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Abstract

Abstract. New first-order methods now need to be improved to keep up with the constant de-
velopments in machine learning and mathematics. They are commonly used methods to solve
optimization problems. Among them, the algorithm branch based on gradient descent has devel-
oped rapidly with good results achieved. Not out of that trend, in this article, we research a new
method combined with acceleration methods to provide updated results for optimization problems
commonly found in machine learning. Besides, realizing the remarkable increase in parameters
in recent deep learning models, we also research stochastic methods to increase speed in opti-
mizing model parameters. Also in this article, theories to prove the convergence of the proposed
algorithms are also given and there are experiments to prove the effectiveness of those.

1 Introduction

Along with the strong development of machine learning in recent years, first-order methods have also
been rapidly improved and play a core role in optimizing models. The most popular is gradient descent
and its variations as they are always the choice for problems in machine learning. Previously, gradient
descent was also a key method in solving nonlinear problems and other problems in mathematics. With
such wide application, a lot of research revolves around gradient descent. Most of them are methods
to improve acceleration and step size to achieve new results in convergence theory and experiment.
With the motivation from those studies, we propose some methods that combine several acceleration
methods with new step sizes. We present them and their stochastic versions in detail along with
theorems proving convergence and experiments. Also in this study, some new result for machine
learning and mathematics problems are presented.

Throughout the study, we use some notations for convenience in presenting algorithms and theory.
Let f: R — R be the objective function that we want to optimize, the problem formulation that we
consider is the basic unconstrained optimization problem

min f(z), (1)
where d € N be the dimension or the number of parameters of the function, [d] = {1,2,3,...,d}. We
assume that has a solution and denote its optimal value by f*. We denote Vf be the gradient
of f. Assume that at each iteration we get sample £* to make a stochastic gradient of f denoted as
Ver f(x*), which in this paper is briefly written as V¢ f(2*). We also assume that E [V¢ f(z)] = V f(z)
for all z € R? and note E,,_; [-] the conditional expectation knowing fi, ..., fn_1. Finally, we note {s;}
is a sequence and ¢ is its k-th component.

Gradient Descent, the mehod originally proposed by Augustin-Louis Cauchy|l], is a first-order
optimization method with the idea of updating the variable 2* € R? at each iteration k& > 0 with the
formula

gt = 2k 2\ Vf(2h)

where A\ > 0 is the stepsize at iteration k. In efforts to improve Gradient Descent, the accelerated
methods of Boris T. Polyak, Gradient Descent with Momentum or Heavy Ball method|15] and Nes-
terov’s Accelerated Gradient of Yurii Nesterov|12] became the most prominent. By improving the



variable 2* update method, Gradient Descent with Momentum

P = o 4 NV f (2F)

k+1 k k+1

T =T —v

and Nesterov’s Accelerated Gradient

P = 4k 4V f (Jﬁk)
P =gk — )\, ('yvk+1 +Vf (:z:k))

where 0 < 7 < 1 is momentum factor, have achieved many achievements and significantly improved
results on optimization problems. The above methods are also opportunities to open up new research
directions based on Gradient Descent to improve results and solve optimization problems. Inheriting
such motivation along with learning about related research in section [2, in this study we combine
acceleration methods based on Gradient Descent with new step sizes to create new methods in section
[ Besides, we also propose stochastic methods in section [5} Along with the proposed methods, we
present proof of their convergence in sections and conduct experiments to measure effectiveness when
applied to problems in the fields of mathematics, machine learning and deep learning in section [6]

2 Related work

Since their appearance, Gradient Descent with momentum|15] and Nesterov’s Accelerated Gradient[12]
have achieved many achievements in the field of optimization. They open up new research directions
to improve the above algorithms and prove them with new methods. The study [11] proposed an
adaptive step size for Gradient Descent and achieved various good results in optimization problems
when combined with acceleration. The study [5] provides proof of global convergence and global
intercepts of the convergence rate of Gradient Descent with momentum and Nesterov’s Accelerated
Gradient. In addition, [10] provides an improved analysis that shows Stochastic Gradient Descent
with momentum converges as quickly as Stochastic Gradient Descent on a smooth objective function,
with both strongly convex and non-convex settings. The study [16] showed that Stochastic Gradient
Descent with momentum converges with a convergence rate O((1 —+)~2) assuming that the gradients
are bounded. In [3], they improve this ratio to O((1 —+)~1). The study [10] obtained similar results
but with weaker assumption. And in [2], they provided an improved analysis of Stochastic Gradient
Descent with momentum with a tight Liapunov analysis.

3 Step Size

Algorithm 1 Novel step size

o0
1: Inittialization. Select A\g > 0, 0 < 1y < 19 and a positive real sequence {g } such that }_ e < co.
k=0
Choose 2° € R4,
2. gl =20 — )\0Vf(l’0)
3: fork=1,2,...do

. ||xk_ajk—1
LI A1 > o e pGR vy then
2P k1 |
5 Ak = T 97w 7]
6: else
7: A= (14 ek-1) M1
8: end if
9: ohtl =gk — NV F(2F)
10: end for

We provide the step size lemmas that are used in all the algorithms proposed in this study. To facilitate
proving the convergence of the algorithms, we show that the step size has lower bounded and converges.



