Data Collaboration Analysis with Orthonormal Basis Selection and Alignment

Keiyu Nosaka?, Yamato Suetake?, Yuichi Takano®, Akiko Yoshise™*

“Graduate School of Science and Technology, University of Tsukuba, 1-1-1, Tennodai, Tsukuba, 305-8573, Ibaraki, Japan
b Institute of Systems and Information Engineering, and the Center for Artificial Intelligence Research, Tsukuba Institute for Advanced Research
(TIAR), University of Tsukuba, 1-1-1, Tennodai, Tsukuba, 305-8573, Ibaraki, Japan

Abstract

Data Collaboration (DC) enables multiple parties to jointly train a model by sharing only linear projections of their
private datasets. The core challenge in DC is to align the bases of these projections without revealing each party’s
secret basis. While existing theory suggests that any target basis spanning the common subspace should suffice, in
practice, the choice of basis can substantially affect both accuracy and numerical stability. We introduce Orthonormal
Data Collaboration (ODC), which enforces orthonormal secret and target bases, thereby reducing alignment to the
classical Orthogonal Procrustes problem, which admits a closed-form solution. We prove that the resulting change-
of-basis matrices achieve orthogonal concordance, aligning all parties’ representations up to a shared orthogonal
transform and rendering downstream performance invariant to the target basis. Computationally, ODC reduces the
alignment complexity from O(min{a(cf)z, a2c€}) to O(act?), and empirical evaluations show up to 100x speed-ups
with equal or better accuracy across benchmarks. ODC preserves DC’s one-round communication pattern and privacy
assumptions, providing a simple and efficient drop-in improvement to existing DC pipelines.
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1. Introduction

The effectiveness of machine learning (ML) algorithms depends strongly on the quality, diversity, and compre-
hensiveness of the training datasets. High-quality datasets enhance predictive performance and improve the gener-
alization capabilities of ML models across diverse real-world applications. To overcome the biases and limitations
inherent to datasets obtained from a single source, data aggregation from multiple origins has become a common
practice. Nonetheless, this practice introduces significant ethical and privacy concerns, particularly regarding unau-
thorized access and disclosure of sensitive user information. Recent literature highlights a growing awareness and
reports an increasing number of privacy breaches linked to large-scale personal data collection and analysis [[1].

To address these privacy concerns, Privacy-Preserving Machine Learning (PPML) has emerged as a crucial ap-
proach, facilitating the secure and effective utilization of sensitive data—such as medical records, financial trans-
actions, and geolocation traces—without compromising individual privacy. Among various PPML methodologies,
Federated Learning (FL) [2] has gained prominence for enabling collaborative model training among decentralized
data sources, safeguarding data privacy by limiting direct data exchange.

While FL offers promising solutions, it encounters notable challenges in cross-silo scenarios, primarily stemming
from its dependence on iterative communication among participating entities during training. This communication
overhead constitutes a significant obstacle, particularly in privacy-sensitive sectors such as healthcare and finance,
where institutions often operate under stringent regulatory constraints and within isolated network infrastructures.
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Furthermore, FL inherently lacks formal privacy guarantees, necessitating the use of supplementary privacy-enhancing
mechanisms to achieve explicit privacy assurances.

A widely adopted strategy to mitigate these shortcomings is Differential Privacy (DP) [3l |4], which protects
individual records by adding carefully calibrated noise to the learning process. Although DP provides strong formal
privacy guarantees, it necessarily trades off model utility for privacy [5]], and the resulting degradation in accuracy can
substantially limit its practicality in real-world deployments, especially when data are already scarce or biased due to
originating from a small number of institutions.

To overcome limitations associated with conventional PPML methods, Data Collaboration (DC) has emerged as
a promising alternative [6}[7]. Unlike FL, DC leverages the central aggregation of secure intermediate representations
computed locally from raw data. Specifically, each participating entity independently transforms its dataset using
a basis matrix that it has privately selected. Subsequently, a central aggregator aligns these transformed datasets
within a common representation space by constructing a shared target basis—without knowledge of the secret bases.
This approach facilitates collaborative model training while ensuring robust privacy preservation, thus eliminating the
requirement for iterative communication among semi-honest parties [8].

Recent advancements in DC have expanded its applicability to scenarios involving more serious adversarial
threats. Notably, methods have been proposed to counter re-identification attacks targeting intermediate represen-
tations [9]], ensuring that transformed datasets remain unlinkable to their sources. Additionally, integrating differential
privacy mechanisms has been explored to further mitigate the risks associated with malicious collusion among partic-
ipants [10]. Moreover, hybrid approaches such as FedDCL [11]] demonstrate how DC’s advantages can be effectively
combined with FL paradigms, resulting in scalable, privacy-preserving collaborative ML solutions.

Although DC has empirically demonstrated significant potential in balancing privacy and utility without iterative
communication, its theoretical foundations remain underdeveloped. Existing theoretical analyses typically assume
that any target basis spanning the same subspace as the secret bases is sufficient. However, recent empirical studies
indicate that the selection of the target basis substantially influences the performance of downstream models [[12} [13]].
Specifically, choosing target bases that disproportionately emphasize certain directions in the feature space can de-
grade model accuracy and utility. These findings highlight a clear discrepancy between current theoretical guarantees
and observed empirical behavior, emphasizing the need for improved basis selection and alignment strategies within
the DC framework.

1.1. Our Contributions

We propose a novel framework termed Orthonormal Data Collaboration (ODC) to bridge the gap between the
theoretical foundations and empirical performance of DC. The central innovation of ODC is the explicit enforcement
of orthonormality constraints on both the secret and target bases during basis selection and alignment. This design
leverages common practices in DC, as conventional dimensionality-reduction methods, such as Principal Component
Analysis (PCA) and Singular Value Decomposition (SVD), naturally produce orthonormal bases, thereby imposing
minimal additional overhead.

The orthonormality constraint leads to two significant theoretical advantages:

1. Alignment Efficiency: The basis alignment simplifies precisely to the classical Orthogonal Procrustes Prob-
lem [14]], for which a closed-form analytical solution is available. This simplification significantly reduces the
computational complexity relative to existing DC approaches.

2. Orthogonal Concordance: All orthonormal target bases spanning the same subspace as the secret bases result
in identical downstream model performance. Thus, the specific choice of an orthonormal target basis becomes
inconsequential, effectively resolving previous instabilities in DC.

Empirical evaluations confirm these theoretical results by: (a) demonstrating that ODC achieves substantially
faster alignment compared to state-of-the-art DC methods, validating its theoretical complexity advantages; (b) high-
lighting the practical benefits of orthogonal concordance in stabilizing and enhancing model accuracy; and (c) assess-
ing the robustness of ODC under realistic conditions where theoretical assumptions may not strictly hold.

Notably, the ODC framework extends traditional DC by adding only a single practical assumption—the orthonor-
mality of secret bases. Empirical results demonstrate that relaxing this assumption notably degrades performance,
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Figure 1: Conceptual illustration of the Orthonormal Data Collaboration (ODC) framework. Each participating user independently projects their
private dataset X; € R">*" and a common anchor dataset A € R*" into intermediate representations X; = X;F;and A; = AF;, respectively, using
a privately selected orthonormal secret basis F; € R”*¢. To collaboratively train machine learning models without revealing their private raw data,
an analyst constructs orthogonal change-of-basis matrices G; € O(¢) := {0 € R 070 =007 = I} to align these representations onto a shared
orthonormal target basis, without directly accessing the private secret bases. The ODC framework ensures these matrices achieve orthogonal
concordance, aligning all user representations up to a common orthogonal transformation. Consequently, the analyst can safely aggregate and
analyze the aligned representations X;G; to perform downstream machine learning tasks. ODC explicitly addresses a key practical question: “How
can we use only the intermediate anchor representations A; to generate alignment matrices G; without explicitly knowing the secret bases F;?” The
analytical solution, illustrated in the figure, is G; = U,-Vl.T, computed via the singular value decomposition A[TA10 = UiZiViT, where O € O({) is
an arbitrarily selected orthogonal matrix.

underscoring its necessity. Because orthonormal bases already emerge naturally in existing DC workflows (e.g., [9],
DP integration [10], and FL integration [11]]), ODC can seamlessly integrate into current pipelines. Moreover, our em-
pirical comparisons position ODC within the broader context of PPML, highlighting its advantages over mainstream
techniques such as DP-based perturbations and FL.

Fig. [T provides a conceptual illustration of ODC, highlighting the principle of orthogonal concordance achieved
via basis alignment.

1.2. Notations and Organization

Notations. For a positive integer ¢, we write [c] := {1,2,..., c}. We denote by RP*? the set of real p X ¢ matrices. For
a matrix M, M" denotes the transpose, M’ the Moore—Penrose pseudoinverse [15]] (e.g., M= (M ™M)"'M™ when
M has full column rank), || M||r the Frobenius norm, and tr(M) the matrix trace. We write

GL() :={G € R : rank(G) = ¢}, O :={0eR*:070=00" =1,} )

for the general linear and orthogonal groups, respectively. For a matrix M, its (thin) SVD is written as M = ULV,
In the DC setting, each user i € [c] holds a private dataset X; € R"*™ (with labels L;) and a common anchor
dataset A € R, User i selects a secret basis F; € R”* and releases only the intermediate representations

X; = X;F; e R", A; = AF; e R, )
The analyst constructs change-of-basis matrices G; € R and forms aligned data
X; := X,G,. 3)
Contemporary DC methods typically allow G; € GL({), whereas ODC enforces G; € O({).

Organization. §[2|reviews the DC protocol as well as its privacy and communication properties. § [3]discusses related
work on Procrustes-based alignment and PPML. § f] summarizes existing DC basis-alignment methods and their
limitations. § [3] presents ODC, derives its closed-form Procrustes alignment, and proves orthogonal concordance.
§ [6}-§ [O] report empirical studies on time efficiency, robustness under relaxed assumptions, concordance, and anchor
construction. §[T0|concludes the paper.

2. Preliminaries

In this section, we present the necessary preliminaries on DC analysis. Specifically, we begin with an overview of
the DC algorithm, followed by an examination of its privacy-preserving mechanisms and communication overhead.
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2.1. The Data Collaboration Algorithm
We consider a general DC framework for supervised machine learning [0, [10]. Let X € R represent a dataset
containing n training samples, each characterized by m features, and let L € R™ denote the corresponding label set
with ¢ labels. For privacy-preserving analysis across multiple entities, we assume the dataset is horizontally partitioned
among c distinct entities, expressed as:
X L,
X=[:|, L=|:], “4)
X, L.

where each entity i possesses a subset of the data X; € R"*" and corresponding labels L; € R"*¢. The total number of
samples satisfies n = 3, n;, where [c] := {1,2,..., c}. Additionally, each entity holds a test dataset Y; € Rs>m for
which the goal is to predict the corresponding labels Ly, € R**¢. The DC framework can also be extended to handle
more complex scenarios, such as partially shared features [[16] or data partitioned both horizontally and vertically [7].

The framework defines two primary roles: the user and the analyst. Users possess their private datasets X; and
corresponding labels L;, and their objective is to enhance local model performance by leveraging insights derived
from other users’ data without revealing their own. The analyst’s role is to facilitate this collaborative process by
providing the necessary resources and infrastructure for the machine learning workflow.

At the outset, users collaboratively construct a shared anchor dataset A € R*"™, where a > m. Following the
standard DC literature [6} [17], we assume that A is either (i) synthetically generated dummy data or (ii) sampled
from an external public database (for example, unlabeled compounds from PubChem for chemical fingerprints [17]).
Here, “public” refers only to the data source: the concrete subset of records and feature vectors that form A is
sampled locally by the users and is not disclosed to the analyst. The analyst receives only the transformed anchor
representations A; = AF;, not the raw anchor A itself, so A remains unknown to the analyst unless a malicious
colluding user explicitly reveals it.

Each user independently selects an m-dimensional basis with size £, denoted by F; € R™¢ (m > ¢), to linearly
transform their private dataset X; and the anchor dataset A into secure intermediate representations. A common basis
selection method employs truncated SVD with a random orthogonal mapping [[11}[17]:

F; =V,E, )

where, E; € O(¢) = {0 € R : 070 = 00" = I} and V; € R"™ denotes the top ¢ right singular vectors of X;.
Notably, this typical method inherently produces orthonormal bases, i.e., F[ F; = I.

Once the secret bases F; are chosen for each user, the secure intermediate representations of the private dataset X;
and the anchor dataset A are computed as follows.

X, = X,F;, A;=AF.. (6)

Each user shares X;, L;, and A; with the analyst, whose task is to construct a collaborative ML model based on
all X; and L;. However, directly concatenating X; and building a model from it is futile, as the bases were selected
privately and are generally different. Within the DC framework, the analyst aims to align the secret bases using
change-of-basis matrices G; € R and constructs X as follows:

X,G,
£=| : | )
X.G,
After successfully creating the change-of-basis matrices from the aggregated A;, as detailed in §[3|and [5] the analyst
utilizes X and L to construct a supervised classification model A:

L ~ h(X). (8)
This model % can simply be distributed to the users along with G; to predict the labels Ly, of the test dataset Y;:
Ly, = h(Y,F;G;), 9
4



Algorithm 1: Overview of the DC algorithm (Adapted from Algorithm 1 in [9]])

Input : X; € R"" L, € R"* Y; € R%*" for each user i € [c]
Output: Ly, € R%* for each user i € [c]

1: User-side (i € [c]): begin

2: Generate A € R™™ and share it with all users
3: Select a secret basis F; € R™*¢

4: | Compute X; = X;F; and A, = AF,

5 Share X;, A;, and L; with the analyst

6: end

7: Analyst-side: begin

8: for each useri € [c] do

9: Obtain X~v,‘, A;,and L;

10: Generate a change-of-basis matrix G; € R>¢
11: Compute X; = X;G,

12: end

13: Set X and L by aggregating all X; and L;
14: Analyze X to obtain & such that L ~ h(f( )
15: Return G; and & to each user i € [c]

16: end

17: User-side (i € [c]): begin
18: Obtain G; and h

19: Predict LY, = h(Y;F;G;)
20: end

or employed in other DC-based applications [9} 1819} 20, 21} 22} 23] for enhanced privacy or utility. An overview of
the DC algorithm is presented in Algorithm |1} Notably, cross-entity communication within this framework is strictly
limited to Steps 2, 5, and 15 of Algorithm(I] The primary challenge of the DC algorithm lies in Step 10, which poses
the key question: How can we generate the change-of-basis matrices G; without access to the secret bases F;? This
question is addressed in detail in § ] and §[3]

2.2. Privacy Analysis

This section provides a brief review of the privacy guarantees and limitations inherent in the DC framework [8].
Throughout this paper, we adopt the standard semi-honest threat model for DC [8, 9l [10]]: all parties follow the
prescribed protocol but may attempt to infer additional information from the data they are authorized to observe.

Standard semi-honest model. Each user i observes only its own raw dataset (X;, L;), the shared anchor A, and the
learned model h. The analyst observes only intermediate representations (X;, A;) and labels L;; in particular, the
analyst never sees the raw anchor A or the secret bases F;, and thus cannot directly invert user-side transformations.

