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An inexact infeasible arc-search interior-point method for
linear programming problems
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Abstract

Inexact interior-point methods (IPMs) are a type of interior-point methods that
inexactly solve the linear equation system for obtaining the search direction. On
the other hand, arc-search IPMs approximate the central path with an ellipsoidal
arc obtained by solving two linear equation systems in each iteration, while con-
ventional line-search IPMs solve one linear system. Therefore, the improvement
due to the inexact solutions of the linear equation systems can be more beneficial
in arc-search IPMs than conventional IPMs. In this paper, we propose an inexact
infeasible arc-search interior-point method. We establish that the proposed method
is a polynomial-time algorithm through its convergence analysis. The numerical
experiments for the large benchmark problems show that the proposed method us-
ing the conjugate gradient method as the inexact linear system solver can reduce
both of the number of iterations and the computation time compared to the existing
inexact IPM due to the reduction in computational complexity by the arc-search.
Andmore, it can reduce the computation time compared to the existing exact IPMs
because the dependence of the computational complexity on the dimension n of the
coefficient matrix is smaller for the conjugate gradient method than for the Cholesky
factorization.

Keywords: interior-point method, arc-search, inexact IPM, infeasible IPM, linear
programming.

1 Introduction

Linear programming problems (LPs) have had an important role in both theoretical
analysis and practical applications, and many methods have been studied for solving LPs
efficiently. Since an interior-point method (IPM) was first proposed by Karmarkar [16],
IPMs have been extended of optimization problems, for example, second-order cone
programming and semidefinite programming. Many variations of the IPM have been
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proposed, such as the primal-dual IPM [18], Mehrotra’s predictor-corrector method [21],
and recently, two-dimensional search IPMs [30].

Inexact IPMs are one of such variations and they inexactly solve a linear equation
system (LES) for obtaining the search direction in each iteration. An inexact IPM was
first proposed for solving a constrained system of equations by Bellavia [3] and it has been
extended for LPs [22] I]. The inexact IPMs have recently gained much attention due
to their relevance to quantum computing. Quantum linear system algorithms (QLSAs)
have the potential to solve LESs fast; their complexity has a better dependence on the
size of variables and the number of constraints but a worse one on other parameters
compared to that on classical computers [§]. Recently, inexact IPMs using the QLSA
called quantum interior-point methods are proposed in [17, [32].

On the other hand, studies to reduce the number of iterations in IPMs have also
contributed to improving the numerical performance. The higher-order algorithms using
second-order or higher derivatives in the framework of IPMs have been studied [24] 21}
11], 19], [10], but these sometimes have a worse polynomial bound, or the analysis of
computational complexity is not simple. An arc-search IPM is the one of the higher-
order algorithms originally proposed by Yang [34]. IPMs numerically trace a trajectory
to an optimal solution called the central path. Standard IPMs find the next iterate on a
straight line that approximates the central path by computing the search direction; such
IPMs are called line-search IPMs in this paper. In contrast, arc-search IPMs employ
an ellipsoidal arc for the approximation. Since the central path is generally a smooth
curve, the ellipsoidal arc can approximate the central path better than the straight line,
and a reduction in the number of iterations can be expected. Several studies [36, [39]
found that the arc-search IPMs improve the iteration complexity from the line-search
IPM in [31], and the numerical experiments in [35, B9] demonstrated that the number
of iterations in solving LP is reduced compared to the existing methods.

Arc-search IPMs solve two LESs in each iteration for computing the search direction
while line-search IPMs one LES, thus, the improvement due to solving LESs inexactly is
expected to be more beneficial in arc-search IPMs than line-search IPMs. In fact, when
the arc-search IPMs are extended to nonlinear programming problems [33] and convex
optimization problems [38], the arc-search IPMs can reduce the computation time even
if the computation of higher-order derivatives is omitted, i.e., the search direction is
obtained inexactly.

In this paper, we propose a novel inexact infeasible arc-search interior-point method
(IT-arc) by integrating an inexact IPM and an arc-search IPM. We prove that the II-arc
method achieves a better iteration complexity than the inexact infeasible line-search
IPMs (II-lines) [22, 23]. We conduct the numerical experiments with the conjugate
gradient (CG) method as an inexact linear equation solver for large benchmark problems
in the Netlib collection [6]. The results show that the proposed method can reduce the
number of iterations by twice and the computation time by 23% compared to II-line for
almost half of the benchmark problems. Furthermore, the comparison with the IPMs
for solving the LES exactly shows that the proposed method has an advantage in terms
of the computation time, even if the number of iterations of Il-arc is greater than it of
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the exact IPMs.

This paper is organized as follows. Section [2| introduces the standard form of LP
problems and the formulas necessary for II-arc. In Section [3] we describe the proposed
method, and in Section [d] we discuss the convergence and the polynomial iteration com-
plexity. Section [5| provides the results of the numerical experiments and the discussion.
Finally, Section [0 gives conclusions of this paper and discusses future directions.

1.1 Notations

We use x; to denote the i-th element of a vector x. The Hadamard product of two
vectors u and v is defined by u o v. The vector of all ones and the identity matrix
are denoted by e and I, respectively. We use the capital character X € R™*" as the
diagonal matrix whose diagonal elements are taken from the vector z € R™. For a set
B, we denote the cardinality of the set by |B|. Given a matrix A € R™*" and a set
B C {1,...,n}, the matrix Ap is the submatrix consisting of the columns {A; : i € B}.
Similarly, given a vector v € R™ and a set B C {1,...,n} where |B|] = m < n, the
matrix Vg € R™*™ is the diagonal submatrix consisting of the elements {v; : i € B}.
We use [|z]l, = (3, 22)Y2, ||zl = max;|z;| and |Jz]|, = 3, |z;| for the Euclidean
norm, the infinity norm and the ¢; norm of a vector z, respectively. For simplicity, we
denote ||z|| = [|z||,. For a matrix A € R™*", || A|| denotes the operator norm associated
with the Euclidian norm; [|Al| = max -, [|Az].