Lemma 3.1. [9] Let {\i} be the sequence generated by Algom'thm where f is smooth and its gradient
18 L-Lipschitz continuous, then

A > min(\o, %) vk >0
and if f is smooth, strongly convex and its gradient is L-Lipschitz continuous, then

(1+ex—1)no
7

A < Yk >0

Proof. 1t’s obviously true with k = 0. With £ > 1, we consider two case:

k— IH

o If HVf(a: —Vf(z H > sl ||:c —zF 1H then )\, = 7 77(1”5; gf( r-ryj- Because of L-
smooth assumption on f, we have [V f(z*) = Va1 < Lk — 271, so Ay > 2.

o If HVf(sck) - Vf(mk_l)H < )\Zol H:Ek - Jik_lH then A\ = (1 +€p_1)Ak—1 > Ag_1-

By induction we get that V& > 0, Ay > min(Xo, ). Moreover, if f is smooth, strongly convex and its
gradient is L-Lipschitz continuous, we can deduce that

(1+5k—1)770|}$k*$k71|| (1 +ex—1)n0

IV (@) — Vi@ m

Vk >0, <

O

Lemma 3.2. [9] Let {\} be the sequence generated by Algorithm where f is smooth and its
gradient is L-Lipschitz continuous, then {\} converges to A\ < co.

Proof. Firstly we will proof that 1n(/\"“) <In(1+eg),Vk > 0. Let’s consider two case:

k k— 1”

nollz” —x
o If HVf(xk) — Vf(ak- )H > ’70 Hx —ak 1|| & va&k) ST < Ag—1 then
A= T]1||3;‘k — k| m < no nol|x® — k1| <A,

_IIVf(w’“)—Vf(xk*)ll = VR - VD]

_1 (because {e}} is a positive sequence).

o If HVf(a:k) - Vf(xk_l)H < s ka - x’“_lH then Ay = (14+ep—1)Ag—1- /\Afl =14ep_1.

From two case, we have

Ak
<l4¢ek_1, VE2>1
Ak—1
Akl
=1+4¢e;, VE>0
Ak
Secondly we will show the main result of the Lemma. Let a;, = In(Ag11)—In(\). We have ay = a;f —ay,
where a; = max(0, ax),a; = —min(0,ax). So a; > 0,a;, > 0,Vk > 0. We have
A
aj, = In( ;*1) <In(1+¢p) < e, Yk > 0,
k
SO a,j < ei. Because Y. e is convergent, we have az is convergent.
k=0 k=0
Consider
k k k k
In(Agy1) — Ao = Zai = Z(a;" —a; )= Za;" — Zai_
i=0 i=0 i=0 i=0

Assert lim Za = 400 then lim In(A;) = —o0 & lim Ay = 0. But in Lemma I we

k—r+o00 k—+o00 k—+o00

—+oo

showed that Ay > min(X\g,*) > 0,Vk > 0. So } a, is convergent. Because of that, we have
k=0

lim In(Ag) < +oo = ln}rl A < 400 O

k——+oo



Lemma 3.3. There exists a fized number k such that

95 () 97 (A1) £ 520 ot =t ez

and therefore A\, > \p_1 Vk > k

Proof. Suppose by contradiction that there exists {k;},k; — 400 such that

97 @4) =91 @) ] > 12 [l a1

For this case

=% — 21|

[V (k) = Vf (aB ]|

Ak, = 771‘

Consequently,

m ||t —h 1]

N,

J

HVf (xkj) - Vf (ijj—l ” S )\k Hx _ xkj—lu

ie.,

Ak, m
Akj—1 7o !

On the other hand, from Lemma [3.2] we have

lim A, = lim Ap, 1= lim A\p = A", (2)
kj—+4o00 kj—+o00 k—4o00
hence we deduce that
A om
— < — < 1
A T
It is a contradiction and we finish the proof. O

4 Accelerated NGD

In this section, we propose two accelerated method. The algorithm [2] use our new step size for Gradient
Descent with momentum (or Heavy Ball method) and called Novel Gradient Descent with momentum
(NGDm). Beside, the algorithm 3| also use our new step size for Nesterov’s Accelerated Gradient
and called Novel Gradient Descent with Nesverov’s accelerated (NGD Nesterov). After present the
algorithms, the proves of convergence are also presented.

4.1 Assumptions

Assumption 4.1. We assume that f is lower bounded by f*
Vo € RY f(a) > f*.

Assumption 4.2. We assume f is smooth and p-strongly convex, i.e its gradient is L-Lipschitz
continuous:

va,y € RY [V f(z) = VI(y)ll < Liiz —y].

With above assumptions, we can prove that the algorithm [2| and algorithm 3| converges under certain
parameter conditions.



Algorithm 2 Novel Gradient Descent with momentum (NGDm)

1. Inittialization. Select \g > 0, 0 < 71 < 19,0 < v < 1 and a positive real sequence {ej} such that
[ee]
3 e < 00. Choose 20 € R*, \_; = ).

k=0
2: vl = Vf (xo)
30 ol =2 — Aot
4: for k=1,2,...do
5: if |Vf(a*) = V()] > = |z* — 2*~1|| then
. _ [[=*—="—1]]
6: Ak = M 7GR v 7T
7 else
8: A= (14 ek-1) -1
9: end if
10: R =0k 4 NV F ()
11: ohtl = gh — ph+l
12: end for

4.2 Heavy Ball Method

Theorem 4.1. Under assumptions in if w < EVE e N and 0 <y < 1, the sequence {2*}
generated by algorithm[4 satisfies

f@E*) - <

—_
7 N
B
=
—
8
(=)
~—
~
*
~—
_|_

C
_ 7550_ 1— $*2+1>
— s =y~ (eI

where

k—1 1 1
o=y ( e (B
and k satisfy lemma and
K
1
=T
Tt = x
K+1 =
Proof. Rearranging the algorithm [2| at each iteration k, we have
gk =gk 2P N V() (3)

