operator),

o G(N):={S|VT €Q, SUT # A} (Cocut Operator),

Remark 1. To simplify notation, we stack operators from right to left to denote they apply in this
order. For instance —-Cm(2) means first finding the minimal elements in €2, then apply the cut
operator, followed by the complement. We also use id(-) to denote the identity operator. Two

operators are equal if they agree on every input.



The up- and down-closure operators return the smallest (with respect to inclusion) upper- or
lower-systems containing €2, respectively. Conversely, the minimal and maximal operators remove
redundant elements by retaining only the minimal or maximal sets in a monotone system. The
complement operator returns all subsets of A not in 2 (i.e., structures associated with infeasible
solutions), while the element-complement operator takes the complement of each 7' € Q within
A (e.g., identifying all complement subgraphs when A is an edge set and {2 is a family of graphs
defined by edge subsets). A cut (also known as a hitting set [37]) of a set system € is a subset of A
that intersects every T € €. Then, the cut operator C(£2) collects the family of such sets and has
seen applications in interdiction games [69]. This cut operator is closely related to the concepts of
clutters and blockers [21, 23]. A detailed comparison is provided in Section 2.3. In our setting, this
cut operator will be used to derive approximations using upper systems. The cocut operator is the
natural dual of the cut operator and will play a symmetric role in deriving approximations using

lower systems. Its definition can be equivalently rewritten as:

G ={SCA|VT €Q, (A\S)N(A\T)# 0},
—{SCA|VTeQ, A\SZT}.

The first form shows that G is the cut operator applied to the element-complement space ~{2;
the second reveals that each cocut in G(£2) ensures its complement is not fully contained in any
structure T € €.

2.1 Cut-Cocut Algebra

This subsection establishes basic algebraic properties of the eight set system operators. Although
many of the results are intuitive, the resulting algebra provides a compact toolkit for streamlining
later derivations and highlighting useful interactions among the operators. We begin by formalizing

duality for set system operators.

Definition 3 (Dual Operator). Given a set system operator g : Z(Z(A)) - P(FP(A)), its dual
operator g* is defined by g* = ~g~.

Intuitively, the dual operator g* is obtained by conjugating g with the element-complement
map: first transport ) to the element-complement space, apply g, and then transport the result
back. Equivalently, T' € ¢*(Q) if and only if A\ T € g~(£2). Since the element-complement is an
involution, i.e., ~~ = id, this operator duality is symmetric, i.e., g** = ~~g~r~ = g.

A direct verification shows that (1,]), (m, M), and (C,G) from Definition 2 are dual pairs. The
next lemma records the corresponding anti-commutativity relation with the element-complement
operator, which will be used repeatedly. Its proof is omitted, as it follows directly from the definition

of operator duality.

Lemma 1. For any dual pair g, g*, we have ~g = g*~ and ~g* = g~.



Operator Basic Properties Dual Opera- Interactions

tor

Complement = Order-reversing; —— = id; swaps Self-dual =~
upper/lower systems

Element- Order-preserving; ~~ = id; Self-dual Anticommutes with

complement ~  swaps upper/lower systems dual operators

Cut C Always upper; CC =1; depends Cocut G C~ = ~G; ~C =
only on minimal sets g~

Cocut G Always lower; GG =]; depends Cut C g~ = ~C; ~G =
only on maximal sets C~

Table 2: Summary of set system operators and their algebraic properties.

Remark 2. The notion of duality above is relative to the element-complement involution ~. More

generally, any involution k£ on the space of set systems (e.g., —) induces a conjugate operator

g* := kgk, which satisfies the anti-commutativity relations kg = ¢*k, kg* = gk by the same

argument. Thus, operator duality can be viewed as conjugacy relative to a chosen involution. In
this paper, we focus on k := ~ because it maps upper systems to lower systems and sends the cut
operator to the cocut operator, thereby matching the covering—elimination symmetry used in the

subsequent reformulations.

Equipped with these preliminaries, we collect the basic properties for the complement, ele-
ment—complement, cut, and cocut operators, along with their interactions in the following theorem.

A summary is provided in Table 2.
Theorem 1. For any Q C Z(A), the following hold.
A. Complement —
1. =) = P(A) and =(Z(A)) = 0.
2. QCQ iff -Q 2 - (order-reversing).
/3. If Q is upper (resp. lower), then —S) is lower (resp. upper).
4. == =id (involution).
B. Element—complement ~
PBl. ~) =10 and ~(P(A)) = 2(A).
2. Q CQ iff ~Q C ~Q (order-preserving).
PB3. If Q is upper (resp. lower), then ~) is lower (resp. upper).
PB4. ~~ =1id (involution).
C. CutC

1. C(0) = P(A) and C(P(A)) = 0.



¢2.
¢3.
¢4.
¢5.
c6.

C(Y) =0 uf e

C(Q2) is an upper system.

C=Cm.

Q CQ implies C(Q) D C(Q) (order-reversing).

CC =1 (upper envelope).

D. Cocut G

1.
2.
3.
24.
D5.
96.

G0)=2(A) and G(L(A)) = 0.

G(Q)=0iff AeQ.

G(2) is a lower system.

g=GgM.

Q C QY implies G(Q) 2 G(QY) (order-reversing).
GG =l (lower envelope).

E. Interactions.

&1,
&E2.
&3.
&4.
&5.
&6.
7.

~— = 2~ (commutativity).

~ = |~ and ~ =T~ (anti-commutativity).

~m = M~ and ~M = m~ (anti-commutativity).

~C = G~ and ~G = C~ (anti-commutativity).

=1 () C| () and =} (2) Ct =(Q) (partial anti-commutativity).

m—(2) € -M(Q) and M—(Q) C —-m(Q) (partial anti-commute).

G—(Q) € =C(Q) and C—(Q2) C =G(Q), with equality iff Q is upper and lower, respectively

(partial anti-commutativity).

2.2 Tightest Monotone Approximations of Set Systems

Building on the previously defined set operators, we present the main results for approximating a

set system using upper-systems as follows.

Theorem 2 (Upper Approximation). For every set system ), we have

Crn(Q) € 0 C Crmn(1 ),

where C~=(Q) and C~—(1 Q) are the tightest inner and outer approximations of Q0 using upper-

systems, respectively. Moreover, equality holds throughout if and only if ) is upper-closed.



This theorem shows that the two upper-systems, C~—(2) and C~—(1 ), tightly sandwich €,
providing the best inner and outer approximations among all upper-systems. By symmetry, an
analogous result holds for lower approximations as stated below. We omit its proof, as it follows

directly from Theorem 2 by applying it to the element-complement space ~().

Corollary 1 (Lower Approximation). Given a set system ), we have
G~=(Q) CQCG~(l ),

where G~ () and G~—(] Q) are the tightest inner and outer approzimations of Q using lower-

systems, respectively. Moreover, equality holds throughout if and only if Q is lower-closed.

Together, these results yield the tightest inner and outer approximations of any set system (2

using monotone systems. The following corollary extends these constructions to additional cases.

Corollary 2. Given a set system §2, the tightest inner approximation by upper-systems with respect
to =82, ~Q, and ~—§ are

Cn(Q) € =0, C(Q) € ~Q, C(Q) C ~—Q,

and their equalities hold if and only if Q) is a lower system for the first two cases and is an upper
system for the third case. Symmetrically, G~(Q), G—(2), and G(Q) are the respective tightest inner

approrimations by lower-systems with equality conditions reversed.

The following example illustrates these results by explicitly computing the inner and outer

approximations for £2; and 9 in Figure 1.

Example 1. Consider the set system € := €7 in Figure 1. We compute the upper-inner approxi-

mation C~—(2) step by step:

-(Q) = {{3}, {4}, {1,2},{3,4},{1,2,3},{1,3,4},{2,3,4},{1,2,3,4} },
~= () = {{L 2,4},{1,2,3}, {3,4},{1,2}, {4}, {2}, {1}, @}a
C~—(Q) =0,

where the last equality follows from (€2), since ) € ~—(2). On the other hand, 1 Q = P(A),
because ) contains the empty set. Hence, ~— 1 () = 0, and C~— 1 (2) = P(A) by (¢'1). Thus,
for 1, both the tightest upper-inner and upper-outer approximations are trivial. In contrast, the

lower-inner approximation is
G~ () = {0, {1}, {2}}.

Indeed, these are precisely the subsets whose union with every element of ~—(Q) is still different

10



from A. The lower-outer approximation is computed as

L= {0,{1}, {2}, {3}, {4}, {1, 2}, {1, 3}, {1,4}, {2, 3}, {2,4}, {1,2,4} },
=1 (Q) ={{3,4},{1,2,3},{1,3,4},{2,3,4},{1,2,3,4} },
~ () = {{17 2}, {4}, {2}, {1}, @},
G~— 1 () =] {{1,3},{2,3},{1,2,4}}.

Therefore, G~—(Q2) and G~— | () are the tightest lower-inner and lower-outer approximations of
Q, respectively. For the case € := )y, a similar computation shows that the tightest upper-inner

and upper-outer approximations are

Cwﬁ(Q) =7 {{172}’ {1’4}}7 C~— 1t (Q) =T {{1}}7

while the corresponding lower approximations are trivial. A

2.3 Connection to Clutter—Blocker Theory

The cut—cocut algebra and the associated set system approximation theorems are closely related to
classical clutter—blocker theory, introduced by Edmonds and Fulkerson [23]. At its core, a clutter
Q is a set system consisting only of minimal elements under inclusion, and its blocker b(2) is the
minimal system that intersects every element of €. In the cut—cocut notation, this can be written
as b = mC, restricted to clutters. A fundamental identity established by Edmonds and Fulkerson
[23] is bb(2) = Q for every clutter Q. Beyond these connections, the cut—cocut algebra differs from
the clutter—blocker theory in two aspects.

First, they differ in scope. The clutter—blocker theory concerns only minimal set systems (clut-
ters), whereas the cut—cocut algebra applies to arbitrary set systems. This extension enriches the
study of set system operators in several ways: (i) additional operators (Definition 2) are needed
to complete the picture; (ii) known identities admit finer decompositions: the classical bb = id on

clutters refines, via properties (¢'4) and (%6), to
mCmC = mCC = m T=id;

(iii) classical operators gain new interpretations, as CC = 1 exposes an envelope property hidden in
the blocker operator; and (iv) the dual operator G, which arises naturally in our framework, is not
usually treated as a standalone counterpart in classical clutter—blocker theory.