2 Preliminaries
section_preliminaries

In this paper, we consider an LP in the standard form:

i blem_maj
min ch, s.t. Axr = b7 x> 0, problem ma(]lrj]
z€R™

where A € R™*™ with m < n, b € R™, and ¢ € R"™ are input data. The associated dual
problem of is
bl d
max bTy, s.t. ATy +s=c¢, s>0, problem_ u@]ﬂ
yeR™ seR™

where y and s are the dual variable vector and the dual slack vector, respectively. Let
S* be the set of the optimal solutions of and . Wll;en VoS ) € 8% it is

well-known that (z*,y*, s*) satisfies the KKT conditions: fKI-cond

Az* =D (3a)

ATy +s=c (3b)

(",5) > 0 (30)

xis; =0, i=1,...,n. (3d)

We denote the primal and dual residuals in and as FeSiduals_ConStraints

Tb(x) — Ar—b residual_naiariI

re(y,s) = ATy +s—c, residual_?zl%])l
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and define the duality measure as

ot ety

Letting ¢ > 0, we define the set of (-optimal solutions as

St ={(w,5) R (2,5) > 0, < ¢, || (le), 7ol B8

From the KKT conditions , we know §* C SZ.

In this paper, we make the following assumptions for the primal-dual pair and
. These assumptions are common ones in the context of IPMs and are used in many
papers (for example, see [31], [37]).

assumption_IPC
Assumption 2.1. There exists an interior feasible solution (z,y,S) such that

Az =b, ATj+5=c, and (z,5) > 0.
assumption_full_row_rank
Assumption 2.2. A is a full-row rank matriz, i.e., rank(A) =m

Assumption guarantees that the optimal set S* is nonempty and bounded [31].

IPMs are iterative methods, so we denote the kth iteration by (zF,y*, s*) € R™ x
R™ x R™ and the initial point by (2°,%°,s%). Without loss of generality, we assume that
the initial point (29,4, s°) is bounded. We denote the duality measure of kth iteration
as pp = (zF)Ts¥/n.

Given a strictly positive iteration (z*,4", s*) such that (2%, s*) > 0, the strategy of
an infeasible IPM is to trace a smooth curve called an approximate central path:

¢ = {((t).y(1). 5(1)) | € (0,1]}.

where (z(t),y(t), s(t)) is the unique solution of the following system |

def_ellipso

i

Ax(t) — b=t rp(2"), (8a)
ATy(t) + s(t) — e =t re(y”, %), (8b)
z(t) o s(t) = t(z* o s*), (8c)
(x(t),s(t)) > 0. (8d)

Ast — 0, (z(t),y(t),s(t)) converges to an optimal solution (z*,y*, s*) € S*.
Arc-search IPMs approximate C with an ellipsoidal arc. An ellipsoidal approximation
of (z(t),y(t),s(t)) at («F, y*, s*) for an anglea € 0 o7 2] is obtained by( (), y(a), s(a))
1ph
with the following [37, Theorem 5.1]: | veria a-origina

z(a) = x — &sin(a) + (1 — cos(a)),

y(a) = y —gsin(a) + (1 — cos()), (
s(a) = s — ssin(a) + §(1 — cos(a)).

—~ R
o © ©
a T o
— N N

curve_to_optimal_solution
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Here, (1,7, $) and (&, §, §) are the first and second derivatives obtained by differentiating
both sides of by t, and they are computed as the solutions of the following LESSs,
respectively:

A 0 07172 ] Tb(xk) inst_derivative_origi

0 AT 1| |y | =] rh N Ty
S50 xE] [ 5| | afost
[ A 0 0[] [ 0 second_derivative_origi

0 AT Il g =] 0 T )
_Sk‘ O Xk_ i S ] L —21’ o S

Lastly, we define a neighborhood of the approximate central path [3I, Chapter 6]:

(z,8) >0, x;8; > y1p for i € {1,. n} de _neighborhqed
(o), re(ys ) < [[[(rp(2°), ey, 82| /1ol v2m
where 71 € (0,1) and 2 > 1 are given parameters, and ||(ry(x), r.(y, s))|| is the norm of

the vertical concatenation of r(x) and r.(y, s). This neighborhood will be used in the
convergence analysis.

N(71772) = {(x7y73> ’

3 The proposed method

section_proposed_method
In this section, we propose the II-arc method. In the beginning, to guarantee the con-
vergence of the proposed method, we introduce a perturbation into as follows:

A 0 0 % ry(2F)_ .
0 AT I g | = Tc(yk, sﬁLrSt d:arlvatlve_pertulili%c}l
Sk o Xk $ zF o sk — oppe
where o € (0, 1] is the constant called centering parameter. In the subsequent discussion,
(&,9, $) denote the solution of (13). The proposed method solves and (11)) inexactly
in each iteration to obtain the ellipsoidal approximation.
Several approaches can be considered for solving the Newton system , such as

the full Newton system and the Newton equation system (also known as the normal
equation system, NES) [4]. The NES formula of is

Mky _ Plf, first_derivativequzflfjl

where

(15a)
2ro(y", s*) +ro(a®) — A(S®)THat o s — ope)

F_ A(DM)c + o A(S®) te + Azh — b, def'NES']ili%‘b])I
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F\?vflﬁﬁIEB*Cgs(B?%S%(Sk)_%. When we solve the LES exactly and obtain y, we can
compute the other components & and s of the solution in

As discussed by Mohammadisiahroudi et al. [23], the iteration complexity of the II-
line can be kept small by the modification to NES . This modified NES formula
was examined for II-lines in [I} 25], it is called MNES. Since A is full row rank from
Assumption we can choose an arbitrary basis B C {1,2,...,n} where [B| = m and
Ap € R™*™ is nonsingular. Now we can adapt to

Ak . ~ first_derivative_
MFz = IOIIC7 N{q%%l

def _MNES_constants
where |

- 14— 14— def _MNES_coef_m i
N = (D) A MR (D)~ AT, Nekey)
pi = (D) 1At (17b)
with D% = (Xg)%(Sg)_%. The inexact solution 2 of satisfies
Nk i t_first_derivative
NE = g if, TR -8
where 7 is the error of Z defined as

1 ko= MFz - T:Mk(g—z)

Then, we can obtain the first_derivative (&,y, §) fr rony, the inexact solution in
esolution_first_derivative_from_M
and the steps below:

j = ( Dg) - AE)T% (19a)

5 =ro(yF, %) — ATy (19b)
ok = (vg,vg) - ( gf,o) (19¢)
&= 2% — (D*)%5 — opp(S*)te — of. (194d)