Apply norm to , we get
& =yt — (1 =) |? = [|a* — 72 = (1= )™ + A2V f ()]
= 2(a" — 2" = (1= y)2”, AV f ()
= fla® — 2t = (1= )P+ ARV ()P
= 2(1 = NAp(a® =", Vf(ah)) = 29A(a" — 2" Vf(=h)  (4)

Because f is a smooth convex function and its gradient is Lipschitz continuous with constant L, apply
to Theorem 2.1.5 in [13]

flx) = fy) + illvf(x) =V < (@ -y, Vi)



we get

Jh* — ek — (1= ) | <l — ekt — (1= )t + XTI
~ 2= (1) - 17+ IV
Con, <f(x’“) ) + V) - Vf(x’“)ll2>
< et —ah T~ (1 a2 — 20— e (F) — )

—27/\k(f(wk)—f(xk_1))+</\i a- ”)nw B2 (5)

From lemma we note A\, < WVR € N. Combining with w < £Vk € N and
divide the two side of [f| in 2\, we could deduce that

1 * 1 * *
ﬁ”iﬂkﬂ —yz* — (1 —7)z*|? < N 2% = 42"t = (1 =)z > = (1 =) (F(«*) = f7)
=7 (f(@") = fa*h) (6)
Summing over k =0, ..., K gives
K K 1
-3 - )+ Y ( = P4 gl =gt - (L=t )
k=0 k=0 k
K
<3 (WD =)+ gt =t )
—0
With lemma there exists a fixed number k such that
K 1 1
(1= 300 — 1) €A — 1)+ 5 a = (1= a2 = S 255 = (1= )
= 0 K

k—1 1 1

B k _ k—1 _ 1— * (12
3 (g gy e e
Ci1<0

K 1

R B k=1 _ (1 — )2
+3 (g - g ) It et - =l
k=k
Cy<0

And because f is convex, we have

— * 1 Y * 1 * Ch
1@ - 17 < g (T2 060 = 1)+ =l = =P 12 )

4.3 Nesterov’s Accelerated Method

Theorem 4.2. Under assumptions in if (I14ep—1)no < £Vk € N and 0 <y < 1, the sequence
{2*} generated by algorithm@ satisfies

1@ - £ < g (206 - 1+ S5 20 = 1P 4 (= 2)ca)



Algorithm 3 Novel Gradient Descent with Nesterov’s accelerated (NGD Nesterov)

1. Inittialization. Select \g > 0, 0 < 71 < 19,0 < v < 1 and a positive real sequence {ej} such that
[ee]
3 e < 00. Choose 20 € R*, \_; = ).

E=0
2. vt =Vf (xo)
30 ol =2 — Aot
4. for k = 1,2,.. do
5: if HVf(x —Vf(zx H > 5k Hx — k= 1” then
. [[=* ="
6: M = M TR =V F@ =]
7 else
8: A= (14 ek-1) -1
9: end if

10: R =0k + NV F ()
11: =gk — (Rt 4+ AV f (2F))
12: end for

where

and k satisfy lemma and

1
K _ S ot
K+1 =
Proof. Modify the algorithm [3] we have
Y =ab = NV f(2F) (7)
= M (T — ) (8)

Assume that 0 < v < 1 we have

e A AR P A () (9)
From and @, we get

k+1 k+1 k
+ 1 7+1 7()\kvf( ) )
kg AV f (%)
L=y
Consider that,
k+1 k+1 2 *|2 A ° 2 2k k k * k
[+ a" T — a¥|? = [|l2* + o — 2| +ﬁ||vf( Bl —ﬁ@ +a" — 2%, Vf(z¥))
A2 2\
k k * (12 k kN 12 k k
=z +a" —2"||"+ ——— ||V f(z ¥ — ",V
[ I+ VA - Fa*)
29\ _ 29 A Ak—1
B S (2" — 2" V(b)) - W<Vf( ), V("))



Because f is a smooth convex function and its gradient is Lipschitz continuous with constant L, with
Theorem 2.1.5 in [13]

fl) = fly) + illvf(fv) = VI < (e —y, Vi)
We have,

51— | < o o -t - (1) - Fla) - uf’;ﬂnwu’w?
- TSN — £) - g V6 - VP
R A
< |l + ak — 272 = 22 272k

(f(@®) = (=) ~

T~y o @) = ")
T IV ) — VA + 91 - Vot
A
2
(o B - s ) ISP - T v
B

(10)
From lemma we note A\, < WV/@ € N. Combining with (1 4+ e4_1)no < £Vk € N and
divide the two side of [10]in 2\, we could deduce that

1 X
7||xk+1 +ak+1 T ||2

k) — f(x* k) — (k1
LT x*HQ—f( )= f@*)  A(f@") - fa")

2 - 2)\ =) T
Summing over k = 03 () K giVGS
1 & K ,
I A ky _ px Lk o2
= 26 f)+kzo<(1_,y)2(f(a:) P palat )

IN

i Y k—1 * 1 k k * |12
S (apte =1 g et )

With lemma there exists a fixed number k such that

K
1 k * gl 0 1 0 *[)2 K+1 K+1 (12
_ _ < _ _ [ _
T3 LU = 1) S ol = 1)+ giple =P - gl )
k-1
1 1 k k * (12
+ <2)\k 2)\k1> |l 4+ a® — 2*||
k=1
C3<oo
K
+Z ”xk_’_ak_x*HQ
o 2)\k 2)\k
Cy<0

And because f is convex, we have

1@ - £ < g (206 - 1+ S5 20 = 1P 4 (= )ca)



5 Stochastic Algorithms

Algorithm 4 Novel step size for Stochastic version

o]
1: Inittialization. Select A\g > 0,0 < 1y < 1o and a positive real sequence {g} such that }_ e < oo.

k=0
Choose A_1 = Ag.