Second, the finer algebra makes the inverse problem tractable. The clutter—blocker literature
addresses the forward question: given a clutter 2, what is its blocker? Theorem 2 answers the
inverse question: given an arbitrary set system €, which systems ' satisfy C(Q') = Q, or best ap-
proximate it? The complete algebra yields an inner solution ~—(2) and an outer solution ~—1(2),
which coincide precisely when € is upper-closed. This inverse question falls outside the natural

scope of the clutter—blocker theory, whose operators act at a coarser level of granularity.

11



In this sense, the cut—cocut algebra is a natural extension of the clutter—blocker theory from

minimal set systems to arbitrary ones.

2.4 Approximation-Based Reformulations for General BIPs

The preceding approximation results offer two advantages: (i) they yield the tightest possible inner
and outer approximations using upper and lower systems; and (ii) they are formulated using cut
and cocut operators, which naturally correspond to classical covering and elimination inequalities,

as shown in the following lemma.

Lemma 2. Given any set system ), the vector representations of C(2) and ~C(Q2) correspond to

the following covering and elimination inequalities, respectively.
» @i >1,VT € Q}
€T

> a <|T) —1,VT€Q}.

€T

XC(Q) = {33 S {0, 1}”

XNC(Q) = {33 S {0, 1}”

Moreover, these two types of inequalities can be equivalently converted to each other by the substi-

tution y :=1— x.

We use +00 and —oo to represent infeasibility and unboundedness, respectively. Then, the above

lemma leads to the following approximation results for general binary integer programs (BIPs).

Theorem 3. Given a general BIP z := mingey f(x), let Q := {T, | = € X}. The following

reformulations serve as inner/outer approzimations of the original problem,

Upper-Inner Approximation zy;: Upper-Outer Approximation zy,:
i 1 i 2
Lo f(x) (1a) Lo f(x) (2a)
sty w1, VT €m~a(Q)  (1b) sty =1, VT € m~=t (Q)  (2b)
€T €T

Lower-Inner Approximation zy;: Lower-Outer Approximation z,:
. 3a i 4a,
minf(@) (B2 min f() (42)
st >z <|T| =1, VT € m~(Q) (3b) st >z <|T| =1, VT € m~] (Q) (4b)

€T €T

with objective values satisfying zyo < z < zyi and zj, < z < zy;. Moreover, (1) and (2) are both
equivalent to the original problem if and only if Q0 is upper-closed; (3) and (4) are both equivalent

to the original problem if and only if Q is lower-closed.

In other words, every BIP admits both inner and outer approximations by pure covering or
elimination models, yielding corresponding upper and lower bounds on the optimal value. These

approximations are exact precisely when the feasible region itself is monotone, explaining why

12



classical covering and elimination formulations succeed in problems like set covering and max-cut,
but only approximate more general cases.

Given a set system €2 on ground set A, a membership oracle for €2 is an algorithm that takes a
subset T' C A as input and returns true if and only if T' € €). Depending on the problem, such an
oracle may be implemented through a linear program, a discrete optimization problem, or a tailored
algorithm. Let 7(£2) denote the worst-case running time of one oracle call. The following corollary
characterizes the integer point separation complexity: given any T° C A, it bounds the time needed

to either certify T € Q or identify a violated inequality indexed by an element of m~—£ or m—S.

Corollary 3. Suppose Q C 22 is monotone with a membership oracle of complexity 7(2). Given

any T C A, the integer point separation complezity for (1)—(4) is of order O(|A|T(£2)).

Building on these results, the next example introduces (to the best of the author’s knowledge) a
new linearization technique for bilinear terms (z, Ry) with structured R. In contrast to the standard
McCormick approach, which requires auxiliary variables, our reformulation avoids variable lifting
altogether and instead leverages covering and elimination inequalities obtained from the monotone
system perspective. The goal is not to compete with McCormick linearization in compactness or
generality, but to provide an exact alternative reformulation based on the underlying set system
structure. In Section 3.2, we further establish facet-defining conditions for these inequalities, and

in Section 5.1 demonstrate their computational utility.

Example 2 (Linearization of Bilinear Terms). For each supplier i € [n] and each region j €
[m], R;j > 0 represents the partnership value (e.g., number of end customers reachable, service
compatibility, or market value unlocked) if supplier i supports region j. Then, the following problem
seeks to guarantee a partnership value level a while minimizing the total selection cost,
xe{O,l}I”anIé{O,l}m {er, ) + ez, )
s.t. (z, Ry) > a,
h(z,y) = 0,

where the last constraint encodes additional business requirements. A common reformulation
method to treat the bilinear term (z, Ry) is to introduce auxiliary variables z;; = ;y; to ini-
tialize the standard linearization step. Since R > 0, the feasible structures induced by (z, Ry) > «
form an upper system. Therefore, Theorem 3 yields the following exact reformulation:

min c1,x) + (Ca,
veo Pyt (00T (28]

sty @ity oy =1, Y(I,J) € mea(Q)
icl jeJ
h(z,y) > 0,
where the structure set 2 := {(I, J) ’ 2Gerxs Bij = a} indexes the feasible submatrices. Ac-
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cordingly, ~—{2 consists of the row and column index sets (I, J) whose removal leaves the submatrix
Ry 7 with its total entry sum, denoted by o(I,J), below .  Since membership in © can be de-
cided in polynomial time, this formulation can be solved via a cut-generation algorithm, using the
efficient integer point separation procedure guaranteed by Corollary 3.

Suppose the bilinear term appears in the objective function:

(z, Ry)

h(z,y) > 0.

min
ze{0,1}",yc{0,1}™

Let z* be the optimal value and define Q.+ := {(I,J)|X2(; jjerxs Rij < 2*}. Since R = 0, this
system is lower-closed. The problem can then be reformulated as

i R1, R™1,
xe{alﬁggt{og}m (BL )+ 2

st > mi+ Yy <[+ T -1, VI, J) € Qs
iel jeJ
h(z,y) > 0.

This reformulation turns the problem into a feasibility problem: every feasible solution must al-
ready be optimal because of the elimination constraints, so the objective function is no longer
essential for identifying an optimal solution. Although the exact value z* is unknown, it can be
approached through a cut-generation procedure, termed the supervalid inequality method in inter-
diction games [34, 69]. These inequalities aggressively remove feasible solutions while retaining at
least one optimal solution, either in the remaining feasible region or as an incumbent, and have
shown computational advantages in several interdiction settings [9, 39, 58]. Specifically, we relax the
elimination constraints to form a master problem. Solving this master problem at iteration k yields
a feasible solution (z,y) to the original problem with value zy = (x, Ryx). Let Z := ming i
be the value of the incumbent, we then assume that the true optimum must be strictly better,
set z* := Z — € for some sufficiently small ¢ > 0, and generate one or more violated elimination
constraints to exclude encountered solutions. This process iterates until the master problem be-
comes infeasible, at which point the best incumbent is guaranteed to be e-optimal. In this scheme,
the proposed objective function serves primarily as a heuristic guide for producing high-quality

candidate solutions in the relaxed master problem. A

This example demonstrates how Theorem 3 can be directly applied to reformulate bilinear
terms when the associated feasible structures are monotone, both in constraints and objectives,
without introducing auxiliary variables. The resulting reformulation is complementary to existing
approaches; for instance, its inequalities can be incorporated into other formulations to further
strengthen their relaxations as demonstrated in Section 5.1.

More broadly, Theorem 3 yields several key implications that guide the rest of the paper. (i)

It provides a unified analytical perspective to identify relevant structures, i.e., the pair (2, m~—Q)
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Problem Feasible Set (2 Structural Counterpart

m~—1 (Q) for minimization; m—| (2) for maximization

longest path s-t paths cycles, claws, subgraphs preventing extension to s-t paths
min dominating set dominating sets minimal closed neighborhoods
min spanning tree spanning trees global edge cuts
max spanning tree spanning trees simple cycles
sigmoid constraint  feasible activation supports maximal response-deficient supports

Table 3: Structural correspondences computed by the proposed framework. Each problem’s feasible set
system €2 is paired with its structural counterpart: m~—1 (2) for minimization or m—| () for maximization.

for upper-systems and the pair (2, m—Q) for lower-systems. (ii) It provides a pathway to extend
classical results from set covering problems to general BIPs. (iii) It promotes monotone systems
as a tool for describing solution spaces, since each such system can be exactly characterized using
covering or elimination inequalities, leading to reformulation methods to uncover latent monotone

systems. We will explore (i) and (ii) in the next section and develop (iii) in Section 4.

3 Combinatorial and Polyhedral Structures in BIPs

The approximation results developed in Section 2 provide a unified analytical framework for a broad
class of binary integer programs (BIPs). This section illustrates its utility from two perspectives:
(i) it provides a systematic procedure for identifying structural correspondences, thereby recovering
many relationships that were previously derived in problem-specific contexts; and (ii) it extends

classical polyhedral tools, particularly those from the set covering literature, to more general BIPs.

3.1 Identifying Structural Correspondences

When the underlying solution space is monotone, Theorem 3 implies a strong connection between
the structure pairs (2, ~=Q) and (€2, =), corresponding to the respective minimization and maxi-
mization problems. In particular, solving an optimization problem over one structural set requires
imposing covering or elimination constraints indexed by the other. In what follows, we illustrate
these structural correspondences through examples drawn from graph-theoretic models and a non-
linear binary feasibility system. The key point is that these correspondences are obtained by the
same operation, namely computing either ~—€2 or =2, depending on whether €2 is upper- or lower-

closed. A summary of these structural relationships is provided in Table 3.

Example 3 (Longest Path). In the longest path problem with nonnegative edge lengths, the set
system | € consists of all subgraphs that can be extended to an s-t path. The corresponding
structure set —J ) includes subgraphs that cannot be extended to such a path. While this set
lacks a simple and complete characterization, several sufficient conditions are readily verifiable. In
particular, several types of minimal subgraphs belong to —| €2, including simple cycles, claws, and

subgraphs with more than one edge incident to either s or ¢. The first type of subgraph has been used
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to derive cycle- and clique-elimination cuts that improve computational performance [49]. The claw
structure has also appeared in the complexity analysis of longest path problems [16, 42]. Although
these structures do not fully describe —| €2, they can be generated heuristically to strengthen

relaxations for the associated binary integer program. A

Example 4 (Minimum Dominating Set). A dominating set is a vertex subset 7' C V such that
every vertex in V is either in 7' or adjacent to some vertex in 7. By definition, the family of

dominating sets €2 is upper-closed. The associated structural system m~—§2 can be derived as:

e — consists of ' C V for which there exists a vertex v € V' \ T' that has no neighbors in T
e ~—() contains subsets T that satisfies T 2O N[v] for some v € T.

e The minimal elements are the minimal closed neighborhoods: m~—Q = m{N[v] |v € V}.