We also apply the MNES formulation to the second derivative . Letting
py =2A(S*) "o, ph = (D) AL S,

we have d derivati P{I&%&‘j
- secon erivative

M*: = pf - (20}

with the same definition of M* as in (17a). We use % to denote the inexact solution of

(20), then we have

inexact_second_derivative_
MFZ = pQ + r2, NP&FﬁI
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where f’; is deﬁned as fQ .= M, (5 - z) Similarly to (19), to obtain the inexact second
derivative (&,7, 5) from the inexact solution Z in (21]), we compute as follows:

§
k k k k ~k
U2 == <UB,UN) == (DBT27O> B
F= (D25 —2(S%)tEod— b
Fesolution_second_derivative_from_MNES

Using the derivatives obtained above, the next iteration will be found on the elli ips
_variable_alpha_with_inexact_derivatives
soidal arc with the following updated formula: e

2*(a) = ¥ — Zsin(a) + Z(1 — cos(a)), (23a)
y* () = y* — gsin(a) + (1 — cos(a)), (23b)
s*(a) = s* — §sin(a) + 5(1 — cos(a)). (23c)

To give the framework of the proposed method, we prepare some functions below:

G (a)ZSEf(a) (@) = ypw(a) for i € {1,...,n},
= 2"(a)"s"(a) — (1 —sin(a )( )Tt
hk(a) (1 (1~ B)sin(a)) (") "s* — 2*(a) " s"(a).

Here, h*(a) > 0 corresponds to the Armijo condition with respect to the duality gap .
In Section 4] we will show that the proposed algorithm converges to an optimal solution
by selecting a step size « that satisfies the following conditions:

GF(a) >0 fori e {1,...,n}, gk(a)C20nél’itiﬁyfdg_g_&_no_less_th?%%l

When holds, the next lemma confirms that a next iteration point (x*(a), y*(a), s*(a))
is in the neighborhood N (71,72). This lemma can be proved in the same approach as
Mohammadisiahroudi [23, Lemma 4.5] with Lemma 4.2 below.

lemma_in_neighborhood
Lemma 3.1. Assume a step length a € (0,7/2] satisfies G¥(a) > 0 and g*(a) > 0.
Then, (z*(a), y* (), s*(a)) € N'(71,72).-

Lastly, we discuss the error range such that the inexact solutions still can make the
proposed algorithm attain the polynomial iteration complexity. This accuracy will also
be used for the convergence proof in Section 4l We assume the following inequality for

the error 74 of and 7% of (2I):

\/ def deri i idual
\//:%{;’ Vi g {i%)?r_ erivatives_residua 'P%I%%%I
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where 7 € [0,1) is an enforcing parameter.
To prove the polynomial iteration complexity of the proposed algorithm in Proposi-
. drameter_conditions
tion [4.1] below, we set the parameters so that
parameter_condition_for@(éséj)I

(1—71)0—(1+712177>07b . )
t iti t t i
parame er_con ﬁ >1OOI_1_+en.a_more_ an_31gma_p u?2%1[:)3.|

We are now ready to give the framework of the proposed method (II-arc) as Algo-
rithm [Il

Algorithm 1 The inexact infeasible arc-search interior-point met}%od (;IJrI;arc?
algorithm—

Input: ¢ > 0,7 € (0,1), v2 > 1, 0,1, B satisfying and an initial point (2°,°,s°) €
N (71,72) such that 2° > 0 and s° > 0.
Output: (-optimal solution (2, y*, s¥)
1: k<0
2: while (2%, y*, s¥) ¢ S; do r
D (2F) TSR

ine_algo_II_arc_search_checking_stop

3

3

4 Calculate (z,7, $) by solving inexactly satisfying ([25)).
5: Calculate (Z, 9, §) by solving inexacthi%zze‘c_i%f’flgig_g_[.
6: ay < max {a € (0,7/2] | o satisfies (24)}

7 Set (xk+17yk+1)8k+1) = (q;k(ak)’yk(ak)’sk(ak)) by -

8 k< Fk+1

9: end while

4 Theoretical proof
section_theoretical_proof
In this section, we prove the convergence of Algorithm [I] and its polynomial iteration
complexity. Our analysis is close to Mohammadisiahroudi et al. [23], but it also employs
properties of arc-search IPMs.
First, we evaluate the constraint residuals . From and , the residual

appears only in the last equation as a term Skv’f , as the following lemma shows.
lemma_inexact_solution_MNES_conditions

Lemma 4.1. For the inexact first derivative (:E,g;, ;) of obtained by the inexact
solution of and the steps in , we have

A:% _ %Zlééqgﬁt_f1rst_derlvat1ve_MNES_ma1n_reSJ(<}1,}%])|

ATy + i 7:521 ?jg%c(;qc_)f?irst_derivative_MNES_dual_resj@;}%])l

< T inexact_first_derivative_MNES_dualit
Skx+XkS:stk—auke—Sy¥v%. a(12;7033|

Lemma can be proved from and in the same way as Mohammadisi-
ahroudi [23, Lemma 4.1], thus we omit the proof. As in Lemma (Z,4, ) obtained

I1ine_a1go_II_arc_searc:h_calculate_se
c_search_decide_step_size



. indexact_second_derivative_conditions
by (21) and (22]) satisfies |

Az =0,
ATj+5=0,
Sk + XF5=—2505=

inexact_second_derivat ive_main_resj(%léaljl
a
inexact_second_derivat ive_dual_resjélé%])l

inexagt_second_derivative_dualit
§*v‘§. a(]2]8(:I

12 Therefore, the following lemma holds from (27a]), (27D)), (284) and (28D) due to (23).

lemma_decrease_constraint_residuals

Lemma 4.2 ([37, Lemma 7.2]). For each iteration k, the following relations hold.
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rb(xk+1) = ’I“b(:Ek) (1 —sin(ag)),

rc(yk+17 3k+1) = rc(ykv k) (1 - Sin(ak)) :

For the following discussions, we introduce the following notation:

k—1

Vg = H(l — sin(ay)).
1=0
Fesiduals_decreasing

From Lemma we can obtain

n(a) = wry(a?)

re(y”,s") = vre(y”, )

(29a)
(29Db)

In the next proposition, we prove the existence of the lower bound of the step size

oy to guarantee that Algorithm [1]is well defined.

proposition_lower_bound_of_step_size

Proposition 4.1. Let {(mk,yk,sk)} be the sequence generated by Algorithm . Then,

there exists & > 0 satisfying for any ay € (0,a] and
C

SIH(CAY) = m,

where C' is a positive constant.