: for k=1,2,...do
if HVfg(xk) — Vfg(mkfl)H > —/\Zil ka — x’“’1|| then

_ sz_xkfl
4 M = M =V e =TT
5 else
6: A = (1 + Ekfl) Ak_1
7
8

W N

end if
: end for

Consider the problem
min{f(z) : x € R"} (11)

where f(x) def E[fe(x)] and fe : R* — R and assume f(x) has optimal value f*. From lemmas
in section [3] it can be easily deduced the bellowing lemmas for stochastic algorithms. The proof is
completely similar.

Lemma 5.1. Let {\;} be the sequence generated by Algorithm where fe is smooth and its gradient
is L-Lipschitz continuous, then A\ > min(Ag, ) Vk > 0.

Lemma 5.2. Let {\i} be the sequence generated by Algorithm where fe is smooth and its gradient
is L-Lipschitz continuous, then {\x} converges to A < oo.

Besides deterministic methods, stochastic methods are also proposed with the main purpose of
applying to deep learning models.
5.1 Stochastic Method

Assumption 5.1. We assume f¢ is smooth, i.e its gradient is L-Lipschitz continuous:
Va,y € R ||V fe(x) = Vfe(y)| < Lllz -yl
This assumption also implies that f is smooth

Assumption 5.2. Fach f¢, is p-strongly convex. This assumption implies that f is also p-strongly
conver.

Lemma 5.3. Suppose Assumption , hold, A\ is the stepsize sequence and 19,1 s defined
in Algorithm (@ Then exists k1 such that

Yk >k (12)

2
min{%a)‘()} =7 S Ak § %7

Proof. Indeed, consider the two possible cases:

e Case 1: If L, = HVka (xk) = Vifer (xk_l)H > o HCEk — mk_1|| then

Ak—1
| =% — "] mo_m _ m
N == W < 0T
T MV o @) =V @D = 0w =~ ma
( Because f is p-strongly convex ||z — y|| < i HVka, () = Vx|, Vz,y.)



Algorithm 5 Novel stochastic gradient descent (SNGD)

o0
1: Inittialization. Select A\g > 0, 0 < 71 < 79 and a positive real sequence {e} such that " e, < oco.
k=0
Choose z° € R™, A_1 = X, &°.

2: o' =20 — AV feo (29)
3: for k=1,2,... do
4: Sample ¢* and optionally ¢*
5: Option It Ly, = ||V fer (%) — V fer (zF71) ]|
6: Option II: L;, = HVka (z%) = V fer (:Ek:ﬂ)H
7 if Ly > 2 [j2* — 2*7!|| then
8 Ak =M o~
Ly,
9: else
10: Ak = (1+5k—1)/\k—1
11: end if
B P T (4
13: end for

e Otherwise, we have HVka (a:k) — Vier (a?k_l)H < % ka — a?k_lﬂ meaning that A\p_; < %’
Therefore,

Me=(1+ep_1) A1 < (T+ep- 1)%
<

lim e = 0 so exists ky satisfy ex_1 < ’7—0 —1, VkE>ki. So), < -2
n—o00 u

Because f(x) is L-smooth so HVka () = Vfer(y H < L|z—y|, Ve&,yeR"™
For k = 1if Ly > & ||a: —xOH then \; = m |z | > I, otherwise Ay = (1 +€0)Ao > Xo. By

induction, we get that Ak > min{, Ao} =~ VE > 0. O

vk > k;

Proposition 5.1. ([14] Lemma 1) Denote o g V fe (z* 2| and assume f to be L-smooth and
L 1

convezr. Then it holds for any x

E[IVfe @] <4L(f(@) - £.) +20°. (13)

Another fact that we will use is a strong convezity bound, which states for any x,y

(Vi(@).x —y) 2 gnx—ynQ + /(@) f(). (14)

Theorem 5.1. Suppose Assumption (5.1 hold, {\.} is the stepsize sequence and 19,11 s

defined in Algorithm (8). If we choose some Z—? < £, then exists ki such that

2L
k+1 w2 77(2)02
E [Hx -z } < exp (—p(k — k1 +1)y) Co + 2——
iy
where Cy & E [kal —z* 2} ando? Y E [||Vf§ (x*)||2}
2
Proof. Under assumptions on Z—(l’ < 4, we have \j, < 77710“ < 5. Since A is independent of ¥, we

10



have E [ArV fer (2%)] = E M) E [Vf( *)] and

E [l - 2|] 2*[°] - 2B [\ (9F (o4) ,0* = 2*)] +E DI E [V fer ()]

-
-2

|l=* ~

=

|
E[O,W o =] = 22 [ (7 (%) = £)] + E B[ 95 (2]

(13)
< E[(1- ) [l* = 2 |°] = 2D (1= 20L) ( (2%) = £.)] + 2B [AF] o2
\W_/

>0

(12) 2

?E[l—wE[\ ' 2}+2n3m’“}f

Therefore, if we subtract 2"O from both sides, we obtain
2 2
E [kaﬂ _ o:*||2 B 277002} <E[l-MyE [ka H2 27700 ]
iy mp?