Thus, covering all closed neighborhoods is necessary and sufficient for vertex domination, a struc-

tural correspondence that has been previously explored in [31]. A

Example 5 (Spanning Trees). In the spanning tree minimization problem, the upper system 1
consists of all connected subgraphs. The associated structural set m~—7  then corresponds to
all edge cuts—minimal sets of edges whose removal disconnects the graph. In contrast, when
maximizing over spanning trees, we consider the lower system | €2, which consists of all forests
(acyclic subgraphs). The corresponding structure set m— | € contains all simple cycles, as these
are the minimal subgraphs that violate acyclicity. The first correspondence underlies the design
of efficient min-cut algorithms based on spanning tree packings [36], while the second reflects
the classical matroidal duality between bases (maximal independent sets) and circuits (minimal
dependent sets) [55]. A

The preceding examples show how the framework identifies structural correspondences in fa-
miliar combinatorial models. We next turn to nonlinear binary constraints, where covering and

elimination characterizations are less apparent, yet can still describe the feasible space exactly.

Example 6 (Sum of Sigmoids Constraint). Sigmoid functions, such as the logistic function o(t) =
e /(14 ¢€t), arise naturally in statistical models, utility functions, marketing, and machine learning,
and have been incorporated into various optimization settings [65, 67]. We consider a BIP setting

with constraint learning [48], where a one-hidden-layer sigmoid model
flz;w, &) = Z Wo | Gro + Z Qi
ke[K] i€[n]

predicts a performance level from a binary resource-activation vector = € {0,1}". We assume that
the trained model is monotone in z, that is, wy > 0 and dy; > 0 for all k¥ € [K] and i € [n], while

the intercepts ajp may be unrestricted. The nonlinear constraint
flz;w,6) = B (5)
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then requires the predicted performance to exceed a prescribed threshold 5.

In this nonlinear setting, an exact covering description is not apparent from the analytic form
of (5). To the author’s knowledge, such a covering reformulation has not been proposed for con-
straints of this form. The proposed framework derives the reformulation by shifting attention from
the analytic form of f to the order structure of its feasible binary supports. Since f is monotone
in z, the feasible set Q = {S C [n] : f(xg;w,&) > B} is upper-closed. Hence the covering formu-
lation (1) applies, indexed by the dual structure set ~—€2. Then, a direct computation of ~—
gives

Q= {T C A= [n] | flzavrii,) < B}

Moreover, since membership can be verified efficiently by evaluating the function, Corollary 3

implies that, for any binary x, the associated inequality can be separated in polynomial time. A

3.2 Generalizing Polyhedral Analysis

Another unifying perspective offered by Theorem 3 is that if either the solution space €2 or the ob-
jective function f is monotone, the binary optimization problem mingex, f(z) can be reformulated
exactly as a set covering formulation (1) or an elimination formulation (3). This reformulation
bridges general BIPs with the classical set covering literature, allowing polyhedral tools from set
covering to be transferred to broader BIP settings. We illustrate this transfer through facet analysis
in this subsection and inequality strengthening in the next. To unify the facet analysis of covering

and elimination inequalities, we first introduce the following facet-preserving lemma.

Lemma 3. Given a binary solution space X := {z € {0,1}" | g(x) < 0} and an indezx set I C [n],
define the flipping map 0y : {0,1}" — {0,1}" by

O (@) = 1—a; ifiel,

T; otherwise.

Let Xp, := {z € {0,1}" | g(01(x)) < 0}. Then, 0; induces a bijective affine map between conv(X)
and conv(Xy,). In particular, an inequality (a,xz) > b is valid (or facet-defining) for conv(X) if and
only if (a,0r(x)) > b is valid (or facet-defining) for conv(Ap,).

Since the elimination problem (3) can be reformulated as a covering problem (1) via the flipping
map 0j,, its facet analysis can be unified with that of the covering problem. This equivalence allows
general techniques from the set covering literature, including facet-defining conditions [4, 5, 59]
and lifting-based constraint strengthening [53, 68, 69], to be extended to a broader class of binary
integer programs. While a comprehensive treatment is beyond the scope of this paper, we illustrate
this through a facet-defining criterion for general BIPs adapted from the existing set covering

literature [5, 68], which requires the following definition.

Definition 4 (Quasi-Feasibility). A structure T' € =€ is termed quasi-feasible if, for every element
a € T, there exists an element o’ € A\ T such that 7'\ {a} U {a'} € Q.
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This concept identifies infeasible sets that are locally close to feasibility and is used to state facet-
defining conditions for covering-type constraints. We emphasize that the value is not in rederiving
these classical conditions, which are well known in the set covering literature, but in using the

proposed framework as a bridge to transfer them to general BIPs with monotone structures.

Proposition 1. Suppose € is an upper system and |T'| > 2 for every T € m~—(Q), the covering
inequality (1b) is facet-defining if and only if A\ T € M—(Q) is quasi-feasible.

By Lemma 3, the elimination constraints in (3b) can be viewed as covering constraints after

applying the flipping map. Specifically, setting =} = 1 — x; gives

in <|IT|—-1, VT e m—Q <= Zx; > 1, VI € m—Q = m~—(~0).
i€T €T
Thus, the preceding covering-side results can be applied to a lower system {2 by considering its

flipped upper system ~€). This yields the following lower-system analogue.

Proposition 2. Suppose € is a lower system and |T| > 2 for every T € m—(QY), the elimination
inequality (3b) is facet-defining if and only if A\T € M—(~Q) is quasi-feasible with respect to ~<Q.
That is, for every a € A\ T there is some a' € T such that T\ {a'} U{a} € Q.

These examples illustrate that the framework provides a systematic way to translate covering-
side polyhedral results into facet conditions for BIP-derived structures. We demonstrate this
through two applications: (i) a new facet characterization for the bilinear formulation introduced

in Example 2; (ii) a simplified facet proof for the bipartite induced subgraph problem.

Example 7 (Linearization of Bilinear Terms (Continued)). Example 2 derives an exact reformu-

lation for the structured bilinear program with the following covering constraints

in + Zyj >1, VY(I,J)em~(Q),

il jeJ

where Q := {(I,J) | >2; jyerxs fij = o}. Then, Proposition 1 gives a one-line facet proof for the
basic formulation without additional constraints. Suppose every submatrix obtained by removing
only one row or one column from R has total weight at least a. Then the above constraint is
facet-defining if and only if: (i) (I, J) is minimal, in the sense that adding back any row from I or
any column from J makes the remaining submatrix feasible; and (ii) for every row or column in
the submatrix R\ 7, [m]\ s, there exists a row in [ or a column in J whose swap yields a feasible

submatrix. A

Example 8 (Bipartite Induced Subgraph Problem). Given a graph G = (V, E) with nonnegative
vertex weights, the bipartite induced subgraph problem (BISP) seeks a maximum-weight vertex
set T'C V such that G[T] is bipartite. This problem has been studied under several names in the
literature [7, 26]. The associated structure set = {T' C V' | G[T] is bipartite} is lower-closed and
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therefore admits an exact elimination reformulation indexed by m—£). Since —{2 consists of vertex
sets whose induced subgraphs contain odd cycles, m—£2 consists precisely of vertex sets T' for which

GI[T] is an odd cycle. Hence, the problem can be written as

z€{0,1}IVI

max {(w, x)

Zazi <|T|-1, VT € mﬂﬂ} .
1€l

Since every such T satisfies |T'| > 2, Proposition 2 implies that the inequality associated with 7" is
facet-defining if and only if, for every v € V' \ T', there exists v’ € T such that G[T \ {v'} U {v}] is
bipartite. Equivalently, after adding v to the odd cycle G[T], one must be able to delete a single
vertex of T' to destroy all odd cycles. This occurs exactly when G[T'U {v}] contains at most two
odd cycles, recovering the condition derived in Barahona and Mahjoub [7, Theorem 2.7] through

the general quasi-feasibility criterion. A

3.3 Transferring Lifted Inequalities

Besides supporting facet analysis for basic covering inequalities, the covering reformulation in The-
orem 3 also allows strengthened inequalities from the set covering literature to be transferred to
general BIPs. This subsection illustrates this through the wvitality inequalities introduced in Wei
and Walteros [68], which generate valid inequalities from any set S C A that contains a structure
T € ~=Q. The following definitions are adapted from Wei and Walteros [68]. The lower-system

version follows from the upper-system case by applying the transformation €2 +— ~).

Definition 5 (Vitality Inequalities (Upper Systems)). Given S C A, its vital components are
defined as Vg = {S" C S| (A\ S)U S € Q}. Let m(Vs) denote the minimal elements in Vg, a
disjoint decomposition is a partition {V;}icr of m(Vg) such that (Vi) N (UV;) =0 for i # j € I.
For each part V;, let v; := ming/¢cy, |S’|. Then the associated vitality inequality is

Z H’Yj Z UCaZH%‘-

el \j#i acU Vi i€l

Definition 6 (Vitality Inequalities (Lower Systems)). Given S C A, its vital components are
defined as Vg = {S' C S | S\ 5" € Q}. Let m(Vg) denote the minimal elements in Vg, a disjoint
decomposition is a partition {V;}ier of m(Vg) such that ((JVi)N(JV;) =0 for i # j € I. For each
part V;, let «; := mingey, |S’|. Then the associated vitality inequality is

S (M) S e X (1) UV - T

€l \ j#i acU Vi i€l \ j#i iel

In both definitions, Vg represents the family of local modifications of S that restore fea-

sibility. For general S, enumerating Vg may be intractable (e.g., S = A), but when S has
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sufficient structure for Vg to be explicitly characterized, the associated vitality inequality can
strengthen the formulation. Many classical strengthened inequalities in graph optimization arise
this way. For example, consider the lower-closure of Hamiltonian cycles (HCs) in a complete
graph, Q = {T' C A | T forms a linear forest or is a HC}, and let S be a clique of size k < |V].
Then Vg = {S" C S | S\ & forms a linear forest}, and without any disjoint decomposition,
v = (g) — (k — 1) gives the minimum number of edges to remove to ensure acyclicity within
S. The vitality inequality from Definition 6 then recovers exactly the subtour elimination inequal-
ities. The following two examples show how this construction can be transferred from the covering

literature to general BIPs.