The proof of Proposition will be given later. For this proof, we first evaluate z*

and s* with the ¢; norm.

Lemma 4.3. There is a positive constant Cy such that
VkH(xk,sk)Hl < Cinpug.

The proof below is based on [31, Lemma 6.3].

lemma_upper_nu_x_s

upper_bound_norm _éosjl
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Proof. From the definition of A (y1,72) in and v > 1, we know

||(Tb(xk)7rc(yk73k))u <72“(Tb(x0),rc(y0750))u < ||(rb($0)7r6(y0’80))u

[k 110 I

I

which implies
H(Tb(wk)ﬂ“c(y ) S ))H mu_decreasing_lower_bo
k= = vplo - - %Ii
M= ), ey, Pl T 5

from . When we set

(,5,58) = vi(2°, 9%, ") + (1 = w) (2%, ¢, 8%) = (aF, 0, s"),
we have AZ =0 and AT3§+ 5= 0 from and , then
0=2z'5
= (e + (1 = w)z"* = ") T (s” + (1 = 1p)s* — V)
= (%) T s” + v (1 — ) ((ﬂfo)Ts* + (fC*)TSO) + (@) T+ (1= ) () T
= (@) TsF () Ta) + (1= m)(@H) s+ (55) )

is satisfied. Since all the components of =¥, s¥, 2*, s* are nonnegative, we have ((z*)"s*+

(s¥)T2*) > 0. In addition, we have (z*)"s* = 0 from (3). By using these and rearrang-
ing, we obtain

Vk((xO)Tsk + (SO)Txk) < V]?(gjO)TSO + I/k(l _ Vk) ((IO)TS* + (x*)TSO) + (xk)TSk
[-B)] = V]%”/«‘O + (1 — ) ((IL‘O)Ts* + (a}*)TSO) + Nk

[ B < wvenu, + %(1 — V) <($O)TS* + (a?*)Tso) +

e 0,1 < 2ngm+ 2 (@) s+ (0)Ts) )|
Ho
Defining a constant £ by
£ i
€= 12{112111 nmin(az?, s >0, de (3}§>J)I

we have (20)"s% 4 (s0)TzF > ¢]|(2*, sk)Hl. Therefore, from (32), we obtain

_ O)T * _|_( *)T 0
l/kH(l‘kaSk)Hl <¢ ! <2+ @ (iCO)T;) - >nuk-

We complete this proof by setting

0T o* T .0
e () 's* + (z*)'s def,_C
Ci=¢ (2 T 31
in (30)), where C is independent of n. O

10
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Next, we prove upper bounds of the terms related to z, $,, 5. From , the fol-
lowing lemma gives an upper bound of (27¢) and (28¢):

lemma_upper_derivatives_residual
Lemma 4.4 (|23 Lemma 4.2]). For the derivatives (&,7y,s) and (Z,9,5), when the
restduals ff satisfy , it holds that

upper_residual_term
st pperosidus-tomn g

. < Ntk
Then, the following lemma holds similarly to [31, Lemma 6.5] and [23, Lemma 4.6].

Lemma 4.5. There is a positive constant Co such that

s 10913, 4]} < v

IZl.emma_f irst_derivative_upper

Proof. Let o

('f Y, 5) = (I’ y? 3) - Vk($07y0 SO) + Vk(x*vy* 3*)'
From - and ., we have AZ = 0 and AT+ 5 = 0, therefore, ' 5 = 0.
Thus, we obtaln

H(Dk)_li‘+Dk§H = H (D) Y(& — vy (a® — 2 H D’T S inl‘/,k sV = sp}ﬂT P'b?%(isjl
From , it holds that
SFE + XF5 = (S%% + XF5) — 1, 8% (2 — 2%) — 1 XF (Y — 5%)
= (XFsP — oppe — SFoF) — 1p S (20 — %) — 1 XF(s0 — 57).
Consequently, we verify

ky—1~ ke (yvkaky—2/vkk _qk,ky DF(O _ ¢*
(D¥)""24+ D" = (X"S") 2 (X"s" —ouge — S"v7) — v (D 21 (nvba%xpl (SD s*).

us_D_ ?%_ﬂl

inequality_no
lall, < vrlall < nlall (383

holds from [37, Lemma 3.1]. From , , and Lemma we obtain

For any vector a € R?,

H(Dk) Y — vp(2® — %)) H +“Dks—uk(s —s* H

2
= H(XkSk)fé(stk — oupe — S*F) — v (DF) 120 — &%) — v DF(s° — 5%)

}2
_1 )

< {kaskH 2 (kag —aﬂke“+fnﬂk)+yk (H DM — )D’f e )} |
upper_sum_of_norm_of_D_inv bar x_plus_D_ a(§955|

< [t (et —om s + s o oo

11
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In addition, xfsf > Y in implies

HXkSk H -3 < 1 upper_x_s_half_inve(ﬂ%3|

V4 ik
From and , we have

o Joxsy ] < S, emes e

According to the derivation in [31, Lemma 6.5], we have
Hstk _ U,U,keH < nu, uPPer A5,
v (|| (0" @0~ a7) )
< | (@, 59| ]| 8) 172 {2 — w7 [} 5° — s |[EPO" N

+ HDk(SO —s%)

Therefore, from and , we obtain

v (|01 @ ~ 2

+ HDk(so —s%)

)

< \i%n\/;TkmaX {TTp%Uei_%Qﬂ:Tﬁggngr?ﬂ;f_‘D_xs_O_minus_xs_s(‘El |

Therefore, we have

|07 < |07 = vl 27|+ o] (D)@ — )

@1 < [ ([ vl v
+2%(WD%*@P—ﬁ)+MDW§—sﬂ

.. \//T —1/..0 *
[ (40), [@2)] S\//Tf(n—l—\/ﬁn)—i-%k(H(Dk) (¥ — 2%)

)

+ HDk(SO —s")

)