IfE [ * 2] < 2"‘J for some k, it follows that E [Hx —z*| ] < 2"0 for any t > k. Otherwise,

we can reuse the produced bound to obtain

2} < <ﬁ E1 —Atu]> E [kal _x*m 2,700

=k, 2

E [kaﬂ —z*

By inequality 1 — 2z < e™*, we have Hf:kl E[1— A\p] < exp (—u Zf:kl )\t). In addition, recall that
in accordance with we have A\ > . Thus,

770‘7
mp

E [kaH — 2|

} <exp[—pk—ki1+ 1) E [kal

LIRS

So if we can choose {ej} such that k1 = 1 then

770‘7
mp

B [t - :

2} < exp[—pky]|E [Hml } +2

We also have
E[[la! = |’ <22° " |[+2X8B [V feo (+°)|*] < 2[[° - &*[|+223 (222 }a® - 2*||* + 202) = M.
So 5 s

} <exp (—pky) M + 27]002.
mpy

B [+ - o)

In this case we can choose €5 such that g < % —1.

5.2 Stochastic Momentum Method

Before given the prove of convergence for the algorithm [, we need some assumptions as follows.

5.2.1 Assumptions
Assumption 5.3. We assume that f is lower bounded by f*
vz € RY, f(z) > f*.

Assumption 5.4. We assume ly-norm of the stochastic gradients of f are bounded, i.e, there exist o
so that
Ve € RLE [V fe(2)]?] <o®

Assumption 5.5. We assume f¢ is smooth, i.e its gradient is L-Lipschitz continuous:
Va,y € R [V fe(x) = Vfe(y)|| < Lllz -y

This assumption also implies that f is smooth

11



Algorithm 6 Stochastic novel gradient descent momentum (SNGDm)

1. Inittialization. Select \g > 0, 0 < 71 < 19,0 < v < 1 and a positive real sequence {ej} such that

&)

g < 00. Choose 2% € R™", A_; = Ag, &°.

k=0
2: vl = Vfgo (1’0)
3zt =20 — \po!
4: for k=1,2,... do
5: if Hv‘fgk (xk) — V fer (ack_l)H > —/\ZL ka — xk_lH then
; - Je* ==+

k= MV fn @)=V f e (@]

7: else
8 M= (1+ep_1) A1
9 end if
10: UkJrl = ’}/’Uk + Vfgk (.Tk)
11: ahtl = gk — N\oft!
12: end for

5.2.2 Proof of Convergent

For all n € N*, we note G¥ = Vf(2*71) and g* = Vfe(z*71).

Lemma 5.4. [5] Given 0 < v < 1, {2*} and {v*} defined by Algorithm (@ and with assumption in
, we have

0.2

E [||[v¥]?] < e Vk € N*.

Proof.
k—1 ' 4
E[|v*]?] = E l Zvlgk_lllzl
=0
k—1 ) ) k—1 . .
=E [ v¢" D A" )
i=0 j=0

Using Cauchy-Schwarz,

k—1k—1 - (E k—i|12 E k—j112
E [oH)?] < w( (" 1P] | Eflg" 17

2 2

O

Lemma 5.5. (Sum of a geometric term times index [3]). Given 0 < a < 1,i € N and Q € N with

Q=1
_ ,QF1—i
S Qeigl a—a < a
(Z CeTTT >—<1—a>2'

Q at
949 =

Z @ 1-a

q=i

Lemma 5.6. (Descent lemma [3]) Given 0 <y < 1, {z*},{v*},{\} defined by Algorithm (@ and

A <A VEk €N, we have

k—1

B (V770 2 A B IV - 25

ALvyo?
-

12



Proof. We note G¥ = V f(2*71) is the expected gradient and g* = V f¢(2*~1) is the stochastic gradient
at iteration k. Consider

k—1
T ; T
Gk Uk:§ ,ysz gk—z
=0

k—1 k—1
_ Z,ink—iTgk—i + Z,yi(Gk _ Gk—i)Tgk—i. (15)
i=0 i=0
We apply
r> 0,2,y €R, flayll < Zllalf? + L
with z = G¥ — G*=% y = ¢g* 7 to , we have
kT K = k—iT g = ok k ||
G > IGET ‘ — G" -G - . 16
#23 ot e+ 1) (16)

Because f is L-smooth, so we have

||Gk _ Gk7i||2 < L2||$k _ $k7i|‘2
i
< L2|| Zxkfl+1 _ xk7l||2

A
< L2 A"
=1

Note that {A;} is convergent (lemma, let A > A\ Vk € N, we have

i 2
||Gk _Gk—i||2 < L2 vak—l
=1
< N33 [P (17)
=1

From and (7)), we get
G ok > kiyiak—”gk—i - ki i (mL)%’ Z |07 + W) :
=0 1= 2 =1 "
Taking expectation of two side, we have
[ } ZyE[Gk i ] S 12( ZZ:JE[HU’“FHW). (18)
pary I
Beside that
E[GH ] =B [Epopr [VF" )TV @]
=E[VF(" *)TVF(@" )]
=E[[|G*|P]. (19)
and from Assumption [5.4) we have

E[llg"7IP] < o (20)
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and from Lemma [5.4]

E[|o*IP] < 77—
Injecting , , to , we get
k—1 k—i <.
T . » v ( (\Li)%0?  o?
E[Gk k}> iE [1GR—i12] — v o
v _;7 G117 ;2 razaztT
Replace r = % to , we obtain