Example 9 (Linearization of Bilinear Terms (Continued)). Consider a minimal (I, J) € m~—,
so that o(I,J) < . Define g := a — (I, J) > 0 as the feasibility gap. Now choose a row i’ ¢ I and
form the larger set S = (I U {i'},J). The new gap becomes ¢’ = g + o({i'}, J). By definition, Vg
consists of all index sets (I’, J") with I’ C TU{#'} and J" C J such that o(I U {i'}\ I', J\ J') > a.
To construct a disjoint decomposition of m(Vs), call a row i € I (or a column j € J) strong if
o({i},J) > ¢ (or o(I\{i'},{j}) > ¢'). Let Iy C I and Jy C J denote the strong rows and columns.

The strong elements form the first part with 43 = 1, and the remaining minimal elements in Vg

form the second part with v, = 2. Hence, by Definition 5, we obtain the vitality inequality

2 ) wmi+ Y yi | e+ D> owmt Y oy =2 (6)

i€lp j€Jo i€I\Ip jeJ\Jo

If no strong rows or columns are identified, the construction reduces to the single-part vitality

inequality with right-hand side 2. A

Barahona and Mahjoub [7] identified basic odd-cycle elimination cuts and their lifted clique
variants for the maximum bipartite induced subgraph problem, and Fouilhoux and Mahjoub [26]
later introduced valid inequalities based on two special graph structures termed wheels and path-
cycles. The following example derives another class of valid inequalities from the vital components

in Definition 6, which, to the author’s knowledge, is new for this problem.

Example 10 (Bipartite Induced Subgraph Problem (Continued)). Consider any S C V such that
G[S] forms K internally vertex-disjoint s-t paths P = { Py }re[x) with two shared endpoints s,t € V
(see Figure 2). We partition P into ,qq 0dd paths and ~even €ven paths, depending on the parity of
the number of edges in each s-t path. Then, every odd cycle in G[S] is induced by the combination
of one odd path with one even path. Three types of minimal S” C S can make G[S\ S'] odd-cycle-
free. First, V1 = {{s}, {t}}, with 71 = 1. Second, one can select one internal vertex from each odd
path, with solution size 7,qq. Third, one can select one internal vertex from each even path, with

solution size 7Yeven. Clearly, these three groups have no intersection in vertices, forming a disjoint
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Ps (even)

Figure 2: A collection of five internally vertex-disjoint s-t paths, with two odd paths and three even paths.

decomposition. Then, the associated lower-system vitality inequality is

E Yodd YevenTi + Z YevenTi + § Yodd i < 'Yeven“/odd‘ + ’Yodd|‘/:even| + YoddVeven
’iE{S,t} 1€Voad 1€ Veven

where Vyqq and Veyen denote the internal vertices of the odd and even paths, respectively. When
both Yoqq and Yeven are strictly greater than 1, the above inequality can be further strengthened
by applying the Chvatal-Gomory rounding procedure. A

4 Reformulations via Latent Monotone Systems

The exactness of reformulations (1)—(3) requires monotonicity of either the objective or feasible
region. This section extends their scope to BIPs whose monotone structure is latent rather than
explicit, through two reformulation strategies. Although these reformulations follow naturally once
the transformations are presented, they remain underexplored because covering and elimination in-
equalities are typically treated as structure-specific cutting planes, with their connection to mono-
tone set systems left implicit. This section explores latent monotone structures to extend the usage

of covering and elimination inequalities.

4.1 Bimonotone Cuts

The first source of latent monotone structure comes from functions that are monotone with opposite
signs on a bipartition of the variables. We need the following definition, where a bipartition is said

to be trivial if one of the two parts is empty.

Definition 7 (Bimonotone Function). A function g : {0,1}* — R is called bimonotone if there
exists a possibly trivial bipartition (I,.J) of A such that, for every fixed x s, g(-,xs) is increasing

in x7, and for every fixed zj, g(zy,-) is decreasing in x ;.
The following proposition identifies several common classes of bimonotone functions.

Proposition 3. The following functions are bimonotone:
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e Linear (modular) functions.

e Bilinear functions (x, Ry) for some block-diagonal matriz R € R/ where there exist (possibly
trivial) index bipartitions I = I; + Iy and J = J1 + Jo such that the diagonal blocks satisfy
Rr g, >0 and Ry, j, <0 (entrywise).

o Submodular functions f where for every i € A, either
f({i}) = £(0) <0 or f(A) = fF(A\ {i}) > 0.

o The supermodular counterpart.

Once such a bimonotone objective function is identified in a given BIP, we obtain an exact

reformulation method and facet-defining conditions according to the following corollary.
Corollary 4. Given a BIP min,_(,, . yex, f(z1,77) where f is bimonotone under the index par-
tition (I,J). Let O(xr,x5) = (21,1 — ) be the flipping map on J, and define the transformed
system Qg = {(T1,J \Ty) | (IT1,T;) € Q}. Then the problem admits the following reformulation:

L f(z)
7
s.t. Zl’i-l- Z(l—xj) >1, V(T[,TJ) € m~—T Q. ( )
€Ty JETy

Moreover, suppose |Tr UT;| > 2 for every (T1,Ty) € m~—1 Qp, the above inequality indexed by
(T7,Ty) is facet-defining if and only if (I \ Ty, J \ Ty) is quasi-feasible with respect to T Qy.

These results can help analyze the structures tied to (7) and separate valid inequalities or even

facets to strengthen the associated BIP. We demonstrate this with the following example.

Example 11 (Min-Cut with Signed Weights). Consider a graph G = (V, E) with signed edge
weights {we}ecp. The signed min-cut problem seeks a minimum-weight edge cut. With mixed
signs, the associated Laplacian is generally indefinite, so the convex QP formulation available
in the nonnegative case no longer applies. By Corollary 4, we partition the edge set as F =
(I := E4,J := E_), where E; and E_ contain the nonnegative- and negative-weight edges. The
objective function is bimonotone with respect to this bipartition, and formulation (7) yields an
exact linear representation of the signed min-cut problem. In this setting, T €y consists of edge
subsets (17,J \ Ty) such that Ty O Cr and T; C Cj for some edge cut (Cy,Cy). Equivalently,
edges in I \ 77 must remain within one side of the cut, while edges in 77 must cross the cut.
Hence, membership of (77, J \ Ty) in 1 £y can be tested by contracting each connected component
of the subgraph (V,I \ T7), retaining only the projected edges in Ty, and checking whether the
resulting graph is bipartite. Thus, the reformulation yields a BIP with linear inequalities whose
integer point separation is supported by a polynomial-time membership oracle. By Corollary 3,
this oracle enables efficient integer point separation for (7), and hence supports a cut-generation

implementation. A
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4.2 Interval System Decomposition

In addition to bimonotone functions, latent monotone structure can also be revealed through set

systems that exhibit the interval property, as characterized below.
Definition 8 (Interval System). A set system 2 is said to have the interval property, or to be an
interval system, if for all T,7" € Q and any T” with T C T" C T’, it follows that 7" € Q.
Proposition 4. For any set system Q, T QN | Q is the smallest interval system that contains 2.
Moreover, ) is interval if and only if Q =1 QN | Q.

Therefore, every identified interval system €2 can be represented as follows

> x> LV € mr—t (Q), Y a; < [T| = LYT € m—| (Q)}.

i€T €T

Xo = {CC e {0,1}"

Accordingly, for every interval system decomposition = J;cx % where each € is an interval
system, the following reformulation is exact.
xe{o,l}gjg{o,mm /(@)
st @ > Vk € K,VT € m~—1 (),
i€T
3w <|T| = 2z, Yk € KVT € m—| (),
i€T

szZI.

keK

Although such a decomposition always exists (e.g., trivial singleton intervals Q = (Jpcq T
{T}n | {T}), its practical value arises when the number of components is small or structured, a

situation that naturally occurs in disjunctive-type problems [2].

Example 12 (Piecewise Monotone Objectives). In network design, one may wish to minimize a
surrogate objective f(z) learned from data [24, 47]. For example, tree-based models [38, 44] yield a
piecewise-affine predictor with each leaf defining a region X}, and the objective f(x) = (c*,z) + ck.

Suppose each c¥ is positive (index set K) or negative (K_). Then mingcx, f(z) admits the
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following exact reformulation

min n
x€{0,1}7,2€{0,1} K]

st > (R x)+ k- M1 - z), Vk € K,
> @i > 2, Vk € Ky, VT € m~—1 (Qx,),
€T
> wi <|T| =z, Yk € K_,VT € m~| (Qx,),
€T
Sa=t
keK

where M > 0 is sufficiently large. The binary variable z; selects the active region. For k € K the

covering inequalities enforce x €1 Qy,; for k € K_ the elimination inequalities apply. A

These results show that identifying latent monotone systems broadens the scope of monotone

reformulations by connecting them to bimonotone, disjunctive, and piecewise structures.

5 Computational Experiments

This section illustrates the proposed framework through two case studies: (i) a bilinear supplier-
region selection problem, where bimonotone cuts and their lifted valid inequalities are tested both as
a standalone exact approach and as root-node strengthening cuts; and (ii) a distributionally robust
network site selection problem, where interval set systems lead to flexible cut-based reformulations.
All experiments were conducted on a 2023 MacBook Pro with an M2 Max chip, 12 CPU cores, and
64 GB of memory. The implementations use Python 3.10 and Gurobi 13.0.2 as the solver.

5.1 Case Study 1: Bilinear Supplier—Region Selection

Bilinear binary programs with nonnegative interaction matrices arise in a range of combinatorial
settings, including quadratic assignment [40], hub location [54], and quadratic knapsack [27], where
the term (x, Ry) with R > 0 captures synergy, coverage, or compatibility from jointly selecting
two classes of decisions. To demonstrate the proposed framework in a bimonotone setting, we
extend the monotone supplier-region selection problem of Example 2 by allowing both positive and
adverse interaction blocks. Let (I,1) and (.J,.J) partition the suppliers and regions, respectively,
where interactions in I x J generate positive partnership value and those in I x J incur adverse

effects such as incompatibility. This yields

i , ) + (C2,
reo iy (0 Tl Y) ()
st. (x5, Rryys) — (xp, Rryyz) > a,

where Ry, Ry7 > 0 and entries in ¢y, co may take either sign.
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We conduct two experiments to evaluate the computational impact of the proposed bimonotone
cuts and their lifted variants. Let n = m denote the dimension of x and y. For each configuration
(n,7y), we randomly generate three instances, where ¢, ¢ € R™ are drawn uniformly from (—10, 10),
and Ryy, Rf7 > 0 are n/2 x n/2 matrices with entries drawn from a mixture distribution: U(1,5)
with probability 0.8 and U(20,50) with probability 0.2. We set o := ’VZz'eI,jeJ R;;, ensuring
feasibility for the tested v values. Results are averaged over three instances. We report runtime
and metrics related to separation and root-node cut generation, whose core routines are compiled

with Numba and parallelized for efficiency.