The shared anchor A € R™™ is common across users, but its origin (public vs. synthetic) and its visibility (whether
the analyst can access the exact A used by the users) are distinct design choices. In the default DC threat model, users
share A among themselves (or share a PRNG seed that deterministically generates A), while the analyst receives only
the transformed anchors A; := AF; (Algorithm [T} Step 5). When we say that an anchor is “public” we mean non-
sensitive / not derived from any user’s private records; the analyst need not be assumed to possess the exact A instance
unless stated otherwise. If the analyst does know A (e.g., a truly public anchor dataset), the setting falls outside the
semi-honest analyst model and is discussed under collusion.

Under the semi-honest model, the privacy guarantees and limitations of this work coincide with those of the under-
lying DC framework. In particular, as long as all participants remain semi-honest and non-colluding, the subsequent



privacy results do not depend on the number of users ¢; adding more semi-honest users does not, by itself, reveal
additional information about any individual dataset.

The following two theorems are direct restatements, in our notation, of the privacy results established for DC
in [8]. They are included for completeness and are not claimed as new contributions.

Theorem 2.1. Privacy Against Semi-Honest Users (Adapted from Theorem 1 in [8]]).
Any semi-honest user i in the DC framework cannot infer the private dataset X ; of any other user j # i.

Proof. A semi-honest user i has access only to its own private dataset (X;, L;), the shared anchor dataset A, and the
collaboratively trained model 4. Information about another user j # i is available only through the learned model &
and, implicitly, through the transformed representations X ; that contributed to training.

The anchor dataset A is either publicly sourced or synthetically generated and does not contain any information
derived from X;. Moreover, the transformed data for user j is given by X ;i = X;F;G;, where both transformation
matrices F; and G; are unknown to user i. Without access to F; and G;, user i cannot invert the transformation or
recover meaningful information about X;. Hence, a semi-honest user cannot infer the private dataset of any other
user. U

Theorem 2.2. Privacy Against a Semi-Honest Analyst (Adapted from Theorem 2 in [8])).
A semi-honest analyst in the DC framework cannot infer the private dataset X ; of any user j.

Proof. The semi-honest analyst has access only to the outputs of the user-side linear transformations, namely f(j =
X;F;and A; = AF; for each user j. However, both the transformation matrices F; and the anchor A are unknown to
the analyst. Thus, the analyst observes only pairs (X j»A ;) with an unknown common factor F;, and lacks sufficient
information to recover X; from X j- Therefore, a semi-honest analyst cannot infer any user’s private dataset. O

Contemporary DC techniques typically employ orthonormal bases to transform the private data. Intuitively, en-
forcing orthonormality on the secret bases preserves geometric properties (e.g., distances and angles) but does not
aid reconstruction in the absence of the bases themselves. Consequently, orthonormality does not weaken the privacy
guarantees under the semi-honest model.

To visually support this intuition, Fig. 2] presents a simple illustrative example on CelebA [24]. We demonstrate
that orthonormal projections significantly degrade visual recognizability, and the degree of obfuscation is comparable
to that achieved by general (non-orthogonal) random projections. A more detailed visual privacy analysis appears
later in §[7]

Rt

(b) Orthogonally projected images (£ = 300)

AR A e o S e L

(c) Randomly projected images (£ = 300)

Figure 2: Visual privacy verification using CelebA [24]. Original images (panel (a)) compared to images after orthonormal projections (panel (b))
and random non-orthogonal projections (panel (c)). Both transformations strongly obfuscate the visual content, illustrating that the orthonormality
assumption does not compromise visual privacy relative to general projections.



Remarks on collusion model. In practice, as the number of users increases, it becomes more likely that some par-
ticipants deviate from the semi-honest assumption. A natural extension of the DC threat model therefore considers
the possibility of malicious collusion between participants. In particular, when a user i colludes with the analyst, the
colluding parties jointly observe another user j’s transformed data, i.e., A ; and X j» as well as the raw anchor A. Since
A has full column rank, this enables reconstruction of the secret basis via the Moore—Penrose pseudoinverse [[15],
F; = ATA;. As argued in [8], because F; € R™ with m > ¢, the matrix F; acts as a projection, and choosing a
smaller latent dimension £ makes it substantially harder to reconstruct the original data X; from X ; = X,F, consistent
with the guarantees of e-DR privacy [235].

To mitigate such collusion-based risks and align with stronger privacy standards, differential-privacy-based mech-
anisms and procedures to eliminate identifiability have been integrated into DC, as demonstrated in [9} [10]. These
techniques provide additional protection under threat models that go beyond semi-honest behavior; we refer interested
readers to these works for a detailed treatment of stronger adversaries.

We emphasize that this study neither introduces new privacy vulnerabilities nor attempts to strengthen the ex-
isting privacy guarantees of DC. Our focus is instead on the concordance properties of DC and on improving its
computational efficiency, as discussed in § 5} The ODC methodology is fully compatible with enhanced DC variants
that offer stronger privacy protections [9} [10], but a comprehensive formal analysis and empirical evaluation of such
combinations are left for future work.

2.3. Communication Overhead

In this subsection, we quantify the communication overhead incurred by DC and compare it with standard FL. As
illustrated in Algorithm [T} DC requires at most three communication phases:

1. A one-off distribution of a common anchor dataset to all users (Step 2).
2. A single uplink from each user to the analyst, containing transformed representations (Step 5).

3. A final downlink from the analyst to each user, comprising the trained model and the change-of-basis matrix
(Step 15).

Let g denote the number of bits per scalar element (e.g., g=32 for FP32 and g=16 for FP16), and let N denote the
number of parameters in the downstream model 4. We write ¢ for the number of users, n; for the private sample count
atuseri, n := % i_, n; for the average sample count, a for the anchor size, m for the input dimension, and ¢ for the
latent dimension.

For each user i € [c], the uplink payload consists of the transformed representations of both its private dataset and
the anchor dataset:
pcr  (mit+a)lq
P8
The corresponding downlink from the analyst to user i contains the trained model / and the (change-of-basis) align-
ment matrix G; € R™>¢:

B [bytes]. (10)

BPCL (*+N)g

i s [bytes]. (1)
Let am
By = Tq [bytes] (12)

denote the size of the raw anchor matrix A € R for one copy. The aggregate cross-institution traffic required to
make A available can be written as
BT =y By =y % [bytes], (13)
where y > 0 is a topology-dependent replication factor (how many cross-silo copies traverse links).
In cross-silo settings, anchor distribution is typically unicast (so y = c), unless a public/seeded anchor is used
(y = 0). Importantly, this anchor cost is one-off.
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Figure 3: Sensitivity curves for the break-even FL rounds R* (example settings: a = 103, m = 784, £ = 100,y = ¢).

Summing (T0), (TT)), and (T3), the aggregate DC traffic becomes
.

BDC — Z(B,DCT 4 B?Cl) + Banchor
i=1

- g[c((ﬁ +a)C+(C+N)+yam]| [bytes]. (14)

DC is a single-round protocol: the cost (T4) is incurred once (plus the one-off anchor distribution if y > 0).

Let R denote the number of FL rounds and p € (0, 1] the per-round participation fraction (constant across rounds).
Each selected participant uploads and downloads the full model once per round, thus transmitting 2N scalars per
round. The cumulative FL traffic is

N
B =2Rpc ?" [bytes]. (15)
Setting BPC = BT and solving for R yields

_(n+at C+N  yam

R + + .
2pN 2pN  2pcN

(16)

Thus, DC is more communication-efficient whenever R > [R*]. Note that g cancels exactly in (T6); the dependence
on ¢ appears only through the anchor term and disappears in the common unicast case y ~ c¢ (e.g., cold start or
coordinator distribution).

Equation (T6) implies that R* oc 1/p and decreases with model size N. While R* is independent of the bit-width g,
the absolute traffic scales linearly with g:

B(g) = LB (qp),  B™(g) = L B™(qo). a7
q0 q0

For the numerical setup below, Figure [5|plots BPC and B as functions of g. The heatmaps in Fig. 4] illustrate how
R* shifts with respect to 7 and N (for several values of p), while Fig. 3] presents one-dimensional slices, showing R*
versus N (for multiple p) and R* versus p (for multiple N).

Let 8 denote the effective bottleneck goodput (bits/s) and 7 the RTT (seconds). A simple engineering estimate for
end-to-end transfer time (ignoring compute and assuming payload dominates) is

8 BDC 8 BFL
"¢ +3r,  TM=

~
~

+ 2R, (18)
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Table 1: Unit conversions. We report GB in decimal units (10° bytes) when translating to network time.

Unit Decimal (SI) Binary (IEC)
KB/ KiB 10° B 210B
MB / MiB 10°B 2% B
GB /GiB 10°B 23%0B

where the additive RTT terms reflect the three DC phases and the two-message-per-round structure of synchronous
FL. If clients are the bottleneck rather than the coordinator, one can replace BPC (resp. Bf") by the maximum per-client
transmitted bytes in the corresponding phase.

To avoid ambiguity, Table [T]lists the decimal (network) and binary (storage) unit conventions. We report GB in
decimal units (10° bytes) when translating communication volume to network time.

Consider ¢ = 100 hospitals, each with n; = 10° samples; anchor size a = 10%; input dimension m = 784; latent
dimension £ = 100; and a ResNet-50 with N ~ 2.5 x 107 parameters. Assuming 32-bit quantization (¢ = 32) and a
cold-start/unicast anchor distribution (y = ¢), (T4) gives

BP€ ~ 1.04 x 10" bytes ~ 10.4 GB, (19)
while one round of FL with full participation (p = 1) incurs
B™ ~ 2.0 x 10" bytes ~ 20 GB. (20)

Thus, DC achieves nearly a 50% reduction in communication even compared to a single full-participation FL round.
(If the anchor is public/seeded, y = 0 and BPC decreases slightly by removing the one-off anchor term.)

Under partial participation, say p = 0.1, (T6) yields R* ~ 5.2 (for y = ¢): FL must run for more than about five
rounds before its cumulative traffic exceeds that of DC. Since practical FL deployments often require tens to hundreds
of rounds to converge, DC is expected to yield substantial communication savings in realistic cross-silo settings.
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3. Related Works

3.1. Procrustes methods in multi-view alignment

The orthogonal Procrustes problem (OPP) [14] is a classical tool for aligning two matrices by an orthogonal
transformation. In multi-view alignment, OPP and its multi-set generalizations underpin a large family of methods
that seek a common latent representation shared across views. In functional neuroimaging, hyperalignment aligns
subject-specific response matrices to a common template by solving a multi-set orthogonal Procrustes problem, under
the assumption that subject-specific representational spaces are related by orthogonal transformations [26]. Kernel
Hyperalignment extends this framework by solving a regularized multi-set OPP in a reproducing kernel Hilbert space,
thereby accommodating nonlinear similarities while retaining the orthogonality constraint on each subject-specific
map [27]. Closely related generalized orthogonal Procrustes problems (GOPP) seek a collection of orthogonal matri-
ces that best align multiple point clouds, and recent work has analyzed semidefinite relaxations and generalized power
methods with sharp recovery guarantees under signal-plus-noise models [28]].

In multi-view representation learning and clustering, Procrustes-based alignment is also widely used. Many meth-
ods learn view-specific embeddings X; together with orthogonal transforms R; and a consensus representation Z by
solving objectives of the form

min || X:R; - Z]|. @1)

Z.Ric0() &

with variants that introduce adaptive view weights, Grassmannian constraints, or anchor-based parameterizations.
For example, Multiview Clustering via Adaptively Weighted Procrustes (AWP) explicitly formulates clustering as a
weighted Procrustes averaging problem over spectral embeddings from different views [29], while Multi-view Clus-
tering with Adaptive Procrustes on Grassmann Manifold (MC-APGM) learns an indicator matrix that approximates
multiple orthogonal spectral embeddings on the Grassmann manifold, again through an orthogonal Procrustes-type
objective [30]. Similar multi-set Procrustes formulations appear in manifold alignment, where independently con-
structed embeddings of multiple graphs or feature views are brought into correspondence by an orthogonal map [31]].

Beyond "classical" multi-view settings, OPP has become a standard primitive for aligning independently trained
representation spaces. In natural language processing, Wasserstein—Procrustes objectives are used to align word or
sentence embeddings across languages by jointly estimating an optimal transport plan and an orthogonal mapping
between embedding spaces [32]. In knowledge-graph representation learning, highly efficient frameworks repeat-
edly apply closed-form orthogonal Procrustes updates to keep entity and relation embeddings in a shared space while
reducing training time and memory footprint by orders of magnitude [33]. In these works, orthogonal transforma-
tions are primarily valued for preserving inner products and norms, thereby keeping the geometric structure of each
representation space intact while making different embeddings comparable.

Conceptually, our ODC formulation shares the same mathematical backbone as these multi-set Procrustes meth-
ods: under our orthonormal-basis assumption on the secret bases in § @ basis alignment in ODC can be written
as

c
: 2

yopmin Zl 1AG; - ZIi. 22)
which is a multi-view OPP over the anchor representations A;. What fundamentally distinguishes ODC is the role
played by this optimization and the way we exploit its non-uniqueness. Existing multi-view Procrustes approaches
typically fix one view as a template, or implicitly choose a particular Z (e.g., via the SVD of concatenated data) and
then interpret the resulting orthogonal transforms as the alignment; the fact that the solution set of (21)) is closed under
right-multiplication by a common orthogonal matrix is treated as a benign identifiability issue and is not analyzed in
connection with downstream learning objectives [26} 27,129} 30} 32} [33]].

In contrast, our notion of orthogonal concordance [5.2] elevates this indeterminacy to the main object of study.
Assuming orthonormal secret bases F;, we show that there exists a common matrix F and orthogonal matrices O;
such that F; = FO;, and that any Procrustes solution can be written in the form G = O] O for an arbitrary global
orthogonal matrix Q. Consequently, all aligned representations F;G collapse to the same product FO, and every
choice of O in the Procrustes equivalence class yields identical downstream predictions for distance-based models
(and, empirically, near-identical performance more broadly). This invariance property — that the entire multi-set
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Procrustes solution set induces the same collaborative model — is what we call orthogonal concordance, and it is
specific to the DC setting with orthonormal secret bases and anchor-only access to the data.

Finally, most Procrustes-based multi-view methods assume a centralized optimizer that directly observes all raw
views X; or their feature embeddings and do not model privacy or communication constraints [29, |30, (32} [33]. ODC
instead operates in a privacy-preserving DC pipeline, where the analyst only sees intermediate anchor representations
A; and user-transformed data. The goal is not merely to reduce alignment error, but to guarantee that the whole
equivalence class of Procrustes solutions leads to the same collaborative model. This theoretical shift—from finding
a good orthogonal alignment to characterizing all alignments that are provably equivalent for learning—is the key
difference between classical Procrustes-based multi-view alignment and our concept of orthogonal concordance.

3.2. Privacy-Preserving Machine Learning

Privacy-preserving machine learning (PPML) broadly studies how to learn from sensitive data without directly
centralizing raw records. Among the most widely deployed paradigms is federated learning (FL), where clients re-
peatedly run local training and a server aggregates model updates over many communication rounds (e.g., FedAvg)
[2]. Because FL. communicates gradients/weights, it does not, by itself, provide a formal privacy guarantee; conse-
quently, FL is often paired with differential privacy (DP) mechanisms that add calibrated noise to client updates to
obtain an (g, 6)-DP guarantee [3|4]]. DP provides worst-case, distribution-free protection—output distributions remain
stable to the inclusion/exclusion of any single record—but can impose a non-trivial privacy—utility tradeoff, especially
at strong privacy levels [3]].