B [0 2 Zw«: 611 - Zé(zf?j)

>Z¢E [lIG*=117] 2271

=0

Using Lemma deduce

E [GkT,Uk:| Z,yzE |Gk z|| :I ()‘LPYJ)

(22)

O

Before introducing convergent theorem of NSGDm, we remind about iteration standard for non
convex stochastic optimization ([6]). Our results bound the expected squared norm of the gradient at
iteration 7, which is a random index with value in {0,1..., N — 1}, so that for a number of iterations

N e N~

VieN,j<N,Pr=jocl—~N7,

(23)

Theorem 5.2. (Convergent of SNGDm [3]) Given assumptions from section T defined above,

for a iteration N > - 20 ¢ R4, N\, <AVE €N, 0> v < 1, {z*} defined as by Algorithm @)

l'y’

g 1= . o o NALo(1+7)
E[IVSEIIP) < S5 U6 = 1)+ 5 5

where N = N — .
¥
Proof. Because f is smooth and take a specifie iteration k € N*, we have

Ae—1°L[v¥||?

F@b) < f@"1) = A GFT ok 1 :

Let A > \i, Vk € N, with Lemma and Lemma take expectation of two side, we get

(T=7)  2(1—-79)
% k—i (1+’7)

rearranging and summing over k € {1...N} we get

E[f( )] <E[f — (Z,}ﬂE HGk z|| ]) )‘ L'YU 4 ALo?

X2L02

-

k

N
XYY AEICHIP] < £a°) —E[f(@™)] + N

k=114

|
—

I
o

14
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Zoom on the right hand side, replace j = k — 7, we get

N k
RHS =133 4" 7E[|¢7|]*

k=1j=1
=X) E[[G]P] Y A
j=1 k=j
X < i—1y]12 N—j+1
= > E[|IV@ DIP] 1 -~ )
1—7 =
X N—-1 . )
=1~ E[|[Vf(@)|P] (1 =4N79).
— 4
7=0
As the definition of 7 in
N-1
. 1 —A~N
Y- =N >N
g 1—x 1—x
and let N = N — %, we obtain
W )
RHS > 7 E [V £ )P (25)

From and (25)), with Assumption [5.3| that f is lower bounded by f*, we obtain

N XLo>(1+7)
N 2(1—n9)?

TN[|2 1—v 0 *
E[IVf6N)IP] < (6% - £+

5.3 Stochastic Nesterov’s Accelerated Method

Algorithm 7 Stochastic Novel Nesterov’s Accelerated Gradient Descent (SNAGD)

1. Inittialization. Select A\g > 0, 0 < 71 < 19,0 < v < 1 and a positive real sequence {ej} such that

3 e < 00. Choose 2 € R", A_; = Ag, &°.
k=0
vl = V feo (xo)
xt =20 — \gu!
for k=1,2,...do

if HVfEk (xk) — V fer (mk_l)H > % Hsck — x’“_lH then

Sl
A

o+ st
6

7 else

8

9

bV o) =V e @]
A= (14 ep—1) Ae—1
end if
10 VR = ok + V fer (2%)

11: =gk — N\ (T 4 Ve (%))
12: end for

5.3.1 Assumptions
Assumption 5.6. We assume that f is lower bounded by f*

vz € RY, f(z) > f*.
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Assumption 5.7. We assume the stochastic gradients have bounded variance and the gradients of f
are uniformly bounded, i.e, there exist o and ¢ so that

Vo € RY [V f(2)|* <82, E[|Vie(@)|’] - IVf(@)|? < o
Assumption 5.8. We assume f¢ is smooth, i.e its gradient is L-Lipschitz continuous:
o,y € R |V fe(a) = V()| < Lllz - yl.
This assumption also implies that f is smooth

5.3.2 Proof of Convergent

Lemma 5.7. [5] Given 0 < v < 1, {z*} and {v*} defined by Algorithm (@ and with assumption in

(5-7), we have
2 2
+6
E[l0°)?] < 2% vk e N*.
[I0°1°] < 7=

Proof.
E [|lv*]1?] llZw’gk zIIQ]
Zv’ ki Zngk_j}
=0

Using Cauchy-Schwarz,

k—1k—1 —i2 k—7j2
B[] <305 00 ( o217, st ||]>
=0 5=0
k—1k—1

<D Y A0+

i=0 j=0
(0 +6)
(1=7)%"

<

O

Lemma 5.8. (Descent lemma [3]) Given 0 < v < 1, {z*}, {v*},{\} defined by Algorithm (@ and
A <A VEkeN, we have

B (V760 2 Y 2B vt - A
=0

Proof. We note G* = V f(2¥~!) is the expected gradient and g* = V fe (z*=1) is the stochastic gradient
at iteration k. Consider

T =
(;k Uk zzjz:ﬂw(;k gkf
1=0
k—1 . k—1 T
— Z,Yszfz gkfz + Z,yz(Gk _ kaz) gkfz. (26)
1=0 1=0

We apply

y
¥r >0, 2,y € R, [jayl] < Glalf+ 14T
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with 2 = G*F = GF~*, y = g* " to , we have

k—1 k-1
T T ¥
Gk Uk > E sz % k i E o
i 0 0 2

1= i=

Because f is L-smooth, so we have

IG* = G*[P < L%ja* —w

i
< L2|| Zxk—l—&-l _
=1

k—1i
(,,,|Gk:_Gk—i|2+ Hg |>
r

k—iHZ

k—l||2

i
< LA Z/\k—z—wk_lHZ-

=

1

Note that {A;} is convergent (lemma, let A > A, Vk € N, we have

||Gk 7Gk7i||2 < L2

ika*l

=1

2

1
< X% |

From and (27)), we get

k—1

S

=1

k v >272Gk i 2% (T()\L)2

1=0

Taking expectation of two side, we have

e[ev] > e e -5 (v

=0
Beside that
T
E [Gk g }

i
iy R+
=1

=E[VF@E" YT VF(@" )]