@) < Y (i) 2 (a7

L (14 7+ 20 max { | 2° — 2*|
1

" ="}

ﬂ

<

)

RN

5

Since the optimal set is bounded from Assumption [2.1]and the initial point is bounded,

Is® =513 et

is also bounded, and we can prove this lemma by setting this Cy. We can similarly show
S S an,/ K- O

Cy = 71_1/2 (1+77+201max{Hm0—:n*

12



210 From Lemma [£.5]
211 03] < H (D¥)~ HHDk H ppgrafirst derivative Hadanarg

212 Similarly, we evaluate the terms related to G¥(a), ¢*(a) and h¥(a).
lemma_upper_of_first_and_second_derivatives
Lemma 4.6. There are positive constants Cs and Cy such that
H;E o ;H < an4uk,
mae {[| (0478 || 045] } < Cun i

maX{Hx o SH, H:U o SH} < CyC4n3 -

Proof. When u'v > 0 for any vector pairs of u, v, the inequality
Juooll < 272ju+ ol

holds from [31, Lemma 5.3], so the following is satisfied:

- ~112
(DFY~15 + D%H

[E0 3] =||(0")1Fo DM < 272

From (D*)~'% 4 DF5 = (X*Sk)~1/2(Skz + X*k35),

o7+ o] < st

B x|
_1
@) < [k (2E 0 8+ s
1
- (@), @), B3), B <
@O ® <
f&)@grgnorx\nfl) )1nv _ddot_x_plus_D ddo(4 |

(2C3n% 1k + V/nnpuk )

From the above, we can obtain

202 2
wm¢<2"w<@ﬁ+¢wfsiééﬂmmw:@m%.
22
23 From and ( , we know =T 7sec(?nd_derivative_x_s_zero_inner_prod(li%s
214 T s§=0, I

then leads to

maX{H Dk ‘

~ 112
i} < o3
g%@@ﬁ+wm2
1

HE
< I(2022 +n)?nt = C2ntyy,
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215

216

217

218

219

|0 3]| < ||

We can show the boundedness of Ha: o sH similarly.

HHDk H < Cyn®/nCany/lis = CoCan .

Using these lemmas, we are ready to prove Proposition

Proof of Proposition[[.1 Firstly, we derive the equations necessary for the proofs. We

have the following simple

—2(1 — cos(a)) +sin®(a) =

Therefore, we can obtain

k

z*(a) o s*(a) = (x — Zsin

k

identity:

=X OS —

—(1 — cos(a))?.

sin_cos 5

(19

(o) + #(1 — cos(a))) o (sk — $sin(a) 4+ 5(1 — cos(a)))
b (azk os+io sk> sin(a) + (xk os+io sk) (1 — cos(a))

+ i oésin®(a) — (20§ +io08)sin(a)(l—cos(a)) + F o 5(1 — cos(a))?
[ @7d), 28] = a"os* — (a¥os* — opupe — S*uf) sin(a) + (—297: 05— Skvéc) (1 — cos(av))

+ 2o ésin*(a) — (£ 08 +io08)sin(a)(l—cos(a)) + # o §(1 — cos(a))?
[ @9)] = 2* o s*(1 —sin(a)) + oy sin(a)e

+ (08 —d038)(1—cos(a))? — (¥ 05+ 7 03)sin(a)(l — cos(a))

+ SFof sin(a) — S*v (1 — cos(a)) X‘S‘alpha‘Hadant%fﬂ]

and

()T s%(a) = (xk _Fsin(a) + 31 — cos(oz)))T (sk — §sin(a) + (1 — cos(a)))
- B0, B), @] = (2%)7s" (1 —sin(a)) + osin(a))

— 2 5(1 — cos(a))? — (JET; + a:“Tg) sin(a) (1 — cos(a))

+ sin(a) zn:[Skv’f]z — (1 — cos(a Z S;s §Talpha inner prOd(%%l

=1 =1

From Lemmas [£.5 and [£.6] and the Cauchy-Schwartz inequality, we know

|25, [773] < H(Dk)*% H’D’f; < C2n2u, (52a)
B ‘g-zT;( < H(Dkrlfzmpks < Co0um3 (52b)
@5, |573) < ||0n 8| pr| < cocan® (52¢)

lﬂj”z;J Sﬂ}ﬁsp)_p}“e Tﬂ%ke d<d %4,/32d ddot_s_element '(gﬁﬁeil

14



220

221

222

223

e%gsTg&OﬂuitUQﬁofide 3 \{laét%ge 48). Furthermore, we have

sin2(a) —1_ COS2(O[) ZS in_s u?rs _more_than_one m1nus_(%%sjl

from o € (0,7/2].
We prove that the step size a satisfying g*(a) > 0 is bounded away from zero. From

1),
2*(a) T s¥(a) > (2%)Ts* (1 = sin()) + o sin(a))
- £T§)(1 — cos(a))? — (\EJ;@?‘ n \%TED sin(a)(1 — cos(a))
- (s%f“l sin(a) — Hs%QfHI(l — cos(a))
[ 38), BE)] = (2*)"s" (1 —sin(a)) + osin(a))

- §:T§)(1 — cos(a))? — (‘:ETE‘ + ECT;D sin(a)(1 — cos(a))
lower_x_s_alpha_inner_proc%%isl

— gk (sin(a) + 1 — cos(a)).
Therefore,

g"(@) = 2*(a)"s" (@) — (1 = sin(a))(«") " "

[ B > o(2")"s"sin(e) — pnu (sin(@) + 1 — cos(a))

(1 — cos(a))? — ( xTS‘ + ‘JSD sin(a)(1 — cos(a))
@), B3)] > onpesin(e) — nruy; (sin(a) + sin®(a))
- (sz‘ sin*(a) — (‘asz‘ + ‘%T,;D sin®(a)
npy sin(a) ((0 —n) — psin(a) — Cinsin®(a) — 2CoCyn? sin®()) .

NEE

[ (B2)]

Since (—nsin(a) — C3nsin®(a) — 2C2C4n? sin?()) is monotonically decreasing and o >
7 holds from (26a)) and v, € (0,1), there exists the step size &; € (0, 7/2] satisfying the
last formula of the right-hand side is no less than 0. When

v

sin(éq) S

i

oc—n 1
2n 2
max 1,05, v/2C2Cy
fromO0<o—n<o<1,

(0 —n) — nsin(@;) — Cainsin®(Gy) — 2C,Cyn? sin?(a1)
_o-n (o-n? (0-n)?