Data collaboration (DC) offers a complementary PPML design point: instead of iteratively sharing model updates,
each party shares one-shot intermediate representations obtained by applying a private (secret) transform to its data
(and to a shared anchor), after which an analyst aligns representations into a common space for downstream learning
[2,[10]. This yields a different theoretical separation from FL/DP:

o Optimization object: FL performs distributed optimization of model parameters via iterative aggregation [2]],
whereas DC centralizes aligned representations and can then train arbitrary downstream models in that shared
space [6]].

o Communication pattern: FL typically requires many bidirectional rounds until convergence; DC uses a single
uplink of representations (plus a one-time anchor broadcast), which can be advantageous in cross-silo settings
with large models [2| |6]].

e Privacy semantics: DP provides a formal indistinguishability guarantee via noise [3]], while DC primarily
relies on secrecy of the local transform (often analyzed under semi-honest assumptions) rather than an (g, 9)
guarantee [8].

Our proposed ODC remains within the DC family, retaining DC’s one-shot protocol, while constraining alignment
to orthogonal transformations, which preserves geometric structure and simplifies the alignment process analytically.
Finally, DP and DC are not mutually exclusive: DP can be layered on top of released representations to strengthen
protection under collusion, and DP-enhanced DC has been explicitly explored [10].

4. Existing Basis Alignment
Focusing on Step 10 of Algorithm|[I] we now address the central question of DC:

How can we construct the change-of-basis matrices G; without access to the secret bases F;? 23)

In this section, we review the two prevailing basis-alignment strategies employed in existing DC frameworks—Imakura-
DC and Kawakami-DC—and analyze their concordance properties as well as their computational efficiency in terms
of FLOP count and peak memory usage.
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4.1. Imakura’s Basis Alignment (Imakura-DC)

Here, we review the basis-alignment method proposed by Imakura ef al. [8]. To begin with, we introduce As-
sumption 4.1]

Assumption 4.1. We impose the following assumptions on the anchor dataset A € R and the secret bases F; €
R™E (m > ¢), for all i € [c]:

1) rank(A) = m;
2) There exists E; € GL(€) = {R € R’ : rank(R) = ¢} such that F; = F\E;.

Condition 1) is a common requirement in the DC literature. For instance, selecting A to be a uniformly random
matrix (with appropriate dimensions) ensures rank(A) = m, which is standard practice. Condition 2) requires all
intermediate representations to span an identical {-dimensional subspace.

The central task for the analyst is to construct suitable change-of-basis matrices G; that align the secret bases F;,
even though these bases are never directly observed. Formally, the objective is to identify matrices G; € GL({) for
each i € [c] such that

F G, = F,G, = ... = F.G,. 24)

Note that such G; exist if and only if condition 2) of Assumption[4.1]is met.

Since the analyst has access to the intermediate representations of a common anchor dataset, defined as A; =
AF; € R’ where A remains consistent across all users, it follows that any set of matrices G; satisfying (24)
necessarily satisfy the following condition:

A1G = A6 == AG.. (25)

Consequently, the matrices G; that satisfy equation (23] are necessarily those that minimize the following opti-
mization problem:

. . . 2

A crucial observation is that GL(¢) is inherently non-compact. This non-compactness poses significant difficul-
ties, specifically that one can construct a sequence of invertible matrices whose singular values diminish progressively,
causing the sequence to converge toward the zero matrix. Such convergence undermines the stability of the optimiza-
tion and complicates the identification of meaningful solutions. This ill-posedness can, however, be alleviated by a
judicious, a priori selection of some target matrix Z € R, Specifically, define Z = UR, where U comprises the top

¢ left singular vectors of the concatenated matrix [Al ‘e Ac], and set an arbitrary invertible matrix R € GL(?).
Problem (26)) reduces to:
min [|A,G; - Z|[2. 27)
GieGL(0)

The optimization problem in admits closed-form analytical solutions given by G} = AjZ for each i € [c].
Imakura-DC’s basis alignment procedure is summarized in Algorithm 2]

4.1.1. Weak Concordance of Imakura-DC
To theoretically assess the downstream performance of the resulting change-of-basis matrices G, we analyze their
sufficiency with respect to Eq. (24). We formalize weak concordance as follows:

Definition 4.2. (Weak Concordance)
The change-of-basis matrices G; € GL({), for i € [c], satisfy weak concordance if

F\G, = F,G, =--- = F.G.. (28)
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Algorithm 2: Imakura-DC’s Basis Alignment Procedure [§]]

Input : A; € R for each user i € [c]
Output: G; € GL(¢) for each user i € [c]
1: begin
2: Form the concatenated anchor [ A; --- A, ] and compute its top ¢ left singular vectors U
3 Set the target Z = UR with any R € GL({) (often R = I)
4 | SetG;=AlZforalli
5: end

Theorem 4.3. (Weak Concordance of Imakura-DC (cf. [I8]))

Suppose that we observe matrices A; = AF;, i € [c], with A € R™™ and F; € R™. Under Assumption let U
denote the matrix formed by the top € left singular vectors of the concatenation [ Ay --- A.]. Then, for eachi € [c],
the solution G} = AZ.LZ to the optimization problem:

in ||A;G; — Z|]%, 29
Juin, | Il 29
where Z = UR for an arbitrary invertible matrix R € GL({), is weakly concordant (Definition 4.2)).
Proof. Since all A; share the same ¢-dimensional column space, the top ¢ left singular vectors U of [ A; --- A, ] also
lie in the same column space. Therefore, there exists some invertible matrix Q € GL({) such that:
Z=A0. (30)
Then we can write:
Z = A\Q = AF\E(E;'Q) = A(E;'Q). 31
Hence,
G;=A/Z=AA(E'Q) = E;'Q, (32)
and therefore, we have
F\G;=---=F.G, (33)
which completes the proof.
O

Theorem [4.3|establishes that the invertible right factor R € R of the target matrix Z = UR can be chosen arbi-
trarily while preserving weak concordance. This flexibility naturally prompts the question of whether such arbitrary
choices could negatively impact downstream model performance. Unfortunately, the answer is affirmative. Empirical
evidence examining this issue is presented in §8] Intuitively, selecting a target matrix that disproportionately empha-
sizes certain directions within the feature space may adversely affect model accuracy and utility. Although recent
studies empirically indicate improved performance when choosing R = I [[6], this particular choice remains heuristic
and lacks rigorous theoretical justification, suggesting potential suboptimality.

Consequently, the practical utility of Definition [4.2] and Theorem [4.3]is inherently limited. Indeed, Imakura’s
basis alignment method exhibits a notable discrepancy between its theoretical guarantees and empirical performance.

4.1.2. FLOPs of Imakura-DC
We adopt standard BLAS/LAPACK floating-point operation (FLOP) counts [34! 35} 36/ 137, summarized in Ta-
ble[2

In Algorithm 2] the concatenated anchor matrix
[A) -+ A ] e R (34)

has size a X c{. Let
p = min{a, cl}, q = max{a, cl}. 35)
Using the FLOP counts in Table[2] we estimate the cost of Imakura-DC as follows:
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Table 2: Standard matrix operations and their approximate floating-point operation (flop) counts.

Operation Matrix Approximate FLOPs
Matrix product (C = AB) A eR™ BeRP" =~ 2mkn

QR factorization (Householder, n = min{m, n}) A € R™" ~ 2mn® - 3n®

SVD (n = min{m, n}) A € Rm™# ~ 4mn?* + 8n°
Triangular inverse R e R™" r % 3

e Computing the SVD of the a X ¢f matrix [ A; --- A, ] costs

4gp* + 8p® FLOPs. (36)

e The matrix U € R® contains the top ¢ left singular vectors. Forming Z = UR multiplies an a X £ matrix by an
€ x ¢ matrix and costs
2at* FLOPs. (37)

e For each user i € [c], forming the Moore—Penrose pseudoinverse of A; € R via SVD and multiplying it by Z
costs
4al* + 863 + 2al* = 6al’* + 8(° FLOPs. (38)

Thus, the total approximate FLOP count for Imakura-DC is
4gp? + 8p* + 2al* + c(6al* + 86%) = 4qp® + 8p> + (6¢ + 2) al® + 8c(® FLOPs. (39)
Under the assumption a > £, this can be summarized in big-O notation as
O(min{a(ct)?, d*ct}). (40)

4.1.3. Peak memory of Imakura-DC
We measure memory in units of real scalars. The ¢ matrices A; € R*! can be viewed as a single concatenated

anchor
A=[A, - A.] e R, 41)

which already requires ac? scalars to store. Let
p = min{a, cf}. (42)
We now bound the peak memory footprint of Algerithm 2]by inspecting each step. We assume a > ¢ throughout.

e SVD of the concatenated anchor. During the computation of the SVD of A we store A itself (acl scalars),
the top ¢ left singular vectors U € R (af scalars), and an SVD workspace of size O(p?) scalars. Since
p = min{a, ¢}, we have p2 < act, and clearly af < act, so this step uses

acl + O(al + p*) = O(ac?). (43)

e Forming the target Z = UR. Next, we form the target Z = UR with Z € R and R € GL({), which require
al and ¢? scalars, respectively. At this point, we still store A and U, so the memory usage is

acl + 2al + € = O(ac?). (44)

(The SVD workspace from the previous step can be released before forming Z.)
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e Per-user pseudoinverse and alignment. For each i € [c], we form A:f via the SVD of A; € R and _multiply
by Z. This per-user computation requires O(al + £2) scalars of workspace, in addition to storing A and Z.
Storing all outputs G, where G; € R, costs cf? scalars. Thus, near the end of the loop, we have

acl + O(at + ct?). (45)

Since act > at for all ¢ > 1 and, under the natural regime a > ¢, also acf > c£?, the peak memory requirement is
dominated by storing the concatenated anchor:

act + O(al + ct?) = O(act). (46)

4.2. Kawakami’s Basis Alignment (Kawakami-DC)

Imakura-DC formulates basis alignment by introducing an explicit target matrix that each user is required to
match. Kawakami et al. [12] instead propose a target-free formulation that directly aligns the user-specific anchor
representations. In the setting of Problem (26), the main difficulty is that the feasible set is non-compact: without
additional constraints, one can rescale the change-of-basis matrices so that their singular values decay and the objective
is minimized by sequences converging to the zero matrix.

To avoid this degeneracy, Kawakami et al. [12] introduce column-wise normalization constraints. Kawakami-DC

seeks matrices G; that solve -
Juin >0 [|AiG; - A6
‘ i=1 j=1
' @7)

st Y [lAgulh =1, keqr2....0
i=1

where g;; denotes the k-th column of G;.

The constraint fixes the global scale of the k-th aligned feature across all users, as measured on the anchor, while
leaving its direction free. Under the standard DC assumption that each A; has full column rank, the constraint does not
restrict which directions g;, are admissible: for any nonzero collection of g;x, we can always rescale them to satisfy:

DllAigils = 1. 48)
i=1

For Problem 7)), Kawakami et al. [12] show that the matrices G; can be computed efficiently via a QR-SVD-based
algorithm (Algorithm 3).

Importantly, the primary role of this formulation is to exclude the trivial all-zero solution; it does not guarantee
that the resulting matrices G; are invertible (and thus they need not constitute genuine change-of-basis matrices).
Moreover, the concordance properties of Kawakami-DC remain unknown and are left as an open problem for future
work.

4.2.1. FLOPs of Kawakami-DC
In Kawakami-DC, each anchor matrix A; € R% is factorized as A; = Q;R;, and the orthonormal factors are
concatenated to form

Wo=[0 - Q] € R™, (49)

Let
p = min{a, ct}, q = max{a, ct}. (50)

Using the FLOP counts in Table[2] we estimate the cost of Kawakami-DC (Algorithm 3) as follows:

e For each A; € R™ the thin QR factorization A; = Q;R; costs

2
2al? - 553 FLOPs. (51)
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Algorithm 3: Kawakami-DC’s Basis Alignment Procedure [12]

Input : A; € R for each user i € [c]
Output: G} € R for each user i € [c]

1: begin

2 fori e [c] do

3 ‘ Compute a thin QR factorization A; = Q;R;

4 end

5 Form the concatenated matrix Wy :==[Q; --- OQ.] € Raxct

6 Compute the SVD Wy = UZVT

7 Let V, contain the ¢ right singular vectors of W associated with the largest singular values
8 forke{1,2,...,¢} do

9 ‘ Set v;. to the k-th column of V, and partition v, into blocks &;x € Rf for all i € [c]
10: end

11: for i € [c] do

12: ‘ Set GT = [Ri_lgi!] Ri_lgi’[]

13: end
14: end

Summed over all ¢ users, the total becomes

c(2a52 - 253).

e Computing the SVD of the concatenated matrix Wy € R costs

4gp” + 8p* FLOPs.

e For each user i € [c], we explicitly compute the inverse le1 of the upper triangular matrix R;. This costs

1
§£’3 FLOPs.

(52)

(53)

(54)

Then, for each k € [{], we recover g;; via the matrix—vector multiplication Ri‘1 8ix» which costs 2 FLOPs per

column. Since there are £ columns, the total per user is
1 4
-G+ 0 =20
3 3

Summed over all users, the recovery step costs

4
§C€3.

Thus, the total approximate FLOP count for Kawakami-DC is

2 4 2
4gp® + 8p* + c(2al” - 553) + 3¢ 0 =4gp* +8p° + c(2a€2 + 553) FLOPs.

Under the assumption a > ¢, this can be summarized in big-O notation as

O(min{a(ct)?, a*ct}).
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4.2.2. Peak memory of Kawakami-DC
We measure memory in units of real scalars. The ¢ matrices A; € R are again stored explicitly, requiring

act (59)

scalars in total. Let
p = min{a, ct}. (60)

We now inspect each step of the Kawakami-DC procedure and bound its peak memory footprint.

e QR factorizations of A;. Each A, is factorized as A; = Q;R;, where Q; € R*‘ and R; € R, While computing
the QR factorization, we store A; itself (af scalars), along with the Householder vectors and a workspace of
size O(al) scalars. Since act dominates af, this step fits within

act + O(af) = O(act). 61)

e Storing all Q; and R;. After QR has been completed for all users, we overwrite each A; with Q; and store
0.,...,0. e R Ri,...,R. e R, (62)

This costs
c(al) + ct? = act + cl*. (63)

Since a > ¢, we have acl > c£?, hence this stage also requires O(ac?) scalars.

e SVD of the concatenated matrix Wy = [Q; --- O.]. The concatenated matrix Wy € Raxct requires acl
scalars to store. The SVD workspace uses O(pz) scalars with p = min{a, ¢} < acf. Thus, during SVD, we
store

acl + O(p*) = O(ac?). (64)

e Recovery of the vectors g; ;. From the SVD, we obtain the blocks g;, € RE. To recover the original vectors g;
we solve R;gix = &;x by back substitution. Each solve requires O(£?) scalars of temporary workspace. Since
we already store Wy, (or the Q;) and R;, the memory during this step is

acl + O(6%) = O(ac?). (65)
Storing all G} € R costs cf? scalars, which is dominated by act.