5.1.1 Exact Approach via Bimonotone and Lifted Cuts

This experiment compares four solution approaches. VANILLA solves the bilinear program (9)
directly using Gurobi’s native bilinear solver. LIN solves the following McCormick linearization

of (9) with auxiliary variables z;; = z;y; indexed by I x J and I x J:

min C1, T + (c y
ze{0,1}7, ye{0,1}, z€[0,1] {1, 2) + (e, 9)

st. (Rrs,z1y) — (Rfj, 255) >
zij <y, oz <vy;, Viel, jeJ,
zij 2 @i +y; — 1, ViEI_,jGJ.

CuTt implements the pure bimonotone cut reformulation (7), whereas LIFTCUT generates the vi-
tality inequality (6) when available and falls back to the standard bimonotone cut otherwise. We
vary n over {10,15,...,35} and 7 over {0.7,0.75,--- ,0.95}, with three random instances per con-
figuration, yielding 108 instances in total. We impose a time limit of 300 seconds for each run.
The results are reported in Table 4. Overall, LIN achieves the best runtime in almost all
configurations, with VANILLA typically serving as the second-best method. This suggests that the
compact linearized formulation is the most effective implementation for these instances. The two
pure cut-based methods, CUT and LirTCuUT, are valid and solve nearly all instances to optimality,
but their efficiency deteriorates as instances grow. In the most challenging configuration, (n,vy) =
(35,0.7), each method reaches the 300-second time limit in one of the random instances. Their
performance is also sensitive to the values of «. For example, when n = 35, CUT generates 72920.7
cuts at v = 0.7, compared with only 1199.3 cuts at v = 0.95. This is expected because a smaller
threshold enlarges the feasible region and requires more cuts to exclude weak incumbent solutions.
Comparing the two cut-based variants, CUT generally has lower separation overhead, while
LirTCUT often produces stronger inequalities. For instance, at (n,~y) = (35,0.7), LIFTCUT reduces
the average number of cuts from 72920.7 to 49665.0; at (n,~y) = (25,0.85), it reduces the count from
428.0 to 240.0. However, stronger cuts do not always yield faster solution times, since lifting adds
separation effort and may interact differently with branch-and-bound. For example, at (n,v) =
(35,0.75), LIFTCUT generates fewer cuts than CuT, but has a higher runtime. Thus, lifted cuts

improve cut quality, but their computational benefit depends on whether the reduced cut count
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Config Solve Time (s) Sep. Time (s) Num. Cuts

n,7y) Vanilla Lin Cut LiftCut Cut LiftCut Cut LiftCut

10,0.7) 0.002 0.001 0.001 0.002 0.000 0.000 16.7 16.3
10,0.75)  0.015 0.006 0.014 0.002 0.000 0.000 14.3 13.7
10,0.8) 0.001 0.001 0.001 0.001 0.000 0.000 13.3 13.0
10,0.85)  0.001 0.000 0.001 0.001 0.000 0.000 13.0 12.7
10,0.9) 0.001 0.000 0.000 0.001 0.000 0.000 11.7 11.7
10,0.95)  0.001 0.001 0.001 0.001 0.000 0.000 12.0 11.7

15,0.7) 0.003 0.002 0.008 0.009 0.000 0.001 62.7 81.0
15,0.75)  0.003 0.002 0.016 0.019 0.000 0.000 51.0 51.7
15,0.8) 0.003 0.002 0.011 0.009 0.000 0.000 46.0 45.0
15,0.85)  0.003 0.002 0.004  0.007 0.000 0.000 29.3 33.7
15,0.9) 0.002 0.001 0.004  0.003 0.000 0.000 26.7 21.7
15,0.95) 0.002 0.001 0.001 0.001 0.000 0.000 18.0 17.3

(
(
(
(
(
(
(
(
(
(
(
(
(
(20,0.7)  0.003 0.002  0.047 0.046 0.001 0.001  297.0  232.7
(20,0.75)  0.004 0.003  0.031  0.041 0.001 0.001  309.7 217.0
(20,0.8)  0.004 0.004 0.032 0.024 0.001 0.001 1863 184.3
(20,0.85)  0.004 0.003 0.041  0.023 0.000 0.0l  103.7 101.3
(20,0.9)  0.004 0.002  0.022  0.032 0.000  0.000 900  81.3
(20,0.95)  0.002 0.002 0.005 0.005 0.000 0.000  36.3 36.3
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

25,0.7) 0.006 0.005 0.151 0.141  0.006 0.005 1425.3 907.0
25,0.75)  0.006 0.004 0.107  0.107 0.005 0.004 1136.7 726.0
25,0.8) 0.007 0.005 0.091 0.097 0.003 0.003 643.3 519.7
25,0.85)  0.006 0.005 0.046 0.052 0.002 0.001 428.0 240.0
25,0.9) 0.007 0.005 0.045 0.049 0.001 0.001 227.0 153.0
25,0.95)  0.003 0.003 0.039 0.015 0.000 0.000 71.3 46.3

30,0.7) 0.010 0.008 6.409 9.829 0.041 0.053 9825.3 10177.7
30,0.75) 0.010 0.009 5.566 5.855 0.041 0.044 9786.0 8143.7
30,0.8) 0.009 0.006 1.780 2.697 0.026 0.030 6220.0 5869.3
30,0.85) 0.017 0.015 0.674 0.805 0.015 0.017 3610.0 3229.3
30,0.9) 0.007 0.005 0.161 0.199 0.005 0.007 1232.0 1309.3
30,0.95) 0.007 0.006 0.058 0.076  0.002 0.002 380.7 260.3

35,0.7) 0.024 0.022 182.914 142.446 0.363 0.311 72920.7 49665.0
35,0.75) 0.021 0.019 112.531 141.736 0.277 0.306 57875.7 48878.7
35,0.8) 0.013 0.010 30.880 36.765 0.151 0.164 31950.7 27655.0
35,0.85) 0.013 0.010 6.115 6.796 0.061 0.069 13374.0 11582.0
35,0.9) 0.013 0.011 1.296 0.799 0.025 0.021 5733.0 3617.0
35,0.95) 0.009 0.007 0.359 0.259 0.006 0.006 1199.3 944.3

Table 4: Computational comparison on small bilinear instances. Results are averaged over three instances
for each (n,~y). Smallest values in each category are shown in bold.

offsets the additional separation cost.
Overall, although the pure cut-based algorithms are valid, they are not as efficient as direct
solution approaches for problem (9). In Experiment 2, we therefore evaluate their impact when

incorporated as root-node cuts for LIN.

5.1.2 Root-Node Strengthening via Bimonotone and Lifted Cuts

This experiment compares LIN with two root-cut variants that strengthen the root-node relaxation.
LiN+CuT adds standard bimonotone cuts, while LIN+LIFTCuUT adds lifted vitality cuts (6). At
the root node, we sample 1000 binary candidates by randomized rounding of the root LP solution
and remove duplicates. For each infeasible candidate, we generate standard or lifted cuts using the

corresponding separation routine, retain cuts violated by the root LP solution, remove duplicate
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Config Solve Time (s) Num. Nodes Num. Root Cuts

(n,7) Lin Lin+Cut Lin+LiftCut Lin Lin+Cut Lin+LiftCut Lin+Cut Lin+LiftCut
(1000, 0.7) 9.66 9.97 10.20 241 241 178 5.0 5.7
(1000, 0.75) 17.61 17.94 17.17 355 476 370 3.3 8.0
(1000, 0.8) 14.80 15.08 15.19 1259 1259 1259 3.3 4.7
(1000,0.85) 23.36 23.40 23.79 845 845 841 3.7 7.7
(1000, 0.9) 14.35 13.97 13.93 28 27 27 2.0 6.7
(1000,0.95) 83.30 86.89 84.96 1390 1440 1340 0.7 1.7
(1250, 0.7) 29.34 29.23 29.26 1109 1217 720 2.3 3.7
(1250,0.75) 22.56 25.92 27.38 1199 1386 1358 3.3 5.3
(1250, 0.8) 30.62 31.77 31.41 965 965 1496 2.3 3.3
(1250,0.85) 69.56 72.72 74.71 4437 4150 4380 5.0 8.7
(1250, 0.9) 88.34 76.56 77.21 1695 1665 1665 1.0 4.7
(1250,0.95) 153.71 158.40 158.39 945 945 945 0.0 0.0
(1500, 0.7) 32.48 32.42 33.97 1442 794 677 6.7 9.3
(1500,0.75)  29.32 30.87 28.47 1553 1586 1728 4.7 7.0
(1500,0.8) 116.24 120.06 149.73 3908 3908 4418 6.0 11.3
(1500,0.85) 113.70 114.40 63.38 4084 4084 2192 2.7 6.0
(1500, 0.9) 35.39 35.37 35.70 1541 1556 1139 1.3 4.3
(1500,0.95)  600.46 503.70 600.49 1299 1151 1255 0.3 1.7
(1750, 0.7) 51.07 51.74 55.06 6612 6612 5749 5.3 6.7
(1750,0.75) 64.86 76.96 94.23 2068 1273 2498 3.7 7.0
(1750, 0.8) 98.58 88.30 88.57 1569 2868 4690 5.0 11.0
(1750,0.85) 83.45 85.49 89.41 320 321 476 4.0 6.3
(1750, 0.9) 232.71 64.93 65.38 2729 3110 2497 1.3 4.3
(1750,0.95) 515.00 517.34 518.86 977 1038 918 1.0 1.7
(2000, 0.7) 64.41 65.74 74.89 1271 1679 1379 2.7 4.3
(2000,0.75)  89.55 89.36 137.79 1841 1841 3408 2.0 3.3
(2000, 0.8) 90.58 90.70 90.82 2315 2344 1095 2.0 5.3
(2000,0.85) 168.95 161.87 166.90 2407 2407 1802 53 7.0
(2000,0.9)  423.58 255.96 254.99 721 1701 1702 1.7 5.3
(2000,0.95) 600.55 600.66 600.67 492 479 462 0.0 0.0
(2250, 0.7) 69.05 68.36 63.92 2169 2169 2196 4.0 8.0
(2250,0.75) 130.17 131.02 129.59 2542 2542 1535 4.0 6.7
(2250, 0.8) 180.41 184.20 165.65 2078 2609 2798 3.0 4.7
(2250,0.85) 98.00 102.11 98.80 2818 3133 3530 1.7 4.3
(2250,0.9) 433.21 433.40 433.66 1580 1573 1676 0.7 3.7
(2250,0.95) 600.83 600.91 600.59 615 807 622 1.7 2.3

Table 5: Computational comparison on large bilinear instances. Results are averaged over three instances
for each (n,~y). Smallest values in each category are shown in bold.

cuts, and add up to 100 cuts through Gurobi’s CBCUT in the root node callback. Cut generation is
parallelized for efficiency. We vary n over {1000, 1250, ...,2250} and ~ over {0.7,0.75,---,0.95},
with three random instances per configuration, yielding 108 instances in total. We impose a time
limit of 600 seconds for each run.