> (o =) 2n 8n? 4
1 1 1

Therefore, g*(a) > 0 is satisfied for any a € (0, d].

15



. _derivati _el t_wise_
Next, we consider the range of a such that G¥(a) > 0. From (52), [pper-cerivatives eienent wise-m

TiSi —

( ) n2u < 20202, (55a)

< 205C4n° iy (55b)

i 1:
MET3 xlsz——xs

T;8 — —X' S
n

is satisfied. Therefore, we have

GH (@) = 2} (a)sf (o) — ()
[ B0, @), BI)] > afsi(1 —sin(a) + oppsin(a)

+ (Fi8s — 248i) (1 — cos(a))? — (&8 + :4:) sin(a) (1 — cos(a))
- Hs%’wasm(a) - Hs%gumu — cos(a))

- % (nﬂk ((1 = sin(a)) + o sin(a))

~ T3 — cos(a))? — (:Js + :%Tg) sin(a)(1 — cos(a)))

+ HSkv’le sin(a) + HSkv§H1(1 - cos(a)))

[ @2, 3. B3] = (1 = m)opesin(e) = (1+y1)nue(sin(a) + 1 — cos(a))
+ &i5;(1 — cos(a))? — (52'1.51 - %st) (1 — cos(a))?

(3 - TR 55— ETE) sin(a)(1 -
(mlsl LS + 28 . 5) sin(a)(1 — cos(a))
[ (B3), B2d), BE)] > yusin(a) ((1 —m)o — (1 +7)n— (1 +m)psin(a)

— (C3n* + 202n?) sin® (o) — 4C,Cyn? sinQ(a)) .

We can derive the same discussion as g*(a) using (26a). When

(I—m)o— (1 +7)n 1
2n max {(1 + ), (CF+ 203)%,2\/0204}

from0<(l—m)o—(1+m)np<o<1,

sin(de) <

o

(I =)o =1 +v)n—(1+y1)nsin(az) — (Cfn4 + 26’22712) sin3(&2) — 4C,Cyn? sin2(d2)

> (- - @) (1- 5 - - )
> (@ -mo— @+ (1-5 - 5 1)
> 0.

24 Therefore, G¥(a) > 0 is satisfied for a € (0, ds).
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225

226

227

228

Lastly, we consider h*(a)) > 0. Similarly to the derivation of , we can obtain the
following:

xk(a)Tsk(a) < (xk)Tsk ((1 — sin(a)) + o sin(«))
78] (1 = cos@)? + (|#78] + |E78]) sin(a)(1 - cos(a)
I (sin(a) 1 COS(OL)), upper_x_s_alpha_inner_prod(%%ljI

Therefore,

W (a) = (1 - (1 - p)sin(a)) () "s" — 2*(a) Ts"(a)
@B > (24)Ts* (Bsin(a) — osina) — gk (sin(a) + 1 - cos(a))

(1 — cos(a))? — (‘%Tg‘ n ]%Tg ) sin(a)(1 — cos(a))

@) = ik (Bsin(a) — osin(a) - n(sin(a) + 1 — cos(a))

(1 - cos(a))? — (‘sz‘ + ]:JSD sin(a)(1 — cos(a))

@] > g (B o — n)sin(a) — n(1 — cos(a)))

— C2n2 (1 — cos(a))? — 2C5,Cyn> g sin(a) (1 — cos(a))

nugsin(a) (8 — o —n) —nsin(a) — C3nsin’(a) — 202Cyn” sin®(a)) .

MEE

NEE

[ (B3)]

The last coefficient on the right-hand side is cubic for sin(«) and monotonically decreas-
ing for a. Therefore, it is possible to take a step size &3 satisfying h¥(@3) > 0 from

(26b)). When

\Y]

B—o—n 1
2n 2 ’
max | 1,05, v/2C2Cy

from0< f—0—n<p <1, weknow

Sin(dg) <

(B— 0 —n) —nsin(az) — Cansin®(az) — 2CoCyn? sin?(a3)
B-o-n (B-o-n?® (B-0-n?

= (f=o=m) 2n 8n? 1
o (1-3-1-)
B—o—n
>0

Therefore, g¥(a) > 0 is satisfied for a € (0, as).
From the above discussions, when & is taken such that

Sin(d) _ i{a mln{(l — 71)0 - (1 + ’Y1)?7, B—o— n}def min_step_ S%zﬁl
n2 2 max {ﬂ+7ﬁm“ﬂ+20% 2¢€ZZ}
g"(a), GE(a), h¥(a) > 0 are satisfied for all k and a € (0, &]. =

17



229

230

231

232

233

234

236

237

238

Since & defined in can satisfy the conditions in line |§| of Algorithm I, we can find
the step length oy > & > 0. Therefore, Algorithm I is well-defined. From h*(ay) > 0
for all k,

W (ar) > 0 = () Ts" () < (1= (1= B)sin(ay))(«*) "
< (1= (1= p)sin(@))(z") " "
< (1= (1= B)sin(@)) () s T N8R
Due to , it also holds that

(@), e, )| < (1= sin(@)* || (5B im0y e o =4 ne

We can prove the polynomial complexity of the proposed method based on the fol-

lowing theorem.
polynomiality_by_mu

Theorem 4.1 ([37, Theorem 1.4]). Suppose that an algorithm for solving generates
a sequence of iterations that satisfies

0
HE+1 < <l—n> g, k=0,1,2,...,
for some positive constants § and w. Then there exists an indexr K with

K = O(n*log(po/C))

such that
pik < G for Vk > K.

Applying (58), (12)), (z*,y*, s*) € N(y1,72), and a result that sin(&) is propo-
sitional to n~!% in to this theorem, we can obtain the following theorem.

main-theorem
Theorem 4.2. Algorithm |1] generates a (-optimal solution in at most

(9( - (max{% Tb@;)’rc@ﬂs“)u}))

In the case that the input data is integral, Al-Jeiroudi et al. [I] and Mohammadisi-
ahroudi et al. [23] analyze that the iteration complexity of II-line is O(n?L), where L is
the binary length of the input data denoted by

iterations.