Combining all contributions, the peak memory usage is dominated by storing the concatenated Q matrices (equiv-
alently, the anchor data), giving:
act + O(al + ct?) = Oac?). (66)

The term act dominates all others, so the peak memory of Kawakami-DC (QR—SVD) matches that of Imakura-DC.

5. Proposed Basis Alignment

Here, we present our proposed basis-alignment procedure, Orthonormal Data Collaboration (ODC). Our theoret-
ical findings, along with a comparison to existing DC alignment methods, are summarized in Table[3] In this section,
we proceed as follows:

1. We show that, under Assumption[5.1] the basis-alignment problem naturally reduces to the classical Orthogonal
Procrustes Problem, which admits a closed-form solution.

2. We address the instability inherent in the notion of weak concordance and introduce a refined notion, orthogonal
concordance.

3. We prove that the ODC basis-alignment procedure satisfies orthogonal concordance.
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Table 3: Theoretical comparison between contemporary DC methods and the proposed ODC framework.

Imakura-DC Kawakami-DC ODC (this work)

sl . 2 . 2 . 2

Objective Juin [14,G; - ZI; Jmin, Z{:]HA,-G,- -AG  min, Z{:]HAiG, - AGj;
1,J€lc] ijelc
. N 2
Constraint G e GL() Dl =1 G €00
i=1

Solution Property Ambiguous up to a common right invertible transform  Not necessarily invertible Ambiguous up to a common right orthogonal transform
Concordance Weak concordance Unknown Orthogonal concordance
FLOPs O(min{a(ct)?, a>ct)) O(min{a(ct)?, a>ct)) O(act?)

4. We analyze the computational efficiency of ODC and show that it reduces the alignment time complexity from
O(min{a(cﬁ)z, a’cl }) for contemporary DC methods to O(act?).

We begin by introducing Assumption[5.1]
Assumption 5.1. We impose the following conditions on the anchor dataset A € R™™ and the secret bases F; €
R™ (m > ¢), for all i € [c]:

1) rank(A) = m;

2) There exists E; € GL(€) such that F; = F1E;;

3) F/F; =1

Conditions 1) and 2) coincide with those in Assumptiond.1] We additionally impose condition 3), which requires
the secret bases to be orthonormal within the ODC framework. It is noteworthy that standard basis-selection methods
such as PCA and SVD naturally yield orthonormal bases. Furthermore, to the best of our knowledge, all existing DC
applications can readily accommodate this additional orthonormality constraint.

5.1. Basis Alignment as the Orthogonal Procrustes Problem

Similarly to Imakura-DC, our goal is to identify G; € GL(¢) for each i € [c] that satisfy Eq. (24) without knowledge
of the secret bases F;.

Now, from conditions 2) and 3), it immediately follows that E; € GL({) are orthogonal (i.e., E; € O({)), because:

F/F;=(F\E) (F\E))=EF[F\E;=EE; =1I,. 67)

Therefore, we can equivalently write our goal as to identify G; € O(¢) for each i € [c] that satisfy Eq. (24) without
knowledge of the secret bases F;.
Given the analyst has access to A; = AF; € R®!, G; € O(f) necessarily satisfy:

A1G) = AGy =--- = AG,. (68)

Consequently, G; necessarily minimize the following optimization problem:

c
min AG; - Z|I;. 69
ypmin ;n G~ ZII; (69)

Importantly, Problem (69) involves a matrix norm minimization objective, which inherently exhibits invariance
under arbitrary common orthogonal transformations from the right. Specifically, let O € O(¢) be an arbitrary orthog-
onal matrix. Then, choosing Z* = A0 and G} = E[ O yields global minimizers for Problem (69), because:

|AE]O - A0l = Z |AF:ETO - AF /0|
i=1 i=1

L 4

= > IAF10 - AF,0I}

i=1

=0.
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Algorithm 4: ODC’s Basis Alignment Procedure

Input : A; € R for each user i € [c]
Output: G; € O(¢) for each user i € [c]

1: begin

2: Randomly sample O € O(f) and compute A] A0 = UL;V]
3: Set G;F = U,VlT

4: end

Given that the analyst has access to A; for all i € [c], we may fix Z = A0 in Problem (69), leading directly to the
classical Orthogonal Procrustes Problem (OPP):

i AG; - A O|;. PP
Jmin, Z] IA,G; - 4,0ll; (OPP)
The closed-form solutions are given by:
G =UV/, (70)
where:
ATA,0=UZV], (1)

as established in [14]].
ODC's basis alignment procedure is summarized in Algorithm 4]

5.2. Orthogonal Concordance of ODC

A fundamental limitation of weak concordance is its invariance under arbitrary right-multiplication by an invert-
ible matrix. Specifically, if G} satisfy weak concordance, then so do the matrices G;R for any R € GL({). In
practical settings, however, an ill-conditioned choice of R can severely impair downstream model performance, even
though the resulting matrices remain weakly concordant. To eliminate this degree of freedom, we introduce a stricter
requirement—orthogonal concordance.

Definition 5.2. (Orthogonal Concordance)
The orthogonal change-of-basis matrices G; € O(0), for i € [c], satisfy orthogonal concordance if

F\G, = F»G, = --- = F.G.. (72)

Orthogonal concordance enforces the same alignment condition as weak concordance but additionally constrains
each G; to be orthogonal. Consequently, concordance is preserved only under right-multiplication by orthogonal
matrices, not by arbitrary invertible transformations. Because orthogonal transformations are Euclidean isometries,
distance-based models such as SVMs are theoretically invariant to such transformations [38]. Moreover, even mod-
els that are not strictly distance-based (e.g., MLPs) are empirically observed to exhibit only limited sensitivity, as
demonstrated in our experiments (see § [§).

Theorem 5.3. (Orthogonal Concordance of ODC)

Suppose that we observe matrices A; = AF;, i € [c], with A € R™" and F; € R™. For any orthogonal matrix
0 € O(), let AT A0 = UL,V denote the SVD. Under Assumption for each i € [c], the solution G; = U;V] to
the Orthogonal Procrustes Problem:

i AG; - AOlIIf, 73
Jmin, ;u G- A0l (73)

satisfies
G =E/O0, (74)

thereby guaranteeing orthogonal concordance (Definition [5.2).
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Proof. We prove for all i € [c]. Given (OPP), we can write:

I4iG; — A0z = tr ((AiG; - A,0)(AG; - A,0))
= Aill; + 1411l - 20(G] A A,0),

where tr(-) denotes the matrix trace. Minimizing ||A;G; — A10||12: for each G; individually is equivalent to minimizing
¢ | |A;G; — A, 0|} for all G;. Therefore, solving (OPP) is equivalent to solving:

TATA
GI};SE(L’) tr(G; A; A,0), (75)

for each i € [c].
From condition 3) of Assumption[5.1] we have:
A,0 = AF,0 = AF:E] O = AE] 0. (76)
Substitute this into Problem (75), and let AT A; = Q;A;Q[ be the eigenvalue decomposition. We have:
tr(G] A] A,0) = tr(G] AT AE] 0)
- (G QA0 E] 0)
= tl"(Q[TElTOGlTQ,A,)
= tr(W/A,)

l
= Z Wl/',(s,s)/lis(ssé')’ (77)
s=1

where W/ = QT ETOG/ Q;, and Wi (. Ai(sn denote the (s, 1)-th elements of matrices W; and Ay, respectively. Since

Wi e o), w;’(m < 1 for all s,¢. Thus, the sum in (77) is maximized when W! = I, which gives:

G; =0QQ/E/0
G =E]O0,
and therefore, we have
F\G|=---=F.G,, (78)
which completes the proof. O

Theorem|[5.3|shows that the orthogonal right factor O € O(¢) can be chosen arbitrarily while preserving orthogonal
concordance. This flexibility naturally raises the question of whether such arbitrary choices might adversely affect
downstream model performance. We argue that when assumptions are satisfied, any resulting performance variation
is negligible, even for non-distance-based models, and we empirically validate this claim in §8]

5.3. FLOPs of ODC

In Algorithm 4] ODC aligns the user-specific bases by first sampling a random orthogonal matrix O € O(¢) and
then, for each user i € [c], forming the product A/ A,0 € R and computing its singular value decomposition. Using
the FLOP counts from Table 2] we can estimate the cost as follows.

For each user i:

e Forming A A multiplies an £ X @ matrix by an a x £ matrix and thus costs 2al? FLOPs.
e Multiplying by O, i.e. computing AT A0, multiplies two £ x £ matrices and costs 263 FLOPs.
e Computing the SVD AT A0 = U;X,;V] of an ¢ x € matrix costs approximately 4£° + 8¢° = 12¢3 FLOPs.

e Forming the alignment matrix G} = U; V] is an £ x £ matrix product and costs 203 FLOPs.
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Table 4: Computational Time Complexity Comparison of Basis-Alignment

Imakura-DC Kawakami-DC oDC
Computational Time Complexity O (min{a(c()?, a*ct}) O (min{a(ct)?, a*ct})  O(act?)

Thus, the per-user cost is approximately.
2al* +26° +120° +26° = 2al* + 166> FLOPs. (79)
Summing over all ¢ users and ignoring the one-time cost of sampling O, the total FLOP count for ODC is
c(2at® + 166%) = 2cal® + 16¢£> FLOPs. (80)
In big-O notation, this can be summarized as
O(cat* + c?) = O(act?). (81)

5.4. Peak memory of ODC

We again measure memory in units of real scalars. The ¢ matrices A; are stored explicitly, requiring

c

Z atl = act (82)

i=1

scalars in total. During ODC, we also store the random orthogonal matrix O € O(f), which costs £2 scalars, and the
alignment matrices G} C R, which cost c£? scalars once all users have been processed.

For a fixed user i € [c], the computation of AITA10 and its SVD can be organized so that only O(£?) additional
working storage is needed:

e We form an intermediate product B; = AiTAl € R (or equivalently B; = Al.T(A10)) and overwrite it with
B;0. This requires a single ¢ X ¢ buffer, i.e. £2 scalars.

e Computing the SVD B; = UiZ,-VI.T for an £ X ¢ matrix requires storing U;, V; € R the diagonal X;, and SVD
workspace, all together costing O(£?) scalars.

e Forming the alignment matrix G; = U;V] € R requires another ¢* scalars, after which U; and V; can be
discarded. Thus, at any given time, the per-user working storage is O(£?).

Near the end of the loop over users, we therefore store all inputs A; (ac scalars), all outputs G} (c€? scalars), the
random orthogonal matrix Q (£ scalars), and O(£?) scalars of temporary workspace. Hence, the peak memory re-
quirement of ODC is

acl + cl* + O(£%). (83)

Under the natural regime a > ¢, this is dominated by the storage of the transformed anchor data, and we also have

O(act). (84)

6. Empirics on Time Efficiency

The computational time complexities (in big-O notation) of all basis-alignment methods are summarized in Ta-
ble[] As shown in Table[d] under the natural dimensional ordering ¢ < m < a, the computational time complexity of
ODC satisfies

acl? < min{a(ct)?, a*ct). (85)
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Figure 6: Wall-clock time with varying parameters (¢, a, ¢).

This implies that ODC inherently incurs a lower computational cost than both Imakura-DC and Kawakami-DC. To
empirically corroborate this theoretical advantage, we measured wall-clock execution times under controlled condi-
tions.

All three methods admit closed-form expressions for the change-of-basis matrices G;. Consequently, runtime
depends only on the dimensions of the local anchor representations A; € R for i € [c], rather than on X; or n;.
Because the global anchor A € R®™ is sampled i.i.d. from the uniform distribution over [0, 1) independently of the
private datasets X; € R">™ the alignment cost is isolated from user-specific data characteristics.

For the empirical evaluation, we generated uniformly random matrices A; € Rt i € [¢], and varied each of the
three primary parameters (anchor size a, latent dimension ¢, and the number of users c), while keeping the other two
fixed. The specific experimental settings are summarized in Table[5] As prior literature [12] suggests, randomized
SVD enhances computational efficiency for contemporary DC methods; thus, we employed randomized SVD for both
Imakura-DC and Kawakami-DC. Conversely, ODC remained unchanged, as it inherently requires only a single full
SVD of an ¢ x ¢ matrix. Each experiment was repeated 100 times, and we report median (instead of mean) runtimes
to mitigate transient system effects.

All CPU experiments were run on Google Colab Pro+ (CPU, high-memory runtime). The virtual machine re-
ported Linux 6.6.105+ (x86_64, glibc 2.35) as the operating system and an Intel(R) Xeon(R) CPU @ 2.20 GHz with
8 logical cores (2 threads per core), along with approximately 51 GiB of RAM. We used Python 3.12.12, NumPy 2.0.2,
and SciPy 1.16.3. Linear algebra kernels were provided by the scipy-openblas build of OpenBLAS 0.3.27 (64-bit
integer interface, DYNAMIC_ARCH, pthreads threading layer, Haswell configuration). We pinned threads via environ-
ment variables OPENBLAS_NUM_THREADS=4, 0MP_NUM_THREADS=4, and MKL_NUM_THREADS=4 (where applicable),
and used double-precision (float64) C-contiguous arrays throughout.

Figure [¢] plots the measured median running times. Across all parameter variations, ODC consistently outper-
forms contemporary DC approaches, with empirical speed-ups ranging from roughly 6x to over 100x, validating the
theoretical complexity hierarchy detailed in Table 4
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Table 5: Design of the efficiency experiment. Two parameters are held fixed while the third is swept over the indicated range.

Figure Free parameter (fixed pair) Range

Fig. ﬁ a) dimension £ (a,c) = (1000, 50) 50:50:950
Fig. E b) anchorsizea (£,c) = (50,50) 1000:1000:20000
Fig.|6(c) users ¢ (a, £) = (1000, 50) 50:50:1000

6.1. Scaling with Latent Dimension {

Fig. [f[(a) indicates an approximate power-law scaling of computation time with respect to the dimension £. We
applied ordinary least squares (OLS) regression to the linear model:

log,o(time) = k + @ log,(£), (86)
with the constant « to empirically estimate the exponent . The resulting empirical estimates @, are:

1.26, Imakura-DC
@, =41.75, Kawakami-DC 87)
2.05, ODC.

For these log—log fits, the coefficients of determination are R? ~0.97,0.99, and 0.99 for Imakura-DC, Kawakami—
DC, and ODC, respectively. The residuals in log;,(time) are small, show no discernible trend with log,,(£), and are
approximately symmetric about zero, indicating that a simple power-law model in ¢ is adequate over the explored
range.

The observed exponent @ ~ 2 for ODC aligns closely with its theoretically derived complexity O(act?). Con-
versely, contemporary DC methods exhibit somewhat smaller empirical exponents, reflecting complexity consistent
with their theoretical predictions of O(min{a(cf)?, a*ct}). Although ODC has a slightly higher exponent with respect
to £, its absolute computational cost remains substantially lower across the tested range of dimensions. This practical
efficiency arises primarily from ODC avoiding explicit construction and manipulation of the large, dense a X ¢ con-
catenated matrix, thereby circumventing costly large-scale singular value decompositions. Moreover, typical practical
scenarios involve a > ¢; thus, the substantial scaling advantage in a (discussed further in § [6.2)) renders the modestly
larger exponent in £ negligible in realistic deployment.