The results are reported in Table 5. The impact of adding root-node cuts to LIN is mixed but
often beneficial. In many configurations, either LIN+-CUT or LIN+LIFTCUT improves the solve
time, especially on larger or harder instances. For example, at (n,v) = (1750,0.9), the runtime
decreases from 232.71 seconds for LIN to about 65 seconds with root-node cuts. Similarly, at
(n,7) = (2000, 0.9), the runtime decreases from 423.58 seconds to about 255 seconds. However, the
benefit is not uniform: on easier instances, the extra cost of generating and processing root cuts

can offset the tightening effect.
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Root-node cuts often reduce the branch-and-bound tree, suggesting that they strengthen the
root relaxation. For 20 out of the 36 configurations, the cut-based variants lead to fewer explored
nodes. Moreover, LIN+LIFTCUT often produces stronger root-level tightening than LIN+CuT.
This is consistent with the larger number of root cuts generated by LIN+LIFTCUT, since lifted
cuts can be derived from multiple enlarged sets in Example 9.

Overall, these results show that the bimonotone cuts and their lifted variants are not uniformly
superior as root-node enhancements, but they can provide meaningful performance gains on selected
larger and harder bilinear instances. The proposed framework helps identify and generate diverse

families of cuts that can be used for this root-tightening purpose.

5.2 Case Study 2: Distributionally Robust Network Site Selection

Chance-constrained binary optimization provides a natural framework for selecting discrete re-
sources under uncertain feasibility requirements. This class of models has been studied through
chance-constrained set packing [64] and probabilistic set covering problems [12, 61], with applica-
tions in vaccine allocation [66] and capital rationing [13]. Our case study extends this to a distribu-
tionally robust optimization (DRO) that hedges against distributional shift [29, 51], demonstrating
how interval system identification enables multiple cut-based solution strategies within the proposed
framework.

Consider a supply network G = (V, E)) where a company aims to select certain nodes from V'
to supply products to all demand nodes. If constructed, each site ¢ € V would induce a fixed net
benefit r;, which incorporates both economic and environmental factors, and thus can be either
positive or negative. The potential supplies from all nodes to node j are denoted by the vector
a; = (aij)icy € R'V‘, and the demand at node j is b; € R;. Historical data indicates that, for
every j € V, (aj,b;) is a random vector following some discrete empirical joint distribution P; with
the finite-scenario support denoted by =;. To hedge against potential distributional inaccuracy or

shift, we define the Wasserstein ambiguity set

PB(B;) := {P | W1(P,P;) < n} with Wi(P,P;) := inf  Er[|(as,b;) — (a},0})]] ,
well(P,P;)
where 7 is the ambiguity radius, W denotes the Wasserstein-1 distance, and || - || is chosen as the

2-norm. To avoid service overlap, the company also requires that the selected sites 7' C V' form
an independent set. Then, the following formulation uses chance constraints to provide demand

satisfaction guarantee.

max Z i (10a)

st. sup P Z ajjr; <bj | <e, VeV (10b)
PEBP®;)  \iesly)
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D a <, vC = {i,j} € E. (10c)
1<
The objective (10a) is to maximize the net benefit. (10b) is the DRO chance constraint to impose a
demand satisfaction level of 1 —¢; with 6[j] denoting the closed neighborhood of vertex j. Constraint
(10c) ensures that the resulting solution is an independent set, which can be further enhanced using
clique elimination constraints.

From the perspective of Section 2, constraints (10b) and (10c¢) define two monotone subsystems:
Qy, is an upper system (DRO chance constraints with nonnegative coefficients), while Qu, is a
lower system (independent set constraints). Hence, the feasible region Q = Qx, N Qy, forms an
interval system. This classification yields multiple reformulation paths: covering inequalities can
be applied to Qy,, elimination inequalities to Qx,, or both simultaneously. In particular, the DRO

chance-constraint (10b) can be exactly reformulated into the following inequalities by Theorem 3

i1, VT € m~—(Qu,). (11)
€T

A direct computation shows that each T in this index set corresponds to a minimal collection of sites
whose complement yields a satisfaction probability strictly less than 1 —¢;. Theorem 3 guarantees
that this reformulation is exact, while Proposition 1 characterizes the facet-defining inequalities.
This illustrates how the monotone system perspective not only enables flexible reformulations but

also unifies their analysis and strengthening within a broader polyhedral toolkit.

5.2.1 Experiment Setup

Since the proposed method supports cut generation for arbitrary binary spaces or subspaces, it
enables flexible algorithmic choices. We compare the following four implementations, each of which

corresponds to a different way of exploiting the two monotone systems Qx, and Qy,.
e NoCurt: Baseline finite scenario approximation (FSA) algorithm; no monotone cuts used.
e CLQCuT: Exploits lower system (2x,; adds clique-based elimination cuts.
e SATCUT: Exploits upper system .y, ; generates covering cuts (11).
e ALLCUT: Uses both, consistent with interval-system structure Qx, N Q.
In NoCut and CLQCUT, we rewrite (10b) as follows

sup P; Z aijr; <bj | = sup Ep, |:]IE].(:E):| <e¢j, VjeV,
P; P (P;) i€dlj] P; B (P;)
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where Z;(z) = {(a;,b;) € 5j | Xjeop) @isTi < b}, Izj(x) is its indicator function. Applying
standard finite-support DRO reformulation [46, 51], we obtain

wy S
Vi 2V, S5
()} =49 (12)

st s; +'y]H a],bé a],b;€ H aj,bé) VEk,l € [K],

sup Ep, []I
P;ePB(P))

=J

where p? is the nominal probability of scenario k for node j. Let z"f € {0,1} indicate constraint

satisfaction under the scenario k. We obtain the following constraint representation of (10b).

Z p]sj +nv; <e€, VjeV

ke[K]

s "¢ a],bg a],bf )| >1- l. VE,l € [K]
Zamml—i-bk(l—z ) > b, Yk e [K],jeV.
i€dlj]

In CLQCuT, we generate cuts for (10c) on-the-fly by identifying up to three violated mazimal
cliques (with |C| > 2) in the induced subgraph G[T] at an incumbent solution xp from the master
problem. In SATCUT, given such an z7, the jth subproblem solves (12) to evaluate the worst-case
violation probability. This will be used to either confirm or reject the feasibility of zp regarding
(10b). For the rejection case, the proposed constraint (11) will be added to the master according
o (8). In ALLCuUT, both types of cuts are separated on-the-fly.

We generate a;; from Beta(2,2) if {4,j} € E, and set a;; = 0 otherwise. The demands b; are
drawn uniformly from [0,0.1], and the benefit coefficients r; are integers drawn uniformly from
{-=20,...,20}. The experimental parameters are n € {40,80,120}, m € {0.3n(n —1)/2,0.7n(n —
1)/2}, € € {0.05,0.1}, and K € {200,500, 800}, representing the number of vertices, number of
edges, demand violation tolerance, and number of scenarios, respectively. Each tuple (n,m, ¢, K)
defines an instance configuration, where the two choices of m correspond to graph densities 0.3
and 0.7. For each configuration, we generate three connected Erd6s—Rényi graphs, resulting in 108

instances in total. All four algorithms are run on each instance with a 600-second time limit.

5.2.2 Results Analysis

The results are summarized in Table 6. Overall, SATCUT substantially outperforms the other
implementations across all configurations, often reducing solution times from hundreds of seconds
to only a few seconds. This indicates that the satisfaction cuts derived from the upper-system
structure of the DRO chance constraints provide the most effective tightening in this experiment.
In contrast, NoCUT and CLQCUT frequently approach or reach the time limit as n, graph density,
or the number of scenarios K increases. The clique cuts in CLQCUT do not consistently improve
performance over NOCUT, suggesting that tightening only the independent set constraints is less

effective for these instances.
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Config Runtime (s) Cuts Sep. Time (s) Num. of Cuts