=E[IIG*]?].

and from Assumption we have

E [||gk7i||2] S J2_’_52

and from Lemma [5.7]

Injecting , 7 to , we get
k-1
E {GkTUk} > ZVZE [HGk—iH Z
i=0
Replace r = = to , we obtain

k—1
E [GkTUIq} > Z,YZE [”kazH

>ZWE [G*17) =

17

>\

Ayt

2

<2)\Lz o +62)>

(02 + 6%) sz

llg* "1
. :

k—i||2
Z | k— ZH M
E [En—p1 [VE@"F DTV f(a" 1]
0_2 +52
T (=2
vi< W) (2 48) o+
2 7)? T

)

) |

(27)

(28)

(32)



Using Lemma deduce

k—1 ~
kT k i g—iyo _ ALy(0® +687)
E[¢H o] > ?:OVE[HG L e

O

Theorem 5.3. (Convergent of SNAGD [3]) Given assumptions from section 7 defined above,
for a iteration N > ﬁ, 2 € R4 N, <AVEEN, 0>~ <1 and {2*} defined as by Algorithm (@
then

Y o N (WL )02+ (2L (0 +62) A2
E[[[Vf(zN)I?] < 7A7(f(96°)-]‘)4r]\7< e + 5 +2>

whereN:N—l%.
Bt

Proof. We note G* = V f(2*~1) is the expected gradient and g* = V f¢(2*~1) is the stochastic gradient
at iteration k. Because f is smooth and take a specifie iteration k € N*, we have

Ne—1 L [yo* + g*|1?

_ T T
F@®) < f1) = Ny @ 0P = NG R D) (33)
Apply Cauchy-Schwarz inequality and assumption we have
7% + g* 12 = [Ivo™ 12 + [l |1 + 2(1v", ¢*)
< PP+ 1lg* 117 + 2llvo* 1"
< 2[|yo"||? + 2]l g*)1? (34)
and
T T IG*1I2, llg™1I? 9" 112
(G ) <NGY gl < T+ <5+ 5 (35)

Let A > A\, Vk € N, injecting and to and taking expectation of two side with Lemma
Lemma [5.8] apply assumption we get

[kl _ NIA2(02 4+ 62)  NIA2(02 + 52
E[f(x’“)}élE[f(xk1)]—M<ZWE[IIG’“I2]>+ L(”l(_”wi ) %(fv; !
B i=0
th%yjt/\ L(o* 4+ 6%)
k—1 Y21 200 _ 2 52 SIS 2.4 52) W52
ol (5 o) » B | Ee i) 5
i=0
rearranging and summing over k € {1...N} we get
e NI +8) A+ 2XL) (0% +62) N
ZZ i) < <x°)—E[f<xN)}+N< o+ ), B e )+2>
k=114=0

(36)
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Zoom on the right hand side, replace j = k — 7, we get

N k
RHS =373 3 2 E[I¢/IP]
k=1 j=1
N N
=MD E[IGP] Y A
j=1 k=j
N

2 D_EIVAEHIPT (A =4V
1—7 =
. N-1

2 > B IV 0 =20

As the definition of 7 in

N-—-1 ‘ 1— N
1-AN)=N-~r——TL >y T
. 1—x 1—x
Jj=0
and let N = N — ﬁ, we obtain
o )
RHS = T B[V (87)

From and , with Assumption that f is lower bounded by f*, we obtain

ey 17 o N (WL - (02+82) (2N L) (02 +62) A2
B[V /@ )II]SW(f(xO)—f)JrN( 2t 2 +2>

O

6 Experiments

In this section, experiments about the proposed algorithms are presented consist of four main prob-
lems: logistic regression, matrix factorization, cubic regularization and neural network. Through ex-

B
periments, we choose the convergence sequences as € = kl for SNGDm and SNAGD and € = alz%,(f )
for NGD, NGDm, NGD Nesterov and SNGD. Beside that, we note Ir as the learning rate, also known
as the step size or A in our proposed algorithms, v as the momentum hyper parameter and 7y and n;

as the hyper parameters which have been mentioned in our algorithms.

6.1 Accelerated NGD

In this part, we run the experiments with three problems.

1. Logistic Regression. The objective function 1 3" | log(1 + exp(—bialz)) + Z|z|? is the
logistic loss with ls-regularization. In this objective function, n is the number of observations,
~ > 0 which is often chosen as %, is the regularization parameter and (a;,b;) € R xR, i € N* are
the observations. We apply the proposed algorithms NGDm and NGD Nesterov on the popular
benchmark dataset such as Covtype, Mushroom, W8a.

2. Matrix Factorization. The objective function minx_(y,v f(X) = f(U,V) = 3|UVT — A|%
with A € R™*" r < min{m,n}, U € R™*"andV € R™*", is nonconvex problem. We used
Movielens 100K dataset|7] which is polular dataset for benchmark in Matrix Factorization prob-
lems. Like in [11], 7 is chosen as 10, 20 and 30. All algorithms start with the same initial point
and its values are random.
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3. Cubic Regularization. The objective function f(z) = g7z + 22T Hz + %Hx”g, where g €
R?, H € R™and M > 0 is only smooth locally. In this objective function, g and H are
the gradient and the Hessian respectively. All algorithms start with the same initial point as
z=0¢€R? with M = 10,20, 100.