6.2. Scaling with Anchor Size a

In Fig. [f[(b), the relationship between computational wall-clock time and anchor size a again exhibits an approxi-
mate power-law scaling. Applying OLS regression to the log-log relationship log,,(time) = « + @ log;(a) yields the
following empirical estimates @,:

0.79 Imakura-DC,

@, =40.92 Kawakami-DC, (88)
0.56 ODC.

The power-law model in a again provides a good description of the data, with R?> ~ 0.99, 0.998, and 0.87 for
Imakura-DC, Kawakami—DC, and ODC, respectively. Residuals in log,,(time) show no clear heteroscedasticity or
trend with log,(a); for the two baselines they are tightly concentrated around zero, while for ODC they are somewhat
more dispersed but remain roughly symmetric, indicating that deviations from an exact power law are modest.

Notably, all empirically observed slopes are lower than their corresponding theoretical predictions (@ = 1 for
ODC and « € {1, 2} for baseline DC methods). The significantly lower slope of 0.56 observed for ODC is particularly
noteworthy. This empirical observation can be attributed to ODC’s dominant computational workload comprising
matrix multiplications—specifically, performing ¢ independent multiplications of relatively small £ X a and a X ¢
matrices—which are highly optimized and efficiently executed in modern computational environments, thus perform-
ing substantially better in practice than theoretically anticipated.
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At the maximum tested anchor size a = 20 000, median wall-clock runtimes are approximately 48.5 s for Imakura—
DC, 50.4 s for Kawakami—DC, and 0.47 s for ODC, corresponding to empirical speed-up factors of about 104x and
108x in favor of the proposed ODC method—more than two orders of magnitude in this regime.

6.3. Scaling with the Number of Users ¢

Fig. [6(c) examines computational scaling with respect to the number of users ¢, holding the dimensions (a, {) =
(1000, 50) fixed. Applying OLS regression to the log-log relationship log,,(time) = « + alog,y(c), we obtain the
following empirical estimates @.:

0.95 Imakura-DC,

@. =40.92 Kawakami-DC, (89)
0.84 ODC.

These log—log regressions also exhibit high goodness-of-fit, with R? ~ 0.99, 0.98, and 0.94 for Imakura—DC,
Kawakami-DC, and ODC, respectively. The residuals in log,,(time) are small in magnitude, roughly homoscedastic
in log,((c), and display only mild asymmetry, suggesting that a linear power-law dependence on c is an adequate
description over the explored range.

For ODC, the theoretical complexity is O(act?), predicting a slope @ ~ 1. The slightly lower empirical slope
of 0.84 is primarily due to efficient parallelization and vectorization in modern CPU architectures. Conversely, the
theoretical complexity for Imakura—DC and Kawakami-DC methods is O(min{a(cf)?, a*ct}). Under the tested di-
mensions, the a*cf term dominates for ¢ > 20, predicting linear scaling in c. The empirical slopes of 0.95 and 0.92
closely align with these theoretical predictions.

To connect this scaling to the user-facing notion of incremental user latency, we further analyzed the same exper-
iment on a linear scale by regressing wall-clock time 7'(c) against ¢ via

T(c) = Po +pic, (90)

where 3 represents the average increase in computation time per additional user (seconds/user) on our hardware. For
(a,€) = (1000, 50), this yields:
8.99 x 1072 sfuser Imakura-DC,

B1 ~14.76 X 1072 s/fuser Kawakami-DC, 1)
8.67 x 107 s/user ODC,

with 95% confidence intervals [0.084,0.096], [0.041,0.054], and [0.00066,0.00107] s/user, respectively, and coeffi-
cients of determination R? ~ 0.98, 0.94, and 0.83. Residuals from these linear fits are unsystematic in ¢ and small
relative to the fitted trend, so over the investigated range 7'(c) is well-approximated by an affine function of c.

In other words, in this setting, ODC incurs only about 0.00087 seconds (0.87 ms) of additional computation
per extra user, compared to 0.090 and 0.048 seconds for Imakura—DC and Kawakami—DC. Thus, ODC achieves
roughly 100x lower incremental user latency than Imakura—DC and 55x lower than Kawakami—DC. Over blocks of
50 additional users, these slopes correspond to an extra 4.5 s (Imakura—DC), 2.4 s (Kawakami—DC), and only 0.043 s
(ODC).

Although asymptotic scaling behaviors are similar, ODC exhibits significantly improved absolute performance.
Median runtimes at ¢ = 1000 report that ODC completes computations in only 1.0 s, compared to approximately 98 s
and 53 s required by Imakura—DC and Kawakami-DC, respectively. Thus, ODC achieves empirical speed-ups of at
least 50X.

This substantial performance gap arises because ODC employs optimized batched matrix multiplications and
small-scale (£ x ¢) singular value decompositions, while baseline methods incrementally extend randomized SVD
computations with each additional user. In practice, ODC maintains nearly constant incremental computational over-
head per user, rendering the basis-alignment phase computationally negligible in realistic deployments.
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Table 6: Summary of secret-basis conditions evaluated.

Condition Identical Span Orthonormality
SameSpan-Orth v v
SameSpan v X
DiffSpan-Orth X v
DiffSpan X X

7. Empirics Under Relaxed Assumptions

Our theoretical analysis in § [5|relies on two key assumptions regarding the secret bases F;:

1. Identical Span: all F; share an identical column space (Assumption [5.1}2);
2. Orthonormality: each F; has orthonormal columns (Assumption[5.1}3).

In practical scenarios, these ideal conditions may not strictly hold, particularly when bases are generated through
computationally inexpensive random projections or derived from heterogeneous local datasets. We thus empirically
quantify the impact of deviations from these assumptions on performance.

7.1. Experimental Design

We evaluate four controlled scenarios with varying adherence to these assumptions (Table E]) Let V; € R™¢
denote the top ¢ right singular vectors of X;.
For each client i, we instantiate the secret basis F; as

Vi E;, SameSpan-Orth : E; € O(¢) (Haar);

F Vi E;, SameSpan : E; ~ Unif([0, 1)), o)
i = V;E;, DiffSpan-Orth : E; € O(¢) (Haar);

V,E;, DiffSpan: E; ~ Unif([0, 1)),

where Unif([0, 1))/ denotes an € x £ matrix with i.i.d. entries drawn from [0, 1). Thus, SameSpan fixes span(F;) =
span(V)) for all users, whereas DiffSpan allows client-specific spans span(F;) = span(V;); Orthnormality is con-
trolled by sampling E; either Haar-uniformly from O(¢) or entrywise from Unif([0, 1)).

We group tasks into five domains:

o Image Classification (MNIST, Fashion-MNIST): Images are flattened into 28 X 28 vectors and normalized to
the interval [0, 1]. The reported performance metrics are the mean classification accuracies obtained using SVM
and MLP models across 100 independent runs. The anchor matrix is generated as a uniformly random matrix with
a = 1000.

e Biomedical Compound Classification (TDC [39]]): Molecular data are represented using 2048-bit Morgan fin-
gerprints (radius = 2). Data are partitioned among four users, with each user exclusively holding samples from a
single class (illustrated in Fig. [7). Performance is evaluated via ROC-AUC and PR-AUC scores (MLP), averaged
over 100 runs. The anchor matrix is generated as a uniformly random matrix with a = 3000.

o Income Classification (Adult [40]): A widely-used dataset for income prediction tasks, which we specifically
partitioned horizontally and vertically across 200 users. Half of the users possess only one subset of features, while
the remaining users possess the complementary subset of features. We report the mean classification accuracy
obtained using an MLP classifier, averaged over 100 runs. The anchor matrix is generated as a uniformly random
matrix with a = 1000.
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o Facial Attribute Classification (CelebA [24]): RGB images (128 x 128 pixels) are flattened and normalized to
the interval [0, 1]. Classification performance (binary gender prediction) is measured via the accuracy of an MLP
classifier averaged over 100 runs. Results are further benchmarked against (g, 0)-DP baselines. The anchor matrix
is generated as a uniformly random matrix with a = 10000.

o Clinical Regression (eICU-CRD [41]): Data from the 50 largest hospitals are used to predict patient length of stay
(in days) based on 25 routinely collected clinical features. Performance is measured using RMSE (lower values
indicate better predictive performance), averaged across hospitals over 100 runs with an MLP model. Federated
averaging (FedAvg), executed over 40 rounds with full participation, provides a baseline for federated learning.
The anchor matrix is generated as a uniformly random matrix with a = 3000.

We compare a centralized oracle (Central); per-user local models (Local); two contemporary DC baselines
Imakura-DC (Algorithm [2), Kawakami-DC (Algorithm [3); and the proposed ODC (Algorithm [). For CelebA,
we additionally include additive Gaussian DP [42], and for eICU, we include FedAvg [2], to place ODC in the wider
PPML context.

The downstream models are configured as follows. For the SVM baseline, we use an RBF kernel with C = 1.0 and
v = "scale". The MLP baseline consists of a single hidden layer with 256 ReLU units, trained using Adam (solver
= "adam") with a mini-batch size of 32 and a maximum of 1000 training iterations with early stopping enabled.

All other experimental settings (e.g., hardware, software, and implementation details) are identical to those de-
scribed in §[6] unless otherwise stated.

7.2. Results and Discussion

w_HEEE

%100% 50% 50% 50% 50%

Figure 7: Illustration of extremely heterogeneous splitting applied to TDC datasets. Binary-labeled data are partitioned across four users, each of
whom exclusively holds samples of a single label.

Tables comprehensively summarize model performance under four distinct secret-basis scenarios, while
Figure [] provides complementary visual evidence of privacy preservation. The following discussion is organized
around three comparative perspectives:

I. ODC vs. Existing DC Methods Under Various Secret-Basis Conditions (Tables[7 and

e SameSpan-Orth (identical span and orthonormality satisfied): Under ideal conditions, ODC achieves
performance equal to or marginally better than the centralized oracle across multiple datasets (e.g., MNIST
MLP accuracy 95.9 %, matching the oracle; see Table [7). Similar performance from Imakura-DC and
Kawakami-DC confirms effective utilization of this ideal scenario by all methods.

e SameSpan (orthonormality violated): Dropping the orthonormality constraint significantly impacts ODC’s
performance—MNIST SVM accuracy drops from 95.6 % to 88.8 % and AMES ROC-AUC from 88.6 % to
59.9 %. Imakura-DC and Kawakami-DC remain largely unaffected, underscoring the theoretical dependence
of ODC on orthonormal secret bases.
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Table 7: Performance comparison of ODC and baseline DC methods across multiple datasets (MNIST, Fashion-MNIST, and biomedical TDC
datasets) using various classifiers and performance metrics. The reported results represent the mean scores (+ margin of error at 95% confidence,
computed over 100 independent trials) under the four distinct secret-base conditions described in Table@

SVM Accuracy [%] MLP Accuracy [%]
Dataset Secret Bases
Central Local Imakura-DC Kawakami-DC oDC Central Local Imakura-DC Kawakami-DC oDC
SameSpan-Orth 96.1+0.1 96.1+0.1 95.6+0.1 96.0+0.1 95.9+0.1 95.9+0.1
SameSpan 96.1+0.1 96.1+0.1 88.8+0.2 95.9+0.1 95.8+0.1 92.6+0.2
MNIST DifiSpan-Orth 0001 660509 o510 94.7+0.1 949:0,1 O>1FOL S9TELA g 0 932402 95301
DiffSpan 94.9+0.1 94.7+0.1 86.5+0.3 94.9+0.1 93.2+0.2 91.2+0.2
SameSpan-Orth 85.4+0.2 85.4+0.2 83.7+0.3 86.1+0.2 86.0+0.2 86.0+0.2
. SameSpan 85.4+0.2 85.4+0.2 77.7+0.3 86.1+0.2 85.9+0.2 80.5+0.3
Fashion-MNIST 1y on-orth 501302 629208 o300 83.0+0.3 8254002 SO1£02 OLIELO  grgins 81.5+0.3 84.3+0.2
DiffSpan 82.9+0.2 83.0£0.3 76.30.3 82.5+0.3 81.5+0.3 78.8+0.4
- [ - (7
Dataset Secret Bases ROC-AUC [%] PR-AUC [%]
Central Imakura-DC Kawakami-DC OoDC Central Imakura-DC Kawakami-DC oDC
SameSpan-Orth 86.2+0.4 82.4+0.3 88.6+0.1 87.9+0.4 83.8+0.4 89.9+0.1
SameSpan 86.6+0.3 82.2+0.3 59.9+0.4 88.2+0.3 83.7+0.3 62.5+0.4
AMES [43] DiffSpan-Orth 87.1x0.0 63.1+0.4 65.4+0.4 67.9+0.3 88.7£0.0 66.9+0.4 69.1+0.4 71.5+0.3
DiffSpan 61.9+0.3 65.2+0.4 58.1+0.4 65.6+0.3 69.0+0.4 62.0+0.4
SameSpan-Orth 69.4+1.0 64.5+1.3 75.4+0.3 30.8+1.1 25.2+1.3 38.4+0.6
SameSpan 69.0+1.0 64.5+1.3 54.0+0.3 30.4+1.1 25.2+1.2 16.7+£0.2
Tox21 SR-ARE B8] pugcran-orth 0000 574003 58303 610:03 *FF00 9400 20.2+0.2 22,603
DiffSpan 56.6+0.3 58.5+0.3 53.9+0.3 18.9+0.2 20.3+0.2 17.3+0.2
SameSpan-Orth 79.6+0.4 78.1+0.5 80.8+0.2 41.6+0.5 39.1+0.7 41.8+0.4
SameSpan 80.1+0.3 78.0+0.5 58.8+0.4 42.2+0.4 38.9+0.8 5.320.1
HIV 5] DiffSpan-Orth 788200 61.1+0.4 60.9+£0.4 67.4+0.3 42.0+00 7.8+0.2 8.7+0.2 13.4+0.3
DiffSpan 58.1+0.4 60.8+0.4 56.3+0.4 6.6+0.2 8.5+0.3 4.6+0.1
SameSpan-Orth 84.8+0.2 82.9+0.2 86.2+0.1 80.6+0.3 78.1+0.3 82.1+0.1
. SameSpan 84.7+0.2 82.9+0.2 59.2+0.4 80.5+0.3 78.1+0.3 49.8+0.5
CYP3A4 6 DiffSpan-Orth 87.20.0 57.8+0.3 59.4+0.4 65.5+0.3 83.5£0.0 49.8+0.3 51.5+0.5 57.2+0.3
DiffSpan 58.3+0.3 59.1+0.4 58.2+0.3 50.4+0.3 51.1+0.5 48.9+0.4
SameSpan-Orth 81.4+0.3 80.4+0.2 83.3+0.1 60.2+0.4 58.5+0.3 62.3+0.2
. SameSpan 81.8+0.2 80.3+0.2 59.5+0.4 60.6+0.4 58.3+0.3 24.2+0.3
CYP2D6 [46 DiffSpan-Orth 83.5£0.0 62.4+0.4 64.6+£0.4 65.8+0.2 63.5+00 27.5+0.5 30.3+0.5 31.2+0.3
DiffSpan 62.6+0.3 64.7+0.4 57.1+0.4 27.9+0.4 30.4+0.5 23.0+0.3
SameSpan-Orth 89.7+0.1 89.5+0.2 90.4+0.2 88.8+0.1 88.4+0.3 89.8+0.2
. SameSpan 90.3+0.1 89.2+0.2 65.1+£0.5 89.4+0.1 88.1+0.3 59.4+0.4
CYPIA2 [0l Difspan-Orth 1200 673104 68.6:04 679203 0100 o805 649:05  63.9:03
DiffSpan 67.8+0.4 68.7+0.4 60.2+0.5 63.3+0.4 64.9+0.5 55.9+0.5

Table 8: Performance comparison of ODC and baseline DC methods on the Adult dataset using an MLP classifier. The reported results represent
the mean accuracy (+ margin of error at 95% confidence, computed over 100 independent trials) under the four distinct secret-base conditions
described in Tab]e@

Secret Bases Central Local Imakura-DC Kawakami-DC oDC

SameSpan-Orth 84.9+0.3 84.8+0.3 85.0+0.2
SameSpan 84.9+0.3 84.8 +0.2 83.0+0.3
DiffSpan-Orth ~ or2*02 74210 o/ 5 3 844+03  845+03
DiffSpan 84.3+0.3 84.4+£0.3 82.4+0.3
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Table 9: Comparison of classification accuracy on the CelebA dataset using an MLP classifier across different PPML approaches. The reported
results represent the mean accuracy (+ margin of error at 95% confidence, computed over 100 independent trials) under the four distinct secret-base
conditions described in Table |6} Compared methods include models trained using DP-based additive Gaussian noise at three privacy budget levels
(£=0.5,2,8 and 6 = 1073 fixed).