L= mn+m+n+z [log (Jai;| +1)] +Zflog (lei] +1)] +Z [log (|bj] +1)] .
i.j j

Theorem indicates that IT-arc can reduce the iteration complexity from n? to n'?,

by a factor of n%®. This reduction is mainly brought by the ellipsoidal approximation
in the arc-search method.
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5 Numerical experiments

section_numerical_experiments
In this section, we describe the implementation and the numerical experiments of the
proposed method. The experiments were conducted on a Linux server with Opteron
4386 (3.10GHz), 16 cores, and 128GB RAM, and the methods were implemented with
Python 3.10.9.

5.1 Implementation details

We describe the implementation details before discussing the results.

5.1.1 Parameter settings

In these numerical experiments, we set
c=04, n=03, =01 =1 =009

These parameters satisfy , and we use the same parameters for II-line as well.

5.1.2 Solving LESs

To solve the LESs inexactly, we employ the conjugate gradient (CG) method in Scipy
package. Although we examined other iterative solvers than CG, the preliminary exper-
iments showed that CG was the fastest inexact solver in Il-arc.

The proposed method uses the MNES formulation in Section but preliminary
experiments showed that MNES lacks numerical stability. Specifically, CG did not con-
verge to a certain accuracy even when a preconditioner was employed, and the search
direction did not satisfy . A possible cause is that the condition number of the
coefficient matrix M* for MNES is extremely worse than that for NES; it is known that
the condition number of MNES can grow up to the square of that of NES [26].

Therefore, in the numerical experiments, we choose the NES formulations and

d_derivative
Mky _ ng second_ '(%%I
instead of the MNES and (20), respectively. The inexact solution of satisfies
v i t_first_derivative
Mbj = kg pk,  ARORACE-TITST 1
where the error ¥ is defined as 7} := MPby— pF = M* (g} — y’), and that of satisfies

k= k k inexact_second_derivative_(%lai
M = p 413, |
where the error 75 is defined similar to r¥. As for the solution accuracy, we set the

following threshold as in :

< n\/ATk Vi Gdtii_%??er_derivatives_residual_(l%Fg%l

N
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When we solve and by CG, we use the inverse matrix of the diagonal
components of M* as the preconditioner matrix to speed up its convergence of CG [12].
We adopt this preconditioner because it is simpler than the other methods, such as the
controlled Cholesky Factorization preconditioner [5], the splitting preconditioner [27],
and the hybrid of these [2], and we checked its convergence in a preliminary test.

The coefficient matrix M* has to be a symmetric positive definite matrix when
solving and in IT-arc and [23, (NES)] in II-line by CG of Scipy. Though this
condition should hold theoretically from Assumption and z¥,s* > 0, M* may not
be positive definite due to numerical errors. Therefore, when the CG method fails to
satisfy (63), we replace M* with M* + 10731, as indicated in [20].

5.1.3 The modification of (Z,7, 5)

If H—Q% o §HOO < nuyg is satisfied, and can hold with (i‘,;&,g) = (0,0,0). There-
fore, to shorten the computation time, we skip solving and set (z,,3) = (0,0,0).
In this case, can be interpreted as a line-search method.

Furthermore, when the inexact solution of satisfies HMngJ - péH > H o5
replaced with a zero vector as in [22] to avoid a large error.

;Y is

5.1.4 Step size

In line [6] of Algorithm [1] and [23, Algorithm 1, Line 9], since it is difficult to obtain the
solution of analytically, Armijo’s rule [3I] is employed to determine an actual step
size ay.

5.1.5 Stopping criteria
section_stopping_criteria

The algorithms are designed to terminate when (2, y*, s*) € SE is satisfied. The con-
dition ur < (¢, however, does not consider the magnitude of the data, thus it is not
practical especially when the magnitude of the optimal values is relatively large.

Therefore, in addition to condition 3 < ¢ (where ¢ = 1072), as in [33], we terminate
the algorithms when the following condition is met:

max{ [ro(z®)]|  [|re(y®, s9)|| [k }ozgiiefion_so](%ﬂ

max{1, [|b[|} " max{1, [|c[[} " max {1, [|cTz*], [|bTy*||}

where we set the threshold e = 1077,
In addition, we stop the algorithm prematurely when the step size aj diminishes as
o < 1077.

5.2 Test problems

section_test_problems
The CG or other iterative solvers are often employed when the matrix related to the
normal equation is very large and makes the Cholesky factorization impractical. In this

20
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context, we use the largest problems in the NETLIB collection [6]; QAP15 and the fifteen
Kennington problems [7] except KEN—lSﬂ We applied the same preprocessing as in [15)],
Section 5.1] to the problems, e.g., removing redundant rows of the constraint matrix A.

5.3 Numerical Results . )
section_numerical_results

We report numerical results as follows. In Section we compare Il-arc and the
inexact infeasible line-search IPM [23], Algorithm 1] (II-line), and show II-arc can solve
the large problems with less iterations and computation time. In Section [5.3.2] we
compare Il-arc and the existing exact infeasible IPMs. This result indicates that the
proposed method requires more iterations but less computation time.

The detailed numerical results of the all methods are reported in Appendix [A]

5.3.1 Comparison with the Inexact line-search
section_comparison_II_line_IPM

We compare Il-arc with II-line by solving the benchmark problems using CG in this sec-
tion. We set the initial point as (20,9, s”) = 10%(e, 0, €) that always satisfies (2°,°, s°) €
N(71,72)-

Firstly, Figure [1| shows a performance profile [9, [I3] on the numbers of iterations of
II-arc and II-line. The figures on the performance profile in this section was generated
with a Julia package [28].

Iteration number

1.00

075

0.50

Proportion of problems

0.25

ll-arc
Il-line

0.00

1 2 3 a
Within this factor of the best

Figure 1: Performance profile of the iguabipael iteratians nid b g aaeh A lie hod

We observe from Figure [I] that II-arc demands fewer iterations than II-line in all
problems. For more than half of the test problems, II-line required more than twice as
many iterations as II-arc. Therefore, these results indicate that the number of iterations

'The size of KEN-18 (n = 255248 and m = 205676) was so large that all of the methods in this
section exceeded the time limit of 36000 seconds.
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343

can be reduced by approximating the central path with the ellipsoidal arc, when the
LESs for the search direction are solved inexactly.