(n,m, e, K) NoCut ClqCut SatCut AllCut ClqCut SatCut AllCut ClqCut SatCut AllCut
(40, 234, 0.05, 200) 50.49 91.37 0.55 0.79 0.01 0.47 0.78 64.7 36.7 87.0
(40, 234, 0.05, 500) 146.26 474.70 0.87 1.45 0.01 0.81 1.45 52.0 12.0 57.0
(40, 234, 0.05, 800) 365.12 603.64 5.54 10.01 0.00 5.40 9.99 36.7 21.3 98.7
(40,234, 0.1,200) 17.79 52.60 0.25 0.40 0.00 0.21 0.40 44.0 21.7 50.7
(40,234, 0.1, 500) 163.50 459.72 1.63 1.83 0.00 1.52 1.83 48.3 31.3 76.7
(40,234, 0.1, 800) 530.77 604.36 2.81 5.84 0.00 2.71 5.83 32.7 11.7 64.0
(40, 546, 0.05, 200) 15.57 50.28 0.18 0.52 0.01 0.17 0.52 56.3 5.0 48.0
(40, 546, 0.05, 500) 127.26 222.93 0.22 0.98 0.01 0.21 0.97 49.3 0.0 44.7
(40, 546, 0.05, 800) 225.96 450.42 2.63 3.49 0.01 2.59 3.48 46.0 7.3 57.3
(40, 546, 0.1, 200) 19.19 39.39 0.09 0.46 0.00 0.08 0.45 44.0 3.7 52.7
(40, 546, 0.1, 500) 138.13 365.83 0.44 1.20 0.01 0.42 1.19 51.0 3.7 49.3
(40, 546, 0.1, 800) 386.62 501.88 2.76 3.23 0.01 2.69 3.23 45.7 10.3 55.3
(80,948, 0.05, 200) 118.98 208.08 0.60 2.25 0.02 0.45 2.22 160.7 20.0 179.7
(80,948, 0.05, 500) 381.77 603.82 0.92 5.34 0.02 0.82 5.32 74.0 12.0 114.3
(80,948, 0.05, 800) 613.39 611.07 8.99 18.90 0.04 8.67 18.87 46.0 27.7 156.0
(80,948, 0.1,200) 126.13 215.67 1.80 3.01 0.02 1.35 2.98 184.0 87.0 257.0
(80,948, 0.1,500) 532.89 606.79 2.78 9.19 0.02 2.52 9.16 77.0 23.7 179.7
(80,948, 0.1, 800) 614.56 607.52 6.78 22.53 0.03 6.34 22.50 54.0 16.7 169.3
(80,2212, 0.05,200) 144.11 183.95 0.41 2.39 0.02 0.30 2.36 197.3 9.3 155.0
(80,2212, 0.05, 500) 602.93 609.06 1.79 8.07 0.02 1.61 8.04 69.3 14.7 190.0
(80,2212, 0.05, 800) 612.94 636.94 2.87 10.76 0.03 2.68 10.73 43.7 5.7 126.7
(80,2212,0.1,200) 118.73 158.51 0.48 2.60 0.02 0.36 2.57 205.0 13.0 167.0
(80,2212,0.1,500) 602.96 610.77 2.36 7.46 0.02 2.17 7.43 61.0 13.3 174.7
(80,2212, 0.1, 800) 611.52 657.86 3.19 12.42 0.05 2.94 12.38 45.7 8.0 159.0
(120, 2142, 0.05, 200) 249.54 584.33 1.60 7.82 0.09 0.85 7.74 423.0 27.7 443.3
(120, 2142,0.05,500)  605.35 607.03 5.95 30.82 0.03 4.95 30.71 83.0 47.3 472.7
(120,2142,0.05,800)  629.46 617.93 5.68 32.03 0.07 5.00 31.98 52.0 17.3 280.3
(120, 2142, 0.1, 200) 279.09 493.74 1.88 6.81 0.06 1.06 6.74 404.3 40.0 414.0
(120, 2142, 0.1, 500) 605.85 604.74 4.96 23.13 0.03 3.94 23.05 86.0 25.7 395.3
(120, 2142, 0.1, 800) 654.43 615.76 13.64 41.70 0.09 12.49 41.63 57.0 34.3 353.3
(120,4998,0.05,200)  342.62 521.95 0.96 5.90 0.07 0.41 5.85 482.0 5.7 297.0
(120, 4998, 0.05, 500) 606.07 603.81 2.25 20.04 0.03 1.50 19.99 61.3 9.0 368.7
(120, 4998,0.05,800)  619.42 614.30 3.46 21.09 0.08 2.98 21.05 28.0 2.3 233.3
(120, 4998, 0.1, 200) 181.65 416.98 0.61 4.33 0.05 0.42 4.31 331.0 7.3 223.7
(120, 4998, 0.1, 500) 606.97 605.07 1.49 15.11 0.03 0.79 15.06 60.0 5.0 295.3
(120, 4998, 0.1, 800) 614.64 615.93 3.97 25.06 0.07 2.99 25.02 29.0 8.3 260.0

Table 6: Computational comparison for the site selection problem with DRO chance constraints. Results
are averaged over three instances for each (n,m, e, K). Smallest values in each category are shown in bold.

The comparison between SATCUT and ALLCUT further shows that adding more cuts is not
always beneficial. Although ALLCUT also exploits the satisfaction-cut structure, it typically gen-
erates many more cuts and spends more time in separation, which makes it slower than SATCUT.
The “Num. of Cuts” column shows that SATCUT achieves its speedup with relatively few cuts,
indicating that these cuts are strong and targeted. As expected, larger instances, denser graphs,
and larger K generally increase computational difficulty, especially for NoCuT and CLqQCuT. In
contrast, the violation tolerance € has a less systematic effect on runtime. These results show that
the proposed framework enables flexible and effective cut generation strategies by identifying useful

monotone and interval subsystems.
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5.3 Summary of Numerical Insights

Although Theorem 3 establishes that monotone solution spaces can be represented exactly us-
ing covering and elimination inequalities, the computational results suggest a broader utility for
the proposed framework. When the underlying structure already admits a compact alternative
formulation, such as the McCormick linearization of the bilinear terms in Case Study 1 or the
independent set constraints in Case Study 2, full cut-based separation may increase solution time.
In such cases, selectively adding strengthened inequalities, especially as root-node cuts, can still be
beneficial on larger or harder instances. In contrast, when the monotone system involves a com-
plex constraint representation, such as the DRO chance constraints in Case Study 2, a cut-based
master—subproblem implementation can substantially reduce solution time. Overall, the proposed
framework helps identify monotone, bimonotone, and interval structures from which valid and lifted
inequalities can be systematically generated, while the most effective use of these inequalities should

be tailored to the structure of each problem.

6 Conclusion

This paper develops a unified framework for set-system approximation in binary integer programs
(BIPs), interpreting covering and elimination inequalities as primitives for characterizing and ap-
proximating binary solution spaces. We show that these inequalities exactly describe the tightest
monotone inner and outer approximations of arbitrary set systems, and become exact reformu-
lations precisely under monotonicity. Building on this perspective, we recover classical structural
correspondences, extend polyhedral tools from set covering to broader BIP settings, and develop re-
formulation methods for nonlinear and latent monotone structures, including auxiliary-variable-free
bilinear reformulations, bimonotone cuts, and interval system decompositions.

The computational experiments illustrate that these reformulations have diverse uses beyond
standalone exact models. Depending on the structure of the underlying monotone subsystem,
the resulting inequalities can serve as root-node strengthening cuts, support master—subproblem
cut generation, or guide hybrid reformulations. Future work may explore additional set system

operators, scalable separation strategies, and extensions to mixed integer nonlinear programs.
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A Mathematical Proofs

Theorem 1. For any Q C Z(A), the following hold.
A. Complement —

1. =)= P(A) and ~(2(A)) = 0.

2. QCQ iff QD (order-reversing).

/3. If Q is upper (resp. lower), then —S) is lower (resp. upper).
4. == =id (involution).

B. Element—complement ~

PBl. ~) =0 and ~(P(A)) = P(A).

PB2. Q CQ iff ~Q C ~Q (order-preserving).

PB3. If Q is upper (resp. lower), then ~) is lower (resp. upper).
PB4. ~~ =1id (involution).

C. CutC

€1. C(0) = Z(A) and C(L(A)) = 0.
€2. C(Q)=01iff 0 e Q.
€3. C(Q2) is an upper system.
¢4. C =Cm.
€5. Q CQ implies C(Q) D C(Q) (order-reversing).
€¢6. CC =1 (upper envelope).
D. Cocut G

1. G(0) = P(A) and G(P(A)) = 0.

22. G(Q) =0 iff A € Q.

3. G(Q) is a lower system.

24. G=GM.

D5. QCQ implies G(Q) D G(Y) (order-reversing).
96. GG =\ (lower envelope).

E. Interactions.

&1l. ~— =~ (commutativity).

&2. ~ 1= ]~ and ~ =T~ (anti-commutativity).
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&3. ~m = M~ and ~M = m~ (anti-commutativity).

&4. ~C =G~ and ~G = C~ (anti-commutativity).

&5. =1 (2) €} =(Q) and =) () Tt () (partial anti-commutativity).

&6. m—(2) C -M(Q) and M—(Q) C —-m(Q) (partial anti-commute).

ET7. G-(Q) C =C(Q) and C—-(Q) C =G(Q), with equality iff Q is upper and lower, respectively

(partial anti-commutativity).

Proof. (A) Items (&71), (#72), (&/4) are immediate. For (&3), if Q is upper and T' € =2, then
any 7" C T cannot lie in Q (else upperness would force T' € ), hence T € =, showing —() is
lower. The reverse direction is symmetric.

(B) Items (A1), (#2), (#4) are immediate from the definition of ~ as an involutive bijection on
elements; (#3) follows since complement reverses inclusion on elements.

(C) Items (¢'1)—(%¢5) are standard from the definition of cut operator. For (¢6), if 0 € Q then
C(2) =0 and CC(Q) = Z(A) =1 Q. Otherwise, U € CC(Q) iff U intersects every S that intersects
every T € €2, which is equivalent to U D T for some T € Q, i.e., U €1 Q.

(E) Items (&1)—(&4) follow from Lemma 1. For (65), T € 1Q =T ¢ Q=T ¢ Q=T ¢
-Q = T €] =Q. The second inclusion is analogous. For (&6), T' € m—(2) implies T' ¢ M(2),
hence T' € =M () (and symmetrically for the other inclusion). For (&7), if T € G—(Q), then for
all 7" ¢ Q we have TUT" # A, which implies A\ T € Q, hence T' ¢ C(Q2) and G—(2) C =C(R2). For
the equality part, we first show sufficiency. Take any T' ¢ C(2), there exists some 7" € Q such that
T'NT = (. Suppose T ¢ G(—1), then there exists some T” ¢ € such that TUT” = A. In particular,
we have T/ C T”. But, 7" € Q and T” ¢ Q contradicts that € is an upper system. For the necessity,
we prove the contrapositive: suppose  is not an upper system, then —=C(Q) N =G—(Q2) # 0. Note
that  is not an upper system implies that there exist T € Q and 7" ¢ Q such that T'C T". We
show that every T" sandwiched between T and T” entails that its complement A \ 7" belongs to
the intersection =C(€2) N =G—(§2) by the following

TCT' <= TCA\(A\T") =TnNnA\T")=0= A\T" ¢C(Q),

T DT =T DA\ (A\T") = T'U(A\T") = A = A\ T" ¢ G~(Q),

which completes the proof of necessity. The proof for C—(Q2) C =G(Q) is symmetric.