6.1.1 Logistic Regression

We compare proposed algorithms as NGDm, NGD Nesterov to related algorithms such as GDI1],
AdGD, AdGD-accel[11]. In the dataset detail,

e Covtype. has 581,012 samples total and 54 dimensions.
e Mushrooms. has 8,124 samples total and 112 dimensions.
e WB8a. has 49,749 samples total and 300 dimensions.

As in Figure [I, NGDm and NGD Nesterov have good results on all problems, especially NGDm has
the most outstanding results. In the experiment, the algorithms use hyperparameters as follows:

e GD. % Ir where L is smoothness constant.

¢ AdGD and AdGD-accel. default hyperparameters as in public source code of [11]|H
e NGD. le-3 Ir, 0.2 ng, 0.15 11, 4.5 f and 2.0 «

e NGD Nesterov and NGDm. 1e-3 ir, 0.2 19, 0.19 71, 0.0 8 and 3.0 o and 0.9 ~.

6.1.2 Matrix Factorization

Matrix factorization is commonly found in recommender system. This problem’s popularity makes
optimization for it very useful. Using Movielens 100K, a popular dataset in matrix factorization
problem, we want to evaluate algorithms in practical application in the most objective way. As result
in Figure 2l NGDm achieves a new result, much better than the algorithms considered together. In
detail, the algorithms use hyperparameters as follows:

e GD. % Ir where L is smoothness constant.

e AdGD and AdGD-accel. default hyperparameters as in public source code of [11]
e NGD. le-5Ir, 0.49 19, 0.48 11, 0 8 and 75 « for three cases of r

e NGDm. le-51r, 0.49 ng, 0.48 1, 1 3, 2 « and 0.9 v for three cases of r

textbfNGD Nesterov. there are three different hyper parameters for three cases of r. In detail,

1. r=10. 0.001 ir, 0.49 79, 0.44 11, 3 B and 5 «
2. r=20. 0.001 [r, 0.49 19, 0.44 11, 4 f and 2 &
3. r=30. 0.001 Ir, 0.49 1y, 0.44 11,2 fand 1

6.1.3 Cubic Regularization

This problem is a subproblem of Newton’s method. In the experiment, the algorithms use hyperpa-
rameters as follows:

e GD. line search Ir in numbers spaced evenly on a log scale from —1 to 1

e AdGD and AdGD-accel. default hyperparameters as in public source code of [11].
e NGD. le-5 ir, 0.49 19, 0.45 11, 3.5 8 and 4.0 «

e NGD Nesterov and NGDm. 1e-3 Ir, 0.2 19, 0.19 71, 0.0 8 and 3.0 « and 0.9 ~.

Lhttps://github.com/ymalitsky/adaptive_gd
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Fig. 1: The logistic regression objective results

6.2 Stochastic Algorithm

The experiments were run to evaluate the stochastic variants of NGD such as SNGDm and SNAGD
on Cifarl0 and Mnist dataset. About the datasets,

) Mnist (Modified National Institute of Standards and Technology database, 10 classes) is a
large collection of handwritten digits. It has a training set of 60,000 examples, and a test set of
10,000 examples. Each sample is a 28 x 28 pixels image.

) CifarlO (Canadian Institute for Advanced Research, 10 classes) is a subset of the Tiny Images
dataset and consists of 60000 32 x 32 color images. There are 6000 images per class with 5000
training and 1000 testing images per class.

Although having the same classes and number of samples, but two datasets are different about sam-
ple type. This leads to different optimizations for these datasets. One often use both of them for
optimization algorithm benchmark. As result show in Figure [d] and Figure [f] NGD Nesterov and
NGDm also have an outstanding result for both datasets. Beside that, we present the learning rate of
algorithms. Unlike AdSGD, the learning rate of NGDm and NGD Nesterov increases with each cycle
and tends to converge. This has also been proven with the theory above. In detail, the algorithms use
hyperparameters as follows:

e SGD and SGDm. 0.01 {r and 0.9 momentum.

e AdSGD. default hyper parameters as in public source code of

e SNGD. 1le-3 Ir, 0.4 19, 0.35 11, 4.0 8 and 3.0 «

¢ SNAGD and SNGDm. 1le-5Ir, 0.2 1y, 0.15 71 and 0.9 « and 0.9 ~.

6.3 About Line Search Strategy

We implement a line search strategy to find the best possible hyper parameter in a set of hyper
parameters, which can make it easier to apply our proposed algorithms to problems. We consider
some hyper parameters to achieve good result: Ir, ng, 11, 5, o, where

e [rin [le —5,5¢ — 5,1le — 4,5¢ — 4, 1le — 3, 5e — 3].
e 70 in [0.1,0.2,0.3,0.4,0.5,0.6].

e 1y in [y — 0.01,19 — 0.05, 79 — 0.1].

e avand fin [0,1,2,3,4,5].

We run line search in a small number of iterations to find best hyper parameters. There are other
good results but we only present the best results in this study.
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7 Conclusion

In this study, we combined a new step size with acceleration and stochastic methods, to propose new
algorithms. We have also provided proofs of convergence for the proposed algorithms. In addition,
experiments also show that the new algorithms work very well on some optimization problems and
achieve new results.
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