Secret Bases Central Local DP(¢=05) DP(¢s=2) DP(¢=8) Imakura-DC Kawakami-DC oDC

SameSpan-Orth 86.5+0.2 86.2+0.2 86.2+0.2
SameSpan 86.3+0.2 85.8+0.3 79.9+0.3
DiffSpan-Orth 88.4+0.2 75.7+0.6 69.1+0.5 79.5+0.3 83.8+0.3 82,7402 828403 83.640.3
DiffSpan 82.6+0.2 82.8+0.3 78.6+0.3

(c) Noise-added images with (g, 6)-DP, (g, 6) = (2,107%)

(d) Noise-added images with (g, 6)-DP, (¢, 6) = (0.5,1073)

et C i R A

(e) Orthogonally projected images (£ = 300)

AR A e o S A L

(f) Randomly projected images (£ = 300)

Figure 8: Visual privacy analysis using CelebA.
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Table 10: Face identifiability on CelebA measured by face-verification ROC-AUC using pretrained FaceNet embeddings (higher = more identifi-
able; 0.5 = chance).

Representation Verification AUC
Original 0.977
Noise-added images with (&, 6)-DP, (&,6) = (8, 107%) 0.671
Noise-added images with (g, 6)-DP, (g, 9) = (2, 1073) 0.618
Noise-added images with (g, 0)-DP, (g, ) = (0.5, 1073) 0.522
Orthogonally projected images (£ = 300) 0.463
Randomly projected images (£ = 300) 0.485

Table 11: Comparison of RMSE on the eICU-CRD dataset using an MLP classifier across different PPML approaches. The reported results repre-
sent the mean RMSE (+ margin of error at 95% confidence, computed over 100 independent trials) under the four distinct secret-base conditions
described in Table@ Compared methods include: a FedAvg model with full participation.

Secret Bases Central Local FedAvg Imakura-DC Kawakami-DC OoDC

SameSpan-Orth 4.089+0.049  4.096+0.049  4.083+0.048
SameSpan 4.088+0.049  4.096+0.049  4.154+0.049
DiffSpan-Orth > 0t0-046  4.174x0.048 = 4.06420.049 o5 6049 4.000£0.049  4.070+0.048
DiffSpan 4.085£0.049  4.090+0.049  4.150+0.049

II.

¢ DiffSpan-Orth (orthonormality maintained, identical span violated): When orthonormality is enforced,
ODC demonstrates robustness against subspace misalignment, maintaining accuracy in the range 94.9 %—
95.3% on MNIST, and often surpassing DC baselines in biomedical tasks (e.g., HIV ROC-AUC 67.4 %
compared to Imakura-DC 61.1 %; Table [7). Thus, exact span alignment is advantageous but not critical,
provided orthonormality holds.

o DiffSpan (both conditions violated): Violating both conditions negatively affects all methods, with ODC
showing the most severe degradation (e.g., MNIST SVM accuracy reduces to 86.5 %). This observation
highlights the practical necessity of orthonormal bases, particularly in heterogeneous, high-variance settings.

Regarding Table[8] we observe performance trends mirror those observed under purely horizontal splits, despite
the additional vertical data splitting.

ODC vs. DP-based Perturbation (Table [9)

Figure [ provides a qualitative visualization, but visual inspection alone can be subjective. We therefore add a
quantitative identifiability metric based on an off-the-shelf face-recognition model: we compute 512D FaceNet
embeddings [47] (InceptionResnetV1 [48] trained on VGGFace2 [49]) and evaluate face verification using
ROC-AUC from cosine similarity on same-identity vs. different-identity pairs. Here, AUC =~ 1 indicates high
identifiability, while AUC ~ 0.5 corresponds to chance-level identifiability. Table[T0|reports this metric for the
same privatized representations shown in Fig. [§]

Table [0 summarizes the utility side. Under DiffSpan-Orth (heterogeneous users with orthonormal secret bases
but without an identical-span constraint), ODC reaches 83.6% accuracy, substantially exceeding the stricter DP
settings (¢ = 0.5 and & = 2) and closely approaching DP at € = 8. In other words, when orthonormality holds,
ODC preserves strong predictive performance even outside the idealized identical-span regime.

Taken together, Fig. [§] and Table [I0] clarify why the DP baselines can look visually weak at larger privacy
budgets: across the tested & values, DP perturbation reduces identifiability but still leaves AUC well above
chance (= 0.52-0.67), whereas DC-style projections reduce identifiability toward chance (AUC ~ 0.46-0.49).
At the same time, Table 9] shows the familiar trade-off: increasing noise for stronger DP-style obfuscation is
accompanied by a considerable utility drop, while ODC attains strong obfuscation without requiring a calibrated
privacy budget.
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I11.

Finally, the four secret-base conditions in Table [0] expose an important practical constraint: ODC is visibly
more sensitive to violations of orthonormality (SameSpan and DiffSpan) than the two DC baselines. This
aligns with ODC’s design goal (orthogonal concordance) and motivates the choice of orthonormal secret bases
in practice (e.g., via PCA/SVD/QR), which is typically feasible in DC pipelines.

Table [0] shows that under realistic conditions (DiffSpan—Orth), ODC attains 83.6 % accuracy, surpassing DP
at lower privacy budgets by substantial margins (+14.5 pp for € = 0.5 and +4.1 pp for € = 2), while nearly
matching DP at ¢ = 8 (only 0.2 pp below). Figure [§] further demonstrates that DP at high privacy budgets
preserves visually identifiable features, whereas ODC fully obfuscates visual identity. Thus, ODC provides
superior privacy—utility trade-offs without explicitly calibrating privacy budgets.

However, the formal privacy mechanisms underpinning ODC and contemporary DC currently rely on a semi-
honest assumption; consequently, these mechanisms remain underdeveloped for scenarios involving stronger
or malicious adversaries. Suppose the semi-honest privacy assumption cannot be guaranteed or tolerated. In
that case, DP-based additive perturbation may still be preferred, despite the advantageous privacy-performance
trade-offs offered by DC methods. This preference arises from the rigorous privacy guarantees inherent in DP.

ODC vs. Federated Learning (Table11)

Table[TT]shows FedAvg achieving the lowest RMSE (4.060). ODC, under DiffSpan—Orth, is statistically indis-
tinguishable (4.065, 0.005 difference), clearly outperforming Imakura-DC and Kawakami-DC (~4.086). Given
FedAvg’s requirement of iterative communication, ODC presents a strong alternative, offering near-FedAvg
performance with significantly reduced communication overhead. Interestingly, enforcing identical span con-
ditions negatively affects performance for elCU-CRD, indicating that arbitrary subspace selection is detrimental
for realistic heterogeneous tasks.

ODC achieves optimal performance under ideal conditions (SameSpan-Orth), shows sensitivity to orthonormality
violations, yet remains robust against subspace misalignment provided orthonormality is maintained. Across diverse
tasks, ODC consistently matches or exceeds DC baselines and provides privacy—utility trade-offs competitive with DP
and FL approaches. Table [I2] provides a qualitative summary comparing these representative PPML frameworks. The
observations discussed above strongly advocate enforcing orthonormal secret bases (via PCA, SVD, or QR) while
tolerating moderate span misalignment to effectively handle realistic data heterogeneity.

Table 12: Qualitative comparison of representative PPML frameworks.

Framework Communication rounds for training Typical accuracy” Privacy guarantee

DP (additive perturbation) One user — analyst Low Rigorous (g, 6)-DP

Federated Learning Iterative bidirectional rounds until convergence High No intrinsic formalism®

ODC (this work) One user — analyst+ one user-wide anchor broadcast Medium® Rigorous under the semi-honest model

* Relative rankings derived empirically; specific accuracies vary by task.
T FL can incorporate DP externally, often reducing accuracy.
$ Performance approaches FedAvg under strict orthonormality.

8. Empirics on Concordance

Theoretically, orthogonally concordant change-of-basis matrices are expected to preserve downstream perfor-
mance in distance-based models. However, in practice, violation of assumptions, the presence of finite data, and
non-distance-based architectures can introduce performance variability. Here, we empirically evaluate whether or-
thogonal concordance (ODC) offers a practical advantage over weak concordance (Imakura-DC).

8.1. Experimental Design

The methods evaluated are:
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¢ Imakura-random: Change-of-basis matrices constructed via Algorithm 2] using a uniformly random matrix
for R.

¢ Imakura-identity: Change-of-basis matrices constructed via Algorithm 2] with R = I.

¢ ODC-random: Change-of-basis matrices constructed via Algorithm 4} using a uniformly random orthogonal
matrix for O (Haar distribution).

e ODC-identity: Change-of-basis matrices constructed via Algorithm @] with O = I.

We follow the canonical DC protocol with ¢ = 100 users, each providing n; = 100 samples. The anchor matrix
A € RI1000x78% iq generated as a uniformly random matrix.

Experiments are conducted on standard image classification datasets (MNIST [50], Fashion-MNIST [51]]). For
each dataset, we train (i) a Support Vector Machine (SVM), representative of distance-based classifiers, and (ii) a
single-hidden-layer MLP with 256 ReLU neurons. Images are flattened into 28 x 28 vectors and normalized to the
interval [0, 1]. The reported performance metrics are the mean testing accuracy along with the 95% confidence interval
obtained using SVM and MLP models across 100 independent runs. To assess statistical significance, we perform
paired, one-sided #-tests at the 5% level, testing the null hypothesis that the random variant performs no worse than
the identity variant. Results are presented in Tables[I3]and [14]

All other experimental settings (e.g., hardware, software, and implementation details) are identical to those de-
scribed in §[7] unless otherwise stated.

8.2. Results and Discussion

Table 13: Evaluation of the practical significance of orthogonal concordance (ODC) compared to weak concordance (Imakura) under the
SameSpan-Orth condition on MNIST and Fashion-MNIST with SVM and MLP classifiers. The table reports mean accuracies (%) + margin
of error (95% confidence interval, 100 runs each) for identity and random matrix choices, together with the accuracy difference between random
and identity conditions (random minus identity) and the paired Cohen’s d for the same comparison. Negative A and d indicate that the random
matrix underperforms the identity. Statistical significance is indicated by * for p < 0.05, based on one-sided (left-tailed) paired r-tests testing the
null hypothesis that ptang > tiden; ~ denotes non-significant differences.

Condition Dataset Classifier Imakura-Identity —Imakura-Random Imakura-A[%] Imakura-d ODC-Identity ODC-Random ODC-A[%] ODC-d
MNIST SVM 96.20 + 0.00 92.79 +0.12 —3.42% -5.81 96.00 + 0.00 96.00 + 0.00 +0.00~ +0.00
SameSpan-Orth MNIST MLP 96.17 + 0.05 95.34 +£0.10 -0.82* -1.50 96.00 + 0.00 96.41 +0.05 +0.41~ +1.58
amespan- Fashion-MNIST ~ SVM 86.21 +0.01 82.60+0.16 -3.61° —4.41 8430000  84.31+0.00 +0.00~ +0.00
Fashion-MNIST ~ MLP 86.62 + 0.09 85.28 +£0.16 -1.35* —-1.50 85.70 + 0.00 86.47 +0.12 +0.77~ +1.28

Table 14: Evaluation of concordance under different span conditions (SameSpan, DiffSpan, DiffSpan-Orth), where the theoretical assumptions
are partially violated, on MNIST and Fashion-MNIST using SVM and MLP classifiers. The table reports mean accuracies (%) + margin of error
(95% confidence interval, 100 runs each) for identity and random matrix choices, together with the accuracy difference between random and
identity conditions (random minus identity) and the paired Cohen’s d for the same comparison. Negative A and d indicate that the random matrix
underperforms the identity. Statistical significance is indicated by * for p < 0.05, based on one-sided (left-tailed) paired z-tests testing the null
hypothesis that prang > tiden; ~ denotes non-significant differences.

Condition Dataset Classifier ~Imakura-Identity Imakura-Random Imakura-A[%] Imakura-d ODC-Identity ODC-Random ODC-A[%] ODC-d
MNIST SVM 96.20 + 0.00 92,99 +0.11 -3.21* -5.70 87.00 + 0.00 87.00 + 0.00 +0.00~ +0.00

SameSpan MNIST MLP 96.21 +0.05 95.40 +0.09 —-0.81* —-1.49 89.30 + 0.00 90.83 £0.17 +1.53~ +1.81
P Fashion-MNIST  SVM 86.20 + 0.00 82.77+0.14 —3.43* —4.80 77.80 £ 0.00 77.80 £ 0.00 +0.00~ +0.00
Fashion-MNIST  MLP 86.51 +0.11 85.24 +0.16 —-1.26" -1.22 79.10 + 0.00 78.45+0.20 —-0.65" —-0.63

MNIST SVM 95.40 +0.00 91.90 +0.13 -3.50* -5.38 95.40 + 0.00 95.40 £ 0.00 +0.00~ +0.00

DiffSpan-Orth MNIST MLP 95.55+0.07 94.69 +0.11 -0.86" -1.33 95.90 +0.00 95.52 +0.06 —0.38* -1.20
pa Fashion-MNIST ~ SVM 84.30 + 0.00 81.36 +0.16 —2.94* -3.63 81.30 + 0.00 81.30 + 0.00 +0.00~ +0.00
Fashion-MNIST  MLP 84.37 +0.10 83.45+0.16 -0.92* —0.98 84.70 + 0.00 83.47 +0.16 —1.23* -1.53

MNIST SVM 94.38 +0.01 91.24 £0.13 -3.13* —4.65 83.90 + 0.00 83.90 + 0.00 +0.00~ +0.00

DiffSpan MNIST MLP 94.65 +0.06 93.76 £ 0.13 —-0.90* -1.16 87.50 + 0.00 87.87 +0.22 +0.37- +0.32
P! Fashion-MNIST SVM 83.20 + 0.00 80.62 +0.15 —2.58" -3.33 70.50 + 0.00 70.50 + 0.00 +0.00~ +0.00
Fashion-MNIST ~ MLP 83.80 £0.10 82.61 +0.19 -1.19* -1.05 77.80 +0.00 72.66 £ 0.37 -5.15* -2.69

Table [T3] reports the results for the SameSpan-Orth setting, in which Assumption 4.1 andAssumption are
simultaneously satisfied, so that both weak and orthogonal concordance hold. In this ideal regime, Imakura’s weak-
concordance method exhibits a strong dependence on the choice of right factor R. Replacing the identity (R = I) with
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a uniformly random invertible matrix consistently reduces accuracy by about 0.8-3.6 percentage points across all four
tasks, with large negative effect sizes (d < —1.5) and statistically significant differences (all entries in the Imakura-A
column are marked with *). Thus, even when weak concordance is theoretically guaranteed, the particular target basis
has a substantial practical impact on downstream performance.