(D) Follows from the identities in (E) and the properties in (C) by duality. For instance, (21)-(22)
follow from (€¢'1)-(%¢2) via G = ~C~; (23) from (€3); (24) from (€¢'4) together with ~m~ = M;
(25) from (%€5) using that ~ is order-preserving on set systems; and (26) from (46) plus T ~ =
~l. 0

Theorem 2 (Upper Approximation). For every set system ), we have
C~—(2) CQCC(TQ),
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where C~=(Q) and C~—(T Q) are the tightest inner and outer approximations of Q0 using upper-

systems, respectively. Moreover, equality holds throughout if and only if Q) is upper-closed.

Proof. For the first inclusion, take any 7' € C~—(Q) and suppose T ¢ Q. By definition, we have
T € -Q and A\ T € ~—Q. On the other hand, T' € C~—(2) means T'NS # () for all S € ~—. In
particular, TN (A\ T) # 0, a contradiction. To prove C~—(f2) is the largest inner approximation,
we show that any upper system ' C ) is a subset of C~—(). Suppose otherwise, take T' € ' C Q
but T ¢ C~—(2). The latter implies that for some S € ~—=Q, we have T'C A\ S € =, where the
membership also implies A\ S ¢ Q. However, since {2’ is an upper system, we have A\ S € Q' C Q,
a contradiction. For the second inclusion, 1 €2 is clearly the tightest outer approximation of 2 by

definition. Applying the above argument with the system 1 2, we obtain

Crt () =1 0,

where the equality is due to T €2 is upper-closed. Finally, since the systems on both sides are

upper-closed, the equality holds on both sides if and only if Q2 is also upper-closed. ]

Corollary 2. Given a set system §2, the tightest inner approximation by upper-systems with respect

to =), ~Q, and ~—§ are
Cr(Q) € -9, C~(Q) €~ C(Q) €~

and their equalities hold if and only if Q) is a lower system for the first two cases and is an upper
system for the third case. Symmetrically, G~(Q), G—(2), and G(Q2) are the respective tightest inner

approrimations by lower-systems with equality conditions reversed.

Proof. Replacing 2 in the first inclusion of Theorem 2 with each of the right-side sets, we can
derive these claims using the commutativity rule (1) and the self-inverse rules (<74) and (%4).

Moreover, they are the tightest upper embeddings by Theorem 2. O

Lemma 2. Given any set system ), the vector representations of C(2) and ~C(Q2) correspond to

the following covering and elimination inequalities, respectively.
d > 1,¥T € Q}
€T

> a < T —1,VT€Q}.

€T

XC(Q) = {l’ S {0, 1}n

XNC(Q) = {I S {0, 1}”

Moreover, these two types of inequalities can be equivalently converted to each other by the substi-

tution y :=1—x.

Proof. By definition, S € C(Q) if and only if SNT # () for all T' € Q. Thus, the vector representation

xg is feasible if and only if it satisfies all the covering inequalities. On the other hand, we have
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S € ~C(Q) if and only if A\ S € C(2). Hence, vector yg := 1 — zg indicates the complement
structure A\ S and intersects every T' € €. Substituting x = 1 — y in the covering inequalities

produces the elimination constraints. In particular, this also proves the last claim. ]

Theorem 3. Given a general BIP z := mingeyx f(x), let Q := {T, | = € X}. The following

reformulations serve as inner/outer approzimations of the original problem,

Upper-Inner Approximation zy;: Upper-Quter Approximation zy,:
i 1 i 2
Lo f(z) (1a) Lo f(z) (2a)
sty w1, VT €m~a(Q)  (1b) sty w1, VT € m~=t (Q)  (2b)
1€T 1€T
Lower-Inner Approximation zy;: Lower-Outer Approximation z,:
. 3 ; 4
i f(@) (B2 min f(2) (42)
sty 2 <|T| =1, VT € m~(Q) (3b) st >z <|T| =1, VT € m~] (Q) (4b)
€T icT

with objective values satisfying zyo < z < zyi and z;, < z < zy;. Moreover, (1) and (2) are both
equivalent to the original problem if and only if 2 is upper-closed; (3) and (4) are both equivalent

to the original problem if and only if Q is lower-closed.

Proof. These approximation results directly follow Theorem 2, Corollary 1, and Lemma 2. The

value relationships follow the definition of inner and outer approximations. ]

Corollary 3. Suppose Q C 22 is monotone with a membership oracle of complexity T(Q). Given

any T C A, the integer point separation complezity for (1)—(4) is of order O(|A|T(£2)).

Proof. Suppose T' € €). Then no violated inequality is needed. Otherwise, the separation algorithm
constructs an extremal infeasible set from 7', namely a maximal (or minimal ) set in =2 when § is
upper-closed (or lower-closed). This can be done by a linear search over at most |A| elements, using
one oracle call per element. The resulting extremal set indexes a violated covering or elimination

inequality, which proves the claimed complexity. ]

Lemma 3. Given a binary solution space X = {x € {0,1}" | g(x) < 0} and an index set I C [n],
define the flipping map 07 : {0,1}" — {0,1}" by

11—z, ifiel,
(Or(2))i == ,
T otherwise.
Let Xp, := {x € {0,1}" | g(01(x)) < 0}. Then, 0; induces a bijective affine map between conv(X)
and conv(Xy,). In particular, an inequality (a,x) > b is valid (or facet-defining) for conv(X) if and
only if (a,0r(x)) > b is valid (or facet-defining) for conv(Ap,).
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Proof. For every fixed index subset I C [n], the transformation 6;(-) is clearly affine and injective
by definition. To show 6 is also surjective, we represent an arbitrary z’ € conv(Ap,) as the convex
jeJ jes 201 (@}).
Clearly, we have 0;(x) = 2’ since 6; is affine and is an involution. It remains to show = € X. By

combination ) ;. ; A;x’; for some extreme points 2, of conv(Xp,) and define z = 3_

construction, each z’; is binary and satisfies g(67(27;)) < 0, implying 6;(z;) € X. Hence, the convex
combination z belongs to the convex hull conv(X'). Since affine bijections preserve faces and their

dimensions, the statement follows. ]

Proposition 1. Suppose Q2 is an upper system and |T| > 2 for every T € m~—(2), the covering
inequality (1b) is facet-defining if and only if A\ T € M—(Q) is quasi-feasible.

Proof. This statement is a paraphrase of the Statements 1 and 5 in [3] (from the matrix perspective)
and Proposition 3.4 in [68] (from the set system perspective). According to the latter, given an
upper system € such that |T'| > 2 for every T' € m~—(€2), (1b) is facet-defining in the associated set
cover problem if and only if for every a € A\ T there exists some a’ € T such that T\ {a'} U{a} ¢
~=Q, that is, A\ (T'\ {d'} U {a}) = (A\T)\ {a} U{d'} € Q. By definition, this means A\ T is

quasi-feasible. 0
Proposition 3. The following functions are bimonotone:
e Linear (modular) functions.

e Bilinear functions (x, Ry) for some block-diagonal matriz R € R where there exist (possibly
trivial) index bipartitions I = I; + Iy and J = J1 + Jo such that the diagonal blocks satisfy
Rr g, > 0 and Ry,j, <0 (entrywise).

e Submodular functions f where for every i € A, either
fi}) = f(0) <0 or f(A) = f(A\{i}) = 0.

o The supermodular counterpart.

Proof. For every linear function (c, z) with index set [n], defining I := {i € [n] | ¢; > 0} induces the
required index bipartition. The described bilinear functions with index set I U J can be written as
(xr,, Rr, ,y5)+ (x5, R1,7,Y0,)- Since Ry, j, > 0 and Ry, < 0 by assumption, the index bipartition

(I1 U J1, I U Jo) satisfies the bimonotone requirement. For submodular functions, we have

FHi}) = f(0) = F(TU{e}) = F(T) = f(A) = fF(AN{i})

for every i € A and every T' C A\ {i}. Hence, defining I := {i | f(A) — f(A\ {i¢}) > 0} induces
the required index bipartition. The supermodular case has all above inequality reversed, thus the
index bipartition induced by I := {i | f({i}) — f(#) > 0} proves the claim. O
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Corollary 4. Given a BIP min,_(,, . )ex, f(z1,77) where f is bimonotone under the index par-
tition (I,J). Let 6(xy,xy) = (7,1 — xy) be the flipping map on J, and define the transformed
system Qg := {(T1, J\Ty) | (T1,Ts) € Q}. Then the problem admits the following reformulation:

L f(z) i
s.1. in—l- Z(l—xj) >1, V(T[,TJ) € m~—7T Qy. ( )
€Ty JjeTy

Moreover, suppose |Tt U T;| > 2 for every (T1,Ty) € m~—1 Qp, the above inequality indexed by
(T7,Ty) is facet-defining if and only if (I \ T7,J \ Ty) is quasi-feasible with respect to T Qq.

Proof. Let ' = 6(x), where 2 = x1 and 2/, = 1 — ;. Under this change of variables, the
transformed feasible set is 2, and the objective f(0~!(z')) is increasing in 2’. Therefore, minimizing
over )y is equivalent in optimal value to minimizing over its upper closure 1 y: every point in
1 Qg \ Qp contains some point in €y that is componentwise no larger, and hence has no larger
objective value. By Theorem 3, the upper-closed system 1 2y admits the covering formulation
indexed by m~=(1y). Applying the inverse transformation 2’ = (x) gives the constraints in
(7). Hence the reformulation is exact. The facet condition follows by applying Proposition 1 to the

upper system T €2y, together with the facet-preserving property of the flipping map in Lemma 3. [

Proposition 4. For any set system Q, T QN | Q is the smallest interval system that contains 2.
Moreover, ) is interval if and only if Q =1 QN | Q.

Proof. 1t is immediate that Q Ct QN | Q. To show that the intersection forms an interval system,
take T,T" €t QN | Q and any T” with T C T” C T’. Since T €1 (Q, there exists S € Q with
S CT CT" hence T" €1 €. Similarly, because 1" €] €, there exists S’ € Q with TV C ¢,
and thus 77 C S/, so T” €] Q. Therefore T” €1 QN | Q, proving closure under intervals. For
minimality, let €’ be any interval system with Q C Q'. Take any T €1 QN | Q. Then there exist
T, T, € Q with T} € T C Ty. Since Q C Q' and ) is interval, it follows that 7' € Q'. Thus
Q' D1 QN | Q, showing minimality. For the second statement, if € is interval, then by minimality
we must have Q D1 QN | Q, and the reverse inclusion holds trivially. Conversely, if @ =1 QN | €,

then 2 equals an interval system, hence itself is interval. O
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