Computation time

0.75 -’_/

0.50

Proportion of problems

0.25

ll-arc
Il-line

0.00

1.0 15 2.0 2.5 30
Within this factor of the best

Figure 2: Performance profile of #hg caamnpartadénn ddime svitd Fienceandeiidingthoad

Next, Figure 2| shows a performance profile on the computation time. The compu-
tation time of II-arc is shorter than that of II-line. These results show that even though
II-arc requires an additional LES to be solved, Il-arc can solve the large problems
faster than II-line due to the reduction in the number of iterations.

5.3.2 Comparison with the existing exact IPMs
section_comparison_Exact_IPM

Next, we compare II-arc and the exact infeasible IPMs; the arc-search IPM [35] (EI-
arc) and the Mehrotra-type line-search IPM [21] (EI-line). We employ Scipy’s Cholesky
factorization to solve the LES exactly. We exclude KEN-18, OSA-60 and PDS-20 from
the comparison, since the computation exceeded the time limit of 36000 seconds due
to the Cholesky factorization for the extremely large LESs. For the initial points, the
II-arc method uses the same initial points as in Section On the other hand, since
(20,40, 5%) € N(71,v2) is not required for EI-arc and El-line, these use the same method
as Yang [35, Section 4.1]. Therefore, El-arc and El-line generate initial point candidates
using the Mehrotra method [2I] and the Lusting one [19], and select the one.

Figure |3| shows the performance profile for the number of iterations. This figure
shows that Il-arc is inferior to the exact methods. If the exact search direction can be
calculated, it can be inferred that the number of iterations can be reduced.

Next, Figure 4] shows the performance profile of the computation time. This figure
shows that Il-arc has an advantage in terms of computation time in spite of a larger
number of iterations. When solving the LESs and for the search direction, the
Cholesky factorization requires O(ng) of the computational complexity, whereas CG re-
quires O(nd\/klog(1/¢)) [29], where d being the maximum number of non-zero elements
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Figure 3: Performance profile of the iterationpasadosr yidhatl azga Flraze and iddingn

in any row or column of M*, x the condition number of M*, and ¢ the error allowed (we
set € satisfying in II-arc and II-line). It is known that x increases as the iterations
proceed in the IPM [12], but CG still can be faster than the Cholesky factorization if n
is remarkably large. For instance, when CRE-B was solved, the overall II-arc method
took 255.85 seconds, of which the CG consumed 247.24 seconds (96.63%). In contrast,
the El-arc method took 657.61 seconds and the Cholesky factorization occupies 639.02
seconds (97.17%). Therefore, the time required to find the search direction per iteration
can be shorter in the inexact IPM than that in the exact one, and as a result, the entire
computation time can be reduced.

6 Conclusion
section_conclusion

In this work, we proposed an inexact infeasible arc-search interior-point method (II-arc)
for solving LPs. In particular, by formulating MNES and setting the parameters appro-
priately, we showed that the proposed method achieves polynomial iteration complexity
that is smaller than the II-line by a factor of n%®. In the numerical experiments for
the largest problems in the NETLIB collection with CG as the solver for the LESs, the
II-arc outperformed the II-line in terms of both the number of iterations and the com-
putation time due to the reduction in the computational complexity by the arc-search.
Additionally, solving the LESs inexactly resulted in a reduction of the computation time
compared to the existing exact IPMs for the large problems because the computational
complexity of CG is less dependent on the problem size n than that of the Cholesky
factorization.
As a future direction, we can consider the following:

e utilizing QLSA, such as the Harrow-Hassidim-Lloyd algorithm [I4], to solve the
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Figure 4: Performance profile of the gamphideonsbanenuidde d laxe, clederc anch F-Hige

367 LESs more quickly,

368 e combining Nesterov’s restarting strategy as in [I5] to shorten the entire computa-
360 tion time,

370 e exploring hybrid methods to improve the efficiency of inexact solutions, such as
371 Bartmeyer et al. [2],

372 e extending the approach to other optimization problems, such as quadratic pro-
373 gramming problems.
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A Details on numerical results

)

exceeded the time limit of 36000 seconds.

k9

section_appendix
Table |1] reports the numerical results in Section The first column of the table is
the problem name, and the second and the third are the variable size n and the number
of constraints m, respectively, after preprocessing denoted in Section The fourth
to last columns report the number of iterations and the computation time (in seconds).
The underlined results indicate the best results among the four methods. A mark ‘-

indicates the algorithms stop before reaching the optimality, since the step size ay

diminishes prematurely. In columns of El-arc and El-line, ‘*’ means that these methods

Table 1: Numerical results on the proposed method gid &he sxisidngomeidigdsison

problem n m II-arc II-line El-arc El-line
Itr. Time | Itr. Time | Itr. Time | Itr. Time
CRE-A 6997 3299 | 41 37.18 | 113 39.88 | 27 4143 | 28 41.28
CRE-B 36382 5336 | 70 255.85 | 257 3575 | 41 657.61 | 44  666.94
CRE-C 5684 2647 | 44 50.45 | 111 51.86 | 30 26.72 | 30 24.66
CRE-D 28601 4102 | 70 175.99 | 242 240.82 | 43  237.77 | 42  221.57
KEN-07 5127 3951 | 33 23.66 | 39 21.61 | 15 2.03 | 17 1.59
KEN-11 32996 26341 | 36  2239.44 | 55 2276.8 - - - -
KEN-13 72784 58757 | 46 16841.77 | 83 16367.94 - - - -
OSA-07 25067 1118 | 40 4.45 | 69 6.04 | 94 31.75 | 51 5.95
OSA-14 54797 2337 | 45 10.29 | 85 16.99 - - 60 14.85
OSA-30 104374 4350 | 44 18.87 | 104 43.58 - -| 66 39.44
OSA-60 243246 10280 | 47 52.13 | 143 165.76 * * * *
PDS-06 36920 17604 | 56 128.64 | 102 117.98 | 35 866.18 | 41 1000.53
PDS-10 63905 30773 | 71 420.27 | 151 420.29 | 45 7107.41 | 46 7267.52
PDS-20 139330 65437 | 89 17269.62 | 215 23297.11 * * * *
QAP15 22275 6330 | 19 2.46 | 19 1.93 | 12 580.75 | 11  534.94
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