By contrast, ODC is essentially invariant to the choice of orthogonal matrix O under the same conditions. For
the SVM classifiers, ODC-Identity and ODC-Random yield numerically identical accuracies. For the MLPs, the
differences remain within 0.8 percentage points and are not flagged as significant by the one-sided ¢-tests (all entries
carry the = mark). In three out of four cases, the random orthogonal matrix even attains a slightly higher mean
accuracy than the identity, although we do not test for the superiority of the random choice. These observations
are consistent with Theorem [5.3} under Assumption [5.1] all parties’ representations are aligned up to a common
orthogonal transform, implying exact invariance for distance-based models, such as SVMs, and near-invariance in
practice, even for MLPs.

Table [I4] examines how these conclusions change when the secret-basis assumptions are partially violated. For
Imakura’s method, the qualitative picture does not change: across all three conditions (SameSpan, DiffSpan, DiffSpan-
Orth), Imakura-Random underperforms Imakura-Identity by roughly 0.8-3.5 percentage points, with consistently
large negative Cohen’s d and statistically significant differences. This confirms that the instability of weak concor-
dance with respect to the choice of R is intrinsic and persists even when its theoretical assumptions are not met.

For ODC, the behavior depends strongly on which parts of Assumption 5.1]are relaxed. When the bases share an
identical span but lose orthonormality (SameSpan), the absolute accuracy of ODC-Identity is substantially degraded
compared to the SameSpan-Orth case (drops of about 67 percentage points across both datasets and classifiers),
highlighting orthonormality as the key structural requirement for ODC. In this regime, the additional effect of choosing
a random orthogonal matrix O is relatively modest (within about +1.5 percentage points) and task-dependent: for
MNIST, the random choice slightly improves accuracy, whereas for Fashion-MNIST, it leads to small but statistically
significant decreases.

When orthonormality is preserved but the spans differ (DiffSpan-Orth), ODC remains quite stable. For SVMs,
ODC-Identity and ODC-Random are equivalent, and for MLPs, the degradation of ODC-Random relative to ODC-
Identity is at most about 1.2 percentage points. This indicates that ODC tolerates moderate subspace misalignment
as long as orthonormality is enforced. Finally, when both identical-span and orthonormality assumptions are violated
simultaneously (DiffSpan), ODC experiences the largest loss of absolute accuracy and becomes most sensitive to the
choice of O, with differences of up to about 5 percentage points (Fashion-MNIST, MLP). In this regime, the alignment
matrices obtained from the Orthogonal Procrustes step no longer correspond to a common global rotation, so a random
orthogonal target can indeed be suboptimal.

Taken together, Tables [3] and [T4] empirically confirm the theoretical claims of orthogonal concordance. When
Assumption holds, ODC is practically invariant to the choice of the orthogonal target basis, in sharp contrast
to the weak-concordance baseline. When the assumptions are relaxed, ODC continues to exhibit smaller and more
structured sensitivity to the random matrix than Imakura’s method, and its degradation is primarily driven by violations
of orthonormality rather than by moderate span mismatches.

9. Empirics on Anchor Construction

The shared anchor dataset A € R is the only object that is common across users, and its intermediate represen-
tations A; = AF; are the sole inputs used by the analyst to construct the change-of-basis matrices G; (Algorithm [I)).
While §6] established that ODC’s alignment runtime scales favorably with the anchor size a, a natural question is
whether how we construct A (e.g., synthetic vs. public anchors, and the choice of a) also affects downstream utility
and the practical privacy—efficiency trade-oft.

9.1. Experimental Design

Throughout, we keep the secret bases F; and downstream models fixed while varying (i) the anchor size a and
(ii) the distribution from which the rows of A are sampled. We compare the proposed ODC framework against two
existing basis-alignment schemes, Imakura-DC and Kawakami-DC, and report the mean + 95% confidence interval
over repeated runs.
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Table 15: Test accuracy (%) of DC methods as a function of anchor size @ on MNIST and Fashion-MNIST using an MLP classifier. We report the
mean accuracy + 95% confidence interval over 100 iterations.

Dataset Condition Method a =196 392 784 1568

Imakura-DC 95.74+0.12  95.92+0.14 95.65+0.14 95.59+0.11
SameSpan-Orth Kawakami-DC 94.78+0.15 94.63+0.21 94.11+0.24 93.41+0.25
oDC 96.03+0.13  96.04+0.14 95.90+0.12 95.96+0.12

Imakura-DC 93.33+0.14 94.49+0.17 94.61+0.14 94.47+0.13
DiffSpan-Orth Kawakami-DC 91.81+0.21 92.27+0.27 91.22+0.34 90.32+0.26
ODC 94.02+0.15 94.83+0.15 94.92+0.14 95.15+0.12

Imakura-DC 86.08+0.23 86.22+0.22 85.91+0.22 85.70+0.19
SameSpan-Orth Kawakami-DC 84.32+0.29 83.93+0.26 83.23+0.31 82.69+0.24
oDC 86.05+0.23 86.23+0.20 86.35+0.23 86.07+0.18

Imakura-DC 80.22+0.35 82.19+0.30 82.57+0.29 82.76+0.25
DiffSpan-Orth Kawakami-DC  78.82+0.37 79.71£0.26 79.79+0.30 80.42+0.25
oDC 80.36+0.32 81.81+0.27 82.24+0.26 82.88+0.22

MNIST

Fashion-MNIST

For MNIST and Fashion-MNIST we reuse the setup of § [/} draw each row of A i.i.d. from Unif[0, 1), and vary
the anchor size over a € {196,392, 784, 1568}. Table reports MLP test accuracy for Imakura-DC, Kawakami-DC,
and ODC under the secret-basis conditions SameSpan-Orth and DiffSpan-Orth.

We next investigate how the source of the anchor interacts with a on AMES. Following standard DC practice, we
consider two constructions of A: (i) a synthetic anchor whose rows are sampled i.i.d. from Unif[0, 1) (“Uniform”),
and (ii) a domain-matched anchor [17] obtained by sampling unlabeled molecular fingerprints from PubChem [52].
For each construction we vary a € {512, 1024,2048, 4096} and evaluate ODC, Imakura-DC, and Kawakami-DC under
SameSpan-Orth and DiffSpan-Orth. Table[I6]reports ROC-AUC and PR-AUC.

All other experimental settings (e.g., hardware, software, and implementation details) are identical to those de-
scribed in §[7] unless otherwise stated.

9.2. Results and Discussion

Image classification (MNIST, Fashion-MNIST). Under SameSpan-Orth, all three DC methods are remarkably stable
in a. For ODC, the accuracy ranges from 95.90% to 96.04% on MNIST and from 86.05% to 86.35% on Fashion-
MNIST as a increases by a factor of eight. Imakura-DC closely tracks ODC (within about 0.3 percentage points
on average), while Kawakami-DC is consistently 1-3 points worse. Thus, once a moderately exceeds the latent
dimension ¢, further enlarging A has negligible impact on image-level utility for any of the DC schemes.

Under DiffSpan-Orth, accuracies drop for all methods due to span mismatch between parties, but the depen-
dence on a remains weak. Increasing a from 196 to 1568 improves ODC by about 1.1 percentage points on MNIST
(94.02% — 95.15%) and 2.5 points on Fashion-MNIST (80.36% — 82.88%), with Imakura-DC exhibiting similar
gains (e.g., 93.33% — 94.47% on MNIST, 80.22% — 82.76% on Fashion-MNIST). Kawakami-DC lags further
behind—roughly 2—4 points below ODC across all a in this harder regime. Averaged over anchor sizes, ODC and
Imakura-DC are essentially tied (differences < 0.5 points) and both substantially outperform Kawakami-DC. For im-
age classification, anchor size is therefore a second-order effect compared to the choice of basis-alignment method
and the validity of the span assumptions.

Molecular classification (AMES) and anchor source. Under SameSpan-Orth, all three methods lie close to the
centralized oracle, and both the size and source of A have only mild influence. ODC remains the strongest method,
with ROC-AUC around 88.6% and PR-AUC around 90.0% across all anchor sizes and both anchor sources, while
Imakura-DC trails by roughly 1-2 points and Kawakami-DC by 3—4 points on average. The variation of ODC’s
scores with a is extremely small (at most 0.1 points in ROC-AUC), confirming that when the span assumptions are
satisfied, anchor construction is largely irrelevant for utility.
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Table 16: ODC and baseline DC performance on AMES as a function of anchor size a and anchor source. We report mean ROC-AUC / PR-AUC
(%) + 95% confidence intervals over 100 iterations. “Uniform” uses synthetic anchors with rows sampled i.i.d. from Unif[0, 1); “PubChem” uses
unlabeled compounds from PubChem as rows of A.

Condition Anchor Method a=>512 1024 2048 4096
ROC-AUC (%)

Imakura-DC 88.23+0.13  87.90+0.18 86.93+0.33 84.66+0.52
Uniform  Kawakami-DC 87.38+0.17 85.89+0.40 83.07+0.42 81.63+0.24
oDC 88.64+0.10 88.59+0.12 88.68+0.11 88.71+0.10

Imakura-DC 88.10+0.10  88.09+0.14 87.89+0.14 87.28+0.21
PubChem Kawakami-DC 86.91+0.19 86.87+0.19 85.88+0.33 84.06+0.42
oDC 88.73£0.09 88.63+0.12 88.61+0.13 88.66+0.10

Imakura-DC 59.11+0.28 60.81+0.30 62.22+0.34  63.29+0.37
Uniform  Kawakami-DC 59.11+0.29 61.39+0.34 64.10+0.37 65.98+0.42
oDC 61.84+0.30 64.34+0.31 66.78+0.28 68.65+0.30

Imakura-DC 77.57+£0.19 80.60+0.17 81.94+0.16 82.31+0.15
PubChem Kawakami-DC 74.36+0.21 77.30+0.22 78.28+0.22 78.65+0.21
ODC 84.51+0.13 85.68+0.11 86.37+0.11 86.60+0.11

PR-AUC (%)

Imakura-DC 89.67+0.13 89.36+0.17 88.56+0.34 86.31+0.54
Uniform  Kawakami-DC 88.97+0.17 87.55+0.42 84.69+0.44 83.02+0.25
oDC 89.96+0.10 89.91+0.12 90.00+0.11  90.00+0.10

Imakura-DC 89.61+0.10 89.55+0.13 89.41+0.13  88.87+0.21
PubChem Kawakami-DC 88.52+0.18 88.48+0.19 87.47+0.36 85.49+0.47
oDC 90.08+0.10 89.85+0.11 89.89+0.12  89.95+0.09

Imakura-DC 63.05+0.29 64.87+0.30 66.11+0.31 67.11+0.34
Uniform  Kawakami-DC 63.16+£0.29 65.36+0.31 67.78+0.34  69.74+0.40
oDC 65.51+0.31 67.87+0.31 70.33+0.28 72.19+0.29

Imakura-DC 80.56+0.19 83.16+0.17 84.23+0.16 84.55+0.14
PubChem Kawakami-DC 77.71+0.21 80.27+0.20 80.98+0.19 81.24+0.19
ODC 86.51+0.13 87.53+0.12 88.15+0.11 88.32+0.11

SameSpan-Orth

DiffSpan-Orth

SameSpan-Orth

DiffSpan-Orth

Under DiffSpan-Orth, anchor design becomes critical. With a synthetic Uniform anchor, all methods degrade
substantially relative to the centralized model: for ODC, ROC-AUC ranges from 61.84% to 68.65% and PR-AUC from
65.51% to 72.19% as a grows from 512 to 4096, while Imakura-DC and Kawakami-DC are roughly 2-5 points below
ODC at each anchor size. Switching from Uniform to a PubChem anchor dramatically stabilizes all three methods,
but especially ODC. For instance, at a = 4096 ODC attains 86.60% ROC-AUC and 88.32% PR-AUC, compared with
82.31% / 84.55% for Imakura-DC and 78.65% / 81.24% for Kawakami-DC. Across anchor sizes, PubChem anchors
improve ODC by roughly 18-22 points over its Uniform counterpart in both ROC-AUC and PR-AUC, while yielding
gains of 15-20 points for the baselines. In this challenging span-mismatched regime, the proposed ODC framework
consistently achieves the highest scores, outperforming Imakura-DC by approximately 4—7 points and Kawakami-DC
by about 8-10 points.

Statistical analysis. We now quantify how strongly anchor construction affects performance using formal hypothesis
tests. For the anchor size experiments, we test, for each task, span condition, method, and metric, the null hypothesis

Hogsize ©  Elmetric | a = a;] = --- = E[metric | a = ag], 93)
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i.e., that the mean performance is identical across all anchor sizes a € {ay,...,ax}. For the AMES anchor source
experiments (Uniform vs. PubChem), we fit two-way ANOVA models with factors anchor source and anchor size and
test, for each span condition, method, and metric, the null

Hosource :© E[metric | Uniform] = E[metric | PubChem], 94)

conditional on a. In all cases we report the F-statistic, p-value, and Cohen’s f (f = 0.10 small, f ~ 0.25 medium,
f = 0.40 large).

Tables[I7]and [I8]summarize the one-way ANOVA results for anchor size. On MNIST and Fashion-MNIST under
SameSpan-Orth, ODC shows no statistically significant dependence on a (p > 0.15, f < 0.12 on both datasets),
while Imakura-DC exhibits small effects (p < 0.005, f ~ 0.18-0.19) and Kawakami-DC moderate ones (p < 107'°,
f = 0.45-0.47). Under DiffSpan-Orth, the null Hy ;. is rejected for all three methods, with large effect sizes (e.g.,
for ODC, f = 0.57 on MNIST and 0.67 on Fashion-MNIST), although the corresponding changes in mean accuracy
remain modest (on the order of 1-3 percentage points as a increases; Table [I5). Thus, in the well-specified image
regime, ODC is essentially invariant to a, whereas the contemporary methods show mild-to-moderate sensitivity; in
the span-mismatched regime, all DC methods benefit from larger anchors, with ODC typically achieving the best
accuracies.

On AMES, the one-way ANOVA reveals a similar pattern (Table[I8). Under SameSpan-Orth with synthetic Uni-
form anchors, ODC again appears insensitive to a (p = 0.40 and 0.66 for ROC-AUC and PR-AUC, f < 0.09), while
Imakura-DC and Kawakami-DC show strong statistical dependence on a with large effect sizes (e.g., for Uniform
ROC-AUC, f = 0.83 for Imakura-DC and 1.37 for Kawakami-DC). The same trend holds for PubChem anchors:
ODC has at most a small effect of a (e.g., PR-AUC p = 0.017, f = 0.16), whereas Imakura-DC and Kawakami-DC
exhibit medium-to-large effects (f ~ 0.39-0.76). Under DiffSpan-Orth, H . is overwhelmingly rejected for all
three methods and both anchor sources, with very large Cohen’s f values (f 2 0.95 and often > 1.5), reflecting the
substantial improvements in ROC-AUC and PR-AUC as a grows from 512 to 4096 (Table [I6). Overall, anchor size
is practically negligible for ODC in the well-specified setting, but it can matter substantially for Imakura-DC and
Kawakami-DC and for all methods under span mismatch.

To isolate the effect of anchor source on AMES, Table [];9] reports two-way ANOVA results for the main effect of
anchor source (Uniform vs. PubChem), controlling for a. Under SameSpan-Orth, ODC does not distinguish between
Uniform and PubChem anchors (ROC-AUC: p = 0.87, f = 0.01; PR-AUC: p = 0.53, f = 0.02), whereas Imakura-
DC and Kawakami-DC show statistically significant but small-to-moderate effects (f ~ 0.33-0.46), corresponding to
absolute differences of roughly 1-1.5 percentage points between the two anchor distributions. Under DiffSpan-Orth,
the anchor source has an extremely large impact for all three methods: for ROC-AUC and PR-AUC the null Hy source
is rejected with F-statistics on the order of 10* and Cohen’s f between 4.8 and 8.9, consistent with the ~ 13—20 point
gains observed when replacing a synthetic Uniform anchor with a domain-matched PubChem anchor. Among the
three DC schemes, ODC consistently enjoys the largest absolute improvements from using PubChem (around 18-20
points in ROC-AUC and PR-AUC), while also being the most robust to anchor size when the span assumptions are
satisfied.

Privacy considerations. Across all experiments, anchor construction does not alter the formal privacy guarantees of
DC. The anchor dataset A is either synthetic or drawn from public unlabeled data, and only its projections A F; and the
user-side representations X; = X;F; participate in the collaboration protocol. As a result, the threat surfaces analyzed
in § @] (e.g., collusion and reconstruction attacks) remain governed by the secret bases F; and the latent dimension ¢,
rather than by the particular sampling distribution or size of A. The anchor ablations in this section therefore show
that anchor design is a powerful knob for improving utility in difficult span-mismatched settings—especially for
ODC—without introducing additional privacy risks.

10. Conclusion

In this paper, we revisited the Data Collaboration (DC) paradigm and identified a key gap between existing theory
and practice. Although weak concordance guarantees that parties can be aligned to a common subspace, downstream
performance can still vary substantially with the analyst’s choice of target basis. To resolve this instability, we pro-
posed Orthonormal Data Collaboration (ODC), which enforces orthonormality on both secret and target bases.
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Table 17: One-way ANOVA on the effect of anchor size a on MNIST and Fashion-MNIST performance with Uniform anchors. For each span
condition and method we report the F-statistic, p-value, and Cohen’s f for Ho size-

Effect of anchor size a

Dataset Condition Method
F p Cohen’s f
Imakura-DC 5.04 0.002 0.19
SameSpan-Orth  Kawakami-DC 32.37 6.79 x 107 0.47
MNIST ODC 1.05 0.371 0.09

Imakura-DC 59.41 3.38x 1073 0.64
DiffSpan-Orth  Kawakami-DC 39.70 1.10 x 10722 0.52

OoDC 4720 2.05x1072° 0.57
Imakura-DC 4.44 0.004 0.18
SameSpan-Orth Kawakami-DC 28.10 1.41 x 107'6 0.45
OoDC 1.74 0.158 0.11

Fashion-MNIST

Imakura-DC  59.30 5.56 x 10732 0.65
DiffSpan-Orth  Kawakami-DC 19.76 5.33 x 10712 0.38
oDC 63.44 7.54% 1073 0.67

Under this constraint, basis alignment reduces exactly to the classical Orthogonal Procrustes Problem [14], yielding a
closed-form solution and improving the alignment complexity from

O(min{a(ct)?, a*ct}) — O(act?), 95)

where a is the anchor size, ¢ the latent dimension, and ¢ the number of parties.

Our empirical results validate these computational gains. On the controlled efficiency benchmark (Fig. [6), ODC
consistently outperformed contemporary DC alignments with speed-ups ranging from roughly 6x to over 100x; for
example, at a = 20,000 the median runtime dropped from ~ 50s (baselines) to 0.47s (ODC), i.e., more than two
orders of magnitude. Moreover, the scaling experiments demonstrate that ODC remains practical even as the number
of users increases (Fig. [6c), rendering the alignment phase typically negligible in realistic deployments.

Beyond speed, ODC’s central benefit is stability. We proved that ODC’s orthogonal change-of-basis matrices sat-
isfy orthogonal concordance, aligning all parties’ representations up to a common orthogonal transform and thereby
preserving distances and inner products. This theoretical invariance is reflected in the concordance experiments (Ta-
bles [[3HT4): replacing the identity target with a random invertible target in Imakura-DC causes consistent and statis-
tically significant accuracy drops (up to 3—4 percentage points), whereas ODC is essentially invariant to the choice of
orthogonal target—exactly so for SVMs and nearly so for MLPs under the orthonormal setting.

Across application benchmarks, ODC matches or improves upon existing DC methods when orthonormality holds
(Tables [7H9). Under the realistic DiffSpan-Orth condition (heterogeneous spans but orthonormal bases), ODC re-
mains competitive and often exceeds the DC baselines on biomedical tasks, while the ablations also make the practical
requirement clear: violating orthonormality leads to marked degradation for ODC (Tables [7H9). This directly moti-
vates the use of standard orthonormal basis construction (e.g., PCA/SVD/QR), which is already common in DC
pipelines.

Finally, ODC compares favorably to representative PPML baselines while retaining DC’s one-shot communication
pattern. On CelebA, DC-style projections provide strong visual obfuscation and reduce FaceNet-based identifiabil-
ity toward chance (Table [I0), while maintaining accuracy competitive with high-¢ DP noise and substantially better
than stricter DP settings (Table 0). On eICU regression, ODC under DiffSpan-Orth achieves RMSE close to Fe-
dAvg while avoiding iterative communication (Table[TT). Section [0 further shows that ODC’s behavior with respect
to anchor design is well-behaved: when the span assumptions hold, it is essentially insensitive to anchor size and
source—image accuracies move by at most about 0.3 percentage points across an 8x sweep in a (Table [T3), and
AMES ROC-/PR-AUC under SameSpan-Orth are nearly flat in both a and between synthetic and PubChem anchors
(Table [I6)—whereas under the more realistic DiffSpan-Orth regime, anchor construction becomes a powerful lever,
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Table 18: One-way ANOVA on the effect of anchor size @ on AMES performance with Uniform and Pubchem anchors. For each span condition,
metric, and method we report the F-statistic, p-value, and Cohen’s f for Hy size.

Effect of anchor size a
F p Cohen’s f

Condition Anchor Method

ROC-AUC (%)

Imakura-DC 91.55 5.08 x 107% 0.83
Uniform Kawakami-DC 248.96 9.34 x 107! 1.37
OoDC 0.98 0.404 0.09

Imakura-DC 25.54 4.00%x 10715 0.44
PubChem Kawakami-DC 77.09 2.73x 107 0.76

SameSpan-Orth

OoDC 0.93 0.425 0.08
Imakura-DC 119.68 3.54 x 1073 0.95
Uniform Kawakami-DC 278.68 3.30 x 107 1.45
ODC 385.15 5.19x 1017 1.71

DiffSpan-Orth

Imakura-DC 626.14  6.98 x 107150 2.18
PubChem Kawakami-DC 318.73 3.34 x 107'® 1.55

ODC 24927 7.94x 107! 1.37
PR-AUC (%)
Imakura-DC 7797 1.19x107%¥ 0.77
Uniform Kawakami-DC  243.30 1.80 x 107%° 1.36
OoDC 0.54 0.656 0.06

SameSpan-Orth
Imakura-DC 20.33  2.83x 1071 0.39
PubChem Kawakami-DC  74.20 424 x1073® 0.75

ODC 3.42 0.017 0.16
Imakura-DC 121.81  6.69 x 1073¢ 0.96
Uniform Kawakami-DC 273.49 4.08 x 107%° 1.44
OoDC 364.78 1.47 x 107113 1.66

DiffSpan-Orth

Imakura-DC 465.59 1.96 x 10~12° 1.88
PubChem Kawakami-DC 255.57 3.11 x 10792 1.39
ODC 19134  1.12x 10776 1.20

with domain-matched PubChem anchors improving ODC by roughly 18-22 ROC-/PR-AUC points over synthetic
anchors on AMES (Table[T6) without changing DC’s semi-honest privacy model.

Promising future directions include strengthening privacy beyond the semi-honest model (e.g., collusion-robust
variants and principled DP integration on released representations), extending orthonormal alignment ideas to nonlin-
ear mappings and partially overlapping feature spaces, and deepening deployment guidelines (e.g., automatic strate-
gies for selecting £ and anchor schemes under task-specific constraints on utility, communication, and attack surfaces).

10.1. Practical deployment and systems considerations

While ODC is motivated by a mathematical gap in basis alignment, its design targets deployable cross-silo work-
flows where parties cannot centralize raw records and where iterative communication (e.g., FL-style rounds) is expen-
sive or operationally infeasible. A semi-realistic end-to-end deployment pipeline typically consists of three stages:
(1) a one-off anchor bootstrapping step in which the consortium agrees on a shared anchor A and each site constructs
its secret basis F;; (ii) a single DC round in which users compute and upload (X;, A;, L;), and the analyst performs
ODC alignment and model training; and (iii) a deployment step where each site receives (G;, h) and applies h(Y; F;G;)
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Table 19: Two-way ANOVA on the effect of anchor source (Uniform vs. PubChem) on AMES performance, controlling for anchor size a. For each
span condition, method, and metric we report the main-effect F-statistic, p-value, and Cohen’s f for the null hypothesis Hy source that Uniform and
PubChem anchors yield identical mean performance.

Effect of anchor source

Condition Metric Method
F P Cohen’s f
Imakura-DC 88.18 620x102 033
PR-AUC  Kawakami-DC 14353 1.63x107° 043
ODC 0.40 0.526 0.02
SameSpan-Orth Imakura-DC 9721 1.04x102" 035
ROC-AUC  Kawakami-DC 163.15 4.18x 107 045
ODC 0.03 0.868 0.01
Imakura-DC ~ 39,598.38 < 10730 7.07
PR-AUC Kawakami-DC 18,249.18 < 107300 4.80
. 0ODC 52,065.06 < 10730 8.11
DiffSpan-Orth Imakura-DC  42,639.30 < 1073% 7.34
ROC-AUC Kawakami-DC 18,904.45 < 1073% 4.89
ODC 6320441 <1070 8.93

to local test data. Table 20| distills the main engineering and governance decisions that a practitioner must finalize.
Below, we highlight practical considerations that complement our complexity, memory, and communication analyses

(e.g., §2.3).

Cold-start anchor generation (one-off). A deployment must decide how the shared anchor matrix A € R is instan-
tiated at “cold start,” corresponding to the initial stage above. Common options are: (i) synthetic anchors (e.g., i.i.d.
random or dummy feature vectors), (ii) public/unlabeled anchors from an external source (domain-dependent), or
(iii) seed-based anchors where all parties deterministically generate the same A from a shared PRNG seed (avoiding
repeated cross-silo distribution). Independently of the source, the engineering requirement is to satisfy the rank and
conditioning assumptions used by DC/ODC (e.g., rank(A) = m and typically a > m), while keeping A non-sensitive
(not derived from private records) to avoid governance complications. These choices and their documentation are
captured in the “Anchor plan” row of Table 20}

Resource constraints: compute, memory, and network. ODC’s alignment workload is dominated by per-party £ X £
Procrustes/SVD computations and £ X a by a X € products, which are parallelizable and friendly to modern BLAS
kernels. Peak memory at the analyst is driven by storing the transformed anchors {4;}¢_, (order @(ac?)), as indicated
in the “Compute/memory” row of Table For networking, DC/ODC remains a one-shot protocol: parties upload
(X i» Aj, L;) once and receive (G;, h) once. The practical traffic budget can be estimated directly from the communica-
tion model in § [2.3} the existing healthcare example (100 hospitals with a ResNet-50) illustrates how this translates to
concrete GB-scale volumes and highlights when DC/ODC is advantageous under bandwidth and RTT constraints. The
“Network budget” and “Numerics” rows in Table[20|summarize the associated design choices (precision, quantization,
batching, compression).

Cross-sector deployment sketches. The same pipeline applies across sectors: only the local site semantics (data type,
governance regime) change. Typical instantiations include:

¢ Cross-institution consortia (general): organizations keep data on-prem and share only projected representa-
tions for joint modeling; ODC’s closed-form alignment supports predictable runtime and avoids multi-round
coordination overhead.

e Medical / multi-hospital: typical targets include imaging, ICU risk, or outcomes prediction across hospitals
with strict data governance. One-shot transfer and explicit communication accounting (§ [2.3) support feasibility
checks under hospital network constraints.
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Table 20: Deployment checklist for ODC/DC (engineering and governance).

Item What to decide / verify in practice

Threat model Confirm semi-honest assumptions; decide whether collusion is in scope and
whether additional protections (e.g., DP on released representations, encryp-
tion in transit/at rest) are required.

Anchor plan Synthetic/public/seed-based anchor; document cold-start distribution (topol-
ogy, replication factor, and whether seeding avoids cross-silo transfer).

Basis selection Enforce orthonormal F; (PCA/SVD/QR); choose latent dimension ¢ to balance
utility against communication volume and collusion surface.

Numerics Choose precision/quantization (e.g., FP32/FP16/int8) for uplink; validate
alignment stability for £ X £ matrices and heterogeneous sites.

Network budget Estimate uplink/downlink traffic using the DC accounting in § plan batch-
ing, compression, and tolerance to intermittent or low-bandwidth links.

Compute/memory Analyst memory is dominated by storing A; for all i € [c] (order ®(ac()); con-

sider streaming or parallelization across sites; document expected wall-clock
runtime for alignment and training.

o Power / utilities: operators can collaborate on forecasting or anomaly detection without exchanging raw oper-
ational traces; one-shot protocols reduce persistent connectivity requirements and simplify segmented network
operations.

¢ Finance: banks and insurers can collaborate on fraud or risk models while maintaining data locality; deploy-
ment often requires strict auditability and controls on what representations and metadata leave each institution.

Compliance and governance considerations (non-exhaustive). ODC inherits the same privacy model as the under-
lying DC protocol (semi-honest analyst/users), so a deployment should explicitly document (i) the assumed threat
model (including whether collusion is in scope), (ii) whether additional protections are required (e.g., encryption in
transit/at rest, access control, audit logging, retention limits), and (iii) whether a formal privacy mechanism (e.g., DP
layered on released representations) is necessary for the application’s regulatory posture. Table [20] can be used as a
concise checklist to ensure that these governance and engineering decisions are made explicitly and recorded before
a system goes into production.
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